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Preface 

This volume contains the full style of contributed articles at the 10th Seminar on 

Probability and Stochastic Processes (SPSP10) in Iran. The Seminar on 

Probability and Stochastic Processes is a two days event held every two years 

with cooperation of the Iranian Statistical Society. The SPSP10 organized jointly 

by Yazd University and the Iranian Statistics Society, is taking place from 19th to 

20th of August at Yazd University. The organizing committee of the SPSP10 

warmly welcomes the participants to the historical city of Yazd, hoping that their 

stay in Yazd will be happy and fruitful one. More than 300 participants have 

taken part in this seminar. Out of 310 articles, 106 articles are selected for oral 

presentation and 122 articles are selected for poster presentation by the scientific 

committee of the seminar. We have made every effort to make the seminar as 

worthwhile as possible. 
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Stochastic comparisons of Harris family

S. Abbasi 1 , M. H. Alamatsaz 2

1,2Department of Statistics, University of Isfahan, Isfahan

Abstract: Harris family of distributions is a known class of extended distributions of the lifetime of

a series system with variable number of components. In this paper, we show that several stochastic

orderings are preserved by transformation to Harris family. Our results happen to enfold several

previous findings regarding the Marshall-Olkin family in this connection.

Keywords Ageing intensity ordering, Harris family, Marshall-Olkin distribution, Proportional stochas-

tic ordering

1 Introduction

There are two main reasons for studying semiparametric families. One is that they provide extended

models with higher flexibility in data applications. Second is that they provide better understanding of

old family of distributions. In this regard, by adding new parameters to certain family of distributions,

Marshall and Olkin (1997) and Aly and Benkherouf (2011) introduced two large classes of flexible

distributions, called Marshall-Olkin and Harris families of distributions, respectively. The method

that Marshall-Olkin and Harris generated their family of distributions is as follows: Let Y1, Y2, ... be

a sequence of independent and identical (iid) random variables (r.v.s̀) with common survival function

F̄ (.). Suppose X = min{Y1, Y2, ..., YN}, where N is a r.v. independent of Yi s̀ that take positive

integer values with probability generating function (pgf)

PN (t) = E(tN ) =

∞∑
n=0

tnP (N = n).

That is, X can be considered as the lifetime of a series system with iid component lifetimes Y1, Y2, ..., YN

when the number of components, N , is itself a r.v. independent of Yis̀.

1Speaker’s Name : Somayeh Abbasi s abbasi 29@yahoo.com
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It is seem that the survival function H̄(.) of X can be written as H̄(x) =
∑∞
n=0[F̄ (x)]nP (N = n) and

thus

H̄(x) = PN (F̄ (x)). (1.1)

By replacing PN (.) with the geometric pgf in Eq.(1.1), Marshall-Olkin distribution was introduced by

Marshall and Olkin (1997). They, then, in the same paper generated the Marshall-Olkin extended

exponential (MOEE) and Marshall-Olkin extended Weibull (MOEW) r.v.s̀, respectively. Aly and

Benkherouf (2011) replaced Harris pgf

PN (s; θ, k) = { θsk

1 − θ̄sk
}1/k, k > 0, 0 < θ < 1, θ̄ = 1 − θ, (1.2)

introduced by Harris (1948), into Eq.(1.1) and defined the Harris family of survival functions H̄ as

H̄(x; θ, k) = (
θF̄ k(x)

1 − θ̄F̄ k(x)
)1/k, k > 0, 0 < θ <∞ θ̄ = 1 − θ. (1.3)

Note that here θ > 0, i.e., it is not restricted the interval (0,1). F (x) in (1.3) is called the baseline

distribution function (df.) and θ is called the tilt parameter. It is easily seen that hazard rates

corresponding to F (x) and H(x; θ, k), namely, rF (.) = f(.)
F̄ (.)

and rH(.; θ, k) = h(.;θ,k)
H̄(.;θ,k)

, are related by

rH(x; θ, k) =
rF (x)

1 − θ̄F̄ k(x)
; −∞ < x <∞, 0 < θ <∞ k > 0. (1.4)

Clearly, rH(x; θ, k) is shifted below (θ ≥ 1) or above (0 < θ ≤ 1) rF (x). When k = 1, pgf (1.2) reduces

to the positive geometric pgf and we arrive at the Marshall-Olkin distribution.

Recently, several results were provided by Batsidis and lemonte (2014) in connection with the behavior

of the failure rate function for Harris family.

Our aim is to investigate preservation of stochastic orderings by transformation to Harris family.

Stochastic orderings are important tools for comparing probability distributions. In this paper, in

Section 2, we shall review various types of stochastic orderings used in the sequel. In Section 3, it is

observed that certain stochastic orderings of the baseline family are preserved by transformation to

Harris family with the same tilt parameter.
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2 Stochastic Ordering

We use various types of stochastic orderings such as usual, shifted and proportional stochastic orderings.

In below we show acronyms which are used in this paper. For more details, we refer to Lillo et al.

(2001), Belzunce et al. (2002), Shaked and Shantikumar (2007), Marshall and Olkin (2007) and

Jarrahiferiz et al. (2013).

ACRONYMS AND ABBREVIATIONS

st simple stochastic mrl mean residual life

lr likelihood ratio plr proportional likelihood ratio

hr hazard rate phr proportional hazard rate

rh reversed hazard rate prh proportional reversed hazard rate

cx convex c convex transform

LOR log odds ratio disp dispersive

su super additive AI ageing intensity

lr↑ up likelihood ratio lr↓ down likelihood ratio

hr↑ up hazard rate hr↓ down hazard rate

rhr↑ up reversed hazard rate rhr↓ down reversed hazard rate

In Table 1, we summarize some useful relationships among the above mentioned stochastic orderings

to be used in the sequel.

3 Preservation properties

Assume that the baseline df., F (x), in (1.3) is absolutely continuous with pdf f(x). Then, pdf and df.

associated with H̄(x; θ, k) in (1.3) are given by

h(x; θ, k) =
θ

1
k f(x)

(1 − θ̄F̄ k(x))1+
1
k

; −∞ < x <∞, 0 < θ <∞, k > 0, (3.1)

H(x; θ, k) = 1 − [
θF̄ k(x)

(1 − θ̄F̄ k(x))
]
1
k ; −∞ < x <∞, 0 < θ <∞, k > 0, (3.2)
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Table 1: Some useful relations among various types of stochastic orderings

≤hr↑
⇑

≤hr ⇐ ≤
lr

⇐ ≤plr ≤rh↑ ⇐ ≤lr↑ ⇐ ≤plr↑ ⇒ ≤phr↑ ⇒ ≤hr↑
⇓ ⇓ ⇓ ⇓ ⇓ ⇓ ⇓

≤st ≤prh ⇒ ≤rh ⇐ ≤lr ⇐ ≤plr ⇒ ≤phr ⇒ ≤hr
⇓ ⇑ ⇑ ⇑ ⇑ ⇑

≤st ⇐ ≤rh ⇐ ≤rh↓ ⇐ ≤lr↓ ⇐ ≤plr↓ ⇒ ≤phr↓ ⇒ ≤hr↓
⇓

≤hr↓

respectively.

Let X1 and X2 be two r.v.s̀ with df.s̀ F1 and F2 and pdfs̀ f1 and f2, respectively. Suppose that

Y1 and Y2 are their corresponding Harris r.v.s̀, i.e., those with baseline df.s̀ F1 and F2, respectively.

In this section, we shall study stochastic orderings preservation of the baseline distribution by its

corresponding Harris distribution.

Marshall and olkin (2007) have shown that the simple stochastic, hazard rate, convex transform

and star orderings are preserved by transformation to Marshall-Olkin family. In what follows, their

results are generalized for any k > 0 in Eq.(1.3).

Theorem 3.1. Simple stochastic ordering is preserved by transformation to Harris family.

Proof. Let X1 ≤st X2, i.e., F̄1(x) ≤ F̄2(x) for all x. Thus, for all k > 0 we have F̄ k1 (x) ≤ F̄ k2 (x) and

consequently, for any θ, F̄ k1 (x) − θ̄F̄ k1 (x)F̄ k2 (x) ≤ F̄ k2 − θ̄F̄ k1 (x)F̄ k2 (x). This is equivalent to F̄ k1 (x)[1 −

θ̄F̄ k2 (x)] ≤ F̄ k2 [1 − θ̄F̄ k1 (x)] which implies [
θF̄k1 (x)

1−θ̄F̄k1 (x)
]
1
k ≤ [

θF̄k2 (x)

1−θ̄F̄k2 (x)
]
1
k . This proves the assertion.

Theorem 3.2. If θ > 1, then

i) up hazard rate ordering is preserved by transformation to Harris family.

ii) proportional hazard rate ordering is preserved by transformation to Harris family.

iii) hazard rate ordering is preserved by transformation to Harris family.
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Proof. We proof the (i) part. Proofs of other parts are similar and thus omitted.

Let X1 ≤hr↑ X2. So, for all x and t ≥ 0 we have rF1(x + t) ≥ rF2(x). Since hazard rate ordering is

implied by up hazard rate ordering and simple stochastic ordering is implied by hazard rate ordering

(Table 1), for any x and all k > 0 we have F̄ k1 (x) ≤ F̄ k2 (x). But survival function is decreasing, so for

all t ≥ 0, we have F̄ k1 (x+t) ≤ F̄ k1 (x) ≤ F̄ k2 (x). Thus, when θ > 1, we have −θ̄F̄ k1 (x+t) ≤ −θ̄F̄ k2 (x) =⇒

1 − θ̄F̄ k1 (x+ t) ≤ 1 − θ̄F̄ k2 (x). Thus, by Eq.(1.4), the result follows.

The following example shows that up hazard rate ordering is not preserved by transformation to

Harris family, when 0 < θ < 1.

Example 3.3. Let X1 and X2 be two r.v.s̀ having Erlang distribution with survival functions F̄1(x) =

(1+2x)e−2x, F̄2(x) = (x+1)e−x and hazard rates rF1
(x) = 4x

1+2x , rF2
(x) = x

x+1 , for x > 0, respectively.

So, X1 ≤hr↑ X2. However, it is seen that for some 0 < θ < 1, t > 0 and some x > 0, rH1(x+ t; θ, k) ≯

rH2(x; θ, k) or, equivalently, H̄2(x;θ,k)
H̄1(x+t;θ,k)

is not increasing in x, i.e., up hazard rate ordering is not

preserved by transformation to Harris family, when 0 < θ < 1.

Corollary 3.4. Let X1 and X2 be two r.v.s̀ with mrl functions m and l and Harris r.v.s̀ Y1 and Y2,

respectively. Suppose that m(t)
l(t) increases in t. If X1 ≤mrl X2, then Y1 ≤mrl Y2.

Proof. By Theorem 2.A.2 of Shaked and Shanthikumar (2007), the assertion follows because if X1 ≤mrl
X2 and m(t)

l(t) increases in t, then X1 ≤hr X2. Thus, by Theorem 3.2(i) we can conclude that Y1 ≤hr Y2.

But by sufficiency of hazard rate ordering for mrl ordering (Shaked and Shanthikumar (2007)), this

implies that Y1 ≤mrl Y2.

For the spacial case when k = 1, preservation of reversed hazard rate ordering by transformation

to Marshall-Olkin family is investigated in the following theorem.

Theorem 3.5. If 0 < θ < 1, then

i) up reversed hazard rate ordering is preserved by transformation to Marshall-Olkin family.

ii) reversed hazard rate ordering is preserved by transformation to Marshall-Olkin family.

Proof. i) Let X1 ≤rh↑ X2. So, for all x and t ≥ 0 we have, r̃F1(x + t) < r̃F2(x). Since reversed

hazard rate ordering is implied by up reversed hazard rate ordering (Table 1) and simple stochastic
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ordering is implied by reversed hazard rate ordering (Table 1), we have F̄1(x) ≤ F̄2(x). But survival

function is decreasing, thus, F̄1(x + t) ≤ F̄1(x) ≤ F̄2(x). If 0 < θ < 1, then θ̄F̄1(x + t) ≤ θ̄F̄2(x), or

1 − θ̄F̄1(x+ t) ≥ 1 − θ̄F̄2(x) which yields 1
1−θ̄F̄1(x+t)

≤ 1
1−θ̄F̄2(x)

. This proves the assertion. For proof

of (ii) it is sufficient to put t=0 in the above proof.

The following example shows that reversed hazard rate ordering and up reversed hazard rate

ordering are not preserved by transformation to Marshall-Olkin family, when θ > 1.

Example 3.6. Let X1 and X2 be two exponential r.v.s̀ with hazard rates 8 and 4, respectively. So,

X1 ≤rh X2 and X1 ≤rh↑ X2 . However, for some θ > 1 and some x > 0, r̃H1(x; θ, 1) � r̃H2(x; θ, 1)

or, equivalently, H2(x;θ,1)
H1(x;θ,1)

is not increasing in x for some θ > 1, i.e., reversed hazard rate ordering is

not preserved by transformation to Marshall-Olkin family when θ > 1. Moreover, it is seen that for

some θ > 1 and some x > 0, r̃H1(x+ t; θ, 1) � r̃H2(x; θ, 1) or, equivalently, H2(x;θ,1)
H1(x+t;θ,1)

is not increasing

in x for some θ > 1, i.e., up reversed hazard rate ordering is not preserved by transformation to

Marshall-Olkin family when θ > 1.

Remark 3.7. Note that for the spacial case when k = 1, the log-odds function of a r.v. X is equal to

the log-odds function of the corresponding Harris r.v. Y . Consequently, the log-odds ratio ordering is

also preserved by transformation to Marshall-Olkin family.

For the aging intensity ordering, we have the following.

Theorem 3.8. Let X1 and X2 be non-negative r.v.s̀. For all k > 0, if X1 ≤AI X2 and X1 ≤hr X2,

then Y1 ≤AI Y2 provided that θ > 1.

Proof. Let k > 0 and θ > 1. Y1 ≤AI Y2 if, and only if,

1

rH1(x; θ, k)

∫ x

0

rH1(u; θ, k)du ≤ 1

rH2(x; θ, k)

∫ x

0

rH2(u; θ, k)du

or,
1 − θ̄F̄ k1 (x)

rF1(x)

∫ x

0

rH1(u; θ, k)du ≤ 1 − θ̄F̄ k2 (x)

rF2(x)

∫ x

0

rH2(u; θ, k)du.

But, we have ∫ x

0

rH(u; θ, k)du = − ln H̄(x; θ, k)
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= − ln F̄ (x) +
1

k
ln(

1 − θ̄F̄ k(x)

θ
).

So, we should show that

(1 − θ̄F̄ k1 (x))[
− ln F̄1(x)

rF1(x)
+

1

k

ln(
1−θ̄F̄k1 (x)

θ )

rF1(x)
] ≤ (1 − θ̄F̄ k2 (x))[

− ln F̄2(x)

rF2(x)
+

1

k

ln(
1−θ̄F̄k2 (x)

θ )

rF2(x)
]. (3.3)

We also have X1 ≤AI X2 if, and only if,

1

rF1(x)

∫ x

0

rF1(u)du ≤ 1

rF2(x)

∫ x

0

rF2(u)du

1

rF1(x)

∫
f1(x)

F̄1(u)
du ≤ 1

rF2(x)

∫
f2(u)

F̄2(u)
du.

Equivalently, we have
− ln F̄1(x)

rF1(x)
≤ − ln F̄2(x)

rF2(x)
. (3.4)

On the other hand, if X1 ≤hr X2, for all x we have 1
rF1 (x)

≤ 1
rF2 (x)

and also X1 ≤st X2 thus,

F̄ k1 (x) ≤ F̄ k1 (x). So, since θ > 1 we have
1−θ̄F̄k1 (x)

θ ≤ 1−θ̄F̄k2 (x)
θ . Hence, we can conclude that

ln(
1−θ̄F̄k1 (x)

θ )

rF1(x)
≤

ln(
1−θ̄F̄k2 (x)

θ )

rF2(x)
. (3.5)

Now, adding up inequalities (3.4) and (3.5) and multiplying the left side by (1− θ̄F̄ k(x)) and the right

side by (1 − θ̄F̄ k2 (x)), inequality (3.3) is obtained. This completes the proof.

In the next lemma we need inverses of df. and survival function of a Harris distribution. It is easy

to verify that Eq.(1.3) and Eq.(3.2) lead to:

H̄−1(p; θ, k) = F̄−1(
pk

θ + θ̄pk
)

1
k 0 < p < 1, (3.6)

and

H−1(p; θ, k) = F−1(1 − [
(1 − p)k

θ + θ̄(1 − p)k
]
1
k ) 0 < p < 1. (3.7)

Lemma 3.9. If

H̄i(x; θ, k) = (
θF̄ ki (x)

1 − θ̄F̄ ki (x)
)

1
k ; i = 1, 2, (3.8)

then, H−12 (H1(x)) = F−12 (F1(x)); for all x.
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Proof. This result can be obtained using the assumed form of H1 together with H−12 , which is obtain-

able from Eq.(3.7). Because for any k > 0 and θ > 0

H−12 (H1(x)) = F−12 (1 − [
(1 −H1(x))k

θ + θ̄(1 −H1(x))k
]
1
k ), (3.9)

substituting H1(x) of Eq.(3.2) into Eq.(3.9) the Lemma follows.

Without any restriction on the tilt parameter θ, we have:

Theorem 3.10. The following orderings are preserved by transformation to Harris family.

i) Convex transform ordering, ii) star ordering, iii) supper additive ordering, iv) dispersive ordering.

Proof. We proof the first part. Proofs of the other parts is similar and are omitted. i) X1 ≤c X2 is

equivalent to F−12 F1(x) is convex in x ∈ SX1 . Thus, by Lemma 3.9, H−12 (H1(x)) is convex in x ∈ SY1 .

So Y1 ≤c Y2.

Corollary 3.11. If X1 ≤Lorenz X2, then Y1 ≤Lorenz Y2 provided that
F−1

2 (x)

F−1
1 (x)

is increasing.

Proof. If
F−1

2 (x)

F−1
1 (x)

is increasing for all x > 0 then,
F−1

2 F1(x)
x is increasing for all x > 0. Thus, X1 ≤∗

X2 and since Lorenz ordering is implied by star ordering (Shaked and Shanthikumar (2007)) i.e.,

X1 ≤Lorenz X2. Since, by Theorem 3.10, star ordering is preserved by transformation to Harris family,

we have Y1 ≤∗ Y2. Which yields Lorenz ordering. As required.
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Abstract: Recently a new distribution, named as extended generalized exponential distribution has

been introduced by Kundu and Gupta (2011). In this paper investigate some famous orderings of the

extended generalized exponential distribution. Also the expressions of various uncertainty measures

of EGE distribution are presented and entropy orderings are discussed.
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1 Introduction

The two-parameter generalized exponential (GE) distribution has a probability density function (pdf)

and a distribution function (cdf) as follows:

f(x;α, λ) = αλ(1 − e−λx)α−1e−λx, x > 0,

F (x;α, λ) = (1 − e−λx)α,

where α > 0 is the shape parameter and λ > 0 is the scale parameter. The GE distribution has

been proposed by Gupta and Kundu (1999) as an alternative to gamma and Weibull distributions.

The hazard rate of this distribution is an increasing or a decreasing function depending on the shape

parameter. The GE distribution has been studied extensively by Gupta and Kundu (2001a, 2001b,

2007), Raqab (2002), Raqab and Madi (2005), Baklizi (2008), Kundu and Gupta (2008), Madi and

Raqab (2009) and Chen and Lio (2010). One of the major disadvantages of the GE distribution is

1Maliheh Abbasnejad : m.abbasnejad@hsu.ac.ir
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that it can not be used to analyze a data set with non-monotone hazard functions, similar to Weibull

or gamma distributions.

Recently Kundu and Gupta (2011) introduced a new family of distribution functions as an extension

of the GE distribution with an additional shape parameter. The four-parameter extended generalized

exponential (EGE) distribution has the distribution function as

F (x;α, β, µ, λ) =


(

1 − (1 − βλ(x− µ))
1
β

)α
if β ̸= 0

(
1 − e−λ(x−µ)

)α
if β = 0,

(1.1)

where α > 0 and −∞ < β < ∞ are the shape parameters, −∞ < µ < ∞ is the location parameter

and λ > 0 is the scale parameter. The pdf of EGE distribution becomes

f(x;α, β, µ, λ) =


αλ
(

1 − (1 − βλ(x− µ))
1
β

)α−1
(1 − βλ(x− µ))

1
β−1 if β ̸= 0

αλ
(
1 − e−λ(x−µ)

)α−1
e−λ(x−µ) if β = 0,

(1.2)

where µ < x <∞ for β ≤ 0 and µ < x < µ+ 1/(βλ) for β > 0.

Many well known distributions can be obtained as special cases of the EGE distribution. If β = 0,

EGE reduces to GE; β = 0, α = 1, EGE reduces to exponential; β = 1, α = 1, EGE reduces to

uniform; α = 1, EGE reduces to generalized Pareto and β < 0, α = 1, EGE reduces to Pareto.

The hazard function of EGE distribution is unimodal if β < 0, α > 1, a decreasing function if

β < 0, α < 1, an increasing function if β > 0, α > 1 and a bathtub shaped if β > 0, α < 1.

In the literature several concepts of partial ordering among random variables have been considered.

These concepts are useful in modeling for reliability and economics applications. For example, these

concepts have been used to design better systems. For more applications see Barlow and Proschan

(1975) and Fagiuoli and Pellerey (1993). New orderings have been proposed based on measures of

entropy. For example, Ebrahimi and Pellerey (1995) used the residual shannon entropy to define a

partial ordering of random variables. For orderings based on other measures of entropy, one can refer

to Ebrahimi et al. (1999), Nanda and Paul (2006), Abbasnejad and Arghami (2008), Abbasnejad et

al. (2010), Abbasnejad (2011) and Zardashat (2015).
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In this paper we investigate some famous orderings as well as orderings based on entropy measures in

EGE family. The rest of the paper is organized as follows. In section 2, we give important orderings

of EGE distribution. In Section 3, we present the expressions of entropy measures for EGE family and

then give entropy orderings of these distributions.

2 Some famous orderings

In this section, we provide some results on well-known orderings of EGE distributions. We need the

following definition in which X and Y denote random variables with distribution functions F and G,

density functions f and g and survival functions F̄ and Ḡ.

Definition 2.1. The random variable X is said to be less than or equal to Y in the

• Dispersion ordering, denoted by X
dis
≤ Y , if and only if

F−1(v) − F−1(u) ≤ G−1(v) −G−1(u) ∀ 0 < u ≤ v < 1,

or equivalently G−1(u) − F−1(u) is an increasing function of u ∈ (0, 1).

• Likelihood ratio ordering, denoted by X
lr
≤ Y , if g(x)

f(x) is increasing in x.

• Stochastic ordering, denoted by X
st
≤ Y , if F̄ (x) ≤ Ḡ(x) for all x.

• Hazard rate ordering, denoted by X
hr
≤ Y , if λF (t) ≥ λG(t) for all t ≥ 0.

• Mean residual lifetime ordering, denoted by X
mrl
≤ Y , if mX(t) ≤ mY (t) for all t > 0, where

mX(t) and mY (t) are mean residual lifetime functions of X and Y respectively and mX(t) is given by

mX(t) = E(X − t|X > t) =
∫+∞
t

F̄ (x)dx

F̄ (t)
.

• Convex transform ordering, denoted by X
c
≤ Y , if G−1(F (x)) is a convex function.

• Star shaped ordering, denoted by X
∗
≤ Y , if G

−1(F (x))
x is increasing in x.

Remark 2.2. The following implications are well-known X
lr
≤ Y ⇒ X

hr
≤ Y ⇒ X

st
≤ Y and X

hr
≤ Y ⇒

X
mrl
≤ Y . Also X

dis
≤ Y ⇒ X

st
≤ Y and X

c
≤ Y ⇒ X

∗
≤ Y . For more details one can refer to Shaked

and Shantikumar (1994).

In the following Theorems we establish orderings of EGE distributions in terms of shape parameters.
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Theorem 2.3. Let X ∼ EGE(α1, β, λ) and Y ∼ EGE(α2, β, λ), where α1 ≤ α2. Then

(i) X
lr
≤ Y, X

hr
≤ Y, X

st
≤ Y and X

mrl
≤ Y.

(ii) X
dis
≤ Y , for α1 < 1, β < 0.

Proof. Let β ̸= 0. (i) From (1.2), we have

g(x)

f(x)
=
α2

α1

[
1 − (1 − βλy)1/β

]α2−α1

,

where it is an increasing function of y. So X
lr
≤ Y and by Remark 2.2, other orderings of part (i) are

obtained. (ii) For α1 < 1 and β < 0, EGE distribution has decreasing hazard rate (DHR), hence using

the fact that if X
hr
≤ Y and X or Y is DHR , then X

dis
≤ Y (Shaked and Shantikumar (1994)), the

result follows. Note that when β = 0, EGE distribution reduces to GE and orderings of part (i) and

(ii) have been established by Abbasi Fard et al. (2011).

Theorem 2.4. Let X ∼ EGE(α, β1, λ) and Y ∼ EGE(α, β2, λ), where β1 ≤ β2. Then

(i) Y
dis
≤ X and Y

st
≤ X.

(ii) Y
hr
≤ X and Y

mrl
≤ X for α > 1, β2 > 1.

(iii) Y
c
≤ X and Y

∗
≤ X.

Proof. Let β ̸= 0, again the case β = 0 has been discussed by Abbasi Fard et al. (2011). (i) Using

(1.2), we can write

F−1(u) −G−1(u) =
1 − (1 − u1/α)β2

β2λ
− 1 − (1 − u1/α)β1

β1λ
.

By differentiating with respect to u, it follows that it is an increasing function of u and so Y
dis
≤ X.

Also by Remark 2.2, Y
st
≤ X. (ii) For α > 1 and β > 0, EGE distribution has increasing hazard rate

(IHR), hence using the fact that if X
dis
≤ Y and X or Y is IHR , then X

hr
≤ Y (Shaked and Shantikumar

(1994)), the result follows. (iii) It is not so hard to show that F−1(G(y)) = 1−(1−β1λy)
β2/β1

β2λ
is a convex

function of y. So Y
c
≤ X and by Remark 2.2 Y

∗
≤ X.
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3 Entropy Measures

Ever since Shannon (1948) has proposed a measure of uncertainty in a discrete distribution based on

the Bolltzmann entropy, there has been a great deal of interest in the measurement of uncertainty as-

sociated with a probability distribution. The Shannon entropy of a non-negative absolutely continuous

random variable X with probability density function f(x) is defined by

H(X) = −
∫ +∞

0

f(x) ln f(x)dx.

With his work, a new branch of mathematics with applications in different areas such as physics,

probability and statistics, communication theory and economics was opened up.

Renyi (1961) defined the entropy of order γ as

Hγ(X) = − 1

γ − 1
ln

∫ +∞

0

fγ(x)dx, ∀ γ > 0 (γ ̸= 1).

Rao et al. (2004) enumerated several drawbacks of H(X). In response, Rao et al. (2004) and Wang et

al. (2003) defined a new measure of uncertainty based on the survival function of a positive random

variable instead of its density function and called it cumulative residual entropy (CRE). The survival

function is F̄ (x) = P (X > x) = 1 − F (x). The CRE is defined as follows

E(X) = −
∫ +∞

0

F̄ (x) ln F̄ (x)dx.

They have obtained several properties of the CRE and provided some applications of it in reliability

engineering and computer vision. Following this philosophy, Abbasnejad et al. (2010) introduced a

measure of uncertainty, called the survival entropy. This measure is defined by

Eγ(X) = − 1

γ − 1
ln

∫ +∞

0

F̄ γ(x)dx ∀ γ > 0 (γ ̸= 1).

Two other measures of entropy, which are similar to CRE and SE, were introduced by Di Crescenzo

and Longobardi (2009) and Abbasnejad (2011). These measures are obtained by replacing the survival

function by cdf. Cumulative entropy (CE) is defined as

CE(X) = −
∫ +∞

0

F (x) lnF (x)dx
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and Failure entropy (FE) of order γ (FE) is as

FEγ(X) = − 1

γ − 1
ln

∫ +∞

0

F γ(x)dx ∀ γ > 0 (γ ̸= 1).

By some calculations, the closed form of entropy measures of EGE distribution are given as:

• Shannon entropy

H(X) = − ln(αλ) − (α− 1)ψ(α) + (β − 1)ψ(1) + (α− β)ψ(α+ 1),

where ψ(α) = d ln Γ(α)
dα .

• Renyi entropy

Hγ(X) = − ln(αλ) − 1

γ − 1
[lnα+ lnB(γ(α− 1) + 1, (1 − γ)(β − 1) + 1)],

where B(γ(α − 1) + 1, (1 − γ)(β − 1) + 1) is the beta function with parameters γ(α − 1) + 1 and

(1 − γ)(β − 1) + 1.

• Cumulative residual entropy

E(X) =


1
λ

∑∞
i=1

1
i [B(αi+ 1, β) −B(α(i+ 1) + 1, β)] if β ̸= 0

1
λ

∑∞
i=1

∑∞
j=0

1
i

[
1

αi+j+1 − 1
αi+α+j+1

]
if β = 0.

• Survival entropy

Eγ(X) =


1

γ−1 lnλ− 1
γ−1 ln

∑∞
i=0(−1)i

(
γ
i

)
B(αi+ 1, β) if β ̸= 0

1
γ−1 lnαλ− 1

γ−1 ln
∑∞
i=0

(−1)(i)
i

(
γ
i

)
if β = 0.

• Cumulative entropy

CE(X) =
α

λ

∞∑
i=1

B(α+ 1, β + i)

i
.

• Failure entropy

FEγ(X) =


1

γ−1 lnλ− 1
γ−1 lnB(γα, β) if β ̸= 0

1
γ−1 lnλ− 1

γ−1 ln
∑∞
i=0

(−1)i
i

(
αγ
i

)
if β = 0.
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Definition 3.1. The random variable X is said to be less than or equal to Y in the

• Shannon entopy ordering, denoted by X
Sh
≤ Y , if and only if H(X) ≤ H(Y ).

• Renyi entropy ordering, denoted by X
RE
≤ Y , if Hγ(X) ≤ Hγ(Y ).

• Cumulative residual entropy ordering, denoted by X
CRE
≤ Y , if E(X) ≤ E(Y )).

• Survival entropy ordering, denoted by X
SE
≤ Y , if SEγ(X) ≥ SEγ(Y ).

• Cumulative entropy ordering, denoted by X
CE
≤ Y , if CE(X) ≤ CE(Y )).

• Failure entropy ordering, denoted by X
FE
≤ Y , if FEγ(X) ≥ SEγ(Y ).

Theorem 3.2. Let X ∼ EGE(α1, β, λ) and Y ∼ EGE(α2, β, λ), where α1 ≤ α2. Then

(i) X
Sh
≤ Y and X

RE
≤ Y, for α1 < 1, β < 0.

(ii) X
CRE
≤ Y and X

CE
≥ Y .

(iii) X
SE
≥ (

SE
≤ )Y, ∀ γ > 1 (0 < γ < 1).

(iv) X
FE
≤ (

FE
≥ )Y, ∀ γ > 1 (0 < γ < 1).

Proof. (i) Oja (1981) showed that X
dis
≤ Y results X

Sh
≤ Y . Also if X

dis
≤ Y , then X

RE
≤ Y (Abbasnejad

(2008)). So the result is obtained by Theorem 2.3. (ii) CRE ordering is obtained by noting that if

X
st
≤ Y then X

CRE
≤ Y , (Zardasht (2015)) and using Theorem 2.3. By following the method of Zardasht

(2015), it is not very hard to show that if X
st
≤ Y then X

CE
≤ Y . Hence we have X

CE
≤ Y by Theorem

2.3. The proof of (iii) and (iv) is completed by Theorem 1 of Abbasnejad (2011b) and Theorem 5 of

Abbasnejad et al. (2010).

Theorem 3.3. Let X ∼ EGE(α, β1, λ) and Y ∼ EGE(α, β2, λ), where β1 ≤ β2. Then

(i) X
Sh
≥ Y and X

RE
≥ Y .

(ii) X
CRE
≥ Y and X

CE
≤ Y .

(iii) X
SE
≤ (

SE
≥ )Y, ∀ γ > 1 (0 < γ < 1).

(iv) X
FE
≥ (

FE
≤ )Y, ∀ γ > 1 (0 < γ < 1).

Proof. The proof is similar to Theorem 3.2.
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Abstract: This paper considers the estimation of the stress-strength reliability based on two-parameter

generalized Rayleigh lower records. The maximum likelihood and Bayes estimators are derived.

Bayesian credible interval and two bootstrap confidence intervals are also proposed. Finally, the

analysis of a real data set has been presented for illustrative purposes.

Keywords Bayes estimator, Bootstrap confidence intervals, Generalized Rayleigh distribution, Max-
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1 Introduction

The definition of record values was formulated by Chandler (1952). Let X1, X2, ... be a sequence of

independent and identically distributed (iid) continuous random variables with cdf F (x) and pdf f(x).

If we define T1 = 1, U1 = X1, and for n ≥ 2,

Tn = min{j > Tn−1 : Xj > XTn−1}, Un = XTn .

Then the sequence {Un}({Tn}) is known as upper record statistics (upper record times). Similarly,

the lower record times Sn and the lower record values Ln are defined as follows: S1 = 1, L1 = X1,

and for n ≥ 2, Sn = min{j > Sn−1 : Xj < XSn−1}, Ln = XSn . For more details and applications of

record values, see, for example, Ahsanullah (1995) and Arnold et al. (1998).

1Speaker’s Name :me.abdi@bam.ac.ir
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The estimation of R = P (Y < X) is very common in the statistical literatures. Suppose that X

is the strength of a component which is subject to stress Y . The system fails if and only if at any

time the applied stress is greater than the strength. Since R represents a relation between the stress

and strength of a system, it is popularly known as the stress-strength parameter. Estimation of the

stress-strength parameter has received considerable attention in the statistical literature. The problem

of estimating R has been extensively studied for many statistical models based on complete samples.

The monograph by Kotz et al. (2003) provided an excellent review of the development of this model

till that time. Recently, some authors have studied the inferential procedures of R for some lifetime

distributions based on record and censored samples. See, for example, Asharzadeh et al. (2011),

Saraoglua et al. (2012), Asharzadeh et al. (2013) and Asharzadeh et al. (2014).

In this paper, we consider the estimation of the stress-strength parameter R = P (X > Y ), based on

lower record values on both variables X and Y , when X and Y are independent generalized Rayleigh

random variables. The generalized Rayleigh distribution (GRD) has the following distribution function

and probability function;

F (x, α, λ) = (1 − e−λx
2

)α, x > 0, α > 0, λ > 0, (1.1)

f(x, α, λ) = 2αλxe−λx
2

(1 − e−λx
2

)α−1, x > 0, α > 0, λ > 0. (1.2)

Here α and λ are the shape and scale parameters respectively. Note that the GRD is a particular

member of the exponentiated Weibull distribution, originally proposed by Mudholkar and Srivastava

(1993). For an excellent review of these distribution, the readers are referred to Johnson et al. (1995)

and Madi and Raqab (2011). From now on, GRD with the shape parameter α and scale parameter

λ will be denoted by GR(α, λ).

2 Estimation of R with same scale parameters

Let X ∼ GR(α, λ) and Y ∼ GR(β, λ) with unknown shape parameters α, β and common scale

parameter λ, where X and Y are independently distributed. The stress-strength parameter, R is

R = P [X > Y ] =
α

α+ β
. (2.1)
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Our interest is in estimating R based on lower record values on both variables.

2.1 Maximum likelihood estimation of R

Let X1 > X2 > · · · > Xn be the first n lower record values observed from GR(α, λ). Suppose also

that Y1 > Y2 > · · · > Ym are the m lower records observed from GR(β, λ) independently from the first

sample. The likelihood function of α, β and λ is given (see Arnold et al. (1998)) by

L(α, β, λ) =

[
f(xn, α, λ)

n−1∏
i=1

f(xi, α, λ)

F (xi, α, λ)

]f(ym, α, λ)

m−1∏
j=1

f(yj , α, λ)

F (yj , α, λ)

 . (2.2)

Using (1.1) and (1.2), we obtain the likelihood function as

L(α, β, λ) = 2n+mαnβmλn+m(1 − e−λx
2
n)α(1 − e−λy

2
m)βe−λ(

∑n
i=1 x

2
i+
∑m
j=1 y

2
j )

× e
∑n
i=1 ln xi+

∑m
j=1 ln yje−

∑n
i=1 ln[1−e−λx

2
i ]e−

∑m
j=1 ln[1−e−λy

2
j ]. (2.3)

The log-likelihood function of α, β and λ is given by

lnL(α, β, λ) = (n+m) ln 2 + n lnα+m lnβ + (n+m) lnλ

+ α ln(1 − e−λx
2
n) + β ln(1 − e−λy

2
m)

+

n∑
i=1

lnxi +

m∑
j=1

ln yj − λ(

n∑
i=1

x2i +

m∑
j=1

y2j )

−
n∑
i=1

ln[1 − e−λx
2
i ] −

m∑
j=1

ln[1 − e−λy
2
j ]. (2.4)

The MLEs of α, β and λ, say, (α̂, β̂, λ̂) can be obtained numerically as the solution of likelihood

equations
∂ lnL

∂α
=
n

α
+ ln(1 − e−λx

2
n) = 0, (2.5)

∂ lnL

∂β
=
m

β
+ ln(1 − e−λy

2
m) = 0, (2.6)

and

∂ lnL

∂λ
=
n+m

λ
+
αx2ne

−λx2
n

1 − e−λx
2
n

+
βy2me

−λy2m

1 − e−λy
2
m
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− (
n∑
i=1

x2i +
m∑
j=1

y2j ) −
n∑
i=1

x2i e
−λx2

i

1 − e−λx
2
i

−
m∑
j=1

y2j e
−λy2j

1 − e−λy
2
j

= 0. (2.7)

Now, due to the invariance property of the ML estimators, the MLE of R is

R̂ =
α̂

α̂+ β̂
. (2.8)

2.2 Bootstrap confidence intervals

In this section, two bootstrap methods are presented to construct the bootstrap confidence intervals

of R. The first one is the percentile bootstrap confidence interval (boot-p) and the second one is the

bootstrap-t confidence interval (Boot-t).

(i): Boot-p method

1. From the original two samples of lower record x1, · · · , xn and y1, · · · , ym, compute α̂, β̂ and λ̂.

2. Using α̂ and λ̂, generate a bootstrap sample {x∗1, · · · , x∗n} and similarly using β̂ and λ̂, generate a

bootstrap sample {y∗1 , · · · , y∗n}. Based on the bootstrap samples {x∗1, · · · , x∗n} and {y∗1 , · · · , y∗n},

compute the bootstrap estimate of R using (2.12), say R̂∗.

3. Repeat 2, NBOOT times.

4. Let h1(x) = P (R̂∗ ≤ x) be the cumulative distribution function of R̂∗. Define R̂Boot−p(x) =

h−11 (x) for a given x. The approximate 100(1 − α)% confidence interval of R is given by(
R̂∗Boot−p(

α

2
), R̂∗Boot−p(1 − α

2
)
)

(i): Boot-t Procedure:

1. From the original two samples of lower record x1, · · · , xn and y1, · · · , ym, compute α̂, β̂, λ̂ and

R̂.

2. Same as in Boot-p method, first generate the bootstrap samples {x∗1, · · · , x∗n}, {y∗1 , · · · , y∗n} and

then compute R̂∗, the bootstrap estimate of R. Also, compute the statistic

T ∗ =

√
n(R̂∗ − R̂)√
V̂ (R̂∗)

.
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and its V ar(R̂∗) can be obtained using the Fisher information matrix.

3. Repeat Step 1 and 2, NBOOT times.

4. Let h2(x) = P (T ∗ ≤ x) be the cumulative distribution function of T ∗. For a given x define

R̂Boot−t(x) = R̂+ h−12 (x)

√
V ar(R̂∗)

n The approximate 100(1 − α)% confidence interval of R is(
R̂∗Boot−p(

α

2
), R̂∗Boot−p(1 − α

2
)
)
.

2.3 Bayes estimation of R

It is assumed that α, β and λ have density functionsGamma(a1, b1), Gamma(a2, b2) andGamma(a3, b3),

respectively. Moreover, it is assumed that α, β and λ are independent. Based on the above assump-

tions, we have the likelihood function of the observed data as

L(data|α, β, λ) = 2n+mαnβmλn+m(1 − e−λx
2
n)α(1 − e−λy

2
m)βe−λ(

∑n
i=1 x

2
i+
∑m
j=1 y

2
j )

× e
∑n
i=1 ln xi+

∑m
j=1 ln yje−

∑n
i=1 ln[1−e−λx

2
i ]e−

∑m
j=1 ln[1−e−λy

2
j ] (2.9)

The joint density of the data, α, β and λ is

L(data, α, β, λ) = L(data|α, β, λ) × π1(α) × π2(β) × π3(λ), (2.10)

where π1(α), π2(β) and π3(λ) are prior pdfs for α, β and λ, respectively. Therefore the joint posterior

density of α, β and λ given the data is

π(α, β, λ|data) =
L(data|α, β, λ)∫∞

0

∫∞
0

∫∞
0
L(data|α, β, λ)dαdβdλ

, (2.11)

Since (2.11) cannot be obtained analytically, we use the Gibbs sampling technique to compute the

Bayes estimate of R and the corresponding credible interval of R. The posterior pdfs of α, β and λ

are as follows:

α|β, λ, data ∼ Gamma
(
n+ a1, b1 − ln(1 − e−λx

2
n)
)
, (2.12)

β|α, λ, data ∼ Gamma
(
m+ a2, b2 − ln(1 − e−λy

2
m)
)
, (2.13)

f(λ|α, β, data) ∝ λn+m+a3−1e−λ(b3+
∑n
i=1 x

2
i+
∑m
j=1 y

2
j )e
∑n
i=1 ln xi+

∑m
j=1 ln yj
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× e−
∑n
i=1 ln[1−e−λx

2
i ]e−

∑m
j=1 ln[1−e−λy

2
j ] (2.14)

The posterior pdf of λ is not known, so to generate samples from this distribution, we use the Metropolis

method with normal proposal distribution. Therefore the algorithm of Gibbs sampling is as follows:

1. Start with an initial guess (α(0), β(0), λ(0)) and set t = 1.

2. Generate α(t) from Gamma
(
n+ a1, b1 − ln(1 − e−λ

(t−1)x2
n)
)

.

3. Generate β(t) from Gamma
(
m+ a2, b2 − ln(1 − e−λ

(t−1)y2m)
)

.

4. Using the Metropolis method, generate λ(t) from f(λ(t−1)|α(t), β(t), data) with the N(λ(t), 10)

proposal distribution.

5. Compute R(t) from (2.1).

6. Set t = t+ 1.

7. Repeat steps 2-6, T times.

Now the bayes estimator of R is the approximate posterior mean

Ê(R|data) =
1

T

T∑
t=1

R(t). (2.15)

Based on T and R values, one can construct a 100(1 − γ)% bayesian credible interval as(
R[ γ2 T ], R[(1− γ2 )T ]

)
(2.16)

where R[ γ2 T ] and R[(1− γ2 )T ] are the [γ2T ]-th smallest integer and the [(1 − γ
2 )T ]-th smallest integer of

{Rt, t = 1, 2, · · · , T}, respectively.

2.4 Estimation of R with known scale parameter

In this section, we consider the estimation of R when the common scale parameter λ is known. Without

loss of generality, we can assume that λ = 1. In this case, the MLE of R , say R̂ can be obtained as

R̂ =
α̂

α̂+ β̂
(2.17)

where

α̂ =
−n

ln(1 − e−λX
2
n)
, β̂ =

−m
ln(1 − e−λY

2
m)
. (2.18)
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Therefore using the invariance properties of the maximum likelihood estimation, the MLE of R is

R̂ =
n ln(1 − e−λY

2
n )

n ln(1 − e−λY
2
n ) +m ln(1 − e−λX

2
n)
. (2.19)

It can be shown that

R̂ =
n ln(1 − e−λY

2
n )

n ln(1 − e−λY
2
n ) +m ln(1 − e−λX

2
n)

=
1

1 + mβ
nα

U
V

(2.20)

where

U = −2α ln(1 − e−λX
2
n) ∼ χ2(2n), V = −2β ln(1 − e−λY

2
m) ∼ χ2(2m).

Note that, by the independence of two random quantities U and V , we have U/2n
V/2m ∼ F(2n,2m), so we

can find that R̂
d
= 1

1+ β
αF(2n,2m)

and so

R

1 −R
× 1 − R̂

R̂
∼ F(2n,2m)

Thus a 100(1 − γ)% confidence interval for R is[
F γ

2 ,(2n,2m)

F γ
2 ,(2n,2m) + ( 1

R̂
− 1)

,
F1− γ2 ,(2n,2m)

F1− γ2 ,(2n,2m) + ( 1

R̂
− 1)

]
.

For the Bayes estimation of R, consider the priors for α and β as the Gamma distributions α ∼

Gamma(a1, b1) and β ∼ Gamma(a2, b2). It can be shown that the posterior pdf of R becomes

fR(r) ∝ rn+a1−1(1 − r)m+a1−1

[r(a1 − ln(1 − e−x
2
n)) + (1 − r)(a2 − ln(1 − e−y

2
m))]n+m+b1+b2

. (2.21)

Now, using the posterior pdf fR(r), Bayesian point and intervals estimates for R can be obtained.

3 Numerical Example

Here we consider a data analysis for two data sets reported by Bennett and Filliben (2000). They

have reported minority electron mobility for p-type Ga1−xAlxAs with seven different values of mole

fraction. We use two data sets related to the mole fractions 0.25 and 0.30. These data are given as

follows:
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Data Set 1 (belongs to mole fraction 0.25): 3.051, 2.779, 2.604, 2.371, 2.214, 2.045, 1.715, 1.525,

1.296, 1.154, 1.016, 0.7948, 0.7007, 0.6292, 0.6175, 0.6449, 0.8881, 1.115, 1.397, 1.506, 1.528.

Data Set 2 (belongs to mole fraction 0.30): 2.658, 2.434, 2.288, 2.092, 1.959, 1.814, 1.530, 1.366,

1.165, 1.041, 0.9198, 0.7241, 0.6403, 0.576, 0.5647, 0.5873, 0.8013, 1.002, 1.250, 1.347, 1.368.

We used the Kolmogorov-Smirnov (K-S) tests for each data set to fit the generalized Rayleigh

distribution. It is observed that for data sets 1 and 2, the K-S distances are 0.2453 and 0.2026 with

the corresponding p-values 0.1395 and 0.3110, respectively. Therefore, it is clear that generalized

Rayleigh distribution model fits well to both the data sets. For the above data, we observe that the

first 15 values for both the data sets are the lower record values. The MLE and Bayes estimate of R

become 0.5162 and 0.4816, respectively. To compute the Bayes estimate, since we do not have any

prior information, we assumed that a1 = a2 = a3 = b1 = b2 = b3 = 0.001. The 95% Boot-p and Boot-t

confidence intervals are obtained as (0.3366, 0.6680) and (0.2188, 0.7779), respectively. The credible

interval is also, (0.3097, 0.6637).
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1 Int

The attention of the statistical community was attracted to wavelets when Daubechies (1992), discovery

of compactly supported wavelet bases represents and established a connection between wavelets and

signal processing. Since then, the wavelets have been proved useful in many statistical disciplines,

notably in nonparametric statistics and time series analysis (see Afshari (2013), (2014), Doosti et al.

(2008),and Antoniadis (2007). For deionising or shrinkage coefficients, one of the most important

concepts in wavelets and deionising is using thresholds. So far, very methods have been presented to

estimate the threshold function. It can be mentioned the Norm and Subband adaptive methods of

recent works in this area, that proposed by Poornachandra (2008) respectively. Bayesian approaches to

2Speaker’s Name : afshar@pgu.ac.ir
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choose the shrinkage method are less ad hoc than some of the earlier proposals, and have been proved

to be effective. For instance Kim and Akritas (2010) and Boubchir and Boashash (2013) suggested

thresholding based on L-statistics and a nonparametric Bayesian estimator using Bessel K Form prior

densities respectively. Some of bayesian paradigm and different bayesian wavelet regression models

and methods for wavelet shrinkage can be fined in Shen and Zayed (2012) and Vidakovic (2009)and

references therein. The purpose of this paper, is to provide a wavelet shrinkage estimator of regression

function by using maximum a postorir(MAP) estimator. This article has three section as the following:

Wavelet Shrinkage Estimator based on Maximum A Postorier, Numerical computation .

2 Wavelet Shrinkage Estimator based on Maximum A Posto-

rier

Let the nested sequence of closed subspaces · · ·Vj−1 ⊂ Vj ⊂ Vj+1 ⊂ · · ·, j ∈ Z, be a multiresolution

approximation to L2(R). Define Wj , j ∈ Z to be orthogonal complement of Vj in Vj+1. The term

wavelets are used to refer to set of basis function very special structure. The special of wavelet basis

for function f ∈ L2(R) as scaling function ϕ and mother wavelet ψ such that {ϕ(x− k)}k∈Z forms an

orthogonal basis for V0 an {ψ(x − k)}k∈Z forms an orthogonal basis for W0. Other wavelets in the

basis are then generated by translation of the scaling function and dilations of the mother wavelet by

using the following relationships:

ϕm,k(x) = 2
m
2 ϕ(2mx− k), and ψj,k(x) = 2

j
2ψ(2

j
2x− k).

Two versions of the wavelet transformation can be distinguished: the continuous wavelet transform

(CWT) and the discrete wavelet transform (DWT). The difference between them lies in the set of

scales and positions at which each transform operates. Let {Xn, n ≥ 1} be a sequence of random

variables on the probability space (Ω,ℵ, P ). Suppose that Xi has a bounded and compactly supported

marginal density f(x) , with respect to Lebesgue measure, which does not depend on i. We estimate

this density from n observations Xi, i = 1, · · ·, n. For any function f ∈ L2(R), we can write a formal
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expansion (see Daubechies (1992):

f =
∑
k∈Z

αm,kϕm,k +

∞∑
j=1

∑
k∈Z

δj,kψj,k = Pmf +

∞∑
j=m

Djf, (2.1)

Where the wavelet coefficients are given by the integrals

αm,k =

∫
f(x)ϕm,k(x)dx, δj,k =

∫
f(x)ψj,kdx.

Let Y1, ·, ·, ·, Yn are observed data from model,

Yi = f(Xi) + ϵi, (2.2)

where the {ϵi} is some noise with density N(0, 1) and {Xi} is some points from domain of f which can

be assumed by-the-way or regular. Typically n is an integer power of 2. The corresponding wavelet

coefficient for f ∈ L2(R) will be written as θj,k =< f,ψj,k >. The indices {j, k} are the standard

notations for the level and shift of position in the multiresolution table of wavelet coefficients. Next, to

simplify notation, indices are dropped and refer to d as an arbitrary wavelet coefficient from the detail

spaces. If W represent the discrete wavelet transform matrix, then multiplication of the equation (2.2)

by orthogonal matrix W yields:

d = Wy = Wf + Wϵ = θ + η.

The choice of the threshold is a very delicate and important statistical problem. On the one hand,

a big threshold cuts too many coefficients and will result in an oversmoothing estimator. But on the

other hand, a small threshold does not remove noise well and will produce a wiggly, undersmoothing

estimator and increases the variance of the smoother. Theoretical considerations yield the following

value of the threshold:λ =
√

2σ2 log n, where n is the length of the input vector and σ2 is the variance

of the noise. One of the popular methods in determining threshold is bayesian paradigm. Consider

the following model:

d|θ ∼ N(θ, σ2), θ ∼ π(θ), (2.3)

where σ2 is known and in practice estimate by empirical approaches. We seek maximum a poste-

rior(MAP) estimator, defined as the posterior mode. Notice that the posterior is proportional to the
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joint distribution of d and θ. Therefore, the MAP estimator maximizes l(θ|d)π(θ) as well. But for

some priors the MAP estimator can not estimated in closed form. For example, if θ has Cauchy prior

distribution, π(θ) = C(τ, 1), then joint distribution of d, θ is the following:

f(d, θ) =
1√

2π3σ2

exp
{
− 1

2σ2 (d− θ)2
}

1 + (θ − τ)2
.

It is clear that the posterior distribution of θ hasn’t closed form so, the calculation of MAP estimator

is difficult. One way to surmount this difficulties, is approximate prior distribution by conjugate family

of distributions.

Theorem2.1: Let d be a transformed data from model such that, d|θ, σ2 ∼ N(θ, σ2),

θ ∼ π(θ) =
∑N
j=1 wjN

(
ηj , τ

2
j

)
and modified posterior distribution of θ, considered as,

π(θ|d) = w0δ0 +

N∑
j=1

w′j(d)N

(
ηjσ

2 + τ2j d

σ2 + τ2j
,
σ2τ2j
σ2 + τ2j

)
,

where, w0 +
∑N
j=1 wj = 1 and δ0 is degenerate distribution in zero. Then a threshold for θ can be

considered as the following:

θ̂ =

 Eπ(θ|d), f(d) ≥ CIIw0

(1−w0)CI
,

0, o.w.
(2.4)

where f(d) is marginal distribution of d and CI and CII are losses under H0 and H1 assumption

respectively.

Proof: According to the bayesian approach in hypothesis testing, the thresholding estimator of θ

can be write as the following:

θ̂ = θ̂π(d) ×
(
p(θ ∈ Θ0|d) <

CI
CI + CII

)
,

Since, p(θ ∈ Θ0|d) = w0δ0
w0δ0+(1−w0)f(d)

< CI
CI+CII

⇔ f(d) > CIIw0

(1−w0)C1
, where,

f(d) =

∫ +∞

−∞
f(d|θ)π(θ)dθ =

N∑
j=1

wj

∫ +∞

−∞
f(d|θ)πj(θ)dθ

=

N∑
j=1

wj

∫ +∞

−∞

1√
4π2τ2j σ

2
exp

{
− 1

σ2
(θ − d)

2 − 1

τ2j
(ηj − θ)

2

}
dθ
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=
N∑
j=1

wj

∫ +∞

−∞

1√
4π2τ2j σ

2
exp

{
−
τ2j + σ2

2τ2j σ
2

(
θ2 − 2θ

τ2j d+ σ2ηj

τ2j + σ2

)

−

(
d2

2σ2
+

η2j
2τ2j

)}
dθ

=

N∑
j=1

wj

∫ +∞

−∞

1√
4π2τ2j σ

2
exp

−
τ2j + σ2

2τ2j σ
2

(
θ2 − 2θ

τ2j d+ σ2ηj

τ2j + σ2

)2


× exp

τ2j + σ2

2τ2j σ
2

(
τ2j d+ σ2η2j
τ2j + σ2

)2

−

(
d2

2σ2
+

η2j
2τ2j

) dθ

=
N∑
j=1

wj

∫ +∞

−∞

1√
4π2τ2j σ

2
exp

−
τ2j + σ2

2τ2j σ
2

(
θ −

τ2j d+ σ2η

τ2j + σ2

)2

− 1

2(τ2j + σ2)
(d− ηj)

2

}
dθ

=
N∑
j=1

wj
1√

2π(τ2j + σ2)
exp

{
− 1

τ2j + σ2
(d− ηj)

2

}
.

therefore we can write the following thresholding estimator,

θ̂ =

 Eπ(θ|d), f(d) ≥ CIIw0

(1−w0)CI
,

0, o.w.

Remark2.1: If the variance of data was unknown, the threshold would be equal (2.4), but we using

the estimation of variances instead of τ2j -s in marginal distribution f(d).

Example: Let d|θ ∼ N(θ, 1) and θ ∼ N(η, τ2),

then, f(d|θ) = 1√
2π

exp
{
− 1

2 (θ − d)2
}

=
exp
{
− d22

}
√
2π

exp
{
dθ − θ2

}
= h(d) exp {dθ − ψ(θ)} , such that

ψ(θ) = θ2 and h(d) = 1
2π exp{−d2

2 }. Also,

π(θ|η, τ2) =
exp

{
− η2

2τ2

}
√

2πτ2
exp

{
θ
η

τ2
− 1

2τ2
ψ(θ)

}
= K(µ, λ) exp {µθ − λψ(θ)} ,

where µ = η
τ2 , λ = 1

2τ2 and K(µ, λ) =
√

λ
π exp

{
−µ2

4λ

}
. So

π(θ|d) =

√
τ2 + 1

2πτ2
exp

{
θ

(
η + τ2d

2τ2

)
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−τ
2 + 1

2τ2
θ2
}

exp

{
−τ

2 + 1

2τ2

(
η − τ2d

τ2 + 1

)}
= K(µ+ d, λ+ 1) exp {(µ+ d)θ − (λ+ 1)ψ(θ)} .

in particular case, suppose that d|θ ∼ N(θ, 1) and θ ∼ π(θ) =
∑N
j=1 wjN(ηj , τ

2
j ). Then the posterior

distribution of θ is equal to, π(θ|d) =
∑N
j=1 w

′
j(d)N

(
ηj+τ

2
j d

τ2
j+1

,
τ2
j

τ2
j+1

)
where,

w′j(d) = wi

√
λi
λi+1 exp

{
− µ2

i

4λi
+ (µi+d)

2

4(λi+1)

}

3 Numerical Computation

In this section the comparing is between the proposed method and three commonly-used shrink-

age strategies. Hard and Soft thresholding with the universal rule, (Donaho (1995)), Hard and Soft

thresholding with the BayesThresh rule, (Abramovich et al.(1998) and Robert et al. (2013)). To assess

performance, we calculated the average mean squared error( AMSE) from the 100 simulations. We use

two ”Blocks” test functions, that are continuous functions and that have eight and fourteen jumps.

Each experiment consist N = 256, 512 and 1024 observations from the test functions with the white

noise is added to the sample data of them. As can be seen in Table 1 , by increasing the sample size,

Table 1: Average mean square error for three rule(universal, sure and heretical bayesian method) and

our new proposed method. In the following fi is the true signal and f̂ ji is the estimate of the function

from simulation j

AMSE = 1
100

∑100
j=1

∑n
i=1

(f(xi)−f̂(xji ))
2

n

N Sure Universal Universal Hard New

HardThresh SoftThresh BayesThresh Method

256 0.1158 0.5252 0.1939 0.1149 0.1789

512 0.0886 0.3365 0.1327 0.0823 0.0910

1024 0.0645 0.2061 0.0759 0.0544 0.0711

the accuracy of the proposed method, increases whereas this trend is not established in other ways
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Figure 1: The panel (a) in Figure 1, display hard and soft universal wavelet estimator (red and

green respectively) and the panel (b),(c),(d) display sure, heretical bayesian and proposed estimators

respectively. The denoted line representing the true function and the number of samples is 512.
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with the convergence speed of the proposed method. Also, the error of proposed method, in the worst

case, is less than the global threshold method.

4 Conclusion

The main purpose of this paper was providing a new MAP wavelet shrinkage estimation of noisy signals.

The proposed method applied for de-noising and estimating of parameters in simulation. According

to the Table 1, it was shown that, the new proposed method has better AMSE with respect to other

methods in most situations. The convergence ratio of this estimator is better than other methods.

According to the figure1, nonparametric curve estimation by new thresholding wavelet is better than

another methods. It was clear that the target estimator better than others.
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1 Introduction

A stochastic process X1, X2, ... is an indexed sequence of random variables and is characterized by the

joint probability distribution function (pdf)

Pr (X1 = x1, X2 = x2, · · · , Xn = xn) = (1.1)

=
n∏
k=1

Pr(Xk = xk|X1 = x1, · · · , Xk−1 = xk−1), n = 1, 2, ....

Definition 1. X1, X2, ... is said to be a stationary process, if the joint pdf (1) of any subset of the

sequence of random variables is invariant with respect to shifts in the time index, i.e.,

Pr(X1 = x1, · · · , Xn = xn) = Pr(Xh+1 = x1, · · · , Xh+n = xn),

for every shift h and for all x1, x2, ..., xn.

Definition 2. X1, X2, ... are said to be a Markov chain of kth oder, if every random variable (r.v.)

Xn depends on Xn−1, Xn−2, ..., Xn−k and is conditionally independent of all the other preceding r.v.’s

X1, X2, ..., Xn−k−1, i.e., if the transition probabilities can be simplified as

1 aghababaei@math.usb.ac.ir
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Pr(Xn = xn|X1 = x1, · · · , Xn−1 = xn−1) =

= Pr(Xn = xn|Xn−k = xn−k = xn−k, · · · , Xn−1 = xn−1),

for all x1, x2, ..., xn and n = k + 1, k + 2, ....

Definition 3. If X1, X2, ... are Markov chain of first order and the transition probabilities, Pij(n) ≡

Pr(Xn = j|Xn−1 = i), do not depend on n, i.e., Pij(n) = Pr(X2 = j|X1 = i) ≡ Pij , then the chain is

said to be time invariant (or homogeneous).

Also, the Markov chain of second order X1, X2, ... is called time invariant, if Phij(n) ≡ Pr(Xn =

j|Xn−1 = i,Xn−2 = h) = Pr(X3 = j|X2 = i,X1 = h) ≡ Phij , ∀n = 2, 3, .... In this paper, Markov

chains are assumed to be time invariant.

The marginal pdf of the Markov chain of first order X1, X2, ... at time n, i.e., π
(n)
i ≡ Pr(Xn = i)

is characterized by

π
(n)
j =

∑
i

Pr(Xn = j,Xn−1 = i)

=
∑
i

Pr(Xn−1 = i).P r(Xn = j|Xn−1 = i)

=
∑
i

Pr(Xn−1 = i)Pij .

Definition 4. If the pdf π
(n)
i does not depend on n, i.e.

π
(n)
i = π

(1)
i ≡ πi, ∀n = 2, 3, ...,

then the pdf is said to be the stationary pdf of the chain. In this case, the stationary pdf πi is the

solution to the equation system

πj =
∑
i

πiPij

so that
∑
j πj = 1.

Also, the marginal pdf of a Markov chain of second order X1, X2, ... given by

π
(n)
j =

∑
i

∑
h

Pr(Xn−1 = i,Xn−2 = h)Phij
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is called stationary, if π
(n)
j = πj , for all n = 1, 2, ..., and can be obtained by solving

πj =
∑
i

∑
h

πhPhiPhij

so that
∑
j πj = 1 (see, e.g., Resnick (2002) for more details).

In the next section, we recall the entropy rate of stochastic processes and stationary Markov Chains

in two points of view and the estimation method of the rate. In Section 3, we consider the entropy

rate of stationary integer valued autoregressive processes.

2 Entropy Rate of Stochastic Processes

The entropy of r.v. X with pdf f(.) has been defined to be H(X) = −E(log f(X)). It implies that

the entropy of r.v.’s X1, X2, ..., Xn with joint pdf (1) is given by the following chain rule

H(X1, X2, · · · , Xn) =

n∑
k=1

H(Xk|X1, X2, · · · , Xk−1). (2.1)

Definition 5. The entropy rate of a stochastic process X1, X2, ... is defined by

H(χ) = lim
n→∞

1

n
H(X1, X2, · · · , Xn),

when the limit exists.

The entropy rate has also been defined by

H ′(χ) = lim
n→∞

H(Xn|X1, X2, · · · , Xn−1),

when the limit exists. This rate is actually the entropy of the most recent output given all past

outputs. Obviously, H(χ) = H ′(χ) = H(X1) for a sequence of iid r.v.’s. The first equality also holds

for stationary stochastic processes (Cover and Thomas (2006)).

Theorem 1. The entropy rate of stationary stochastic process X1, X2, ... is given by

H(χ) = lim
n→∞

H(Xn|X1, X2, · · · , Xn−1),

i.e., H(χ) = H ′(χ).
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Proof. Let X1, X2, ... be an stationary stochastic process. Then,

H(Xn+1|X1, X2, · · · , Xn) ≤ H(Xn+1|X2, X3, · · · , Xn)

= H(Xn|X1, X2, · · · , Xn−1),

where the inequality follows from the fact that conditioning reduces entropy and the equality follows

from the stationarity of the process. Hence, H(Xn|X1, X2, ..., Xn−1) is a decreasing sequence in n and,

consequently,

H ′(χ) = lim
n→∞

H(Xn|X1, X2, · · · , Xn−1)

exists. Also, from the chain rule (2), we obtain

H(χ) = lim
n→∞

1

n

n∑
i=1

H(Xi|X1, X2, · · · , Xi−1)

where, by Cesaro mean, we have

lim
n→∞

1

n

n∑
i=1

H(Xi|X1, X2, · · · , Xi−1) = lim
n→∞

H(Xn|X1, X2, · · · , Xn−1)

= H ′(χ).

The above equalities implies that H(χ) = H ′(χ) for stationary stochastic processes.

2.1 Entropy Rate of Stationary Markov Chains

Here, we study the entropy rate of a stationary Markov chains. Let X1, X2, ... be a stationary Markov

chain of first order. Then the entropy rate is given by

H1(χ) = lim
n→∞

H(Xn|X1, X2, · · · , Xn−1)

= lim
n→∞

H(Xn|Xn−1)

= H(X2|X1)

= −
∑
i

∑
j

πiPij logPij

=
∑
i

πi(−
∑
j

Pij logPij), (2.2)
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i.e., a weighted sum of the entropy values for each state.

Also, the entropy rate of the stationary Markov chain of second order is given by

H2(χ) = H(X3|X2, X1)

=
∑
h

πh(
∑
i

Phi(−
∑
j

Phij logPhij)) (2.3)

By stationary and entropy property, the entropy rate of the stationary Markov chain of second order

is less than the first order, i.e.,

H2(χ) = H(X3|X2, X1)

≤ H(X3|X2)

= H(X2|X1)

= H1(χ)

Remark 1. Generally, it can be shown that the entropy rate of stationary Markov chain is non-

increasing as the order is increasing, i.e,

· · · ≤ Hk(χ) ≤ Hk−1(χ) ≤ · · · ≤ H2(χ) ≤ H1(χ) ≤ H(X1),

wherein

Hk(χ) = lim
n→∞

H(Xn|X1, X2, · · · , Xn−1)

= lim
n→∞

H(Xn|Xn−k, Xn−k+1, · · · , Xn−1)

= H(Xk+1|X1, X2, · · · , Xk), k = 1, 2, ...

is the entropy rate of the stationary Markov chain of order k. This implies that

H∞(χ) ≡ lim
k→∞

Hk(χ)

= H ′(χ)

exist (see, e.g., Cover and Thomas (2006) for more details).
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2.2 Estimation of Entropy Rate

Let X1, X2, ..., Xn be an observed Markov chain of first order and set

Nn(i, j) =
n∑

m=2

1(Xm−1=i,Xm=j)

and

Nn(i) =

n∑
m=1

1(Xm=i)

where 1(x=y) = 1, if x = y otherwise 1(x=y) = 0. It can be shown (see, e.g., Sadek(2003)) that

P̂ij =
Nn(i, j)

Nn(i)

are the MLE’s of transition probabilities Pij . Also, πi is estimated by

π̂i =
Nn(i)

n

Remark 2. From the law of large numbers and central limit theorem, it has been shown that

the above estimators are strongly consistent and asymptotically normal, when n tends to infinity (see,

e.g., Dacunha-Castelle and Duflo (1994) for more details).

Furthermore, the entropy rate of the Markov chain of first order (3) can be estimated by

Ĥ1(χ) = −
∑
i

∑
j

π̂iP̂ij log P̂ij

Generally, the entropy rate estimation of Markov chains with more orders can be proposed by a similar

argument.

3 Entropy Rate of INAR(k) Processes

Steutel and van Harn (1979) introduced the binomial thinning operator ◦. Let X be a nonnegative

integer valued r.v. with pdf πi = Pr(X = i), i = 0, 1, ....

Definition 6. The binomial thinning operator ◦ is defined by

α ◦X =
X∑
i=1

Bi(α),
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where counting series Bi(α) is a sequence of iid binary r.v.’s with Pr(Bi(α) = 1) = 1 − Pr(Bi(α) =

0) = α and α ∈ [0, 1].

The integer valued first order autoregressive (INAR(1)) process was independently introduced by

Makenzie(1985) and Al-Osh and Alzaid(1987) based on the binomial thinning ◦ operator.

Definition 7. Integer valued stochastic process X1, X2, ... follows INAR(1) model, if

Xn = α ◦Xn−1 + εn, n = 2, 3, ...,

where εn’s known as innovations are iid nonnegative integer valued r.v.’s and independent of all the

binary counting series and Xn−1.

Remark 3. If Xn is the population at time n then α◦Xn−1 and εn can be respectively interpreted

as the number of survivors and the number of immigrants at time n from the previous period. It has

been shown that an stationary INAR(1) process has a Poisson marginal pdf (with mean λ) if and only

if the innovations also follow a Poisson pdf (with mean λ(1 − α)). Also, the transition probabilities

can be obtained as (5) in the following theorem.

Theorem 2. Let X1, X2, ... follow a INAR(1) process with innovations εn’s following stationary

pdf qk ≡ Pr(εn = k), k = 0, 1, .... Then, the process forms a stationary Markov chain with transition

probabilities

Pij ≡ P (Xn = j|Xn−1 = i) (3.1)

=

min (i,j)∑
k=0

 i

k

αk(1 − α)i−kqj−k, i, j = 0, 1, · · · ,

Remark 4. Clearly, Pij as given in (5) is the convolution pdf of Bin(i, α) and qk and giving the

probability of going from state i to state j in a single step and can be set in (3) to yield the entropy

rate of INAR(1) with stationary marginal pdf πi ≡ Pr(Xn = i).

Also, let X1, X2, ... follow integer valued second order autoregressive (INAR(2)) model

Xn = α ◦Xn−1 + β ◦Xn−2 + εn, n = 3, 4, ...,

where innovations εn’s are iid nonnegative integer valued r.v.’s and independent of all the binary

counting series and Xn−1 and Xn−2. If innovations εn’s follow stationary pdf qk ≡ Pr(εn = k),
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k = 0, 1, .... Then, the process forms a stationary Markov chain of second order with transition

probabilities

Phij ≡ P (Xn = j|Xn−1 = i,Xn−2 = h) (3.2)

=

min (i,j)∑
k=0

min (j−k,h)∑
l=0

 i

k

 h

l

αk(1 − α)i−kβl(1 − β)h−lqj−k−l,

h, i, j = 0, 1, · · · ,

i.e., Phij is the convolution pdf of Bin(h, β), Bin(i, α)and qk and giving the probability of going from

states h (then) i to state j in a single step and can be set in (4) to yield the entropy rate of INAR(2)

with Phi as given by (5) and the stationary marginal pdf πi ≡ Pr(Xn = i).

Remark 5. Generally, suppose that X1, X2, ... follow integer valued kth order autoregressive

(INAR(k)) model

Xn = α1 ◦Xn−1 + α2 ◦Xn−2 + · · · + αk ◦Xn−k + εn, n = k + 1, k + 2, ...,

where nonnegative integer valued innovations εn’s following stationary pdf qi ≡ Pr(εn = i), i = 0, 1, ...

are independent of all the binary counting series and Xn−i’s, i = 1, 2, ..., k (see, e.g., Jin-Guan and

Yu(1991) for more details). Also, let πi ≡ Pr(Xn = i) be the stationary marginal pdf of the process.

Then, by induction, the entropy rate of INAR(k) can be given by (3), where Pij is the convolution pdf

of the k binomial pdf’s (with parameters α1, α2, ..., αk) and the innovation pdf qi.

Conclusion

In this paper, we consider the entropy rate of stationary Markov chains and integer valued autoregres-

sive process as special case. The entropy rate of the process is the weighted sum of entropy values

of transition probabilities which are the convolution of some binomial distributions and innovation

distribution.
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Abstract: Mathematical probability theory interested to the computation of distribution of the sum of

random variables. It is well known that the distribution of sum of random variables is the convolution

of marginal distributions in the case of independence; no general characterization has been given to the

general case of sum of dependent random variables. In this paper, we find expression for distribution

of the linear combination of two dependent random variables in terms of their associated copula.We

also study the effect of dependence structure on the distribution of them. Several examples illustrate

our result.

Keywords Convolution, dependent random variables, Copula.
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1 Introduction

In actuarial applications, the insurance risks are shown by random variables which represent the

amount of money that insurance company will have to pay out to the policyholder. These random

amounts are depending on the occurrence of a claim. For example, in the case of a car insurance,

the amount of a claim associated with the occurrence of an automobile accident is represented by a

random variable. Random variables modelling insurance risks may generally be assumed to be non-

negative. In many actuarial applications, the distributions of sum, product and ratio of two random

variables need to be computed. For simplicity, the independence of random variables is assumed in

1Speaker’s Name : Najmeh Ahmadi Email:stat.nahmadi@gmail.com
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many studies. In the absence of independence, we need methods and tools for modelling dependent

variables. Copula functions are examples of such tools. When two random variables are dependent

in most cases analytical solutions are not tractable and several techniques have been developed in

literature to approximate or to investigate bounds for such distributions; see, e.g, Arbenz et al.

(2011, 2012); Frank et al. (1987); Gupta and Gupta (2009); Makarov (1981); Moynihan et al.

(1978); Puccetti and R[
..
uschendorf (2012). In this paper, following the general approach addressed

in Cherubini et al. (2011) we provide the expression for distribution of the linear combination of

two dependent random variables,involving their copula and try to find solutions for some problems on

distribution of sum of dependent random variables.

2 Preliminaries

Let (X,Y ) be a pair of continuous random variables with the joint distribution function H(x, y) =

P (X ≤ x, Y ≤ y), univariate marginal distributions F (x) = P (X ≤ x), G(y) = P (Y ≤ y), at each

x, y ∈ R. Let C be the unique copula associated with (X,Y ) through the relation

H(x, y) = C{F (x), G(y)}, x, y ∈ R,

in view of Sklar’s Theorem Sklar (1959). In fact, C is the cumulative distribution function of the

pair (U, V ) = (F (X), G(Y )) of uniform (0,1) random variables. For a given C, let C̄(u, v) = u +

v − 1 + C(1 − u, 1 − v) be the survival copula or reflected copula associated with C or equivalently,

the cumulative distribution function of the pair (1 − U, 1 − V ). Note that H̄(x, y) = P (X > x, Y >

y) = C̄{F̄ (x), Ḡ(y)}, where F̄ (x) = P (X > x) and Ḡ(y) = P (Y > y), are the survial functions of X

and Y . Since copulas are Lipschitz continuous functions from [0, 1]2 to [0, 1] with Lipschitz constant

equal to 1, then they are absolutely continuous in each argument Nelsen (2006), so that it can be

recovered from any of its partial derivatives by integration. The partial derivatives of a copula C can

be seen as conditional distribution functions Ċ1(u, v) = ∂C(u, v)/∂u = P (V ≤ v|U = u) ∈ [0, 1] and

Ċ2(u, v) = ∂C(u, v)/∂v = P (U ≤ u|V = v) ∈ [0, 1]. It follows that Ċ1 will fail to be continuous on

(0, 1)× [0, 1] if the distribution of V given U = u has atoms. This phenomenon occurs for instance for

the Fréchet lower and upper bound copulas, W (u, v) = max(u+v−1, 0) and M(u, v) = min(u, v). We
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denote by Π(u, v) = uv, the copula of two independent random variables. For cumulative distribution

function F , let F (−1)(u) = inf{x|F (x) ≥ u}, u ∈ [0, 1], be the right continuous inverses of F .

3 Distribution of sums

In the following we study the distribution of the sum of two functions of dependent random variables.

We assume that the random variables are continuous. We need the following lemma in the sequel.

Lemma 3.1. Let X and Y be two continuous random variables with cumulative distribution functions

FX and FY . Let α(.) and β(.) be two strictly increasing real-valued functions. Then for all t and

w ∈ [0, 1], the function

Ċ1

(
w,G ◦ β−1(t− α ◦ F−1(w))

)
,

is well defined almost surely (a.s.).

Theorem 3.2. Let X and Y be two continuous random variables with the respective univariate

marginal distribution functions F and G and the copula C. Let α(.) and β(.) be two increasing real-

valued functions and let F ⊕Cα,β G be the distribution of T = α(X) + β(Y ). Then

F ⊕Cα,β G(t) =

∫ 1

0

Ċ1

(
w,G ◦ β−1(t− α ◦ F−1(w))

)
dw, (3.1)

and the survival function of T , i.e., P (T > t) is given by

F ⊕Cα,β G(t) =

∫ 1

0

˙̄C1

(
w, Ḡ ◦ β−1(t− α ◦ F̄−1(w))

)
dw. (3.2)

For the special α(x) = x and β(y) = y, (3.1) coincides with the C-convolution of F and G defined

in Cherubini et al. (2011) by

F ⊕C G(t) =

∫ 1

0

Ċ1

(
w,G(t− F−1(w))

)
dw. (3.3)

Remark 3.3. Note that if β(.) is decreasing then

F ⊕Cα,β G(t) =

∫ 1

0

˙̄C1

(
w, Ḡ ◦ β−1(t− α ◦ F̄−1(w))

)
dw, (3.4)
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and

F ⊕Cα,β G(t) =

∫ 1

0

Ċ1

(
w,G ◦ β−1(t− α ◦ F−1(w))

)
dw. (3.5)

The operation ⊕Cα,β defined by (3.1) is closed under convex combination. Let A and B two copulas

and for λ ∈ [0, 1], let C = λA+ (1 − λ)B. For all distribution functions F and G we have

F ⊕Cα,β G(t) = λF ⊕Aα,β G(t) + (1 − λ)F ⊕Bα,β G(t).

Example 3.4. Let X and Y be two exponential random variables with the common cumulative dis-

tribution function F (x) = 1 − e−λx, x > 0. Then for three dependence structures Π,M and W , we

have

F ⊕Π F (t) = 1 − (1 + λt)e−λt, t > 0,

F ⊕MF (t) =

∫ 1

0

II{w : 2F−1(w) ≤ t}(w)dw

= sup{w ∈ (0, 1) :
− ln(1 − w)

λ
≤ t

2
}

= 1 − e
−λ
2 t, t > 0,

and

F ⊕W F (t) =

∫ F (t)

0

II{w : F−1(w) + F−1(1 − w) ≤ t}dw

=

∫ 1−e−λt

0

II{w : w(1 − w) ≤ e−λt}dw

=

∫ 1

0

II{w :
1 −

√
1 − 4e−λt

2
≤ w ≤ min(1 − e−λt,

1 +
√

1 − 4e−λt

2
)}dw

=
√

1 − 4e−λt, t >
2 ln(2)

λ
.

Example 3.5. Let F and G be two uniform (0,1) distributions and let C be the FGM copula Nelsen

(2006) given by

C(u, v) = uv(1 + θ(1 − u)(1 − v)), u, v ∈ [0, 1], θ ∈ [−1, 1]. (3.6)
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Figure 1: Plots of X + Y for X,Y ∼ Exp(1) with C = W,Π,M .

Then

F ⊕FGM G(t) =



0, t < 0

t2

2 + θt2(t2−4t+3)
6 , 0 ≤ t < 1

(−t4+4t3−3t2−4t+4)θ
6 − t2

2 + 2t− 1, 1 ≤ t < 2

1, t ≥ 2.

(3.7)

Note that (3.7) reduces to the distribution of the sum of two independent uniform (0,1) random vari-

ables, i.e., the triangular distribution Johnson (1997, 1999), when θ = 0. Thus, (??) could be

considered as a generalized triangular distribution. The density function of (3.7) presented in Figure

2 for θ = −1, 1.

If C1 and C2 are two copulas, we say that C2 is more concordant than C1 (written C1 ≺c C2)

if C1(u, v) ≤ C2(u, v) for all (u, v) ∈ [0, 1]2. A totally ordered parametric family {Cλ} of copulas

is positively ordered if Cλ1 ≺c Cλ2 whenever λ1 ≤ λ2. The copula C is said to be positive (resp,

negative) quadrant dependent (PQD, resp, NQD) if Π ≺c (≻c)C Nelsen (2006). Note that if C is

PQD then a pair (X,Y ) with the copula C, are positively correlated. As a result, for all strictly
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Figure 2: The density function of X + Y in Example 3.5 with θ = 1 (left panel) and θ = −1 (right panel).

increasing transformations α(.) and β(.), we have

Var(α(X) + β(Y )) ≥ Var(α(X)) + Var(β(Y )).

The following result compares the variance of α(X) + β(Y ) for members of a parametric family of

copulas.

Theorem 3.6. Let (X,Y ) be a pair of continuous random variables with the copula Cλ, and let

α(.) and β(.) be two strictly increasing transformations on Ran X and Ran Y , respectively. If Cλ is

positively ordered, then Varλ(α(X) + β(Y )), is an increasing function of λ; that is, for λ1 ≤ λ2,

Varλ1(α(X) + β(Y )) ≤ Varλ2(α(X) + β(Y )).

Since for every copula W ≺c C ≺c M , for every copula C, we have the following result.

Corollary 3.7. For every copula C, if α(.) and β(.) are two increasing functions on Ran X and Ran

Y , respectively, then

VarW (α(X) + β(Y )) ≤ VarC(α(X) + β(Y )) ≤ VarM (α(X) + β(Y )),

where

VarW (α(X) + β(Y )) = Var
(
α ◦ F−1(U)

)
+ Var

(
β ◦G−1(U)

)
+ 2Cov

(
α ◦ F−1(U), β ◦G−1(1 − U)

)
,
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and

VarM (α(X) + β(Y )) = Var
(
α ◦ F−1(U)

)
+ Var

(
β ◦G−1(U)

)
+ 2Cov

(
α ◦ F−1(U), β ◦G−1(U)

)
,

where U is a uniform (0,1) random variable.

Example 3.8. Let X and Y be two exponential random variables with the parameter λ and the

associated copula C. Then

VarW (X + Y ) =
(4 − π2/3)

λ2
, VarM (X + Y ) =

4

λ2
, VarΠ(X + Y ) =

2

λ2
.

If the copula of C is PQD then
2

λ2
≤ VarC(X + Y ) ≤ 4

λ2
,

and if C is NQD then
(4 − π2/3)

λ2
≤ VarC(X + Y ) ≤ 2

λ2
.

Example 3.9. Consider the distribution of the sum of two dependent uniform (0,1) random variables

with copula FGM, given in (3.7). The variance of this distribution is equal to (θ + 3)/18 and limited

to the interval [1/9, 2/9]. Note that a well–known limitation to the FGM family of copulas is that it

does not allow the modeling of large dependencies since, for example, Spearman’s rho Nelsen (2006)

of this family is limited to [-1/3,1/3].
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Abstract: In sampling, arisen data with probability proportional to its length is called Length-bised

. Nonparametric density estimation in length-biased sampling is more difficult than other states .

A local bandwidth selection method in the smoothed kernel estimation framework was performed in

length-biased data by . In this paper , we introduce a new estimator , supposing the bandwidth as a

random variable , following inverted gamma prior distribution and it is estimated in Bayesian approach

with the lognormal kernel that is proved the pointwise strong consistency of this estimator . Then

, the results obtained from the simulation study , carried out to assess a new proposed estimator is

compared with the estimator shown by . The noticeable result in this study is that the proposed

estimation perform better than that estimator .

Keywords Bayesian Approach , Kernel Density Estimator , Lognormal Kernel , Local Bandwidth

Parameter , Monte carlo method .

Mathematics Subject Classification (2010) : 62Fxx.

1 Introduction

Length-biased data arise in many practical situations , including econometrics , survival analysis ,

renewal processes , biomedicine and physics . For instance , if represents the length of an item and

the probability of this item selected in the sample is proportional to its length , then the distribution

of the observed length is length-biased . Interesting applications of length-biased data can be found

in Cox (1969) . Given a distribution function (d.f.) F , we say a random variable (r.v.) Y has the

length-biased distribution of F if the d.f . of Y is given by
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G(t) =

∫ t

0

xdF (x)

µ
, t ≥ 0, (1.1)

where µ =
∫∞
0
xdF (x), and µ is assumed to be finite . In the case that F has a density f with respect

to the Lebesgue measure , (1.2) can be written as

G(t) =

∫ t

0

xf(x)dx

µ
, t ≥ 0. (1.2)

An elementary calculation shows that F is determined uniquely by G , namely

F (t) = µ

∫ t

0

y−1dG(y), t ≥ 0.

Let Y1, . . . , Yn be a sample from G . The empirical estimator of can be written in the form of

Fn(t) = µn

∫ t

0

y−1dGn(y), (1.3)

where

µ−1n =

∫ ∞
0

y−1dGn(y).

Gn is an empirical estimator of G given by

Gn(t) =
1

n

n∑
i=1

I(Yi ≤ t),

where I(A) denotes the indicator of the event A. Bhattacharyya et al . (1988) based on kernel

approach proposed the following estimator for length-biased data Y1, . . . , Yn

f∗n(t) =
µn
t

n∑
i=1

1

nhn
K

(
t− Yi
hn

)
. (1.4)

Here K(.) is a symmetric kernel and {hn, n ≥ 1} is a sequence of positive bandwidths satisfying hn → 0

and nhn → ∞ as n → ∞ , which controls the degree of smoothing . They proved consistency and

asymptotic normality for f∗n. Later , Jones (1991) proposed the following estimator

fn(t) =
µn
nhn

n∑
i=1

1

Yi
K

(
t− Yi
hn

)
. (1.5)
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As mentioned by Jones (1991) , this estimator has various advantages with respect to (1.4) . It is

a probability density function . Overall estimator for favorite kernel density function (symmetric or

asymmetric ) has been suggested bellow

f̂h(x) = n−1µ̂n

n∑
j=1

Y −1j K(x;Yj , h). (1.6)

Tow important factors of kernel density and bandwidth parameter have important roll for kernel

density estimation . It is of note that selection of the bandwidth parameter it more important than

selection of kernel function . There are several references in this case that can mention to Silverman

(1978) .

In the estimation discussion of the density function , the bandwidth parameter is unknown that

should be estimation . There are several bandwidth selection methods available for reader such as

least square cross validation , nearest neighbor and biased cros validation . In all of these methods

bandwidth parameter h is considered as a global parameters . With censoring data Kulasekera and

Padgett (2006) estimator of h(x) in the mean posterior , under the mean squared loss function

by appropriate prior selection for local bandwidth . Also Ajami et al . (2011) investigated Bayes

bandwidth in length-biased data .

In this paper , the next section deals with the study of bandwidth selection in Bayesian method

by using asymmetric lognormal in (1.6) proved its pointwise strong consistence . In section 3 , with

the simulation study we compare the proposed lognormal kernel density estimator f̂hL(t) with another

kernel density estimator f̂hI (t) using an inverse Gaussian kernel that was shown by Ajami et.al (2011)

. The both estimators use Bayesian local bandwidths associated with their respective kernels .

2 Bayesian method in bandwidth estimator

In this section , bandwidth parameter (h) is assumed as a random variable that the data are length-

biased and the density function f is estimated with the kernel density estimator (1.6) . Suppose

that π(h) is a prior distribution with considering of random sample Y1, · · · , Yn from length-biased

distribution G. The posterior density of h will be followed as
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π̂(h|Y1, · · · , Yn, x) =
f̂h(x)π(h)∫
f̂h(x)π(h)dh

, (2.1)

where f̂h(x) is (1.6) .

In below theorem , the bandwidth of (1.6) is given locality based on lognormal kernel and inverted

gamma prior distribution .

Theorem 2.1. Suppose that kernel density is Lognormal with parameters h and lnYj which is defined

as

K(x, h, lnYj) =
1√
2π

1

xh
e−

1
2 (
lnx−lnYj

h )2 , (2.2)

and the bandwidth h follows an inverted gamma prior distribution with parameters α and β

π(h) =
2

βαΓ(α)h2α+1
e
−( 1

βh2
)
, α > 0, β > 0. (2.3)

Then under the squared error loss , the Bayesian local bandwidth h for estimating at x is given by

hL = h(x) = E[(h|Y1, . . . , Yn, x)] =

∑n
j=1 Y

−1
j (β∗j )(α

∗)

(α∗)
∑n
j=1 Y

−1
j (β∗j )(α∗)

, (2.4)

where β∗j and α∗ will been defined in proof . Also when n→ ∞ we have

hL = h(x) = E[(h|Y1, . . . , Yn, x)] −→ 0 a.s. (2.5)

Proof. By replacing (2.2) in (1.6) and according to (2.1) it can be writing as

π̂(h|Y1, . . . , Yn, x) =

∑n
j=1 Y

−1
j

2
(h2)α+1 e

− 1
h2β∗

j

Γ(α∗)
∑n
j=1 Y

−1
j (β∗j )α∗ ,

where

β∗j =

[
1

β
+

(lnx− lnYj)
2

2

]−1
and

α∗ = α+
1

2
, α >

1

2
.
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Then , the Bayes estimator of h at x is calculated as the mean of this posterior

hL =

∑n
j=1 Y

−1
j (β∗j )(α)

Γ(α∗)
∑n
j=1 Y

−1
j (β∗j )(α∗)

.

Because the prof of (2.5) likes theorem 4.1 in Kuruwita et al. (2010) we don’t proof it .

Theorem 2.2. Let Y1 . . . Yn is a sample of length-biased distribution G and G(τF ) > 0 , where τF =

inf{τ : 1 − F (t) > 0} . Suppose f is a bounded density then for each 0 < x < τ and hL = hn(x) → 0

when n→ ∞ , we have

|f̂hL(x) − f(x)| a.s.−→ 0.

Proof. Suppose Gn ia a empirical distribution function of Yi’s , then F

Fn(t) = µ̂n

∫ t

0

y−1dGn(y).

So

f̂hL(x) =

∫ ∞
0

K(x;u;hL)dFn(u). (2.6)

Let

fhL(x) =

∫ ∞
0

K(x;u, hL)dF (u).

Then

|f̂hL(x) − f(x)| ≤ |f̂hL(x) − fhL(x)| + |fhL(x) − f(x)|

=: J1 + J2. (2.7)

Now we have

J1 ≤ sup
0<t≤T

|Fn(t) − F (t)|
∣∣∣∣∫ ∞

0

dKu(x;u, hL)

∣∣∣∣ . (2.8)

According to theorem 4.2 . of Horváth , L . (1985) can be showed that Fn is a uniformly consistent

for F (t) . So if n→ ∞ than

sup
0<t≤T

|Fn(t) − F (t)| → 0, a.s.
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On the overhand whit some calculation we have∣∣∣∣∫ ∞
0

dKu(x;u, hL)

∣∣∣∣ ≤ 1

xh∗
.

Then if n→ ∞ J1 → 0 . Finalle like theorem 1 Kuruwita et al. (2010) can be showed J2 → 0 . So the

proof is completde .

3 Simulation

In this section , the effect of the kernel is discussed on the proposed estimator . In particular , the

proposed lognormal kernel density estimator is compared with that of shown by Ajami et al . (2011)

that both estimators using Bayesian local bandwidths are associated with their respective kernels .

Also in both estimators , bandwidth h follows inverted gamma prior distribution with parameters α

and β . The performance of the two kernels , namely the lognormal and the inverse Gaussian , is

compared with 2 different sample sizes n = 25 and n = 50 . In all simulation for Bayes bandwidth

computation it is used an inverted gamma prior with α = 2 and β = 2 , and is considered that the

data are emanated from an unbiased model with underlying Gamma density function

f(t) =
tγ−1e−

t
θ

θγΓ(γ)
, γ > 0, θ > 0, t ≥ .

Thus the length-biased density is

g(t) =
tγe−

t
θ

(θ)
γ+1

Γ(γ + 1)
, γ > 0, θ > 0, t ≥ .

The pointwise estimated mean squared error (EMSE) of any density estimator ϕ̂n(t) is defined at

a point of estimation t , by

EMSE(ϕn(t)) =
1

N

N∑
i=1

(ϕn(t) − ϕ(t))2,

where N is the number of simulations which was chosen to be 1000 and ϕ(t) ia any kernel density .

All simulations are carried out using Mont carlo method with R . Then , the ratio is examined
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r(t) =
EMSE(f̂hL(t))

EMSE(f̂hI (t))
,

over a grid of t values in the domain of the underlying density . These ratios are plotted against t to

assess the pointwise performance of the two density estimators f̂hL(t) and f̂hI (t) .

Density estimates of a unbiased density Gamma(γ, 1) are computed with use of the two kernel

density estimators ( LN and IG ) and the ratio r(t) is plotted against the domain values t of the

underlying density . As shown in Figure 1 , the lognormal kernel density estimator is clearly weaker

than the inverse Gaussian kernel density estimator in the neighborhood of the origin . However , the

decreasing ratio values indicate that the pointwise estimator for the lognormal kernel density estimator

are not as close as the ones is gotten from the inverse Gaussian kernel density estimator toward the

end of the support . The increasing sample size shows no significant effect on the performance of the

kernel density estimators .
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Figure 1: Comparison of inverse Gaussian and lognormal kernels using pointwise error ration with n=25 , n=50.

Next , a similar pattern is observed in the performances of the two density estimators as with

the last positions of gamma = 1 . The lognormal kernel density estimator is far superior than the

inverse Gaussian kernel density estimator in the neighborhood of the origin . Further , the proportion

of domain values in which the lognormal kernel density estimator is superior has increased with the
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increment of the sample size as indicated in Figure2 .
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Figure 2: Comparison of inverse Gaussian and lognormal kernels using pointwise error ration with n=25 , n=50.

According to Figure 3 , we observe that the previous two settings are alike with the all cases . The

most noticeable feature in this case is that the lognormal kernel density estimator performe better

than the inverse Gaussian kernel density estimator over a large proportion of the support with the

increment of the sample size .
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1 Introduction

1.1 Bayesian network methodology

Bayesian network is a directed and acyclic graph where G(V, E) with a set of local probability distri-

butions P. V displays the nodes,{V1;V2; ...;VN}, which explain the gene variables (1). E indicates the

directed edge that corresponds to probabilistic dependence inter- actions among genes. A DAG is a

network graph with directed edges and without cycles. In a DAG, the edge pointing from one node

to another displays the regulatory relationship between parent node and child node. For instance, we

assume V1 is the parent of V2 and V2 is the parent of V3, the assumptions are that V1 is the ancestor

of V3 and V3 is the descendant of V1. The interaction between two nodes linked by an undirected edge

is described by the neighbor term or adjacent term (2). The joint distribution of a set of variables is

represented as:

P (v1, v2, , vn) =
n∏

(i=1)

= P (vi|parents(vi))

where vi is a given gene node. n is the total number of genes involved. The parents (vi) is the parent

gene that regulates gene vi. P (vi|parents(vi)) for node i is represented as Conditional Probability

Distribution or local distribution. Conditionally Probability Distribution must be specified for the

nodes that have parents. Peer et al in 2001 studied the Bayesian network framework to deal with

perturbations in gene regulatory network inference (3). Also, a discretisation process is applied to the

data prior to gene regulatory network inference. First, the data were considered as a discretisation

process. These steps included inferring gene regulatory network using Bayesian Network, and finding

the optimal gene network according to the scoring function. The intervention is not surveyed by using

genetic mutation experiments but by substituting external molecular function to the original one based

on the expression of V. The results proposed new characteristics and displayed the differences between

the proposed technique, the clustering and gene set techniques.

Werhli and Husmeier in 2007 combined expression data with the prior biological knowledge from mul-

tiple resources to construct gene regulatory network (4). They applied Bayesian network with the

information from expression data and prior biological knowledge to improve the prediction accuracy.
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In addition to, they used Markov Chain Monte Carlo (MCMC) sampling scheme to sample the hyper-

parameters from posterior distribution. They concluded that the values of the hyperparameters were

close to optimal for reducing the construction error.

Tanand Mohamad in 2012 studied a new Bayesian network algorithm to make gene regulatory net-

works with the hill-climbing and Efron’s bootstrap methods (5). At the first step, the Least Local

Squares (LLS) imputation algorithm was used to impute the missing values that existed in the mi-

croarray data set. After that, Bayesian network was used for network model construction and learned

by using hill-climbing algorithm. The bootstrap method was applied to extract a set of edges with a

high confidence level. They deduced that the gene regulatory network achieved a high true positive

rate, and more novel relationships among the genes were shown by their method.

Yang et al in 2011 proposed reducing the computational time of Bayesian network using the Sparse

Graph Search (SGS) approach (6). The SGS algorithm applies iterated statistical independence test

and searching technique to find the optimal network structure. Moreover, the optimal gene regulatory

network is produced using a hybrid method. The proposed hybrid approach contain the search-and-

score and constraint-based methods. For the search-and-score approach, a scoring metric evaluates the

network quality based on the dataset and searches the best network structure overall candidate net-

works using the optimization method. However, the constraint-based approach surveys the existence

of an edge by applying conditional independency tests instead of using statistical or information theory

measurements. Their results displayed that the accuracy and computational efficiency was improved

by their approach.

1.2 Boolean network

Boolean networks are the simplest models to construct gene regulatory networks (7). The method

is easy to simulate and popular to capture the global dynamical behavior of genetic regulatory net-

works and interactions of genes (8). Correlation-based and inferring-based are two types of inferring

algorithms that are used in the Boolean networks (9). For the correlation approach, gene relationship

information is obtained by different methods, which are then used in modeling the topology of the
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relationships between genes. The inferring-based method is a machine learning method and the most

commonly used algorithm in genetics. A Boolean is defined as variable that can only consider two

values; the values are usually displayed by 1 and 0 (true and false). The logic operators are and, or

and not. For example, x1; x2 and x3 = 1 means that if and only if their variables are 1.The interaction

types are separated into two classes for building a model: inactive and active (10). A Boolean function

is a function in which Boolean variables are connected by logic operators by means that, the situation

of gene expression level is either on or off in a Boolean network.

A Boolean network is a directed graph G(V,E) and represented by variable v ∈ V , whereas the node

or variable is related to the function in Boolean. The state of the network is shown that by values of

nodes where S is denoted as the state, S(t) = (x 1(t), x 2(t), , x n(t)). All nodes are updated according

to the function x 1(t+ 1) = b1(x i1(t), x i2(t), x in(t)) (11).

One of the most attractive aspects of Boolean network is their simplicity, fast and efficient, although

they are not suitable in big data. Furthermore, Boolean network apply time-discrete and synchronous

updates. Also, the limitations of Boolean network are that they are not able to capture many impor-

tant details of system behavior. The deterministic nature of Boolean network is a problem because

noisy data in the computation may cause inconsistency (12).

Akutsu et al in 1999 studied the Boolean network of a genetic network from the situation of a tran-

sition table with a time series of gene expression (13). The results displayed that small numbers of

the transition state pair are sufficient in inferring the original Boolean network. A simpler algorithm

has been extended which represented that if the in degree of each node is bounded by a constant,

O(log n), the O(log n) state transition pairs are sufficient to determine the original Boolean network.

The constant factor of O(log n) is exposed. It has been displayed that Boolean network with a size

of 100,000 can be identified by 100 INPUT/OUTPUT pairs only if the maximum in degree is 2.The

approach showed a simple and extensible method for realistic network models.

Saadatpour and Albert in 2013 proposed that Boolean logic can be applied to describe the interactions

between mRNAs and proteins to predict gene patterns, especially for a gene that has not been studied

yet (14). mRNA or protein is shown by a node within the network, while the edge displays the inter-

action between them. The state is either 1 or 0 based on the presence or absence of one substance.
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The state of a node varies over time. Time intervals that are greater than or equal to the period of

central dogma, DNA makes RNA and RNA makes protein, are used. The Boolean function determines

the situation of node i. The results showed that as long as their net effect is preserved, the kinetic

details of the interactions do not matter. Through adding a minimum of additional kinetic hypothe-

ses, a Boolean network permits the integration of qualitative observations on gene interactions into a

coherent picture.

1.3 Correlation coefficient methods

Butte and Kohane in 2000 proposed a method that calculated pair-wise mutual information technique

in Saccharomyces cerevisiae data set (15). They selected 2467 RNA expression data to construct 22

clusters, and they explained biological relationship of each clusters or Relevance Networks. Clusters

were chosen by a fold-change greater than threshold criteria. They calculated the entropy of gene

expression patterns and also the mutual information between RNA expression patterns for each gene

pairs. High entropy showed that its expression levels are randomly distributed, and high mutual infor-

mation between two genes showed that one gene was non-randomly connected to each other gene. In

the article, there were 143 genes, 102 various components of the large and small ribosomal subunits,

and 8 translation initiation factors in the largest cluster.

Cheng et al in 2013 suggested extracting non-linear relationships that is called Kernel correlation

coefficient and comparing with Pearson correlation coefficient and Mutual information method in

Saccharomyces cerevisiae data (16). They construct a correlation matrix across the entire set of mi-

croarray data set and construct gene networks by using the graph theory. Although our approach

is described for and applied to data from the yeast microarray, our method is equally applicable to

data from the Affymetrix or other array platforms, or for other types of high-throughput quantitative

data. The reliability of their proposed method was checked with DREAM4. The ROC and PR were

used to assess three methods separately. AUROC of the Gaussian kernel correlation coefficient was

the largest in all. The interaction genes network is displayed graphically by using the Pajek software

(http://vlado.fmf.uni-lj.si/pub/networks/pajek/).
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1 Introduction

In the past four decades, dynamic financial time series analysis based on nonlinear models has become a

topic of interest for some researchers. For financial time series, the ARCH model and GARCH model

are surely the most popular classes of volatility models. Merging (G)ARCH model with a hidden

Markov chain, where each state of the chain allows a different (G)ARCH behavior, was introduced by

Hamilton. Gray (1996), Haas et al. (2012) proposed different variants of Markov-Switching GARCH

2N. Alemohammad : n.alemohammad@shahed.ac.ir
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(MS-GARCH) model and its applications. Also some other researchers such as Bauwens et al. (2010),

Billio et al. (2014) have done extensive studies on the properties of this model.

One restitution of the GARCH model is the symmetry in the response of volatility to past shocks

(because the volatility is a function of the lagged squared observations). In other words, the dynamics of

conditional variance in (G)ARCH models change only with the size of squared observations. Financial

markets become more volatile in response to negative shocks than to positive shocks . The asymmetric

GARCH model (AGARCH) introduced by Engle (1990), Threshold GARCH (TGARCH) model of

Zakoian (1994) and Skew normal mixture and Markov-switching GARCH Haas (2010) capture the

asymmetric effects of negative and positive shocks.

In this paper, we propose a new structure for the Markov switching GARCH model where the

volatility of each regime has different reactions to positive and negative shocks. This model is talented

to switch between regimes with distinct levels of volatilities and also encompasses the leverage effect

in each regime. By considering differen smooth transition functions for each state of Markov chain

(to capture asymmetry property in each state), our model is able to have more accurate forecast than

the MS-GARCH. Since using all past observations for forecasting could increase the complexity of the

model, we reduce the volume of calculations by proposing a dynamic programming algorithm. For the

estimation of the parameters, the Bayesian inference is used.

The organization of this paper is as follows: in the next section the structure of our model is

presented. Section 3 is devoted to the estimation of the parameters of the model. Section 4 is

dedicated to the analysis of the efficiency of the proposed model via an empirical application and the

comparison of forecast errors with the MS-GARCH model. Section 5 concludes.

2 Markov switching smooth transition GARCH model

The Markov switching smooth transition GARCH model, MS-STGARCH, for time series {yt} is defined

as

yt = εt
√
Ht,Zt , (2.1)
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where {εt} are iid standard normal variables, {Zt} is an irreducible and aperiodic Markov chain on

finite state space E = {1, 2, · · · ,K} with transition probability matrix P = ||pij ||K×K , where

pij = p(Zt = j|Zt−1 = i), i, j ∈ {1, · · · ,K}, and stationary probability measure π = (π1, · · · , πK)′.

Also given that Zt = j, Ht,j (the conditional variance in regime j) is driven by

Ht,j = a0,j + a1,jy
2
t−1(1 − wj,t−1) + a2,jy

2
t−1wj,t−1 + bjHt−1,j , (2.2)

and each of the weights (wt,j) is a logistic function of the past observation as

wj,t−1 =
1

1 + exp(−γjyt−1)
γj > 0, j = 1, · · · ,K, (2.3)

which are bounded, 0 < wj,t−1 < 1, and monotonically increasing. The parameter γj is called the

slope parameter, that explains the speed of transition from negative shocks to positive one: the higher

γj , the faster the transition. Since γj > 0, the weight function 0 < wj,t−1 < 1 goes to zero when

yt−1 → −∞ and to one when yt−1 → +∞. As yt−1 increases from negative values to positive values

the impact of y2t−1 proceeds proportionally from a1,j to a2,j . So a1,j in each state will characterize

negative shocks and a2,j positive ones. It refers to the fact that negative and positive shocks have

different effects on volatility. When γj tending to zero, wj,t−1 goes to 1/2 and the MS-STGARCH

model tends to MS-GARCH model.

2.1 Forecasting

The conditional variance of MS-STGARCH model is given by

V ar(Yt|It−1) =
K∑
i=1

α
(t)
i Ht,i =

K∑
i=1

α
(t)
i (a0,i + a1,iy

2
t−1(1 − wi,t−1)

+ a2,iy
2
t−1wi,t−1 + biHt−1,i) (2.4)

as Ht,i is the conditional variance of i-th state. As using all past observations for forecasting could

increase the complexity of the model, we reduce the volume of calculations by proposing a dynamic

programming algorithm.



An asymmetric markov switching GARCH 74

Remark 2.1. The value of α
(t)
j is obtained recursively by

α
(t)
j =

∑K
m=1 f(yt−1|Zt−1 = m, It−2)p(Zt−1 = m|It−2)pm,j∑K
m=1 f(yt−1|Zt−1 = m, It−2)p(Zt−1 = m|It−2)

. (2.5)

3 Estimation

For the estimation of parameters, we apply the Bayesian inference, that is extensively used in literature

see Bauwens et al. (2010).

Let Yt be the vector (y1, · · · , yt). In what follows, for the case of two regimes, we are going to

estimate the Zt = (z1, · · · , zt) and the parameter vectors η = (η11, η22) and θ = (θ1, θ2), where

θk = (a0k, a1k, a2k, bk, γk) for k = 1, 2 from the posterior density

p(θ, η, Z|Y ) ∝ p(θ, η)p(Z|θ, η)f(Y |θ, η, Z), (3.1)

in which Y = (y1, · · · , yT ), Z = (z1, · · · , zT ) and p(θ, η) is the prior of the parameters.

3.1 Sampling zt

This step is devoted to the sampling of p(zt|η, θ, Yt) that is performed by Chib. Suppose p(z1|η, θ, Y0, )

be the stationary distribution of the chain,

p(zt|η, θ, Yt) ∝ f(yt|θ, zt = k, Yt−1)p(zt|η, θ, Yt−1), (3.2)

that by the law of total probability p(zt|η, θ, Yt−1) is given by:

p(zt|η, θ, Yt−1) =
K∑

zt−1=1

p(zt−1|η, θ, Yt−1)ηzt−1zt . (3.3)

Given the filter probabilities (p(zt|η, θ, Yt)), we run a backward algorithm, starting from t = T that

zT is derived from p(zT |η, θ, Y ). For t = T−1, · · · , 0 the sample is derived from p(zt|zt+1, · · · , zT , θ, η, Y ),which

is obtained by

p(zt|zt+1, · · · , zT , θ, η, Y ) ∝ p(zt|η, θ, Yt)ηzt,zt+1 .
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To derive zt from p(zt|.) = pzt is by sampling from the conditional probabilities qj = p(Zt = j|Zt ≥ j, .)

which are given by

p(Zt = j|Zt ≥ j, .) =
pj∑K
l=j ql

.

After generating a uniform (0,1) number U , if U ≤ qj then zt = j, otherwise increase j to j + 1 and

generate another uniform (0,1) and compare it by qj+1.

3.2 Sampling η

This stage is devoted to sample η = (η11, η22) from the posterior probability p(η|θ, Yt, Zt) that is

independent of Yt, θ. We consider independent beta prior density for each of η11 and η22.

3.3 Sampling θ

To sample from the p(θ|Y, Z, η) we use the Griddy Gibbs algorithm that introduced by Ritter and

Tanner. This method is very applicable in researches (see Bauwens et al. (2010)). Given samples at

iteration r the Griddy Gibbs at iteration r + 1 proceeds as follows:

Algorithm 1. This algorithm has the following steps:

• Step 1 Select a grid of points, such as a10i, a
2
0i, · · · , aG0i. Using (3.3), evaluate the conditional poste-

rior density function k(a0i|Zt,Yt,θ−a0i ) over the grid points to obtain the vector Gk = (k1, · · · , kG).

• Step 2 By a deterministic integration rule using the G points, compute GΦ = (0,Φ2, · · · ,ΦG)

with

Φj =

∫ aj0i

a10i

k(a01|θ(r)−a0i , Z
(r)
t , Yt)da0i, i = 2, · · · , G. (3.4)

• Step 3 Simulate u ∼ U(0,ΦG) and invert Φ(a0i|θ(r)−a0i , Z
(r)
t , Yt) by numerical interpolation to

obtain a sample a
(r+1)
0i from a0i|θ(r)−a0i , Z

(r)
t , Yt.

• Step 4 Repeat steps 1-3 for other parameters.

In this section we apply the daily stock market index of S&P500 from 04/08/2010 to 24/04/2012

(450 observations) for estimation. Figure 1 demonstrates the stock market index, the percentage
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Figure 1: (a): S&P500 from 04/08/2010 to 24/04/2012 stock market index, (b): Percentage daily returns , (c): kernel

density of the returns.

returns 1 and the kernel density of the data set. Using the Bayesian inference, we estimate the param-

eters of the MS-STGARCH (2.1)-(2.3) and MS-GARCH models (that each model has two regimes).

The prior density of each parameter is assumed to be uniform restricted over a finite interval (except

for η11 and η22, since they are drawn from the beta distribution). Parameters γ1 and γ2 in the MS-

GARCH model are zero. The estimation results for both models are reported in Table 2 and show

that the standard deviations are small enough in most cases. The outcomes of estimating display that

the MS-STGARCH has different reactions to positive and negative shocks in both regimes while the

MS-GARCH has the similar responses to positive and negative shocks. Since in the MS-STGARCH,

a11 > a21 and according to structure of wj,t−1 (2.3) we deduce that the negative shocks have more

effect on volatility than the positive shocks in the two regimes. Figure 2 pictures the logistic transition

functions for both regimes in MS-STGARCH.

For clarifying the efficiency of the MS-STGARCH model toward the MS-GARCH model, we com-

pare the forecasting volatility (E(Y 2
t |Ft−1)) of each model with the squared returns .Also for evaluation

1Percentage return is defined as rt = 100 ∗ log( Pt
Pt−1

), where Pt is the index level at time t.
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Table 1: Posterior means and standard deviations (S&P500 daily returns).

MS-STGARCH MS-GARCH

Mean Std.dev. Mean Std.dev

a01 0.200 0.007 0.199 0.007

a11 0.288 0.008 0.288 0.007

a21 0.103 0.004 0.103 0.005

b1 0.290 0.006 0.300 .007

γ1 2.157 0.395 0.000 0.000

a02 0.585 0.054 0.584 0.055

a12 0.673 0.051 0.664 0.046

a22 0.3463 0.039 0.362 0.048

b2 0.310 0.041 0.311 0.042

γ2 1.049 0.265 0.000 0.000

η11 0.948 0.029 0.942 0.044

η22 0.9674 0.030 0.968 0.026

of forecasting accuracy of our model toward the MS-GARCH model we compute some measures of

performance forecasting 2 that are reported in Table 3. The results of this table display that all

performance measures of our model are smaller than that of MS-GARCH model.

Table 2: Forecast performance measures

Model Mean Square Error Mean Absolute Error Mean Forecast Error

MS-GARCH 3.211 0.924 -0.178

MS-STGARCH 1.930 0.811 -0.254

Conclusion

In this paper an extension of the MS-GARCH model is introduced where the volatility in each state

captures the leverage effect property of financial time series. For the estimation of parameters the

Bayesian inference is used by applying the Griddy Gibbs algorithm. Through an empirical example,

2If et is the forecast error (the difference between the actual value and the forecasted value), some of the performance

measures are as follows:

• Mean absolute error (MAE)= 1
n

∑n
t=1 |et|,

• Mean forecast error (MFE)= 1
n

∑n
t=1 et,

• Mean squared error (MSE)= 1
n

∑n
t=1 e

2
t .
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Figure 2: Logistic smooth transition functions for the MS-STGARCH model, (a): first regime (w1), (b): second

regime (w2).

we show that our model can provide better forecast of volatility than the MS-GARCH.

This model has the potential to be applied for modeling and forecasting conditional volatility of

financial time series . For the sake of simplicity it was assumed that the process conditional mean is

zero, this assumption could be relaxed by refining the structure of model to allow ARMA structure

for conditional mean.
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Abstract: We consider pure jump Lévy processes with discrete and symmetric Lévy measure and

study the absolutely continuity of their distribution with respect to Lebesgue measure. We prove that

if η(r) =
∫
|x|<r x

2ν(dx) where ν is the Lévy measure, then
∫ 1

0
r

η(r)dr < ∞ is a sufficient condition for

absolute continuity. As far as we know, our result is not implied by existing results about absolute

continuity of Lévy processes.
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1 Introduction

Lévy processes constitute an interesting class of stochastic processes which are important from both

the theoretical and practical point of view. The problem of absolute continuity of Lévy processes is

well studied but no necessary and sufficient condition on the Lévy measure has been found yet. See

the references Sato (1999), Sato (1982), Kallenberg (1981), Orey (1968) and Nourdin and Simon

(2006).

The cases where the Lévy process has Brownian part or the Lévy measure has a continuous part

are easily seen to have absolute continuous distributions. Hence the challenging case is for pure jump

Lévy processes with singular Lévy measures.

In this article we consider the special case of real valued Lévy processes with discrete and symmetric

Lévy measures of this form:

2Speaker’s Name : Kasra Alishahi alishahi@sharif.ir
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ν =
∞∑
n=1

δcn − δ−cn

where cn is a decreasing sequence of real numbers with the condition

∞∑
n=1

c2n <∞.

Let Xt be a Lévy process starting at 0 without drift and Brownian part and with Lévy measure ν.

We call such a process a Lévy process with characteristics (0, 0, ν).

Our purpose is to provide a sufficient condition in terms of cn’s under which the distribution of X1

is absolutely continuous with respect to Lebesgue measure. We denote the Lebesgue measure on R by

λ.

The main result of this article is Theorem 2.4.

2 Results

We will use the following lemma:

Lemma 2.1. Let mu be a Borel measure on R. For a ∈ R let µa be the push-forward of µ with

translation by a. Then µ≪ ν if and only if

lim
a→0

∥µa − µ∥TV = 0

where ∥.∥TV is the total variation norm.

Proof. Assume λ(A) = 0. Hence for any x ∈ R, λ(A+ x) = 0. By Fubiny’s theorem,

0 =

∫
R
λ(A+ x)dµ(x) =

∫
R

∫
R

1A(x+ y)dλ(y)dµ(x)

=

∫
R

∫
R

1A(x+ y)dλ(y)dµ(x) =

∫
R
µy(A)dλ(y) (2.1)

On the other hand, by hypothesis, the function y 7→ µy(A) is continuous at y = 0 and since it is

nonnegative, hence it follows from (2.1) that µ(A) = µ0(A) = 0.
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The main idea of this article is a coupling of Lévy processes. In fact let Xt and Yt be Lévy processes

with characteristic (0, 0, ν) starting respectively at 0 and a. Without loss of generality we assume a > 0.

If we denote the distribution of X1 by µ, then the distribution of Y1 is µa.

By a coupling between Xt and Yt, we mean a two dimensional process (X̄t, Ȳt) where X̄t has the

same distribution as Xt and Ȳt has the same distribution as Yt. In the following, we provide a coupling

between Xt and Yt and use it to satisfy the conditions of lemma 2.1.

We denote the left limit of a cadlag process Xt at t by Xt− and let ∆Xt = Xt −Xt−.

Let X̄t = Xt and

Ȳt = a+
∑
s≤t

σ(s)∆Xs

where

σ(s) =

 1 |Xs−Ys|
2 < |∆Xs|

ξ(s) otherwise

and ξ(s) are independent random variables with values ±1 and probability 1
2 and are independent of

Xt.

In other words, whenever X̄t has a jump greater than half of the distance of X̄t and Ȳt, Ȳt does

the same jump and otherwise Ȳt does a random jump with the same length but in random direction.

It is obvious that the distribution of Ȳt is the same as Yt and also by method of construction of Ȳt, we

have always X̄t ≤ Ȳt and Ȳt − X̄t is a decreasing process.

Let

τa = inf{t : X̄t = Ȳt}

We state our sufficient condition in terms of the auxiliary function

η(r) =

∫
|x|<r

x2ν(dx) = 2
∑
cn<r

c2n

Proposition 2.2. If
∫ 1

0
r

η(r)dr <∞ then lima→0 Eτa = 0.

Proof. Let

Zt = Ȳt − X̄t

Zt is decreasing and nonnegative.
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Lemma 2.3. By the condition imposed on η, there exists a smooth function g : [0,∞) → R such that

g′′η ≥ 1.

proof of lemma. Define g by,

g(x) =

∫ 1

x

∫ 1

y

1

η(r)
drdy

By Fubiny’s theorem,

g(x) =

∫ 1

x

∫ r

0

1

η(r)
dydr =

∫ 1

x

r

η(r)
dr

hence g is finite and continuous at 0. On the other hand, we have g′′(x) = η(x) in continuity points of

η and g.

Now by a simple regularization argument we can make g smooth.

For function g constructed in lemma, we have

g(Zt∧τa) = g(a) +
∑

s≤t∧τa

∆g(Zs)

= g(a) +
∑

s≤t∧τa

g′(Zs−)∆Zs +
1

2

∑
s≤t∧τa

g′′(Zs−)(∆Zs)
2 +

∑
s≤t∧τa

R(Zs−,∆Zs) (2.2)

where R(Zs−,∆Zs) is the Taylor’s remainder.

Second term in (2.2) is a martingale, hence

Eg(Zt∧τa) = g(a) +
1

2
E
∑

s≤t∧τa

g′′(Zs−)(∆Zs)
2 + E

∑
s≤t∧τa

R(Zs−,∆Zs)

For the third term in (2.2) we have

E
∑

s≤t∧τa

g′′(Zs−)(∆Zs)
2 = E

∫ t∧τa

0

g′′(Zs)η(Zs)ds ≥ E(t ∧ τa)

For the fourth term in (2.2) we have by Taylor’s remainder theorem

R(Zs−,∆Zs) ≤ C|∆Zs|3.

and since 0 ≤ Zs ≤ a,

R(Zs−,∆Zs) ≤ Ca|∆Zs|2
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which implies

E
∑

s≤t∧τa

R(Zs−,∆Zs) ≤ CaE
∫ t∧τa

0

η(Zs)ds ≤ Caη(a)E(t ∧ τa)

Hence,

1

2
E(t ∧ τa) ≤ Eg(Zt∧τa) − g(a) + aη(a) ≤ max

0≤x≤a
g(x) − g(a) + Caη(a)E(t ∧ τa)

letting t→ ∞ and a→ 0, by continuity of g the statement is proved.

Theorem 2.4. If
∫ 1

0
r

η(r)dr < ∞ then the distribution of X1 is absolutely continuous with respect to

Lebesgue measure.

Proof. If (X̄t, Ȳt) is the coupling introduced above,

∥µX1
− µY1

∥TV = ∥µX̄1
− µȲ1

∥TV

= sup
A

|P(X̄1 ∈ A) − P(Ȳ1 ∈ A)|

≤ P(X̄1 ̸= Ȳ1)

= P(τa > 1) ≤ Eτa → 0

Hence the conditions of lemma 2.1 are satisfied and we conclude that µX1
is absolutely continuous

with respect to Lebesgue measure.

Remark 2.5. As far as we know, the result of Theorem 2.4 is not implied by existing results about

absolute continuity of Lévy processes. See for example, Sato (1999), Proposition 28.3, which provides

the sufficient condition lim infr→0
η(r)
r2−α > 0 for some α ∈ (0, 2).
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1 Introduction

The problem of estimation after selection has received considerable attention by many researches in

the past three decades. Interested readers are referred to, for example, Gibbons et al. (1977) for more

details.

In this paper, we introduce and develop the problem of estimation of the parameters of a dynami-

cally selected population from a sequence of infinite populations which is not studied in the literature,

according to the best of our knowledge. Let X1, X2, · · · be a sequence of random variables where

Xi is drawn from population Πi with corresponding cumulative distribution function (cdf) Fθi(.) and

probability density function (pdf) fθi(.). The traffic volume trend, daily temperatures, sequences of

stock quotes, or sequences of estimators of interior water volume in a dam reservoir are examples of

such sequences.
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Suppose we want to estimate the parameter of the population corresponding to the largest value of

the sequence X1, X2, · · · yet seen, that is θ[n] = θTn , where T1 = 1, with probability one, and for n > 1,

Tn = min{j; j > Tn−1;Xj > XTn−1}. The statistics Un = XTn is called the nth upper record. The

random parameter θ[n] is the parameter corresponding to the the nth record value. The parameter of

the population corresponding to the smallest value yet seen (lower record value) is defined in a simillar

way. Our aim is to estimate θ[n]. This happens for example, when we want to estimate the largest

value of traffic volume or stock quotes yet seen, the temperature of the coldest day or the largest

volume of the coming water into the dam reservoir, up to now.

For simplicity, we denote θU[n] by θ[n] hereafter. We may write

θ[n] =

∞∑
j=n

θjIj(X1, X2, . . .), (1.1)

where

Ij = Ij(X1, X2, . . .) = I(max{Xk; Tn−1 + 1 ≤ k ≤ j − 1} < XTn−1 < Xj), (1.2)

where I(A) stands for the indicator of the event A.

This problem is related to the so-called general record model. The geometrically increasing popu-

lations, the Pfeifer, the linear drift and the Fα record models are some of the generally used record

models. The basics of non-stationary schemes for the record values are due to Nevzorov (1985) and

Pfeier (1989), who considered the so-called Fα-scheme, that is the sequences of independent random

variables with distribution Fk(x) = (F (x))θk , k = 1, 2, . . ., where F is a continuous cdf and θk’s are

positive parameters. Alternative non-stationary schemes include geometrically increasing populations,

linear trend and Pfeifer models.

In all the above models, strict assumptions are made on the sequence of parameters {θi}i≥1. For

instance, in Fα record model, the sequence of the parameters is assumed to be known or depend on a

fixed unknown parameter. In the linear drift model, a linearly increasing population is assumed as the

underlying population. However, certain natural phenomena may behave otherwise. For example, an

earthquake is produced by a natural phenomenon which has a pivotal parameter that varies based on

an unknown model. In order to predict extremely destructive earthquakes, a very important question
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is on the value of the parameters which cause a new record in the sequence of earthquakes? This

motivates us to study the problem of dynamic after-selection estimation.

The theoretical results of the dynamic after-selection problem, consisting unbiased estimation of

the parameters of the model as well as unbiased estimation of the risk of the estimators are presented

in Sections 2 and 3. A real data example is considered in section 4 to illustrate the applicability of the

results.

2 Minimum variance unbiased estimation

Let θ = (θ1, θ2, . . .), X = (X1, X2, . . .) and hX(θ) be a random parameter (a function of X and θ). Sup-

pose that hX(θ) is estimated by δ(X). Under the squared error loss (SEL) function L(hX(θ), δ(X)) =

(hX(θ) − δ(X))2, the estimator δ(X) is said to be risk unbiased for hX(θ), if it satisfies

θ(δ(X)) =θ (hX(θ)). (2.1)

In this section, we use the U-V method of Robbins (1988), to find Uniformly Minimum Variance

Unbiased (UMVU) estimator of θ[n] under the general Fα model, presented below.

The general Fα model: For Xi, i = 1, 2, · · · , consider two families of distributions, the first with

Xi having the survival function

F̄θi(x) = 1 − Fθi(x) = (Ḡ(x))θ
−1
i , (2.2)

and the second with Xi having the cdf

Fθi(x) = (G(x))θ
−1
i , (2.3)

in which G(x) is a cdf, free of θi, and Ḡ(x) = 1 −G(x). We assume G to be known. These are called

proportional hazard rate and proportional reversed hazard rate families, or simply Fα models in the

context of record values. Some well-known members of the above families are exponential, Rayleigh,

beta, Pareto and Burr Type XII distribution.

By making use of U-V method of Robbins (1988) for the family (2.2), we have the following lemma.
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Lemma 2.1. Let X1, X2, · · · be a sequence of independent random variables with survival function

defined in (2.2). Let uj(x) be a real-valued function such that for j = 1, 2, · · · ,

(i) Eθ[|uj(X)|] <∞, ∀θ

(ii)
∫ xj
−∞ uj(x1, · · · , xj−1, t, xj+1, · · · )h(t)dt <∞, ∀ xj > 0,

in which h = g/Ḡ is the hazard function of G and g is the corresponding pdf of G. Then the functions

νj(X) =

∫ Xj

−∞
uj(X1, · · · , Xj−1, t,Xj+1, · · · )h(t)dt, j = 1, 2, · · · ,

satisfy

Eθ [νj(X)] = Eθ [θjuj(X)] , j = 1, 2, · · · .

Proof. For one component problem (i.e., a single random variableXj , j ≥ 1), let ν(x) =
∫ x
−∞ u(t)h(t) dt.

Then, we have

θjE(u(Xj)) =

∫ +∞

−∞
u(x)[Ḡ(x)]θ

−1
j −1g(x) dx

=

∫ +∞

−∞
u(x)F̄θj (x)h(x) dx

=

∫ +∞

−∞
u(x)h(x)

{∫ +∞

x

dFθj (y)

}
dx

=

∫ +∞

−∞

∫ y

−∞
u(x)h(x) dx dFθj (y) =

∫ +∞

−∞
ν(x)dFθj (x).

For the sequence X1, X2, . . ., the result follows by a similar calculation.

The next result gives the unbiased estimator of θ[n], under SEL function, for the general family

(2.2).

Theorem 2.2. Assume G to be known and let H = − log Ḡ be the cumulative hazard function of G.

For the general family (2.2), an unbiased estimator of θ[n], under the SEL function, is

V3(X) = H(Un) −H(Un−1). (2.4)
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Proof. From (1.1), (1.2) and Lemma 2, an unbiased estimator of θ[n] is given by

V3(X) =
∞∑
j=n

νj(X) =
∞∑
j=n

∫ Xj

0

h(t)Ij(X1, X2, · · · , Xj−1, t,Xj , · · · ) dt

=

∞∑
j=n

{∫ Xj

Un−1

h(t) dt

}
× I(max{Xk; XTn−1+1 ≤ k ≤ j − 1} < Un−1 < Xj)

= H(Un) −H(Un−1).

Remark 2.3. Similarly, for the family (2.3), an unbiased estimator for θ[n], under the SEL function,

is V4(x) = R(Un)−R(Un−1), where R = logG is the cumulative reversed hazard function of the known

cdf G.

Remark 2.4. Note that (X1, X2, · · · ) is a complete sufficient statistic for (θ1, θ2, · · · ). Hence, the

above unbiased estimators of θ[n] are indeed UMVU estimators of θ[n].

3 Estimation of the Risks

To compare the UMVU estimator with other estimators, we need to compute the risk function of the

proposed estimators.

Under the SEL function, the risk of an estimator V is R(V, θ[n]) = E(V 2)+E(θ2[n])−2E(V θ[n]). The

UMVU estimators obtained in Section 3 are functions of (Un, Un−1). Suppose we want to estimate

the risk of an estimator of θ[n] which depend on X only through Un and Un−1, i.e. V = V (Un, Un−1).

Then, we have the following result.

Theorem 3.1. For the general family (??), and under the SEL function, an unbiased estimator of

the risk of an estimator V = V (Un, Un−1) of θ[n] is

W (Un, Un−1) = V 2(Un, Un−1) +
(H(Un) −H(Un−1))2

2

− 2

∫ Un

Un−1

h(t)V (t, Un−1)) dt.
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Proof. From Lemma 2 we have

(θ2[n]) =
∞∑
j=n

θ2j (Ij((X)))

=
∞∑
j=n

θj

[∫ Xj

−∞
h(t)Ij(X1, . . . , Xj−1, t,Xj+1, . . .) dt

]

=

∞∑
j=n

[∫ Xj

−∞
h(s)

∫ s

−∞
h(t)Ij(X1, . . . , Xj−1, t,Xj+1, . . .) dt ds

]

=

[∫ Un

Un−1

h(s)

∫ s

Un−1

h(t) dt ds

]

=

[
H2(Un) −H2(Un−1)

2
−H(Un−1)(H(Un) −H(Un−1))

]
=

[
(H(Un) −H(Un−1))2

2

]
.

Furthermore

(θ[n]V (Un, Un−1)) =
∞∑
j=n

θj(Ij(X)V (Xj , Un−1))

=
∞∑
j=n

(∫ Xj

0

h(t)V (t, Un−1) × Ij(X1, . . . , Xj−1, t,Xj+1, . . .) dt

)

=

(∫ Un

Un−1

h(t)V (t, Un−1) dt

)
.

This completes the proof.

An immediate corollary of Theorem 3.1 is as follows.

Corollary 3.2. For the general family (2.2) and under the SEL function,

(i) an unbiased estimator of the risk of V3 = H(Un) −H(Un−1) is

W3(Un, Un−1) =
1

2
(H(Un) −H(Un−1))2;

(ii) the risk of V3 is

R(H(Un) −H(Un−1), θ[n]) = (θ2[n]).
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Remark 3.3. The results for the general family (2.3) can be obtained by replacing H(·) with R(·) =

logG(·) in Theorem 3.1 and Corollary 3.2.

Remark 3.4. Since (X1, X2, · · · ) is a complete sufficient statistic for (θ1, θ2, · · · ), the above unbiased

estimators of (V, θ[n]) are indeed, UMVU estimators of (V, θ[n]).

The following result presents the distribution of the unbiased estimator in the family (2.2). The

proof is easy and hence omitted.

Lemma 3.5. In the general family (??), the random variables H(Un) −H(Un−1), n ≥ 2 are condi-

tionally independent given Tn = jn, n ≥ 2, each distributed as exponential with mean θjn .

For the general family with the survival function (2.2), we have (H(Xi)) = θi, which candidates

H(Un) as a natural estimator of θ[n].

The following Corollary of Theorem 3.1 states that the UMVUE dominates the natural estimator.

Corollary 3.6. For the general family (2.2) and under the SEL function, we have

(H(Un), θ[n]) > (H(Un) −H(Un−1), θ[n]).

Proof. It is easy to see that

(H(Un), θ[n]) − (H(Un) −H(Un−1), θ[n])

= 2(H(Un)H(Un−1)) − (H2(Un−1)) − 2(H(Un−1)θ[n])

= 2(H(Un)H(Un−1)) − (H2(Un−1)) − 2(H(Un−1)(H(Un) −H(Un−1)))

=
(
H2(Un−1)

)
> 0.

And the proof is complete.

4 Rainfall data: an illustrative example

In this section, we utilize the data set which represents the records of the amount of annual (January

1-December 31) rainfall in inches recorded at Los Angeles Civic Center LACC during the 100-year

period from 1890 until 1989, presented by Arnold et al. (1998) [p.180].
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A member of the Fα model (Model 2) with survival function as in (2.2), that is the Rayleigh

distribution with cdf

F (x) = 1 − exp

{
−(x− 4)1.9

113.23

}
, x > 4, (4.1)

is well-fitted to the data. The p-value for two-sample Kolmogorov-Smirnov test is 0.3333. Thus, we

take H(x) = (x − 4)1.9, to be the known cumulative hazard rate function of the base distribution

G(x) = 1 − exp
{
−(x− 4)1.9

}
, x > 4.

Suppose that the only observations are the sequence of upper record values as follows:

12.69 12.84 18.72 21.96

23.92 27.16 31.28 34.04.

We have θ̂[n] = H(Un)−H(Un−1) = (Un − 4)1.9 − (Un−1 − 4)1.9 and the unbiased estimator of its risk

is R̂(θ̂[n], θ[n]) = (H(Un)−H(Un−1))
2

2 = ((Un−4)1.9−(Un−1−4)1.9)2
2 .

Figure 1 shows the values of θ̂[n] and their corresponding 3-σ region(
max

{
0, θ̂[n] − 1.5

√
R̂(θ̂[n], θ[n])

}
, θ̂[n] + 1.5

√
R̂(θ̂[n], θ[n])

)
,

under stationary and non-stationary hypotheses.
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1 Introduction

Arellano-Valle and Azzzalini (2006) constituted a unified formulation of the skew-normal distribution

named unified skew-normal (SUN) distribution. They showed that, this new formulation encompasses

all previous proposals, once some redundancies in parametrization are removed. Further they extended

the results of the normal framework to the one of elliptical distributions and introduced unified class of

skew-elliptical distributions, named unified skew-elliptical (SUE) distribution. Some skew distributions

arise from distributions of order statistics. Distributions of order statistics from normal distribution

have been discussed by several authors, including Nagaraja (1982) and Arellano-Valle and Genton
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(2007). Jamalizadeh and Balakrishnan (2010) proved in general that the distributions of order statis-

tics and linear combinations of order statistics from the elliptical distribution are mixtures of SUE

distributions.

In this paper, the class of truncated SUE (TSUE) distributions were introduced. The joint distri-

bution of consecutive order statistics arising from an elliptical distributions were derived as a mixture

of TSUE distributions. These results were applied to obtain some reliability measures.

2 Preliminaries

The following notations will be used throughout this paper: Φn(· ;µ,Σ) for the cumulative distribution

function (cdf) of Nn(µ,Σ) (n-variate normal distribution with mean vector µ and covariance matrix

Σ), fECn
(
· ;µ,Σ, h(n)

)
for the probability density function (pdf) of ECn

(
µ,Σ, h(n)

)
(n-variate el-

liptical distribution with location parameter µ, dispersion matrix Σ, and density generator function

h(n)), FECn
(
· ;µ,Σ, h(n)

)
for the cdf of ECn

(
µ,Σ, h(n)

)
, and simply Φn(· ;Σ) and FECn

(
· ;Σ, h(n)

)
for the case when µ = 0. Furthermore, for r ∈ N, let 1r, 0r and Ir denote the vector of ones, zeroes

and the identity matrix of dimension r, respectively.

2.1 SUE distributions

We give a brief review of the multivariate unified skew-elliptical (SUE) distribution.

Definition 2.1. (Arellano-Valle and Azzzalini (2006)) Let U and V be jointly distributed as(
UT ,VT

)T ∼ ECm+n

(
µ,Σ, h(m+n)

)
, (2.1)

where µ =

 η

ξ

 and Σ =

 Γ ΛT

Λ Ω

. Then let

Y
d
= V | (U > 0) , (2.2)

where U > 0 means that all of the components of U are bigger than zero. Then, the random vector Y

is said to have the n-variate SUE distribution with set of parameters θ = (ξ,η,Ω,Γ,Λ) and density

generator h(m+n), denoted by Y ∼ SUEn,m
(
θ, h(m+n)

)
.
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The pdf of Y in (2.2), for y ∈Rn, is

fECn
(
y; ξ,Ω, h(n)

)
FECm

(
η;Γ, h(m)

) × FECm

(
η + ΛTΩ−1 (y − ξ) ;Γ−ΛTΩ−1Λ, h

(m)
w(y)

)
, (2.3)

where w (y) = (y−ξ)
T

Ω−1 (y−ξ), h
(m)
w(y) (u) = h(m+n) (u+ w (y)) /h(n) (u) and for k = m,n,

h(k) (u) =
π(m+n−k)/2

Γ ((m+ n− k) /2)

∫ +∞

0

x(m+n−k)/2−1h(m+n) (u+ x) dx, u ≥ 0.

Remark 2.2. If h(m+n) (u) = (2π)
−(m+n)/2

exp (−u/2) (u ≥ 0), we obtain the multivariate SUN

distribution and for the vector Y in (2.2), the notation Y ∼ SUNn,m (θ) is used. Also the moment

generating function (MGF) of Y is given by

MSUNn,m (s;θ) =
exp

(
ξT s + 1

2s
TΩs

)
Φm (η;Γ)

× Φm
(
η + ΛT s;Γ

)
. (2.4)

If Y ∼ SUNn,m (θ) and the covariance matrix Σ, in (??), is singular, then the distribution of Y

is called singular SUN distribution. This case was introduced by Arellano-Valle and Azzzalini (2006)

and they considered 3 cases of singularity of Σ. We mention here the third case.

Remark 2.3. If Y ∼ SUNn,m (θ) , Rank(Γ) =m and Rank(Ω) =n but Rank(Σ) <m + n, then Y

has singular SUN distribution with set of parameters θ, denoted by Y ∼ SSUNn,m (θ). In this case,

the MGF of Y is yet of the form (2.4).

With this setup, in Section 3, the truncated SUE distributions are introduced. In Section 4, the

joint distribution of the consecutive order statistics from an elliptical random vector is presented and

the results are used to determine some reliability measures.

3 Truncated SUE distributions

The truncated version of SUE distribution is defined as follows.

Definition 3.1. Let the measureable subset C⊂Rn,
(
UT ,VT

)T
distributed as (2.1) and

YC d
= V | (U > 0,V ∈ C) . (3.1)
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Then YC is said to have a truncated SUE distribution with set of parameters θ, density generator

function h(m+n) and truncation set C, denoted by YC ∼ TSUEn,m
(
θ, h(m+n),C

)
.

The random vector YC has the pdf, for y ∈ C,

fECn
(
y; ξ, h(n),Ω

)
P (U > 0,V ∈ C)

× FECm

(
η + ΛTΩ−1 (y − ξ) ;Γ−ΛTΩ−1Λ,h

(m)
w(y)

)
. (3.2)

Remark 3.2. If h(m+n) (u) = (2π)
−(m+n)/2

exp (−u/2) (u ≥ 0), then the random vector YC has

truncated n-variate SUN distribution and denoted by YC ∼ TSUNn,m (θ,C).

In the rest, we use the sets Cn = {y ∈Rn| Dny > 0}, At
n = {y ∈Rn| Dny > 0, yn < t} and

Bt
n = {y ∈Rn| Dny > 0, y1 > t} where Dn∈ R(n−1)×n is difference matrix such that DnY =

(Y2 − Y1, ..., Yn − Yn−1), i.e., the i-th row of Dn is eTn,i+1 − eTn,i, i = 1, ..., n − 1, where en,1, ..., en,n

are the n-dimensional unit basis vectors. Specifically we have At
1 = (−∞, t) and Bt

1 = (t,+∞).

3.1 Univariate TSUE distributions

By using the truncation sets At
1 and Bt

1, we have

Y Bt1
d
= V | (U > 0, V > t) , Y At

1
d
= V | (U > 0, V < t) (3.3)

and using (3.2), Y Bt1 has the pdf, for y > t,

fEC1

(
y − ξ;ω, h(1)

)
×

FECm

(
η + λ (y − ξ) /ω;Γ− 1

ωλλ
T , h

(m)

(y−ξ)2/ω

)
FECm+1

(
(ηT , ξ − t)

T
;Σ, h(m+1)

) , (3.4)

where Σ =

 Γ λ

λT ω

 . By noting Remark 2.3 and (3.3), the following remark is derived.

Remark 3.3. If Y Bt1 ∼ TSUN1,m (θ,Bt
1) then Y Bt1 ∼ SSUN1,m+1

(
ξ,η∗, ω,Σ,λ∗T

)
where θ =(

ξ,η, ω,Γ,λT
)
,η∗ =

(
ηT , ξ − t

)T
, λ∗ =

(
λT , ω

)T
and Σ defined in (3.4).

If M
Y Bt1

(s) denotes the MGF of Y Bt1 ∼ TSUN1,m (θ,Bt
1), we have from Remark 3.3 and (2.4),

M
Y Bt1

(s) = exp

(
ξs+

1

2
ωs2
) Φm+1

(( η+λs
ξ−t+ωs

)
;Σ
)

Φm+1

(( η
ξ−t
)
;Σ
) , s∈R. (3.5)
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3.2 Multivariate TSUE distribution

Let
(
UT ,VT

)T
be distributed as (2.1), then from (2.2) we have

YCn d
= V| (U > 0, V1 < ... < Vn) ,

YAt
n
d
= V| (U > 0, V1 < ... < Vn < t) ,

YBtn
d
= V| (U > 0, t<V1 < ... < Vn) .

(3.6)

By representations (3.6) we have the following corollary.

Corollary 3.4. If YCn = (Y1, ..., Yn)
T ∼ TSUEn,m

(
θ, h(m+n),Cn

)
, then for t∈R,

(i) YCn | (Y1 > t) ∼ TSUEn,m
(
θ, h(m+n),Bt

n

)
,

(ii) YCn | (Yn < t) ∼ TSUEn,m
(
θ, h(m+n),At

n

)
.

In the TSUN case of random vectors (3.6), using Remark 2.3, we have

Remark 3.5. (i) TSUNn,m (θ,At
n) ≡ SSUNn,m+n

(
ξ,
( τ
t−ξn

)
,Ω,ΨA,

(
∆,−Ωen,n

))
,

(ii) TSUNn,m (θ,Bt
n) ≡ SSUNn,m+n

(
ξ,
( τ
ξ1−t

)
,Ω,ΨB ,

(
∆,Ωen,1

))
,

where τ=
( η
Dnξ

)
, ∆ = (δ1, ..., δn)

T
=
(
Λ,ΩDT

n

)
, ΨA =

 Ψ −δn

−δTn ωnn

 and ΨB =

Ψ δ1

δT1 ω11

.
Applying Remark 3.5 and (2.4), and then Corollary 3.4 yields the following result.

Corollary 3.6. If (Y1, ..., Yn)
T ∼ TSUNn,m (θ,Cn), then we have the following MGFs,

MY1|(Yn<t) (s) = exp
(
ξ1s+ 1

2ω11s
2
) Φm+n

(
( τ+δ1s
t−ξn−ω1ns

);ΨA

)
Φm+n

(
( τ
t−ξn);ΨA

) ,

MYn|(Y1>t) (s) = exp
(
ξns+ 1

2ωnns
2
) Φm+n

(
( τ+δns
ξ1−t+ω1ns

);ΨB

)
Φm+n

(
( τ
ξ1−t);ΨB

)
(3.7)

where ΨA and ΨB are defined in Remark 3.5.
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4 Application to order statistics

Let X = (X1, ..., Xn)
T ∼ ECn

(
µ,Σ, h(n)

)
, X(1,...,n) =

(
X(1), ..., X(n)

)T
be the vector of order statistics

arising from X and X(r,...,r+k)=
(
X(r), ..., X(r+k)

)T
(for positive integers r and k such that r + k =

2, ..., n). For i = (i1, ..., ik), Xi = (Xi1 , ..., Xik)
T

and X−i is obtained from X by deleting components

Xi. Further let diagonal matrix Sj1,...,jr−1 = diag (s1, ..., sn−k−1), for positive integer values j1 < ... <

jr−1, is such that si =

 1 for i = j1, · · · , jr−1
−1 otherwise

.

Proposition 4.1. The cdf of X(r,...,r+k) is the mixture of cdfs of TSUE distributions as

FX(r,...,r+k)
(x) =

∑
i∈I

∑
j∈J,i∩j=∅

PijFTSUEk+1,n−k−1

(
x;θij, h

(n),Ck+1

)
, x ∈ Rk+1,

where I= {(i1, ..., ik+1) ; 1 ≤ id ̸= il ≤ n}, J= {(j1, ..., jr−1) ; 1 ≤ j1 < ... < jr−1 ≤ n− k − 1} and pa-

rameters θij =
(
µ(i),ηij,σ(i),Γij,Λij

)
with components

ηij = Sj

{
Ar,kµ(i1,ik+1)

− µ(−i)

}
,ΛT

ij = Sj

{
Ar,kσ(i1,ik+1),(i) − σ(−i),(i)

}
,

Γij = Sj

{
Ar,kσ(i1,ik+1)A

T
r,k + σ(−i) −Ar,kσ(i1,ik+1),(−i) − σT(i1,ik+1),(−i)A

T
r,k

}
Sj,

where Ar,k = (pr,k,qr,k), µ(i) = E (Xi), σ(i) = V ar (Xi) ,σ(i),(j) = Cov (Xi,Xj) and

Ψij =

 Γij ΛT
ijD

T
k+1

Dk+1Λij Dk+1σ(i)D
T
k+1

 , Pij = FECn

 ηij

Dk+1µ(i)

 ;Ψij, h
(n)

 .

Proof. Let Bij = {max{Xj} < Xi1 < ... < Xik+1
< min{X−i,−j}}, then we can write

FX(r,...,r+k)
(x) =

∑
i∈I

P
(
X(r,...,r+k) = Xi

)
P
(
Xi ≤ x|X(r,...,r+k) = Xi

)
=

∑
i∈I

∑
j∈J,i∩j=∅

P (Bij)P (Xi ≤ x|Bij) .

Further we can write Bij = {Uij > 0, Xi ∈ Ck+1} where Uij = Sj

{
Ar,kXi1,ik+1

−X−i
}

. Then, we

have P (Bij) = Pij and by using Definition 3.1, the proof is completed.
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4.1 Exchangeable Elliptical case

Let X = (X1, ..., Xn)
T ∼ ECn

(
µn,Σn, h

(n)
)

and

µn = µ1n, Σn = σ2
{

(1 − ρ) In + ρ1n1
T
n

}
, µ∈R, σ > 0,

−1

n− 1
< ρ < 1. (4.1)

Then using Proposition 4.1, after some algebra, we have the following result.

Corollary 4.2. X(r,...,r+k) ∼ TSUEk+1,n−k−1
((
µk+1,0n−k−1,Σk+1,Γr,k ,Λr,k

)
, h(n),Ck+1

)
where

Γr,k = σ2 (1 − ρ)
{
In−k−1 + diag

(
1r−11

T
r−1,1n−k−r1

T
n−k−r

)}
,

Λr,k = σ2 (1 − ρ)
(
pr,k,0(n−k−1)0

T
k−1,−qr,k

)T
,

pr,k =
(
1Tr−1,0

T
n−k−r

)T
, qr,k =

(
0Tr−1,1

T
n−k−r

)T
.

Further X(r)|
(
X(r) > t

) d
= Xr| (U > 0, Xr∈ Bt

1) where U=S1,...,r−1 (1n−1Xr −X−r).

Remark 4.3. X(r)|
(
X(r) > t

)
∼ TSUE1,n−1

((
µ,0n−1, σ

2,Γr,λ
T
r

)
, h(n),Bt

1

)
where

Γr = σ2 (1 − ρ)
{
In−1 +

(
1Tr−1,−1Tn−r

)T (
1Tr−1,−1Tn−r

)}
and λr = σ2 (1 − ρ)

(
1Tr−1,−1Tn−r

)T
.

Using Corollary 4.2 and (3.7), the following result is obtained.

Corollary 4.4. If X ∼ Nn (µn,Σn), then we have the following MGFs:

MX(r)|X(r+k)<t (s) = exp

(
µs+

1

2
σ2s2

) Φn

(( δA

r,ks

t−µ−ρσ2s

)
;ΨA

r,k

)
Φn

((
0n−1

t−µ
)
;ΨA

r,k

) , s ∈ R,

MX(r+k)|X(r)>t (s) = exp

(
µs+

1

2
σ2s2

) Φn

(( δB

r,k s

µ−t+ρσ2s

)
;ΨB

r,k

)
Φn

((
0n−1

µ−t
)
;ΨB

r,k

) , s ∈ R,

where δAr,k = σ2 (1 − ρ)
(

pr,k
−ek,1

)
, δBr,k = σ2 (1 − ρ)

(−qr,k
ek,k

)
and

ΨA
r,k =

 Ψr,k −δB
r,k

−
(
δB
r,k

)T
σ2

 , ΨB
r,k =

 Ψr,k δA
r,k(

δA
r,k

)T
σ2

 ,

Ψr,k =

 Γr,k (Dk+1Λr,k)
T

Dk+1Λr,k σ2 (1− ρ)Dk+1D
T
k+1

 .
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The following corollary is consequence of Remark 4.3 and (3.5).

Corollary 4.5. MX(r)|X(r)>t (s) = exp
(
µs+ 1

2σ
2s2
) Φn

(
( λr s
µ−t+σ2s);Ψr

)
Φn
(
(0n−1
µ−t );Ψr

) , where Γr and λr defined in

Remark 4.3 and Ψr =

 Γr λr

λT
r σ2

.

4.2 Some reliability measures

In the reliability theory, there have been defined some measures such as the mean past life function

(MPL) and the mean residual life function (MRL). If the life time of a system is the random variable T ,

then these measures are defined respectively by M(t) = E (t− T |T < t) and m(t) = E (T − t|T > t),

at time t > 0. A common structure of redundancy is the k-out-of-n systems. A k-out-of-n system

consisting of n components operates if and only if at least k out of n components are functioning.

Especial cases of k-out-of-n systems are parallel and series systems. We use the log-normal distribution

as the life time distribution of the k-out-of-n systems. The log-normal distribution is commonly used

to model the lives of units whose failure modes are of a fatigue-stress nature. It has been called the

most commonly used life distribution model for many high-technology applications.

Let T1, ..., Tn denote the lifetimes of the components of a system which Ti’s have a common

log-normal distribution with parameters µ∈R and σ > 0 and the correlation coefficient of Ln(Ti)

and Ln(Tj) is ρ, for any i ̸= j. If T(1), ..., T(n) are the order statistics corresponding to Ti’s, then(
T(1), ..., T(n)

)T d
=
(
eX(1) , ..., eX(n)

)T
where (X1, ..., Xn)

T ∼ Nn (µn,Σn) , µn and Σn are as in (4.1).

Using Corollary 4.5, the MRL of the series, parallel and k-out-of-n systems are obtained by replacing

r = 1, n, n− k + 1, respectively, in the following expression,

E
(
T(r) − t|T(r) > t

)
= exp

(
µ+

1

2
σ2

) Φn

(( λr
µ−ln(t)+σ2

)
;Ψr

)
Φn

(( 0n−1

µ−ln(t)
)
;Ψr

) − t.

A new definition for the MRL of the parallel system is proposed by Asadi and Bayramov (2005)

as mr (t) = E
(
T(n) − t|T(r) > t

)
. Recently, Asadi (2006) has defined the MPL of components of the
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system as Mr (t) = E
(
t− T(r)|T(n) ≤ t

)
. From Corollary 4.4, these measures are as follows

mr (t) = exp
(
µ+ 1

2σ
2
) Φn

(
(

δB

r,n−r
µ−ln(t)+ρσ2

);ΨB
r,n−r

)
Φn
(
( 0n−1
µ−ln(t));Ψ

B
r,n−r

) − t,

Mr (t) = t− exp
(
µ+ 1

2σ
2
) Φn

(
(

δA

r,n−r
ln(t)−µ−ρσ2);Ψ

A
r,n−r

)
Φn
(
( 0n−1
ln(t)−µ);Ψ

A
r,n−r

) .

References

Arellano-Valle, R. B. and Azzalini, A. (2006). On the unification of families of skew-normal distribu-

tions, Scand. J. of Statist., 33, 561-574.

Arellano-Valle, R. B. and Genton, M. G. (2007). On the exact distribution of linear combinations of

order statistics from dependent random variables, J. Multivar. Anal., 98, 1876-1894.

Asadi, M. (2006). On the mean past lifetime of the components of a parallel system, J. of Statistical

Plann. and Infer., 136, 1197-1206.

Asadi, M., Bairamov, I. (2005). A note on the mean residual life function of a parallel system, Commu.

in Statist. Theo. and Meth., 34,1-12.

Jamalizadeh, A. and Balakrishnan, N. (2010). Distributions of order statistics and linear combinations

of order statistics from an elliptical distribution as mixtures of skew-elliptical distributions, J. of

Multivar. Anal., 101, 1412-1427.

Nagaraja, H.N. (1982). A note on linear functions of ordered correlated normal random variables.

Biometrika, 69, 284–285.



Distribution of a random sum of exponential random variables

A. Asgharzadeh1, M. Habibi12

1 Department of Statistics, School of Mathematical Sciences, University of Mazandaran,

Post code 47416-1467, Babolsar, Iran

Abstract: Let W1, ...,Wn denote the lifetimes of the n components of a standby system. Then

X =
∑n
i=1Wi is the lifetime of the standby system. In this paper, we consider the distribution of

X, when the lifetimes components are independent exponential random variables and the number

of components in the system is random and follows a discrete uniform distribution. The statistical

properties of the distribution are studied. Estimation of the unknown parameters are discussed by the

maximum likelihood method. The usefulness of the distribution is illustrated by one real data set.

Keywords. Standby system, Exponential distribution, Uniform distribution, Maximum likelihood

estimator. Mathematics Subject Classification (2010): 62F10, 62F15, 62N05.

1 Introduction

Recently, Withers et al. (2011) considered a compound poisson-gamma variable as a sum of a random

sample from a gamma distribution with sample size an independent poisson random variable. Bakouch

et al. (2014) discussed the distribution of the random sum of the exponential random variables when

the sample size has a zero truncated binomial distribution. Kozubowski et al. (2005) studied the joint

distribution of X and N , where N has a geometric distribution and X is the sum of N i.i.d. exponential

variables, independent of N . In this paper we consider the distribution of sum of a random sample of

exponential distribution when the sample size has a discrete uniform distribution. Suppose N denote

a discrete uniform random variable with the probability mass function specified by P (N = n) = 1
k ,

n = 1, 2, ..., k, where k = 1, 2, ... is an unknown parameter. Given N , let X =
∑N
i=1Wi, where

2Speaker’s Name : M.habibi@stu.umz.ac.ir
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W1, ...,WN are independent and identical random variables independent of N , having the exponential

distribution with the parameter λ. Then, the marginal probability density function (pdf) of X is

fX (x) =
k∑

n=1

fX|N=n (x)P (N = n) =
k∑

n=1

λnxn−1e−λx

kΓ (n)
= λ

Γ (k, λx)

Γ (k + 1)
, x > 0, λ > 0, k = 1, 2, ...

(1.1)

where Γ (a, x) is the incomplete gamma function defined by Γ (a, x) =
∫∞
x
ta−1e−tdt. The correspond-

ing cumulative distribution function (cdf) is as follows

F (x) = 1 − 1

Γ (k + 1)
{Γ (k + 1, λx) − λxΓ (k, λx)} , x > 0, λ > 0, k = 1, 2, ... (1.2)

We call the distribution in (1.1) an exponential uniform (EU) distribution and use X ∼ EU (k, λ) to

denote the random variable X have the EU distribution with parameters k and λ. For k = 1, the

EU distribution reduces to the exponential distribution. Note that in (1.1) and (1.2), k is an integer

value. But if we consider k a positive real number, (1.1) and (1.2) remain still pdf and cdf, respectively.

Therefore, in this paper, we can consider the general case EU (k, λ) with k > 0 and λ > 0.

Some motivations for introducing the new distribution (1.1) are as follows. The first motivation

is that as discussed before, the new distribution is related to the distribution of the lifetime of a

standby system. In a standby system, a component is used until it wears out and is then immediately

replaced by another component of the system. Assume a standby system hasN components functioning

independently at a given time, where N is a random variable with a discrete uniform distribution and

the lifetime of each component, Wi, is an exponential random variable with parameter λ. Then the

lifetime of the standby system has the EU (k, λ) distribution. The second motivation is that as we

shall see later, the failure rate function of (1.1) can be constant, decreasing and increasing depending

on its parameter k. The third motivation is that for integer k, the new distribution is a mixture of

gamma distributions.
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2 Shape

In this section, we discuss the shape characteristics of the PDF f (x) of the EU distribution. The

behavior of f (x) at x = 0 and x = ∞, respectively, are given by

f(0) =
λ

k
, f (∞) = 0.

The first derivative of log [f (x)] for the EU distribution is

d log f (x)

dx
=

−λkxk−1e−λx

Γ (k, λx)
. (2.1)

From equation (2.1) we can see that d log f(x)
dx < 0 for all x, so f(x) is monotonically decreasing for all

x and it has a mode at x0 = 0. Plots of the shapes of the probability density function (1.1) for selected

values of k and λ = 1 are given in Figure 1. We have the following proposition:
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Figure 1: Probability density function of the EU distribution for selected values of k and λ = 1.
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Proposition 2.1. The pdf of EU distribution is log-convex if 0 < k < 1, and it is log-concave if k > 1.

The hazard rate function defined by h (x) = f (x) / [1 − F (x)] is an important quantity character-

izing life phenomena of a system. For the EU distribution, h (x) takes the form

h (x) =
λΓ (k, λx)

Γ (k + 1, λx) − λxΓ (k, λx)
.

The behavior of h (x) at x = 0 and x = ∞, respectively, are given by

h(0) =
λ

k
, h (∞) = λ.

We can see that the parameter λ represents an upper bound on the hazard rate function which is an

important feature of the lifetime models.

Proposition 2.2. For any λ > 0, the hazard rate function of EU distribution is decreasing if 0 < k < 1,

and it is increasing if k > 1.

Figure 2 illustrates some of the possible shapes of h (x) for selected values of k and λ = 1.

3 Statistical measures

In this section, we give some important statistical measures for the EU distribution.

3.1 Quantiles

The pth quantile xp of the EU distribution defined by F (xp) = p is the root of the equation

xp =
Γ (k + 1, λxp) − (1 − p) Γ (k + 1)

λΓ (k, λxp)
.

Plots of the quartiles of the EU distribution are given in Figure 3 and show an increasing behavior of

quartiles. Note that xp can be used to generate EU random variates.
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Figure 2: Hazard rate function of the EU distribution for selected values of k and λ = 1.

3.2 Moment generating function and moments

LetX be a random variable with the probability density function (1.1), the moment generating function

of X can be expressed as

MX (s) = E
[
esX

]
=

λ

ks

[
1 −

(
λ

λ− s

)k]
, s < λ.

Also, the rth moment (about the origin) of X is given by

E (Xr) =

∫ ∞
0

λxrΓ (k, λx)

Γ (k + 1)
dx =

Γ (k + r + 1)

λr (r + 1) Γ (k + 1)
.

In particular, E (X) = k+1
2λ , E

(
X2
)

= (k+1)(k+2)
3λ2 and V ar (X) = (k+1)(k+5)

12λ2 .

Remark 3.1. The central moments of X are µr = E (X − µ)
r

=
∑r
i=0

(
r
i

)
µ′i (−µ)

r−i
, where µ =

E (X) . The skewness and kurtosis of X can be obtained using the formulas skewness (X) = µ3/σ
3

and kurtosis (X) = µ4/σ
4, where σ2 = var (X) .
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Figure 3: First, second and third quartiles of the EU distribution at λ = 1.

Figure 4 shows the mean, variance, skewness, and kurtosis of the EU distribution. We see that the

mean and variance are increasing as k increases. On the other hand, the skewness and kurtosis are

decreasing as k increases.

3.3 Order statistics

Let X1, X2, . . . , Xn be a random sample of the EU(k, λ) distribution and X1:n ≤ X2:n ≤ . . . ≤ Xn:n

denote its order statistics. The probability density function and the cumulative distribution function

of the ith order statistic are given by

Fi:n(x) =
n∑
j=i

j∑
l=0

n−j+l∑
r=0

(
n

j

)
(−1)

l

[Γ (k + 1)]
j+l

(λx)
rk

(k − λx)
n+l−j−r

e−rλx [Γ (k, λx)]
n+l−j−r

,

and

fi:n(x) =
λn!

(i− 1)! (n− i)!

i−1∑
j=0

n+j−i∑
r=0

n+j−i−r∑
m=0

(−1)
j+m

kn+j−i−r−m

[Γ (k + 1)]
n+j−i+1

(λx)
rk+m

e−rλx [Γ (k, λx)]
n+j−i−r

,
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Figure 4: Mean, variance, skewness, and kurtosis of the EU distribution for selected values of k and λ = 1.

respectively. For integer k, by using the fact Γ (a, x) =
∑a−1
t=0

xte−t

t! Γ (a), the sth moment of Xi:n can

be expressed as

E (Xs
i:n)

n!

(i− 1)! (n− i)!

i−1∑
j=0

n+j−i∑
r=0

n+j−i−r∑
m=0

k−1∑
t=0

(−1)
j+m

kn+j−i−r−mΓ (k) Γ (rk +m+ s+ t+ 1)

t! [Γ (k + 1)]
n+j−i+1

λm+s−1 (r + 1)
rk+m+s+t

.

4 Maximum Likelihood Estimation

Let X1, X2, . . . , Xn be a random sample of size n of the EU(k, λ) distribution. Let θ = (k, λ)
T

be the

parameter vector of interest. The log-likelihood function for θ based on a given random sample is

ln f (x,θ) = n ln (λ) − n ln (Γ (k + 1)) +
n∑
i=1

ln (Γ (k, λxi)) . (4.1)

The maximum likelihood estimates of the unknown parameters are obtained by maximizing the log-

likelihood function in equation (4.1) with respect to θ. The likelihood equations, which are obtained
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from the partial derivatives of ln f (X,θ) with respect to the parameters, are

∂ ln f (x,θ)

∂k
= −n

k
− nψ (k) +

n∑
i=1

ln (λxi) +
n∑
i=1

T (3, k, λxi)

Γ (k, λxi)
,

∂ ln f (x,θ)

∂λ
=
n

λ
− λk−1

n∑
i=1

xki e
−λxi

Γ (k, λxi)
,

where ψ (.) is the digamma function and T (m, k, x) is a special case of the Meijer G-function and

defined by

T (m, k, x) = Gm,0m−1,m

 0, ...0

k − 1,−1, ...,−1

∣∣∣∣∣∣ x
 .

The maximum likelihood estimator θ̂ =
(
k̂, λ̂
)T

of θ = (k, λ)
T

can be obtained by solving simultane-

ously the likelihood equations
∂ ln f (x,θ)

∂k
=
∂ ln f (x,θ)

∂λ
= 0.

There is no closed-form expression for the maximum likelihood estimator and its computation has to

be performed numerically using a nonlinear optimization algorithm.

5 Application

In this section, we fit the EU distribution to a real data set. The data set consists of the number

of successive failures of the air conditioning system of each member of a fleet of 13 Boeing 720 jet

airplanes. The pooled data, yielding a total of 213 observations, were first analyzed by Proschan

(1963) and further discussed in Gleser (1989). We compare the fits of the EU distribution to the

fits of the gamma, Weibull, exponentiated exponential, binomial exponential (BE2) and exponential

distributions with the respective pdfs fG (x) = βα

Γ(α)x
α−1e−βx, fW (x) = αβ (βx)

α−1
e−(βx)

α

, fEE (x) =

αλe−λx
(
1 − e−λx

)α−1
, fBE2 (x) =

(
1 + (λx−1)θ

2−θ

)
λe−λx and fE (x) = λe−λx.

We apply formal goodness-of-fit tests in order to verify which distribution fits better this real data

set. We consider the Kolmogorov-Smirnov (K-S) test statistic and the p-value for (K-S) test. Also

we use the Cramér–von Mises (W ) Anderson–Darling (A), AIC and AICC statistics. In general, the
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smaller values of the K-S, W, A, AIC and AICC statistics, and the larger value of the p-value indicate

the better fit to the data. The parameter estimates and the goodness-of-fit statistics for this data set

are given in Table 1. Table 1 shows that the proposed EU model fits the jet airplane data better than

the other models according to the statistics K–S, W, A, AIC and AICC.

Table 1: Estimates, p-value, K-S, W, A, AIC and AICC statistics.

Distribution Estimates p-value K-S W A AIC AICC

Exponential λ̂ = 0.011 0.203 0.073 0.165 1.018 2359.532 2357.551

BE2 λ̂ = 0.011, θ̂ = 0.018 0.215 0.072 0.165 1.019 2361.540 2358.596

EE α̂ = 0.927 , λ̂ = 0.010 0.328 0.064 0.167 1.031 2360.804 2357.860

Gamma α̂ = 0.922, β̂ = 0.009 0.365 0.062 0.163 1.012 2360.582 2357.638

Weibull α̂ = 0.924, β̂ = 0.011 0.600 0.052 0.138 0.859 2359.170 2356.226

EU k̂ = 0.537, λ̂ = 0.008 0.683 0.049 0.121 0.758 2358.036 2355.092
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Abstract: In this work, we discuss the stochastic comparison of two classical surplus processes in
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amounts, we establish some new sufficient conditions for the comparison of aggregate claim amounts

in the sense of the usual stochastic order (which implies stop-loss order).
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1 Introduction

Consider the classical surplus process U(t) given by

U(t) = u+ ct−
N(t)∑
i=1

Zi,

where u = U(0), c, Zi and N(t) denote an initial surplus, constant premium, random claim and a

given counting process, respectively. Now consider a situation when there are n policyholders in the

given portfolio in an one-year insurance period. Under this assumption, the above classical surplus

1Ghobad Barmalzan : gh-barmalzan@sbu.ac.ir
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process U(t) for t = 1 can be restated as

U(1) = u+ c−
n∑
i=1

IpiXλi , (1.1)

where the random variable Xλi denotes the total of random claims that can be made in an insurance

period and Ipi denotes a Bernoulli random variable associated with Xλi defined as follows: Ipi = 1

whenever the ith policyholder makes random claim Xλi and Ipi = 0 whenever he/she does not make

a claim. This sort of restating the classical surplus process U(t) as the surplus process in (1.1) can be

made for almost all insurance contracts.

In this work, we then present some stochastic comparisons between two classical surplus processes

that can be restated as in (1.1). Since u and c are two constant values, to study any stochastic

comparison, we just have to consider only
∑n
i=1 IpiXλi . Indeed, the random variable Sn(λ,p) =∑n

i=1 IpiXλi is of interest in various fields of probability and statistics. In particular, in actuarial

science, it corresponds to the aggregate claim amount in a portfolio of risks.

The problem of comparing the numbers of claims and aggregate claim amounts with respect to

some well-known stochastic orders is of interest on both theoretical and practical grounds. In this

direction, Karlin, S. and Novikoff (1963) showed that more dispersion of the pi’s, according to the

vector majorization, implies more dispersion of the total number of claims with respect to the convex

order. Specifically, they proved that

(p1, · · · , pn)
m
≽ (p∗1, · · · , p∗n) =⇒

n∑
i=1

Ipi ≤cx
n∑
i=1

Ip⋆i , (1.2)

where Ip∗1 , · · · , Ip∗n are independent Bernoulli random variables, independent of theXλi ’s, with E(Ip∗i ) =

p∗i , i = 1, · · · , n. Ma (2008) then extended the result in (1.2) to the case of aggregate claim amounts

with the same amount of claims and different claims, and showed that if Xλ1 , · · · , Xλn are non-negative

exchangeable random variables, then

(p1, · · · , pn)
m
≽ (p∗1, · · · , p∗n) =⇒ Sn(λ,p) ≤cx Sn(λ,p∗) (1.3)

(h(p1), · · · , h(pn))
m
≽ (h(p∗1), · · · , h(p∗n)) =⇒ Sn(λ,p) ≥st Sn(λ,p∗), (1.4)
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where h(p) = − log p or (1−p)/p. For the case when (h(p1), · · · , h(pn)) ∈ D+
n and (h(p∗1), · · · , h(p∗n)) ∈

D+
n , where D+

n = {(x1, · · · , xn) : x1 ≥ · · · ≥ xn ≥ 0}, Ma (2008) also proved that (1.4) holds if

Xλ1 , · · · , Xλn are independent non-negative random variables such that Xλ1 ≤st · · · ≤st Xλn . This was

followed up by Frostig (2001) and Hu and Ruan (2004) who established some sufficient conditions for

comparing the aggregate claim amounts with respect to the symmetric supermodular, and multivariate

usual and symmetric stochastic orders (see Shaked and Shanthikumar (2007)), respectively. Denuit

and Frostig (2006) studied the effect of an increase in heterogeneity (in the sense of chain majorization)

to the individual model of risk theory according to increasing convex order. Khaledi and Ahmadi

(2008) discussed stochastic comparison of two aggregate claims corresponding to two possible different

individual risk models in the sense of usual stochastic order.

Recently, Barmalzan et al. (2015) presented a complete version of the results of Khaledi and

Ahmadi (2008) to the more general case.

The rest of this paper is organized as follows. Section 2 presents some basic concepts that will be

used in the subsequent developments. Section 3 deals with stochastic orderings between order statistics

arising from two sets of independent heterogeneous MOEW random variables in terms of the vector

majorization between the scale parameters. In Section 4, we use the MOEW distribution as the claim

amount distribution and establish some new sufficient conditions for the comparison of aggregate claim

amounts in the sense of the usual stochastic order (which implies stop-loss order).

2 Preliminaries

Definition 2.1. Suppose X and Y are two non-negative continuous random variables with distribution

functions F (t) = P (X ≤ t) and G(t) = P (Y ≤ t), and survival functions F̄ (t) = 1 − F (t) and

Ḡ(t) = 1 −G(t), respectively.

(i) X is said to be larger than Y in the usual stochastic order (denoted by X ≥st Y ) if E(ϕ(X)) ≥

E(ϕ(Y )) for all increasing functions ϕ : R → R when the involved expectations exist;

(ii) X is said to be larger than Y in the convex order (denoted by X ≥cx Y ) if E(ϕ(X)) ≥ E(ϕ(Y ))

for all convex functions ϕ : R → R when the involved expectations exist;
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(iii) X is said to be larger than Y in the stop-loss order, or equivalently the increasing convex order

(denoted by X ≥sl Y ), if πX(d) = E[(X − d)+] ≥ πY (d) = E[(Y − d)+] for all d > 0 when the

involved expectations exist.

Both the convex and usual stochastic orders imply the stop-loss order. Stop-loss order represents

the common preferences of all risk averse decision makers. Kaas et al. (1994) and Kaas and Hesselager

(1995) all have studied the higher degree stop-loss transform and order.

Theorem 2.2. (Shaked and Shanthikumar (2007)) Let g(·) be an increasing (decreasing) real-valued

function. Then, X ≥st Y implies g(X) ≥st (≤st)g(Y ).

Theorem 2.3. (Shaked and Shanthikumar (2007)) Two random variables X and Y satisfy X ≥st Y if

and only if there exist two random variables X̃ and Ỹ such that X
st
= X̃ and Y

st
= Ỹ and P (X̃ > Ỹ ) = 1,

where
st
= means the same distribution on both sides of the equality.

Definition 2.4. Suppose X = (X1, · · · , Xn) and Y = (Y1, · · · , Yn) are two random vectors. Then,

X is said to be larger than Y in the usual multivariate stochastic order (denoted by X ≥st Y) if

E(ϕ(X)) ≥ E(ϕ(Y)) for all increasing functions ϕ : Rn → R when the involved expectations exist.

The multivariate stochastic ordering implies component-wise usual stochastic ordering. Interested

readers may refer to Shaked and Shanthikumar (2007) for comprehensive discussions on univariate

and multivariate stochastic orders.

Definition 2.5. For two vectors a = (a1, · · · , an) and b = (b1, · · · , bn), let {a(1), · · · , a(n)} and

{b(1), · · · , b(n)} denote the increasing arrangements of their components, respectively. Then, the vector

a is said to majorize the vector b (denoted by a
m
≽ b) if

∑i
j=1 a(j) ≤

∑i
j=1 b(j) for i = 1, · · · , n − 1,

and
∑n
j=1 a(j) =

∑n
j=1 b(j).

A square matrix Π is said to be a permutation matrix if each row and column has a single unit, and

all other entries to be zero. There are n! such matrices of size n×n, each of which is obtained by inter-

changing rows (or columns) of the identity matrix I. The matrix of a T-transform (T-transformation)

has the form T = wI + (1 − w)Π, where 0 ≤ w ≤ 1 and Π is a permutation matrix (see Chapter 2 of

Marshall et al. (2011)).
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Definition 2.6. Suppose A = {aij} and B = {bij} are m×n matrices, with aR1 , . . . , a
R
m and bR1 , . . . , b

R
m

as their rows, respectively. Then:

(i) A is said to row majorize B (denoted by A >row B) if aRi
m
≽ bRi for i = 1, . . . ,m;

(ii) A is said to chain majorize B (denoted by A≫ B) if there exists a finite set of n×n Ti-transform

matrices, i = 1, . . . , k, such that B = AT1T2 . . . Tk.

For an elaborate discussion on the theory of vector and matrix majorizations and their applications,

we refer the readers to Marshall et al. (2011).

3 Orders Between Order Statistics from Marshall-Olkin Ex-

tended Weibull Distributions

Marshall and Olkin (1997) originally proposed a new family of distributions by adding a shape

parameter to a specified distribution. Specifically, suppose H is a baseline distribution function with

support R+ and corresponding survival function H̄. Then, they introduced the distribution

F (t;α) =
H(t)

1 − ᾱ H̄(t)
, t, α ∈ R+, ᾱ = 1 − α. (3.1)

Let us now use the Weibull distribution with H̄(t) = e−(λt)
β

in (3.1). We then have

F (t;α, λ, β) =
1 − e−(λt)

β

1 − ᾱ e−(λt)
β , t, α, λ ∈ R+, ᾱ = 1 − α, (3.2)

The family of distributions in (3.2) is called Marshall-Olkin extended Weibull (MOEW) distribution

with shape parameters α, β and scale parameter λ (denoted by MOEW (α, λ, β)). For additional

discussion on the MOEW distribution and its applications, we refer the readers to Ghitany et al.

(2005) and Coriderio and Lemonte (2013).

Theorem 3.1. (Hu (1995)) Suppose Xλ1 , · · · , Xλn are independent non-negative random variables

with Xλi ∼ F (λix), i = 1, · · · , n. Assume that F is an absolutely continuous distribution function with

hazard rate function r. If r(x) and xr(x) are decreasing and increasing in x ∈ R+, respectively, then

(λ1, · · · , λn)
m
≻ (λ∗1, · · · , λ∗n) =⇒ (X1:n, · · · , Xn:n) ≥st (X∗1:n, · · · , X∗n:n).
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Lemma 3.2. Suppose X ∼MOEW (α, 1, β) with hazard rate r. Then,

(i) r(x) is decreasing in x ∈ R+ for any 0 < α ≤ 1 and 0 < β ≤ 1.

(ii) xr(x) is increasing in x ∈ R+ for any α > 0.

Proof. (i) The hazard rate function of X is r(x) = βxβ−1/1 − ᾱe−x
β

. Taking derivative of r(x) with

respect to x, it readily follows that

(r(x))′ = β (β − 1)xβ−2 (1 − ᾱe−x
β

) − β2ᾱ x2β−2 e−x
β

.

Now, from the assumption 0 < α ≤ 1 and 0 < β ≤ 1, the desired result follows.

(ii) From (3.1), it is easy to observe that x r(x) = β xβ/1 − ᾱe−x
β

. Then, we obtain

(x r(x))′
sgn
= 1 − ᾱe−x

β

− ᾱ xβ e−x
β

= m(x), say,

where a
sgn
= bmeans that a and b have the same sign. It can be readily seen thatm′(x) = β ᾱ x2β−1 e−x

β

,

which for 0 < α ≤ 1 (α ≥ 1) is non-negative (non-positive). Therefore, for 0 < α ≤ 1 (α ≥ 1), we have

m(x) ≥ m(0) = 1 − α (m(x) ≥ limx→∞m(x) = 1). Thus, for any α > 0, we see that m(x) > 0, which

completes the proof of the lemma.

From Theorem 3.1 and Lemma 3.2, we immediately obtain the following theorem.

Theorem 3.3. Under the asumptions of Theorem 3.1, if Xλi ∼MOEW (α, λi, β), then for 0 < α ≤ 1

and 0 < β ≤ 1,

(λ1, · · · , λn)
m
≻ (λ∗1, · · · , λ∗n) =⇒ (X1:n, · · · , Xn:n) ≥st (X∗1:n, · · · , X∗n:n).

The following corollary is a direct consequence of Theorem 3.3.

Corollary 3.4. Under the asumptions of Theorem 3.3, for 0 < α ≤ 1 and 0 < β ≤ 1,

(λ1, · · · , λn)
m
≻ (λ∗1, · · · , λ∗n) =⇒

n∑
i=1

Xλi ≥st (≥sl)
n∑
i=1

Xλ∗
i
.
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4 Use of MOEW distribution as the claim amount distribution

Theorem 4.1. ( Khaledi and Ahmadi (2008)) Suppose Xλ1 , · · · , Xλn are independent non-negative

random variables with Xλi having survival function F̄ (·;λi), where λi > 0 for i = 1, · · · , n, and that

Ip1 , · · · , Ipn are independent Bernoulli random variables, independent of the Xλi ’s, with E(Ipi) = pi,

i = 1, · · · , n. In addition, suppose the following two conditions hold:

(i) F̄ (·;λi) is a decreasing convex function with respect to λi, i = 1, · · · , n;

(ii) The survival function of
∑n
i=1 Xλi is Schur-convex in λ.

Then, for (λ,h(p)) ∈ Sn and (λ∗,h(p∗)) ∈ Sn, the survival function of Sn(λ,p) is Schur-convex in

(λ,h(p)) with respect to multivariate chain majorization, where h(p) = − log p or h(p) = (1 − p)/p.

It needs to be mentioned here that there is a problem in the above Sn as introduced by Khaledi

and Ahmadi (2008) since it is not permutation invariant; see Barmalzan et al. (2015).

In the following theorem, we show that Theorem 4.1 also holds when the set Sn is replaced by Un.

Since the proof of this result is quite similar to that of Theorem 4.1 given by Khaledi and Ahmadi

(2008), it is omitted here for the sake of brevity.

Theorem 4.2. Under the asumptions of Theorem 4.1, for (λ,h(p)) ∈ Un, the survival function of

Sn(λ,p) is Schur-convex in (λ,h(p)) with respect to multivariate chain majorization, where h(p) =

− log p or h(p) = (1 − p)/p.

It is of interest to note that Sn ⊂ Un and that this implication is strict; that is, there exist some

matrices in Un which are not in Sn. Thus, based on Theorem 4.2, we can compare more aggregate

claim amounts than those based on Theorem 4.1. The following example illustrates this point.

Next, we prove that the MOEW distribution can be used as the claim amount distribution.

Theorem 4.3. Suppose Xλ1 , · · · , Xλn are independent random variables with Xλi ∼MOEW (α, λi, β),

i = 1, · · · , n, and that Ip1 , · · · , Ipn are independent Bernoulli random variables, independent of the

Xλi ’s, with E(Ipi) = pi, i = 1, · · · , n. Then, for 0 < α ≤ 1, 0 < β ≤ 1 and (λ,h(p)) ∈ Un, the sur-

vival function of Sn(λ,p) is Schur-convex in (λ,h(p)) with respect to multivariate chain majorization,

where h(p) = − log p or h(p) = (1 − p)/p.
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Proof. From (3.1), we have

F̄ (t;λ) =
αe−(λt)

β

1 − ᾱe−(λt)
β , t ∈ R+.

For fixed t > 0, let us define the function l(λ) = log F̄ (t;λ), λ > 0. It is then easy to observe that

l′′(λ) = −(β − 1)λβ−2 −
(β − 1) ᾱ λβ−2

(
1 − ᾱe−(λt)

β
)
− β ᾱ tβ λ2β−1e−(λt)

β(
1 − ᾱe−(λt)

β
)2 ,

which is non-negative for any 0 < α ≤ 1, 0 < β ≤ 1, and so l(λ) is convex with respect to λ for any

0 < α ≤ 1, 0 < β ≤ 1. Now, from Proposition A.6 of (Marshall and Olkin (2007), p. 690), we can

conclude that for any 0 < α ≤ 1, 0 < β ≤ 1 and fixed t > 0, F̄ (t;λ) is convex with respect to λ.

Moreover, we can readily see that F̄ (t;λ) is decreasing with respect to λ. These observations confirm

Condition (i) of Theorem 4.2. In addition, from Corollary 3.4, we readily observe that the survival

function of
∑n
i=1Xλi is Schur-convex in λ for any 0 < α ≤ 1. So, Condition (ii) of Theorem 4.2 is also

satisfied, which completes the proof of the theorem.
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Abstract: In this study, the estimation of the two parameters exponential distribution based on

progressive type II censored data were considered. The maximum likelihood(ML), penalized maximum

likelihood (PML) and Bayes estimators assuming both of the location and scale parameters to be

unknown were obtained. The results show that the PMLE is the same as uniformly minimum variance

unbiased estimator (UMVUE). The mean square errors of proposed estimators both analytical and a

Mont Carlo simulation study for different types of censoring schemes were computed. The simulation

results revealed that the Bayes estimators outperforms the PMLEs. Further the PMLEs is superior to

the MLEs.
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1 Introduction

The two parameters exponential distribution has many real world applications. It can be used to model

the data such as service time of agents in a system (Queening Theory), the time it takes before your

next telephone call, the time until a radioactive particle decays, the distance between mutations on a

DNA strand, and the extreme values of annual snowfall or rainfall. The probability density function
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(p.d.f) of the two parameters exponential distribution is given by

fη,θ (x) =
1

θ
e−

(x−η)
θ , x > η, θ > 0, η ∈ R. (1.1)

Due to its importance the estimation of the parameters of this distribution have been considered by

many authors. Lawless (1982) and Mann et al. (1974) considered the earlier studied upon the esti-

mation of exponential parameters. More recent works can also be found in Johnson et al. (1982).

In reliability and survival analysis studies, the experimenter may not always obtain complete infor-

mation on failure times for all experimental units. Therefore, the censored data obtained from such

experiments and censoring occurs commonly. Type-I and type-II censoring schemes are the two most

common and popular censoring schemes . Briefly, they can be described as follows; consider n items

under observation in a particular experiment. In type-I censoring scheme, the experiment continues up

to a pre-specified time T and the number of observed failure is a random variable. On the other hand, in

type-II censoring scheme requires the experiment to continue until a pre-specified number of observed

failures occur, and the experimental time is a random variable. Recently progressive censoring scheme

introduced has gained special attention in theoretical and applied statistics due to the flexibility in

removing the pre-specified number of item during the test. Suppose n items are put in the life test. At

the time of the first failure, R1 of the surviving n−1 items are removed randomly from the test. Then

after the second failure R2 out of n−R1−2 remaining survived items are removed. This test continued

until the mth failure occur. At this stage, all the remaining Rm = n − R1 − R2 − ... − Rm−1 − m

survived units withdrawn from the test. Which m and R = (R1, R2, ..., Rm) are prefixed. Many infer-

ences and studies have been done based on progressive censored data. One may refer to Cohen (1991),

Aggarwala and Balakrishnan (1998), Balakrishnan and Cramer (2014) and Gurunlu Alma and Arabi

Belaghi (2015c) for more details.

In section 2 the maximum likelihood, Penalized maximum likelihood and Bayes estimators for both

of the unknown parameters were considered. Section 3 contains the simulation study for assessing

the performance of the proposed estimators. At the end of the paper a summary and conclusion are

presented.
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2 Proposed Estimators

In this section we obtain the Maximum likelihood (ML) and penalized maximum likelihood PML

estimators of the parameters based on Progressive Type II censored data. Let x1 = x1:m:n, x2 =

x2:m:n, ..., xm = xm:m:n are the progressive Type II censored data from a continuous population X

with the p.d.f f(.) and c.d.f F (.), then the likelihood of the observations is given as

L(θ, η) = A

m∏
i=1

f(xi,m, n)[1 − F (xi,m, n)]
ri , (2.1)

where

A = n(n− r1 − 1) · · · (n−
m−1∑
i=1

(1 + ri)).

2.1 ML Estimators

For obtaining the MLE,

L(θ, η) = A
1

θm
e−

1
θ

∑m
i=1(1+ri)(xi−η) ;xi ≥ η. (2.2)

And logarithm of the likelihood function is:

lnL(θ, η) = lnA−mlnθ − 1

θ

m∑
i=1

(1 + ri)(xi − η); xi ≥ η (2.3)

The log likelihood function is maximized with respect to η by taking η = x(1). To get the MLE for θ,

the following equation be solved.

∂

∂θ
lnL(θ, η) = −m

θ2
− 1

θ2

m∑
i=1

(1 + ri)(xi − η̂) = 0 (2.4)

Therefore

η̂ = x(1) (2.5)

and

θ̂ =
1

m

m∑
i=1

(1 + ri)(xi − η̂). (2.6)



125 Arabi Belaghi et al.

Theorem 2.1. Let x1:m:n, · · · , xm:m:n be order statistics form EXP (θ, η). Then

Z1 = n(x1:m:n − η), ..., Zm = (n−
m−1∑
i=1

ri −m)(xm:m:n − xm−1:m:n), (2.7)

1 ≤ m ≤ n− 1 are independent and identically distributed with common distribution EXP (θ).

Proof. The proof can be found in Aggarwala and Balakrishnan (1998).

Now, by making use of 2.1,the expectation, bias and the variance of θ̂ and η̂ are as follows

E(θ̂) = θ − θ

m
, (2.8)

V ar(θ̂) =
m− 1

m2
θ2,MSE(θ̂) =

θ2

m
. (2.9)

2.2 Penalized MLE

The most commonly used method of estimation is Maximum Likelihood Estimation(MLE). Although,

under some regularity conditions, the MLE method has proper properties such as consistency and

efficiency. But is too conservative because it always chooses the minimum of the sample to estimate

the location parameter. The penalized maximum likelihood estimators for both parameters will be

UMVUE.

L∗(θ, η) = A(x1 − η)
1

θm
e−

1
θ

∑m
i=1(1+ri)(xi−η) ;xi ≥ η (2.10)

Logarithm of the likelihood function is

lnL∗(θ, η) = lnA+ ln(x1 − η) −m ln θ − 1

θ

m∑
i=1

(1 + ri)(xi − η);xi ≥ η (2.11)

By solving the following equations ∂
∂θ lnL

∗(θ, η) = −m
θ + 1

θ2

∑m
i=1(1 + ri)(xi − η) = 0

∂
∂η lnL

∗(θ, η) = − 1
x(1)−η

+ 1
θ

∑m
i=1(1 + ri) = 0,

(2.12)

It is easy to verify that the PMLEs are:

⇒

 θ∗ = 1
m−1

∑m
i=1(1 + ri)(x(i) − x(1))

η∗ = x(1) − θ∗

n

(2.13)
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Considering the PMLEs are exactly the UMVUE! Now, by using 2.1, the expectation of θ∗ is

E(θ∗) =
1

m− 1
E(

m∑
i=1

(1 + ri)(x(i) − x(1))) =
1

m− 1
(m− 1)θ = θ.

Thus θ∗ is unbiased estimator of θ. Also, the variance of θ∗ is:

V ar(θ∗) =
1

(m− 1)2
(m− 1)θ2 =

θ2

m− 1
.

Consider that x(1) and θ∗ are independent, and the expectation of η∗ is given by

E(η∗) = E(x(1)) −
E(θ∗)

n
=
θ

n
+ η − θ

n
= η.

So η∗ is an unbiased estimator of η. The η∗ variance is:,

V ar(η∗) =
mθ2

n2(m− 1)
.

2.3 Bayes Estimators

In this part the estimation in the Bayes context will be considered. In this regard, the following prior

distribution to the parameters will be applied as follows:

π1(η|θ) ∝ 1

θ

and

π2(θ) ∝ θ−(α+1)e−
β
θ , θ > 0, α > 0, β > 0

The posterior distribution can easily be found as:

π(θ, η|x) ∝ 1

θm+α+2
e
− 1
θ [

m∑
i=1

(1+ri)(xi−η)+β]
, θ > 0, η ≤ x(1).

By taking the marginal integration, the marginal posterior distribution can be computed as:

π(θ|x) =

∫
π(θ, η|)dη

Thus,

π(θ|x) ∝ 1

θm+α+1
e
− 1
θ [

m∑
i=1

(1+ri)(xi−x(1))+β]
.
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It is easy to verify the marginal posterior distribution of θ given x is an Inverse gamma. That is:

θ|x ∼ IG(m+ α,
m∑
i=1

(1 + ri)(xi − x(1)) + β).

Thus, under the squared error loss (SEL), the Bayes estimators of the scale parameter can be found

as:

δSLEθ = E(θ|x) =

m∑
i=1

(1 + ri)(xi − x(1)) + β

m+ α− 1
,

With the similar discussion, the posterior distribution of η given x can be computed as:

π(η|x) =

n(m+ α)

(
m∑
i=1

(1 + ri)(xi − x(1)) + β

)m+α

(
m∑
i=1

(1 + ri)(xi − η) + β

)m+α+1 ,

Therefore under SEL the Bayes estimator of the location parameter can be obtained as

δSLEη = E (η|x) = x(1) −

m∑
i=1

(1 + ri)(xi − x(1)) + β

n (m+ α− 1)
.

It is obvious that the risk of the proposed Bayes estimators can not be achieved analytically. Conse-

quently, a simulation study will be considered in next section.

3 Simulation Study

In order to assess the performance of proposed estimators a Monte Carlo simulation study for different

values of n, m and R will be considered. It is obvious that the MSEs of the MLE and PMLE are free

from R which is ambiguous in practical situation to choose appropriate progressive censoring scheme.

The Bayes estimators of the parameters can not be computed analytically, so the risk of the estimators

is computed by simulation through following steps:

Algorithm 1. • Based on the Algorithm in Balakrishnan and Sandhu (1995) , Generate the pro-

gressive Type II censored sample for the given values of R, n, m, η and θ.

• Compute The values of the proposed estimators based on the sample in step 1.
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• Repeat the previous steps for 1000 times and then obtain the average and variance of the estima-

tors from 1000 repetitions.

3.1 Simulation results

The simulation results are given in table 1 based on the schemes while assuming α = β = 1. For the

η̂ and θ̂ respectively, can be concluded.

• Generally, both the MSE and biases of Bayes estimators are less than MSE’s and biases of

MLEs. While the PMLEs has the least MSE and biases. Also the MSE’s of various schemes are

approximately the same. Further the Bayes estimators have always positive biases. Finally, as

m/n increases, the values of MSEs decreases.

• The Bayes estimators have less biases than the MLEs but slightly less than the PMLEs. Moreover

for a fixed values of n, as m increases, the biases and MSEs become smaller. Finally, for a large

sample size of n all proposed estimators have similar behaviors.

Conclusion

This paper considered the estimation of the parameters of two parameters exponential distribution

based on Type II progressive censored data. The MLE, PMLE and Bayes estimators is especially

proposed for both location and scale parameters under SEL function. The results indicated that the

PMLE is the same as uniformly minimum variance unbiased estimator. The simulation study, also

revealed that the PMLE and Bayes estimators are better than the MLEs.
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Table 1: progressive censor with n=50

θ = 0, η = 1 MLE PMLE Bayes

m r vector η̂ θ̂ η̂ θ̂ η̂ θ̂

(42, 0∗
7

) Bias 0.021 −0.1259 0.001 −0.0011 0.0009 −0.0009

MSE 0.0009 0.128 0.0004 0.1465 0.0004 0.1121

8 (0∗
7

, 42) Bias 0.0195 −0.1224 −0.0005 −0.0029 −0.0005 0.0025

MSE 0.008 0.1184 0.0004 0.135 0.0004 0.1033

(6, 5∗
6

, 6) Bias 0.0202 −0.1382 0.0002 0.0151 0.0004 −0.0132

MSE 0.0008 0.1147 0.0004 0.1251 0.0004 0.0958

(40, 0∗
9

) Bias 0.0206 −0.0929 0.0006 0.0079 0.0005 0.0071

MSE 0.0008 0.1038 0.0004 0.1175 0.0004 0.0952

10 (0∗
9

, 40) Bias 0.0195 −0.1016 −0.0005 −0.0017 −0.0004 −0.0015

MSE 0.0008 0.0972 0.0004 0.1072 0.0004 0.0868

(4∗
10

) Bias 0.0202 −0.1057 0.0002 0.0063 0.0003 −0.0057

MSE 0.0008 0.0952 0.0004 0.1037 0.0004 0.084

(35, 0∗
14

) Bias 0.0209 −0.0828 0.0009 −0.0173 0.0012 −0.0161

MSE 0.0009 0.0656 0.0004 0.0677 0.0004 0.059

15 (0∗
14

, 35) Bias 0.0194 −0.0739 0.0005 −0.0078 −0.0004 −0.0072

MSE 0.0007 0.0654 0.0003 0.0689 0.0003 0.06

(5, 2∗
13

, 4) Bias 0.0207 −0.06666 0.0007 5.13e− 06 0.0006 4.7e− 06

MSE 0.0008 0.0708 0.0004 0.0762 0.0004 0.0664
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Abstract: In this paper, a new model based on a measure of entropy for obtaining the ordered

weighted averaging (OWA) operators is introduced. In the model it is assumed that, according to the

available information, the OWA weights satisfy inequality constraints. The model is solved according

to some given constraints with specific level of orness comparing the results with other methods. The

results demonstrate the efficiency of our model in generating the OWA operator.
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1 Introduction

he new type of operators introduced by Yager (1988) for aggregation is called as ordered weighted

aggregation (OWA) operator. Indeed, these new OWA operators are as a family of mean type aggre-

gation operators. OWA operators have many applications in various fields such as: decision making,

approximate reasoning, neutral network, expert systems, fuzzy system and control, data mining and

linguistic systems (Merigó.José. M and Casanovas 2010, Kacprzyk, Zadrozny 2001; Ogryczak, liwi

ski 2003; Peláez, Doña 2003; Liu 2006; Ribeiro, Pereira 2003; Torra 2004; Yager 1988, 2004, 2009;

Herrera-Viedma et al. 2003, 2006, 2007; Porcel et al. 2009 and Herrera-Viedma and Pasi 2003). Yager

(1988) defined the degrees of ”orness” and ”andness” of the OWA operators and the measure of the

dispersion of OWA weights by the measure of entropy. O’Hagan (1988) proposed a maximum entropy

method subject to a specific level of orness, naming the obtained weights as maximum entropy OWA

3 Alireza Chaji : chajialireza@iust.ac.ir
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(MEOWA) operators. Fuller and Majlender (2000) used the method of Lagrange multipliers to obtain

an analytical form of the maximum entropy OWA operators. Majlender (2005) introduced a maximum

Rényi entropy to generate the OWA operators, this model contained MEOWA operators. Parametric

maximum entropy OWA (PMEOWA) weights are determined by Liu and Chen (2004). A new measure

of entropy was presented by Yager (1995). Wu et al. (2009) used this measure and proposed a maximal

Yager’s entropy model for obtaining the OWA operators.

A more general form of entropy was defined by Kapur (1992) and applies when we have additional in-

formation about our problem. A decision maker may have inequality constraints for the OWA weights

according to its available information about them. In order to use the additional information, we

introduce a novel model based on the measure of entropy to determine the OWA operator weights.

We solve the model for some constraints with different levels of orness and compare the results with

other associated models.

The rest of the paper is organized as follows: Section 2 gives the definition of the OWA operators and

an overview of the main existing models for obtaining the OWA weights based on the entropy. Section

3 proposes the maximum entropy model for determining the OWA operator weights when they satisfy

inequality constraints. In section 4, the new model is solved for a number of given information with

specific levels of orness. In the last section the paper is concluded.

2 Obtaining the OWA weights based on a measure of entropy

when there are inequality constraints on the weights

In this section, we introduce a new measure of dispersion of the OWA weights based on a measure

of entropy which defined by Kapur (1992). Utilizing this measure of entropy and proposing a novel

model for determining the OWA operator weights.

In applied problems, on the basis of experiences or according to intuition, a decision maker may have

reasons to assume that the OWA weights in the W = [w1, w2, ..., wn] have to are required to satisfy

the inequality constraints as:

xi ≤ wi ≤ yi, wi ≥ 0 for i = 1, 2, ..., n. (2.1)
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The inequality (2.1) can be written as:

wi − xi ≥ 0, yi − wi ≥ 0.

Now we define a new measure of entropy of the OWA weights according to the inequality (2.1).

Definition 2.1. ssume W is an OWA weighting vector with elements w1, w2, ..., wn such that the

weights are satisfy the inequality (2.1) then a new measure of entropy of the W is defined as:

S (W ) = −
n∑
i=1

(wi − xi)ln(wi − xi),

−
n∑
i=1

(yi − wi)ln(yi − wi) −
n∑
i=1

(yi − xi)ln(yi − xi). (2.2)

The definition 2.1 is permutationally symmetric in the sence that it does not change when the

triplets (wi, xi, yi) are permuted among themselves.

Using this measure of entropy and the principle of maximum entropy, we introduce the following model

for obtaining the OWA operator weights with a specific level of orness as:

S (W ) = −
∑n
i=1 (wi − xi)ln(wi − xi),

−
∑n
i=1 (yi − wi)ln(yi − wi) −

∑n
i=1 (yi − xi)ln(yi − xi).,

subject to :

orness (w) =
∑n
i=1

n−i
n−1wi = α 0 ≤ α ≤ 1,

xi ≤ wi ≤ yi,
∑n

i=1 wi= 1, wi ≥ 0 , i = (1, 2,. . ., n) .

(2.3)

We have the following theorems from the proposed model.

Theorem 2.2. The maximum value of the measure of entropy S(x) occurs when yi − wi = wi − xi

for all i.

In the following, we use the Lagrange multiplier method to obtain an analytic solution for determining

the MBEOWA operator weights. This will enables us to analysis the MBEOWA weights deeper and

prove some properties of the weights as well as simplify the process used for obtaining the MBEOWA

weights.
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The Lagrange function of the objective function subject to the constraints of the model where λ, γ

and xi = 0 are real numbers is as following:

L =
∑n
i=1 wilnwi +

∑n
i=1(yi−wi)ln(yi−wi)−

∑n
i=1 yilnyi +λ1(

∑n
i=1

n−i
n−1wi − α) +λ2(

∑n
i=1 wi− 1).

Taking the partial derivatives of L with respect to wi, λ1 and λ2 and setting them equal to zero so we

obtain:
∂L

∂wi
= ln(

yi − wi
wii

) + λ1
n−i

n−1
+ λ2= 0, for i = 1, 2, . . ., n (2.4)

∂L

∂λ1
=

n∑
i=1

n− i

n− 1
wi − α = 0, (2.5)

∂L

∂λ2
=

n∑
i=1

wi−1 = 0. (2.6)

From(2.4) and (2.6)we have

wi = yi
1+exp(−λ1

n−i
n−1−λ2)

, i = 1, 2, . . . , n∑n
i=1 wi =

∑n
i=1

yi
1+exp(−λ1

n−i
n−1−λ2)

= 1.

Thus,

wi =

yi
1+exp(−λ1

n−i
n−1−λ2)∑n

i=1
yi

1+exp(−λ1
n−i
n−1−λ2)

, i = 1, 2, . . . , n. (2.7)

and

αn (λ1, λ1) = orness (w) =
1

n−1

n∑
i=1

(n− i)

yi
1+exp(−λ1

n−i
n−1−λ2)∑n

i=1
yi

1+exp(−λ1
n−i
n−1−λ2)

. (2.8)

For i = n and i = 1 from equation (2.4) we have

ln
yn − wn
wn

+ λ2= 0 ⇐⇒ λ2= ln
wn

yn − wn
,

ln
y1 − w1

w1
+ λ1 + λ2= 0 ⇐⇒ λ1 = ln

w1

y1 − w1
− λ2.

Thus,

λ1 = ln
w1(yn − wn)

wn(y1 − w1)
.
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Therefore, from (1-4) for any i we can find

wi =
yi

1 + exp( n−in−1 ln wn(y1−w1)
w1(yn−wn) − ln wn

yn−wn )

and

ln(
wi

yi − wii
) = ln

w1(yn − wn)

wn(y1 − w1)

n−i

n−1
+ ln

wn
yn − wn

.

Thus,

ln
wi
βi

=
i− 1

n− 1
ln
wn
βn

+
n− i

n− 1
ln
w1

β1

and

wi = βi
(n−1)

√(
wn
βn

)i−1(
w1

β1

)n−i
. (2.9)

The minimum value of the S(x) is equal to zero when each wi = xi or wi = yi.

Theorem 2.3. Suppose that the OWA weights obtained from the model (2.3) with the orness(W ∗) = α

when a1 ≤ w1 ≤ b1, ..., an ≤ wn ≤ bn are W ∗ = (w∗1 , w
∗
2 , . . . , w

∗
n) . Then, Ŵ ∗ = (ŵ∗1 , ŵ

∗
2 , . . . , ŵ

∗
n)

is the optimal solution of the model (7) for the orness(Ŵ ∗) = 1 − α such that ŵ∗i = w∗n−i+1 when

an−i+1 ≤ ŵi ≤ bn−i+1.

For an example of Theorem 2.3, suppose that in the constrain problem (2.3) 0.1 ≤ w1 ≤ 0.25, 0.1 ≤

w2 ≤ 0.25, 0.1 ≤ w3 ≤ 0.25, 0.2 ≤ w4 ≤ 0.35 and 0.0 ≤ w5 ≤ 0.35. We can get the optimum

solutions W = (0.131, 0.148, 0.169, 0.291, 0.259) for the specific levels of orness, α = 0.4. Also, when

0.1 ≤ w5 ≤ 0.25, 0.1 ≤ w4 ≤ 0.25, 0.1 ≤ w3 ≤ 0.25, 0.2 ≤ w2 ≤ 0.235, 0.0 ≤ w1 ≤ 0.35 we have

W = (0.259, 0.291, 0.166, 0.148, 0.131) for α = 0.6.

3 Numerical illustrations

The introduced model can be used in problems which we have inequality constraints on the OWA

weights. we provide numerical examples in order to demonstrate the efficiency of the introduced

model for obtaining the OWA operator weights.
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Table 1: The OWA operator weights generated by the proposed model and some related models with

degree of orness(W)=0.9

W The pro-

posed

method

χ2

method

(CSM)

Least

squares

method

(LSM)

Maximum

entropy

method

(MEN)

Minimum

variance

method

(MVM)

Yager’s

entropy

method

w1 0.375 0.406 0.353 0.369 0.360 0.400

w2 0.275 0.255 0.292 0.257 0.280 0.200

w3 0.175 0.153 0.200 0.167 0.200 0.200

w4 0.125 0.103 0.107 0.108 0.120 0.200

w5 0.050 0.082 0.046 0.070 0.040 0.000

Entropy 0.483 - - 1.435 - 0.640

Example 3.1. Suppose n = 5, α = 0.7 and the given constraints on the OWA weights are 0.0 ≤ w1 ≤

0.45, 0.15 ≤ w2 ≤ 0.35, 0.05 ≤ w3 ≤ 0.35, 0.05 ≤ w4 ≤ 0.2 and 0.01 ≤ w5 ≤ 0.15 and thus, the optimal

solution of the constrain problem (2.3) are shown in the Table 1.

Example 3.2. Assume orness (W)=0.8 and 0.1 ≤ w1 ≤ 0.25, 0.1 ≤ w2 ≤ 0.25, 0.1 ≤ w3 ≤ 0.25, 0.2 ≤

w4 ≤ 0.35 and 0.0 ≤ w5 ≤ 0.35 the obtained OWA operators are illustrated in Table 2

The model is solved by using the LINGO software package. Furthermore, for comparison: the

MEOWA weights, the maximal Yager’s entropy weights, the χ2 method (CSM), Least squares method

(LSM) and the minimum variance method (MVM) are shown in the tables.

It is observed from tables 1 and 2 that if the length of the intervals for the OWA weights decreasing

then the entropy of them is decreasing. Therefore, having information about the boundaries of the

weights is important for determining them. Virtually, in this situation we have smaller uncertainty of

the weights comparing with the previous models which supposed that the weights are only positive.



137 Chaji, A.

Table 2: The OWA operator weights generated by the proposed model and some related models with

degree of orness(W)=0.9

W The pro-

posed

method

χ2

method

(CSM)

Least

squares

method

(LSM)

Maximum

entropy

method

(MEN)

Minimum

variance

method

(MVM)

Yager’s

entropy

method

w1 0.366 0.406 0.353 0.369 0.360 0.400

w2 0.293 0.255 0.292 0.257 0.280 0.200

w3 0.167 0.153 0.200 0.167 0.200 0.200

w4 0.117 0.103 0.107 0.108 0.120 0.200

w5 0.054 0.082 0.046 0.070 0.040 0.000

Entropy 0.707 - - 1.435 - 0.640

Conclusions

In this paper, we proposed a novel model for determining the OWA operator weights based on a

measure of entropy. Using available information of the corresponding intervals of the any OWA weight

in the introduced model for obtaining the weights. Furthermore, some properties of the new model

have been investigated. The effectiveness and applicability of the proposed model were illustrated by

numerical examples.
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Abstract: Consider two losing games. When a player plays these games in a random or periodic

strategy, one may expect to see a losing game. The Parrondo’s paradox arises when this combined

game leads to a winning one. The original game was invented by Parrondo as a discrete-time version

of flashing Brownian ratchet. It has applied in several fields such as economics, physical quantum

systems, and population genetics. In this paper, we introduce a new version of paradox by considering

a new rule for one of those games. The paradoxical property is shown by some computer simulations.
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1 Introduction

Parrondo’s paradox was introduced by the Spanish physicist Juan M. R. Parrondo in 1996. It was

presented in an unpublished form at a workshop in Torino, Italy. The paper was published by Harmer

and Abbott in 1999. It has been applied in several fields such as economics Spurgin (2005) , physical
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quantum systems Flitney (2002), Gawron (2005) and population genetics Reed (2007).

The main idea of Parrondo’s paradox is that two individually losing games, say, A and B, can be

combined in a deterministic or non-deterministic mixing pattern to end up with a winning result. Dif-

ferent games have been introduced by several researchers. Parrondo et al. Parrondo (2000) introduced

a new version for game B, where a player uses four different coins depending on his previous history of

wins and losses. The effects of cooperation among players in Parrondos games have been considered

by Toral Toral (2001). In the cooperative version of the paradox, the game A is the same as in the

original paradoxical game, but in game B each of N players, arranged in a circle owns a capital Ci(t),

i = 1, ..., N, will win the next play depending on the result of the previous run of the game for the

neighbors. The average capital increases by combining two games Toral (2001). Zoran Mihailovic

and Milan Rajkovic in 2006 extended the cooperative Parrondo’s games on a two-dimensional lattice

Mihailovic (2006).

Wayne Wah Ming Soo and Kang Hao Cheong in 2013 Cheong (2013) introduced a new approach to

analyse the original paradox. They started with one process and tried to drive the complementary

process.

In section two of this article, we review the original Parrondo’s paradox. In section three, our new

strategy for game B is introduced and some simulation results are presented. It is shown that com-

bining two losing games by considering a threshold for the capital of the player in game B, will result

in a fair game.

2 Original Parrondo’s Games

The original Parrondo’s games consist of two games, named, A and B. The game A is a simple coin

tossing game where the capital of a player will increase (decrease) by one unit if heads (tails) occur.

The probability of winning is denoted by p and the probability of losing is q = 1− p. Game B consists

of two sub-games with two coins and it depends on the capital. The probability of winning depends

on the current capital of the player. If the capital is a multiple of M, the game will be played by the

first coin and if it is not the game will be played by the second coin. Parrondo (1996) set the number
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M equal to three and the probability of win is set to one of the p1 or p2, therefore game B uses two

different coins according to whether the capital of the player is a multiple of three or not.

For game A assume that fj is the probability of the capital reaches zero in a finite number of plays,

starting from a capital of j units. We have either

1) fj = 1 for all j ≥ 0, in this case the game is either fair or losing.

or

2) fj < 1 for all j > 0, in this case there is some probability that the capital will increase so that the

game is winning. (for more details see Parrondo (2000)).

The fj can be obtained using the following recursive formula:

fj = pfj+1 + (1 − p)fj−1,

for j ≥ 0 and the initial condition f0 = 1.

The solution of the equation with this initial condition is

C1((
1 − p

p
)j − 1) + 1,

where C1 is a constant, and the solution will be min((1−p
p )j , 1).

Therefore we can find that the game A is

winning if
1 − p

p
< 1, i.e p > 1/2,

fair if
1 − p

p
= 1, i.e p = 1/2,

losing if
1 − p

p
> 1, i.e p < 1/2.

As in the case of game A, for game B assume that gj is the probability that the capital reaches zero

in a finite number of plays, starting from a capital of j units. We have either

1) gj = 1 for all j ≥ 0, in this case the game is either fair or losing.

or

2) gj < 1 for all j > 0, in this case there is some probability that the capital will increase so that the

game is winning.
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We can obtain gj by the following recursive formulas:

g3j = p1g3j+1 + (1 − p1)g3j−1,

g3j+1 = p2g3j+2 + (1 − p2)g3j ,

g3j+2 = p2g3j+3 + (1 − p2)g3j+1,

for which the initial condition is g0 = 1. So with this initial condition value the general solution will

be:

C2((
(1 − p1)(1 − p2)2

p1p22
)j − 1) + 1,

where C2 is a constant. So the solution will be:

min((
(1 − p1)(1 − p2)2

p1p22
)j , 1),

Therefore we can find that the game B is

winning if
(1 − p1)(1 − p2)2

p1p22
< 1,

fair if
(1 − p1)(1 − p2)2

p1p22
= 1,

losing if
(1 − p1)(1 − p2)2

p1p22
> 1.

For more details see Parrondo (2000). Now we consider the combined game in which the game A is

played with probability γ and the game B is played with probability 1 − γ. If we show this combined

game as A+B, the probabilities of winning and losing are as follows:

GameA+B =

 p(winning|the capital is multiple of three) = γp+ (1 − γ)p1,

p(winning|the capital is not multiple of three) = γp+ (1 − γ)p2.

Infact the combined game has the form of the game B. The conditions are:

winning if
(1 − p

(A+B)
1 )(1 − p

(A+B)
2 )2

p
(A+B)
1 (p

(A+B)
2 )2

< 1,

fair if
(1 − p

(A+B)
1 )(1 − p

(A+B)
2 )2

p
(A+B)
1 (p

(A+B)
2 )2

= 1,
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losing if
(1 − p

(A+B)
1 )(1 − p

(A+B)
2 )2

p
(A+B)
1 (p

(A+B)
2 )2

> 1,

where

pA+B
1 = γp+ (1 − γ)p1,

pA+B
2 = γp+ (1 − γ)p2.

The numerical values corresponding to the original Parrondo’s games are p = 1/2 − ε, p1 = 1/10 − ε

and p1 = 3/4 − ε, where ε is a small noise parameter introduced to control the three probabilities.

For a value of ε equal to zero, both games are fair, whereas if ε is small and positive both games are

losing. In both cases, the combined game results in a winning game. see Parrondo (1996).

3 New Strategy and Simulation Results

In our model, game A is the same as the original game introduced by Parrondo, but we consider the

new strategy for game B which depends on the capital of the last run. Our strategy for game B is

defined as follows: we have two coins calling them as coin1 and coin2. We will compare current capital

with some constant value, say C, and decide to choose one coin out of two coins to play the game.

Therefore if we denote the current capital in time t with C(t), according to our strategy:

1) If C(t) ≥ C, the probability of winning is assumed to be p1 (i.e coin1 is tossed and the probability

of heads is p1).

2) If C(t) < C, the probability of winning is assumed to be p2 (i.e coin2 is tossed and the probability

of heads is p2).

As mentioned above, game A is as the same in original game. It is a coin flipping or random walk as

follows:

GameA =

 p(winning) = 1
2 − ε.

p(losing) = 1
2 + ε.
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Game B can be considered mathematically as follows:

GameB =



p(winning|C(t) ≥ C) = p1.

p(losing|C(t) ≥ C) = 1 − p1.

p(winning|C(t) < C) = p2.

p(losing|C(t) < C) = 1 − p2.

Now, we present some simulation results to show that the paradoxical property is present for different

parameters in this case. For the case of game A the simulation is performed with probability 1/2 − ϵ.

Apparently, the player will lose the game. In all simulations, games start with zero capital and the

value for C is set to one. Different parameters are considered for game B and we combined two games

periodically. Results are shown in the figure 1 and figure 2.

Figure 1: Figure of the gain versus the games played over 100 times. Game A is played with probability p = 1/2− ϵ

and game B is played with probabilities p1 = 0.35 and p2 = 0.65. Noise parameter is ϵ = 0.005 . Game A is a losing

game and game B is a fair game. Two games are combined periodically, it is denoted by [B A B A ...]. Combined game

is a fair game.



A Note on the Parrondo’s Paradox 146

Figure 2: Figure of the gain versus the games played over 100 times. Game A is played with probability p = 1/2− ϵ

and game B is played with probabilities p1 = 0.35 and p2 = 0.7. Noise parameter is ϵ = 0.009 . Game A is a losing

game and game B is a fair game. Two games are combined periodically, it is denoted by [B A B A ...]. Combined game

is a fair game.

Conclusion

In this work, we introduce the new strategy for game B by considering the constant values as a

threshold. We show that the paradox also occurs in this new model by switching between two games

alternatively. Our simulation results show the occurrence of the paradox. Fair game is resulted by

combining losing game A and fair game B.
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Abstract: A new three-parameter distribution called the normal-Poisson (NP) distribution is intro-

duced and studied in details. Some properties of the NP distribution is obtained such as moments and

maximum likelihood estimators. The efficiency of this new distribution is illustrated through a real

data set to show that it is quite flexible in comparing with the normal and skew normal distributions.

Keywords: Error function, Hazard function, Maximum likelihood estimation, Poisson distribution,

Skew normal distribution.
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1 Introduction

In recent years, different techniques for extending the family of normal distributions have been pro-

posed. The most usual procedure derived from Azzalini (1985) consists in deriving a skew-normal

distribution through the transformation f(x;α) = 2ϕ(x)Φ(αx), x ∈ R and α ∈ R, where ϕ(x) and

Φ(x) denote the standard normal density and distribution, respectively. The method applied here

can be considered an alternative to the well-known skew-normal distribution Azzalini (1985), whose

properties (Azzalini (1986), Azzalini and Chiogna (2004)), estimation (Gupta and Gupta (2008)),

diagnostics (Xie et al. (2009)), generalization (Gupta and Gupta (2004)) and multivariate extension

(Azzalini and Valle (1996), Azzalini and Capitanio (1999)) have been widely developed.

Other ways of obtaining skewed normal distributions have also been introduced, such as the Balakr-

ishnan skew-normal density in Sharafi and Behboodian (2008), the variance-gamma process in Fung

and Seneta (2007) and the generalized normal distribution in Nadarajah (2005), among others.

2Speaker’s Name: Fatemeh Esfandiyari, f.esfandiyari89@gmail.com
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In this paper, we introduce a new generalization of the normal distribution N(µ, σ). This is done by

adding a new parameter θ > 0 to the normal distribution such that a skewness effect will depend on

it. The method used to insert the new parameter to normal distribution is described in Mahmoudi

and Jafari (2012), where it was applied to the generalized exponential distribution and introduced

generalized exponential power series class of distributions. This method enables us to obtain explicit

expressions for the probability density and survival and hazard rate functions. These expressions then

allow us to ML-estimate the model parameters with the help of appropriate software.

To experess the motivations of introducing this generalization of the normal distribution, following

reasons might be reffered to:

• As the failure rate function is studied, flexiblity of distribution can be obviously observed in

modeling different types of lifetime data. So it can be said that an important characteristic

of the NP distribution is that its failure rate function can be increasing and unimodal-bathtub

shaped.

• This distribution has considerable applications in other sciences and also routine issues such as

calculating minimum waiting time to service customers in bank or store which in number of

customers has poisson distribution and distribution of waiting time is normal.

2 The normal-Poisson Distribution

Suppose that the number of components in a system is a positive random variable where its pmf belongs

to one of well-known discrete distributions. This problem can be seen in many natural phenomena

such as queuing theory. Let there are N series components in a system and each component has the

lifetime Xi, i = 1, 2, · · · , N, where the random variable N has Poisson distribution truncated at zero.

The lifetime of such a system is denoted by X = min{X1, · · · , XN}. We called this new generalization

of the normal distribution as normal-Poisson (NP) distribution.

The cdf of NP distribution is given by

F (x;µ, σ, θ) =
eθ − eθ(1−Φ( x−µσ ))

eθ − 1
. (2.1)
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Differentiating from (2.1) w.r.t. x gives the pdf of NP distribution as follow:

f(x;µ, σ, θ) =
θϕ(x−µσ )eθ(1−Φ( x−µσ ))

σ(eθ − 1)
, (2.2)

where parameters µ ∈ R is the location parameter, σ > 0 is the scale parameter and θ ∈ R is the shape

parameter, which characterize the skewness, kurtosis, and unimodality of the distribution. A random

variable X follows the NP distribution with parameters µ, σ and θ is denoted by X ∼ NP (µ, σ, θ).

Plots of the NP density function for selected parameter values are given in Figure 1. An important
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Figure 1: Plots of the NP density function for selected parameter values

characteristic of the NP distribution is that its density function can be unimodal that makes this

distribution much advantages in modeling lifetime data.
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2.1 Failure rate function and its shapes

The survival and failure rate functions of the NP distribution are given respectively by

S(y;µ, σ, θ) =
eθ(1−Φ( y−µσ )) − 1

eθ − 1
, (2.3)

and

h(y;µ, σ, θ) =
θϕ(x−µσ )eθ(1−Φ( x−µσ ))

σ(eθ(1−Φ( y−µσ )) − 1)
. (2.4)

Plots of the NP failure rate function for selected parameter values are given in Figure 2. An important
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Figure 2: Plots of the NP failure rate function for selected parameter values

characteristic of the NP distribution is that its failure rate function can be increasing and unimodal-

bathtub shaped that makes this distribution flexible in modeling different types of lifetime data.
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2.2 Quantiles and Moments of the NP distribution

The p-th quantile of a NP distribution can be easily attained by the relationship

xp = µ+ σΦ−1
[
1 − log(p(eθ − 1) + 1)

θ

]
.

We can use this expression for generating random data from NP with generating data from uniform

distribution.

2.2.1 Moments

Let X be a random variable from NP (µ, σ, θ), the kth moment can be obtianed as

µk =

∫ 1

0

(µ+ σΦ−1(t))k
θeθ(1−t)

eθ − 1
dt.

Thus, first three moments are as follows:

µ1 = E(X) =
µe−θ(1 + σ)

eθ − 1
[1 − e−θ]

+
θe−θ

eθ − 1

√
2σ2 ×

∫ 1

0

erf−1(2t− 1)e−θtdt,

µ2 = E(X2) =
θe−θ

eθ − 1

[
µ2(1 + σ2) + 2µσ

θ
[−e−θ] + 2

√
2µ(σ2 + σ3)∫ 1

0

erf−1(2t− 1)e−θtdt+ 2σ4

∫ 1

0

[erf−1(2t− 1)]2e−θtdt

]
,

µ3 = E(X3) =
µ3

θ
(1 − e−θ)[1 + σ3 + 6σ]

+

∫ 1

0

erf−1(2t− 1)e−θtdt[
3
√

2µ2σ4 + 6σ5µ+ 9
√

2µ4σ3 + 6
√

2µ2σ2
]

+6µσ3

∫ 1

0

[erf−1(2t− 1)]2e−θtdt+ 2
√

2σ

∫ 1

0

[erf−1(2t− 1)]3e−θtdt.

Hence, variance and skewness coefficient can be readily derived from these moments. Table 1 contains

values for µk, (k = 1, 2, 3) and the variance and the skewness coefficient in a NP (µ, σ, θ) distribution

for various values parameters.
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Table 1: Moments, variance and the skewness coefficient for NP distribution

µ σ θ µ1 µ2 µ3 var skewness

0 1 0.3 -0.0845 1.0041 -0.2113 0.9970 -0.2123

0.6 -0.1684 1.0164 -0.4221 0.9881 -0.4297

0.9 -0.2509 1.0366 -0.6311 0.9736 -0.6569

0.5 0.1 0.3 0.4915 0.2516 0.1335 0.0100 134.1181

0.6 0.4832 0.2433 0.1272 0.0099 129.5082

0.9 0.4749 0.2353 0.1211 0.0097 126.0544

-1 0.8 0.3 -1.0676 1.7779 -3.2390 0.6381 -6.3549

0.6 1.1347 1.9199 -3.5717 0.6324 -7.1028

0.9 -1.2007 2.0649 -3.9156 0.6231 -7.9607

3 Estimation and inference

Let X1, · · · , Xn be observation from a random sample of size n from NP (µ, σ, θ) and Θ = (µ, σ, θ)T

be the parameter vector. The log-likelihood function is given by

ln(Θ) = n log(θ) − n log(σ(eθ − 1)) +
n∑
i=1

log(ϕ(
xi − µ

σ
)) + θ

n∑
i=1

(1 − Φ(
xi − µ

σ
)). (3.1)

By differentiating with respect to µ, σ and θ, respectively, and setting the results equal to zero, the

derivatives of (3.1) are given by

∂ln(Θ)

∂µ
=

1

σ2

n∑
i=1

(xi − µ) +
θ

σ

n∑
i=1

ϕ(
xi − µ

σ
), (3.2)

∂ln(Θ)

∂σ
=

−n
2σ2

+
1

2σ4

n∑
i=1

(xi − µ)2 +
θ

σ2

n∑
i=1

(xi − µ)ϕ(
xi − µ

σ
), (3.3)

∂ln(Θ)

∂θ
=

n

θ
− n(1 − e−θ)−1 +

n∑
i=1

(1 − Φ(
xi − µ

σ
)). (3.4)

The log-likelihood can be maximized either directly or by solving the nonlinear likelihood equations.

One can applay Eqs. (3.2)-(3.4) in Matlab or R softwares to obtain the MLE of the parameters of NP

distribution.
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4 Applications

In this section, the NP distribution is fitted to a real data set and also compared the fitted NP with

two relative models, Normal (N) and Skew-Normal (SN) distributions with pdf 2
σϕ(x−µσ )Φ(αx−µσ ), to

show the superiority of the NP distribution.

The data set is given by Birnbaum and Saunders (1969) that refers to fatigue life of 6061-T6

aluminum coupons cut parallel to the direction of rolling and oscillated at 18 cycles per second. The

data set consists of 100 observations.

The TTT plot of this set of data in Figure 3 displays an increasing hazard rate function. The MLEs

of the parameters, -2log-likelihood, AIC (Akaike Information Criterion), the Kolmogorov-Smirnov test

statistic (K-S), P-value are displayed in Table 2 for this data set. The fitted densities and the empirical

distribution versus the fitted cumulative distribution functions of NP, N and SN models are displayed

in Figure 4.
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Figure 3: TTT plot of Birnbaum and Saunders data

The results for these data set show that the NP distribution yields the best fit among the N and

SN distributions. For these data, the K-S test statistic takes the smallest value with the largest value

of its respective p-value for NP distribution. Also, the values of the AIC for these distributions in

Table 2 and the plots of the densities and cumulative distribution functions in Figure 4 confirmed this

conclusion.
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Figure 4: Plots of fitted NP, N and SN for fatigue life data.

Table 2: MLEs, -2 Log L, K-S, P-value and AIC for time between failures data.

Dist MLE -2 Log L K-S P-value AIC

NP µ̂ = 9.7762, σ̂ = 2.8162, 442.4137 0.05 0.9641 448.4137

θ̂ = 4.6477

N µ̂ = 6.8780, σ̂ = 2.2499 445.9741 0.0674 0.7535 449.9741

SN µ̂ = 0.3993, σ̂ = 21.8577, 65.0575 0.1204 0.8539 449.9741

α̂ = 1.3284
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Abstract: We consider an American contingent claim on a financial market where the buyer has

additional information. Both agents observe the same prices but their information may differ due to

some extra information that has been obtained by the buyer in other fashion. The reference information

flow is denoted by the filtration F and the buyer’s information flow is modeled by an initial enlargement

of the filtration F . The problem for the buyer is to choose a payoff from the class {R(τ); τ ∈ T} which

is optimal in the sense that it has a maximal expectation. As the buyer has more information, he has

access to a larger set of available stopping times leading to a higher expected payoff. Therefore, it

seems natural to investigate the value of the American contingent claim with asymmetric information.

We provide a representation for this value in a suitable product space.

Keywords American contingent claims, Extra information, initial enlargements of filtrations.
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1 Introduction

A contingent claim is a contract that pays an amount R(T ) at time T which is called maturity or

excercise time of the claim. The theory of contingent claim valuation in a complete market studied

first by Black et al. (1973), Merton (1973, 1991), Harrison et al. (1979), Harrison et al. (1981), Duffie

(1988), and Karatzas (1989). On the other hand, the pricing theory has been studied in the context

of an incomplete market by Föllmer et al. (1990) and El Karoui et al. (1991). American contingent

1Neda Esmaeeli : n esmaili@mehr.sharif.ir
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claims (ACCs), such as American call or put options, differ from their European counterparts in that

they can be exercised by their holder at any time 0 ≤ t ≤ T .

In our work, we consider an American contingent claim in which the buyer has more or superior

information compared to the seller. While the seller makes his decisions according to public information

flow = (t)t∈[0,T ], the buyer possesses the additional information that comes from some random variable

G and thus he accesses to the enlarged filtration G = (t)t∈[0,T ]. We suppose that G is a version of

the initial enlargement of by G which has usual conditions. We study the effect of this additional

information on the value and the optimal exercise time of an American contingent claim. The situation

is similar to the insider’s optimal investment problem where an investor possessing some extra flow of

information aims to maximize the expected utility on the final value of his portfolio. Pikovsky et al

(1996) gave the first mathematical study of a utility maximization problem under additional initial

information, posing the problem in the mathematical framework of an initially enlarged filtration.

Further papers include Elliott et al. (1997), Grorud et al. (1998) and Amendinger et al. (1998).

Building on results about initial enlargements of filtrations by Jacod (1985), we reduce the problem

to a more suitable standard optimal stopping problem. To be more precise, we aim to use the density

hypothesis to write the value function of an American cintingent claim with extra information as the

value of a new American contingent claim in the appropriate space.

2 Setup and Preliminaries

Let T > 0 represent a finite time. We consider a filtered probability space (Ω, , , ), where = (t)t∈[0,T ] is

the reference filtration satisfying the usual conditions of right-continuity and completeness. Moreover

we assume that 0 is trivial. We consider a random variable G : Ω →. Let Ḡ be the initial enlargement

of by G, i.e. Ḡ = (̄t)t∈[0,T ] where t̄ =t ∨σ(G), t ∈ [0, T ]. Let finally G = (t)t∈[0,T ] be the right-

continuous regularization of Ḡ. We denote by PG the law of G and for t ∈ [0, T ] by PGt (ω, du) the

regular version of the conditional law of G given t. Throughout this paper, we will assume that Jacod’s

density hypothesis (Jacod (1979), Jacod (1985)) stated in the following assumption is satisfied. For

t ∈ [0, T ], the regular conditional law of G given t is equivalent with the law of G for -almost all ω ∈ Ω
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i.e.

[G ∈ ·|t] ∼ (G ∈ ·) , -a.s.

According to Jacod (1985), for each t ∈ [0, T ] there exists an ⊗()−measurable version of αt(u)(ω) :=

dPGt (u,ω)
dPG(u)

which is strictly positive. And for each u ∈, {αt(u)}t∈[0,T ] is a martingale w.r.t . Let t ∈+

and H a filtration in F . We denote by Tt,T (H) the set of H-stopping times with values in [t, T ].

Definition 2.1. Consider the following payoff process

R = L1[0,T ) + ξ1{T}, (2.1)

where L is an -adapted real-valued càdlàg process and ξ an T -measurable random variable, satisfying

the integrability condition

[ sup
t∈[0,T ]

|Lt| + |ξ|] <∞. (2.2)

For t ∈ [0, T ], τ ∈ Tt,T (F) , the value function of an American contingent claim is defined by

V (t) =τ∈Tt,T (F) [R(τ)|t] . (2.3)

τ is the buyer’s stopping time and plays the role of a control tool. We suppose throughout this

paper that 0 ≤ LT ≤ ξ < +∞. We need to introduce some further notations.

Consider the probability space (Ω̂,̂ ,̂ ,̂ ), where

Ω̂ := Ω×,

t̂ :=
∩
s>t

(s ⊗ B()) , t ∈ [0, T ],

̂:= (̂t)t∈[0,T ], ̂= ⊗B(),

̂:= ⊗η,

(2.4)

where η is a probability measure on (,B()). We denote bŷthe expectation w.r.t. .̂
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3 American contingent claims in an initially enlarged filtration

We consider an American contingent claim where, in contrast to the seller, the buyer possesses ad-

ditional information. This extra information may be based for instance on a good analyst or better

software. The additional information is described by the random variable we denote by G. A natural

question one may ask is ”what is the value of an American contingent claim with extra information?

“

A filtration usually encodes a flow of information. So it is natural to model extra information by

an enlargement of a filtration. We will consider an initial enlargement of the reference filtration. This

means that we add all the extra information at initial time to the reference filtration. As introduced

above, G = (t)t∈[0,T ] is the initial enlargement of by G. Due to the definition of the value function

of an American contingent claim (??), our first step on the way to answer the above questions is to

study

τ∈Tt,T (G) [R(τ)|t] , (3.1)

where t =t. We also study the case t =t which will be seen to be understood as an optimal projection

problem. Our main idea is to look for a suitable representation of G-stopping times and then reduce

the problem to a corresponding problem in a product filtration which contains the reference filtration.

The following result gives a useful clue to calculate conditional expectations with respect to the larger

filtration.

Lemma 3.1. Suppose that X : Ω̂ × [0, T ] → is a process, t ∈ [0, T ] and G : Ω → a random variable

such that Xt(G) is t-measurable and -integrable. Then for s ≤ t

[Xt(G)|s] =
1

αs(G)
[Xt(u)αt(u)|s]u=G.

Proof. See Callegaro (2013), p. 5.

Theorem 3.2. Let t ∈ [0, T ]. Under Assumption 1.1 on G and the integrability condition (2.2) on R,
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we have for t ∈ [0, T ]

V Gt :=τ∈t,T (G) [R(τ)|t] =
1

αt(G)

(
τ(.)∈t,T (̂)̂ [R(., τ(.))|̂t]

)
G
.
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Abstract: In this paper, we attempt to present the applications of Markov renewal matrix in reliability

analysis of repairable systems. In this regard, a semi-Markov process with n-k+2 states is applied to

model the system. A recursive formula is proposed for obtaining the associated Markov renewal matrix.

Several important reliability measures such as expected number of working components, expect number

of system recoveries, reliability function, mean time to first failure, mean time between failures, and

etc. are obtained using the Markov renewal matrix.
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1 Introduction

In recent decades, k-out-of-n systems are encountered with many industrial applications such as elec-

tronics industry, telecommunication network systems, power generator and transmission systems. For

this reason, k-out-of-n systems with various configurations have attracted substantial research interest

in reliability for example see Akhtar (1994), Erilmaz (2009) and Moustafa (1996). Among these re-

searches, the reliability analysis of repairable k-out-of-n systems have been received special attentions.

Exponential distribution is one of the most commonly considered assumptions for lifetimes in this

type of systems. Under this assumption, many of authors have employed Markov processes, and have

obtained little reliability indices such as mean time to failure and reliability function for repairable

k-out-of-n systems see Li et al. (2006) and Moustafa (1996). The issue that has so far received less

1Malek Fathizadeh : m.fathi@vru.ac.ir
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attention is using the semi-Markov process in the analysis of such systems. The potentiality of semi-

Markov processes for the analysis of reliability systems is illustrated by many of authors Bieth et al.

(2009), Li and Yam (2006), Perez and Castro (2002) and Yin et al. (2002). Recently, Fathizadeh and

Khorshidian (2015) have proposed an alternative approach to the analysis of semi-Markov systems.

They considered a two unit cold standby system with imperfect switch as a three state semi-Markov

process, and obtained several important reliability measures such as availability, expected number of

failures, expected number of visits and mean up and down times of the system by means of the asso-

ciated Markov renewal matrix.

In this paper, a k-out-of-n: G system with a repairman is considered as n - k + 2 states semi-Markov

model. A recursive formula is proposed for obtaining the associated Markov renewal matrix. Using

Markov renewal matrix, the collection of important reliability measures include expected number of

working components, expect number of system recoveries, reliability function, mean time to failure,

mean time between failures, expected number in which number of working components reduces to k

during time interval 0 to first failure and etc. are obtained.

The paper is organized as follows. In Section 2 some basic notation and definitions concerning semi-

Markov processes are given. In Section 3 several important reliability indices has been obtained for

k-out-of-n: G system under a semi-Markov setting.

2 Preliminaries

In this section we provide brief preliminaries on semi-Markov processes. For more on semi-Markov

processes and their applications we refer readers to Cinlar (1975), and Osaki (1992). A Markov renewal

process may be defined as follows:

Definition 2.1. Let L be a countable set and (J,T) = {(Jn, Tn), n = 0, 1, 2, ...} denote a two-

dimensional stochastic process with values in L × [0,∞), then (J,T) is a Markov renewal process

if for all i, jϵL,

P{Jn+1 = j, Tn+1 − Tn ≤ t|Jn, Tn, ..., J0, T0} = P{Jn+1 = j, Tn+1 − Tn ≤ t|Jn}.

We assume that the state space L is finite, the process is time homogenous with transition prob-
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abilities ϱij(t) = P{Jn+1 = j, Tn+1 − Tn ≤ t|Jn}, i, jϵL, n ≥ 0 and Q(t) = [Qij(t)]i,jϵL, tϵR+, as the

matrix of renewal kernels. Note that {Jn = 0, 1, ...} and {Tn = 0, 1, ...} are the state and time instant

of n-th renewal. The associated counting process representing the total number of transitions within

[0, t] is denoted by {N(t) : t ≥ 0}.

Definition 2.2. A stochastic process {X(t) : t ≥ 0} is called a semi-Markov process on L, generated

by Markov renewal process (J,T), with kernel Q(t), t ≥ 0, if X(t) = JN(t).

Since the trajectory of the semi-Markov process has constant value on the half-interval [Tn, Tn+1]

and is continuous from the right, X(t) = X(Tn) = Jn, for tϵ[Tn, Tn+1]. We denote the Markov renewal

matrix by R(t) = [Rij(t)]i,jϵL, where Rij(t) = E[Ni,j(t)], with Ni,j(t) as the number of visits to the

state j within [0, t] given X(0) = i. In the case of finite L, it is well known that

R(s) = (I −Q(s))−1 (2.1)

where R(s) and Q(s) are the Laplace-Stieltjes transform of R(t) and Q(t), respectively. Using Markov

renewal matrix we can obtain P (X(t) = j|X(0) = j) in the following way:

Pij(t) =

∫ t

0

´Rij(u)hj(t− u)du+ δijhj(t)Rij(0) (2.2)

where

hi(t) = P{T1 > t|X(0) = i} = 1 −
∑
jϵL

Qij(t), iϵL, δij = 0, i ̸= j, δij = 1, i = j.

We denote first passage time distribution from state i to state j by Gij(t) = P (Nij(t) > 0). Let us to

define the random variable T1(i|j), n ≥ 1 as the times of first returns to state j with starting from i as

initial state. So, it is easy to known that Gij(t) = P (T1(i|j) < t).

For the Laplace transform of the first return time distributions, we have:

Ḡij(s) =
R̄ij(s)

1 + R̄ij(s)
, i, jϵL (2.3)

Definition 2.3. A matrix A = [Aij ] is tridiagonal if aij = 0 whenever |i− j| > 1.

Let ai = aii for i = 1, ..., n, let bi = ai,i+1 and ci = ai+1,i for i = 1, ..., n− 1. Then the tridiagonal
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matrix takes the form

A =



a1 b1 0 . . . 0 0 0

c1 a2 b2 · · · 0 0 0

0 c2 a3
. . . 0 0 0

...
...

...
. . .

. . .
...

...

0 0 0
. . . an−2 bn−2 0

0 0 0 · · · cn−2 an−1 bn−1

0 0 0 · · · 0 cn−1 an


Let Ak = [Aij ], i, j = 1, ..., k. The determinant of A can be calculated starting with detA1 =

a1, detA2 = a1a2 − b1c1, and then computing the following recursive relation

detAk+1 = ak+1 detAk − bkck detAk−1, k = 2, ..., n− 1, (2.4)

Horn and Johnson (2013).

3 Reliability analysis of k-out-of-n G:system

In this section, a k-out-of-n G:system with a repairman is modeled by a semi-Markov process and several

important reliability measures of the semi-Markov system is derived using the associated Markov

renewal matrix.

3.1 Semi-Markov system and the associated Markov renewal matrix

The systems investigated here have the following characteristics:

• The system consists of n components. X1, X2, ..., Xn are independent and identical component life-

times with FX(x) = 1 − e−λx, and X1:n, X2:n, ..., Xn:n denote the order statistics corresponding to

X1, X2, ..., Xn.

• There is a single repair facility with independent and identically repair times with GY (y) = 1−e−µy.

• The system is working if at least k components are working. If n − k + 1 components failed, the

system restarts working as soon as one of the failed components is repaired.

• All random variables are assumed to be mutually independent.
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To describe the model and derive the associated renewal kernel, we will introduce the following states:

0: All components are working,

i: i components are failed (i = 1, 2, ..., n− k).

n-k+1: the system is failed .

Let the processX(t), t > 0 the states of the system at time t, with the state space L = {0, 1, ..., n−k+1}.

According to definition 1 and 2 it is easy to known that X(t), t > 0 is semi-Markov process with fol-

lowing kernels:

Q(t) =



0 Q01(t) · · · 0 0

Q10(t) 0
. . . 0 0

...
. . .

. . .
. . .

...

0 0
. . . 0 QN−K,N−K+1(t)

0 0 · · · QN−K+1,N−K(t) 0


where

Q01(t) = P (X1:n < t) = 1 − e−λt

Qij(t) = P (Xi+1:n < Y,Xi+1:n < t) =
i∑

r=0

(
n!

i!(n− i− 1)!
(−1)rC(i, r)

× λ(1 − e−(λ+(n−i−1)λ+rλ+µ)t))

λ+ (n− i− 1)λ+ rλ+ µ
i− j = −1 and i ̸= 0,

Qij(t) = P (Y < Xi+1:n, Y < t) =
i∑

r=0

(
n!

i!(n− i− 1)!
(−1)rC(i, r)

× λµ(1 − e−(λ+(n−i−1)λ+rλ+µ)t))

(λ+ (n− i− 1)λ+ rλ+ µ)(λ+ (n− i− 1)λ+ rλ+ µ)
i− j = 1 and i ̸= n− k + 1,

Qn−k+1,n−k(t) = P (Y < t) = 1 − e−µt.

And therefore

(I −Q(s))−1 = [Mij(s)]
−1.
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where,

M01(s) = − nλ

s+ nλ
,

Mij(s) = −
i∑

r=0

(
n!

i!(n− i− 1)!
(−1)rC(i, r)

λ

λ+ (n− i− 1)λ+ rλ+ µ+ s
i− j = −1 and i ̸= 0,

Mij(s) = −
i∑

r=0

(
n!

i!(n− i− 1)!
(−1)rC(i, r)

× λ

(λ+ (n− i− 1)λ+ rλ+ µ+ s)(λ+ (n− i− 1)λ+ rλ+ µ)
i− j = 1 and i ̸= n− k + 1,

Mn−k+1,n−k(s) = − µ

µ+ s
,

Mij(s) = 1 i = j.

Inverse of the above tridiagonal matrix can be calculated inductively by using the relation (1.4). By

using the relation (1.1) and then taking inverse Laplace transform of R(s) we can reach to the Markov

renewal matrix. For more insight about Markov renewal Matrix calculations see Fathizadeh and

Khorshidian (2015). After calculating Markov renewal Matrix and then using relations (1.2) and (1.3)

we can reach to the semi-Markov transition probability matrix and first passage time distributions.

3.2 Reliability measures

In this subsection we try to do a comprehensive study on the semi-Markov system. It is worth noticing

that in the all obtained measures Markov renewal matrix plays a fundamental role.

1) Reliability function for the system is 1 −G0,n−k+1(t).

2)Availability of the system is 1 − P0,n−k+1(t).

3) Mean time to system failure is
∫∞
0
udG0,n−k+1(u).

4) Mean time between failures of the system is
∫∞
0
udGn−k+1,n−k+1(u) − µ.

5) Mean down time during time interval (0, t] is
∫ t
0
P0,n−k+1(u)du and consequently, mean up time is

t−
∫ t
0
P0,n−k+1(u)du.

6) Busy period of the repairman during time interval (0, t] is 1 −
∫ t
0
P00(u)du.

7) Expected number of failure of the whole system during time interval (0, t] is R0,n−k+1(t).

8) Expected number of working components at time t is
∑n−k

0 (n− i)P0i(t).
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Abstract: The Monte Carlo is a good numerical method in estimation problems. In this paper we

apply a new method by using MC method. This method is consisting of three steps. First step

is selection number of sub intervals, in second step generating random numbers of uniform (0, 1)

distribution and third step we must conduct them to k sub interval (such that k is the number of

optional sub intervals on (0,1)). Additional we use hybrid Monte Carlo for integral estimation. It is

consist of Halton sequence and Monte Carlo or Halton sequence and partition Monte Carlo (PMC (is

new method)).
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1 Introduction

Quasi-Monte Carlo (QMC) methods are widely used for high-dimensional integrals. Quasi-Monte

Carlo sequences such as Niederreitr (1992)and Halton are popular class of low-discrepancy sequences,

and Halton sequence was introduced by Halton (1960). simplest hybrid sequence has been combined

of random sequence and low-discrepancy sequence, some of researchers worked in this issue, Caflisch

et al. (1996); Matousek (1998); Morokofft William et al. (1993).

4Speaker’s Name : Ali.A.L zadeh@stu.yazd.ac.ir
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2 Preliminary in Halton sequence

Monte Carlo method is an analytical technique for solving a problem by performing a large number

of trial runs, called simulations, and inferring a solution from the collective results of the trial runs.

Monte Carlo integration is to use random points for the numerical evaluation of an integral Zdravko

et al. (2011), I =
b∫
a

f(x)dx ≈ b−a
N

N∑
i=1

f(Xi), in this method I was approximated by taking random

variables Xi and arithmetic averaging by contributionf(Xi). The base of Monte Carlo method is to

generate i.i.d. random variables on (0, 1), which the interval number uniformly distributed on [0, 1)to

generate these distributed random variables, we employ the rand function on Matlab programming

software. However we significantly improved our the results by managing and partitioning of the

random numbers generated that is known as PMC method Fathi et al. (2014).

Monte Carlo method is used for integrals estimating, solving linear equations, finding eigenvalues of

the matrix and finance engineering and etc., have revealed some demerits including lack of efficiency,

low convergence speed, high radius of convergence. So, after so many achievements in this issue,

eventually the Quasi-Monte Carlo methods has been proposed instead of the Monte Carlo method for

covering all of the before mentioned inefficiencies. Briefly, in QMC the following relation is hold;

I =

∫
Is

f(U)dU ≈ 1

N

N∑
i=1

f(xi)

QMC methods can be viewed as deterministic versions of Monte Carlo methods. Quasi- Monte Carlo

methods are based on quasi-random sequences, and the best sequences and most commonly used of

these sequences are: Halton, Sobol, Faure and Niederreiter sequences Chi (2004); Halton (1960);

Niederreitr (1992). In this paper we use the following Halton sequence.

For an integer b ≥ 2, let Zb = {0, 1, ..., b− 1} denote the least residue system modulo b. Let

n =
∞∑
j=1

aj(n)bj−1 with all aj(n) ∈ Zb and aj(n) = 0 for all sufficiently large j be the unique digit

expansion of the integer n ≥ 0 in base b, Fox (1986); Zdravko et al. (2011). The radical-inverse func-

tion in base bj for j = 1, 2, ..., s is defined by ϕbj (n) =
∑
i

σ(ai(j, n)b−i−1) Where σ is the permutations

on ai(j, n) ’s. For pairwise coprime integers b1, ..., bs ≥ 2, the Halton sequence in the bases b1, ..., bs is

given by Xn = (ϕb1(n), ..., ϕbs(n)) ∈ [0, 1)
s

for n = 0, 1, ... Halton (1960).

We remind that quasi-random sequence for high dimension will lost their own effectiveness; in other
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word the high dimensions correlation of these points will be increased and concentration will be placed

around the lines, therefore for making up this demerit these points will be scrambled. Kocis et al.

(1997), and this method called ” RR2”.

If f has bounded variation VHk(f) on [0, 1]s in the sense of Hardy and Krause, then, for anyX1, ..., XN ∈

[0, 1)s then, we have

∣∣∣∣ 1N N∑
i=1

f(Xi) − I(f)

∣∣∣∣ ≤ VHK(f).D∗N (X1, ..., XN ), Where D∗N (X1, ..., XN ) is the

star-discrepancy of point set {X1, ..., XN}. The star discrepancy of the first n Halton points in di-

mension s with relatively prime bases b1, ..., bs in D∗N (X) ≤ Cs
1
N (logN)

s
+ O( 1

N (logN)
s−1

) that Cs

is coefficient for the Halton Chi (2004); Domingo et al. (2013); Okten (2001), Cs =
s∏
j=1

pj−1
2 log pj

.

In order to minimize error, we should be reduce D∗N (X)or V (f).

3 Hybrid sequences

This mixed method was made up mixed sequence. Mixed sequence is combined MC sequence (or

PMC sequence) by randomized (scrambled) QMC sequence (RQMC), Okten (2006). Padding PMC

sequence by randomized QMC (RQMC). We are consider the problem of estimate the multidimensional

integration

I = I(f) =

∫
Is

f(X)dX

1∫
0

...

1∫
0

f(X1, ..., Xs)dX1...dXs

according to the Monte Carlo method Zdravko et al. (2011), Î = 1
N

N∑
k=1

f(X(k)), where X(k) are

s-dimensional vectors chosen adaptable, where x(k) fork = 1, 2, ..., N , are sequences of variables s-

dimensional. Let (x1, ..., xd)be d-dimensional subset of variables (x1, ..., xs), for d ≤ s. Then one has

the following points Okten (2006):

1. Sample (x1, ..., xd) using a d-dimensional MC sequence and for (xd+1, ..., xs) of the variables use

(s− d)-dimensional low-discrepancy sequence (padding MC by QMC);

2. Sample (x1, ..., xd) using a d-dimensional partition Monte Carlo sequence and for (xd+1, ..., xs) of

the variables use (s− d)-dimensional low-discrepancy sequence (padding PMC by QMC);



173 Fathi-Vajargah, Torabi and Zakerzadeh

3. Sample (x1, ..., xd) using a d-dimensional MC sequence and for (xd+1, ..., xs) of the variables use

(s− d)-dimensional RQMC sequence (padding MC by RQMC);

4. Sample (x1, ..., xd) using a d-dimensional Partition Monte Carlo sequence and for (xd+1, ..., xs) of

the variables use (s− d)-dimensional RQMC sequence (padding PMC by RQMC).

Here x(k) = (X(k), q(k)) be a s-dimensional sequence by concatenating by vectors X(k) and q(k). In the

first strategy, X(k), k ≥ 1, are independent random variables with the uniform distribution on (0, 1)
d
,

and
(
q(k)

)
k≥1 is a (s − d)-dimensional low-discrepancy sequence. In the second strategy, X(k), k ≥ 1

are partitioned independent random variables with the uniform distribution on (0, 1)
d
, and

(
q(k)

)
k≥1 is

similar to the first strategy. In the third strategy,X(k), k ≥ 1 are independent random variablres with

the uniform distribution on (0, 1)
d
, and

(
q(k)

)
k≥1 is a (s − d)-dimensional randomized Quasi-Monte

Carlo (RQMC) sequence. Last one, X(k),k ≥ 1 are similar to the second strategy, and
(
q(k)

)
k≥1 is

similar to the third strategy. All of the above defined sequences are called mixed sequences.

Theorem 3.1. Let x(k) = (X(k), q(k)) be a s-dimensional mixed sequence, where
{
q(k)

}∞
k=1

be a (s−d)-

dimensional low-discrepancy sequence with D∗N (q(k)) ≤ C(s−d)
1
N (logN)

s−d
+ O( 1

N (logN)
s−d−1

) and

X(k) is a random variable with the uniform distribution on (0, 1)
d
then, for sufficiently large N, and

for 0 ≤ a ≤ 1 and the star discrepancy for mixed (s, d) sequence satisfies Okten (2001),

D∗N (x(k)) ≺ 1

Na/2
+ C(s−d)

1

N
(logN)

s−d
+O(

1

N
(logN)

s−d−1
)

this star discrepancy with probability greater than or equal to 1 − 2e−2N
1−a

. In other words

P (D∗N (x(k)) ≺ 1

Na/2
+ C(s−d)

1

N
(logN)

s−d
+O(

1

N
(logN)

s−d−1
)) ≥ 1 − 2e−2N

1−a

proof in Okten (2006).

In the table, we compute D∗1 and D∗2 , that the D∗1 is upper bound for the discrepancy of the s-

dimensional Halton sequence, and D∗2 be the probabilistic upper bound for the corresponding mixed

(s, d) sequence. The best values for Cd, 2 ≤ d ≤ 10 of the Halton sequence, and corresponding mixed

(s, d), sequence. In this table using three digits rounding, and constant values N = 107, a = 0.99 ,

d = s/2 and s = 4, 6, ..., 10. The numerical results are becoming clearer for them in drawing together
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Table 1: Bounds for the discrepancy.

s d D∗
1 D∗

2

4 2 5.167× 10−3 3.655× 10−4

6 3 3.270× 10−2 6.855× 10−4

8 4 2.670× 10+2 5.51× 10−3

10 5 6.070× 10+4 7.825× 10−2

the team apart from the figures.
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Figure 1: Star discrepancy for hybrid sequence padding MC by Halton.
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Figure 2: Star discrepancy for Halton sequence.

The efficiency of the hybrid sequence is illustrated by the following figures.
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Figure 3: Fig 3.A ; represents the point sets for 60-dimensional Halton sequence which stand for bases of 167 and 173,

and in fig 3.B; X-axis Halton sequence for base of 167 and Y-axis random numbers generated(N=4096).
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Figure 4: Fig 4.A; represents the point sets for 60-dimensional Holton sequence which stand for bases of 167 and 173,

and fig4. B; is allotted to the point sets for 60-dimensional mixed sequence, with X-axis Halton sequence for base of 167

and Y-axis partitioning random numbers generated (N=4096).

4 Numerical results

In this section to testify the efficiency of the PMC sequence the following integral will be examined.

According to the study it is concluded that if the dimension of scramble or deterministic section be

equal 3, then the integral estimation error would be the lowest one. I =
1∫
0

...
1∫
0

s∏
i=1

|4xi − 2| dx1...dxs = 1

We estimated this integral in the case of s = 50 and s = 70.
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Abstract: In this paper, based on the obtained characterization via the lower bounds for the variance

of a function of random variable X, we find a characterization of the weighted function corresponding

to density function f(x), in terms of Chernoff-type inequalities. Subsequently, by using the new

characterization, we derive the lower bounds for the variance of a function of the weighted random

variable. Moreover, assuming that X is DFR [decreasing failure rate] we find an lower bound for the

variance of this function with specific weight functions.

Keywords Variance bounds, Chernoff inequality, Size-biased distribution, decreasing failure rate.
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1 Introduction

During the last three decade, several papers have prepared regarding upper bounds for functions of

random variables, since the appearance of the Chernoff (1981) inequality, giving an upper bound for

the special case of a standard normal random variable. For any absolutely continuous function g,

V ar[g(X)] ≤ E[g′(X)]2. (1.1)

Chen (1982) proved (1.1) using the integral representation of g and the Cauchy-Schwarz inequality.

The equality in (1.1) holds if and only if (iff) the function g is a linear function of X. Cacoullos (1982)

and Cacoullos and Papathanasiou (1989) obtained lower bounds for arbitrary random variables.

Cacoullos and Papathanasiou (1995) and Mohtashami and Shanbhag (1998) established that, if X

1Faranak Goodarzi: f-goodarzi@kashanu.ac.ir
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is a continuous random variable with support an interval (a, b), − ∞ ≤ a < b ≤ ∞, mean µ, finite

variance σ2 and density function f , then the following general covariance identity holds:

Cov(h(X), g(X)) = E(z(X)g′(X)), (1.2)

where g is an absolutely continuous function with E|z(X)g′(X)| <∞, h(x) is a given function and

z(x) =
1

f(x)

∫ x

a

(E[h(X)] − h(t))f(t)dt. (1.3)

(for g(x) = x, (1.2) yields E[z(X)] = Cov(h(X), X)).

They also established the converse of (1.2) and (1.3) reformulated as follows:

If there are functions h(x) and z(x) such that (1.2) holds for every differentiable g, then h(x), z(x)

and the density f are related through (1.3).

If h(x) = x, then z(x) = σ2w(x) and (1.2) reduces to the simple covariance identity [see Cacoullos

and Papathanasiou (1989)]

Cov(X, g(X)) = σ2E[w(X)g′(X)], (1.4)

where the w-function is defined by

σ2w(x)f(x) =

∫ x

−∞
(µ− t)f(t)dt. (1.5)

Cacoullos and Papathanasiou (1997) showed that, under the conditions of identity (1.2), for every

absolutely continuous function h(x) with h′(x) > 0, the following inequality:

V ar[g(X)] ≥ E2[z(X)g′(X)]

E[z(X)h′(X)]
, (1.6)

holds with equality iff g(x) = c1h(x) + c2, where

z(x)f(x) =

∫ x

−∞
(E[h(X)] − h(t))f(t)dt.

They, also established that if (a) there are functions h and z such that inequality (1.6) holds for every

differentiable g and (b) equality g(x) = c1h(x) + c2 holds, then h, z and f are related through (1.3).

Consider now a random variable X with density function f(x) and distribution function F (x). Let

δ(x) be a non-negative function with finite non-zero expectation. Define a random variable X∗ with
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density function

fX∗(x) =
δ(x)f(x)

E[δ(X)]
, x ∈ ℜ. (1.7)

X∗ is called the weighted random variable corresponding to X and its distribution is called the weighted

distribution corresponding to f(x). Though the concept of weighted distribution is due to Fisher

(1934), it is Rao (1965) who studied the weighted distributions in a unified way.

In particular, if F is defined on [0,∞), then the weighted distribution with weight function δ(x) = x

is called the size-biased or length-biased distribution. Indeed, since the distribution of X∗ is weighted

by the value, or size, of X, we say that X∗ has the X-size biased distribution.

2 Main Results

In this paper, we give an lower bound for the variance of g(X∗) by using characteristics of the associated

random variableX. For this, we first obtain w(·)-function of random variableX∗, (i.e. w∗(·)), according

to w(·)-function of random variable X.

Theorem 2.1. Let X be a continuous random variable with density function f(x) and X∗ be a weighted

random variable with the weighted probability density function given by (1.7) and variance σ∗2.Then

w∗(·)-function of random variable X∗, satisfies the equation

σ∗2w∗(x)δ(x) =

{
z2(x) − z1(x)

E[Xδ(X)]

E[δ(X)]

}
, (2.1)

where

z1(x) =
1

f(x)

∫ x

−∞
(E[δ(X)] − δ(t))f(t)dt, (2.2)

and

z2(x) =
1

f(x)

∫ x

−∞
(E[Xδ(X)] − tδ(t))f(t)dt. (2.3)

Proof. Using (1.5), we have

σ∗2w∗(x)fX∗(x) =

∫ x

−∞

(
E[Xδ(X)]

E[δ(X)]
− t

)
δ(t)

E[δ(X)]
f(t)dt

=
E[Xδ(X)]

E2[δ(X)]

∫ x

−∞
δ(t)f(t)dt−

∫ x

−∞

tδ(t)

E[δ(X)]
f(t)dt.
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Now, assuming that

z1(x)f(x) =

∫ x

−∞
(E[δ(X)] − δ(t))f(t)dt,

we get ∫ x

−∞
δ(t)f(t)dt = E[δ(X)]FX(x) − z1(x)f(x),

and by substitution, we conclude that

σ∗2w∗(x)fX∗(x) =
1

E[δ(X)]

∫ x

−∞
(E[Xδ(X)] − tδ(t)) f(t)dt

− E[Xδ(X)]

E2[δ(X)]
z1(x)f(x)

=
z2(x)f(x)

E[δ(X)]
− E[Xδ(X)]

E2[δ(X)]
z1(x)f(x),

where

z2(x)f(x) =

∫ x

−∞
(E[Xδ(X)] − tδ(t))f(t)dt,

consequently

σ∗2w∗(x)fX∗(x) =
f(x)

E[δ(X)]

{
z2(x) − z1(x)

E[Xδ(X)]

E[δ(X)]

}
, (2.4)

This completes the proof of the theorem.

In the special case, that X∗ has the X-size biased distribution, we have

xσ∗2w∗(x) =
1

f(x)

∫ x

−∞
(E(X2) − t2)f(t) dt− E(X2)

E(X)
w(x)σ2,

and thus

f(x)

(
xσ∗2w∗(x) +

E(X2)

E(X)
w(x)σ2

)
= E(X2)F (x) −

∫ x

−∞
t2f(t)dt. (2.5)

Remark 2.2. If X is a continuous random variable and X∗ has the weighted distribution given in

(1.7), then a lower bound for the variance of a function g of the random variable X∗ can be obtained

by the following inequality

V ar[g(X∗)] ≥ 1

σ∗2

(
1

E[δ(X)]
E
{
z2(X)g′(X)

}
− E[Xδ(X)]

E2[δ(X)]
E
{
z1(X)g′(X)

})2

, (2.6)

where equality holds iff g is linear.
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If X is a non-negative, integer-valued random variable with probability mass function P (X = j)

and X∗ has the weighted distribution, given by

P (X∗ = j) =
δ(j)

E[δ(X)]
P (X = j), j = 0, 1, . . . ,

then replacing integrals by sums and g′(x) by ∆g(x) = g(x+1)−g(x), we arrive at the discrete version

of (??) and (??) and the discrete version of (??) is denoted as follows:

V ar[g(X∗)] ≥ 1

σ∗2

(
1

E[δ(X)]
E
{
z2(X)∆g(X)

}
− E[Xδ(X)]

E2[δ(X)]
E
{
z1(X)∆g(X)

})2

, (2.7)

where equality holds iff g is linear.

In the following proposition, we give a weighted distribution in which, probability density function

has the general form f(·).

Proposition 2.3. Let X1, . . . , Xn be a random sample of size n from a continuous distribution with

distribution function F and Yr denote the rth-order statistic of this random sample. Then

V ar[g(Yr)] ≥
1

σ∗2

(
n!

(r − 1)!(n− r)!
E{z2(X)g

′
(X)} −

[
n!

(r − 1)!(n− r)!

]2
E[Xδ(X)]E{z1(X)g

′
(X)}

)2

,

(2.8)

where

z1(x) =
(r − 1)!(n− r)!

n!

1

f(x)

{
F (x) −

n∑
k=r

(
n

k

)
[F (x)]

k
[1 − F (x)]n−k

}
, (2.9)

and

z2(x) =
1

f(x)

[
F (x)E

{
X[F (X)]

r−1
[1 − F (X)]n−r

}
− (r − 1)!(n− r)!

n!

{
x

n∑
k=r

nk[F (x)]
k
[1 − F (x)]

n−k

−
n∑
k=r

nk

∫ x

−∞
[F (t)]

k
[1 − F (t)]

n−k
dt
}]
. (2.10)

Proof. Obviously, the probability density function of Yr,

fYr (x) =
n!

(r − 1)!(n− r)!
[F (x)]

r−1
[1 − F (x)]

n−r
f(x), a < x < b,
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belong to the family of weighted distributions with weight function δ(x) = [F (x)]
r−1

[1 − F (x)]
n−r

and

E[δ(X)] =
(r − 1)!(n− r)!

n!
. Initially, we compute z1(x)f(x) and z2(x)f(x).

z1(x)f(x) =
(r − 1)!(n− r)!

n!
F (x) −

∫ x

−∞
[F (t)]

r−1
[1 − F (t)]

n−r
f(t)dt

=
(r − 1)!(n− r)!

n!
F (x) −

∫ F (x)

0

ur−1(1 − u)n−rdu

=
(r − 1)!(n− r)!

n!

{
F (x) −

n∑
k=r

(
n

k

)
[F (x)]

k
[1 − F (x)]n−k

}
,

and

z2(x)f(x) = F (x)E
{
X[F (X)]

r−1
[1 − F (X)]n−r

}
−
∫ x

−∞
t [F (t)]

r−1
[1 − F (t)]n−rf(t) dt,

therefore, using the integration by parts, we obtain

z2(x)f(x) = F (x)E
{
X[F (X)]

r−1
[1 − F (X)]n−r

}
− (r − 1)!(n− r)!

n!

{
t

n∑
k=r

(
n

k

)
[F (t)]

k
[1 − F (t)]n−k

∣∣∣x
−∞

}

+
(r − 1)!(n− r)!

n!

n∑
k=r

(
n

k

)∫ x

−∞
[F (t)]

k
[1 − F (t)]

n−k
dt

= F (x)E
{
X[F (X)]

r−1
[1 − F (X)]n−r

}
− (r − 1)!(n− r)!

n!

{
x

n∑
k=r

(
n

k

)
[F (x)]

k
[1 − F (x)]

n−k

−
n∑
k=r

(
n

k

)∫ x

−∞
[F (t)]

k
[1 − F (t)]

n−k
dt

}
,

if lim
t→−∞

t
n∑
k=r

(
n

k

)
[F (t)]

k
[1 − F (t)]

n−k
= 0, which is equivalent to the restriction lim

t→−∞
r̃(x) ̸= 0.

Eventually, substituting (2.9) and (2.10) into (2.6), the lower bound for the variance of g(X∗) is

obtained.
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Remark 2.4. In proposition (2.3), Let X1, . . . , Xn be a random sample from uniform distribution on

(0, 1) and r = n then

z1(x) =
1

n
x(1 − xn−1), z2(x) =

1

n+ 1
x(1 − xn).

Thus, the lower bound for variance of g(Yn) is calculated as follows:

V ar[g(Yn)] ≥ (n+ 1)2(n+ 2)

n

{
n

∫ 1

0

g
′
(x)

1

n+ 1
x(1 − xn)dx

− n2

n+ 1

∫ 1

0

g
′
(x)

1

n
x(1 − xn−1)dx

}2

= n(n+ 2)
{
E[Xn(1 −X)g

′
(X)]

}2

,

and in the general case, the lower bound for the variance of g(Yr) will be

V ar[g(Yr)] ≥
r(n− r + 1)

(n+ 1)2(n+ 2)

{
E
[ (n+ 2)!

r!(n− r + 1)!
Xr(1 −X)n−r+1g

′
(X)

]}2

.

At the end of this section, let F is DFR [decreasing failure rate], so that F is said to be DFR

if F (x|t) =
F (x+ t)

F (t)
is increasing in 0 ≤ t < ∞ for each x ≥ 0. For more details see Shaked and

Shanthikumar (2007).

Proposition 2.5. Let X be a non-negative random variable with density function f(x), survival func-

tion F (x) = 1 − F (x) and failure (hazard) rate r(x) =
f(x)

F (x)
. If F is DFR and X∗ has a weighted

distribution with weight function

(a) δ(x) =
f(x+ t)

f(x)
, then

V ar[g(X∗)] ≥ 1

σ∗2

{
E
[ X

r(X)
g

′
(X)

]}2

, (2.11)

(b) δ(x) = I(x > t), then

V ar[g(X∗)] ≥ 1

σ∗2

{
E
[X − t

r(X)
g

′
(X)|X > t

]}2

, (2.12)

such that in (2.11) and (2.12), σ∗2 = V ar(X−t|X > t) =
2

F (t)

∫ ∞
t

F (x)µ(x)dx−µ2(t) is the variance

residual life with µ(t) = E[X − t|X > t].
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Proof. First we prove part (a). We know that, X∗ is the residual life random variable at age t, denoted

by Xt = [X − t|X > t], and E[X∗] = E[X − t|X > t] = µ(t) and σ∗2 = V ar[X − t|X > t]. Now, by

applying (1.5) and this point that E[X − µ] = 0, we have∫ ∞
x

(y − µ(t))
δ(y)

E[δ(X)]
f(y) dy =

∫ ∞
x

(y − µ(t))
f(y + t)

F (t)
dy

=
1

F (t)

{∫ ∞
x

yf(y + t)dy − µ(t)

∫ ∞
x

f(y + t)dy

}
=

1

F (t)

{∫ ∞
x+t

(y − t)f(y)dy − µ(t)

∫ ∞
x+t

f(y)dy

}
= F (x | t)

{
µ(x+ t) − µ(t) + x

}
.

Now, whereas if F is DFR then F is NWU (new worse than used), that is F (x|t) ≥ F (x) for each

x, t ≥ 0, and also F is IMRL, that is µ(s) ≤ µ(t) for 0 ≤ s ≤ t, we have µ(x+t) ≥ µ(t) and consequently

w∗(x)σ∗2
f(x+ t)

E[δ(X)]
=

∫ ∞
x

(y − µ(t))
δ(y)

E[δ(X)]
f(y) dy ≥ xF (x),

which eventually leads to

V ar[g(X∗)] ≥ 1

σ∗2

(∫ ∞
0

xF (x)g
′
(x)dx

)2
=

1

σ∗2

(∫ ∞
0

x

r(x)
g

′
(x) f(x) dx

)2
=

1

σ∗2

{
E
[ X

r(X)
g

′
(X)

]}2

,

Now we prove part (b). It is obvious that fX∗(t) =
I(x > t)

P (X > t)
f(x) and so E[X∗] = µ(t) + t and

σ∗2 = V ar[X|X > t] = V ar[X − t|X > t]. Again by using (1.5), we have∫ x

t

(µ(t) + t− y)
f(t)

F (t)
dy =

µ(t) + t

F (t)

{
F (x) − F (t)

}
− 1

F (t)

{
F (t)(µ(t) + t) − F (x)(µ(x) + x)

}
=
F (x)

F (t)
{µ(x) − µ(t) + (x− t), }

and since F is IMRL, then ∫ x

t

(µ(t) + t− y)
f(t)

F (t)
dy ≥ F (x)

F (t)
(x− t)
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and therefore

V ar[g(X∗)] ≥ 1

σ∗2

(∫ ∞
t

F (x)

F (t)
(x− t)g

′
(x)dx

)2
=

1

σ∗2

{
E
[X − t

r(X)
g

′
(X)|X > t

]}2

.
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Usual Stochastic Order Between Largest Claim Amounts and
its Applications in Insurance
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Department of Mathematical Sciences, Shahid Beheshti University,

Abstract: Suppose Xλ1 , · · · , Xλn is a set of non-negative random variables with Xλi having the

distribution function G(λi t), λi > 0 for i = 1, · · · , n, and Ip1 , · · · , Ipn are independent Bernoulli

random variables, independent of the Xλi ’s, with E(Ipi) = pi, i = 1, · · · , n. Let Yi = IpiXλi , for

i = 1, · · · , n. It is of interest to note that in actuarial science, it corresponds to the claim amount

in a portfolio of risks. In this paper, we discuss the usual stochastic order between the largest claim

amounts,Yn:n, when the matrix of parameters (h(p),λ) changes to another matrix in a mathematical

sense. We then apply the results for a special case of the scale model, namely, generalized gamma

distribution with possibly different scale parameters to iullstrate the established results.

Keywords: Usual Stochastic Order, Largest Claim Amount, Multivariate Chain Majorization, Scale

Model, Generalized Gamma Distribution.

Mathematics Subject Classification (2010): 62N05.

1 Introduction

Largest claim amount is one of the main quantities in insurance camponies. These largest claim

amounts can change position and stability of them. In this regard, the largest claim amounts can have

an important role in insurance analysis since they provide useful information for determining annual

premium.

It is important for an actuary to be able to express preferences between random future gains or

losses. For this purpose, stochastic orders have been used in various areas including management

1Abedin Haidari: abedinhaidari@yahoo.com



Usual Stochastic Order Between Largest Claim Amounts 190

science, financial economics, insurance, actuarial science, operations research, reliability theory, queu-

ing theory and survival analysis. For example, in the decision theory of financial economics, we can

assist an individual in making suitable decisions by comparing the risks leading to different uncer-

tain payments. Interested readers may refer to Shaked and Shanthikumar (2007) for comprehensive

discussions on univariate and multivariate stochastic orders.

The scale model is a flexible family of distributions that have been used extensively in statistics.

Suppose G is an absolutely continuous distribution function with corresponding density function g.

Then, independent random variables Xλ1 , · · · , Xλn are said to belong to the scale model if Xλi ∼

G(λit), where λi > 0 for i = 1, · · · , n. In this case, G and g are said to be the baseline distribution and

density functions, respectively, and the parameters λ1, · · · , λn are referred to as the scale parameters.

Assume that the baseline density function in the scale model has the form

g(t) =
β

Γ(α)
tαβ−1 e−t

β

, t > 0,

where α > 0 and β > 0, and Γ(α) represents the complete gamma function. One may refer to Stacy

(1962), Johnson et. al (1994) and Balakrishnan and Peng (2006) for some further details on this

model.

The problem of comparison of number of claims and aggregate claim amounts with respect to some

well-known stochastic orders is from interest on both theoretical and practical viewpoints. Several

authors have worked on this problem; see, for example, Karlin and Novikoff (1963), Ma (2008),

Frostig (2001), Hu and Ruan (2004), Denuit and Frostig (2006), Khaledi and Ahmadi (2008).

Recently, Barmalzan et al. (2015) presented a complete version of the results of Khaledi and Ahmadi

(2008) which have subsequently been extended to a more general case.

In this paper, we discuss the usual stochastic order between the largest claim amounts,Yn:n, when

the matrix of parameters (h(p),λ) changes to another matrix in a mathematical sense. We then apply

the results for a special case of the scale model, namely, generalized gamma distribution

The rest of this paper is organized as follows. In Section 2, we introduce some definitions and

notations pertinent to stochastic orders, multivariate majorization and vector majorization. Section

3 discuss stochastic comparisons of largest claim amounts with independent heterogeneous in scale

models and then present some applications of these results.
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2 Preliminaries

Definition 2.1. Suppose X and Y are two non-negative continuous random variables with distribution

functions F (t) = P (X ≤ t) and G(t) = P (Y ≤ t), and survival functions F̄ (t) = 1 − F (t) and

Ḡ(t) = 1 −G(t), respectively. X is said to be larger than Y in the usual stochastic order (denoted by

X ≥st Y ) if F̄ (x) ≥ Ḡ(x) for all x ∈ R+.

Interested readers may refer to Shaked and Shanthikumar (2007) for comprehensive discussions

on univariate and multivariate stochastic orders.

Definition 2.2. For two vectors a = (a1, · · · , an) and b = (b1, · · · , bn), let {a(1), · · · , a(n)} and

{b(1), · · · , b(n)} denote the increasing arrangements of their components, respectively. Then, the vector

a is said to majorize the vector b (denoted by a
m
≽ b) if

∑i
j=1 a(j) ≤

∑i
j=1 b(j) for i = 1, · · · , n − 1,

and
∑n
j=1 a(j) =

∑n
j=1 b(j).

Definition 2.3. A real-valued function ϕ, defined on a set A ⊆ Rn, is said to be Schur-convex (Schur-

concave) on A if a
m
≽ b implies ϕ(a) ≥ (≤)ϕ(b) for any a,b ∈ A.

A square matrix Πn, of order n, is said to be a permutation matrix if each row and column has

a single entry as 1, and all other entries as zero. Such matrices are obtained by interchanging rows

(or columns) of the identity matrix In. The T-transform matrix has the form T = wIn + (1 − w)Πn,

where 0 ≤ w ≤ 1, and Πn is a permutation matrix that just interchanges two coordinates. It should be

mentioned here that permutation matrices used in the T-transform matrices are the identity matrix In

with its two columns interchanged. We say that two T -transform matrices T1 = w1In+(1−w1)Π1 and

T2 = w2In+(1−w2)Π2 have the same structure if Π1 = Π2. It is well-known that the finite product of

T -transform matrices with the same structures is also a T -transform matrix, while this product may

not be a T -transform matrix if its elements do not have the same structure; see Balakrishnan et al.

(2015) for more details.

The following definition presents two generalizations of the vector majorization.

Definition 2.4. Consider the m × n matrices U = {uij} and V = {vij} with rows u1, . . . ,um and

v1, . . . ,vm, respectively. Then:
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(i) If ui
m
≽ vi for i = 1, . . . ,m, then we say that the matrix U is larger than the matrix V in row

majorization, denoted by U >row V ;

(ii) If there exists a finite set of n× n T -transform matrices T1, · · · , Tk such that V = UT1T2 . . . Tk,

then we say that the matrix U is larger than matrix V in the chain majorization, denoted by

U ≫ V.

It is well-known that chain majorization implies row majorization. Interested readers may refer to

Marshall et al. (2011) for an elaborate discussion on the theory of vector and matrix majorizations

and their applications.

Lemma 2.5. (Balakrishnan et al. (2015)) Consider the differentiable function ϕ : R+4 −→ R+.

Then,

ϕ(U) ≥ (≤)ϕ(V ) for all U, V such that U ∈ S2, and U ≫ V (2.1)

if and only if

(i) ϕ(U) = ϕ(UΠ) for all permutation matrices Π, and for all U ∈ U2;

(ii)
∑2
i=1 (uik − uij)[ϕik(U) − ϕij(U)] ≥ (≤)0 for all j, k = 1, 2, and for all U ∈ U2, where ϕij(U) =

∂ϕ(U)/∂uij.

Lemma 2.6. (Balakrishnan et al. (2015)) Consider the differentiable function φ : R+2 → R+, and

let the function ϕn : R+2n → R+ be defined as ϕn(U) =
∏n
i=1 φ(u1i, u2i). If ϕ2 satisfies (2.1), then

ϕn(U) ≥ ϕn(V ), where U ∈ Un and V = UT.

3 Results for largest claim amounts

Note that the random variables Yi = IpiXλi , i = 1, · · · , n. are discrete-continuous type, which admit

zero with probability 1− pi, and Xλi with probability pi, i = 1, · · · , n. Then, the distribution function

of Yn:n, the largest claim amount, is given by

FYn:n(t) =
n∏
i=1

(
1 − piḠ(λit)

)
, t ≥ 0. (3.1)
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Hereafter, we assume that Y ∗n:n denotes similarly the largest claim amount arising from Y ∗i = Ip⋆i Xλ∗
i
,

i = 1, · · · , n, where Xλ∗
1
, · · · , Xλ∗

n
are independent non-negative random variables with Xλ∗

i
∼ G(λ∗i t),

i = 1, · · · , n, and Ip∗1 , · · · , Ip∗n is a set of independent random variables, independent of the Xλ∗
i
’s, with

E(Ip∗i ) = p∗i , i = 1, · · · , n. So, the survival function of Y ∗n:n can be obtained readily from (3.1) upon

replacing pi by p∗i and λi by λ∗i , i = 1, · · · , n.

3.1 Ordering results

Let us set

Sn =

(a, b) =

 a1, . . . , an

b1, . . . , bn

 : ai, bj > 0 and (ai − aj)(bi − bj) ≥ 0, i, j = 1, · · · , n

 .

Theorem 3.1. Suppose Xλ1 , Xλ2 are independent non-negative random variables with Xλi ∼ G(λit),

i = 1, · · · , n, where G is an absolutely continuous distribution function with corresponding density

function g. Further, suppose Ip1 , Ip2 is a set of independent Bernoulli random variables, independent

of the Xλi ’s, with E(Ipi) = pi, i = 1, 2. Assume that the following conditions hold:

(i) g(t) is decreasing in t;

(ii) h : [0, 1] → (0,∞) is differentiable and a strictly decreasing convex function.

Then, for (h(p),λ) ∈ S2, we have h(p1) h(p2)

λ1 λ2

≫

 h(p∗1) h(p∗2)

λ∗1 λ∗2

 =⇒ Y2:2 ≥st Y ∗2:2.

Proof. According to (??), the distribution function of Y2:2 can be expressed as

FY2:2(t) =
2∏
i=1

(
1 − h−1(ui)Ḡ(λit)

)
, t ≥ 0,

where h−1 denotes the inverse of h, and u = (u1, u2) with ui = h(pi), i = 1, 2. To establish the desired

result, we have to check Conditions (i) and (ii) of Lemma 2.5. Clearly, FY2:2(t) is permutation invariant
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on S2, for fixed t ≥ 0, which confirms Condition (i) of Lemma 2.5. On the other hand, for fixed t ≥ 0

and i ̸= j, consider the function φ as

φ(u,λ) = (u1 − u2)

(
∂FY2:2(t)

∂u1
− ∂FY2:2(t)

∂u2

)

+(λ1 − λ2)

(
∂FY2:2

(t)

∂λ1
− ∂FY2:2

(t)

∂λ2

)
. (3.2)

The partial derivative of FY2:2(t) with respect to λi and ui are

∂FY2:2(t)

∂ui
= −FY2:2(t)

Ḡ(λit)

(
∂h−1(ui)

∂ui

)
1 − h−1(ui)Ḡ(λit)

and
∂FY2:2(t)

∂λi
= t FY2:2(t)

h−1(ui) g(λit)

1 − h−1(ui)Ḡ(λit)
,

respectively. Now, upon substituting these derivatives in (3.2), we obtain

φ(u,λ)
sgn
= (u1 − u2)

 Ḡ(λ2t)

(
∂h−1(u2)

∂u2

)
1 − h−1(u2)Ḡ(λ2t)

−
Ḡ(λ1t)

(
∂h−1(u1)

∂u1

)
1 − h−1(u1)Ḡ(λ1t)


+t(λ1 − λ2)

(
h−1(u1) g(λ1t)

1 − h−1(u1)Ḡ(λ1t)
− h−1(u2) g(λ2t)

1 − h−1(u2)Ḡ(λ2t)

)
, (3.3)

where a
sgn
= b means that a and b have the same sign. The assumption that (u,λ) ∈ S2 implies that

(u1 − u2)(λ1 − λ2) ≥ 0, which means that u1 ≥ u2 and λ1 ≥ λ2, or u2 ≥ u1 and λ2 ≥ λ1. We present

the proof only for the case when u1 ≥ u2 and λ1 ≥ λ2, since the proof for the other case is quite

similar. Note that, since h is strictly decreasing and convex, h−1 is also strictly decreasing and convex.

We then have

Ḡ(λ2t)

(
∂h−1(u2)

∂u2

)
≤ Ḡ(λ1t)

(
∂h−1(u2)

∂u2

)
≤ Ḡ(λ1t)

(
∂h−1(u1)

∂u1

)
< 0, (3.4)

where the first inequality follows from the facts that both functions Ḡ and h−1 are decreasing, while

the second inequality follows from the convexity of h−1. Furthermore, from the decreasing property of

both functions Ḡ and h−1 once again, it can be easily concluded that

0 ≤ h−1(u1)Ḡ(λ1t) ≤ h−1(u2)Ḡ(λ2t) ≤ 1. (3.5)
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Now, from (3.4) and (3.5), we readily observe that the first term on the right hand side of (3.3) is

non-positive. Now, from assumption (i) and the facts that u1 ≥ u2 and λ1 ≥ λ2, it follows that

h−1(u1)g(λ1t) ≤ h−1(u2)g(λ2t),

which together with (3.5) imply that the second term on the right hand side of (3.3) is also non-

positive. Upon combining the obtained results, we have φ(u,λ) ≤ 0, and so Condition (ii) of Lemma

2.5 is satisfied. This completes the proof of the theorem. �
Some generalizations of the result in Theorem 3.1 to the case when the number of underlying

random variables is arbitrary are presented bellow.

Theorem 3.2. Suppose Xλ1 , · · · , Xλn are independent non-negative random variables with Xλi ∼

G(λit), i = 1, · · · , n, where G is an absolutely continuous distribution function with corresponding

density function g. Further, suppose Ip1 , · · · , Ipn is a set of independent Bernoulli random variables,

independent of the Xλi ’s, with E(Ipi) = pi, i = 1, · · · , n. Assume that the following conditions hold:

(i) g(t) is decreasing in t;

(ii) h : [0, 1] → (0,∞) is differentiable and a strictly decreasing convex function.

Then, for (h(p),λ) ∈ Sn, we have h(p∗1) · · · h(p∗n)

λ∗1 · · · λ∗n

 =

 h(p1) · · · h(pn)

λ1 · · · λn

T =⇒ Yn:n ≥st Y ∗n:n.

Proof. Setting ϕn(p,λ) = FYn:n(t) and φ(p, λ) = 1 − p Ḡ(λt), for fixed t ≥ 0, we then have

ϕn(p,λ) =
∏n
i=1 φ(pi, λi). According to Theorem 3.1, ϕ2 is satisfied in (2.1). Now, the required result

follows immediately from Lemma 2.6. �

Theorem 3.3. Under the assumptions of Theorem 3.2, if the T -transform matrices T1, · · · , Tk have

the same structure, then for (h(p),λ) ∈ Sn, then we have h(p∗1) · · · h(p∗n)

λ∗1 · · · λ∗n

 =

 h(p1) · · · h(pn)

λ1 · · · λn

T1 · · ·Tk =⇒ Yn:n ≥st Y ∗n:n.
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Proof. The desired result is immediately obtained from Theorem 3.2 and the fact that the finite

product of T -transform matrices with the same structure is also a T -transform matrix. �
It will be of interest to know whether the results of Theorem 3.3 will still hold if the matrices Ti ,

i = 1, · · · , k, do not have the same structure. The following theorem gives an answer to this question.

Theorem 3.4. Under the assumptions of Theorem 3.2, if (h(p),λ) ∈ Sn and (h(p),λ)T1 · · ·Ti ∈ Sn
for i = 1, · · · , k − 1, where k ≥ 2, then we then have h(p∗1) · · · h(p∗n)

λ∗1 · · · λ∗n

 =

 h(p1) · · · h(pn)

λ1 · · · λn

T1 · · ·Tk =⇒ Yn:n ≥st Y ∗n:n.

Proof. The required result can be easily obtained by repeating the result of Theorem 3.2 for the

matrices (h(p),λ)T1 · · ·Ti, i = 1, · · · , k − 1. �

3.2 Some Applications

Lemma 3.5. Let X ∼ GG(α, β, 1) with density function g. Then, for αβ ≤ 1, g(t) is decreasing in

t ∈ (0,∞).

Proof. Taking derivative of g(t) with respect to t, it readily follows that

g′(t)
sgn
= αβ − 1 − β tβ = ϕ(t), say.

Clearly, ϕ(t) is decreasing in t ∈ (0,∞) which results in ϕ(t) ≤ ϕ(0) = αβ − 1 for all t > 0. Now, from

the assumption αβ ≤ 1, the desired result follows. �
The following corollary, which is a direct consequence of Theorem 3.3 and Lemma 3.5, enables us

to compare the largest claim amounts in the sense of the usual stochastic order.

Corollary 3.6. Assume that Xλi ∼ GG(α, β, λi), i = 1, · · · , n. Under the assumption of Theorem

3.3, if the T -transform matrices T1, · · · , Tk have the same structure, then for (h(p),λ) ∈ Sn, then for

αβ ≤ 1 we have h(p∗1) · · · h(p∗n)

λ∗1 · · · λ∗n

 =

 h(p1) · · · h(pn)

λ1 · · · λn

T1 · · ·Tk =⇒ Yn:n ≥st Y ∗n:n.
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The following corollary is immediately obtained from Theorem 3.4 and Lemma 3.5.

Corollary 3.7. Under the assumption of Corollary 3.6, assume that (h(p),λ) ∈ Sn and (h(p),λ)T1

· · ·Ti ∈ Sn for i = 1, · · · , k − 1, where k ≥ 2. If αβ ≤ 1 and h : [0, 1] → (0,∞) is decreasing and

convex, then for (h(p),λ) ∈ Sn, we have h(p∗1) · · · h(p∗n)

λ∗1 · · · λ∗n

 =

 h(p1) · · · h(pn)

λ1 · · · λn

T1 · · ·Tk =⇒ Yn:n ≥st Y ∗n:n.
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1 Introduction

Spatial time series is addressed to the data that depend on time and spatial location. It deals with

usually single variable observed over time at a number of different locations. Such kinds of data are

also recognized as space-time data.

The Space-Time Autoregressive Moving-Average (STARMA) model class developed by Pfeifer and

Deutsch (1980a, 1980b, 1981a, 1981b, 1981c). Processes that can be modelled by the STARMA models

are characterized by a single random variable observed at N fixed sites in space. The dependencies

between the N time seriesis incorporated in the model through hierarchial N ×N weighting matrices,

specified by the model builder prior to analyzing the data. These weighting matrices should incor-

porate the relevant physical characteristics of the system into the model. Each of the N time series

is simultaneously modelled as a linear combination of past observations and disturbances as well as

4M. Hashemi : maryam3752@yahoo.com
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weighted past observations and disturbances at neighboring sites.

A STARMA(pλ, qm) model is specified as

yt =

p∑
k=1

λk∑
l=0

ϕkl Wl yt−k −
q∑

k=1

mk∑
l=0

θkl Wl ϵt−k + ϵt

where the p,q are the temporal AR and MA lags, while λ, m are the spacial lags, Wl is the N × N

matrix of weights for spatial order l. ϵt is the random normally distributed disturbance at time t.

This model has been applied to numerous applications ranging from environmental (Pfeifer and Deutsch

1981a, Stofer 1986) to epidemiological ( Pfeifer and Deutsch 1980a) and economic (Pfeifer and Bodily

1990).

Now a day, in many areas it is common to work with large databases, which often increase these obser-

vations of a random variable taken over a continuous interval (or in increasingly larger discretizations

of a continuous interval). Functional data analysis has emerged as a significant tool for modeling large

dimension data in the last decade. From the practical standpoint it started as a method of utilizing

large data sets that have become available characterized by a large record frequency and a limited

number of periods when the data has been obtained.

The Hilbertian autoregressive model of order 1 (ARH(1)) generalizes the classical AR(1) model

to random elements with values in Hilbert spaces. This model was introduced by Bosq (2000), then

studied by several authors, as Mourid (1993), Besse and Cardot (1996), Pumo (1999), Mas (2002,

2007), Horvath et al. (2010). Bosq in his fundamental work (2000) provides basic results on Hilbertian

strongly second order autoregressive and moving average processes. The existence, covariance struc-

ture, parameter estimation, strong law of large numbers and central limit theorem, are the topics that

are covered by Bosq (2000).

High dimensional statistics has been developed in context of spatial statistics too (Bosq,2000; Ruiz-

Medina and Salmeron 2010) .

In the spatial functional time series context, Ruiz-Medina (2012) introduced and studied the structural

properties of a class of spatial autoregressive Hilbertian processes, that called SARH(1) processes. The

spatial moving average Hilbertian representation is also studied. The formulation of a SARH(1) plugin
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extrapolator is achieved in Ruiz-Medina (2012) from the method of moments.

The periodically correlated autoregressive Hilbertian process of order one (PCARH(1)) was introduced

by Hashemi and Soltani (2011). They first furnished the structure and existence: imbedding every peri-

odically correlated autoregressive Hilbertian process in the class of autoregressive Hilbertian processes

of higher dimensions, providing necessary and sufficient conditions for the existence of these processes.

The topics that they presented for periodically correlated autoregressive Hilbertian processes of order

one include: law of large numbers; Central limit Theorem; The variance and covariance estimations;

based on given segments of these processes.

In this article we introduce periodically correlated space-time autoregressive Hilbertian processes

and provide their existence and strong law of large numbers. Our methodology is to imbed every

PCSTARH(1) of period T in H into a subclass of PCARH(1) processes then benefit from Hashemi and

Soltani (2011) derivations. This article is organized as follows. We introduce PCSTARH(1) processes

and provide their existence in section2. We give the strong large number in section3.

2 PCSTAH(1) Processes

For writing definition, example, lemma, theorem, proof, Throughout this paper, we consider H as a

real separable Hilbert space equipped with scalar product ⟨., .⟩, norm ∥ . ∥ and Borel σ-field B. The

H-valued random variables considered below are defined over the same probability space (Ω,F , P )

supposed to be rich enough and complete.

We first define periodically correlated Hilbertian white noise and a T-periodic bounded linear operator

sequence.

Definition 2.1. A periodically correlated H-valued process {ϵit, i = 1, · · · , k, t ∈ Z} is white noise if it

satisfies the following properties

i) Eϵit = 0, 0 < E ∥ ϵit ∥2= σ2
it <∞ for every i = 1, · · · , k, t ∈ Z

ii) Cϵit = Cϵi(t+T )
for every i = 1, · · · , k, t ∈ Z

iii) Cϵit, ϵjl = 0 for all t ̸= l or i ̸= j
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Definition 2.2. A sequence {ρt, t ∈ Z} in L(H) is called T-periodic if ρt = ρt+T .

Definition 2.3. A Hilbertian process {Xit, i = 1, · · · , k, t ∈ Z} is called periodically correlated space-

time autoregressive Hilbertian process of order one (PCSTARH(1,1)) with period T, if it is periodically

correlated and satisfies

Xit = ϕtXi(t−1) + ψt

k∑
j=1

wij Xj(t−1) + ϵit (2.1)

Where {ϕt, t ∈ Z},{ψt, t ∈ Z} are T-periodic sequences in L(H) and {wij , i = 1, · · · , k, j = 1, · · · , k}

are bounded linear operators in H and {ϵit, i = 1, · · · , k, t ∈ Z} is a PCHWN.

Note that we define Xt as a Hk-valued random variable such that Xt = (X1t, X2t, , Xkt)
′

and

W = (wij) is a k×k matrix in which each element is a bounded linear operator and ϵt = (ϵ1t, · · · , ϵkt)
′
.

Now we can rewrite our model as below

Xt = ϕtX(t−1) + ψtW X(t−1) + ϵt (2.2)

Suppose that I stands for the identity operator on Hk, Ix = x for each x in Hk. So we can rewrite

our model as below

Xt = (ϕtI + ψtW )X(t−1) + ϵt (2.3)

Corollary 2.4. The Hilbertian process Xt = (ϕtI + ψtW )X(t−1) + ϵt, is a PCARH(1) process where

{ϕt, t ∈ Z},{ψt, t ∈ Z} are T-periodic sequences in L(H) and W is a bounded linear operator in Hk.

Proof. We first show that ρt = ϕtI + ψtW is a T- periodic sequence in L(Hk). Since ϕt, ψt are T-

periodic bounded linear operators, we have

ρt+T = ϕt+T I + ψt+TW = ϕtI + ψtW

It is clear that ϵtis PCHWN, because

1) Eϵt = E(ϵ1t, ϵ2t, · · · , ϵkt)
′

= 0,

2) Cϵn+T (x) = E⟨ϵn+T , x⟩ϵn+T =

E(
∑k
i=1⟨ϵi(n+T ), xi⟩ϵ1(n+T ),

∑k
i=1⟨ϵi(n+T ), xi⟩ϵ2(n+T ), · · · ,

∑k
i=1⟨ϵi(n+T ), xi⟩ϵk(n+T ))

′
=

E(
∑k
i=1⟨ϵin, xi⟩ϵ1n,

∑k
i=1⟨ϵin, xi⟩ϵ2n, · · · ,

∑k
i=1⟨ϵin, xi⟩ϵkn)

′
= Cϵn(x)
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3) Cϵn,ϵm = 0 for each n ̸= m.

The proof is complete.

Assumption A1: There are integers k0, k1, , kT−1 ∈ [1,∞) such that
∑T−1
i=0 ∥ ρi ∥ki< 1, where

ρi = ϕiI + ψiW.

Corollary 2.5. If
∑T−1
i=0 2ki(∥ ρi ∥ki + ∥ ψi ∥ki∥W ∥ki) < 1, then assumption A1holds.

Proof. It is enough that we use the known result

(x+ y)p ≤ 2p(xp + yp)

Where x, y and p are positive.

We may now give a statement concerning existence and uniqueness of X.

Theorem 2.6. Under the assumption A1, the equation Xt = (ϕtI + ψtW )Xt−1 + ϵt has a unique

solution given by

XnT+i =
∞∑
j=0

Aj,nT+iϵnT+i−j =
∞∑
k=0

T−1∑
l=0

[AT,nT+i]
kAl,nT+iϵ(n−k)T+i−l, (2.4)

Where A0,i = I, A1,i = ρi, A2,i = ρiρi−1, · · · , Ak,i = ρiρi−1 · · · ρi−k+1 and ρi = ϕiI + ψiW.

Proof. Based on Corollary 2.1, Xt is a PCARH(1) process, by using Theorem 2.1 of Soltani and

Hashemi (2011), consider ρt = ϕtI + ψtW so we have Xt = ρtXt−1 + ϵt. Under the assumption A1 a

PCARH(1) processes have a unique solution as equation 4 and the proof is complete.

3 Strong law of large number

In this section, we prove strong law large number for PCARH(1) processes.

Definition 3.1. A PCSTARH(1,1), {Xit, i = 1, · · · , k, t ∈ Z}, is said to be standard if assumption

A1 holds.
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Theorem 3.2. Let {Xit, i = 1, · · · , k, t ∈ Z} be a standard PCSTARH(1,1) and Xi,0, Xi,1, · · · , Xi,NT−1

be a finite segment of this model. Then as N → ∞,

n
1
4

(log n)β
Si,n(X)

n

a.s−→ 0, β >
1

2

Where Si,n(X) =
∑n−1
t=0 Xit and n = NT .

Proof. By defining Xt = (X1t, X2t, · · · , Xkt)
′
, Xt ia a PCARH(1) process and by using Theorem (3.1)

of Soltani and Hashemi (2011), we have

n
1
4

(log n)β
Sn(X)

n

a.s−→ 0, β >
1

2
.

and the proof is complete.
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The inactivity time of the (n− k + 1)-out-of-n system with
exchangeable components under stress-strength models
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Abstract: In this paper, we consider a (n−k+ 1)-out-of-n system consisting of exchangeable compo-

nents under stress-strength models. In following, the survival function of inactivity time of strengths

of such systems is obtained. Finally, we present several properties of the mean inactivity time of a

(n− k + 1)-out-of-n system.

Keywords Stress-strength, Stochastic order, Mean inactivity time, Reliability.

Mathematics Subject Classification (2010): 62N05 60E15.

1 Introduction

A study of reliability of coherent system is one of the important subject that be investigated from

various aspect. (n− k + 1)-out-of-n systems are significant subclass of coherent systems that include

series and parallel systems with k = 1 and k = n, respectively. In past years researchers have considered

properties of mean inactivity time of coherent systems special (n− k+ 1)-out-of-n systems. The most

important of that can be refer to Asadi (2006), Khaledi and Shaked (2007), Navarro et al. (2007), Li

and Zhang (2008), Li and Zhao (2008), Sadegh (2008), Tavangar and Asadi (2010), Goliforushani

and Asadi (2011), Salehi and Asadi (2012) and Gupta (2013). In the most studies researchers

consider under the assumption that components of system are independent. However, in many practical

situations, the components in a system are dependent because they share the same environment. In

some situations, we encounter systems which have dependent exchangeable components. Recently,

2Speaker’s Name: sh.hashemi1986@hotmail.com
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many researchers have studied properties of mean inactivity time (MIT) function of system including

dependent components. Among others, we refer to Zhang (2010), Navarro and Rubio (2011), Sadegh

(2011), Navarro and Rubio (2012), Rezapour et al. (2013), Tavangar and Asadi (2014), Salehi and

Hashemi (2014) and Gupta et al. (2015).

The stress-strength models that are very interested and important in the reliability theory, have

been widely studied by several authors in the literatures. In these models, an unit is subjected to a

random environmental stress over time. Let T and Y represent the random strength of the unit and the

random stress placed on the unit, respectively. The reliability of unit is defined as the probability that

the strength is larger than the stress. Thus the reliability of a unit is given by R = P (T > Y ). There

have been numerators papers on inference about R under various assumptions. For a review of the topic

we refer to Kotz et al. (2003), that is comprehensive reference on this area. Stress-strength models

have also been discussed for a system consisting of several components. Bhattacharyya and Johnson

(1974) paid their attention to apply stress-strength models for (n− k + 1)-out-of-n system consisting

of n components when the components placed under a common random stress Y and they could be

obtained the reliability of the system under this setup as P (Tk:n > Y ), where Ti’s i = 1, 2, . . . , n are the

strengths of the components. Hanagal (2003) and Eryilmaz (2010) applied these models for the series

and consecutive k-out-of-n : G systems, respectively, and obtained some results. For more studies on

this setup, we can refer to Dewanji and Rao (2001), Eryilmaz (2010), Eryilmaz and Iscioglu (2011)

and Bairamov et al. (2015).

In the paper, we study the MIT function of components of a (n − k + 1)-out-of-n system in the

stress-strength setup when the lifetimes of components are exchangeable. We assume that the random

stress and strengths are independent random variables and the random stress is common to all the

components in the system level. We provide some results (n− k+ 1)-out-of-n under this setup, where

T1, T2, . . . , Tn are the strengths of the components designed under the common stress. This paper

is organized as follows. Some required concepts and preliminaries for presenting main results are

presented in Section 2. In Section 3, we obtain the survival function of inactivity time of components

of the (n−k+ 1)-out-of-n system consisting of exchangeable components under stress-strength model,

and we give some stochastic ordering properties for this conditional variable.
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2 Preliminaries

In this section we introduce some concepts and tools to deduce the main results in the next section.

Let T and Y be two independent random variable with distribution function F and G, respectively.

Assume that we have a component with lifetime T that has failed at or some time before t, t > 0

under the applied stress Y . Consider the conditional random variable {t + Y − T |T ≤ t + Y } that is

called inactivity time of component under stress Y . The MIT of the component under stress-strength

models, can be defined as, for all t such that F (t+ y) > 0,

ΨY (t) = E(t+ Y − T |T ≤ t+ Y )

=
1∫∞

0
F (t+ y)dGY (y)

∫ ∞
0

∫ ∞
0

F (t+ y − x)dGY (y)dx.

Here, we give the concept of usual stochastic order, and for more details we refer the reader to

Shaked and Shanthikumar (2007).

Definition 2.1. Let T and Z be two nonnegative random variables with survival functions F̄ and Ḡ,

respectively. T is said to be smaller than Z in the usual stochastic order, denoted by T ≤st Z, if for

all t, F̄ (t) ≤ Ḡ(t).

In the following, we present the reliability function of the inactivity time of components of (n−k+1)-

out-of-n systems, that is obtained by Tavangar and Asadi (2014).

Lemma 2.2. Let T1, T2, . . . , Tn be the exchangeable lifetimes of components. The reliability function

of {t− Tr:n|Tk:n ≤ t}, denoted by ψkr:n(x|t), is equal to for 1 ≤ r < k ≤ n and x, t > 0,

ψkr:n(x|t) =

∑n
i=k

(
n
i

)∑i
j=r

(
i
j

)
pi,j,n(t, x)∑n

i=k

(
n
i

)
pi,n(t)

,

where

pi,j,n(x, t) =

j∑
l=0

i−j∑
v=0

(
j

l

)(
i− j

v

)
(−1)l+vF̄ (t− x, . . . , t− x︸ ︷︷ ︸

i−j+l−v

, t, . . . , t︸ ︷︷ ︸
n−i+v

, 0, . . . , 0︸ ︷︷ ︸
j−l

), (2.1)

and

pi,n(t) =
i∑

j=0

(
i

j

)
(−1)jF̄ (t, . . . , t︸ ︷︷ ︸

n−i+j

, 0, . . . , 0︸ ︷︷ ︸
i−j

). (2.2)
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3 Main results

Let T1, T2, . . . , Tn be the exchangeable strengths of the components of the (n− k+ 1)-out-of-n system,

and let the the random variable Y be the common stress which is independent of T1, T2, . . . , Tn. Under

condition that the kth strongest strength component fails at the strength level t, the inactivity strength

of rth strongest components as defines as

T r,Yk,n (t) = {t+ Y − Tr:n|Tk:n ≤ t+ Y }.

The mean inactivity time (MIT) of the failed components under the stress-strength model, denoted

by Ψk,Y
r:n (t), can be defined as

Ψr,Y
k:n (t) = E(t+ Y − Tr:n|Tk:n ≤ t+ Y ), for all t > 0. (3.1)

Now, we have the following theorem.

Theorem 3.1. Let T1, T2, . . . , Tn be the exchangeable strengths of components. The reliability function

of the inactivity time of components for the (n − k + 1)-out-of-n system under the stress Y , denoted

by ψr,Yk:n (x|t), is equal to for 1 ≤ r < k ≤ n and x, t > 0,

ψr,Yk:n (x|t) =

∫∞
0

∑n
i=k

(
n
i

)∑i
j=r

(
i
j

)
pi,j,n(x, t+ y)dGY (y)∫∞

0

∑n
i=k

(
n
i

)
pi,n(t+ y)dGY (y)

, (3.2)

where pi,j(x, t+ y) and pi,n(t+ y) is defined as (2.1) and (2.2), respectively.

Proof. The proof follows from Lemma 2.2.

If the MIT function of components of the (n− k + 1)-out-of-n system under the stress Y , denoted

by Ψr,Y
k:n (t), is equal to

Ψr,Y
k:n (t) =

∫ ∞
0

ψr,Yk:n (x|t)dx.

Corollary 3.2. Let T1, T2, . . . , Tn be exchangeable random variables under stress Y . For all x, t > 0,

we have

P (t+ Y − T1|Tn:n ≤ Y + t) =
1

n

n∑
r=1

∫ ∞
0

P (t+ Y − Tr:n|Tn:n ≤ Y + t)dGY (y).
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Proof. By using the corresponding properties for order statistics the proof is immediate.

The next proposition shows that under the stress-strength model for any fixed k, n and t, the

inactivity time of components of the (n− k + 1)-out-of-n system is stochastically decreasing in r.

Proposition 3.3. Let T1, T2, . . . , Tn be exchangeable strengths and Y be a random stress. For t > 0,

and 1 ≤ r < k < n, we have

T r+1,Y
k,n (t) ≤st T r,Yk,n (t).

Proof. By using (3.2) in Theorem 3.1, the proof can be obtained easily.

Theorem 3.4. Let T = (T1, T2, . . . , Tn) be exchangeable strengths and Y is a random stress. Then

for t > 0, and 1 ≤ l ≤ r ≤ k ≤ n− 1, we have

Ψl,Y
k:n−1(t) ≥ n− k

n
Ψr,Y
k:n(t).

Proof. From Eq. (3.4.5) in David and Nagaraja (2003) (2003, p. 48), i.e

nP (Tr:n−1 ≤ Y + t− x, Tk:n−1 ≤ t+ Y ) = rP (Tr+1:n ≤ Y + t− x, Tk+1:n ≤ Y + t)

+(k − r)P (Tr:n ≤ Y + t− x, Tk+1:n ≤ Y + t) + (n− k)P (Tr:n ≤ Y + t− x, Tk:n ≤ Y + t),

and from Fk:n(y + t) ≥ Fk:n−1(y + t) for t > 0, it is easy to show that for x, t > 0,

P (t+ Y − Tr:n−1 > x|Tk:n−1 ≤ Y + t) ≥ n− k

n
P (t+ Y − Tr:n > x|Tk:n ≤ Y + t).

Also, from Propositions 3.3, we can write for x, t > 0 and 1 ≤ l ≤ r ≤ k < n,

P (t+ Y − Tl:n−1 > x|Tk:n−1 ≤ Y + t) ≥ n− k

n
P (t+ Y − Tr:n > x|Tk:n ≤ Y + t).

Finally, twice integrating the previous expression from 0 to ∞ respect to x and then y, the result

holds.

Example 3.5. Let the exchangeable lifetimes of components T= (T1, T2, . . . , Tn) have a FGM multi-

variate exponential distribution with parameter λ1 under the exponential stress Y with parameter λ2.
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Also assume that Y is independent of T. In special case, let θ12 = θ13 = . . . = θ12...n = θ. In this case

for n = 3, θ ∈ [−1/3, 1/2], and then using (3.2) in Theorem 3.1, we have

ψ1,Y
2:2 (x|t) =

∫∞
0

(
2F (t+ y − x, t+ y) − F (t+ y − x, t+ y − x)

)
dGY (y)∫∞

0
F (t+ y, t+ y)dGY (y)

ψ2,Y
2:3 (x|t) =

∫∞
0

(
3F (t+ y − x, t+ y − x) − 2F (t+ y − x, t+ y − x, t+ y − x)

)
dGY (y)∫∞

0

(
3F (t+ y, t+ y) − 2F (t+ y, t+ y, t+ y)

)
dGY (y)

.

Hence, from Theorem 3.4, it can be shown that Ψ1,Y
2:2 (t) ≥ 1

3Ψ2,Y
2:3 (t). The graphs of Ψ1,Y

2:2 (t) and

1
3Ψ2,Y

2:3 (t), for θ = 0.5, λ1 = 0.5 and λ2 = 0.75, are plotted in Figure 3.

Proposition 3.6. Let (T1, T2, . . . , Tn) are exchangeable strengths and Y is a random stress and Tn+1

is independent of the (T1, T2, . . . , Tn). Then for x, t > 0 we have

E(t+ Y − Tr:n > x|Tn+1:n+1 ≤ Y + t) ≥ 1

n+ 1
E(t+ Y − Tr:n+1|Tn:n+1 ≤ Y + t).

Proof. It can be easily shown that {t+ Y − Tr:n|Tn+1:n+1 ≤ t+ Y } =st {t+ Y − Tr:n|Tn:n ≤ Y + t},

and hence

E(t+ Y − Tr:n > x|Tn+1:n+1 ≤ Y + t) = E(t+ Y − Tr:n|Tn:n ≤ Y + t).

Hence, by replacing k = n in Theorem 3.4, the proof is complete.
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Abstract: In this paper, a competing risks model based on exponential distributions is considered

under the adaptive Type-II progressively censoring scheme, for life testing or reliability experiment.

Moreover, we assumed that some causes of failures are unknown. The maximum likelihood estima-

tors (MLEs) of unknown parameters are established. The asymptotic distributions of the obtained

estimators are derived to construct the confidence intervals as well as the two different bootstraps of

different unknown parameters. Under suitable priors on the unknown parameters, Bayes estimates

and the corresponding two sides of Bayesian probability intervals are obtained. Also, for the purpose

of evaluating the average bias and mean square error of the MLEs, and comparing the confidence

intervals based on all mentioned methods, a simulation study was carried out.

Keywords Competing risks; Hybrid censoring; Type-II progressive censoring.
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1 Introduction

Childs et al. (2008) considered the progressive Type-II hybrid censoring (PHC) scheme in which n units

are placed on a test with censoring scheme (R1, R2, · · · , Rm) and stopping time T ∗ = min{Xm:m:n, T},

where X1:m:n ≤ X2:m:n ≤ · · · ≤ Xm:m:n are the order observed failure times resulting from the

progressively censored experiment and T is fixed in advance. Although, in order to control the total

time on test, the experiment time is fixed by the experimenter, so less than m failures (or even equal to

1Fariba Hemmati : hemati@aut.ac.ir
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zero) may be observed which have an adverse effect on the efficiency of the inferential producer based

on the progressive Type-II hybrid censoring scheme. For the purpose of increasing the efficiency of

statistical analysis as well as saving the total test time, Ng et al. (2009) introduced an adjustment of

progressive Type-II hybrid censoring scheme, so called adaptive progressive Type-II censoring (APC)

scheme. Under this scheme, the number of observed failures m is fixed in advance but the experimental

time is allowed to run over the (pre-fixed) threshold time T > 0. If Xm:m:n < T , the experiment stops

at time Xm:m:n, and we will have a usual progressive Type-II censoring scheme with the pre-fixed

progressive censoring scheme (R1, R2, · · · , Rm). If XJ:m:n < T < XJ+1:m:n, where J + 1 < m,

we adapt the number of items progressively removed from the experiment upon failure by setting

RJ+1 = RJ+2 = · · · = Rm−1 = 0 and Rm = n−m−
∑J
i=1Ri. Thus, the effectively applied scheme is

(R1, · · · , RJ , 0, · · · , 0, n −m −
∑J
i=1Ri), where J = max{j : Xj:m:n < T}, that is, the first observed

failure time exceeding the ideal total time T . Put another way, as long as the failures occur before time

T , the initially planned progressive scheme is applied. After passing time T , we do not withdraw any

items at all except for the time of the m-th failure where all remaining surviving items are removed.

This determination results in terminating the experiment as soon as the (J + 1)-th failure time is

greater than T , and the total test time will not be too far away from time T . If T = 0, the scheme will

lead us to the case of the conventional Type-II censoring scheme, and if T → ∞, we will have a usual

progressive Type-II censoring scheme. This approach illustrates how an experimenter can control the

experiment. The experimenter can decide to change the value of T as a compromise between a shorter

experimental time and a higher chance to observe extreme failures (You can see Lin et al. (2009) and

Hemmati and Khorram (2013)). Furthermore, in reliability analysis, a failure is commonly associated

with one of several fatal risk factors to which the test unit is exposed. Since it is not usually possible

to study the test units with an isolated risk factor, it requires assessing each risk factor in the presence

of other risk factors. In order to analyze such a competing risks model, each failure observation needs

to be expressed by a bivariate form composed of a failure time and the cause of failure (See Kundu and

Joarder (2006b)). In certain situations, it is observed that the determination of the cause of failure

may be very expensive or difficult to obtain. In those conditions, one might observe the failure time,

but not the corresponding cause of failure. In this paper, we discuss the adaptive progressively Type-II
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censoring (APC) scheme when the life time of the different risk factors are independently exponentially

distributed and the number of failure causes is unknown.

2 Model description and Maximum Likelihood Estimators

Consider a lifetime experiment with n identical units where its lifetimes are described by identically

independent and distributed (i.i.d) random variablesX1, · · · , Xn. Without loss of generality, we assume

that there are only two causes of failure. We have Xi = min{X1i, X2i} for i = 1, · · · , n, where

Xhi, h = 1, 2, denotes the latent failure time of the ith unit under the hth cause of failure. Also,

stochastically independent for i = 1, · · · , n, the latent failure times Xhi, h = 1, 2, follow the exponential

distribution and the pairs (X1i, X2i), i = 1, · · · , n are i.i.d., such that the cumulative distribution

function of Xhi is: Fh(x) = 1 − e−λhx, x > 0. In the presence of competing risks, the data from an

adaptive Type-II progressively censoring scheme is as follows: (X1:m:n, δ1, R1), · · · , (XJ:m:n, δJ , RJ),

(XJ+1:m:n, δJ+1:m:n, 0), · · · , (Xm−1:m:n, δm−1:m:n, 0), (Xm:m:n, δm, Rm), where J = max{j : Xj:m:n <

T}, Rm = n−m−
∑m
i=1Ri and δi ∈ {1, 2, ∗}. Here, δi = h, h = 1, 2 means that unit i has failed at time

Xi:m:n due to cause h, while δi = ∗ indicates unidentifying the cause of unit i to fail. Let I(A) is the

indicator of the event A, then, the random variables m1 =
∑m
i=1 I(δi = 1) and m2 =

∑m
i=1 I(δi = 2)

describe the number of failures due to the first and second cause of failures, respectively. Also, m3 =∑m
i=1 I(δi = ∗) is the number of failures having failure times but corresponding causes of failure are

unknown. We denote m1 +m2 = m∗ and therefore, m∗ +m3 = m, in which m∗ is considered positive

and fixed. Using the independence of the latent failure times X1i and X2i, i = 1, · · · , n, we obtain

the probabilities πh = P (Xhi ≤ X(3−h)i) = λh
λh+λ3−h

, h = 1, 2, as the relative risk due to the hth

cause. Notice that both m1 and m2 follow binomial distributions with sample size m∗. Hence, mh ∼

bin(m∗, λh
λh+λ3−h

), h = 1, 2. Given censoring scheme R = (R1, R2, · · · , RJ , 0, · · · , 0, n−m−
∑J
i=1Ri),

where J = max{j : Xj:m:n < T}, the likelihood function of the observed data (x1, δ1),· · · ,(xm, δm) is

expressed by L(data;λ1, λ2|J = j) = c(R)
∏m
i=1

{[
f1(xi)F̄2(xi)

]I(δi=1)[
f2(xi)F̄1(xi)

]I(δi=2)

×
[
f1(xi)F̄2(xi) + f2(xi)F̄1(xi)

]I(δi=∗)}
×
∏j
i=1

{
[F̄1(xi)F̄2(xi)]

Ri
}
× [F̄1(xm)F̄2(xm)](n−m−

∑j
i=1 Ri),

where F̄h(.) = 1−Fh(.), h = 1, 2, and c(R) = n(n−1−R1)(n−2−R1−R2) · · · (n− j+ 1−R1−· · ·−
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Rj) × (n− j + 1 −R1 − · · · −Rj) · · · (n−m+ 1 −R1 − · · · −Rj), is the normalizing constant. We get

L(data;λ1, λ2|J = j) = c(R)λm1
1 λm2

2 (λ1 + λ2)(m−m
∗) exp

{
− (λ1 + λ2)

[∑m
i=1 xi +

∑j
i=1Rixi + (n −

m−
∑j
i=1Ri)xm

]}
.Taking the logarithm of L(data;λ1, λ2|J = j) and ignoring the additive constant,

we obtain L = m1 log λ1 +m2 log λ2 + (m−m∗) log(λ1 + λ2) − (λ1 + λ2)γ(x, j) where

γ(x, j) =
m∑
i=1

xi:m:n +

j∑
i=1

Rixi:m:n + (n−m−
j∑
i=1

Ri)xm:m:n. (2.1)

Equating the first derivations of L to zero, we get the MLEs as in the following form

λ̂h =
mmh

m∗γ(x, j)
, h = 1, 2. (2.2)

3 Bayesian estimation

In this section, we provide the Bayes estimators and the corresponding credible intervals of the unknown

parameters λ1 and λ2 under the square error loss function. To do that, the following additional

assumptions are required:

(i) The parameters λ1 and λ2 are considered as independent random variables.

(ii) The random variable λh, h = 1, 2, has gamma prior distribution with known shape and scale

parameters αh and βh in the following form πh(λh) =
β
αh
h

Γ(αh)
λαh−1h e−βhλh , λh > 0. Using binomial

expansion, the likelihood function can be written as

L(data;λ1, λ2|J = j) = c(R) exp
{
− (λ1 + λ2)γ(x, j)

}m−m∗∑
i=0

(
m−m∗

i

)
λm1+i
1 λm2+m−m∗−i

2 . (3.1)

Theorem 3.1. Under the assumptions (i) and (ii), the marginal posterior PDF’s of λ1 and λ2 are

given, respectively, by

π1(λ1|data, J = j) =
1

A
exp{−(β1 + γ(x, j))λ1} ×

m−m∗∑
i=0

(m−m∗

i

) Γ(α2 +m2 +m−m∗ − i)

(β2 + γ(x, j))α2+m2+m−m∗−i
λα1+m1+i−1
1 ,

and

π2(λ2|data, J = j) = exp{−(β2 + γ(x, j))λ2} ×
1

A

m−m∗∑
i=0

(m−m∗

i

) Γ(α1 +m1 + i)

(β1 + γ(x, j))α1+m1+i
λα2+m2+m−m∗−i
2 ,

where 0 < λ1, λ2 <∞, and A =
∑m−m∗

i=0

(
m−m∗

i

) Γ(α1+m1+i)Γ(α2+m2+m−m∗−i)
(β1+γ(x,j))α1+m1+i(β2+γ(x,j))α2+m2+m−m∗−i .
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Theorem 3.2. Under the assumptions (i) and (ii) the Bayes estimators for λ1 and λ2 are given,

respectively, by

λ̂1 =
1

A

m−m∗∑
i=0

(
m−m∗

i

)
Γ(α1 +m1 + i+ 1)Γ(α2 +m2 +m−m∗ − i)

(β1 + γ(x, j))α1+m1+i+1(β2 + γ(x, j))α2+m2+m−m∗−i , and (3.2)

λ̂2 =
1

A

m−m∗∑
i=0

(
m−m∗

i

)
Γ(α1 +m1 + i)Γ(α2 +m2 +m−m∗ − i+ 1)

(β1 + γ(x, j))α1+m1+i(β2 + γ(x, j))α2+m2+m−m∗−i+1
, (3.3)

4 Confidence Intervals

Approximate Confidence Intervals We present an approximate method to construct CIs for λh,

h = 1, 2, using the properties of the MLEs for large sample sizes. Under the usual regularity conditions,

the MLEs of the parameters λh, h = 1, 2, are asymptotically normal and efficient. As m1 → ∞ ,

m2 → ∞, and m→ ∞, then the expected Fisher information matrix of the parameters λ1 and λ2 is

I(λ1, λ2) =

 I11 I12

I12 I22

 =
1

(λ1 + λ2)2

 m∗λ2+mλ1

λ1
m−m∗

m−m∗ m∗λ1+mλ2

λ2

 , (4.1)

where the elements of the expected Fisher information matrix of the parameters λ1 and λ2, Iik(λ1, λ2),

i, k = 1, 2, can be obtained by Iik(λ1, λ2) = −E
{

∂2L
∂λi∂λk

}
. Substituting λ̂h for λh, we obtain the

observed Fisher information matrix and the asymptotic variances of Vhh = var(λ̂h) = I−1hh (λ̂1, λ̂2), h =

1, 2. Therefore, by using the asymptotic normality of the MLEs, the two sided 100(1−α)% approximate

confidence intervals for λ̂h, h = 1, 2 is given by
(

max
{

0, λ̂h − zα
2

√
Vhh
}
, λ̂h + zα

2

√
Vhh

)
, h = 1, 2,

where Zα
2

is the (1 − α
2 )th quantile of a standard normal distribution.

Two sided Bayesian credible intervals The 100(1−α)% two sided Bayesian probability intervals

of λh, h = 1, 2, say (uh, vh), can be derived by solving the following two equations, with respect to uh

and vh

α

2
=

∫ uh

0

πh(λh|data, J = j)dλh, (4.2)

1 − α

2
=

∫ vh

0

πh(λh|data, J = j)dλh. (4.3)
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Substituting (3.2) into (??) and (4.3), the 100(1 − α)% two sided Bayesian probability interval of λ1

can be obtained as the solutions of the following equations with respect to u1 and v1:

α

2
=

1

A

m−m∗∑
i=0

AiΓ(α1 +m1 + i, (β1 + γ(x, j))u1), (4.4)

1 − α

2
=

1

A

m−m∗∑
i=0

AiΓ(α1 +m1 + i, (β1 + γ(x, j))v1), (4.5)

Ai =
(m−m∗

i )Γ(α1+m1+i)Γ(α2+m2+m−m∗−i)
(β1+γ(x,j))α1+m1+i(β2+γ(x,j))α2+m2+m−m∗−i , and Γ(a, x) is the incomplete gamma function defined

by Γ(a, x) = 1
Γ(a)

∫ x
0
ta−1e−tdt. Equations (4.4) and (4.5) do not yield explicit solutions for u1 and

v1 and have to be solved numerically to obtain (u1, v1). If m −m∗ = 0, the 100(1 − α)% two sided

Bayesian probability interval of λh, h = 1, 2 can be obtained using gamma distribution, as follows

α

2
=

∫ uh

0

(βh + γ(x, j))αh+mh

Γ(αh +mh)
λαh+mh−1h e−(βh+γ(x,j))dλh, (4.6)

1 − α

2
=

∫ vh

0

(βh + γ(x, j))αh+mh

Γ(αh +mh)
λαh+mh−1h e−(βh+γ(x,j))dλh, (4.7)

Bootstrap Confidence Intervals In this subsection, we use two confidence intervals based on boot-

strapping. (a) The percentile bootstrap (Boot-p) confidence interval of Efron (1982), (b) The bootstrap-

t (Boot-t) confidence interval of Hall (1988). To find these Bootstrap intervals, in the first step, we

generate original samples from adaptive Type-II progressively censored competing risk data. Next,

we estimate λ̂h, h = 1, 2, from the sample using (2.2) as before. In the second step, we generate a

bootstrap sample {(X∗1:m:n, δ
∗
1), · · · , (X∗m:m:n, δ

∗
m)}, using λ̂1 and λ̂2, R1, · · · , Rm and T , obtain the

bootstrap estimate of λ̂h, say λ̂∗h, h = 1, 2. In the third step, repeat the second step N-Boot times.

Boot-p: Let ĈDF (x) = P (λ̂∗h ≤ x), be the cumulative distribution function of λ̂∗h, h = 1, 2. For a

given x define λ̂hBoot−p(x) = ĈDF
−1

(x), then the approximate 100(1 − α)% confidence interval for

λ̂h, h = 1, 2, is indicated by
(
λ̂hBoot−p(

α
2 ), λ̂hBoot−p(1 − α

2 )
)

.

Boot-t: After generating the bootstrap samples in the second step and calculating λ̂h , we need to

use them to compute the estimate of V (λ̂∗h) from the observed Fisher information matrix in section

4.1. Then, we determine the statistic T ∗ given by T ∗ =

√
m∗
h(λ̂

∗
h−λ̂h)√

V̂ (λ̂∗
h)

, Now, suppose ĈDF (x) =

P (T ∗ ≤ x), be the cumulative distribution function of T ∗. For a given x, define λ̂hBoot−t(x) =
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λ̂h +m
−1
2

h

√
V̂ (λ̂∗h)ĈDF

−1
(x), then the approximate 100(1 − α)% confidence interval for λ̂h, h = 1, 2,

is presented by
(
λ̂hBoot−t(

α
2 ), λ̂hBoot−t(1 − α

2 )
)
.

5 Simulation study

In this section, we report the obtained results of a simulation study carried out by software R, to

illustrate the theoretical results obtained in the previous sections. This simulation has been done by

considering different values of n, m and T , and by choosing λ1 = 0.6 and λ2 = 0.8 in all the cases. We

have used three different sampling schemes as follows: Scheme 1 : R1 = · · · = Rm−1 = 0 and Rm =

n −m,Scheme 2 : R1 = n −m and R2 = · · · = Rm = 0, Scheme 3 : R1 = · · · = Rm−1 = 1 and Rm =

n−2m+1. For each case, the MLEs and Bayes estimators as described before they are computed based

on 3000 simulations. It is assumed that 10% of the data have the unkown cause of failure, and for Bayes

estimation, parameters λ1 and λ2 are treated as random variables with gamma prior distributions with

parameters (3.6,6.0) and (6,6.4), respectively. Based on Tabels 1-2, it can be seen that the absolute

biases and MSEs of the MLEs based on the APC scheme are alwayes smaller than those based on the

PHC scheme. For small Ts, the difference between the absolute biases and MSEs of two schemes is more

sensible. Therefore, the APC scheme gives better performance in parameter estimation. Comparing

Table 2 and 3, we observed that the average biases and MSEs of the Bayes estimators are alwayes

smaller than those based on the MLEs. Therefore, we would recommend using the Bayesian method in

parameter estimation. The length of the different confidence intervals and the corresponding coverage

probabilities are reported in Table 4. A comparison in terms of interval estimation, approximate,

Boot-p, Boot-t confidence intervals and Bayes credible intervals are quite satisfied, and all of them

are able to keep the nominal coverage probabilities, even for small sample sizes. The Bayes credible

intervals provides a smaller width and larger coverage probabilities in comparison to other methods.
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6 Conclusion

In this article, we have discussed a competing risks model from exponential distribution when the

data are the adaptive Type-II progressive censoring and also the fixed number of causes of failure is

unknown and, derived the MLEs of the parameters, Bayes estimates and credible intervals under the

assumption of gamma priors, and confidence intervals for the parameters.
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Table 1: Bias and MSEs of the MLEs for the PHC scheme under various censoring schemes.
(n,m) Scheme T=0.10 T=0.25 T=0.50

λ̂1 λ̂2 λ̂1 λ̂2 λ̂1 λ̂2

(30,10) 1 0.373 (0.223) 0.425 (0.288) 0.272 (0.140) 0.293 (0.152) 0.252 (0.129) 0.262 (0.132)
2 0.645 (0.741) 0.659 (0.814) 0.433 (0.328) 0.482 (0.401) 0.335 (0.207) 0.374 (0.237)
3 0.385 (0.239) 0.435 (0.309) 0.279 (0.136) 0.302 (0.151) 0.248 (0.120) 0.268 (0.130)

(30,20) 1 0.395 (0.246) 0.448 (0.323) 0.255 (0.105) 0.289 (0.136) 0.200 (0.067) 0.225 (0.083)
2 0.453 (0.342) 0.518 (0.439) 0.311 (0.160) 0.352 (0.202) 0.239 (0.092) 0.280 (0.127)
3 0.410 (0.269) 0.454 (0.338) 0.289 (0.141) 0.324 (0.177) 0.230 (0.090) 0.262 (0.116)

(50,10) 1 0.303 (0.151) 0.330 (0.186) 0.238 (0.115) 0.257 (0.126) 0.235 (0.117) 0.254 (0.125)
2 0.624 (0.701) 0.642 (0.795) 0.428 (0.328) 0.488 (0.414) 0.334 (0.205) 0.376 (0.245)
3 0.301 (0.151) 0.326 (0.174) 0.251 (0.133) 0.260 (0.130) 0.241 (0.119) 0.258 (0.126)

(50,20) 1 0.294 (0.135) 0.342 (0.184) 0.198 (0.063) 0.228 (0.084) 0.175 (0.051) 0.200 (0.068)
2 0.443 (0.336) 0.504 (0.431) 0.302 (0.147) 0.342 (0.195) 0.241 (0.097) 0.284 (0.130)
3 0.306 (0.151) 0.357 (0.205) 0.217 (0.077) 0.255 (0.105) 0.183 (0.056) 0.211 (0.075)

Table 2: Bias and MSEs of the MLEs for the APC scheme under various censoring schemes.
(n,m) Scheme T=0.10 T=0.25 T=0.50

λ̂1 λ̂2 λ̂1 λ̂2 λ̂1 λ̂2

(30,10) 1 0.267 (0.143) 0.310 (0.174) 0.260 (0.133) 0.258 (0.130) 0.251 (0.128) 0.260 (0.131)
2 0.264 (0.149) 0.326 (0.208) 0.294 (0.184) 0.339 (0.222) 0.290 (0.184) 0.325 (0.204)
3 0.273 (0.145) 0.310 (0.174) 0.272 (0.138) 0.292 (0.151) 0.242 (0.117) 0.259 (0.125)

(30,20) 1 0.189 (0.063) 0.224 (0.092) 0.188 (0.064) 0.215 (0.082) 0.190 (0.064) 0.216 (0.081)
2 0.192 (0.065) 0.223 (0.087) 0.194 (0.066) 0.213 (0.084) 0.187 (0.062) 0.222 (0.088)
3 0.192 (0.065) 0.222 (0.088) 0.192 (0.065) 0.221 (0.090) 0.188 (0.063) 0.216 (0.082)

(50,10) 1 0.270 (0.133) 0.279 (0.146) 0.236 (0.114) 0.254 (0.124) 0.235 (0.117) 0.254 (0.125)
2 0.272 (0.157) 0.323 (0.229) 0.295 (0.191) 0.337 (0.234) 0.286 (0.169) 0.330 (0.211)
3 0.269 (0.133) 0.284 (0.142) 0.246 (0.130) 0.252 (0.125) 0.241 (0.119) 0.258 (0.126)

(50,20) 1 0.183 (0.061) 0.221 (0.084) 0.185 (0.060) 0.215 (0.079) 0.173 (0.050) 0.197 (0.067)
2 0.195 (0.068) 0.215 (0.084) 0.190 (0.064) 0.210 (0.080) 0.192 (0.065) 0.227 (0.091)
3 0.190 (0.063) 0.218 (0.086) 0.192 (0.066) 0.222 (0.088) 0.179 (0.055) 0.207 (0.073)

Table 3: Bias and MSEs of the Bayes estimators for the APC scheme under various censoring schemes.
(n,m) Scheme T=0.10 T=0.25 T=0.50

λ̂1 λ̂2 λ̂1 λ̂2 λ̂1 λ̂2

(30,10) 1 0.122 (0.025) 0.123 (0.023) 0.122 (0.024) 0.105 (0.017) 0.118 (0.023) 0.108 (0.018)
2 0.118 (0.025) 0.127 (0.026) 0.130 (0.029) 0.130 (0.026) 0.129 (0.028) 0.125 (0.025)
3 0.125 (0.026) 0.122 (0.023) 0.126 (0.025) 0.118 (0.021) 0.114 (0.022) 0.107 (0.018)

(30,20) 1 0.125 (0.026) 0.133 (0.030) 0.123 (0.025) 0.127 (0.026) 0.125 (0.026) 0.127 (0.026)
2 0.127 (0.027) 0.133 (0.029) 0.127 (0.026) 0.125 (0.026) 0.123 (0.025) 0.131 (0.028)
3 0.127 (0.027) 0.132 (0.030) 0.125 (0.026) 0.129 (0.028) 0.123 (0.025) 0.128 (0.027)

(50,10) 1 0.127 (0.025) 0.114 (0.020) 0.113 (0.021) 0.107 (0.018) 0.112 (0.021) 0.108 (0.019)
2 0.122 (0.026) 0.124 (0.025) 0.129 (0.029) 0.128 (0.026) 0.128 (0.028) 0.126 (0.025)
3 0.126 (0.025) 0.116 (0.020) 0.116 (0.023) 0.105 (0.018) 0.114 (0.022) 0.109 (0.018)

(50,20) 1 0.120 (0.024) 0.131 (0.028) 0.122 (0.025) 0.128 (0.026) 0.115 (0.021) 0.119 (0.023)
2 0.128 (0.027) 0.127 (0.026) 0.124 (0.026) 0.124 (0.025) 0.125 (0.026) 0.133 (0.029)
3 0.125 (0.025) 0.129 (0.028) 0.125 (0.026) 0.131 (0.028) 0.119 (0.023) 0.124 (0.025)



Adaptive Progressively Type-II Censored Competing Risks Data 224

Table 4: The length of the different confidence intervals and the corresponding coverage probability (within

parenthesis) the APC scheme under various censoring schemes.

(n,m) Scheme Method T=0.10 T=0.25 T=0.50

λ̂1 λ̂2 λ̂1 λ̂2 λ̂1 λ̂2

(30,10) 1 Approx. 1.390 (0.989) 1.569 (0.963) 1.342 (0.961) 1.495 (0.966) 1.336 (0.979) 1.456 (0.963)

Bayes 0.914 (0.983) 0.953 (0.984) 0.893 (0.999) 0.932 (0.999) 0.885 (0.999) 0.916 (0.991)

Boot-p 1.863 (0.945) 2.104 (0.945) 1.585 (0.966) 1.749 (0.979) 1.568 (0.969) 1.699 (0.977)

Boot-t 1.401 (0.988) 1.568 (0.969) 1.274 (0.979) 1.393 (0.974) 1.305 (0.982) 1.409 (0.960)

(30,10) 2 Approx. 1.430 (0.988) 1.591 (0.961) 1.433 (0.981) 1.612 (0.963) 1.431 (0.982) 1.609 (0.967)

Bayes 0.919 (0.997) 0.950 (0.989) 0.921 (0.998) 0.957 (0.999) 0.921 (0.998) 0.958 (0.997)

Boot-p 1.910 (0.954) 2.128 (0.934) 1.897 (0.930) 2.124 (0.934) 1.863 (0.939) 2.079 (0.941)

Boot-t 1.450 (0.987) 1.601 (0.961) 1.397 (0.980) 1.545 (0.964) 1.387 (0.986) 1.536 (0.972)

(30,10) 3 Approx. 1.391 (0.987) 1.576 (0.965) 1.367 (0.971) 1.539 (0.966) 1.334 (0.973) 1.467 (0.970)

Bayes 0.913 (0.999) 0.954 (0.985) 0.903 (0.999) 0.944 (0.998) 0.887 (0.998) 0.921 (0.991)

Boot-p 1.881 (0.945) 2.134 (0.941) 1.658 (0.951) 1.842 (0.964) 1.565 (0.974) 1.711 (0.982)

Boot-t 1.405 (0.985) 1.581 (0.967) 1.304 (0.981) 1.439 (0.973) 1.286 (0.980) 1.397 (0.971)

(30,20) 1 Approx. 0.898 (0.943) 1.035 (0.938) 0.905 (0.947) 1.045 (0.959) 0.903 (0.947) 1.039 (0.955)

Bayes 0.715 (0.977) 0.781 (0.974) 0.720 (0.985) 0.787 (0.990) 0.719 (0.980) 0.785 (0.987)

Boot-p 1.064 (0.937) 1.246 (0.916) 1.043 (0.942) 1.211 (0.928) 1.004 (0.928) 1.155 (0.931)

Boot-t 0.961 (0.950) 1.124 (0.941) 0.894 (0.949) 1.028 (0.959) 0.883 (0.946) 1.009 (0.956)

(30,20) 2 Approx. 0.902 (0.934) 1.035 (0.944) 0.907 (0.939) 1.042 (0.955) 0.900 (0.943) 1.038 (0.953)

Bayes 0.717 (0.972) 0.781 (0.971) 0.720 (0.980) 0.785 (0.988) 0.716 (0.983) 0.783 (0.991)

Boot-p 1.063 (0.931) 1.240 (0.919) 1.044 (0.936) 1.207 (0.930) 1.032 (0.943) 1.197 (0.920)

Boot-t 0.964 (0.939) 1.124 (0.944) 0.896 (0.943) 1.027 (0.952) 0.888 (0.944) 1.021 (0.952)

(30,20) 3 Approx. 0.903 (0.936) 1.033 (0.935) 0.913 (0.955) 1.048 (0.951) 0.904 (0.950) 1.041 (0.954)

Bayes 0.717 (0.969) 0.779 (0.976) 0.724 (0.988) 0.788 (0.988) 0.720 (0.982) 0.786 (0.987)

Boot-p 1.067 (0.929) 1.239 (0.920) 1.049 (0.935) 1.210 (0.927) 1.035 (0.939) 1.199 (0.923)

Boot-t 0.966 (0.938) 1.120 (0.935) 0.902 (0.960) 1.032 (0.950) 0.893 (0.947) 1.025 (0.955)

(50,10) 1 Approx. 1.341 (0.968) 1.498 (0.953) 1.314 (0.979) 1.432 (0.954) 1.317 (0.986) 1.415 (0.949)

Bayes 0.894 (0.998) 0.932 (0.996) 0.880 (0.998) 0.921 (0.999) 0.880 (0.997) 0.918 (0.999)

Boot-p 1.639 (0.952) 1.815 (0.971) 1.543 (0.967) 1.670 (0.981) 1.547 (0.969) 1.656 (0.977)

Boot-t 1.284 (0.984) 1.410 (0.964) 1.276 (0.980) 1.378 (0.954) 1.303 (0.986) 1.394 (0.948)

(50,10) 2 Approx. 1.422 (0.981) 1.589 (0.963) 1.455 (0.986) 1.635 (0.959) 1.433 (0.990) 1.622 (0.967)

Bayes 0.915 (0.996) 0.956 (0.997) 0.904 (0.996) 0.956 (0.997) 0.901 (0.998) 0.954 (0.999)

Boot-p 1.871 (0.947) 2.082 (0.935) 1.923 (0.932) 2.155 (0.932) 1.862 (0.935) 2.096 (0.938)

Boot-t 1.405 (0.983) 1.551 (0.966) 1.415 (0.985) 1.568 (0.963) 1.390 (0.990) 1.547 (0.973)

(50,10) 3 Approx. 1.343 (0.964) 1.513 (0.962) 1.332 (0.964) 1.444 (0.958) 1.320 (0.981) 1.431 (0.956)

Bayes 0.908 (0.998) 0.949 (0.998) 0.886 (0.998) 0.915 (0.999) 0.881 (0.995) 0.910 (0.998)

Boot-p 1.668 (0.949) 1.864 (0.964) 1.560 (0.959) 1.682 (0.981) 1.552 (0.970) 1.677 (0.983)

Boot-t 1.291 (0.982) 1.430 (0.968) 1.283 (0.969) 1.378 (0.960) 1.306 (0.982) 1.410 (0.953)



Fully Stochastic Single-Period Mean-Variance Portfolio
Optimization

R. Keykhaei1, B. Panahbehagh2

1Faculty of Mathematics and Computer of Khansar, Isfahan, Iran

2Department of Mathematics and computer science, Kharazmi University, Tehran, Iran

Abstract: The only sources of uncertainty in the standard Markowitz’s single-period Mean-Variance

portfolio selection problem are the future price of assets. In this paper we study the single-period

Mean-Variance portfolio selection problem under general sources of uncertainty, which generalizes

the Markowitz’s model. Also we introduce another type of uncertainty which affects the quantity

(number, weight, etc.) of each security contained in the portfolio. It is shown that under some

general circumstances the set of optimal portfolios in the generalized model coincides with the standard

Markowitz’s model.

Keywords Single-period Mean-Variance portfolio optimization, Optimal portfolio, Uncertain exit

time, Weight coefficient.

Mathematics Subject Classification (2010): 91G10 90C20.

1 introduction

The foundations of Modern Portfolio Theory (MPT) was established in the 1950’s by Markowitz (1952,

1959). The aim of Markowitz’s single-period Mean-Variance (M-V) portfolio selection problem is to

maximize the expected return of a portfolio and minimize its variance as the measure of risk. M-V

portfolio selection problems seek to compute efficient portfolios. A portfolio is efficient if with respect

to its location in the M-V space, there is no obtainable portfolio with a lower variance without a lower

expected return or a greater expected return without a greater variance. Analytical expression of the
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M-V efficient portfolios in single-period case was derived by Markowitz (1952, 1959) and Merton

(1972).

In fact a single period M-V problem is a static optimization problem which consider the future

price of securities as the source of uncertainty. But, in the real world, there are other sources of

uncertainty, such as uncertain time horizon, considered by other researchers. In this paper we are

motivated by Martellini and Urosevic (2005). They consider two types of uncertainty in their model.

The first type is asset price uncertainty and the second type is called exit time risk, which derives from

the uncertainty of real exit time of investors. In this paper we study the single-period M-V portfolio

selection problem under general sources of uncertainty, which generalizes the model of Markowitz

(1952) and covers the model of Martellini and Urosevic (2005) model. In the following we introduce a

third type of uncertainty which affects the quantity (number, weight, etc.) of each security contained

in the portfolio, and combine it with uncertain exit time. In fact we assume that the quantity of

each security can vary randomly during the time period of investment. It is shown that under some

general circumstances the set of optimal portfolios in the generalized model coincides with the standard

Markowitz’s model.

The reminder of this paper is organized as follows. The basic notation, definitions and the formu-

lation of standard single-period M-V portfolio selection problem are given in Section 2. In Section 3

we describe the notion of portfolio selection problem under general sources of uncertainty and refor-

mulated it in a standard quadratic programming form. Some conditions are provided for which the

sets of optimal portfolios are coincide in the standard and the general models. Two types of examples

for the generalized model are given, distinctly, in Sections 4 and 5.

2 standard model

Consider an investor who inters in the market with initial wealth X(0) and invests his/her wealth as

X(0) =
∑n
i=1 ϕiSi(0) between n ≥ 2 risky securities, where Si(0) and Si(T ) are, respectively, the value

of the ith security at the beginning and the end of the period, and for each i, ϕi is the quantity of the

ith security. At the end of the investment period (t = T ) the wealth is X(T ) =
∑n
i=1 ϕiSi(T ). Here

ϕi’s remain fixed during the period.
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In the classic Mean-Variance problem the return of each security is ri = Si(T )
Si(0)

and the return of

the portfolio is r = X(T )
X(0) . Then

r =

∑n
i=1 ϕiSi(T )

X(0)
=

n∑
i=1

ϕiSi(0)

X(0)

Si(T )

Si(0)
=

n∑
i=1

xiri,

in which

xi =
ϕiSi(0)

X(0)
, i = 1, . . . , n.

Clearly
∑n
i=1 xi = 1. Indeed for each i, xi is the the assigned weight allocated to the ith security in

the portfolio. We denote the portfolio by X := (x1, . . . , xn)′ ∈ Rn. Also let R = (r1, . . . , rn)′ be the

random vector of returns with covariance matrix V = (σij)n×n and mean vector R̄ = (r̄1, . . . , r̄n)′.

Here we assume that V is positive definite. Obviously E(r) = R̄′X and Var(r) = X′VX. The M-V

problem for a desired return µ∗ is:

Problem 1: min
X

1

2
X′VX, s.t. {R̄′X = µ∗,1′X = 1},

where 1 is the n-column vector of ones.

Theorem 2.1. Problem 1 have the unique optimal solution

X =
C − µ∗B

AC −B2
V−11 +

µ∗A−B

AC −B2
V−1R̄,

where

A := 1′V−11, B := 1′V−1R̄ = R̄′V−11, C := R̄′V−1R̄.

Proof. See chapter 4 of Ingersoll (1987).

3 Fully Stochastic Portfolio Selection

Let the wealth of the investor is affected by some sources of uncertainty denoted by Θ = (θ1, . . . , θm)′ ∈

Rm. Then rΘ = X(Θ)
X(0) is the return of the investment, where X(Θ) is the wealth of the investor at

the exit time. Actually, in the standard case Θ = (S1, . . . , Sn), where Si denotes the price of the

ith security, for i = 1, . . . , n. The fully stochastic single-period M-V portfolio selection problem for a

desired return µ is:

Problem 2: min
X

Var(rΘ) s.t. {E(rΘ) = µ, 1′X = 1}.
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In the following, for comparing with the standard case, we fix the Si’s for i = 1, . . . , n, as the trivial

sources of uncertainty and consider Θ for the other sources. The aim is to describe the return of the

portfolio by the convex combination

rΘ = X′RΘ,

where RΘ = (rΘ1 , . . . , r
Θ
n )′ is the random vector of returns rΘi := rΘi (Si,Θ) with covariance matrix Σ

and mean vector R̄Θ = (r̄Θ1 , . . . , r̄
Θ
n )′. Then Problem 1 can be reformulated as a standard quadratic

program as follows:

Problem 3: min
X

1

2
X′ΣX s.t. {X′R̄Θ = µ, X′1 = 1}.

In the following we try to provide some conditions for which the generalized and the standard problems

have the same set of optimal portfolios when desired mean return varies over all obtainable mean

returns. This means that the other sources of uncertainty does not effect on our optimal choice. Let

g, h : Rm −→ R are real-valued functions and

E(rΘi |Θ = θ) = r̄ig(θ), (3.1)

Cov(rΘi , r
Θ
j |Θ = θ) = σijh(θ). (3.2)

Then

E(rΘi ) =

∫
Rm

E(rΘi |Θ = θ)dF (θ) =

∫
Rm

r̄ig(θ)dF (θ) = r̄iE(g(Θ)),

where F denotes the distribute function corresponding to Θ. Using the equation

Cov(rΘi , r
Θ
j ) = E(Cov(rΘi , r

Θ
j |Θ)) + Cov(E(rΘi |Θ),E(rΘj |Θ))

we can calculate the covariation between rΘi and rΘj . We can see

E(Cov(rΘi , r
Θ
j |Θ)) =

∫
Rm

Cov(rΘi , r
Θ
j |Θ = θ)dF (θ)

=

∫
Rm

σijh(θ)dF (θ) = σijE(h(Θ))

and

Cov(E(rΘi |Θ),E(rΘj |Θ)) = E(E(rΘi |Θ)E(rΘj |Θ)) − E(E(rΘi |Θ))E(E(rΘj |Θ))
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=

∫
Rm

E(rΘi |Θ = θ)E(rΘj |Θ = θ)dF (θ) − r̄ir̄jE2(g(Θ))

=

∫
Rm

r̄ir̄jg
2(θ)dF (θ) − r̄ir̄jE2(g(Θ))

= r̄ir̄jVar(g(Θ)).

Therefore Cov(rΘi , r
Θ
j ) = σijE(h(Θ)) + r̄ir̄jVar(g(Θ)). Then

Σ = E(h(Θ))V + Var(g(Θ))E, (3.3)

where E = (eij)n×n and eij = r̄ir̄j for i, j = 1, . . . , n. If X′R̄ = µ∗ then we have

µ := E(rΘ) = X′R̄Θ = E(g(Θ))X′R̄ = E(g(Θ))µ∗,

Var(rΘ) = X′ΣX = E(h(Θ))X′VX + Var(g(Θ))X′EX.

Lemma 3.1. The matrix Σ is positive definite if E(h(Θ)) > 0.

Proof. Let X ∈ Rn and X ̸= 0. Then

X′ΣX = E(h(Θ))X′VX + Var(g(Θ))(R̄′X)2 > 0,

where the last inequality holds since V is positive definite and Var(g(Θ)) in non-negative.

Theorem 3.2. If E(h(Θ)) > 0, then problems 1 and 3 have the same unique optimal solution for

which µ∗ = µ
E(g(Θ)) .

Proof. Using equation (3.3) the Lagrangian function corresponding to problem 3 is

L(X, λ1, λ2) :=
E(h(Θ))

2
X′VX +

Var(g(Θ))

2
X′EX + λ1(X′R̄Θ − µ) + λ2(X′1− 1).

Considering the first optimally condition we should have

∂L

∂X
= E(h(Θ))VX + Var(g(Θ))EX + λ1R̄

Θ + λ21 = 0, (3.4)

∂L

∂λ1
= X′R̄Θ − µ = 0,

∂L

∂λ2
= X′1− 1 = 0. (3.5)

From (3.5) we have R̄′X = µ∗ and then E(g(Θ))EX = µR̄. So equation (3.4) can be rewritten as

E(h(Θ))VX + Var(g(Θ))
µ

E(g(Θ))
R̄ + λ1E(g(Θ))R̄ + λ21 = 0.
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Then

X = αV−11 + βV−1R̄, (3.6)

where α = − λ2

E(h(Θ)) and β = −( Var(g(Θ))µ
E(h(Θ))E(g(Θ)) + λ1E(g(Θ))

E(h(Θ)) ). Replacing X in equations (3.5) yields

1 = 1′X = α1′V−11 + β1′V−1R̄ = αA+ βB (3.7)

µ∗ =
µ

E(g(Θ))
= R̄′X = αR̄′V−11 + βR̄′V−1R̄ = αB + βC (3.8)

After solving the system (3.7)-(3.8) we have

α =
C − µ∗B

AC −B2
, β =

µ∗A−B

AC −B2
(3.9)

Now the claim follows from equations (3.6) and (3.9) and theorem 2.1. The uniqueness of the solution

follows from positive definiteness of Σ.

Theorem 3.2 guaranties that the set of optimal portfolios of the standard case and the generalized

case are the same, under conditions (3.1) and (3.2). In the following, two examples of the generalized

problem are presented. The first one is taken from Martellini and Urosevic (2005).

4 Uncertain Exit Time

Martellini and Urosevic (2005) first propose the concept of exit time risk and show that the set of

M-V optimal portfolios in the case where the uncertain exit time τ is independent of the portfolio

performance and the asset prices follow a random walk, coincides with the standard case. Although,

when the exit time is dependent on asset returns, it is possible that an optimal portfolio in the standard

case is not optimal in the generalized case and vice versa. They assume that the exit time is the same

for all assets. In fact they set Θ = τ and rτ = X′Rτ , where

rτi := rτi (Si, τ) =
Si(τ)

Si(0)
, i = 1, . . . , n

and Si(τ) is the price of the ith asset. When the exit time is independent and the asset prices follow

a random walk we have E(rτi |τ = t) = E(ri(t)) = r̄it and Cov(rτi , r
τ
j |τ = t) = Cov(ri(t), rj(t)) = σijt.

Considering the functions g, h : R −→ R where g(x) = h(x) = x in (3.1) and (3.2) we have the following

theorem.
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Theorem 4.1. (Proposition 4 of Martellini and Urosevic (2005)) If the exit time τ is independent

of portfolio performance and the asset prices follow a random walk, problems 1 and 3 have the same

unique optimal solution for which µ∗ := µ
E(τ) .

5 Stochastic Weights

In this model, following Section 1, we assume that ϕi’s are non-constant and can vary randomly during

the time period of investment, for i = 1, . . . , n. In fact it is possible that ϕi(0) ̸= ϕi(T ) for some i,

where for each i, ϕi(0) and ϕi(T ) are the quantity of the ith security at the beginning and at the end

of the period, respectively. Thus the value of portfolio at the beginning and at the end of the period

is X(0) =
∑n
i=1 ϕi(0)Si(0) and X(T ) =

∑n
i=1 ϕi(T )Si(T ), respectively.

Definition 5.1. The weight coefficient of the ith security is

Λi :=
ϕi(T )

ϕi(0)
, i = 1, . . . , n.

Example 5.2. Assume that an event occurs according to a Poisson process {N(t) : t ≥ 0} with rate

ν, and for any arrival, the investor loses half amount of the ith security, where i is fixed. Then at the

end of the period (t = T ), with N(T ) = n for n = 0, 1, 2, . . ., we have

ϕi(T ) = ϕi(0)/2n.

Thus Λi is a discrete random variable such that

P (Λi = 1/2n) = P (N(T ) = n) = e−νT
(νT )n

n!
, n = 0, 1, 2, . . . .

Now by applying the notion of weight coefficients we have

rΘ =
X(T )

X(0)
=

∑n
i=1 ϕi(T )Si(T )

X(0)
=

n∑
i=1

ϕi(0)Si(0)

X(0)

ϕi(T )

ϕi(0)

Si(T )

Si(0)
=

n∑
i=1

xiΛiri

for xi = ϕi(0)Si(0)/X(0) as the initial weight allocated to the ith security.

Definition 5.3. For each i = 1, . . . , n, we define rΘi := Λiri as the total-return of the ith security,

where Θ = (Λ1, . . . ,Λn). So rΘ =
∑n
i=1 xir

Θ
i = X′RΘ.
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In the following we assume that the all securities have the same weight coefficient, that is Λi = Λ

for i = 1, . . . n, and independent of the security prices. We can see

E(rΘi |Θ = (λ, . . . , λ)) = E(λri|Θ = (λ, . . . , λ)) = λr̄i

and

E(rΘi r
Θ
j |Θ = (λ, . . . , λ)) = E(λ2rirj |Θ = (λ, . . . , λ)) = λ2E(rirj).

Therefore

Cov(rΘi , r
Θ
j |Θ = (λ, . . . , λ)) = E(rΘi r

Θ
j |Θ = (λ, . . . , λ))

− E(rΘi |Θ = (λ, . . . , λ))E(rΘj |Θ = (λ, . . . , λ))

= λ2E(rirj) − λ2E(ri)E(rj)

= λ2σij .

Using the functions g, h : Rn −→ R where g(x1, . . . , xn) = x1 and h(x1, . . . , xn) = x21 in (3.1) and (3.2)

we have the following theorem.

Theorem 5.4. If all securities have the same weight coefficient Λ and independent of security returns,

problems 1 and 3 have the same unique optimal solution for which µ∗ := µ
E(Λ) .
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Abstract: Functional linear regression models have drown much attention recently. In this paper, we

focus on a functional linear model with functional covariate and scalar response. We use the stochastic

expansions of eigenvalues and eigenfunctions estimators of the covariance operator to construct con-

fidence intervals for prediction in this model. Then, we obtain asymptotic coverage levels for these

confidence intervals. Finally, we conduct a simulation study to illustrate the numerical performance

of confidence intervals, under various parameter settings.
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1 Introduction

In recent years, functional data analysis (FDA) has become more common because advances in technol-

ogy facilitate collecting and storing the data that are essentially in the form of curves. The theoretical

and methodological developments for FDA are reviewed by Ramsay and Silverman (2005).

Functional linear regression analysis is one of the most widely used techniques for modelling a

variable of interest based on a set of related predictor variables. Here, we consider a functional linear

regression model in which the response is scalar and the covariate of interest is functional.

When estimating the slope function, dimension reduction of the functional predictor and the slope

function can be taken into account; see for example, Cardot et al. (1999) and Yao et al. (2005).

Methods based on functional principal component analysis (FPCA) are popular and widely used by

1Omid Khademnoe : o khademnoe@sbu.ac.ir
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researchers, since it allows finite dimensional analysis of a problem that is intrinsically infinite dimen-

sional.

Cai and Hall (2006) studied the rate of convergence for prediction in the functional linear regression

model. The rate of convergence to estimate the regression weight function in a functional linear

regression model in which the predictor as well as the weight function are smoothed and periodic

functions was investigated by Li and Hsing (2007). James et al. (2009) proposed an approach

to obtain both interpretable, flexible and accurate estimate of the slope function. Cardot et al.

(2007) gave a CLT for the functional linear regression model with scalar response in weak topology (or

pointwise). However, this work ignores some random terms when obtaining the asymptotic distribution

of prediction so that the impact of these terms on the weak convergence of the prediction has not been

well understood. Taking these terms into account, we construct the confidence interval for prediction.

Then, we obtain its asymptotic coverage level.

The paper is organized as follows. In Section 2, we first introduce functional linear models and

then describe FPCA method for estimation of the slope function. Section 3 contains main results of

our work, where we construct a confidence interval for prediction and obtain its asymptotic coverage

level. In Section 4, we carry out a simulation study to illustrate the performance of the confidence

interval for prediction under various situations.

2 Functional linear model

In functional linear regression models with scalar response and functional covariate, we assume that

X is a square integrable random function defined on I = [0, T ], and the real-valued response Y is

generated by the model

Y = a+

∫
I
ρ (u)X (u) du+ ε, (2.1)

where a and ρ denote the intercept and slope function in the model, respectively. We assume that

a is a constant, ρ is a square integrable function on I, the error ε is a real-valued variable such that

E[ε] = 0, E[ε2] = σ2 < ∞ and also the error is independent of the X. Without loss of generality, we

can drop the intercept a in (2.1).
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A general review of the slope estimation based on the use of basis expansions can be found in

Ramsay and Silverman (2005). We use the standard approach for estimating the slope function in

the functional linear regression that is explicitly based on FPCA, allowing finite-dimensional analysis

of the problem. For this purpose, we assume the covariance operator of X is positive definite, allowing

a spectral decomposition in terms of strictly positive eigenvalues λj ,

C(u, v) = cov{X(u), X(v)} =
∞∑
j=1

λjej(u)ej(v), u, v ∈ I, (2.2)

where the pairs (λj , ej) are, respectively, eigenvalues and eigenfunctions of the integral operator with

kernel C. To reduce the notational load, we shall also denote the operator by C. We assume that the

eigenvalues λ1, λ2, ... and eigenfunctions e1, e2, ... form a strictly decreasing sequence and an orthonor-

mal basis for the space of all square-integrable functions on I, denoted by L2(I), respectively.

Assume we observe the independent data (X1, Y1), ..., (Xn, Yn), each distributed as (X,Y ). The

estimator of C(u, v) and of its corresponding spectral decomposition are

Ĉ(u, v) =
1

n

n∑
i=1

{Xi(u) − X̄(u)}{Xi(v) − X̄(v)}

=
∞∑
j=1

λ̂j êj(u)êj(v), u, v ∈ I,

where X̄ = n−1
∑n
i=1Xi. Similarly, the eigenvalues and eigenfunctions of the integral operator Ĉ

with kernel Ĉ(u, v) are denoted by λ̂j and êj , respectively. The function ρ can be expanded in

terms of its Fourier series, as
∑
j≥1 ρjej , where ρj =

∫
I ρ(u)ej(u)du. We define the function g(u) =∫

I C(u, v)ρ(v)dv and denote the jth Fourier coefficient of g by gj =
∫
I g(u)ej(u)du.

Let ĝ(u) = 1
n

∑n
i=1(Xi(u) − X̄(u))(Yi − Ȳ ) be an estimator of g (Cai and Hall (2006)). Noting

that gj = λjρj , we take ρ̂j = λ̂−1j ĝj , for 1 ≤ j ≤ m, where ĝj =
∫
I ĝ(u)êj(u)du. Then, we estimate ρ

by ρ̂ =
∑m
j=1 ρ̂j êj , where the cut-off point m lies in the range 1 ≤ m ≤ n. Hence, for a fixed future

observation x, the estimator of E[Y |X = x ] is obtained by ŷ =
∫
I ρ̂(u)x(u)du.
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3 Assumptions and main results

Let Z have the distribution of a generic X − µ, where µ is the mean function of X. The Karhunen-

Loève expansion of Z is written by Z =
∑
j≥1 Ujej , where Uj =

∫
I Z(u)ej(u)du is the jth principal

component, the Uj have zero means, and E[UjUk] = δjkλj , where δjk is the Kronecker delta. We

assume that

E
[
∥X∥4

]
= E

[(∫
I
X2

)2
]
<∞, (3.1)

and, for each j ≥ 1, E|Uj |4 ≤ constant.λ2j , where the constant does not depend on j. We also suppose

that, there exists a convex positive function λ such that at least for large j,

λj = λ(j). (3.2)

Define the finite rank operators C† and Ĉ† with the same eigenfunctions as C and Ĉ and associated

eigenvalues λ−1j and λ̂−1j , respectively, i.e.

C† =
m∑
j=1

λ−1j ej ⊗ ej , Ĉ† =
m∑
j=1

λ̂−1j êj ⊗ êj ,

where ej ⊗ ej(h) = ⟨h, ej⟩ej , for every h ∈ L2(I), and ⟨., .⟩ denotes the inner product on L2(I).

Regarding the above notations, ĝ can be written as

ĝ = Ĉρ+ Vn, (3.3)

where Vn = n−1
n∑
i=1

(Xi − X̄)(εi − ε̄).

We denote the projectors onto the eigenspace corresponding to the first m eigenvalues of C and Ĉ

by Πm and Π̂m, respectively. Thus, we have

ρ̂− ρ = Wn +Rn +Bn, (3.4)

where

Wn = (Ĉ† − C†)Vn, Rn = C†Vn, Bn = Π̂mρ− ρ.

We show that the inner products of the two terms Wn, Bn and the future observation x converge to

zero in probability if correctly normalized. Moreover the inner product of Rn and x tends to a normal
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distribution. We shall take all terms on the right-hand side of equation (3.4) into account to derive the

asymptotic distribution of
√
n⟨ρ̂− ρ, x⟩, rather than the first two terms used by Cardot et al. (2007).

Proposition 3.1. Suppose that

⟨x, ej⟩2λ−1j <∞, for all j ≥ 1, (3.5)

n−1t−2n,xm
3(log m)2 → 0 and n−1t−1n,xm

2.5(log m)2 → 0, (3.6)

where t2n,x =
∑m
j=1 λ

−1
j ⟨x, ej⟩. If assumptions (3.1) and (3.2) hold, then

√
n
tn,x

⟨Wn, x⟩ → 0 in proba-

bility, as n→ ∞.

Proof. Note that
√
n⟨Wn, x⟩ =

√
n

m∑
j=1

Tj , where

Tj = λ̂−1j ⟨êj , x⟩n−1
n∑
i=1

(εi − ε̄)⟨êj , Xi − X̄⟩

− λ−1j ⟨ej , x⟩n−1
n∑
i=1

(εi − ε̄)⟨ej , Xi − X̄⟩. (3.7)

Using the stochastic expansions of eigenvalues and eigenfunctions estimators of the covariance operator

C appeared in Hall and Hosseini-Nasab (2006, 2009), it can be proved that

n

t2n,x
E[⟨Wn, x⟩2] =

n

t2n,x

m∑
j=1

E[T 2
j ] + o(1). (3.8)

The proof of Proposition 3.1 will be complete if we show that the term on the right-hand side of (3.8)

tends to zero. Using (3.2), (3.5) and (3.6) and applying Cauchy-Schwartz and Jensen’s inequalities,

the desired result is proved.

Note that the two conditions appeared in (3.6) are milder than the two following conditions used

by Cardot et al. (2007):
∞∑
k=1

|⟨ρ, ej⟩| <∞, (3.9)

n−0.5t−1n,xm
3(log m)2 → 0, and n−0.5m2.5(log m)2 → 0. (3.10)

Proposition 3.2. If assumption (3.1) holds, then
√
n⟨Rn, x⟩ → N(0, σ2t2n,x) in distribution, as n →

∞.
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Proof. We have

⟨Rn, x⟩ = ⟨
( m∑
j=1

λ−1j ej ⊗ ej
)(
n−1

n∑
i=1

(εi − ε̄)(Xi − X̄)
)
, x⟩

= n−1
n∑
i=1

Si + op(n
−1/2),

where Si = εi
m∑
j=1

λ−1j ⟨ej , Xi − µ⟩⟨ej , x⟩. The variables Si are independent and identically distributed.

Therefore, by applying the Central Limit Theorem to this sequence, we have

n−1
n∑
i=1

Si → N(0, n−1σ2t2n,x), in distribution.

By the above results, the nominal (1 − α)-level asymptotic confidence intervals for prediction in

the functional linear model can be constructed as follows:

CIasy(α) = (ŷ − n−1/2zα/2σ̂t̂n,x, ŷ + n−1/2zα/2σ̂t̂n,x),

where σ̂ and t̂n,x are estimated values of σ and tn,x, respectively, and zα is the α-level quantile of the

standard normal distribution.

In Remark 5 of Cardot et al. (2007), it is pointed out that convergence of the inner product of

the bias term (Bn) and a fixed predictor to zero requires very restrictive conditions either on ρ or on

the eigenvalues λj . Here, we are going to derive the same results under some assumptions milder than

those used by Cardot et al. (2007).

Theorem 3.3. Assume that for all j ≥ 1,

(|⟨ρ, ej⟩| jβ) <∞, for some β > 1, (3.11)

(|⟨x, ej⟩| jγ) <∞, for some γ > 1 and β + γ ≥ 3.5, (3.12)
√
nm−2.5t−1n,x → 0, as n→ ∞ . (3.13)

Then, P (E[Y |X = x] ∈ CIasy(α)) = 1 − α+ En such that En → 0 as n→ ∞.

Proof. Under assumptions (3.1), (3.2) and (3.11)-(3.13), we have
√
n⟨Bn, x⟩ → 0 in probability, as

n → ∞. Since t̂n,x → tn,x and σ̂ → σ, in probability, we have
√
n

t̂n,xσ̂
⟨(ρ̂ − ρ), x⟩ → N(0, 1), in

distribution, as n→ ∞.
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Table 1: Coverage levels of confidence intervals with nominal coverage level 1 − α = 0.95. The notations E, U and N denote the centred

exponential, uniform and normal distribution, respectively.

n α β γ Continuous Discrete

Distribution of Uj Distribution of Uj
E U N E U N

50 1.5 1 3 0.89(0.29) 0.89(0.28) 0.92(0.30) 0.92(0.29) 0.92(0.28) 0.92(0.29)

2 3 0.87(0.28) 0.88(0.27) 0.91(0.28) 0.92(0.29) 0.92(0.28) 0.93(0.28)

2 2 0.83(0.30) 0.85(0.29) 0.91(0.30) 0.92(0.31) 0.91(0.30) 0.95(0.31)

3 2 0.87(0.30) 0.87(0.29) 0.91(0.30) 0.92(0.30) 0.93(0.30) 0.94(0.30)

3 1 0.81(0.36) 0.83(0.35) 0.92(0.38) 0.88(0.40) 0.88(0.39) 0.96(0.40)

200 1.5 1 3 0.93(0.14) 0.93(0.14) 0.93(0.15) 0.94(0.14) 0.93(0.14) 0.94(0.14)

2 3 0.92(0.14) 0.92(0.14) 0.94(0.14) 0.94(0.14) 0.94(0.14) 0.95 (0.14)

2 2 0.89(0.15) 0.90(0.15) 0.95(0.15) 0.93(0.15) 0.93(0.15) 0.96 (0.16)

3 2 0.92(0.15) 0.92(0.15) 0.95(0.15) 0.94(0.15) 0.94(0.15) 0.96(0.15)

3 1 0.86(0.19) 0.86(0.19) 0.95(0.20) 0.91(0.20) 0.91(0.21) 0.97(0.21)

For the proofs of those parts that have not been discussed by Cardot et al. (2007), we have used con-

ditions (3.11)-(3.13). Conditions (3.11) and (3.12) are milder than the two conditions supj(|⟨ρ, ej⟩| j2.5) <

∞ and supj(λjj
4) <∞ used by Cardot et al. (2007).

4 Numerical results

The purpose of this simulation study is to investigate a numerical assessment of the confidence intervals

for E[Y |X = x].We generated random samples of sizes n = 50 and 200 from model (2.1), with a = 0 and

the slope function ρ(u) =
∑50
j=1 j

−βej(u), for β = 1, 2, or 3, where ej(u) =
√

2 cos(jπu) for j > 1. The

random functions Xi were distributed as X(u) =
∑50
j=1 Ujϕj(u), where the Uj denoting independent

variables with zero means and respective variances λj = 4j−α, for α = 1.5. The distribution of the

Uj was either normal N(0, λj), centred standard exponential or uniform [−
√

3,
√

3] with the same

variance, and the errors ϵi were independent and normal N(0, 1). We took the future observation of

X to be x(u) =
∑50
j=1 j

−γej(u), in which γ = 1, 2, or 3. Because in practice functional data are

usually observed at discrete time points, it is good to assess the confidence intervals for prediction in

this case as well as the case in which the Xi are observed continuously. In the discrete case, each Xi

was observed discretely on an equally-spaced grid of 100 points with additive N(0, 1) random noise.

The nominal coverage level was 95%, and we computed all coverages by averaging over 5000 simulated

data sets. In order to obtain the appropriate values of the cut-off point m, we use the cross-validation

technique proposed by Hall and Yang (2010).
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4.1 Results under different settings
Table 1 contains coverage levels and mean length of two-sided, equal-tailed asymptotic confidence

intervals for both continuous and discrete cases. The table shows that in general, the obtained coverage

levels increase and the mean length of confidence intervals decreases, as the sample size n increases.

For example, under the centred exponential distribution with α = 1.5, β = 2 and γ = 3, the coverage

levels related to the continuous and discrete cases for n = 50 are 0.87 and 0.92, respectively, but they

improve to 0.92 and 0.94 for n = 200, respectively. Table 1 also show that, the coverage levels under

the normal distribution are higher than those obtained under the centred exponential and uniform

distribution.

We have also carried out a simulation study with σ = 2. It can be seen that the coverage levels

obtained with σ = 2 are the same as those resulted with σ = 1, but the mean length of the confidence

intervals with σ = 2 is twice larger than those obtained with σ = 1.

5 Conclusions
The theoretical results in this paper are related to the proof of the asymptotic normality of the

prediction in the functional linear model with functional covariate and scalar response. These results

are applied to construct of the pointwise confidence intervals for the prediction in the functional linear

regression model.

The simulation study also shows that the empirical coverage rates of these intervals are close to

the nominal coverage even for small sample size n = 50. An open question for further study concerns

the situations where the response is also a functional variable.
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Abstract: The new class of weighted exponential (WE) distributions obtained by Gupta and Kundu

(2009) applying Azzalinis method to the exponential distribution. .Kharazmi, at, al (2015) extended

weighted exponential distribution to the generalized weighted exponential (GWE) distribution and

studied its different properties. In this study, we generalize the GWE distribution to a new class of

extended generalized weighted exponential (MGWE) distribution with one scale parameter and one

shape parameters. . Several statistical and reliability properties of this new class of distribution are

obtained. Estimation and inference procedure for distribution parameters are investigated. Finally,

we show that the proposed model can provide better fit than recent class of extended weibull by using

two real data examples.

Keywords Weighted exponential distribution, Hazard function, Mean residual life time, Stochastic

orders, Maximum likelihood estimates.

1 Introduction

The now widely known skew-normal distribution is just one special case belonging to the family of

distributions introduced by Azzalini (1985). For the first time Azzalini (1985) introduce a shape pa-

rameter to a normal distribution. Afterwards extensive work on introducing shape parameters for

other symmetric distributions have been defined and several properties and their inference procedures

have been discussed by Several authors, see for example, Genton (2004), Arnold and Beaver (2000a),

and Nadarajah (2009). However, not much attention has been paid to introduce an extra shape pa-

rameter to a skewed distribution based on Azzalinis idea. Recently some authors effort to implement

1Omid Kharazmi : Omid.Kharazmi@yahoo.com
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Azzalinis idea for skewed distributions, the new class of weighted exponential (WE) distribution ob-

tained by Gupta and Kundu (2009) by implementing Azzalinis method to the exponential distribution.

Shakhatreh (2012) generalized the WE distribution to the two-parameter weighted exponential distri-

butions (TWE). Kharazmi, at, al (2015) extended weighted exponential distribution to the generalized

weighted exponential (GWE) distribution and studied its different properties. Several interesting prop-

erties of this distribution have been established by authors [1]. GWE distribution generalizes the WE

and TWE distributions and contains these distributions as its sub-models. The aim of this paper is

to introduce a class of modified generalized weighted exponnetiall (MGWE) distribution. A proposed

MGWE distribution provides the GWE ,WE and TWE distributions as its sub-models. This exten-

sion offers more flexible distributions with applications in reliability engineering and life time modeling.

Also, several properties of the MGWE distribution have been established.

2 Definition and basic properties

The weighted exponential distribution was introduced in the seminal paper by Gupta and Kundu

(2009). A random variable is said to have weighted exponential distribution, denoted byWE(α, λ), if

its probability density function (PDF) is given as

fx(x, α, λ, n) =
α+ 1

α
λe−λx(1 − e−λαx). (2.1)

where x > 0, α > 0, β > 0. Here α and λ are the shape and scale parameters, respectively. The main

properties and different interpretations of this density are established by authors. Recently, Kharazmi

et al. generalized WE distribution to the generalized weighted exponential distribution GWE(α, λ, n)

with the following PDF

fX(x, α, λ, n) =
α

B( 1
α , n+ 1)

λe−λx(1 − e−λαx)n. (2.2)

The corresponding cumulative distribution function (CDF) for x ≥ 0, becomes

FX(x, α, λ, n) = 1 − α

B( 1
α , n+ 1)

n∑
j=0

(−1)j
(
n
j

)
αj + 1

e−λ(αj+1)x. (2.3)
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Also, survival function , failure rate function and moment generating function have been established

respectively as

F̄X(x, α, λ, n) =
α

B( 1
α , n+ 1)

n∑
j=0

(−1)j
(
n
j

)
αj + 1

e−λ(αj+1)x. (2.4)

h(x, α, λ, n)
λe−λx(1 − e−λαx)n∑n
j=0

(−1)j(nj)
αj+1 e−λ(αj+1)x

. (2.5)

MX(t) =

n∑
j=0

(−1)j
(
n
j

)
λ(αj + 1) − t

. (2.6)

where the beta function is defined in the usual way as B(a, b) =
∫ 1

0
ta−1(1 − t)b−1dt and x >

0, α > 0, β > 0, n ≥ 1.

Definition 2.1. A random variable X is said to have modified generalized weighted exponentiall dis-

tribution, denoted by EGWE(α, λ, n,m), if its probability density function (PDF) is given as. with

integer n ≥ 1 ,m ≥ 1 , shape parameters α,β and scale parameter λ, if the PDF of X is given as

following

fX(x, α, λ, n,m) =
α

[B( 1
α , n+ 1) −B( 1

α , n+m+ 1)]
λe−λx(1 − e−λαx)n[1 − (1 − e−λαx)m]. (2.7)

where the beta function is defined in the usual way as B(a, b) =
∫ 1

0
ta−1(1 − t)b−1dt and x >

0, α > 0, β > 0, n ≥ 1.

3 Construction of extended generalized weighted exponnetial

(EGWE) distribution

To construct GWE distribution we use Balakrishnans idea, about generalized skew-normal distri-

bution, see Balakrishnan(2002), Arnold and Beaver (2002), by replacing skew-normal with weighted

exponential density. Let X,X1, ...Xn, Y1, ...Yn be a random sample of size n+m+1 from the exponnetial

distribution with scale parameterλ then we have

X|Max(X1, X2, ...Xn ≤ αX ≤Max(Y1, Y1, ...Ym) ∼MGWE(α, λ, n,m). (3.1)
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This method of construction is known as a selection model. Arellano et al. (2006). Also, there are

different ways to construct the EGWE distribution especially, the ones which are provided for the WE

distribution by Gupta and Kundu (2009). The following methods provide some of these known ways

in generalizing distribution families. The proofs of all methods are straightforward except method 3.4,

it is explored as a main theorem in section 5.

Method 3.1.

The concept of weighted distributions is important in a wide range of statistical applications. A density

function g is said to be a weighted density function corresponding to density function f with weigh

w > 0

g(x) =
w(x)

E[w(X)]
f(x), x ≥ 0 (3.2)

where 0 < E[w(X)] <∞ ,Patil and Rao (1977, 1978). The MGWE distribution can be obtained as a

special form of the weighted distribution by taking weighted function

w(x, α) = [1 − e−λαx]n[1 − (1 − e−λαx)m] (3.3)

Method 3.2.

The MGWE distribution can be obtained as mixture of two GWE distribution . Mixture of life time

distributions have been used extensively in reliability and survival analysis, and they have also been

generalized by allowing negative mixing weights, which arise naturally under the formation of some

structures of reliability systems. These models provide flexible distributions for modeling dependent

lifetimes from heterogeneous populations. let w =
B( 1

α ,n+1)

[B( 1
α ,n+1)−B( 1

α ,n+m+1)]
Then MGWE distribution

can be obtained as

f(x) = wfU (x) + (1 − w)fV (x) (3.4)

where U ∼ GWE(α, λ, n) and U ∼ GWE(α, λ, n+m) , α > 0, λ > 0.

4 Statistical and reliability properties (MGWE) distribution

In this section we study the some statistical and reliability properties of the MGWE distribution, such

as the distribution function (CDF), survival function (SF) , failure rate (or hazard) function (FR),
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moment generating function (MGF) and kth moment.

4.1 Distribution function, survival, and failure rate function

By using the method 3.2 CDF of (3) can be written as

F (x) = wFU (x) + (1 − w)FV (x) (4.1)

where U ∼ GWE(α, λ, n) , U ∼ GWE(α, λ, n+m) and w =
B( 1

α ,n+1)

[B( 1
α ,n+1)−B( 1

α ,n+m+1)]
.

Also, survival function (SF) is given by

F̄ (x) = wF̄U (x) + (1 − wF̄V (x) (4.2)

From (3.4) and (4.2) it is easy to verify that the failure rate function is given by

h(x) = whU (x) + (1 − whV (x) (4.3)

where U ∼ GWE(α, λ, n) , U ∼ GWE(α, λ, n + m) and w =
B( 1

α ,n+1)

[B( 1
α ,n+1)−B( 1

α ,n+m+1)]
. The failure

rate is a key notion in reliability and survival analysis for measuring the ageing process. Understanding

the shape of the failure rate is important in reliability theory , risk analysis and other disciplines. The

concepts of increasing and decreasing failure rates for univariate distributions have been found very

useful in reliability theory. The classes of distributions having these ageing properties are designated

as the IFR and DFR distributions, respectively. The independent random variables U and V are

IFR see Kharazmi at,el (2015).So the mixing these varables can produce divergent class of life time

distribution. Fig. 1 shows some failure rate function shapes for some values of α ,λ = 1 ,n = 10 ,

m = 1. The failure rate function increases.

4.2 Moment generating function

Now let us consider different moments of the MGWE(α, λ, n,m) distribution. Some of the most

important features and characteristics of a distribution can be studied through its moments, such as

moment generating function. The moment generating function of form (3.4) is immediately written as

MX(t) = wMU (t) + (1 − w)MV (t) (4.4)



247 Omid Kharazmi

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

H

α = 0.2

α = 0.5

α = 1

α = 2

α = 5

Figure 1: Hazard function of the MGWE distribution for different values of α.

where U ∼ GWE(α, λ, n) , U ∼ GWE(α, λ, n+m) and w =
B( 1

α ,n+1)

[B( 1
α ,n+1)−B( 1

α ,n+m+1)]
.

5 Main results

In this section we proposed main results about the MGWE family distribution.

Theorem 5.1. 1.If n→ ∞ , then MGWE random variable is degenerated at point 0.

2. If α→ 0, then fX(x, α, λ, n,m) converges to Gamma(n+ 1, λ)

3. If α→ ∞, then fX(x, α, λ, n,m) converges to Exp(λ)

4. Let X1, X2, ..., Xn, Y1, Y2, ..., Ym be a sample from exponential distribution with mean 1
λ

let U = Min(X1, X2, ..., Xn) ,V = Min(X1, X2, ..., Xn, Y1, Y2, ..., Ym) then by mixing random

variables U andV with weight w =
B( 1

1 ,n)

[B( 1
1 ,n+1)−B( 1

1 ,n+m)]
resulted inMGWE(α = 1, λ, n− 1,m− 1)

Proof. By consider Kharazmi et,al (2015) results ,the proofs of all cases are straightforward.

6 Data analysis

Strength Data

Strength data measured in GPA, the single carbon fibers, and impregnated 1,000-carbon fiber tows.

Single fibers were tested under tension at gauge length 1 mm. The data are provided below:
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2.247 2.64 2.908 3.099 3.126 3.245 3.328 3.355 3.383 3.572 3.581 3.681 3.726 3.727 3.728 3.783 3.785

3.786 3.896 3.912 3.964 4.05 4.063 4.082 4.111 4.118 4.141 4.246 4.251 4.262 4.326 4.402 4.457 4.466

4.519 4.542 4.555 4.614 4.632 4.634 4.636 4.678 4.698 4.738 4.832 4.924 5.043 5.099 5.134 5.359 5.473

5.571 5.684 5.721 5.998 6.06

See Kundu et al.(2014). We have used the proposed MGWE model and estimates of α, λ are 0.004,

and 5.811 respectively. The corresponding log-likelihood value and Aikake’s Information Criterion

(AIC) are -68.38 and 140.76 respectively . The KS distance between the fitted and the empirical

distribution functions is 0.058 and the associatedpvalue is 0.9996.Table 1 shows some comparison with

other distributions.

Table 1:
Distribution Log-likelihood AIC K-S distance pvalue

Gamma -71.8824 147.7648 0.0973 0.6410

Weibull -70.3395 144.679 0.0648 0.9726

GE -74.6607 153.3214 0.1221 0.3735

MOGE -67.8507 141.7014 0 .0474 0.9996

7 Conclusions

In this paper, we have proposed the new class of modified weigthed exponential distribution denoted

by MGWE. The proposed distribtion generalizes the WE and GWE distributions and contains these

distributions as its sub-models. One application of the MGWE distribution to real data set is provided

to illustrate that this distribution provides a better fit than its sub-models.
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Abstract: In this paper a new posterior odds analysis is proposed to test for a unit root in Unobserved-

ARCH models. Our analysis extends the Bayesian unit root test of . Also a method for estimating the

probability of the null hypothesis in prior odds ratio is demonstrated. Simulation study shows that

this method is efficient. An empirical study, based on time series data of daily exchange rate of the

German Marc with respect to the Greek Drachma, is applied using this method.

Keywords: Bayes factor, Gibbs sampling, Monte Carlo Markov Chain, Unobserved-ARCH model.
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1 Introduction

Financial markets sometimes appear quite calm and at other times highly volatile. The key of describ-

ing how this volatility changes over time, is the testing of the null hypothesis that the observations

available on a variable or their deviations from some appropriate constants follow a random walk.

Explicit models of heteroskedasticity have a long history in statistics and econometrics. Engle (1982)

propose Autoregressive Conditional heteroskedasticity (ARCH) class of models spurred a virtual arms

race into the development of new and better procedures for modeling and forecasting time-varying

financial market volatility. Nelson (1991), Bollerslev (2008) characterized this general class of mod-

els to ensure the success of it in various applications in economics and finance models. One of the

members of the class of ARCH models is Unobserved Autoregressive Conditional Heteroscedasticity

(U-ARCH). In U-ARCH model, the ARCH component is observed with error, or, it may be considered

as a latent process. Redaction of the unit root null hypothesis in U-ARCH results that observations

1Speaker Name: Fazlolah Lak Lak@pgu.ac.ir
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have a statistical model. The literature that considers U-ARCH models is extensive; see Giakoumatos

et al (2005), Lak (2011) for detailed surveys.

The purpose of this paper is to provide a new bayesian method for testing the unit root null

hypothesis in U-ARCH time series by expanding the method in Lak (2011). Simulation studies show

that the new method is more powerful than the method provided by Lak (2011).

The structure of this paper is as follows. In section 2, the U-ARCH model is introduced. Some

properties of U-ARCH model and sampling method by using the Metropolis-Hastings algorithm is

illustrated. The computation of posterior odds ratio by using Monte Carlo method is explained in

section 3. A new prior distribution, will be offered in section 4, there a method for estimating the prior

probability of the null hypothesis along with the results of the simulation studies is proposed. Finally

in section 5, the new methodology is used with real data.

2 The Unobserved ARCH Model and Posterior Odds Ratio

In Unobserved ARCH model, the ARCH components are observed with errors. By using hierarchical

structure of conditional densities, one can write this model by following form:

yt|ft, σ2 ∼ N(ft, σ
2), ft|ft−1, α, β, f0 ∼ N(0, ht), ht = α+ βf2t−1. (2.1)

where, y1, · · · , yT is a realization of the process. ft is Unobserved ARCH component at time t and f0

is initial state or the ”history” of the unobserved components, and N(·, ·) is the normal distribution.

Because, ht is the variance of a normal distribution, it must be positive. For this purpose, the param-

eters α and β are restricted to be positive. The additional restriction 0 < β ≤ 1 is imposed so that

the ARCH component of the model is covariance stationary.

For applying MCMC methods, transformations g =
√

α
β and wt =

√
β
αft are used for t =

0, 1, · · · , T . Therefore, the likelihood density is equal to:

L(g, β, σ2|y1, · · · , yT , w0, · · · , wT ) ∝ g2

σTβT/2−1
∏T
t=1

√
1 + w2

t−1

× exp

{
1

2β

T∑
t=1

w2
t

1 + w2
t−1
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− 1

2

[
1

σ2

T∑
t=1

(yt − gwt)
2 +

(gw0)2

ν

]}
,

where g, σ > 0 and 0 < β < 1.

Due to the fact that parameter β is restricted to lie within (0, 1), we suggest two prior distribution

for β: the uniform distribution π(β) = 1 on (0, 1) which is a non-informative prior distribution and

truncated inverse gamma within (0, 1) , as a natural conjugate prior distribution, formulated as π(β) ∝
1

βa1+1 exp{− b1
β }I0<β<1. The improper prior distribution π(g) = 1

g2 and the conjugate inverse gamma

IG(a2, b2) are considered for g and σ2 respectively. By using inverse gamma prior distribution for β,

the posterior distribution of parameters takes the form:

π(g, β, σ2, w0, · · · , wT |y1, · · · , yT ) ∝ 1

(σ2)
T
2 +a2β

T
2 +a1

∏T
t=1

√
1 + w2

t−1

× exp

{
− 1

2β

T∑
t=1

w2
t

1 + w2
t−1

− b1
β

− 1

2σ2

T∑
t=1

(yt − gwt)
2 − b2

σ2
− gw2

0

ν

}
. (2.2)

The posterior distribution dos not have a regular form. Therefore, one cannot directly collect a

sample from it and estimate the parameters. In this paper, the Gibbs sampling method suggested

by Giakoumatos et al (2005) is used for the sampling of the joint posterior distribution of all the

unknown parameters. Given the joint posterior distribution, the full conditional densities for inverse

gamma prior distribution of β are:

• σ2|· ∼ IG
(
T+2a2−2

2 , 12
∑T
t=1(yt − gwt)

2 + b2

)
,

• β|· ∼ IG
(
T+2a1−2

2 , 12
∑T
t=1

w2
t

1+w2
t−1

+ b1

)
,

• g|· ∼ N(
ν
∑T
t=1 wtyt
m , σ

2ν
m )I(g > 0), m = σ2w2

0 + ν
∑T
t=1 w

2
t ,

• w0|· ∝ N(0, νg2 ) 1√
1+w2

0

exp
{
− 1

2β
w2

1

1+w2
0

}
,

• wt|· ∝ N(mt, s
2
t )

1√
1+w2

t

exp
{
− 1

2β

w2
t+1

1+w2
t

}
,
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• wT |· ∼ N(mT , sT ),

where mt =
ytgβ(1+w

2
t−1)

g2β(1+w2
t−1)+σ

2 , and s2t =
σ2β(1+w2

t−1)

g2β(1+w2
t−1)+σ

2 . Also for uniform prior density of β, take

a1 = b1 = 0. The full conditional density of wt for t = 0, 1, · · · , T − 1 does not have known forms.

One way to deal with it is to use Metropolis-Hastings steps which allow us to sample non-standard

densities. For detail study see Robert and Casella (2004).

Our aim is to perform hypothesis testing β < 1 against β = 1, which can be thought as comparing

the two competing models. Let M0 be the model formulated in the null hypothesis, M1 the model

formulated under the alternative hypothesis, π(Mk) the prior model probability, p(y|Mk) and p(Mk|y)

the marginal likelihood and the posterior probability density respectively, where k = 0, 1. By assuming

the prior probabilities ϱ0 and ϱ1 for H0 and H1 hypotheses respectively, the associated Bayes estimator,

is:

ϕπ(y) =

 1, if Pπ(β ∈ Θ0|y) > ϱ1,

0, otherwise.

where Θ0 = {1} and Θ1 = {β|β < 1}. In other words, H0 will be rejected if:

P (M0|y)

P (M1|y)
=
P (y|M0)

P (y|M1)
× ϱ0
ϱ1

> 1.

For this class of losses, the null hypothesis H0 is rejected when the posterior probability of H0 is too

small. Notice that ϕπ only depends on ϱ0/ϱ1 and that the larger ϱ0/ϱ1 is, i.e., the more important a

wrong answer under H0 is relative to H1, the smaller the posterior probability of H0 needs to be for

H0 to be accepted.

When the flat prior is used i.e. ϱ0 = ϱ1 = 0.5, the posterior odds ratio will be the equal bayes

factor (BF) that is defined as the ratio of marginal likelihoods under the respective hypotheses. As

mentioned above, M0 is favored over M1 if the posterior odds ratio is larger than 1. In this paper, the

logarithm of the bayes factor will be employed. If the sign of logBF10 is positive, model M0 is favored

over M1, Robert (2007). To calculate the marginal likelihood, the method presented by Chib (1995)

will be applied, which is based on the identity in θ;

mk(y) =
fk(y|θ)ϱk
πk(θ|y)

, k = 0, 1,
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where πk(θ|y) is the posterior density of θ under Hk. As advised by Chib (1995), we set θ at its

posterior mean of the Gibbs sample and estimate the likelihood function of the Unobserved-ARCH

model. The posterior value of πk(θ|y) is computed utilizing the method suggested by Chib (1995).

3 A New Prior Distribution

In this section, two models are compared with posterior odds ratio computed using the MCMC meth-

ods. In fact, the bayes factor is only defined when ϱ0 ̸= 0 and ϱ1 ̸= 0. This implies that, if H0 or

H1 are a prior impossible, the observations will not modify this absolute information. Therefore, the

point null-hypothesis H0 : β = 1 cannot be tested under a continuous prior distribution. So the testing

of the point-null hypothesis imposes a drastic modification of the prior distribution. Indeed, to test

the hypothesis β = 1 implies that there is a chance that β truly is equal to 1 and therefore that some

possibly defined indication of this fact has been provided. Thus consideration of the probability ρ for

the model M0 means that a prior distribution has a positive mass at unity. So the prior distribution

of β appears as the following mixture distribution:

π(β) = ρI(β = 1) + (1 − ρ)fU (β)I(0 < β < 1). (3.1)

In this distribution, assume ρ is a bernoulli variable with the probability p = p(ρ = 1). Also assume U

is a continue random variable on (0, 1), and U is independent of ρ. This type of priors is widely used

in the literature of unit root test and tends to favor stationary or trend-stationary hypotheses, Robert

(2007).

As mentioned earlier, when flat prior probabilities on Θ0 and Θ1 is used, the posterior odds ratio

takes the same value as the Bayes factor. Therefore, only the Bayes factor is used for comparison of

bayesian models. Hence, the power of the unit root test can not be improved. Thus, to increase the

power of the test, we try to set a prior distribution for models.

Regard to the new prior distribution for β, the full conditional distribution of β is equal to:

β|· =

 1, w.p. p,

IG(T2 + a1 − 1, 12
∑ w2

t

1+w2
t−1

+ b1), w.p. 1 − p,
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where β|· is the posterior density for β, while, Inverse Gamma distribution is used as fU and for

uniform prior, a1 = b1 = 0. Since the full conditional density of β is a mixture distribution, β,

with the probability ρ, equals to 1, and, with the probability 1 − ρ, has the posterior distribution of

IG(T2 − 1 + a1,
1
2

∑ w2
t

1+w2
t−1

+ b1) .

Given the influence that sample size exerts on the accuracy of the method proposed by Lak (2011),

in order to determine p, first β will be estimated using Lak’s method and then ρ, using the value of

1 − β̂ and sample size, will be determined. In this paper, the recommended values for p are 0.10,

100
n exp

{
−β̂
}

and 100
2n exp

{
−β̂
}

, where β̂ is an estimate of β by MCMC method. In studying the

effect of value of ρ on accuracy of estimation of β, a series of simulations experiments are carried out

to address these three methods. Moreover, three values of β are considered, namely 1, 0.98, and 0.95.

The choice of σ2 and α are motivated by the results in the empirical section of this paper and most

of the estimates of σ2 and α have values around 0.01 and 0.005 respectively. The time series of length

n = 500, n = 1000, and n = 1500 are simulated for each of them. The Gibbs sampling takes out

10000 times the first 2000 generated samples of which are burn-in. All experiments are duplicated

100 times. Table 1 gives the average value of the posterior mean of β and the logarithm of POR in

Table 1: Comparisons of the mean proportional odds ratio when p = p(ρ = 1).

Candidate values n = 500 n = 1000

β p β̂ β̃ logPOR
10 β̂ β̃ logPOR

10

0.95

0.10 0.9713 -0.9873 0.9849 -2.9815
100
n

exp{−β̂} 0.9401 0.9608 -1.3210 0.9491 0.9615 -3.0159
100
2n

exp{−β̂} 0.9443 -1.7269 0.9519 -3.8971

0.98

0.10 0.9852 -1.2546 0.9861 -1.7421
100
n

exp{−β̂} 0.9739 0.9821 -1.7140 0.9789 0.9837 -1.9327
100
2n

exp{−β̂} 0.9783 -1.9851 0.9817 -2.1158

1

0.10 0.9923 2.0018 0.9928 1.7148
100
n

exp{−β̂} 0.9879 0.9919 1.4139 0.9892 0.9922 1.4972
100
2n

exp{−β̂} 0.9911 1.6511 0.9916 1.7690

100 replications. The results of simulation study, when the value of p(ρ = 1) = p is 100
2n exp

{
−β̂
}

,

are more accurate and the values of POR in stationary time series cases are larger. Moreover, in the
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Table 1:Continued Table 1.
Candidate values n = 1500

β p β̂ β̃ logPOR
10

0.95

0.10 0.9852 -3.5471
100
n

exp{−β̂} 0.9503 0.9604 -4.2856
100
2n

exp{−β̂} 0.9602 -6.1873

0.98

0.10 0.9869 -3.5487
100
n

exp{−β̂} 0.9793 0.9830 -2.3934
100
2n

exp{−β̂} 0.9810 -2.8102

1

0.10 0.9941 1.4897
100
n

exp{−β̂} 0.9896 0.9924 1.5678
100
2n

exp{−β̂} 0.9921 1.7721

proposed method, the null hypothesis is truly accepted 99 times, which substantiates the power of new

method compared to Lak’s method in which the null hypothesis is truly accepted only 93 times. Also

in the majority of the cases, where the null hypothesis is truly accepted, the logarithm of proportional

odds ratio came to be higher. It should be noticed that, β̃ is fakery estimated upper than real value

while p is equal to 0.10, which shows that using p, (dependent to sample size) get better results in the

estimation of β.

4 Empirical Study

In the empirical study, the daily exchange rate of the Germany Marc with respect to the Greek Drachma

is studied. Data are daily exchange rates recorded from December 16th 1993 to May 2nd 1997. To

implement the Gibbs sampling, three dispersed initial values for all the parameters are utilized. The

Gibbs Sampling was run (in R software) to obtain 30,000 samples. The first 5,000 burn-in iterations

were discarded, and the last 25,000 iterates were used to estimate all unknown parameters. This process

was repeated 100 times. Based on the results from simulation studies, we assume p = 100
2n exp

{
−β̂
}

.

Also, the same set of flat prior distributions was used for α and σ2. For the parameter β, the U(0, 1),

and IG(2.0017, 0.95) priors were used.

The posterior mean of unknown parameters are given in Table 2. Monte Carlo estimates posterior
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odds ratios are smaller than 1, due to fact that the posterior odds favour stationarity.

Table 2: The posterior mean and odds ratios of unknown parameters.

Prior σ2 α β logPOR
10

Uniform 0.089 0.0041 0.9781 -1.9936

Truncated Inverse gamma 0.091 0.0046 0.9803 -3.8067

5 Conclusion

A new prior distribution for unit root testing of econometric time series was introduced. It was shown

that, the power of new unit root test and the accuracy of this method in estimating parameters, is

better than the traditional method that proposed by Lak (2011). Also, a method for estimating p

in the new prior of unit root test was proposed. The proposed method was applied for testing and

estimating parameters with real data.
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Abstract: A new way of introducing a parameter to expand a family of distributions is introduced

and as an application a new two-parameter extension of the exponential distribution is proposed and

studied. Various fundamental properties including explicit expressions for the moments, quantiles,

mode and moment generating function of the new distribution are derived. The maximum likelihood

estimator of unknown parameters cannot be obtained in explicit forms and must be obtained by solving

a one-dimensional optimization procedure. One real data analysis has been presented for illustrative

purposes.

Keywords: exponential distribution, hazard rate function, α-power transformation method, maximum-
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1 Introduction

Adding parameters to an existing distribution to expand family of distributions is a very common

approach for developing more flexible models. Azzalini (1985) introduced the method of generating

skew distributions to adding a skew parameter to normal distribution. This method combines two

independent symmetric distributions to form a skewed distribution. Let X and Y be continuous

independent random variable symmetric about 0, with PDFs f and g and CDFs F and G . Then for

any λ ∈ ℜ, the function

2f(x)g(λx), x ∈ ℜ. (1.1)

is a valid PDF that developed by the method of generating skew distributions. Mudholkar and Sri-

vastava (1993) proposed the exponentiated method to introduce an additional parameter to Weibull

5Abbas Mahdavi : a.mahdavi@vru.ac.ir
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distribution. In this method an additional parameter plays the role of a power for the cumulative

distribution function (CDF) of an existing distribution. Suppose F (x) be the CDF of a continuous

random variable X, the CDF of the exponentiated random variable X defined as

FE(x) = Fα(x), x ∈ ℜ, α > 0. (1.2)

Eugene, Lee et al. (2002) proposed the beta generated method that uses the beta distribution with

shape parameters α and β as the generator to develop the beta generated distributions. The CDF of

a beta-generated random variable X is defined as

G(x) =

∫ F (x)

0

b(t)dt, (1.3)

where b(t) is the PDF of the beta random variable and F (x) is the CDF of any random variable X. For

more survey about methods to generating distributions see Lee, Famoye et al. (2013). The aim of this

paper is to introduce a method to generate a family of distributions based on an existing CDF, called

α-power tranformation (APT). As an application we generated a two-parameter (scale and shape) α-

power exponential family (APE). It is observed that APE distribution has several desirable properties

and it can be used as an alternative to the several two-parameter life time models. The rest of the

paper is organized as follows. In Section 2, we introduce APT method to generate distributions. In

Section 3, we define the APE distribution. A range of mathematical properties of the new distribution

is considered in Sections 4-5. These include quantile function, simulation, mode, moments. The MLEs

and their properties are discussed in Section 6. In Section 7, we provide one real data analysis result.

Finally, concluding remarks are provided in Section 8.

2 α-power tranformation method

Let F (x) be the CDF of continuous random variable X. Then then the alpha-power transformation

of F (x) for x ∈ R, is defined as follows:

FAPT (x) =
αF (x) − 1

α− 1
, x ∈ ℜ, α > 0, α ̸= 1. (2.1)

The probability density function (PDF) corresponding to the APT family in (2.1) is defined as

fAPT (x) =
logα

α− 1
f(x)αF (x), (2.2)
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where f(x) is the PDF of random variable X. It can be shown that when α −→ 1 then fAPT (x)

converge to f(x).

3 α-power exponential distribution

In this section, first we provide the definition of α-power exponential distribution by taking F (x) as a

CDF of exponential distribution with mean 1/λ in (2.1) and then we study different properties of the

APE distribution.

Definition 3.1. The random variable X is said to have APE distribution denoted by APE(α, λ), with

the shape and scale parameters as α > 0, α ̸= 1 and λ > 0 , respectively, if the PDF of X is

f(x) =
logα

α− 1
λe−λxα1−e−λx , x > 0. (3.1)

The CDF of APE distribution is given by

F (x) =
α(1−e−λx) − 1

α− 1
, x > 0. (3.2)

Also, the survival reliability function S(x) and the hazard rate function (HRF) h(x) for APE distri-

bution are in the following forms

S(x) =
α

α− 1
(1 − α−e

−λx
), x > 0, (3.3)

h(x) =
λe−λxα−e

−λx
logα

1 − α−e−λx
, x > 0. (3.4)

Figure 1 shows some of the different shapes of APE(α, λ) and HRF for selected values of α and fixed

scale parameter λ = 1. It is an unimodal density function and for fixed scale parameter as the shape

parameter increases it is becoming more and more symmetric. If α > 1, the hazard function is a

non-decreasing function and converge to λ, and if α < 1 it is a non-increasing function and converge

to λ. Therefore the hazard function of the APE distribution behaves like the hazard function of the

gamma distribution with the following PDF

f(x) =
λα

Γ(α)
xα−1e−λx, α, λ, x > 0. (3.5)
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Figure 1: (a) and (b) the PDF and HRF of APE distribution with various shape parameter and fixed scale parameter

λ = 1.

(a)

APE distribution has an explicit expression of the distribution function or the survival function.

Therefore, it can be used as an alternative to a gamma distribution and it might work better than a

gamma distribution in some situations.

4 Quantile function and simulation

The quantile function of APE distribution is given by

xp =
−1

λ
log{

log α
(α−1)p+1

logα
}. (4.1)

The median can be derive from (4.1) by letting p = 0.5 as

m =
−1

λ
log{

log 2α
α+1

logα
}. (4.2)

Simulation of APE random variable follows directly from Equation (4.1) by

X =
−1

λ
log{

log α
(α−1)U+1

logα
}, (4.3)

where U is a standard uniform variate.
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5 Mode and moments

The mode of APE exist for any α > e in point of

M =
log(logα)

λ
. (5.1)

Using the series representations

α−u =
∞∑
k=0

(− logα)kuk

k!
, (5.2)

and ∫
un(log u)mdu = un+1

m∑
k=0

(−1)k
m!(log u)m−k

(m− k)!(n+ 1)k+1
, (5.3)

we derive two closed-form expressions for the moment-generating function (MGF) and for the nth

moment as

MX(t) =
λα

1 − α

∞∑
k=0

(− logα)k+1

(kλ− t+ λ)k!
, t < λ, (5.4)

E(Xn) =
αn!

λn(1 − α)

∞∑
k=1

(− logα)k

knk!
. (5.5)

6 Maximum likelihood estimation

In this section, we consider the estimation of the unknown parameters by the method of maximum

likelihood. Let x1, x2, ..., xn be a sample from APE(α, λ) distribution. Then, the loglikelihood function

based on the given random sample is

logL =n logα− n log(α− 1) + n log λ− λ

n∑
i=1

xi

− (logα)

n∑
i=1

e−λxi + n log(logα). (6.1)

The first order derivatives of logL are

∂ logL

∂α
=
n

α
− n

α− 1
− 1

α

n∑
i=1

e−λxi +
n

α logα
, (6.2)
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∂ logL

∂λ
=
n

λ
−

n∑
i=1

xi + (logα)

n∑
i=1

xie
−λxi . (6.3)

The system of equations obtained by setting these derivatives to zero does not have a closed solution

and must be solved numerically. In this paper we use the optim function from the statistical software R

(R Development Core Team, 2013) to maximize the logarithm of the likelihood function. The solution

of this maximization problem are the maximum likelihood estimators (MLEs) of the parameters, and

are denoted respectively by α̂ and λ̂. In this section, we use an uncensored data set corresponding to

intervals in days between 109 successive coal-mining disasters in Great Britan, for the period 1875-

1951, published by Maguire, Pearson et al. (1952). The sorted data are given as follows: 1 4 4 7 11 13

15 15 17 18 19 19 20 20 22 23 28 29 31 32 36 37 47 48 49 50 54 54 55 59 59 61 61 66 72 72 75 78 78 81

93 96 99 108 113 114 120 120 120 123 124 129 131 137 145 151 156 171 176 182 188 189 195 203 208

215 217 217 217 224 228 233 255 271 275 275 275 286 291 312 312 312 315 326 326 329 330 336 338

345 348 354 361 364 369 378 390 457 467 498 517 566 644 745 871 1312 1357 1613 1630. We compare

APE distribution with four other two-parameter models

• gamma distribution with PDF (3.5)

• Weibull distribution with PDF f(x) = αλ(λx)α−1e−(λx)
α

, α, λ, x > 0.

• exponentiated exponential distribution (EE) introduced by Gupta, Gupta et al. (1998) with

PDF f(x) = αλ(1 − e−λx)α−1e−λx, α, λ, x > 0.

• weighted exponential distribution (WE) proposed by Gupta and Kundu (2009) with PDF f(x) =

α+1
α λe−λx(1 − e−αλx), α, λ, x > 0.

To see which one of these models is more appropriate to fit coal-mining data the MLEs of parameters,

Kolmogorov-Smirnov statistics and p-values are given in Table 1. Comparing the log-likelihood values

and p-values based on the Kolmogorov Smirnov test, we see that APE distribution provides a signifi-

cantly better fit than the other four models. The relative histogram and the fitted APE distribution

are plotted in Figure 2 (a). In order to assess if the model is appropriate, the plots of the fitted APE

survival function and empirical survival function are displayed in Figure 2 (b).
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Table 1: The maximum likelihood estimates and Kolmogorov-Smirnov statistics and p-values for

coal-mining data.

The model MLEs of the parameters Log-likelihood K-S statistic p-value

gamma α̂ = 0.8555, λ̂ = 0.0037 -702.4007 0.0823 0.4517

Weibull α̂ = 0.8848, λ̂ = 0.0046 -701.7724 0.0784 0.5135

EE α̂ = 0.8605, λ̂ = 0.0039 -702.5524 0.0830 0.4402

WE α̂ = 35.2748, λ̂ = 0.0045 -705.1641 0.0836 0.4313

APE α̂ = 0.2807, λ̂ = 0.0030 -701.2132 0.0742 0.5852
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Figure 2: (a) the histogram and the fitted APE distribution. (b) the fitted APE survival function and empirical

survival function for coal-mining data.

Conclusion

A new method to generate families of distributions is introduced. As an application a new two-

parameter family of distributions was provided by using the particular case that F is the CDF of

exponential distribution which may sometimes be a competitor to the Weibull, gamma and other

two-parameter life time models. The flexibility of the proposed distribution and increased range of

skewness was able to fit and capture features in one real data set much better than some popular

distributions. Also the generation of random samples from the APE is quite straight forward, that

is useful to perform the simulation experiments or parametric bootstrapping. Finally, future works is

needed to implement and investigate the behavior of the proposed method to expand other family of
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distributions. It should be mentioned that although we have used the APT method to the exponential

distribution function, similar method can be used to the normal distribution also. It will introduce a

skewness parameter to a normal distribution similar to the skew-normal distribution of Azzalini (1985).

It will be interesting to study the properties of this skew-normal distribution and also to develop the

inferential procedures. The work is in progress, it will be reported later.
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Abstract: This article provides a simple robust method to test of goodness of fit for the extreme value

distribution (Type I family) by using the new diagnostic tool called the ”Forward Search” (FS) method.

One of the powerful goodness-of-fit tests is the correlation coefficient test, but this test suffers from

the presence of outliers. We introduce the FS version of this test that is not affected by the outliers.

Also by use the transformation study, an application to the two-parameter Weibull distribution is

investigated. The performance and the ability of this procedure to capture the structure of data are

illustrated by some simulation studies.

Keywords Forward search procedure, Goodness of fit test, Correlation coefficient test, Outlier, Robust

approach.
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1 Introduction

The extreme value distributions are widely used in risk management, finance, insurance, economics,

hydrology, material sciences, telecommunications, and many other industries dealing with extreme

events. One of the basic tools that is useful to testing goodness of fit is the correlation coefficient

goodness-of-fit test based on quantile-quantile (QQ) plot. The purpose of this article is to adopt the

Forward Search (FS) method in the goodness of fit test for extreme value distribution. One of the

powerful tests is the correlation coefficient test introduced by Filliben (1975) for testing normality.

Kinnison (1989) assessed the goodness of fit of Type-I extreme value distribution based on Filliben’s

correlation coefficient test and examined its power properties for various alternative models. The

6Hossein Negarestani : negarestani@vru.ac.ir
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correlation coefficient statistic is not a robust statistic and hence the presence of outliers influences

this test strongly. The test involves computing the correlation coefficient between the ranked data and

the expected value of the order statistic with the same rank. In this paper we try to determine how

many and which observations agree with the hypothesis of extreme value distribution and also as an

application for testing the goodness of fit for Weibull distribution. The FS approach is a powerful

general method that provides diagnostic plots for finding outliers and discovering their underlying

effects on models fitted to the data and for assessing the adequacy of the model. Atkinson and

Riani (2000, 2002, 2004) developed the FS procedure for regression modeling and multivariate analysis

frameworks. The FS method starts from a small, robustly chosen subset of the data. The method

increases the subset size by using some measure of closeness from fitted model until finally all the data

are fitted. The outliers enter the model in the last steps and the entrance point of the outliers can

be revealed by monitoring some statistics of interest during the process. The paper is organized as

follows. In Section 2 we briefly introduce correlation coefficient goodness-of-fit test for the extreme

value distribution. Section 3 presents the proposed forward search algorithm in correlation coefficient

goodness-of-fit test for the extreme value distribution. In Section 4, we describe the easy and fast

method for estimating the null distribution of proposed test statistic. In Section 5 the performance of

the method is illustrated by simulating some datasets. Concluding remarks are provided in Section 6.

2 Correlation coefficient goodness-of-fit test for the extreme

value distribution

The correlation coefficient test was introduced by Filliben (1975) to testing goodness of fit for the

normal distribution. Kinnison (1989) assessed the goodness of fit of Type-I extreme value distribution

based on Filliben’s correlation coefficient test and examined its power properties for various alternative

models. A QQ plot is a common and basic technique used for finding a suitable model to data. When

comparing an observed data to a hypothesized distribution, the plot of the ordered observations versus

the appropriate quantiles of assumed distribution, should look approximately linear and hence the

product moment correlation coefficient which measures the degree of linear association between two

random variables is an appropriate test statistic.
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The correlation coefficient goodness-of-fit test for the extreme value distribution is built as follows.

Let X be a random variable from the extreme value distribution

G(x) = 1 − exp(−exp[(x− µ)/σ]), (2.1)

where µ and σ are unknown location and scale parameters. In such location-scale model there is a

simple relationship between the p-quantiles of X and W = (X − µ)/σ the standard extreme value

variable (µ = 0, σ = 1). The p-quantile of X, defined by P (X ≤ xp) = p, is

xp = µ+ σ log(−log(1 − p)). (2.2)

Thus xp is a linear function of wp = log(−log(1 − p)), the p-quantile of W .

Let (X(1), X(2), . . . , X(n)) be an ordered sample of size n from X, for appropriate pi; i = 1, 2, . . . , n

(the plotting positions), we can approximate xpi by the i-th order sample X(i). Thus the correlation

coefficient statistic, R, for goodness-of-fit test is defined as the correlation between ordered sample

X(i) and the pi-quantile of W , wpi . Many plotting positions have been proposed in the literature, in

this paper we use the median rank due to its robustness property and is therefore used in the case of

skewed distributions, such as the extreme value distribution (see D’Agostino et al., 1986 and Castillo

et al., 2005). The median rank, m(i), of the i-th order statistics is given by

m(i) = B0.5,i,n−i+1, (2.3)

where B0.5,α,β is the median of the beta distribution with parameters α and β.

The distribution of R can be estimate by means of Monte Carlo simulation for different sample

sizes. One rejects the hypothesized distribution (1) if the observed value of R is smaller than the

critical value.

As an application, to use the correlation coefficient test for testing the validity of two-parameter

Weibull distribution to the data with cumulative distribution function (cdf):

f(x;α, β) = 1 − exp[−(x/β)α]. (2.4)

It is necessary to transform into an extreme value distribution with location parameter µ = log(β)

and scale parameter σ = 1/α by taking the log of the data.



A goodness-of-fit test for the extreme value distribution 270

3 Forward search in correlation coefficient goodness-of-fit test

for the extreme value distribution

Let x(.) = (x(1), x(2), . . . , x(n)) the vector of ordered observations comes from an extreme value distri-

bution (1), then it is possible to write

x(i) = µ+ σwmi + εi, (3.1)

where wmi = log(−log(1 −mi)) and mi is the median rank defined in (3). In this section we use the

FS method introduced by Atkinson and Riani (2000) to analysis the behavior of regression model (5).

The FS method is a powerful approach not only to detecting outliers, but also for investigating their

effect on the estimation of parameters and on aspects of inference about models. The basic idea of

the FS approach is to order the observations by their closeness to the fitted model. The FS method is

made up of the following three main steps: the starting point is to find the appropriate starting subset

of observations, the second step presents the plan to progressing in FS and the last step is monitoring

some suitable quantities during the search. In the following subsections we describe how these three

points are performed.

3.1 Step 1: Choice of the initial subset

Starting point of the FS procedure is choosing outlier free subset of observations robustly. To start the

FS approach, the size of initial subset must be specified. That size can be as small as p = 2 . Therefore,

we search over subsets of p observations to find the best subset of observations. The initial subset can

be achieved by use of robust regression estimator Least Median of Squares regression estimator (LMS)

proposed by Rousseeuw (1984).

3.2 Step 2: Progressing in the search

At each step of the search, the procedure adds to the subset the observation that is closest to the

previously fitted model. Let S(k) be a subset of size k, the FS moves to S(k+1) in the following way:

after the least square regression model is fitted to the S(k) subset, all observations are ordered according
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to their square residuals, now we choose the k+1 observations with the smallest square residuals. This

procedure is repeated until all observations are entered into the model.

3.3 Step 3: Monitoring the search

For detecting and determining the effect of outliers, some statistics of interest must be monitor during

the search. The FS version of correlation coefficient, RFS , is defined as a collection of R (correlation

coefficient) statistics computed for different subsets of x(.) and corresponding units of wmi . Let w(k)

be the units of wmi corresponding to the subset S(k), then the RFS is defined as

RFS = (RS(p),w(p) , . . . , RS(k),w(k) , . . . , RS(n),w(n)). (3.2)

The empirical quantiles of (6) during the search can be estimated by simulation in each step of the

search. In any step of the search the acceptance region lies between the value of the chosen quantile

an 1.

4 Simulating the distribution

The empirical null distribution of (6) can be found by simulating numerous samples generated from

a standard extreme value distribution. Since the FS is a reiterative algorithm, this way of estimating

distribution is very time consuming. Atkinson and Riani (2006) proposed the method of ”Ordered

Observations” to estimate the distribution of outlier test statistic. In the following subsection we

describe this simple and fast method briefly.

The FS orders all observations in each steps of the search. In the absence of outliers, when we

move from S(k) to S(k+1), most of the time just one new observation joins the subset and this ordering

does not change much during the search. Hence, we can order the observations just one according to

square residuals resulting from the chosen initial subset, denoted by x(ord). In the step k of the search

we just choose the first k observations of x(ord).

Figure 1 shows the 5% bounds of the empirical distribution and the estimated distribution using

the ordered observations method for sample sizes n = 50 and n = 100.
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Figure 1: The 5% bounds of the empirical distribution (continues lines) and the estimated distribution using the

ordered observations method (dashed lines) for sample sizes (left panel) and (right panel).

5 Simulation study

In order to evaluate the proposed procedure we conduct simulation studies that aim to consider the

behavior of statistic (6) in the presence of outliers and ability of FS for detecting them. Consider six

samples are generated in the following way:

• Sample A: 100 observations are generated from a standard extreme value distribution.

• Sample B: 95 observations are generated from a standard extreme value distribution and for

contamination 5 observations are generated from a N(µ = 3, σ = 1).

• Sample C: 95 observations are generated from a standard extreme value distribution and for

contamination 5 observations are generated from a Uniform(a = 3, b = 4).

• Sample D: 100 observations are generated from a Weibull(sh = 2, sc = 2).

• Sample E: 95 observations are generated from a Weibull(sh = 2, sc = 2) and for contamination

5 observations are generated from a N(µ = 10, σ = 1).

• Sample F: 95 observations are generated from a Weibull(sh = 2, sc = 2) and for contamination

5 observations are generated from a Uniform(a = 9, b = 10).
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Figure 2: Forward plots of RFS during the search for samples A-F.

In Figure 2, the values of RFS during the search are plotted for samples A-F and compared with

estimated corresponding 5(dashed line) of its distribution obtained from ordered observations described

in Section 4. The null hypothesis of extreme value distribution is accepted in each step of the search

for clean sample A and it is rejected after entrance of outliers in the last steps (step 96 onwards)

for contaminated samples B and C indicating 5 observations are outliers. Also, the same results for

samples D-F summarized as: the null hypothesis of two-parameter Weibull distribution is accepted in

any step of the search for clean sample D and it is rejected from step 96 onwards for samples E and F.

6 Concluding remarks

In this paper, a new robust method to testing the goodness of fit for extreme value distribution has

been presented. The approach gives information about the distribution of majority of the data and

the percentage of contamination. At every step of the FS, the proposed statistic is computed and with

a graphical approach a cut-off point divides the group of outliers from the other observations. In order

to illustrate the application and the advantage of the FS approach we used some artificial examples.
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We have used the simple and fast method to find distribution of proposed statistic. Furthermore,

we showed an application of the proposed approach to the goodness-of-fit test for the two-parameter

Weibull distribution.
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Abstract: This article deals with parameter estimation for the Topp-Leon distribution using Bayesian

approach. Especial attention is given to its performance relative to traditional maximum likelihood

method. This does not seem to be attended enough in the literature. Monte Carlo simulations are

employed to compare different estimators based on complete and censored samples.

Keywords: Asymmetric loss function; Failure rate; Unit interval.

Mathematics Subject Classification (2010): 62N01; 62F15.

1 Introduction

The Topp-Leone distribution is a univariate continuous distribution which was first proposed and

applied as a model for some failure data by Topp and Leone (1955). A random variable X is said to

have Topp-Leone distribution with parameter θ, denoted by X ∼ TL(θ), if its pdf can be expressed as

f(x) = θ(2 − 2x)(2x− x2)θ−1, 0 < x < 1, θ > 0, (1.1)

where θ is the shape parameter. The corresponding cdf is also given by

F (x) = (2x− x2)θ, 0 < x < 1. (1.2)

The Topp-Leone distribution with the range (0, 1) can be used as an alternative distribution to beta

distribution which has the same range.

The Topp-Leone distribution has received much attention in recent years. Nadarajah and Kotz

(2003) provided a motivation for this distribution based on its hazard rate function and then studied

the moments and some other main properties of the Topp-Leone distribution. Ghitany et al. (2005)

7 mahdizadeh.m@live.com
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studied some reliability measures and their stochastic orderings for the Topp-Leone model. Genc

(2012) discussed the moments of order statistics coming from this distribution. Sindhu et al. (2013)

focused on Bayesian estimation of θ based on type II censored data. Feroze and Aslam (2013)

considered Bayesian estimation of θ based on complete and (singly and doubly) type II censored data.

In the last two works, performance of the maximum likelihood estimator (MLE) has not been compared

with Bayesian estimators. We plan to address this topic in this study.

Section 2 reviews MLEs and Bayesian estimators of θ using complete and singly type II censored

data. Results of Monte Carlo experiments conducted to assess performance of the proposed estimators

are reported in Section 3. Lastly, we conclude in Section 4.

2 The estimators

2.1 Complete data

Let x = (x1, . . . , xn) be a sample of size n from TL(θ). The associated likelihood function is of the

form

L(θ|x) ∝ θne−Tθ, (2.1)

where T =
∑n
i=1 log(2xi − x2i )

−1. Differentiating (2.1) with respect to θ, and equating the result to

zero, the MLE is obtained as θ̂ML = n/T .

To proceed with Bayesian methodology, one needs to specify a prior distribution reflecting the

available knowledge about the parameter. To this end, we consider a simple family of improper

distributions

g(θ) ∝ θ−2c, c > 0; θ > 0, (2.2)

which includes some well-known priors. In particular, c = 0 leads to the uniform prior, and c = 0.5 gives

Jeffreys prior for TL(θ). The latter is defined as g(θ) ∝
√
I(θ), where I(θ) is the Fisher information

about θ contained in the sample.

Using (2.1) and (2.2), the posterior distribution turns out to be

g(θ|x) =
Tn−2c+1

Γ(n− 2c+ 1)
θn−2ce−Tθ, θ > 0, (2.3)
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where Γ(t) =
∫∞
0
ut−1e−udu. The above density function can be used to derive Bayes estimators under

different loss functions. In the sequel, we consider three choices.

The squared error loss (SEL) function is defined as L1(θ̂, θ) = (θ̂ − θ)2 which is symmetric in

the sense that it assigns equivalent dimensions to underestimation and overestimation. Under SEL

function, Bayes estimator and the corresponding risk are given by

θ̂SE =
1

T
(n− 2c+ 1), r(θ̂SE) =

1

T 2
(n− 2c+ 1).

The use of symmetric loss functions, however, may not be appropriate in many real situations, especially

when underestimation and overestimation have different consequences. In such situations, the use of

asymmetric loss functions are suggested. The precautionary loss (PL) function, introduced by Nostrom

(1996), enjoys this property and is defined as L2(θ̂, θ) = (θ̂−θ)2/θ̂. Under PL function, Bayes estimator

and the corresponding risk are given by

θ̂PL =
1

T

√
(n− 2c+ 1)(n− 2c+ 2), r(θ̂PL) =

2

T

(√
(n− 2c+ 1)(n− 2c+ 2) − (n− 2c+ 1)

)
.

Another well-known alternative is the linear-exponential loss (LL) function defined (in a special case)

as L3(θ̂, θ) = exp{(θ̂−θ)}− (θ̂−θ)−1. See Varian (1975) for more details. Under LL function, Bayes

estimator and the corresponding risk are given by

θ̂LL = −(n− 2c+ 1) log(
T

T + 1
), r(θ̂LL) = (n− 2c+ 1)

(
1

T
+ log(

T

T + 1
)

)
.

2.2 Censored data

Let we observe n items for possible failure and only first m(< n) failure times have been observed.

That is, x1 < · · · < xm, and the remaining n−m items are still working. Under the assumptions that

the lifetimes of the items are iid from TL(θ), the associated likelihood function is of the form

L(θ|x) ∝
n−m∑
k=0

(−1)k
(
n−m

k

)
θme−ϕkθ, (2.4)

where ϕk =
∑m
i=1 log(2xi − x2i )

−1 + k log(2xm − x2m)−1. Differentiating (2.4) with respect to θ, and

equating the result to zero, we arrive at

m

θ
+

m∑
i=1

log(2xi − x2i )
−1 − (n−m) log(2xm − x2m)

(2xm − x2m)θ

1 − (2xm − x2m)θ
= 0 (2.5)
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Clearly, (2.5) does not admit explicit solution, and hence MLE has to be found numerically.

To derive Bayes estimators, we employ the same family of priors, and loss functions mentioned in

the previous subsection. Using (2.4) and (2.2) it follows that the posterior distribution is

g(θ|x) =
1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
θm−2ce−ϕkθ, (2.6)

where D =
∑n−m
k=0 (−1)k

(
n−m
k

)
Γ(m− 2c+ 1)/ϕm−2c+1

k .

Under SEL function, Bayes estimator and the corresponding risk are given by

θ̂SE =
1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 2)

ϕm−2c+2
k

and

r(θ̂SE) =
1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 3)

ϕm−2c+3
k

−

[
1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 2)

ϕm−2c+2
k

]2
.

Under PL function, Bayes estimator and the corresponding risk are given by

θ̂PL =

[
1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 3)

ϕm−2c+3
k

]1/2

and

r(θ̂PL) = 2


[

1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 3)

ϕm−2c+3
k

]1/2
− 1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 2)

ϕm−2c+2
k

 .

Finally, Bayes estimator and the corresponding risk, under LL function, are given by

θ̂LL = − log

{∑n−m
k=0 (−1)k

(
n−m
k

)
(ϕk + 1)−(m−2c+1)∑n−m

k=0 (−1)k
(
n−m
k

)
ϕ
−(m−2c+1)
k

}

and

r(θ̂LL) =
1

D

n−m∑
k=0

(−1)k
(
n−m

k

)
Γ(m− 2c+ 2)

ϕm−2c+2
k

+ log

{∑n−m
k=0 (−1)k

(
n−m
k

)
(ϕk + 1)−(m−2c+1)∑n−m

k=0 (−1)k
(
n−m
k

)
ϕ
−(m−2c+1)
k

}
.



Bayesian inference for the Topp-Leone distribution 280

3 Simulation results

A simulation study was conducted to get insight of the finite sample behavior of the suggested esti-

mators. For each combination of sample sizes n = 10, 20 and θ = 0.75, 1.5, a total number of 10,000

samples were generated from TL(θ). The estimators were computed from each sample and their mean

squared errors (MSEs) were determined. The bayes estimators were derived under the three loss func-

tions mentioned in Section 2, and using prior g(θ) ∝ θ−2c, for c = 0, 0.5, 0.75, 1, 2. In estimating MSEs,

the Bayes estimators are treated as classical estimators. Also, risk of Bayes estimators were estimated

from 10,000 samples. The results for complete (censored) data are given in Table 1 (2). In Table 2,

it is assumed that 30% of samples are censored, i.e. m = 0.7n. The entries corresponding to θ = 0.75

(θ = 1.5) are placed in the upper (lower) panel of each table. Also, efficiency of any bayes estimator

relative to MLE, i.e. ratio of the corresponding MSEs, appears in parentheses.

The simulation results, not reported here, show that the shape parameter is overestimated using

SEL and PL functions, while it is underestimated under LL function. The values of posterior risk is

inversely proportional to sample size, and is directly proportional to true parameter value.

It is to be noted that the Bayes estimator under SEL function and Jeffreys prior is the same MLE

in the case of complete data. For priors other than uniform, the Bayesian estimators are generally

more efficient that the corresponding MLEs. This is more pronounced at small sample size. Also, the

overall performance of LL function seems satisfactory.

Conclusion

This article attends to Bayesian methods for parameter estimation under the TL model. A general

family of prior distributions, including uniform and Jeffreys priors as special cases, is considered. The

Bayes estimators under SEL, PL and LL functions are derived. The estimators are compared with

MLE, in terms of MSE, for some configurations of the prior distribution parameter, sample size and

the shape parameter. The results confirm the preference of Bayesian inference in small sample size.
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Table 1: Estimated Bayes risks and REs of different estimators for complete data and θ = 0.75, 1.5

c

n Loss 0 0.5 0.75 1 2

10 SE 0.0860 (0.704) 0.0788 (1.000) 0.0737 (1.170) 0.0706 (1.342) 0.0549 (1.349)

P 0.0816 (0.593) 0.0816 (0.845) 0.0811 (1.004) 0.0814 (1.179) 0.0806 (1.463)

L 0.0402 (0.916) 0.0368 (1.284) 0.0344 (1.457) 0.0330 (1.608) 0.0256 (1.331)

20 SE 0.0347 (0.815) 0.0330 (1.000) 0.0321 (1.089) 0.0312 (1.153) 0.0280 (1.168)

P 0.0391 (0.729) 0.0390 (0.907) 0.0390 (1.001) 0.0389 (1.085) 0.0389 (1.212)

L 0.0169 (0.931) 0.0160 (1.120) 0.0156 (1.201) 0.0152 (1.247) 0.0136 (1.162)

c

n Loss 0 0.5 0.75 1 2

10 SE 0.3501 (0.704) 0.3133 (1.000) 0.2972 (1.171) 0.2808 (1.338) 0.2204 (1.358)

P 0.1644 (0.594) 0.1630 (0.845) 0.1626 (1.004) 0.1624 (1.178) 0.1616 (1.473)

L 0.1536 (1.167) 0.1377 (1.571) 0.1306 (1.727) 0.1235 (1.795) 0.0968 (1.271)

20 SE 0.1384 (0.815) 0.1296 (1.000) 0.1291 (1.088) 0.1240 (1.154) 0.1113 (1.142)

P 0.0781 (0.729) 0.0774 (0.912) 0.0782 (1.001) 0.0777 (1.086) 0.0777 (1.193)

L 0.0654 (1.053) 0.0613 (1.221) 0.0610 (1.304) 0.0586 (1.311) 0.0526 (1.099)
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Table 2: Estimated Bayes risks and REs of different estimators for censored data and θ = 0.75, 1.5

c

n Loss 0 0.5 0.75 1 2
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Abstract: In this paper, a new distribution, namely, gamma-Weibull (GW) distribution is proposed

and studied. Some results for its moments are provided. To estimate the model parameters, the max-

imum likelihood estimators and the asymptotic distribution of the estimators are discussed. Finally,

in order to show the usefulness of the new distribution, application of a real data set is demonstrated.

Keywords gamma-Weibull distribution, Weibull distribution, Hazard function, Maximum likelihood

estimation.
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1 Introduction

The Weibull distribution is a very popular distribution for modelling lifetime data and to model

phenomenon with monotone failure rates. However, to model monotone hazard rates, the Weibull

distribution may be an initial choice because of its negatively and positively skewed density shapes,

this two-parameter model is inadequate when the true hazard shape is of unimodal or bathtub nature.

Various distributional aspects of this distribution have been investigated in literature. For instance,

products and ratios of Weibull random variables were studied by Nadarajah and Kotz (2006). For

the basic distributional properties of the Weibull distribution, techniques for the estimation of its

parameters as well as numerous applications, the reader is refered to Johnson and Kotz (1976). For

various results in connection with the generalized gamma distribution and some of its asymptotic

properties, the reader can be referred to Prentice (1974), Smith and Naylor (1987) and Meeker and

Escobar (1988).

2Speaker’s Name: R.S. Meshkat r.meshkat@gmail.com
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In this work a four-parameter distribution are introduced, so-called the Gamma-Weibull (GW)

distribution, which because of its flexibility in accommodating all the forms of the hazard rate function

seems to be an important distribution.

The rest of the paper is organized as follows:

In section 2, the new distribution is introduced. Properties of this new distribution are obtained in

Section 3. In Section 4, the maximum likelihood estimation are discussed. The proposed model is

applied to a data set in Section 5.

2 The gamma-Weibull distribution

The two-parameter Weibull density function is usually expressed as follows:

g(x;µ, σ) =
µ

σ
xµ−1e−( xσ )

µ

, x > 0,

where σ > 0 is a scale parameter and µ > 0 is a shape parameter and its cumulative distribution

function is

G(x;µ, σ) = 1 − e−( xσ )
µ

, x > 0.

Considering the following gamma density function

f(x;α, β) =
1

Γ(α)βα
xα−1e−

x
β , x > 0.

We define the cdf of gamma-Weibull (GW) distribution as

H(x;α, β, µ, σ) =

Γ(α) − Γ

(
α, 1−e

−( xσ )
µ

β

)
Γ(α) − Γ

(
α, 1

β

) , x > 0.

The corresponding pdf is given by

h(x;α, β, µ, σ) =

µ
(
x
σ

)µ( 1−e−( xσ )
µ

β

)α
exp

{
e
−( xσ )

µ

−1
β

}
x
(
e(

x
σ )

µ

− 1
) [

Γ(α) − Γ
(
α, 1

β

)] , x > 0,

where Γ(a, z) =
∫∞
z
ta−1e−tdt denotes an incomplete gamma function and β, σ > 0 are scale parameters

and α, µ > 0 are shape parameters. A random variable X follows the GW distribution with parameters



285 Meshkat and Torabi

0 5 10 15

0.
00

0.
05

0.
10

0.
15

0.
20

x

D
en

si
ty

                           µ=0.9,α=3.5

σ=1.7
σ=2.3 
σ=5

0 2 4 6 8

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

x

D
en

si
ty

                           µ=1.5,α=0.3

σ=0.4
σ=1.4 
σ=3.4

Figure 1: Plots of the pdf of the GW (α, 1, µ, σ) distribution for some various values of parameters.

α, β, µ and σ is denoted by X ∼ GW (α, β, µ, σ). The associated survival and hazard hazard function

of GW distribution are respectively given by

S(x) =

Γ

(
α, 1−e

−( xσ )
µ

β

)
− Γ

(
α, 1

β

)
Γ(α) − Γ

(
α, 1

β

) ,

and

r(x) = −
µβ−ασ−µxµ−1

(
1 − e−( xσ )

µ)α
exp

[
e
−( xσ )

µ

−1
β

]
(
e(

x
σ )

µ

− 1
)[

Γ
(
α, 1

β

)
− Γ

(
α, 1−e

−( xσ )
µ

β

)] .

For some values of the parameters, the plots of the density and the hazard rate function are shown

in Figures 1 and 2, respectively. It can be summarized some of the shape properties of the GW

distribution as follows:

• The distribution is right-skewed whenα > 0.5. As σ increases the degree of right skewness

increases.

• The distribution is reverse ”J” shaped when µ < 1, α < 1, also µ > 1, α < 0.5.

It is depicted by Figure 2 that the hazard rate function of the GW distribution can take monotonic,

bathtub and unimodal-bathtub shapes for different parametric combinations.
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Figure 2: Plots of the hazard rate function of the GW (α, 1, µ, σ) distribution for some various values of parameters.

3 Moments

In general, k-th non central moment of a GW distribution cannot be easily evaluated. considering

common definition, k-th non central moment can be written as following

E[Xk] =

µxµ+k−1
(

1−e−( xσ )
µ

β

)α
exp

{
e
−( xσ )

µ

−1
β

}
σµ
(
e(

x
σ )

µ

− 1
) [

Γ(α) − Γ
(
α, 1

β

)] .

Hence, these measures for the GW (α, β, 0.5, 0.7) distribution are calculated and presented in Table 1

for various combinations of α and β. From Table 1, it can be concluded that for fixed α, the mean, the
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Table 1: Mean, second moments, variance, skewness and kurtosis when µ = 0.5 and σ = 0.7 for various

values of α and β.

α β Mean E[X2] Var(X) Skewness Kurtosis

0.5 0.1 0.007 0.002 0.002 197.803 144131.7

0.5 0.245 1.459 1.399 16.608 545.097

1 0.439 3.053 2.861 11.933 276.483

2 0.581 4.315 3.977 10.228 201.946

1 0.1 0.022 0.012 0.011 106.469 36134.95

0.5 0.592 3.947 3.596 10.556 218.449

1 0.934 7.073 6.201 8.205 130.650

2 1.152 9.211 7.884 7.333 104.097

3 0.1 0.189 0.407 0.371 26.021 1595.047

0.5 2.238 19.597 14.589 5.458 58.184

1 2.762 26.047 18.419 4.902 46.962

2 3.033 29.558 20.361 4.680 42.851

second moments and the variance are increasing functions of β, while the skewness and the kurtosis

is a decreasing function of β. Also, for fixed β, the mean, the second moments and the variance are

increasing functions of α, while the skewness and the kurtosis is a decreasing function of α. Table 1

also shows that the GW distribution is right skewed. Over-dispersion in a distribution is a situation

in which the variance exceeds the mean, under-dispersion is the opposite, and equi-dispersion occurs

when the variance is equal to the mean. From Table 1, the GW distribution satisfies the over-dispersion

property almost for all values of parameters.

4 Parameter estimation and inference

Let X1, · · · , Xn be a random sample, with observed values x1, · · · , xn from GW (α, β, µ, σ). The log-

likelihood function for the vector of parameters Θ = (α, β, µ, σ)T can be written as

ln= ln(Θ) = α
n∑
i=1

log
(
e−( xiσ )µ − 1

)
+

n∑
i=1

(
e−( xiσ )µ − 1

)
−

n∑
i=1

log
(
e−( xiσ )µ − 1

)
+µ

n∑
i=1

log
(xi
σ

)
−

n∑
i=1

log (xi) − n log

[
Γ(α) − Γ(α,

1

β
)

]
+ n log(µ)
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The components of the score vector U(Θ) =
(
∂ln
∂α ,

∂ln
∂β ,

∂ln
∂µ ,

∂ln
∂σ

)T
are given by

∂ln
∂α

=
n∑
i=1

log
(
e−( xiσ )

µ

− 1
)
−

n ψ(α)Γ(α) − n G3,0
2,3

 1
β

∣∣∣∣ 1, 1

0, 0, α

− n log
(

1
β

)
Γ
(
α, 1

β

)
Γ(α) − Γ

(
α, 1

β

) ,

∂ln
∂β

=
e−1/βn

(
1
β

)α+1

Γ(α) − Γ
(
α, 1

β

) ,
∂ln
∂µ

=
n

µ
+ (α− 1)

n∑
i=1

−
e−( xiσ )µ (xi

σ

)
µ log

(
xi
σ

)
e−( xiσ )µ − 1

+
n∑
i=1

−e−( xiσ )µ
(xi
σ

)
µ log

(xi
σ

)
+

n∑
i=1

log
(xi
σ

)
,

∂ln
∂σ

= (α− 1)
n∑
i=1

µxie
−( xiσ )µ (xi

σ

)
µ−1

σ2
(
e−( xiσ )µ − 1

) +
n∑
i=1

µxie
−( xiσ )µ (xi

σ

)
µ−1

σ2
− µn

σ
,

where ψ(.) is the digamma function and Gm,np,q (.) is the Meijer G-function, which digamma function is

the logarithmic derivative of the gamma function and Meijer G-function is defined by

Gp,qm,n

z∣∣∣∣ a1, · · · , ap
b1, · · · , bq

 =
1

2πi

∫
γL

∏m
j=1 Γ(bj − s)

∏n
j=1 Γ(1 − aj + s)∏p

j=n+1 Γ(aj − s)
∏q
j=m+1 Γ(1 − bj + s)

zsds,

where the contour γL lies between the poles of Γ(1− ai− s) and the poles of Γ(bi + s). The maximum

likelihood estimation (MLE) of Θ, say (̂Θ), is obtained by solving the nonlinear system U(Θ) = 0.

This nonlinear system of equations does not have a closed form.

Under conditions that are fulfilled for parameters in the interior of the parameter space but not

on the boundary, the asymptotic distribution of
√
n((̂Θ) − Θ) is N4(0, I−1(Θ)) where I−1(Θ) is the

inverse of the Fisher information matrix. An 100(1− γ) asymptotic confidence interval (ACI) for each

parameter Θi is given by

AIC(Θi) =

(
Θ̂i − zα/2

√
Î−1(Θ̂)i/n, Θ̂i + zα/2

√
Î−1(Θ̂)i/n

)
,

where Î−1(Θ̂)i is the i-th diagonal element of Î
−1

(Θ̂).
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5 Applications

In this section, the flexibility and applicability of the proposed model is illustrated as compared to the

alternative gamma-Weibull (GW.a) introduced by Alzaatre at al. (2014) and gamma-Weibull (GW.p)

presented by Provost et al. (2011) distributions. The gamma-Weibull model is applied to a data set

published in Suprawhardana et al. (1999) which consists of time between failures (thousands of hours)

of secondary reactor pumps. The data set consists of 23 observations. The TTT plot of this set of

data in Figure 3 displays a bathtub-shaped hazard rate function that indicates the appropriateness of

the GW distribution to fit these data.

In order to compare the models, the MLEs of the parameters, -2log-likelihood, the Kolmogorov-

Smirnov test statistic (K-S), P-value, the Anderson-Darling test statistic (AD), the Cramér-von Mises

test statistic (CM) and Durbin-Watsontest statistic (DW) are given in Table 2 for this data set. The

CM and DW test statistics are described in details in Chen and Balakrishnan (1995) and Watson

(1961), respectively. In general, the smaller the values of K-S, AD, CM and WA, the better the fit to

the data. From the values of these statistics, we conclude that the GW distribution provides a better

fit to this data than the other models.

The fitted densities and the empirical distribution versus the fitted cumulative distribution functions

of NP, N and SN models are displayed in Figure 4. These plots suggest that the GW distribution is

superior to the other distributions in terms of model fitting.
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Figure 3: TTT plot to time between failures data
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Figure 4: Plots of fitted GW, GW.a and GW.p for time between failures data.

Table 2: MLEs, -2 Log L, K -S, P-value, AD, CM and DW statistics for time between failures data.
Dist MLE -2 Log L K-S P-value AD CM DW

GW α̂ = 8.264, µ̂ = 0.333, 63.639 0.098 0.97 0.233 0.107 0.107

σ̂ = 0.051

GW.a α̂ = 16.197, γ̂ = 0.054, 63.635 0.099 0.96 0.246 0.110 0.109

ĉ = 0.184, β̂ = 0.102

GW.p k̂ = 0.814, ξ̂ = 0.010, 65.045 0.119 0.87 0.406 0.142 0.138

λ̂ = 1.419
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The Cowan’s Copula and its Extension
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Abstract: This paper considers a class of absolutely continuous bivariate exponential distributions

whose univariate margins are the ordinary exponential distributions. We study different mathematical

properties of the Cowan’s model. We introduce some extensions and study their properties. Keywords

Bivariate exponential distribution; Copula; Dependence; Measure of association;
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1 Introduction

In many reliability situations bivariate lifetime data arise and in these cases it is important to consider

different distributions that could be used to model such data. The exponential distributions are

perhaps the most widely applied statistical distributions in reliability and survival analysis. A large

number of bivariate exponential distributions have been proposed in literature, see, e.g., Arnold et

al. (1988),Block et al. (1974), Dimitrakopouloua et al. (2012); Downton (1970); Freund (1961);

Gumbel (1960); Hawkes (1972); Marshall et al. (1967b). A wide survey on bivariate distributions

could be seen in Balakrishnan et al. (2009); Kotz et al. (1988). Cowan Cowan (1987) introduced

the new bivariate exponential distribution which arised in random geometry with marginals ordinal

exponential distributions. In this paper, starting from Cowan’s bivariate distribution, we study some

properties in view copula . In the following, we present an extension of Cowan’s copula and investigate

its dependence structure.

Let F (x, y) be a Cowan’s bivariate distribution with unify marginals exponential mean parameter λ.

1Speaker’s Name : S. M. Mirhosseini
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Then we have

Fθ(x, y) = 1 − e−λx − e−λy + e−
λ
2

(
x+y+

√
(x+y)2−2θxy

)
, x, y ≥ 0 0 ≤ θ ≤ 1. (1.1)

where θ = 1+cos a
2 and a is angle between two random line which generate from poison process with

rate of λ. The survival function of Cowan is given by

F̄θ(x, y) = e−
λ
2

(
x+y+

√
(x+y)2−4θxy

)
, x, y ≥ 0 0 ≤ θ ≤ 1. (1.2)

Let C(u, v) and C̄(u, v) are copula and survival copula, respectively. Then, the corresponding copulas,

the survival of Cowan’s copula and Cowan’s copula, are given by

C̄θ(u, v) =
√
uve−

1
2

√
(ln(uv))2−4θ lnu ln v, u, v ∈ [0, 1]. (1.3)

Cθ(u, v) = u+ v − 1 + C̄θ(1 − u, 1 − v)

= u+ v − 1 +
√

(1 − u)(1 − v)e−
1
2

√
(ln(1−u)(1−v))2−4θ ln(1−u) ln(1−v), u, v ∈ [0, 1].(1.4)

Noting that the simplicity form of (1.3), the following we investigate the survival Cowan’s Copula.

Proposition 1.1. Let C̄(u, v) be a survival Cowan’s copula, then Cowan’s copula family is positively

ordered with respect to parameter of θ. i.e. for all θ1 ≤ θ2 we have C̄θ1(u, v) ≤ C̄θ2(u, v).

Proof. For θ1 ≤ θ2, we have
C̄θ1(u, v)

C̄θ2(u, v)
= e−

A
2

where A = 4(θ2−θ1) lnu ln v√
(ln(uv))2−4θ1 lnu ln v+

√
(ln(uv))2−4θ2 lnu ln v

> 0. Then

C̄θ1(u, v)

C̄θ2(u, v)
≤ 1.

The proof is complete.

It is obvious that uv = C̄θ=0(u, v) ≤ C̄θ(u, v) ≤ C̄θ=1(u, v) = min(u, v).

Corollary 1.2. Let C̄(u, v) be a survival Cowan’s copula, then C̄(u, v) is positively quadrant dependent

(PQD).



The Cowan’s Copula and its Extension 294

Proposition 1.3. For C̄(u, v) given (1.3), we have

λl = 0, λu = 1 −
√

1 − θ and β = 21+
√
1−θ − 1.

Corollary 1.4. For C̄(u, v) given in (1.3), we have

El = λl
2−λl = 0 and Eu = λu

2−λu = 1−
√
1−θ

1+
√
1−θ

Proposition 1.5. Let F̄ (x, y)be a survival distribution function given in (1.2), then X and Y are

RCSI.

Proof. By simple calculating, we drive ∂2

∂x∂y log F̄ (x, y) = 2λθxy(1−θ)
{(x+y)2−4θxy}

3
2
. Since x, y ∈ [0, 1], λ > 0 and

0 ≤ θ ≤ 1, we can conclude that ∂2

∂x∂y log F̄ (x, y) > 0. The proof is complete.

Remark 1.6. Using proposition 1.5 and denoting Oakes’s local dependence measureHolland et al.

(1987), we find out that θ(x, y) > 1 and λ(x, y) > 1. Therefore, we can show that r(x, y) ≥
r1(x, y)r2(x, y), where r(x, y) = f(x,y)

F̄ (x,y)
is the bivariate hazard rate which is introduced by Basu and

ri(x1, x2) = −∂ log F̄ (x1,x2)
∂xi

, i = 1, 2.

Remark 1.7. The survival of Cowan’s copula, C̄(u, v), could not be Archimedean copula, Because

0.008612 = C̄(0.5, C̄(0.25, 0.05)) ̸= C̄(C̄(0.5, 0.25), 0.05) = 0.008853

for fixed θ = 0.2.

Proposition 1.8. Suppose C̄(u, v) be a survival Cowan’s copula given in (1.3). Then C̄(u, v) is

invariant under distortion function g(t) = tγ , where 0 ≤ γ ≤ 1.

Proof. For poof, we must show that

C̄g(u, v) = g(C̄(g−1(u), g−1(v))) = C̄(u, v).

By straightforward calculation, we drive it.

Remark 1.9. More, if γ = 1
n , then C̄n(u, v) = C̄(un, vn). we can conclude that C̄(u, v) is Extreme

Value (EV) copula.
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2 The extension of Cowan’s copula

In this section, we introduce an extension of Cowan’s copula which have an new parameter.

Proposition 2.1. For 0 ≤ θ ≤ 1 and 0 ≤ α ≤ 1, Cα(u, v) given by

Cα(u, v) = Π(uα, vα)e−(1−α)
√

(lnuv)2−4θ lnu ln v (2.1)

is a copula function.

Proof. It is easy to check that Cα(u, 0) = Cα(0, v) = 0, Cα(u, 1) = u and Cα(1, v) = v. For proof of 2-

Increasing property, we can show that ∂2

∂u∂vCα(u, v) > 0. Thus, this is equivalent to ∂2

∂u∂v logCα(u, v) >

0. By some easy calculating, we drive

∂2

∂u∂v
logCα(u, v) =

4θ(1 − θ)(1 − α) lnu ln v

{(lnuv)2 − 4θ lnu ln v}3/2
.

Denoting u, v ∈ [0, 1], 0 ≤ θ ≤ 1 and 0 ≤ α ≤ 1, what is need to prove, we received.

It is clear that if α = 1
2 , Cowan’s copula is obtained. Following , we probe about positively or

negatively ordered for this extension.

Proposition 2.2. Let Cα(u, v) be a copula given in (2.1), then proposed copula family is positively

ordered with respect to parameter of θ and negatively ordered with respect to parameter of α.

It is easy to see that uv = Cα=1(u, v) ≤ Cα(u, v) ≤ Cα= 1
2
(u, v) = Cowan′scopula for α > 1

2 .

Therefore, this copula is PQD show that the copula (2.1) is ne

Conclusion

In this paper, we studied about Cowan copula : Cowan’s copula family is positively ordered with

respect to parameter of θ and it is extreme value (EV) copula.
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Longitude Shape Analysis by Using the Spherical Coordinates
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Abstract: The longitudinal shape analysis is one of the important topics in morphometry. Up to the

Kendall’s definition of shape, the shape appertains of non-Euclidean space, so longitudinal study of

shape on sphere is pursued in this paper. Using the triangulation and size of shape, the prediction of

the shape of the configuration in a period of time will be considered. Also, real data analysis will be

discussed and the relevant interpretations are presented.

Keywords Longitudinal Model, Nonparametric Inference, Shape Analysis, Triangulation, Non-Euclidean

space.
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1 Introduction

Statistical analysis of shape became popular in the late 1970 and early 1980s by a brief note of Kendall

(1977) on “ diffusion of shape ”. He then completed his theory (Kendall , 1984) and provided further

idea on his discussion on the paper written by Bookstein (1986). Hence, it can be claimed that modern

extension of this field of statistics is own to late Kendall and Bookstein.

The longitudinal analysis of the shape is of great interest in morphometry. Much research has been

conducted in the field of longitudinal shape analysis with the view to morphometrics. However, they

often did not have a proper statistical analysis in their merits. For example, Buschang et al. (1993)

studied the growth of nasal in persons and longitudinal shape change of the dorsum. They analyzed

the changes of angles by rotation of shape to lie at a fix point. Sharma et al. (2014) discuss the age

changes of the hard and soft tissues of human face.

1Mousa Golalizadeh: golalizadeh@modares.ac.ir
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An important problems in statistical shape analysis is to develop some methods for studying the

shape changes over time. One of the common procedures in this respect is to approximate the non-

Euclidean space of shape with its linear counterpart. This view has been undertaken in many liter-

atures. For instance, Morris et al. (1999) analysed the human face change during their ages. They

presented a semi-automatic method to perform Procrustes analysis and principal component analysis

on shape data. Le and Kume (2000) studied changes of shape mean over time with the use of classical

multidimensional scaling. They compared the shape changes using the first principal coordinates of

mean shapes. Kent et al. (2000) fitted the growth model for landmark data using the Procrustes

tangent coordinates where the objects lie in ambient space.

Because the shape space is hyper-sphere, to propose the longitudinal shape models can be studied

through invoking such models on general sphere, from topological view point. In particular, considering

the Bookstein shape coordinate systems, which are based upon triangulation (Bookstein , 1986), the

shapes can be represented by points on sphere as Kendall (1984) has shown. The important remark

on selecting two far points, as the base lines, are the only criterion in this methodology.

There are many methods to fit a curve to spherical data. Gould (1969) used the angles of points on

sphere to introduce two separate regression models in which the Fisher distribution is considered as the

density for errors. Following Gould (1969), Thompson and Clark (1981) proposed non-parametric

version of two separated models for angles by using cubic spline and least square methods. Their

methods fail in the vicinity of poles and so the data must keep away from the pole as far as possible.

Clark and Thompson (1984) overcame this obstacle via using the tangent plane on the pole and

proposed fitting the spline function for any coordinate. Parker and Denham (1979) introduced spline

function without restricting data to be on the sphere. Although this method seems to be useful for the

concentrated data, it fails for the well-scattered objects. Fisher et al. (1987) proposed two families of

the spherical spline on the line. They introduced two families of curves by using the relevant differential

geometry that are suitable for spline fitting and to be invariant under the choice of coordinates system.

It is known from elementary statistics that one of the methods to predict the responses is nonpara-

metric smoothing. The study of smoothing models on a circle were considered in many literatures.

Prentice (1987) fitted the spline path to circular data by using the rotation parameters. Di Marzio
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et al. (2013) presented methods to fit the nonparametric spline to circular data by minimizing the

suitable risk function. In this paper, we use nonparametric smoothing procedure on a circle and extend

it to the sphere with minimizing the Euclidean risk function.

Main aim of this paper is to study of shape change in a period of time using nonparametric models

on a sphere. Section 2, describes longitudinal model for spherical data. General idea to have shape

growth model is given in Section 3. The application of the model on real data is presented in Section

4. General results and relevant discussions are also presented.

2 Longitudinal Model for Spherical Data

We first assume that the observations on sphere have independent angles. Gould (1969) considered

the independent variables on sphere through using linear type models. Utilizing his idea, Thompson

and Clark (1981) introduced the parametric models for angles near the pole with Fisher distribution.

Also, using the cubic splines they presented non-parametric models for spherical data identified by

angles. Their models are well described by two measurable functions, f : t → ϕ and g : t → θ, for

i = 1, ..., n written as  Φi = f(ti) + εi1

Θi = g(ti) + εi2
(2.1)

where εi1 and εi2 are the errors of model.

Thompson and Clark (1981) also introduced parametric model based on an approximation of the

Fisher distribution. They supposed that θi’s are normally distributed with mean g(ti) and variance

1/κ. Furthermore, it is assumed that the angles ϕ’s are normally distributed with mean f(ti) and

variance 1/κ sin2 g(ti). For this setting , the angles θi and ϕi are approximately independent. Di

Marzio et al. (2013) introduce a non-parametric model for angular observation ψi at time ti as

ψi = h(ti) + εi where εi is a random variable with zero mean direction and finite concentration. In

order to estimate h(·) in some sensible way, they considered a proper risk function. To propose a

non-parametric model on sphere, we basically extend Di Marzio et al. (2013) methods on circle to the

sphere. In fact, we combine their ideas with the procedure described by Thompson and Clark (1981)
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to derive a proper model to tackle the longitudinal analysis of the spherical data. We first proposed

the following Lemma.

Lemma 2.1. For t ∈ T , let m1(t) = E[sin θ sinϕ|T = t], m2(t) = E[sin θ cosϕ|T = t],

m3(t) = E[sin θ cos(ϕ− ft)|T = t] and m4(t) = E[cos θ|T = t]. Then, the risk function

R[(θ, ϕ), (ft, gt)] = E[2 − 2 sin θ sin gt cos(ϕ− ft) − 2 cos θ cos gt] (2.2)

is minimized when ft = atan2(m1(t),m2(t)) and gt = atan2(m3(t),m4(t)), where the function atan2(y, x)

refer to the angle between the x-axis and the vector (x, y).

Proof. For minimizing the risk function, we take derivatives of the expectation (2.2) with respect to f

and g. They are as follow

∂E[2 − 2 sin θ sin gt cos(ϕ− ft) − 2 cos θ cos gt|t]/∂f

= 2E[sin θ cosϕ|t] sin gt sin ft − 2E[sin θ sinϕ|t] sin gt cos ft

= m2(t) sin gt sin ft −m1(t) sin gt cos ft = 0,

and

∂E[2 − 2 sin θ sin gt cos(ϕ− ft) − 2 cos θ cos gt|t]/∂g

= −2 cos gtE[sin θ cos(ϕ− ft)|t] + 2 sin gtE[cos θ|t]

= m3(t) cos gt +m4(t) sin gt = 0.

Because the risk function is convex, then it is clearly minimized when ft = atan2(m1(t),m2(t)) and

gt = atan2(m3(t),m4(t)) and these will prove the assertion.

To introduce a paper smoother, we define the sample statistics as

m̂1(t) =
1

n
Σni=1 sin Θi sin ΦiKh1(Ti − t)

m̂2(t) =
1

n
Σni=1 sin Θi cos ΦiKh1(Ti − t)

m̂3(t) =
1

n
Σni=1 sin Θi cos(Φi − f̂t)Kh2(Ti − t)

m̂4(t) =
1

n
Σni=1 cos ΘiKh2(Ti − t)

where Kh1 and Kh2 are kernel weight and

f̂(t) = atan2(m̂1(t), m̂2(t)), ĝ(t) = atan2(m̂3(t), m̂4(t)). (2.3)
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Note that the estimator of f is independent of g, while the estimator of g depends on the estimate of

f . In order to select an appropriate kernel function, we can use a density function having its maximum

at 0.

3 Shape Growth Model

We consider the triangular shape space which is simply the unit sphere with radius 1/2 Kendall

(1984). Hence, for modeling the shape we need to look at triangulation of shape. Because, we lose

all of information about size of configuration using the Kendall shape coordinate, then, we can use

the size of configuration after reconstruction of shape for modeling the growth. In this section, we

survey the procedure for longitudinal triangulation of shapes and then describe the growth models for

configurations.

Since our approach is based on triangulation of objects, a suitable method of triangulation is nec-

essary to implement. Therefore, we must choose a method providing the least error on reconstructing

the shapes. It seems that using the independent triangles will lead to the less cumulative errors. It

means, fixing two appropriate landmarks as a baseline for all triangles and using the coordinates of the

remaining landmark will help us to achieve the best performance. As we know, choosing the baseline

is one of the important issues in shape statistics and morphometry. Bookstein (1991) showed that

the selection of baseline will be much more effective to view the triangles after translation, rotation

and rescaling. Generally, the best way is to select baselines as the two furthest landmarks that passes

through the centroid of the objects. As pointed out by Zelditch et al. (2012), the interpretation of

shapes with the longest baseline is much more easier than having them short in length.

It is obvious that changing the length of baselines leads to a change in shape. Therefore, we pay

attention to the distance between landmarks considered as baselines. Then, constructing the regression

model can be modeled based upon the change of the baselines as the response variable versus time.

Having said that, the configuration would indirectly play their roles in the regression model through

triangulation where the baseline will always be one of sides of triangle.
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4 Application

In this section we are interested on employing the proposed model on real data. So, we choose the data

from Bookstein (1991) dealing with laboratory rats from a close bred European. The data include

18 male laboratory rats in 8 ages and 8 landmarks. A schematic plot of data is shown in Figure

1 in biological significant: basion, opisthion, interparietal suture, lambda, bregma, spheno-ethmoid

synchondrosis, intersphenoidal suture and spheno-occipital synchondrosis. The mean shapes is also

plotted on the right hand side of Figure 1.
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Figure 1: Left to right: the location of the landmarks to display rat skulls that derived from Bookstein (1991) and

mean shape of 18 rat skull in 8 times.

At the first step, we calculate the Bookstein shape coordinate of rat configuration. The land-

marks numbered 2 and 6 are the furthest points away and so they are considered as baseline points.

To invoke equations (2.3), we selected W1 and W2 as weights coming from centered normal distri-

bution with variance 6 for both. Then, we employed the longitudinal model for triangulation rat

shapes. The prediction of models can be seen in the left hand side of Figure 2 for 150 consecutive

days as solid lines. The sum of square error in our model is 6 × 10−4, the R-square for models are

0.99, NA, 0.95, 0.99, 0.98, NA, 0.93, 0.99, respectively and the total R-square is 0.98.

At the second step, we are interested on the size of shapes. To this end, we used the size of the

baseline and the least square method to find the best model for the sizes. Since there are many models

to fit the data, we utilized the curve fitting toolbox in MATLAB to find the best model from proposed
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Figure 2: (Left) mean shape of skulls in 7 (the first shape), 14, 21, 30 ,40, 60 and 90 (the last shape) days and its

prediction shown by the solid line in 7-150 days. (Midle) plot of size versus time that solid line is in fact its prediction.

(Right) mean of configurations (points) with its predictions (solid lines).

defaults. One of them for our data is rational model given as

si =
a1 + a2ti + a3t

2
i + a4t

3
i

ti + b
+ εi, i = 1, ..., 8. (4.1)

Hence, the R-square is 0.9991 with the fitted model shown at the middle hand side of Figure 2.

At the last step, we combined the size of the shape and the longitudinal shape model to describe

the growth. This result is shown at right hand side of Figure ??. The R-square criteria for 8 models

are 0.43, Na, 0.92, 0.86, 0.96, 0.99, 0.95, 0.84, respectively and the total R-square is 0.95. The general

results show that our procedures did manage to represent proper model for longitudinal variation at

shape and size.

Conclusion

In analyzing longitudinal shape data, the parameter estimation gets serious problem by increasing

the number of landmarks. One way to overcome this problem is to reduce the data dimension using

triangulation of shape. Triangle as the most primitive shape have a key role in the statistical analysis

of shapes. We dealt with a significant dimension reduction by providing appropriate triangulation

and using them to provide a longitudinal shape model. Since the shape space is sphere, it seems that

extending the statistical analysis in this space is much more easier than complex projective space.

The difficulty arises when one pays attention to hyper sphere as the space for shapes on more than 2

dimensions.
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Abstract: The paper focuses on the forecasting of integer-valued time series, modeled by the INAR(1)

with geometric innovations. Bayesian methodology is used to obtain point and interval predictions for

future values of the process with their classic counterparts. The proposed approaches are illustrated

with a simulation study and a real example.
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1 Introduction

Integer-valued time series can model data with correlated counts are encountered in several life situ-

ations, e.g., the number of days with storm, the number of road accidents, the number of foggy days,

the number of bases of DNA sequences and so on. The most common integer-valued time series models

are constructed via the binomial thinning operator α◦, that was first introduced by Steutel and van

Harn (1979) in the form

α ◦X = SX =

X∑
i=1

Yi, α ∈ (0, 1) , (1)

where S0 = Y0 = 0, X is a non-negative integer-valued random variable and {Yi} is a sequence of

independent identically distributed (i.i.d) random variables (rvs) with Bernoulli(α) distribution and

is independent of X. The first order non-negative integer value autoregressive (INAR(1)) process was

first introduced by Mckenzie (1985), and Al-Osh and Alzaid (1987) based on the operator ”◦”. Let Xt

be a non-negative integer-valued random variable observed at time t, then INAR(1) process is defined

as

Xt = α ◦Xt−1 + εt,

1Kh. Rezvani: k.rezvani@stu.umz.ac.ir
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where Xt can follow a certain marginal distribution, the innovation (or white noise) {εt} is a sequence

of i.i.d random variables with some discrete distribution and also {εt} is independent of the Bernoulli

counting series {Yi} and Xt−l, for l ≥ 1. Modeling of INAR(1) time series was first introduced using

Poisson marginal distribution and then considered using geometric marginal distribution (Alzaid and

Al-Osh (1988)) and zero truncated Poisson distribution (Bakouch and Ristić (2010)) and et al. For

Bayesian part see [5,8].

In this paper, we investigate the forecasting of integer valued AR(1) process with Geometric inno-

vations based on the binomial thinning operator which was modeled by Aghababaei Jazi et al. (2012).

Based on the definition of Geometric distribution, INAR(1) process with geometric innovation, denoted

by GINAR(1) defined as

Xt = αoXt−1 + εt, (2)

where the binomial thinning operator α◦ defined above and {εt} are iid Ge(p) r.v.’s.

2 Conditional properties of the GINAR(1) model

Let Xn = (X1, X2, ..., Xn). The h-step ahead conditional expectation and variance of the GINAR(1)

process are

E(Xn+h|Xn) = αhXn +
1 − αh

1 − α

1 − p

p
,

and

V ar(Xn+h|Xn) = αh(1 − αh)Xn +
1 − αh

1 − α

1 − p

p
+

1 − α2h

1 − α2

(1 − p)2

p2
,

and if h −→ ∞, E(Xn+h|Xn) −→ 1−p
p(1−α) , V ar(Xn+h|Xn) −→ (pα+1)(1−p)

p2(1−α2) , which are the unconditional

mean and variance of the process.

In general, the h-step ahead conditional probability function calculates as follows

f(xn+h|xn) = P (Xn+h = xn+h|Xn = xn)

= P (αhoXn +
h−1∑
i=0

αjoεn+h−j = xn+h|Xn = xn)

=

Mh∑
i=0

P (Bα
h

xn = i)P (
h−1∑
i=0

αjoεn+h−j = xn+h − i), (3)
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where notation Bα
h

xn denotes a variable with distribution Bin(xn, α
h) and The probability of Wj =

αjoεn+h−j obtains as

P (Wj = w) =
∑
m

P (Wj = w|εn+h−j = m)P (εn+h−j = m)

=

∞∑
m=w

P (αjoεn+h−j = w|εn+h−j = m)P (εn+h−j = m)

=

∞∑
m=w

P (Bα
j

m = w)P (εn+h−j = m)

=

∞∑
m=w

(
m

w

)
(αj)w(1 − αj)m−wp(1 − p)m. (4)

Regarding the above statements, it can be concluded with regard to the geometry arrivals, P (
∑h−1
j=0 Wj)

can not be accurately obtained. In this case, there is no simplification of the h-step ahead conditional

distribution. For h = 1, one-step ahead conditional predictive pmf obtained as follows

f(xn+1|xn) =

M1∑
i=0

(
xn
i

)
αi(1 − α)xn−ip(1 − p)xn+1−i,

where xn+1 = 0, 1, ..., and M1 = min(xn+1, xn). For h = 2, according to expressions Eqs.(4),

P (αoεn+1 + εn = xn+2 − i) =

xn+2−i∑
l=0

P (αoεn+1 = l)P (εn = xn+2 − i− l)

=

xn+2−i∑
l=0

∞∑
m=l

P (Bαm = l)P (εn+1 = m)P (εn = xn+2 − i− l)

=

xn+2−i∑
l=0

p(1 − p)xn+2−i−l
∞∑
m=l

(
m

l

)
αl(1 − α)m−lp(1 − p)m,

and the two-step ahead conditional predictive pmf obtained as follows

f(xn+2|xn) =

M2∑
i=0

P (Bα
2

xn = i)P (αoεn+1 + εn = xn+2 − i)

=

M2∑
i=0

(
xn
i

)
α2i(1 − α2)xn−i

xn+2−i∑
l=0

p(1 − p)xn+2−i−l

×
∞∑
m=l

(
m

l

)
αl(1 − α)m−lp(1 − p)m,
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where M2 = min(xn+2, xn).

3 Forecasting

In this section, Bayesian methodology is used to obtain point for future values of the process and

compare it with their classic counterparts.

3.1 Point Prediction

Classical Methodology

The h-step-ahead predictor based on the conditional expectation of INAR(1) is

E(Xn+h|Xn) = αhXn +
1 − αh

1 − α

1 − p

p
,

In order to obtain coherent predictions for Xn+h Freeland and McCabe (2003) suggest using the

value which minimizes the expected absolute error given the sample, i.e., the value that minimizes

E[|Xn+h − X̂n+h||Xn]. So X̂n+h = m̃n+h is the median of the h-step-ahead conditional distribution

f(xn+h|xn).

Bayesian Methodology

Let θ ∈ Θ be the vector of unknown parameters. The h-step- ahead Bayesian posterior predictive

distribution is given by

f(xn+h|xn) =

∫
f(xn+h|xn; θ)p(θ|xn)dθ

where p(θ|xn) is the posterior probability function of θ and f(xn+h|xn; θ) is the predictive distribution

(classical) given in Eqs. (3).

Since beta and gamma are conjugate of binomial and Geometric distributions, respectively, we use

them for prior distributions of the parameters of the INAR(1) model,

p ∼ Beta(a, b), a, b > 0,

α ∼ Beta(c, d), c, d > 0,

The posterior distribution of (α, p) can be written as

p(α, p|xn) ∝ p(α, p)L(xn, α, p|x1)
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= pa−1(1 − p)b−1αc−1(1 − α)d−1

×
n∏
t=2

Mt∑
i=0

 xt−1

i

αi(1 − α)xt−1−ip(1 − p)xt−i

Consequently for the GINAR(1) model, the Bayesian predictive function of xn+h given xn is

f(xn+1|xn) ∝
∫ ∫ M1∑

i=0

 xn

i

αi(1 − α)xn−i

×p(1 − p)xn+1−ipa−1(1 − p)b−1αc−1(1 − α)d−1

×
n∏
t=2

Mt∑
i=0

 xt−1

i

αi(1 − α)xt−1−ip(1 − p)xt−idαdp,

and

f(xn+2|xn) ∝
∫ ∫ M2∑

i=0

 xn

i

α2i(1 − α2)xn−i
xn+2−i∑
l=0

p(1 − p)xn+2−i−l

×
∞∑
m=l

 m

l

αl(1 − α)m−lp(1 − p)mpa−1(1 − p)b−1αc−1(1 − α)d−1

×
n∏
t=2

Mt∑
i=0

 xt−1

i

αi(1 − α)xt−1−ip(1 − p)xt−idαdp.

The complexity of f(xn+h|xn) does not allow us to work with it directly. In order to estimateXn+h, we

can adapt to the integer case of Tanner[10] composition method. To sample (Xn+h,1, Xn+h,2, . . . , Xn+h,m),

we can use the following algorithm:

Algorithm 1. For sample (Xn+h,1, Xn+h,2, . . . , Xn+h,m):

• from the sample (X1, X2, . . . , Xn), calculate (through the classical method) a starting estimative

to α, let α0;

• using the adaptive rejection Metropolis sampling (ARMS) within Gibbs methodology [9], calculate

from the full conditional distributions of parameters α and λ, a sample (α1, λ1), (α2, λ2), . . . , (αm, λm);

• For each i (i = 1, . . . ,m) sample Xn+h,i from f(xn+h|xn;αi, λi), using the inverse transform

method adapted to integer variables, that is,
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(a) sample u from uniform U(0; 1),

(b) calculate the least integer valued s:
∑s
xn+h=0 f(xn+h|xn;αi, λi) ≥ u,

(c) consider Xn+h,i = s.

After sampling (Xn+h,1, Xn+h,2, . . . , Xn+h,m), the h-step-ahead predictor X̂n+h, can be calculated

from sample mean (X̃n+h), median (m̃n+h) or mode (m̃on+h). But we can also calculate E(Xn+h|Xn)

as

E(Xn+h|Xn) = E[E(Xn+h|Xn, θ)|Xn]

= E

[
αhXn +

1 − αh

1 − α

1 − p

p
|Xn

]
= XnE

[
αh|Xn

]
+ E

[
1 − αh

1 − α

1 − p

p
|Xn

]
.

These expected values can be estimated through Markov Chain Monte Carlo (MCMC) algorithms.

We perform Metropolis algorithm in conjunction with Adaptive Rejection Sampling Method (ARMS)

in order to sample values from full conditional distributions of α and λ; let them be noted by

(α1, α2, . . . , αm), (λ1, λ2, . . . , λm), respectively. We have

Ê
[
αh|Xn

]
=

1

m

m∑
i=1

αhi , Ê

[
1 − αh

1 − α

1 − p

p
|Xn

]
=

1

m

m∑
i=1

1 − αhi
1 − αi

1 − pi
pi

,

consequently the predictor can be written as

X̂n+h = Xn

(
1

m

m∑
i=1

αhi

)
+

(
1

m

m∑
i=1

1 − αhi
1 − αi

1 − pi
pi

)
.

3.2 Interval Prediction

The procedure used in this section is an adaptive generalization of the method used to obtain HPD

(Highest Posterior Density) intervals of the model parameters, in which we consider the predictive

distribution instead of the posterior.

Definition 1.2 R(γ) = (XL, XR) is a HPD interval for Xn+h if

P (XL < Xn+h < XR) =

XR∑
xn+h=XL

f(xn+h|xn) > kγ , (5)
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where kγ is the largest constant such that P (Xn+hϵR(γ)) > γ.

Due to complexity of the predictive probability function given it is not possible to calculate the

exact HPD interval for Xn+h; we can give an approximation for R(γ)by using the Chen and Shao [6]

algorithm, because this method does not require the knowledge of the closed form of f(xn+h|xn). The

Chen and Shao algorithm, can be described as,

Algorithm 2. The Chen and Shao algorithm has the following steps:

• Obtain an MCMC sample (Xn+h,1, Xn+h,2, ..., Xn+h,m) (Algorithm 1.);

• consider (X(n+h,1), X(n+h,2), ..., X(n+h,m));

• compute the credible intervals Ri(γ) = (X(n+h,i), X(n+h,i+[mγ])), 1 < i < m− [mγ];where [mγ]is

integer part of mγ;

• the HPD interval to Xn+h is the one, denoted by R̂(γ), with the smallest amplitude among all

credible intervals.

Sometimes we obtain more than one interval. For this situation, we consider for R̂(γ) the interval

with greater absolute frequency, among the smaller intervals width. When the interval is still not

unique we take the one with the smallest lower limit of the interval.

3.3 Some simulation results

For the simulation study we consider samples with size n = 50, 100, 200 generated by GINAR(1)

models with the parameters values α = 0.2, 0.8 and p = 0.3, 0.6.

From the various simulated samples we conclude that large values α and small values p are related

with high dispersion values. Consequently the increase in α and decrease in p provides large values of

|Xn+h −Xn|. To confront classical and Bayesian methodologies we use the mean square error (MSE)

to compare means, the mean absolute deviation (MAD) to compare medians and the ”everything or

nothing” lost function (FPTN)[8], given by 1
n

∑
I(xn+h) where

I(xn+h) = {
1, |x̂190+h − x190+h| > δ

0, |x̂190+h − x190+h| ≤ δ
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to compare modes. In this situation we consider δ= 1 since we have integer values.

Table 1 shows the MSE, MAD and FPTN values from 10 predictions h-step-ahead for three samples

with sizes 40, 90 and 190 of this model. This table is presented considering p =0.3, but for p = 0.6 the

conclusions are similar. Values of MSE, MAD and FPTN were calculated, respectively, through means,

medians and modes obtained by Algorithm 1. The indices ”C” or ”B” indicate which methodology is

used (classical or Bayesian, respectively). Table 2 shows the coverage probability estimates and mean

amplitudes of the intervals for the future values, in GINAR(1) model with 100 repeat and p =0.3.

4 Real data analysis

In this section, we discuss some possible applications of the GINAR(1) model for real count time series

data.

The data give numbers of submissions to animal health laboratories, monthly 2003–2009, from a

region in New Zealand. The submissions contains many categories for presenting symptoms. After

checking autocorrelation functions (ACFs) and partial autocorrelation functions (PACFs) of the series,

the first order autoregression models are appropriate for the data series. We fitted GINAR(1) model

to the data by conditional maximum likelihood method as

Xt = 0.3194476 ◦Xt−1 + εt,

where {εt} are iid Ge(0.6161064) r.v.’s. The classic and bayesian prediction values h-step-ahead

(h=1,...,10) prediction for real data time series are provided in Tables 3. Their MSE and FPTN

values for classic are 0.7228 and 1.8790 and for bayesian are 0.7616 and 1.9920.



315 Mohammadpour and Rezvani

Table 1: MSE, MAD and FPTN values of h-step-ahead (h=1), considering samples with sizes 40, 90

and 190 simulated from GINAR(1) model with 100 repeat,(p = 0.3).

α 0.2 0.8

n 40 90 190 40 90 190

MSEC 8.75 7.32 7.84 14.26 15.80 14.48

MSEB 6.66 7.37 7.81 14.01 15.82 14.38

MADC 2.26 1.97 0.112 0.269 0.246 0.281

MADB 0.115 0.130 0.130 0.269 0.254 0.281

FPTNC 0.121 0.114 0.179 0.289 0.275 0.300

FPTNB 0.118 0.199 0.169 0.306 0.292 0.319

Table 2: Amplitude and Coverage probability with p = 0.3.
α 0.2 0.8

cov. prob mean. amp cov. prob mean. amp

h C B C B C B C B

1 0.79 0.77 9.40 9.20 0.95 0.91 11.84 10.74

2 0.81 0.79 9.85 9.84 0.87 0.75 16.67 14.94

3 0.79 0.76 9.74 9.74 0.87 0.74 16.60 13.86

4 0.79 0.76 9.72 9.37 0.82 0.74 16.60 14.22

5 0.79 0.79 9.71 9.20 0.82 0.69 16.86 14.14

6 0.81 0.82 9.71 9.24 0.77 0.71 16.61 14.20

7 0.76 0.73 9.67 9.09 0.73 0.65 16.06 14.98

8 0.77 0.74 9.67 9.96 0.73 0.64 16.05 12.36

9 0.79 0.78 9.63 9.37 0.73 0.68 16.77 13.41

10 0.66 0.65 9.65 9.23 0.83 0.72 16.16 12.98

Table 3: Prediction values of h-step-ahead (h=1,...,10) prediction for real data time series

h 1 2 3 4 5 6 7 8 9 10

meanC 0.6247 0.8178 0.8775 0.8959 0.9016 0.9033 0.9040 0.9041 0.9041 0.9041

meanB 0.6961 0.8644 0.9103 0.9240 0.9284 0.9299 0.9305 0.93068 0.9307 0.9308
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Abstract: There has been growing interest in study of reliability function such as reversed failure rate

and its properties and applications. Some of them are similar to those of failure rate and some have

different approach and motivation. Distribution with an increasing (decreasing) generalized failure rate

IGFR (DGFR) has useful applications in pricing and supply chain problems. Many distributions with

their GFR and the closure properties of them have important role in economical aspects. Some notion

of ageing is related to generalized reversed failure rate with the implications and view to the link with

elasticity function is obtained and mentioned shortly. The DGRFR and related version are studied via

a variant point of view criteria and also discussed closure properties. The weighted distributions with

monotone generalized reversed failure rate is our concentration for finding more approach and result

based on the GRFR of original distribution whichis the last part of the paper.

Keywords Elasticity function, Reversed failure rate, Increasing generalized failure rate, Generalized

reversed failure rate, Weighted distributions.

Mathematics Subject Classification (2010): 60E05 60E10 62N99.

1 Introduction

It is well-known fact that besides the distribution of random variable can be defined using the cumu-

lative distribution function, the probability density (mass) function or characteristic function. Other

functions such as survival function, failure rate, reversed failure rate and mean residual life functions

are those applicable in reliability. An important phenomenon in reliability theory is ageing. Measures

of ageing are like the above functions with their major role in life sciences. The concept of failure rate

1G. R. Mohtashami Borzadaran : gmb1334@yahoo.com
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is very well-known in the reliability literature. We know that the failure rate (FR) function can be

interpreted as the probability of failure in an infinitesimal unit interval of time. This interpretation

and some other properties such as increasing failure rate (IFR) of an object is an ageing of some kind,

which is an important property in various applications. Many engineering items are described by an

increasing failure rate. The reversed failure rate (RFR) defined as the ratio of the density to distri-

bution function which has attracted the attention of the researchers.Keilson and Sumita (1982) were

among the first to define the RFR and call it dual failure function. It is known (Block et al. (1998))

that in the case of absolutely continuous distributions on the positive real line there does not exist

a model with constant reversed hazard rate. There has been growing interest in recent times in the

study of reliability functions in reversed time and their applications. Some analogous results and char-

acterizations in the case of the reversed hazard rate and mean residual life for discrete distributions are

discussed in recent years. The study of the monotonicity of the RFR and FR functions, known in the

literature as ageing notions with applications in different fields, such as economic analysis, actuarial

science, reliability theory, among others. Later authors such as Chechile (2011) studied more on re-

versed failure rate and recently Torrado and Oliviera (2013) obtained results on proportional reversed

failure rate class. Analogously, introduced the generalized reversed failure rate (GRFR) (called elas-

ticity ) as the variant extension of the RFR. It should be noted that the elasticity of the distribution

of a continuous and non-negative random variable defined in Veres-Ferrer and Pavia (2014) which

is the GRFR. In addition, the decreasing generalized reversed failure rate (DGRFR) class has been

recently used in order to compare stochastically order statistics in the scale model [see Khaledi et al.

(2011)]. Moreover, they showed that generalized gamma and power-generalized Weibull distributions

with arbitrary parameters belong to the DGRFR class.

In this paper, review on reversed hazard rate and its extensions, some properties of GRFR, IGRFR

and DGRFR are obtained. Also their connection with elasticity function and application in economics

is investigated. The link and notes in view of weighted distributions is the last part of the paper. Note

that the discrete case is the future of the work.
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2 Decreasing Reversed Failure Rate

Suppose the distribution of a continuous random variable X has the probability density function f

(pdf) and cumulative density function F (cdf), the survival function is given by S(x) = P (X > x) =

1−F (x) = F̄ (x) which is monotonically decreasing. The hazard (failure) rate function and the reverse

hazard (failure) rate function of X are given by r(x) = f(x)
F̄ (x)

and r̃(x) = f(x)
F (x) respectively. If r(x) is

monotonically increasing (decreasing), then the distribution of X has an increasing (decreasing) failure

rate, denoted by IFR (DFR). If r(x) is constant, then the distribution of X has a constant failure rate.

The reversed (reverse) hazard (failure) rate, also named retro hazard, was first mentioned by the name

dual of the hazard (failure) rate’. The name reversed hazard (failure) rate was first used by Lagakos

et al. (1988). The reversed failure rate function has many properties that are similar to those of the

usual failure rate function. The decreasing reversed failure rate (DRFR) and increasing reversed failure

rate (IRFR) have important role in engineering and economics problems. The following definitions for

the DRFR and IRFR classes is our need in this note:

Definition 2.1. A non-negative random variable X, having distribution F , is said to have DRFR

(IRFR), if the function r∼(t), t > 0 is decreasing (increasing).

A wide range of distributions belong to the DRFR class. For example, the exponential distribution

is a DRFR; Weibull and gamma with shape parameters less than 1 are also DRFR. Not only this, but

also increasing failure rate IFR distributions like Weibull, gamma and log normal distributions were

found to be DRFR distributions. For details, we refer to Block et al. (1998). It has been proved

mathematically that a decreasing failure rate (DFR) distribution is necessarily DRFR distribution.

Block et al. (1998) have noted the interesting fact that there is no life distribution which belongs to

the class IRFR over the domain [0,∞). The following assertions are noticeable :

• F has a decreasing reversed failure rate ⇐⇒ F is log-concave.

• Let r(t) = c (constant), then r̃(t) = c
ect−1 which is decreases as t→ ∞.

• r(t) decreasing, then r̃(t) is also decreasing. Also, the increasing RFR on [a,∞), ∀a ≥ 0 does

not exist. It tends to the pdf f(x) as x→ ∞.
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• X ∼ β t
β−1

θβ
exp{−( tθ )β}, t > 0 (Weibull distribution) has DRFR property.

• It is well known that mixtures of decreasing failure rate (DFR) distributions are always de-

creasing. It turns out that very often mixtures of increasing failure rate (IFR) distributions can

decrease as well.

• If X is DFR (DRFR) then Xb is DFR (DRFR) for b ≥ 1. It can be seen that Xb is IFR if

0 < b ≤ 1. Also DFR and DRFR distributions are closed under shifting.

3 Generalized Reversed Failure Rate

As we know, introduced the generalized failure rate in Lariviere and Porteus (2001) and length-biased

failure rate in Righter et al. (2009). Veres-Ferrer and Pavia (2014) motivated by the recent use of the

elasticity and GRFR in economics and in reliability stochastic comparisons among systems by Khaledi

et al. (2011). Analogous, the definition of generalized reversed failure rate (GRFR) of the random

variable X with pdf f and cdf F as h̃(x) = xr̃(x) = xf(x)
F (x) leads to an interesting idea. Some of the

results and notes due to GRFR with one application in economics as elasticity function is mentioned

below:

• Let X ∼ GG(p, q), p, q > o, then h̃(x) (x2r′(x) ) is decreasing (increasing) function of x.

• For any non-negative random variable with domain [c, b], 0 < c < b < ∞ and mean µ and

variance σ2: E(h̃(X) > 2µ2

b2−(µ2+σ2) , equality does not hold, there is not a constant B such

that
√
xF (x) = B

√
x f

2(x)
F (x) . Similar inequality hold for GFR and equality holds for exponential

distribution. Also note that E(h(X)) = αE(Xr(αX)) seems does not correct.

• For any continuous probability distribution, the cumulative probability distribution and proba-

bility density are F (x) = h(x)

h(x)+h̃(x)
and f(x) = h(x)h̃(x)

x(h(x)+h̃(x))
respectively.

• For continuous probability distribution with parameterθ, Fisher information is IX(θ) = E[∂ ln f(X,θ)
∂θ ]2

but note that we can have this statement based on GRFR asIX(θ) = E[∂ ln h̃(X,θ)
∂θ ]2 and the Shan-

non entropy is achieved viah(X) = E(− ln f(X, θ)) = E(lnX) − E(ln h̃(X, θ)) + 1
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• The elasticity of a function of a single variable where f is a differentiable real-valued function of a

single variable. Define the elasticity of f(x) with respect to x (at the point x) to be E(x) = xf ′(x)
f(x)

or another version E(x) =
df(x)
f(x)
dx
x

which show that the elasticity of of f(x) with respect to x is

the ratio of the percent change in f(x) to the corresponding percent change in x. The elasticity

of the function f at a point of x can also be thought of as the slope of a graph that plots lnx

on the horizontal axis and ln f(x) on the vertical axis that is E(x) = dlnf(x)
dlnx . It is interesting

to consider the special case where the elasticity of f(x) with respect to x is a constant. In this

case, we have ln f(x) = e lnx+ a where e and a are constants. Thus we see that f has constant

elasticity if and only if f is a power function. In general, the elasticity of f with respect to x

depends on the value of x. For example if f(x) = a − bx, then E(x) = −bx
a−bx . Suppose that the

function f is either strictly increasing or strictly decreasing. Then there is a well defined inverse

function ϕ, defined so that such that ϕ(y) = x if and only if f(x) = y. It turns out that if E(x)

is the elasticity of f(x) with respect to x, then 1
E(x) is the elasticity of ϕ(y) with respect to y.

• One of the notion of elasticity function has application in economics. For demand function

Q = f(P ), the elasticity is defined as
∆Q
Q

∆P
P

. If the change in P is infinitesimal, the expressions

∆P and ∆Q reduces to differential of dP and dQ respectively which leads to point elasticity of

demand. It is valid not only for demand function but also for other functions. The most common

applications of the aspects of elasticity of demand is to monopoly theory, where a monopolist is

selling a good and the quantity of the good that is demanded is a function D(p) of the monopolists

price p. The monopolists revenue is R(p) = pD(p). Does the monopolists revenue increase if

increases his price and how is this related to the price elasticity? We note that R(p) is increasing

(decreasing) in price if and only if lnR(p) increases (decreases) as the log of price increases. But

lnR(p) = ln p+lnD(p). Then d lnR(p)
d ln p = 1+E(p) where E(p) is the price elasticity of demand. So

revenue is an increasing function of p if E(p) > 1 (demand is inelastic)and a decreasing function

of p if E(p) < 1 (demand is elastic).
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4 Decreasing Generalized Reversed Failure Rate

Lariviere and Porteus (2001) introduced GFR for continuous random variable. Determining with

increasing property of GFR as mentioned in Paul (2005), Lariviere (2006) with its application in

economics problems. Also, GRFR defined via similar arguments as in Torrado and Oliviera (2013). It

has connection with elasticity function and so with economics. The IGRFR (DGRFR) has important

role in risk and economics aspects such as demand. The various properties of IGRFR (DGRFR) and

some of the link with other related criterion are as follows:

• Note that, as Marshall and Olkin (2007) proved (see p. 179), non-negative random variables

cannot have distributions with increasing reversed failure rate (IRFR). But for distributions with

support of the form (∞, a), with a <∞, one can construct an IRFR distribution, see Block et al.

(1998). Therefore, it follows that one can obtain an IGRFR distribution with bounded support

of the form (0, b), with b = ea <∞.

• DGRFR distributions are closed under convolution. Also, this new ageing notion is related to

IFR (DFR) and IGFR (DGFR). Also, if X is DGFR (IGRFR) then it is also DGRFR (IGFR).

• The below statements are equivalent:

X is DGRFR ⇐⇒ logX is DRFR ⇐⇒ X ≤rh λX for λ ≥ 1 ⇐⇒ logX ≤rh a +

logX for a ≥ 0 ⇐⇒ λX is DGRFR for λ ≥ 0. Note that X ≤rh Y if the RFR of X

is greater than or equal to the RFR of Y for each element of the domain of these two random

variables.

• IGRFR distributions are also closed under positive scale transformations. Moreover, it is easy

to see that X is IGRFR if and only if logX is IRFR.

• Let X ∼ Beta(α, β), α, β > 0. For any α > 0, if β ≤ 1 then X is IGRFR, while if β ≥ 1, X is

DGRFR.

• X has an increasing (decreasing) generalized failure rate, denoted by IGFR (DGFR), (or equiv-

alently, F is an IGFR (DGFR) distribution) if h(x) is increasing (decreasing).
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• X has an increasing (decreasing) generalized reversed failure rate, denoted by IGRFR (DGRFR),

(or equivalently, F is an IGRFR (DGRFR) distribution) if h̃(x) is increasing (decreasing).

• Let X be a non-negative random variable with distribution function F. Then, X is IGRFR

(DGRFR) if and only if F (ex) is log-convex (log-concave).

• If X(t) (X) is DGFR (DRFR) then X (X(t)) is IGRFR (DRFR, also IFR).

• Let X be a non-negative random variable with distribution function F. Then, X is IGRFR

(DGRFR) if and only if F (ex) is log-convex (log-concave).

• Let X be a continuous DGRFR random variable with support on the interval [L,U ] ⊆ ℜ. Then

for truncated distribution of X which is defined on [a, b] ⊆ [L,U ] is also DGRFR. Also, for any

a ∈ (L,U ], then the GRFR of the random variable X and its truncation distribution on interval

[L, a] are the same.

• Suppose that ψ(x) = ϕ′(x)
ϕ(x) is a decreasing function.

(i) If X is DGRFR (DGFR) then Y = ϕ−1(x) is also DGRFR (DGFR).

(ii) If X is IGRFR (IGFR) then Y = ϕ−1(x) is also IGRFR (IGFR).

Suppose that ϕ is a concave function.

(i) If X is DFR (DRFR) then Y is also DFR DRFR) and ϕ is a convex function implies

(ii) if X is IFR (IRFR) then Y is also IFR IRFR).

• X is DGRFR (DGFR) then Xb, (b > 0) and X + a, (a > 0) are DGRFR (DGFR).

• The DGRFR distributions are closed under convolutions.

• For continuous probability distribution with f(U) = 0 and F (U) = 1, the GRFR is monotonically

decreasing if GFR is monotonically increases. Also, the GRFR is monotonically decreasing if the

density function is monotonically decreasing.

• Give η(x) = x f
′(x)
f(x) , then h̃(x) is increasing (decreasing) when h̃(x) < (>)1 + η(x).
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5 Generalized Reversed Failure Rate for Weighted Distribu-

tions

When an investigator records an observation by nature according to a certain stochastic model, the

recorded observation will not have the original distribution unless every observation is given an equal

chance of being recorded. We examine a general model leading to weighted distributions with weight

functions. Let X be a random variable with pdf f and suppose X = x occurs, the probability of

recording it is w(x) depending on the observed value x and unknown parameter α. The pdf of the

random variable Xw is fw(x) = w(x,α)f(x,θ)
E(w(X,α)) , where 0 < E(w(X,α)) exists (see Rao (1965)). We

are concentrated on discussing failure rate and reversed failure rate which are in Bartoszewicz and

Skolimowska (2006) and variant version of them such as increasing (decreasing) behavior of GFR and

GRFR for weighted distributions. Consider the generalized reversed failure rate (GRFR) as h̃(x) =

xr̃(x) and the GRFR of weighted distribution increasing weight w(X) = U via the statements, h̃w(x) =

x fw(x)
Fw(x) = w(x)

E(U) h̃(x) F (x)
LU (F (x)) , where F (x)

LU (F (x)) is decreasing and LU (F (x)) = 1
E(U)

∫ F (x)

0
wF−1(z)dz

(Lorenz curve). For decreasing weight we have the above phrase with F (x)
L̄U (F̄ (x))

(which is increasing)

in place of F (x)
LU (F (x)) .

• We can find weighted version of GRFR based on GFR on using decreasing weight and h̃w(x) =

w(x)
E(U)h(x) F̄ (x)

LU (F (x)) . For increasing weight we have the above phrase with F̄ (x)
L̄U (F̄ (x))

(which is

decreasing) in place of F (x)
LU (F (x)) .

• Let w be a monotone left continuous function. If w is increasing (decreasing) and w(x)h̃(x) is de-

creasing (increasing), then Fw is GRFR (IRFR and IGFR). If w(x)h(x) is decreasing (increasing),

then Fw is DGRFR.

• We can apply for the GRFR property in some special cases of the weighted distributions such

as the weight w(x) = elxxi[F (x)]j [F (x)]k is one that implies many famous weights. If (i = j =

k = 0), (l = j = k = 0), (i = l = 0, k = n − j), (i = l = k = 0) and (i = j = l = 0), then

w(.) is moment generating function, moments, order statistics, reversed proportional hazard and

proportional hazard respectively. Also, weight w(x) = [− lnF (x)]j [− lnF (x)]k is another weight

that (j = 0) and (k = 0) implies upper record and lower record respectively.



325 G. R. Mohtashami Borzadaran

References

Bartoszewicz, J., Skolimowska, M. (2006). Preservation of classes of life distributions and stochastic

orders under weighting. Statist. Probab. Lett. 76, 587-596.

Block, H. W., Savit, T. H., Singh, H. (1998). The reversed hazard rate functions, Probability in the

Engieering and Informational Sciences, 12, 69-90.

Chechile, R. A. (2011). Properties of reversed hazard functions,Journal of Mathematical Psychology,

55, 203-222.

Keilson, J., Sumita, U. (1982). Uniform stochastic ordering and related inequalities, Canadian Journal

of Statistics,10, 181-198.

Khaledi, B.-E., Farsinezhad, S. Kochar, S. C.(2011). Stochastic comparisons of order statistics in the

scale model, Journal of Statistical planning and Inference, 141, 276286.

Lagakos, S. W., Barraj, S. M., De Grutolla, V. (1988). Nonparametic analysis of truncated survival

data with application to AIDS, Biometrika, 75, 515-523.

Lariviere, M. A., Porteus, E. L. (2001). On Selling to newsvendor : an analysis of price only contracts,

Manufacturing Service Oper. Management , 3(4), 293-305.

Lariviere, M. A. (2006). A note on probability distributions with increasing generalized failure rates,

Operations Reseach, Vol. 54, No. 3, 602-604.

Marshall, A. W., Olkin, I. (2007). Life Distributions: Structure of Nonparametric, Semiparametric and

Parametric Families, Springer, New York.

Paul, A. (2005). A note on closure properties of failure rate distributions, Operations Reseach, Vol.

53, No. 4, 733-734.

Rao, C. R. (1965). On discrete distributions arising out of methods of ascertainment, in Classical and

Contagious Discrete Distributions, G. Patil Ed., Pergamon Press and Statistical Publishing Society,

Calcutta, 320-332.



Notes on Generalized Reversed Failure Rate 326

Righter, R., Shaked, M., Shantikumar, J. G. (2009). Intrinsic ageing and classes of nonparameric

distributions, Probability in the Engieering and Informational Sciences, 23(4), 563-582.

Torrado, N., Oliviera, P. E. (2013). On closure properties of risk avesion measures, Preprint No. 13-45,

Universudade de Coimbra, 1-21.

Veres-Ferrer, E. J., Pavia, J. M. (2014). On the relationship between the reversed hazard rate and

elasticity, Statistical Papers , Doi 10.1007/s00362-012-047-1.



Randomized order restricted estimators for treatment means
with a control group

R. Momeni 1, J. Etminan2

1Department of Statistics, University of Birjand

2Department of Statistics, University of Birjand

Abstract: We consider an experiment which consists of k treatment groups and a control group.

Let the sample means X0, . . . , Xk be independent normal variates with expected values µ0, . . . , µk

and with variances σ2

w0
, . . . , σ

2

wk
. Let w0, . . . , wk be positive weights and µ∗0, . . . , µ

∗
k be the restricted

maximum likelihood estimators (RMLE) subject to the constraints µ0 ≤ µi for 1 ≤ i ≤ k. Lee (1988)

establish that for large k, the RMLE fails in the sense of mean squared error. Since we propose the

new estimator that uniformly performs better than unrestricted and restricted maximum likelihood

estimators. Our simulation study suggests that the our estimator compete well with two another

estimators. Although the gains in efficiency due to the procedures proposed can be substantial.

Keywords: Randomized order restricted estimator (RORE), Restricted maximum likelihood estima-

tor (RMLE), Unrestricted maximum likelihood estimator (UMLE), Mean squared error (MSE).

1 Introduction

A typical problem of interest is to compare the means of the treatment groups with that of the con-

trol group. Let the sample means X0, . . . , Xk be independent normal variates with unknown means

µ0, . . . , µk satisfying µ0 ≤ µi for all i ≥ 1 and var
(
Xi

)
= σ2

i = σ2

wi
, whenever wi be positive weights.

This property is known as the simple tree ordering (Barlow, et al. (1972)). In this article, we shall

assume that the simple tree ordering is our prior knowledge. This priori information arises very nat-

urally in many problems of practical interest. For example, suppose µ0 is the average yield of a crop

with no fertilizer added and µi , i≥ 1 , is the average yield of the crop when the ith brand of fertilizer

1R. Momeni: Rm1360@gmail.com
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is added. For an excellent review on this subject one may refer to the recent book by Silvapulle and

Sen (2005). It is well known that the restricted maximum likelihood estimator (RMLE) of µ0, . . . , µk

under some inequality restrictions, may perform poorly in terms of mean squared error (Lee (1988)).

Let X0, . . . , Xk be the sample means for the k + 1 groups, since they are the unrestricted maximum

likelihood estimator (UMLE) for µ0, . . . , µk. The UMLEs are unbiased but they may fail to satisfy sim-

ple tree ordering, µ0 ≤ µi. Lee (1988) introduced the estimator with smaller mean squared error point

wise than the usual estimator
(
X0, . . . , Xk

)
, whereas this methodology utilized the prior knowledge

µ0 ≤ µi; i ≥ 1. This procedure as follows: let w0, . . . , wk be positive weights and µ∗ = (µ∗0, . . . , µ
∗
k) be

the weighted least squares estimator, i.e., µ∗ minimizes
∑k
i=0 (Xi − µi)

2
wi subject to the restriction

simple tree ordering µ0 ≤ µi. The weighted least squares estimator µ∗ is known as the isotonic re-

gression under the simple tree ordering (Barlow, et al. (1972)). For the special case when the natural

weights wi = ni are used, the isotonic regression µ∗ is the maximum likelihood estimator subject to

the simple tree order restriction. Since the isotonic regression estimator can be expressed in a nice

form using the minimax formula given on Robertson, Wright and Dykstra (1988). In this article, as

a first step we focus on the isotonic regression estimator, typically the restricted maximum likelihood

estimator (RMLE) and in Section 2, we discuss the problem of estimating the parameters under tree

order restriction. In Section 3, we discuss the problem of estimating the control group mean parameter

under tree order restriction. Surprisingly, however, the proposed estimator dominates the unrestricted

maximum likelihood estimator (UMLE). Simulation results and performance of the proposed estima-

tion procedure is numerically evaluated in Section 4. Conclusion of this article presented in Section 5

with a brief summary and a discussion of some interesting open research problems in this area.

2 Restricted maximum likelihood estimator (RMLE)

To describe the isotonic regression estimator, we let ” ≤ ” denote the pair relation between i and j,

both in τ = {0, 1, . . . , k}, such that i ≤ j if and only if it is known that µi ≤ µj . Then the minimax

formula for estimating µi is:

µ̂i = min
L:i∈L

max
U :i∈U

AX (L ∩ U) = max
U :i∈U

min
L:i∈L

AX (L ∩ U) (2.1)
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Where U and L are respectively, the upper and lower sets of τ . An upper set U is a set such that

if i ∈ U and i ≤ j then j ∈ U . A lower set L is defined similarly with i ≤ j replaced by j ≤ i.

Furthermore, for an arbitrary set S,

AX (S) =

∑
i∈S wiXi∑
i∈S wi

(2.2)

For simple tree order restricted, expression (2.1) reduces to:

µ̂ST0 = min
0∈S

AX (S) (2.3)

Where S is any subset of {0, 1, . . . , k} containing the element 0, where the minimization is taken over

all S sets, since:

µ̂STi = max
(
µ̂ST0 , Xi

)
; for all i ≥ 1 (2.4)

Lee (1988) established that for large k,

E(µ∗0 − µ0)
2
> E(X0 − µ0)

2
(2.5)

Therefore the reverse inequality (2.5) under the simple tree ordering is the counterexample in the

literature. Since knowing that simple tree ordering (µ0 ≤ µi; i ≥ 1) holds does not guarantee the

mean squared error reduction for the control group. On the other hand, theorem 2.1 (Lee (1988))

provides a counterexample by illustrating the unboundedness of the bias of µ∗0.

3 The proposed methodology

3.1 Motivation

Let Xij , i = 0, 1, . . . , k and j = 1, 2, . . . , ni denote the jth observation from the ith dose group, where

Xij
iid∼ N(µi, σ

2
i ) with µ0 ≤ µi, for all i ≥ 1. Let Xi denote the sample means for the ith group, where

i = 0 refers to the control group, then Xi is the unrestricted maximum likelihood estimator (UMLE)

of µi. On the other hand, under the simple tree order restriction µ0 ≤ µi, i ≥ 1, then restricted

maximum likelihood estimators (RMLE) of µ0, . . . , µk are given by:

µ̃0 = min
S

(∑
i∈S wiXi∑
i∈S wi

)
(3.1)
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µ̃i = max(Xi , µ̃0); i = 1, 2, . . . , k (3.2)

Where S denotes a subset of τ = {0, 1, . . . , k} which contains 0. So, we can interpret µ̃0 as follows.

Maintaining all the known inequalities µ0 ≤ µi , i ≥ 1, construct all k! simple order restrictions

between µ0, . . . , µk by considering all k! ordering between µ1, . . . , µk. Under each such simple order

restriction obtain the corresponding RMLE. Then µ̃0 is the minimum among all such RMLEs. Lee

(1988) observed and established that, as k increases, the mean squared error of µ̃0 would grows larger

than that of the UMLE. Thus, it would fail to dominate the UMLE in terms of mean squared error.

3.2 Randomized order restricted estimator (RORE)

In this Section, we propose the following estimator for constraint parameter space, that is µ0 ≤ µi

for all i ≥ 1. To motivate the development of some alternate estimators to the restricted maximum

likelihood estimators, we first consider the estimation of the smallest parameter, µ0, in a simple tree

ordering. As regards, probability of appropriation depends on the number of treatments and it’s

a nondecreasing function of k, Therefore according to considerations in Section 2, we proposed the

randomized order restricted estimator, that is:

µ̂0 =

X0 = UMLE; with probability p = k
k+1

µ̃0 = minS

(∑
i∈S wiXi∑
i∈S wi

)
= RMLE; with probability 1 − p = 1

k+1

(3.3)

This means, we give a chance to the control group mean by a randomized decision and since the

control mean in each step with probability p select the UMLE and with probability 1 − p select the

RMLE. If the control group mean be less than of the means with probability 1 − p for control group

select the RMLE else, with probability p select the UMLE for control group mean. So, with this

technique pressure is removed from the control group. Therefore, this procedure does not have the

drawbacks of RMLEs and the RMLE of control group mean will not goes to the infinity as the number

of comparisons increases.

It is of interest to find the smallest integer k satisfying in (2.5). We consider the case n1 = n2 =

· · · = nk = n and µ1 = µ2 = · · · = µk = µ. Since µ̂0 is increasing in µ under the extreme condition

µ0 = µ, we found by simulation that the k can be as small as 6 provided n0 > 3n. When n0 = n, the



331 Momeni, R. and Etminan, J.

smallest k is 10 as shown in Table 1 of the next section.

4 Simulation study

We conducted a simulation study to evaluate the performance of the proposed estimator with respect

to another estimators. In this simulation study we consider the problem of estimating µ0 under the

tree order restriction µ0 ≤ µi, for all i ≥ 1. A large simulation study was conducted with sample

size of n per experimental group and three different patterns of k (k = 6, 10, 20), various patterns

of means µ0, . . . , µk and three different patterns of σ (σ = 1.5, 2.5, 5.5). We generated data from

the normal distribution with means µ0, . . . , µk and equal population variances σ 2 across experimental

groups. Since the results that were obtained for these various patterns and a subset of the simulation

results is provided here. The results of the simulation study were based on 10000 simulation runs. In

our simulation study we investigated the performance of the MSE for the UMLE, RMLE and proposed

estimator (RORE). Although in the any procedure we computed the efficiency for the three estimation

procedure. The results of our simulation experiment are summarized in Table 1 that represent MSE

of (A) UMLE, (B) RMLE and (C) the proposed estimator (RORE) where the parameter of interest

is µ0 and µ0 ≤ µi, for i = 1, 2, . . . , k. The overall conclusions the gain in MSE due to the procedures

proposed was substantial for normal means under tree order restriction. An important conclusion

from the simulation study was that in most patterns the proposed estimator (RORE) have smaller

MSE than the two another estimator (UMLE & RMLE). For example, in case 1 of Table 1 the MSE

of RORE is 0.92, the MSE of UMLE and RMLE are 1.25 and 1.12 respectively. Furthermore, the

proposed estimator seems to attain the minimum MSE between three estimator when k is large. On

the other hand, the MSE of RMLE is increasing with respect to k (asymptotically property). The

MSE of UMLE must be equal to σ2

n which simulation results in Table 1 is denoted on this argument.

Among the three estimation procedures, the proposed estimator (RORE) appeared to have the most

efficiency and we observe that RORE procedure performed better than two estimation procedures.

In such situations, the RORE has a most efficiency with respect to other estimators, where relative

efficiency of RORE with respect to UMLE is 1.36 and relative efficiency of RMLE with respect to

UMLE equal to 0.89. Thus the efficiency of RORE is higher than the RMLE in each row of Table
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1 or in any iteration of simulation. In particular, our simulation studies suggest that for normally

distributed data the proposed estimator compete very well with the UMLE and RMLE. In most cases,

they perform better than both the UMLE and RMLE in the MSE and efficiency criterions. In this

case, we find that our estimator very well in comparison with the UMLE and RMLE.

Table 1: Mean Squared Error (MSE) of (A) UMLE, (B) RMLE, (C) RORE.

Patterns of MSE

Sigma & k (A) (B) (C)

σ = 1.5, k = 6 1.25 1.12 0.92

σ = 2.5, k = 6 1.83 1.31 0.98

σ = 5.5, k = 6 1.98 1.52 1.08

σ = 1.5, k = 10 1.29 1.45 0.97

σ = 2.5, k = 10 1.26 1.59 1.11

σ = 5.5, k = 10 1.27 1.88 1.14

σ = 1.5, k = 20 1.27 1.88 1.02

σ = 2.5, k = 20 1.31 1.95 1.08

σ = 5.5, k = 20 1.35 2.18 1.15

5 Concluding remarks

To motivate the development of some alternate estimators to the restricted maximum likelihood es-

timators, we estimated the control group mean parameter, µ0, in a simple tree ordering. Under the

simple tree order restriction, Lee (1988) proved that the restricted maximum likelihood estimator for

µ0 fails to dominate UMLE in the mean squared error sense as k → ∞. In this paper we provide a

representative sample of our results and in all our simulations we considered the worst case scenario for

µ vector, which is the boundary point (0,0,. . . ,0). When the components of µ are estimated simultane-

ously, the restricted maximum likelihood estimator is known to perform better than the unrestricted

maximum likelihood estimator. However, it depends upon the type of order restriction when one is

interested in estimating the individual components of µ. For instance, when X0, . . . , Xk are indepen-

dently normally distributed, then under simple tree order restriction the RMLE dominates the UMLE

(Kelly (1989), Lee (1981)). However, in the case of simple tree ordering, as observed by Lee (1988),
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the RMLE fails disastrously, especially when k is large. In this article we strengthen and unify the

previously known results of Lee (1981, 1988) and Kelly (1989) for the tree order restriction. A new

scheme is introduced to construct better estimator for tree order restriction. Extensive simulation

studies suggest that the proposed estimator, RORE, that is significantly better than the RMLE. As

expected, in each case as the dimension increased, the RMLE performed poorly in terms of MSE. In

several cases the MSE of RMLE was substantially larger than all its competitors. As expected, the

proposed estimator (RORE) performed extremely well when variance of populations was large. How-

ever, its performance can be poor for RMLE. The proposed estimator (RORE) consistently performed

well for all patterns considered in our simulation studies. Relative to RMLE, in some cases with k

is higher than 50, its MSE was almost one-fourth that of RMLE. Therefore, the proposed estimator

RORE, performed better than the RMLE in terms of MSE. In conclusion, RORE never failed the way

UMLE and was always better than the RMLE.

It will also be interesting to generalize the results of this paper to the similar phenomenon in terms

of the hypothesis testing in basis of proposed estimator RORE.
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Abstract: This paper investigates the problem of the parameter estimation of stochastic differential

equation arisen from RL electrical circuits when the voltage is affected by the noise and the current is

observed at the discrete time points. The least square method that is used to estimate the resistor is

called R̂n. The strong consistency of R̂n is discussed when inductor is a known parameter.
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1 Introduction

Recently, Stochastic Differential Equations (SDEs) have been utilized to model the systems that are

subject to fluctuations. Diffusion processes have been used in modeling various phenomena, for ex-

ample, noisy electrical circuits, tumor growth and interest rates. The accurate parameter estimation

of both the drift and diffusion terms of the aforementioned linear and nonlinear models is a concern.

This paper investigates the parameter estimation of the RL electrical circuits which have a different

form of SDEs compared to the models that have been studied until now. Any electrical circuit consists

of resistor (R), capacitor (C) and inductor (L). These circuit elements can be combined to form an

electrical circuit in four distinct way: the RC, RL, LC and RLC circuits. An inductor-resistor circuit

(RL), is an electrical circuit composed of resistor and inductor where the power is being fed through a

voltage or current source. The Ordinary Differential Equation (ODE) describing the behavior of the

RL circuit is given by kirchhoff’s current law in kolarova (2005),

L
dI

dt
+RI(t) = V (t), I(0) = I0, (1.1)

8Parisa Nabati: p.nabati@uut.ac.ir
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where V (t) denotes the potential source at time t.

(Ω,F ,P) assumed to be a basic probability space equipped with a right continues family of σ-algebras

{Ft, t ≥ 0} and {Wt, t ≥ o} is an Ft adapted Wiener process. If there is some randomness in the

potential source, then voltage may not be deterministic but of the form:

V ∗(t) = V (t) + ϵW(t), (1.2)

where ϵ is nonnegative constant, known as the intensity of noise. By substituting this from the equation

of the circuit, the SDE will be derived as:

dI(t) = (
1

L
V (t) − R

L
I(t))dt+

ϵ

L
dB(t), (1.3)

where B(t) is one dimensional Brownian motion.

Eq. (1.3) is apparently similar to the mean reverting Ornstein-Uhlenbeck process {Xt, t ≥ 0}, starting

from x ∈ R which is defined as the unique solution to the following linear SDE,

dXt = (a− θXt)dt+ ϵdBt,

where a, θ and ϵ are given constants. The efficient estimation of the drift parameters of small diffusins

from the discrete observations is given in Catalot (1990) and Laredo (1990). Martingle estimating

function was used by Sorensen (2000), to establish consistency and asymptotic normality of the esti-

mators of the drift and diffusion coefficient parameters when ϵ→ 0.

The parameter estimation of Eq. (1.3) has not been studied before. In Eq. (1.3) L is a nonlinear pa-

rameter, therefore the problem of parameter estimation in the present work has fundamental different

in comparison with the problem of parameter estimation for θ in the O-U process.

Although paths of diffusion processes are continuous, in almost all cases they only could be observed

at discrete time moments. Assume that the Eq. (1.3) is observed at regularly spaced time points

{ti = i
n , i = 1, 2, . . . , n}. It is important to accurately estimate the parameters R and L from the

observed data. This leads us to the mathematical problem of estimating the true values of (R,L) from

the observation {Iti , i = 1, 2, . . . , n}. In order to simplify the mathematical equations, we make the

following assumption ti = ih, h = 1
n .

Maximum Likelihood Estimator (MLE) is a popular method in the case of diffusion processes driven by
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Brownian motions, when the process can be observed continuously, Prakasa (1983). When a diffusion

process is observed at discrete times, in most cases the transition density and hence likelihood function

of the observations are not explicitly computable. In order to circumvent this concern, some approxi-

mate likelihood methods have been proposed by lo (1988) and Pedersen (1983). MLE is asymptotically

equivalent to the Least Square Estimator (LSE). The strong consistency of the LSE is studied in ka-

songa (1988). The convergence in probability is discussed in Dorogovcev (1976) and Breton (1976),

and the asymptotic distribution is studied in Prakasa (1983). Singularity of the LSE for mean revert-

ing α−stable motions was studied in Long (2009). The strong consistency and asymptotic behavior

of LSE for discretely observed O-U processes with small levy noises is studied in Long (2009). This

paper focuses on the strong consistency of the LSE for RL electrical circuits satisfying the Eq. (1.3).

The paper is organized as follows. In section 2, the strong consistency of the LSE R̂n,ϵ will be studied

when L is a known parameter. In section 3, a simulation is conducted to verify the accuracy of the

proposed method. Finally, some concluding remarks are given in section 4.

2 Strong Consistency

Let h > 0 be fixed and let the process I(t) defined by Eq. (1.3) be observed at ti = ih. The LSE of R

for Eq. (1.3) is to minimize the following contrast function:

Λn(R) = Λn(R, {Iti}ni=0) =
n∑
i=1

|L(Iti − Iti−1) +RIti−1∆ti−1 − V∆ti−1|2, (2.1)

where ∆ti−1 = ti − ti−1 = 1
n . Then the LSE R̂n,ϵ is defined as

R̂n,ϵ = argminΛn,ϵ(R),

which can be represented as:

R̂n,ϵ = −L
∑n
i=1 Iti−1(Iti − Iti−1)

h
∑n
i=1 I

2
ti−1

+ V

∑n
i=1 Iti−1∑n
i=1 I

2
ti−1

. (2.2)

The explicit solution of the Eq. (1.3) is,

It = e−
R
L t · I0 +

V

L

∫ t

0

e
−R
L (t−s)ds+

ϵ

L

∫ t

0

e−
R
L (t−s)dBs,
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hence the LSE R̂n,ϵ can be represented as:

R̂n,ϵ = L
h (1 − e

−R
L ·

1
n ) − ϵ

h ·
∑n
i=1 Iti−1

·
∫ ti
ti−1

e−
R
L

(ti−s)dBs∑n
i=1 I

2
ti−1

+ V
∑n
i=1 Iti−1∑n
i=1 I

2
ti−1

−
V
∑n
i=1 Iti−1

·
∫ ti
ti−1

e−
R
L

(ti−s)ds

h
∑n
i=1 I

2
ti−1

.

(2.3)

The asymptotic behavior of the LSE R̂n,ϵ with high frequency n→ ∞ and small dispersion ϵ→ 0

will be considered. The goal is to prove that R̂n,ϵ → R in probability.

Theorem 2.1. Suppose that h → 0 and tn = nh → ∞ as n → ∞. Then the following strong

consistency holds: R̂n,ϵ →p R

We have stabilized some preliminary results before proving theorem 2.1. Eq. (2.3) can be written

as:

R̂n,ϵ −R = [L · n · (1 − e−
R
L ·

1
n ) −R]

−
ϵ
∑n
i=1 Iti−1

∫ ti
ti−1

e−
R
L

(ti−s)dBs

h
∑n
i=1 I

2
ti−1

+
V ·h

∑n
i=1 Iti−1

−V
∑n
i=1 Iti−1

·
∫ ti
ti−1

e
−R
L

(ti−s)ds

h
∑n
i=1 I

2
ti−1

:= Φn − Ψ1(n,ϵ)
Ψ2(n,ϵ)

+ Ψ3(n,ϵ)
Ψ2(n,ϵ)

.

(2.4)

It is clear that Φn → 0 as n → ∞. The asymptotic behavior of the Ψ1(n, ϵ),Ψ2(n, ϵ) and Ψ3(n, ϵ) is

required to be studied as follows:

Corollary 2.2. Let (Ω,F ,P) be a basic probability space equipped with a right continues family of

σ-algebras {Ft, t ≥ 0} and ft is Ft-adapted function, and let 0 ≤ S < T . Then

E[

∫ T

S

f(t)dBt] = 0. (2.5)

Proof. See Oksendal (1998).

Lemma 2.3. If n→ ∞ and ϵ→ 0, then Ψ1(n, ϵ) →p 0.

Proof. Note that

Iti−1 = e−
R
L ti−1 · I0 +

V

L

∫ ti−1

0

e
−R
L (ti−1−s)ds+

ϵ

L

∫ ti−1

0

e−
R
L (ti−1−s)dBs. (2.6)
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Then Ψ1(n, ϵ) can be written as:

Ψ1(n, ϵ) = ϵ(I0 − V
R )
∑n
i=1 e

−RL ti−1 ·
∫ ti
ti−1

e−
R
L (ti−s)dBs

+ϵVR ·
∑n
i=1

∫ ti
ti−1

e−
R
L (ti−s)dBs

+ ϵ
L ·
∑n
i=1

∫ ti−1

0
e−

R
L (ti−1−s)dBs ·

∫ ti
ti−1

e−
R
L (ti−s)dBs

:=
∑3
k=1 Ψ1,k(n, ϵ).

(2.7)

Now, the convergence of the Ψ1,k(n, ϵ) for k=1, 2, 3 should be studied.

by chebyshev’s inequality, for any given δ > 0, we have:

P (|Ψ1,1(n, ϵ)| > δ) ≤ E|Ψ1,1(n, ϵ)|2

δ2
= δ−2(I0 −

V

R
)2ϵ2 · e

2R
Ln − 1

2RL
·
n∑
i=1

e
−2R
L ti , (2.8)

which tends to zero as n→ ∞ and ϵ→ 0.

P (|Ψ1,2(n, ϵ)| > δ) ≤ δ−2E|ϵ · VR ·
∑n
i=1

∫ ti
ti−1

e
−R
L (ti−s)dBs|2

= δ−2 · ϵ2 · V
2

R2 · L
2R · 1−e

−2R
L

h

h ,
(2.9)

which tends to zero as n→ ∞ and ϵ→ 0.

P (|Ψ1,3(n, ϵ)| > δ) ≤ δ−2E| ϵL · Σni=1

∫ ti−1

0
e

−R
L (ti−1−s)dBs ·

∫ ti
ti−1

e
−R
L (ti−s)dBs|2

= δ−2 ϵ
2

L2 ·
∑n
i=1

∫ ti−1

0
e

−2R
L (ti−1−s)ds ·

∫ ti
ti−1

e
−2R
L (ti−s)ds

= δ−2 ϵ
2

L2 · 1−e
2R
L

· 1
n

2R
L

·
∑n
i=1 e

−2R
L ti ,

(2.10)

which tends to zero as n→ ∞ and ϵ→ 0.

Hence it can be concluded that Ψ1(n, ϵ) →P 0.

Lemma 2.4. Show that Ψ2(n, ϵ) →P I
2
0

∫ 1

0
e

−2R
L sds+ V 2

L2 · 1
2R (1 −

∫ 1

0
e

−2R
L sds). as n→ ∞ and ϵ→ 0.

Proof.

Ψ2(n, ϵ) = 1
n ·
∑n
i=1 I

2
ti−1

= 1
n ·
∑n
i=1(I0e

−R
L ti−1 + V

L ·
∫ ti−1

0
e

−R
L (ti−1−s)ds+ ϵ

L ·
∫ ti−1

0
e

−R
L (ti−1−s)dBs)

2

= 1
n

∑n
i=1 I

2
oe

−2R
L ti−1

+ 1
n · V

2

L2 ·
∑n
i=1

∫ ti−1

0
e

−2R
L (ti−1−s)ds

+ 1
n · ϵ

2

L2 ·
∑n
i=1(

∫ ti−1

0
e

−R
L (ti−1−s)dBs)

2

+ 2
n · VL I0 ·

∑n
i=1 e

−R
L ti−1 ·

∫ ti−1

0
e

−R
L (ti−1−s)ds

+ 2
n · ϵLI0 ·

∑n
i=1 e

−R
L ti−1 ·

∫ ti−1

0
e

−R
L (ti−1−s)dBs

+ 2
n · VL · ϵL ·

∑n
i=1

∫ ti−1

0
e

−R
L (ti−1−s)ds ·

∫ ti−1

0
e

−R
L (ti−1−s)dBs

:=
∑6
k=1 Ψ2,k(n, ϵ).

(2.11)
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It is clear that:

Ψ2,1(n, ϵ) = I20 · 1

n

n∑
i=1

e
−2R
L ti−1 → I20

∫ 1

0

e
−2R
L sds, (2.12)

as n→ ∞.

for

Ψ2,2(n, ϵ) =
1

n
· V

2

L2
·
n∑
i=1

∫ ti−1

0

e
−2R
L (ti−1−s)ds→ V 2

L2
· 1

2R
(1 −

∫ 1

0

e
−2R
L sds), (2.13)

as n→ ∞.

For Ψ2,3(n, ϵ) by Markov’s inequality, the following Eq. can be derived:

P (|Ψ2,3(n, ϵ)| > δ) ≤ δ−1E| 1n · ϵ
2

L2 ·
∑n
i=1(

∫ ti−1

0
e

−R
L (ti−1−s)dBs)

2|
= δ−1 · ϵ

2

L2 · 1
n ·
∑n
i=1

∫ ti−1

0
e

−2R
L (ti−1−s)ds

= δ−1 · ϵ
2

L2 · 1
n ·
∑n
i=1 e

−2R
L ti−1 ·

∫ ti−1

0
e

2R
L sds,

(2.14)

which tends to zero as n→ ∞. Eq. (2.14) describes the Ψ2,4(n, ϵ):

Ψ2,4(n, ϵ) =
2

n
· V
R
I0 ·

n∑
i=1

e
−R
L ti−1(1 − e

−R
L ti−1), (2.15)

which tends to zero when n→ ∞. For Ψ2,5(n, ϵ) and Ψ2,6(n, ϵ) similar to the proof of equation (2.14),

we get

P (|Ψ2,5(n, ϵ)| > δ) ≤ δ−2 · (
2

n
· ϵ
L
I0)2 · e

2R
L −1

2R
L

·
n∑
i=1

e
−2R
L ti , (2.16)

which tends to zero and

P (|Ψ2,6(n, ϵ)| > δ) ≤ δ−2 · (
V · ϵ

n · L ·R
)2 ·

n∑
i=0

(1 − e
−2R
L ti−1)2 (2.17)

which tends to zero. Therefore, by combining 2.11-2.17, we conclude that lemma 2.4 holds.

Lemma 2.5. Show that Ψ3(n, ϵ) tends to zero as n→ ∞ and ϵ→ 0.

Proof.

Ψ3(n, ϵ) = h
∑n
i=1 Iti−1 −

∑n
i=1 Iti−1 ·

∫ ti
ti−1

e
−R
L (ti−s)ds

= [h− L
R (1 − e

−R
L h)] ·

∑n
i=1 Iti−1

= [h− L
R (1 − e

−R
L h)]

∑n
i=1(e−

R
L ti−1 · I0 + V

L

∫ ti
0
e

−R
L (ti−1−s)ds

+ ϵ
L

∫ ti−1

0
e−

R
L (ti−1−s)dBs)

:=
∑3
k=1 Ψ3,k(n, ϵ).

(2.18)
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For Ψ3,1(n, ϵ), it is clear that,

Ψ3,1(n, ϵ) = I0[h− L

R
(1 − e

−R
L h)]

n∑
i=1

e−
R
L ti−1 → I0[1 − L

Rh
(1 − e

−R
L h)] ·

∫ 1

0

e
−R
L sds, (2.19)

which tends to zero as h→ 0. For Ψ3,2(n, ϵ) we have,

Ψ3,2(n, ϵ) = V
L [h− L

R (1 − e
−R
L h)]

∑n
i=1

∫ ti−1

0
e−

R
L (ti−1−s)ds

→ V
R [1 − L

Rh (1 − e
−R
L h)] · (1 −

∫ 1

0
e

−R
L sds),

(2.20)

which tends to zero as h→ 0.

For Ψ3,3(n, ϵ) by chebysheve’s inequality for any given δ > 0,

P (|Ψ3,3(n, ϵ)| > δ) ≤ δ−2 · (h− L

R
(1 − e

−R
L h))2 · ϵ

2

L2
·
n∑
i=1

∫ ti−1

0

e
−2R
L (ti−1−s)ds. (2.21)

which tends to zero as h→ 0 and ϵ→ 0. Then lemma 2.5 holds.

Proof. Now we can proof the theorem 2.1. By using the fact that Φn → 0 as n → ∞, and combining

lemma 2.3, 2.4 and 2.5 it can be concluded that R̂n,ϵ →p R.

3 Numerical Simulation

The RL electrical circuit with the unknown parameter R is considered for the first simulation. The

objective is to estimate the parameter R using the least square estimator based on the discrete obser-

vation {Iti}ni=1. In the simulation, R = 15 and use values of n and ϵ vary. The results are shown in

Table 1. From Table 1, it is can be claimed that when ϵ→ 0, the obtained estimation values are very

close to the true parameter value R = 15.

Table 1: The mean absolute deviation of the estimator R̂n with different noise intensity.

n ϵ = 10 ϵ = 1 ϵ = 0.1 ϵ = 0.01 ϵ = 0.001

100 0.3139 0.0144 2.3506× 10−4 5.6253× 10−5 2.5983× 10−6

1000 0.3116 0.0055 1.0998× 10−4 2.3030× 10−5 1.6457× 10−6

10000 0.2827 0.0026 3.3854× 10−5 4.6923× 10−6 1.1653× 10−6
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4 Conclusion

This paper proposes the Least Square Estimator for the parameter R of the RL electrical circuits

when L is a known parameter. Some new asymptotic results are stabilized in order to show that this

estimator converges in probability. It should be mentioned that L is a nonlinear parameter and then

this makes changes the problem of parameter estimation of present work in comparison with O-U

process which is considered in Catalot (1990) and Laredo (1990).
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Abstract: Some complete convergence theorems for weighted sums of FGM random sequences are
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1 Introduction

Hsu and Robbins (1947) proved the sequence of arithmetic means of i.i.d. random variables converges

completely to the expected value if the variance of the summands is finite. Erdös (1949) proved the

converse. The result of Hsu-Robbins-Erdös is a fundamental theorem in probability theory and has

been generalized and extended in several directions by many authors. Recently, Amini et al.(2012)

studied complete convergence of moving-average processes under negative dependent Sub-Gussian

assumptions, Amini et al. (2015) investigated complete convergence of moving-average processes based

on an identically distributed doubly infinite sequence of negatively superadditive-dependent random

variables, Naderi et al.(2015) derived Complete Convergence for Weighted Sums of Weakly Negative

Dependent of Random Variables, Qiu et al. (2013) obtained the complete convergence for arrays of

rowwise extended negatively dependent random variables, Wang et al. (2014) discussed the complete

convergence for arrays of rowwise NSD random variables and its applications, Shen et al. (2012)

studied almost sure convergence and strong stability for weighted sums of NSD random variables,

2Amini. M: bastani@iasbs.ac.ir
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also Sung (2012), Wang, et, al.(2012),Wang,et,al.(2014), Wu (2012) and Shen et al. (2011). In this

paper, we prove complete convergence for weighted sums of FGM sequences under certain dependence

structures. The paper is organized as follows. Some useful definitions, basic properties are given in

Section 2. The main results are presented in Section 3.

2 Definition and properties

This section contains main definitions and some properties of sequences random variables with certain

dependence structures.

A copula is a function that links univariate marginal distributions to the full multivariate distribution

and it’s a general tool for assessing the dependence structure of random variables. For details see Nelsen

(2006). An n-dimensional copula is a function C with domain [0, 1]n if

(i) C(u) = 0 whenever u ∈ [0, 1]n has at least one component equal to 0,

(ii) C(u) = ui whenever u ∈ [0, 1]n has all components equal to 1 except the i-th one, which is equal

to ui,

(iii) C is n-increasing,i.e., for each n-box B = ×ni=1[ui, vi] in [0, 1]n with ui ≤ vi for each i ∈ 1, · · · , n,

VC(B) =
∑

z∈×ni=1[ui,vi]

(−1)N(z)C(z) ≥ 0,

where N(z) = card{k|zk = uk}.

More formally, Sklar’s Theorem (1959) states that any continuous the joint distribution can be

uniquely represented by a n-copula

F (x1, x2, . . . , xn) = C(F1(x1), F2(x2), . . . , Fn(xn)),

where F is the joint distribution to the marginal distribution functions F1(x1), F2(x2), . . . , Fn(xn). It

is easy to construct the corresponding copula as;

C(u1, u2, ..., un) = F (F−11 (u1), ...., F−1n (un)), for all ui ∈ [0, 1], i = 1, 2, ..., n.
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The copula density c is the derivative of C with respect to each of its arguments as:

c(u1, u2, . . . , un) =
∂n

∂u1 . . . , ∂un
C(u1, . . . , un).

By using the chain rule, the density function f(x1, x2, . . . , xn) corresponding to the copula C(x1, x2, . . . , xn)

is,

f(x1, x2, . . . , xn) = c(F1(x1), F2(x2), . . . , Fn(xn))
n∏
i=1

fi(xi)

where f1(x1), f2(x2), . . . , fn(xn) are the marginal densities of f . Let X = (X1, . . . , Xn) be a ran-

dom vector having to joint distribution function F (x1, . . . , xn) and absolute continuous marginals

F1, . . . , Fn, with corresponding copula function C(u1, · · · , un).

If c(u1, . . . , un) ≤M1 for some M1 ≥ 1, then X having to negative dependence structure. (The FGM

n-copulas). Let

C(u1, u2, . . . , un) =
n∏
i=1

ui

1 +
∑

1≤j<k≤n

αkj ūj ūk

 (|αkj | ≤ 1).

where |αkj | ≤ 1 and 1 +
∑

1≤k<j≤n αkj ≥ 0. Also, ūjk = 1 − Fjk for k = 2, . . . , n.

Via Sklar’s Theorem, it’s easy to show that, the copula density is

c(u1, u2, . . . , un) = 1 +
∑

1≤j<k≤n

αkj(1 − 2uj)(1 − 2uk).

It is easy to show that c(u1, ..., un) ≤ 1 +
n∑
s=2

∑
1≤j<k≤n

|αkj |, so there exist M1 ≥ 1 such that Lemma

2.2 holds for −1 < αkj < 0, for all j, k.

The joint distributions with given margins F1, F2, . . . , Fn generated by this copula having to nega-

tive dependence structure and also,
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F (x1, x2, ..., xn) =

n∏
i=1

Fi(xi)

1 +
∑

1≤k<j≤n

αkj(1 − Fk(xk))(1 − Fj(xj))

 ,

Another form of FGM n-copulas defined as;

C(u1, u2, . . . , un) =
n∏
i=1

ui

1 +
n∑
l=2

∑
1≤j1<...<jl≤n

θj1j2...jl(1 − uj1)(1 − uj2) . . . (1 − ujl)

 .

Where −1 ≤ θj1,...,jl ≤ 1 for all j1, ..., jl.

c(u1, u2, . . . , un) = 1 +

n∑
r=2

∑
1≤j1<...<jl≤n

θj1j2...jl(1 − 2uj1)(1 − 2uj2) . . . (1 − 2ujl).

It is easy to show that c(u1, u2, ..., un) ≤ 1 +
n∑
s=2

∑
1≤j1<...<jl≤n

|θj1j2...jl |, so there exist M1 ≥ 1 such

that Lemma 2.2 holds for −1 < θj1j2...jl < 0.

The joint distributions with given margins F1, F2, . . . , Fn generated by this copula having to nega-

tive dependence structure and also,

F (x1, x2, . . . , xn) =

n∏
i=1

Fi(xi)

1 +

n∑
l=2

∑
1≤j1<...<jl≤n

θj1j2...jl F̄j1(xj1)F̄j2(xj2) . . . F̄jl(xjl)

 .

Where −1 ≤ θj1,...,jl ≤ 1 for all j1, ..., jl. (Cambanis, 1993). A sequence {Xn, n ≥ 1} is called a

FGM random sequence, if for all n ≥ 1 and x1, x2, ..., xn ∈ R,

F (x1, x2, ..., xn) =

n∏
i=1

Fi(xi)

1 +
∑

1≤k<j≤n

αkj(1 − Fk(xk))(1 − Fj(xj))

 ,

where |αkj | ≤ 1 and 1 +
∑

1≤k<j≤n αkj ≥ 0. (Ranjbar et al. 2009) The random vector X =

(X1, . . . , Xn) is said to be weakly negative dependent (WND) if there exist a constant M1 ≥ 1, such

that for n > 1

f(x1, . . . , xn) ≤M1

n∏
i=1

fi(xi).
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Where f(x1, . . . , xn) and fi(xi)’s are joint density and marginal densities of random vector X, respec-

tively.

We say f(x1, . . . , xn) is WND, if satisfy in Definition 2.6. A sequence {Xi, i ≥ 1} of random

variables is said to be pairwise WND if Xi and Xj are WND for all i ̸= j and also, is said to be WND

if every finite subset X1, . . . Xn is WND.

(Liu, 2009) The random vector X = (X1, . . . , Xn) is said to be extended negative dependent (END) if

there exist a constant M2 > 0 such that both

P (X1 ≤ X1, . . . , Xn ≤ xn) ≤M2

n∏
i=1

P (Xi ≤ xi)

and

P (X1 > x1, . . . , Xn > xn) ≤M2

n∏
i=1

P (Xi > xi)

holds for n ≥ 1 and x1, . . . , xn ∈ R.

It is obvious that the sequence {Xi, i ≥ 1} is negative dependent (ND) if M2 = 1 .

(i) Let {Xn, n ≥ 1} be a FGM random sequence, then for all n ≥ 2, then (X1, X2, ..., Xn) is WND

with M1 = 1 + β where β =
∑

1≤i≤j≤n |αij |.

(ii) If X = (X1, . . . , Xn) be a WND random vector then is END with M2 ≥ 1. In fact the WND

condition presented in Definition 2.6 is a useful criterion for characterization class of END random

variables. We list some basic properties of FGM random sequences based on our results.

Let {Xn, n ≥ 1} be a FGM random sequence, then

P1. If {hn(x), n ≥ 1} is a sequence of increasing real functions then {hn(Xn), n ≥ 1} is a FGM random

sequences.

P2. If h1(·), . . . , hn(·) are non-negative real function and

−1 < αkj < 0, for all j, k, then for all n ≥ 2,

E(
n∏
i=1

hi(Xi)) ≤M1

n∏
i=1

E(hi(Xi)).
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In particular, if hi(xi) = etxi , for all i ≥ 1 and some real t, then;

E(
n∏
i=1

etXi) ≤M1

n∏
i=1

E(etXi).

P3. For all i ̸= j, by Hoeffding Lemma (1963),

Cov(Xi, Xj) = αij

∫
R

Fi(x).F̄i(x)dx

∫
R

Fj(y)F̄j(y)dy.

Before we prove the complete convergence for sum and weighted sum of FGM random sequence, we

reminder the weak law of large numbers for
∑n
i=1Xi
n proved by Mikami (1997). Let {Xn, n ≥ 1} be

identically FGM random sequence with X1 ∈ L2 and
∑

1≤k<j≤n αkj = o(n2), then∑n
i=1Xi

n
−→ E(X1), in Probability.

Proof: By Chebychef’s inequality for all ε > 0, we get

P [|
n∑
i=1

(Xi − n.E(X1))| > n.ε] ≤ 1

n2ε2
V ar(

n∑
i=1

Xi)

=
1

nε2
V ar(X1)

+ {
∫ +∞

−∞
F1(x).F̄1(x)dx} 1

n2

∑
1≤k<j≤n

αkj .

This completes the proof.

3 Complete Convergence Theorems

In this section, we derive the complete convergence for weighted sums of FGM random sequence.

Also, we discuss its applications in empirical distribution and sample pth quantile. The following

theorem concerning the rate of complete convergence of weighted sum
∑n
i=1 aniXi under some suitable

conditions on the coefficients. Let {Xi, i ≥ 1} be a centered FGM random sequence such that for

some αi > 0 and all t ∈ R, E{etXi} ≤ e
t2α2

i
2 , i ≥ 1 with

∑n
i=1 α

2
i = O(n). If {ani, i ≥ 1, n ≥ 1} is an
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array of positive constants such that
∑n
i=1 a

2
ni = O(n−r) for r > 0, then for all β > 0 and ε > 0

∞∑
n=1

nβP (|
n∑
i=1

aniXi| > ε) <∞.

Proof: Let ε > 0, C > 0 and An =
∑n
i=1 a

2
ni. By using P1, P2 and Marov’s inequality, we have

∞∑
n=1

nβP (|
n∑
i=1

aniXi| > ε) =

∞∑
n=1

nβP (

n∑
i=1

aniXi > ε) +

∞∑
n=1

nβP (−
n∑
i=1

aniXi > ε)

≤ 2M1

∞∑
n=1

nβ exp{−tε}
n∏
i=1

E(etaniXi)

≤ 2M1

∞∑
n=1

nβ exp{−tε+
α2t2

2
An}

≤ 2M1

∞∑
n=1

nβ exp{− ε2

2α2C
nr} <∞. (by An ≤ Cn−r)

The last inequality holds because, for all r > 0 and β > 0 we have

∞∑
n=1

nβ exp{− ε2

2α2C
nr} <∞ ⇔

∫ ∞
1

xβ exp{− ε2

2α2C
xr}dx <∞,

this completes the proof.

Let {Xi, i ≥ 1} be a centered FGM random sequence such that for some α > 0 and all t ∈ R,

E{etXi} ≤ e
t2α2

2 , then for p > 1/2

1

np

n∑
i=1

Xi → 0 completely.

Proof: Let ani = 0 if i > n and ani = n−p if i ≤ n. Hence conditions Theorem 3.1 holds for p > 1/2.

Therefore, by Borel-Cantelli lemma the proof completes. Suppose that {Xi, i ≥ 1} is a centered FGM

random sequence such that |Xi| < M <∞ a.e., ....i ≥ 1. Then by Corollary 3.2, for p > 1/2

1

np

n∑
i=1

Xi → 0 completely.
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As some applications, we study the limiting behavior of the empirical distribution function and

sample quantiles of FGM random sequences. Let {Xn, n ≥ 1} be a FGM ransom sequence with

Fi(x) = F (x), i ≥ 1.

(i) Suppose that Fn(x) = 1
n

n∑
i=1

I(Xi ≤ x) is empirical distribution function. Then for every x ∈ R,

ε > 0 and n ≥ 1 we have

∞∑
n=1

nβP [|Fn(x) − F (x)| > ε] <∞ for β > 0.

(ii) Let 0 < p < 1. Suppose that ξp is the unique solution x of F (x−) ≤ p ≤ F (x). Then for every

ε > 0 and n ≥ 1 we have

∞∑
n=1

nβP (|ξ̂pn − ξp| > ε) <∞ for β > 0.

Where ξ̂pn is the sample pth quantile.

Proof: (i) we define

Zi = I(Xi ≤ x), i = 1, . . . , n.

The joint density function of (X1, X2, . . . , Xn) satisfies in Definition 2.6, so by P1 the joint density

function of (Z1, Z2, . . . , Zn) satisfies in Definition 2.6 also. Since |Zi − F (x)| ≤ 1 for i ≥ 1 then, it is

easy show that, for all t ∈ R, E{et(Zi−F (x))} ≤ e
t2

2 , i ≥ 1. Thus, for p = 1 and β > 0, we can get

∞∑
n=1

nβP [|Fn(x) − F (x)| > ε] <∞.

(ii) For every ε > 0,

P [|ξ̂pn − ξp| > ε] = P [ξ̂pn > ε+ ξp] + P [ξ̂pn < ξp − ε]

= P [p > Fn(ξp + ε)] + P [p < Fn(ξp − ε)].

Putting,

Vi = I[Xi>ξp+ε] and Ui = I[Xi≤ξp−ε]
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Similarly, by P1 the joint density functions of random vectors (U1, U2, . . . , Un) and (V1, V2, . . . , Vn)

satisfy in definition 2.6. Since |Vi − EVi| ≤ 1, applying Theorem 3.1, we obtain

∞∑
n=1

nβP [p > Fn(ξp + ε)] =
∞∑
n=1

nβP [
n∑
i=1

(Vi − E(Vi)) > nδ1]

≤ M1

∞∑
n=1

nβ exp{−1

2
nδ21} <∞.

Where δ1 = F (ξp + ε) − p. Similarly,

∞∑
n=1

nβP [p < Fn(ξp − ε)] =
∞∑
n=1

nβP [
n∑
i=1

(Ui − E(Ui)) > nδ2]

≤
∞∑
n=1

nβM1 exp{−1

2
nδ22} <∞.

Where δ2 = p− F (ξp − ε), these complete the proof.

The following corollary shows that if {Xn, n ≥ 1} be a FGM random sequence, then Fn(x) and ξ̂pn are

strongly consistent estimators of F (x) and ξp respectively. Under the assumptions of Theorem 3.3

(i) For all x ∈ R,

Fn(x) → F (x) completely.

(ii) For 0 < p < 1, then

ξ̂pn → ξp completely.

Random weighting is an emerging computing method in statistics, it has been put forward by Zheng.Z

(1987). Since this method has many advantages, it drew much attention of statisticians. Gao et al.

(2003) studied law of large numbers for sample mean of random weighting estimate for i.i.d random

variables. The next theorem determine completely convergence for difference of between random

weighting estimate sample mean and sample mean for uniformly bounded FGM random sequence.

Let {Xn, n ≥ 1} be a FGM random sequence with Fn(x) = F (x), P (a < Xn < b) = 1, n ≥ 1).



353 Naderi, H., Amini, M., Bozorgnia, A.

Suppose that

Tn =
∑n
i=1 αiXi such that

∑n
i=1 αi = 1 for real values 0 ≤ ai ≤ 1. If

∑∞
i=1 exp( −ε2

(b−a)Bn ) <∞, then

Tn −Xn =

n∑
i=1

θiXi → 0 completely.

Where Bn =
∑n
i=1 θ

2
i and θi = αi − 1

n and Xn =
∑n
i=1Xi
n . Proof: Taking, A = {i, θi ≥ 0} and

B = {i, θi < 0}, we can write

Tn −Xn =
∑n
i∈A θiXi +

∑n
i∈B θiXi. So, for all h > 0, ε > 0 and

M1 = 1 +
∑

1≤i<j≤n

|αij |, since for all h > 0, E(ehX ≤ exp h2(b−a)2
2 ,(Hoeffding Lemma) by applying

Cauchy-Schwart’s inequality and simple computing we have

P (Tn −Xn > ε) = P (
n∑
i=1

θiXi > ε)

≤ e−hεE(eh
∑
i∈A θiXi · eh

∑
i∈B θiXi)

≤ e−hε
{
E(e2h

∑
i∈A θiXi)

} 1
2 ·
{
E(e2h

∑
i∈A θiXi)

} 1
2

(C.S.I)

≤ e−hε

{
M1

∏
i∈A

E(e2hθiXi)

} 1
2

·

{
M1

∏
i∈B

E(e2hθiXi)

} 1
2

, (P2)

≤ e−hε

{
M1

∏
i∈A

e2hµθi+
1
2h

2(b−a)2θ2i )

} 1
2

·

{
M1

∏
i∈B

e2hµθi+
1
2h

2(b−a)2θ2i )

} 1
2

≤ M1 exp{−hε+
1

4
h2(b− a)2Bn}.

Optimizing the exponent, we find h = 2ε
(b−a)2Bn . So,

P (Tn −Xn > ε) ≤M1 exp{− ε2

(b− a)2Bn
}.

By replacing Xi by −Xi in the above statement, we obtain

P (Tn −Xn < −ε) ≤M1 exp{− ε2

(b− a)2Bn
}.

Observing that

∞∑
i=1

P (|Tn −Xn| > ε) ≤ 2M1

∞∑
i=1

exp{− ε2

(b− a)2Bn
} <∞.
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This completes the proof.

The next corollary states results correspondent to the Theorem 3.6 that is related to the limiting

distribution of random weighting estimate sample mean that similar to the sample mean and complete

convergence of random weighting estimate empirical distribution. Under the assumptions of Theorem

3.6,

(i) If X̄n → Z in distribution, then Tn → Z in distribution.

(ii) If Zn(x) =
∑n
i=1 αiZi(x), then for each x ∈ R,

Zn(x) − Fn(x) → 0 completely.

Where Zi(x) = I(Xi ≤ x).

The next theorem, prove the complete convergence for unbounded FGM random sequence. Let

{Xi, i ≥ 1} be a FGM random sequence with

X2
i ∈ R for i ≥ 1. If

∑n
i=1 V ar(Xi) = O(nδ1),

max
1≤k≤n

{
∫
R

F̄k(x).Fk(x)dx}2 = O(nδ2),
∑

1≤i≤j≤n |αij | = O(nδ3) for some δi > 0, i = 1, 2, 3, then for

all β > 1
2 + max{ δ12 , δ2 + δ3},

1

nβ

n∑
i=1

(Xi − EXi) → 0 Completely.

Proof: By using Markov’s inequality and P3, for all ε > 0, we can get

∞∑
n=1

P
(

max
1≤k≤n

|
k∑
i=1

(Xi − EXi)| > nβε
)

≤
∞∑
n=1

1

n2βε2
E(

n∑
i=1

(Xi − EXi))
2

≤ 1

ε2

∞∑
n=1

1

n2β

n∑
i=1

V ar(Xi)

+
1

ε2

∞∑
n=1

1

n2β

∑
i ̸=j

|αij | max
1≤k≤n

{
∫
R

F̄k(x).Fk(x)dx}2
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≤ 1

ε2
{
∞∑
n=1

1

n2β−δ1
+

∞∑
n=1

1

n2β−2δ2−2δ3
} <∞.

This completes the proof.
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Abstract: In this paper for the numerical approximation of stochastic advection diffusion equations,

an explicit higher order finite difference scheme is constructed. In continuation the main properties of

stochastic difference schemes, i.e. consistency, stability and convergency, are established for proposed

stochastic difference scheme.

Keywords Stochastic partial differential equations, Consistency, Stability, Convergence.
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1 Introduction

Physical phenomena of interest in science and technology are very often theoretically simulated by

means of models which correspond to stochastic partial differential equations (SPDEs). As only a few,

very simple SPDEs can be solved analytically, as a consequence, there is the need for the numerical

schemes for approximating their solution. In recent years, some of numerical methods for solving

SPDEs like finite difference and finite elements methods have been applied to the linear SPDEs, and

the results of these approaches have been experimented numerically Allen et al. (1998). SPDEs have

many applications in continum physics Bellmo et al. (1989) , mathematical biology and finance. In

this paper an explicit finite difference scheme to approximate of stochastic advection diffusion equations

is introduced and consistency, stability and convergency of this scheme is investigated.

9M. Namjoo : namjoo@vru.ac.ir
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2 Finite Difference Approximation for Advection Diffusion Equa-

tions

Consider the following stochastic advection diffusion equation

ut(x, t) + νux(x, t) = γuxx(x, t) + σu(x, t) Ẇ (t), x ∈ [0, X], t ∈ [0, T ], (2.1)

u(x, 0) = u0(x), u(0, t) = u(X, t) = 0,

where ν, γ and σ are positive random variables such that E(ν2), E(γ2), E(σ2) < ∞, and W (t) is a

one–dimensional standard Wiener process such that the white noise Ẇ (t) is a Gaussian distribution

with zero mean Kloeden et al. (1998). Numerically, finite difference methods have vast applications

in approximating the solution of SPDEs. These schemes discretize continuous space and time into an

evenly distributed grid system, and the values of the state variables are evaluated at each node of the

grid. Considering a uniform space grid ∆x and time grid ∆t in the time–space lattice, we can estimate

the solution of the equation at the points of this lattice. The value of the approximate solution at

the point (k∆x, n∆t) will be denoted by unk where n, k are integers. In the explicit method, the time

and space derivatives in the SPDE are approximated by finite difference replacements in the following

form Thomas (1998):

ux(k∆x, n∆t) ≈
unk+1 − unk

∆x
, ut(k∆x, n∆t) ≈

un+1
k − unk

∆t
,

uxx(x, t) ≈ 1

∆x2
(− 1

12
u(x− 2∆x, t) +

4

3
u(x− ∆x, t) − 5

2
u(x, t) +

4

3
u(x+ ∆x, t) − 1

12
u(x+ 2∆x, t)).

Therefore, the scheme approximates the stochastic advection diffusion equation is given by

un+1
k =

(
1 + νλ− 5

2
γρ

)
unk +

(
4

3
γρ− νλ

)
unk+1 + γρ

(
− 1

12
unk−2 +

4

3
unk−1 −

1

12
unk+2

)
+ σunk∆Wn,

(2.2)

where λ = ∆t
∆x , ρ = ∆t

∆x2 and ∆Wn = W ((n+ 1)∆t)−W (n∆t) is a Gaussian distribution with mean 0

and variance ∆t, i.e. ∆Wn ∼ N(0,∆t).

Remark 2.1. For the proposed scheme, we assume that the random variables ν, γ and σ are indepen-

dent of the Wiener process and the states unk .
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Consider a SPDE in the following form Lv = G, where L denotes the differential operator and

G ∈ L2(R) is an inhomogeneity. Assuming unk is the solution that is approximated by a stochastic

finite difference scheme denoted by Lnk , and applying the stochastic scheme to the SPDE, we have

Lnku
n
k = Gnk , where Gnk is the approximation of the inhomogeneity. For consistency, stability and

convergency, we will need a norm. Hence for a sequence u = {. . . , u−1, u0, u1, . . .}, the sup–norm is

defined as ∥u∥∞ =
√

sup
k

|uk|2. We refer to the paper Roth (2008), for the following definitions of

stochastic difference scheme.

Definition 2.2. A stochastic difference scheme Lnku
n
k = Gnk is pointwise consistent with the stochastic

partial differential equation Lv = G at point (x, t), if for any continuously differentiable function

Φ = Φ(x, t), in mean square

E∥ (LΦ −G) |nk − [LnkΦ(k∆x, n∆t) −Gnk ] ∥2 → 0,

as ∆x→ 0, ∆t→ 0, and (k∆x, (n+ 1)∆t) converges to (x, t).

Definition 2.3. A stochastic difference scheme is said to be stable with respect to a norm in mean

square if there exist some positive constants ∆x0 and ∆t0 and non–negative constants K and β such

that

E∥un+1∥2 ≤ KeβtE∥u0∥2,

for all 0 ≤ t = (n+ 1)∆t, 0 ≤ ∆x ≤ ∆x0, and 0 ≤ ∆t ≤ ∆t0, where

un+1 =
(
. . . , un+1

k−2 , u
n+1
k−1 , u

n+1
k , un+1

k+1 , u
n+1
k+2 , . . .

)T
.

Definition 2.4. A stochastic difference schemes Lnku
n
k = Gnk approximating the stochastic partial

differential equation Lv = G is convergent in mean square at time t if as (n + 1)∆t converges to t,

E∥un+1 − vn+1∥2 → 0, for (n+ 1)∆t = t, ∆x→ 0 and ∆t→ 0.

3 Consistency, Stability and Convergence of Stochastic Scheme

Theorem 3.1. The stochastic difference scheme (2.2) is consistent in mean square in the sense of

Definition 2.2.

Proof. Let Φ(x, t) be a smooth function. Then we have:

L(Φ)|nk = Φ(k∆x, (n+ 1)∆t) − Φ(k∆x, n∆t) + ν

∫ (n+1)∆t

n∆t

Φx(k∆x, s) ds
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−γ
∫ (n+1)∆t

n∆t

Φxx(k∆x, s) ds− σ

∫ (n+1)∆t

n∆t

Φ(k∆x, s) dW (s),

and

LnkΦ = Φ(k∆x, (n+ 1)∆t) − Φ(k∆x, n∆t) + ν∆t

(
Φ((k + 1)∆x, n∆t) − Φ(k∆x, n∆t)

∆x

)

−γ ∆t

∆x2

(
− 1

12
Φ((k − 2)∆x, n∆t) +

4

3
Φ((k − 1)∆x, n∆t) − 5

2
Φ(k∆x, n∆t)

+
4

3
Φ((k + 1)∆x, n∆t) − 1

12
Φ((k + 2)∆x, n∆t)

)
− σΦ(k∆x, n∆t)(W ((n+ 1)∆t) −W (n∆t)).

Therefore, in mean square, we obtain:

E|L(Φ)|nk − LnkΦ|2

= E

∣∣∣∣∣ν
∫ (n+1)∆t

n∆t

(
Φx(k∆x, s) − Φ((k + 1)∆x, n∆t) − Φ(k∆x, n∆t)

∆x

)
ds

− γ

∫ (n+1)∆t

n∆t

(
Φxx(k∆x, s) − 1

∆x2

[
− 1

12
Φ((k − 2)∆x, n∆t) +

4

3
Φ((k − 1)∆x, n∆t)

− 5

2
Φ(k∆x, n∆t) +

4

3
Φ((k + 1)∆x, n∆t) − 1

12
Φ((k + 2)∆x, n∆t)

])
ds

− σ

∫ (n+1)∆t

n∆t

(Φ(k∆x, s) − Φ(k∆x, n∆t)) dW (s)

∣∣∣∣∣
2

≤ E(ν2)E

∣∣∣∣∣
∫ (n+1)∆t

n∆t

(
Φx(k∆x, s) − Φ((k + 1)∆x, n∆t) − Φ(k∆x, n∆t)

∆x

)
ds

∣∣∣∣∣
2

+ 4E(γ2)E

∣∣∣∣∣
∫ (n+1)∆t

n∆t

(
Φxx(k∆x, s) − 1

∆x2

[
− 1

12
Φ((k − 2)∆x, n∆t) +

4

3
Φ((k − 1)∆x, n∆t)

− 5

2
Φ(k∆x, n∆t) +

4

3
Φ((k + 1)∆x, n∆t) − 1

12
Φ((k + 2)∆x, n∆t)

])
ds

∣∣∣∣2
+ 4E(σ2)

∫ (n+1)∆t

n∆t

E|Φ(k∆x, s) − Φ(k∆x, n∆t)|2 ds

Since Φ(x, t) is a deterministic function, hence E|L(Φ)|nk − LnkΦ|2 → 0, as n, k → ∞.

Theorem 3.2. The stochastic difference scheme (2.2) with t = (n+ 1)∆t and 3
4νλ ≤ γρ ≤ 2

5 (1 + νλ),

(note that νλ ≤ 8
7), is stable with respect to ∥ · ∥∞ =

√
sup
k

| · |2.
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Proof. Applying E| · |2 in (2.2) and using the independence of the Wiener process increments we will

have:

E|un+1
k |2 = E

∣∣∣∣(1 + νλ− 5

2
γρ

)
unk +

(
4

3
γρ− νλ

)
unk+1 + γρ

(
− 1

12
unk−2 +

4

3
unk−1 −

1

12
unk+2

)∣∣∣∣2
+E(σ2)∆tE|unk |2.

By using 3
4νλ ≤ γρ ≤ 2

5 (1 + νλ), we get

E|un+1
k |2 ≤ E

((
1 + νλ− 5

2
γρ

)2
)
E|unk |2 + E

((
4

3
γρ− νλ

)2
)
E|unk+1|2

+E
(
(γρ)2

)
E
∣∣∣∣− 1

12
unk−2 +

4

3
unk−1 −

1

12
unk+2

∣∣∣∣2 + 2E
((

1 + νλ− 5

2
γρ

)(
4

3
γρ− νλ

))
E|unkunk+1|

+2E
((

1 + νλ− 5

2
γρ

)
γρ

)
E
∣∣∣∣unk (− 1

12
unk−2 +

4

3
unk−1 −

1

12
unk+2

)∣∣∣∣
+2E

((
4

3
γρ− νλ

)
γρ

)
E
∣∣∣∣unk+1

(
− 1

12
unk−2 +

4

3
unk−1 −

1

12
unk+2

)∣∣∣∣+ E(σ2)∆tE|unk |2.

Hence, using the inequalities

E|X + Y + Z| ≤ E|X| + E|Y | + E|Z|, E|X + Y + Z|2 ≤ 4(E|X|2 + E|Y |2 + E|Z|2),

we will have:

E|un+1
k |2 ≤ E

((
1 + νλ− 5

2
γρ

)2
)
E|unk |2 + E

((
4

3
γρ− νλ

)2
)
E|unk+1|2

+
E
(
(γρ)2

)
144

(
4E|unk−2|2 + 1024E|unk−1|2 + 4E|unk+2|2

)
+2E

((
1 + νλ− 5

2
γρ

)(
4

3
γρ− νλ

))
E|unkunk+1|

+
1

6
E
((

1 + νλ− 5

2
γρ

)
γρ

)(
E|unkunk−2| + 16E|unkunk−1| + E|unkunk+2|

)
+

1

6
E
((

4

3
γρ− νλ

)
γρ

)(
E|unk+1u

n
k−2| + 16E|unk+1u

n
k−1| + E|unk+1u

n
k+2|

)
+ E(σ2)∆tE|unk |2

≤

{
E

((
1 + νλ− 5

2
γρ

)2
)

+ E

((
4

3
γρ− νλ

)2
)

+
1032

144
E
(
(γρ)2

)
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+2E
((

1 + νλ− 5

2
γρ

)(
4

3
γρ− νλ

))
+ 3E

((
1 + νλ− 5

2
γρ

)
γρ

)
+ 3E

((
4

3
γρ− νλ

)
γρ

)
+ E(σ2)∆t

}
sup
k

E|unk |2

=

{
1 +

2

3
E(γρ) +

181

36
E
(
(γρ)2

)
+ E(σ2)∆t

}
sup
k

E|unk |2.

It is enough to select δ such that 2
3E(γρ) + 181

36 E
(
(γρ)2

)
+ E(σ2)∆t ≤ δ2∆t holds, for all k. Therefore

sup
k

E|un+1
k |2 ≤ (1 + δ2∆t) sup

k
E|unk |2 ≤ · · · ≤ (1 + δ2∆t)n+1 sup

k
E|u0k|2,

and by substituting ∆t with t
n+1 ,

E∥un+1∥2∞ ≤
(

1 +
δ2t

n+ 1

)n+1

E∥u0∥2∞ ≤ eδ
2tE∥u0∥2∞.

Hence, the stochastic difference scheme is conditionally stable with K = 1 and β = δ2.

Theorem 3.3. The stochastic difference scheme (2.2) is convergent with respect to ∥ · ∥∞–norm, for
3
4νλ ≤ γρ ≤ 2

5 (1 + νλ).

Proof. The stochastic finite difference scheme is given by

un+1
k = unk − ν∆t

unk+1 − unk
∆x

+ γ
∆t

∆x2

(
− 1

12
unk−2 +

4

3
unk−1 −

5

2
unk +

4

3
unk+1 −

1

12
unk+2

)
+ σunk (W ((n+ 1)∆t) −W (n∆t)).

The solution vn+1
k can be represented by the Taylor expansion vxx(x, s) with respect to the space

variable as

vn+1
k = vnk − ν

∫ (n+1)∆t

n∆t

vx(x, s)|x=xk ds+ γ

∫ (n+1)∆t

n∆t

vxx(xk, s) ds

+σ

∫ (n+1)∆t

n∆t

v(x, s)|x=xk dW (s)

= vnk − ν

∫ (n+1)∆t

n∆t

(
vnk+1 − vnk

∆x
− ∆x

2
vxx((k + α)∆x, s)

)
ds

+γ

∫ (n+1)∆t

n∆t

(
1

∆x2

(
− 1

12
vnk−2 +

4

3
vnk−1 −

5

2
vnk +

4

3
vnk+1 −

1

12
vnk+2

)
+

∆x4

135

(
v(6)((k + θ)∆x, s) + v(6)((k + µ)∆x, s)

)
−∆x4

540

(
v(6)((k + θ′)∆x, s) + v(6)((k + µ′)∆x, s)

))
ds
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+σ

∫ (n+1)∆t

n∆t

v(x, s)|x=xk dW (s),

where α, θ, µ, θ′, µ′ ∈ (0, 1). With znk = vnk − unk we get

zn+1
k =

(
1 + νλ− 5

2
γρ

)
znk +

(
4

3
γρ− νλ

)
znk+1 + γρ

(
− 1

12
znk−2 +

4

3
znk−1 −

1

12
znk+2

)

+ν
∆x

2

∫ (n+1)∆t

n∆t

vxx((k + α)∆x, s) ds− γ

∫ (n+1)∆t

n∆t

(
∆x4

135

(
v(6)((k + θ)∆x, s) + v(6)((k + µ)∆x, s)

)
− ∆x4

540

(
v(6)((k + θ′)∆x, s) + v(6)((k + µ′)∆x, s)

))
ds+ σ

∫ (n+1)∆t

n∆t

(v(x, s)|x=xk − unk ) dW (s).

Applying E| · |2 to this equality, we obtain

E|zn+1
k |2 ≤ 4E

∣∣∣∣(1 + νλ− 5

2
γρ

)
znk +

(
4

3
γρ− νλ

)
znk+1 + γρ

(
− 1

12
znk−2 +

4

3
znk−1 −

1

12
znk+2

)∣∣∣∣2

+4E

∣∣∣∣∣ν∆x

2

∫ (n+1)∆t

n∆t

vxx((k + α)∆x, s) ds−γ
∫ (n+1)∆t

n∆t

(
∆x4

135

(
v(6)((k + θ)∆x, s) + v(6)((k + µ)∆x, s)

)

− ∆x4

540

(
v(6)((k + θ′)∆x, s) + v(6)((k + µ′)∆x, s)

))
ds

∣∣∣∣2+2E

∣∣∣∣∣σ
∫ (n+1)∆t

n∆t

(v(x, s)|x=xk − unk ) dW (s)

∣∣∣∣∣
2

≤ 4E
∣∣∣∣(1 + νλ− 5

2
γρ

)
znk +

(
4

3
γρ− νλ

)
znk+1 + γρ

(
− 1

12
znk−2 +

4

3
znk−1 −

1

12
znk+2

)∣∣∣∣2

+4E

∣∣∣∣∣ν∆x

2

∫ (n+1)∆t

n∆t

vxx((k + α)∆x, s) ds−γ
∫ (n+1)∆t

n∆t

(
∆x4

135

(
v(6)((k + θ)∆x, s) + v(6)((k + µ)∆x, s)

)

− ∆x4

540

(
v(6)((k + θ′)∆x, s) + v(6)((k + µ′)∆x, s)

))
ds

∣∣∣∣2+2E(σ2)

∫ (n+1)∆t

n∆t

E|v(x, s)|x=xk−vnk+vnk−unk |2 ds.

Assuming 3
4νλ ≤ γρ ≤ 2

5 (1 + νλ), introducing the notation ψ1k = vxx((k + α)∆x, s) < ∞, ψ2k =

v(6)((k + θ)∆x, s) < ∞, ψ3k = v(6)((k + µ)∆x, s) < ∞, ψ4k = v(6)((k + θ′)∆x, s) < ∞, ψ5k =

v(6)((k + µ′)∆x, s) <∞ and also∫ (n+1)∆t

n∆t

E|v(x, s)|x=xk − vnk |2 ds = E
∫ (n+1)∆t

n∆t

|v(x, s)|x=xk − vnk |2 ds

≤ sup
s∈[n∆t,(n+1)∆t]

|v(x, s)|x=xk − v(k∆x, n∆t)|2∆t ≤ ψ′∆t,
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we get

E|zn+1
k |2 ≤ 4

(
1 +

2

3
E(γρ) +

181

36
E
(
(γρ)2

))
sup
k

E|znk |2

+4 sup
k

E

∣∣∣∣∣
∫ (n+1)∆t

n∆t

(
ν

∆x

2
ψ1k − γ

∆x4

135
(ψ2k + ψ3k) + γ

∆x4

540
(ψ4k + ψ5k)

)
ds

∣∣∣∣∣
2

+4E(σ2) sup
k

∫ (n+1)∆t

n∆t

E|v(x, s)|x=xk − vnk |2 ds+ 4E(σ2) sup
k

∫ (n+1)∆t

n∆t

E|vnk − unk |2 ds︸ ︷︷ ︸
E|znk |2∆t

≤ 4

(
1 +

2

3
E(γρ) +

181

36
E
(
(γρ)2

)
+ E(σ2)∆t

)
sup
k

E|znk |2 + 4 sup
k

E|Ψ1∆t|2 + ψ′∆t

≤ 4

(
1 +

2

3
E(γρ) +

181

36
E
(
(γρ)2

)
+ E(σ2)∆t

)
sup
k

E|znk |2 + Ψ∆t.

With selecting δ such that 2
3E(γρ) + 181

36 E
(
(γρ)2

)
+ E(σ2)∆t ≤ δ2∆t, we have:

E|zn+1
k |2 ≤ 4(1 + δ2∆t) sup

k
E|znk |2 + Ψ∆t,

and

sup
k

E|zn+1
k |2 ≤ 4(1 + δ2∆t) sup

k
E|znk |2 + Ψ∆t.

It follows that

E∥zn+1∥2∞ ≤ 4(1 + δ2∆t)E∥zn∥2∞ + Ψ∆t ≤
(

1 + δ2
t

n+ 1

)n+1 n∑
j=1

(4Ψ∆t)j + Ψ∆t

≤ eδ
2t

n∑
j=1

(4Ψ∆t)j + Ψ∆t.

When the time step ∆t tends to zero, we have

E∥zn+1∥2∞ ≤ (n− 1)eδ
2t(4Ψ∆t)2 + 4eδ

2tΨ∆t+ Ψ∆t ≤ teδ
2t(4Ψ)2∆t+ 4eδ

2tΨ∆t+ Ψ∆t

= (teδ
2t(4Ψ)2 + 4eδ

2tΨ + Ψ)∆t,

and consequently E∥zn+1∥2∞ → 0.
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Conclusion

In this paper the stochastic five points finite difference method is used to obtain an approximation

solution of the stochastic advection diffusion equation. Consistency of the stochastic finite difference

scheme is established. Sufficient conditions for the stability of the proposed stochastic difference scheme

are given. Finally the convergence of the solution scheme to the exact one is proved.
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The discrete beta generalized exponential distribution
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Abstract: In this paper, a discrete analogue of the beta generalized exponential distribution is studied.

This new distribution contains some previously known discrete distributions as well as two new models.

The hazard rate function of the new model can be increasing, decreasing, bathtub-shaped and upside-

down bathtub. Some distributional and moment properties of the new distribution are discussed and,

finally, the model with a real data set is examined.

Keywords Beta-G distributions, Beta generalized exponential distribution, Discrete generalized ex-

ponential distribution, Hazard rate function.
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1 Introduction

Eugene et al. (2002) introduced a general class of distributions generated from the logit of a beta

random variable with cumulative distribution function (cdf)

F (x; a, b,θ) = IG(x)(a, b) =
1

B(a, b)

∫ G(x)

0

ta−1(1 − t)b−1dt, x ∈ R, (1.1)

where a > 0 and b < ∞ are two parameters whose role is to control skewness and the tail weight, θ

is the parameter vector of the absolutely continuous cdf G, Iy(a, b) =
By(a,b)
B(a,b) is the incomplete beta

function ratio and By(a, b) =
∫ y
0
ta−1(1 − t)b−1dt denotes the incomplete beta function. In fact, if U

is a beta random variable with parameters a and b, then the cdf of the random variable X = G−1(U)

coincides with cdf (1.1). The distribution function (1.1) is called a beta-G (BG) distribution and is

denoted by BG(a, b,θ).

1Speaker’s Name : v.nekoukhou@gmail.com
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In recent years, the class of BG distributions has received much attention in the literature. For

instance, Cordeiro et al. (2013) considered the beta exponentiated Weibull distribution and discussed

some of its basic distributional properties. Bidram et al. (2013) introduced the beta Weibull-geometric

distribution and investigated some useful general results regarding the order statistics of the family of

BG distributions. Beta generalized Pareto distribution of Mahmoudi (2011) is another research in this

regard.

In this paper, we will introduce a discrete analog of the beta generalized exponential (BGE) distribu-

tion of Barreto-Souza et al. (2010). This new discrete distribution contains several special sub-models.

Two of such sub-models are new distributions, which are introduced here. One of the new sub-models

is a discrete analog of the beta exponential (BE) distribution of Nadarajah and Kotz (2006) and an-

other is a discrete counterpart of the double generalized exponential distribution given, as a special

sub-model of BGE, by Barreto-Souza et al. (2010).

2 The discrete beta generalized exponential distribution

Barreto-Souza et al. (2010) introduced the BGE distribution by inserting the cdf of the generalized

exponential (GE) distribution of Gupta and Kundu (1999),

G(x) = (1 − e−λx)α, x > 0; α > 0, λ > 0, (2.1)

into Eq. (1.1). The pdf of the BGE distribution is given by

f(x) =
αλ

B(a, b)
e−λx(1 − e−λx)αa−1{1 − (1 − e−λx)α}b−1, x > 0. (2.2)

The BGE distribution generalizes some well-known distributions in the literature. The GE distribu-

tion is a special case for the choice a = b = 1. If, in addition, α = 1, the exponential distribution with

parameter λ is obtained. The BE distribution is obtained by choosing α = 1. The double generalized

exponential distribution corresponds to a = 1.

The BGE distribution is much more flexible than the GE and BE distributions in view of the

fact that its hazard rate function can be bathtub-shaped, monotonically increasing or decreasing, and

upside-down bathtub depending on the values of the parameters; see Barreto-Souza et al. (2010).
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Here, we construct a discrete analogue of the BGE distribution using equation

f(a,b,θ)(y) = P (Y = y) = IG(y+1)(a, b) − IG(y)(a, b), (2.3)

as follows:

f(a,b,θ)(y) = py =
∞∑
i=0

ωi(a, b){(1 − e−λ(y+1))α(a+i) − (1 − e−λy)α(a+i)}

=
∞∑
i=0

ωi(a, b){(1 − py+1)α(a+i) − (1 − py)α(a+i)} (2.4)

=
∞∑
i=0

ωi(a, b)
∞∑
j=1

(−1)j+1

(
α(a+ i)

j

)
pjy(1 − pj), (2.5)

where 0 < p = e−λ < 1 and y ∈ N0 = {0, 1, 2, ...}. The pmf given in (2.3) or (2.4) defines the discrete

beta generalized exponential distribution and we denote it by DBGE(a, b, α, p). The pmf py is in fact

a linear combination of the probability mass functions of the discrete generalized exponential distri-

butions of a second type, DGE2(α(a+ i), p), introduced by Nekoukhou et al. (2013a). A DGE2(α, p)

distribution is indeed a discrete counterpart of the two-parameter GE distribution, given by (2.1),

whose pmf is of the form

py = (1 − py+1)α − (1 − py)α (2.6)

=
∞∑
j=1

(−1)j+1

(
α

j

)
pjy(1 − pj), y ∈ N0, (2.7)

where
(
α
j

)
= Γ(α+1)

Γ(α+1−j)j! . For integer α > 0, the sum in Eq. (2.6) stops at α. The DGE2 is indeed an

exponentiated geometric distribution in view of the fact that the cdf of a random variable Y following

the DGE2(α, p) distribution is given by

P (Y ≤ y) =

 0 y < 0

(1 − p[y]+1)α y ≥ 0.
(2.8)

It is interesting to note that the BGE distribution is also a linear combination of the GE density

functions. In addition, the DBGE distribution is an infinite linear combination of DGE2 distributions.

Hence, we can obtain some basic properties of the DBGE distribution from the corresponding properties

of DGE2 distributions.
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The cdf of a DBGE(a, b, α, p) distribution is given by

F(a,b,α,p)(y) = P (Y ≤ y) =

 0 y < 0∑∞
i=0 ωi(a, b)(1 − p[y]+1)α(a+i) y ≥ 0,

(2.9)

which is an infinite linear combination of the cdf of DGE2(α(a + i), p) distributions. The survival

and hazard rate functions of a random variable Y following a DBGE(a, b, α, p) distribution are given,

respectively, by

F (a,b,α,p)(y) = P (Y > y) = 1 −
∞∑
i=0

ωi(a, b)(1 − p[y]+1)α(a+i), y ≥ 0 (2.10)

and

h(a,b,α,p)(y) =

∑∞
i=0 ωi(a, b){(1 − py+1)α(a+i) − (1 − py)α(a+i)}

1 −
∑∞
i=0 ωi(a, b)(1 − p[y]+1)α(a+i)

, y ∈ N0. (2.11)

As mentioned before, for integer b > 0,
∑∞
i=0 should be replaced by

∑b−1
i=0 . Figure 1 illustrates the

hazard rate function behavior of the DBGE distribution for different values of its parameters. As we see

from Figure 1, a characteristic of a DBGE distribution is that its hazard rate function can be constant,

decreasing, increasing, bathtub-shaped, and upside-down bathtub depending on its parameters values.

Hence, DBGE distributions are more flexible than other discrete distributions such as the geometric

or DGE2 distributions, whose hazard rate functions are constant and monotone, respectively.

The mgf of a DBGE(a, b, α, p) distribution can be obtained easily by that of DGE2(α(a + i), p)

distributions. In fact, we have

MY (t) =
∞∑
i=0

ωi(a, b)
∞∑
j=1

(−1)j+1

(
α(a+ i)

j

)
1 − pj

1 − pjet
, t < − log p. (2.12)

The factorial moments and moments of a DBGE(a, b, α, p) distribution for n ∈ N = {1, 2, ...} are

obtained, respectively, as

E{Y (Y − 1)...(Y − n+ 1)} =
∞∑
i=0

ωi(a, b)
∞∑
j=1

(−1)j+1

(
α(a+ i)

j

)
n!(

pj

1 − pj
)n (2.13)

and

E(Y n) =

∞∑
i=0

ωi(a, b)

∞∑
j=1

(−1)j+1

(
α(a+ i)

j

) n∑
t=1

S(n, t)t!(
pj

1 − pj
)t, (2.14)
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Figure 1: Hazard rate function plots of the DBGE distribution for selected parameters values.

where

S(n, t) =
1

t!

t−1∑
i=0

(−1)i
(
t

i

)
(t− i)n,

is the Stirling number of the second kind. In particular, the mean and variance of the distribution are

given, respectively, by

E(Y ) =
∞∑
i=0

ωi(a, b)
∞∑
j=1

(−1)j+1

(
α(a+ i)

j

)
pj

1 − pj
, (2.15)

and

V ar(Y ) =

∞∑
i=0

ωi(a, b)

∞∑
j=1

(−1)j+1

(
α(a+ i)

j

)
pj(1 + pj)

(1 − pj)2
− {E(Y )}2. (2.16)
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Here, we consider some special cases of DBGE distributions which are interesting and useful for

their own sake.

1) If a = b = 1, then DBGE(a, b, α, p) distribution reduces to DGE2(α, p) distribution. In addition,

if α = 1, then DBGE(1, 1, α, p) distribution is just the geometric distribution; see Nekoukhou et al.

(2013a).

2) If a = 1, then DBGE(a, b, α, p) distribution reduces to a discrete version of the double generalized

exponential distribution, DDGE(b, α, p), of Barreto-Souza et al. (2010). This has not been introduced

in the literature yet.

3) If α = 1, as we know, BGE distribution reduces to BE distribution of Nadarajah and Kotz (2006).

Hence, for α = 1, DBGE distribution gives a discrete counterpart of BE distribution. It should be noted

that, recently, Nekoukhou et al. (2013b) considered another discrete version of the BE distribution of

Nadarajah and Kotz (2006) using the relation

Py =
f(y)∑∞
t=1 f(t)

, y = 1, 2, ... ,

where f is the pdf of BE distribution. These two discrete analogues of BE distribution have different

structures.

3 Application

In this section, the DBGE model will be examined for a real data set which is given by Karlis and

Xekalaki (2001) on the numbers of fires in Greece for the period from 1 July 1998 to 31 August of

the same year. This data set consists of 123 observation and has been presented in Table 1. Only

fires in forest districts are considered. Bakouch et al. (2014) considered these data to indicate the

potentiality of discrete Lindley (DL) distribution in data modeling and compared it with Poisson,

geometric, discrete Weibull (DW) and discrete gamma (DG) distributions.

Table 1 Numbers of fires in Greece.
Numbers 0 1 2 3 4 5 6 7 8 9 10 11 12 15 16 20 43

Frequency 16 13 14 9 11 13 8 4 9 6 3 4 6 4 1 1 1

Here, we compare the DBGE, DBE, DDGE and DGE2 models with these discrete distributions. In

addition, because of the over dispersion phenomena in the data set, x = 5.3984 and s2 = 30.0449, the
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negative binomial (NB) distribution is also compared with the others. Maximum likelihood method

is used to obtain the estimates of the parameters of the proposed new distributions (DBGE, DBE

and DDGE). Comparing the DBGE model with the other models is performed by using the Akaike

information criterion (AIC) and Kolmogrov-Smirnov (K-S) test statistic. Table 2 indicates the fitting

computations which consists of the MLEs, AICs and K-S test statistics determined by the fitting

models.

According to the AICs and K-S test statistics values in Table 2, it seems that DBGE model gives a

better fit than DL, DW, DG, NB, Poisson, geometric and also DBE, DDGE and DGE2 distributions.

In addition, the empirical and probability-probability (p-p) plots of DBGE distribution, given in Figure

2, confirm a satisfactory fit for this new discrete model.

One can construct approximate confidence intervals for the parameters of DBGE model. Indeed,

such confidence intervals are attained by means of the asymptotic covariance matrix of the MLEs

of DBGE parameters when the Newton-Raphson procedure converges. For instance, 95% asymptotic

confidence intervals for DBGE parameters are calculated as a ∈ (1.2668∓0.8254), b ∈ (3.0100∓0.7289),

α ∈ (1.1030 ∓ 0.5120) and p ∈ (0.9354 ∓ 0.1592).

Table 2 Summary.

Models MLEs AIC K-S statistic

DBGE (â, b̂, α̂, p̂) = (1.2668, 3.0100, 1.1030, 0.9593) 121.7440 0.0815

DBE (â, b̂, p̂) = (2.3176, 1.2883, 0.9031) 125.8864 0.1666

DDGE (b̂, α̂, p̂) = (3.3213, 0.7431, 0.9463) 142.9386 0.5226

DGE2 (α̂, p̂) = (1.2548, 0.8225) 130.3965 0.3386

NB (r̂, p̂) = (1.3360, 0.1984) 126.9362 0.3350

DL (θ̂, p̂) = (0.3090, 0.7343) 131.5166 0.1122

DW (p̂, α̂) = (0.8789, 1.1308) 127.5752 0.3351

DG (α̂, β̂) = (0.7525, 0.1543) 137.1818 0.2683

Poisson λ̂ = 5.3984 253.5164 0.2547

Geometric p̂ = 0.8437 129.5689 0.1636

Conclusion

We introduced a new discrete distribution, called discrete beta generalized exponential (DBGE) distri-

bution, motivated by the fact that the distribution provides greater flexibility to analyze more complex
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Figure 2: The empirical cdf (left) and probability-probability (right) plots of DBGE distribution.

situations. Indeed, the hazard rate function of the new introduced model can be bathtub, unimodal,

increasing, decreasing and constant. That is, the DBGE distribution can be used as an improved

model for failure data in the discrete case.
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Abstract: Asymptotically pairwise negatively dependent random variables were introduced by Nili

Sani et.al(2015). This class includes independent random variables(hencefort r.v.’s) and pairwise

negatively dependence r.v.’s. In this note, we discuss the asymptotic behavior of the tail of X1 + X2

that X1, X2 are APND r.v.’s and extend some results of Rangbar et.al.(2008) and (2009).The limit

theorems for the new class of r.v.’s are also proved and some results of Beak and Park (2010) and Soo

Hak Sung(2014) are extended to this class conveniently.

Keywords Max-sum equivalence, Negatively dependent r.v.’s, Asymptotically pairwise negatively

dependent r.v.’s, Complete convergence, Fundamental maximal inequality.
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1 Introduction

Lehmann (1966) introduced various concepts of positive (negative) dependence for two random vari-

ables. Since then, dependent random variables have captured the attention of many researchers and

they have been extensively studied in the literature. Although various results in probability and

statistics have been derived under the assumption that some underlying random variables have the

negative dependence property (for details and references, see Lehmann(1966), Joag-Dev and Proschan

(1983), Joe (1996), Bozorgnia et. al.(1996) and Amini(2000)), the positive dependent concept is more

practicable. In the next section, we introduce a new class of dependent r.v.’s and provide some basic

properties of it. This class is bigger than of negative dependent r.v.’s class. In the last section, we

discuss the limit behavior of the weighted sums of arrays of new r.v.’s.
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2 Preliminaries

Definition 2.1. The random variables Xi and Xj are said to be asymptotic negatively dependent if

the following inequalities hold,

P (Xi > xi, Xj > xj) ≤ (1 + q(|i− j|))P (Xi > xi)P (Xj > xj) (2.1)

and

P (Xi ≤ xi, Xj ≤ xj) ≤ (1 + q(|i− j|))P (Xi ≤ xi)P (Xj ≤ xj) (2.2)

for all xi, xj ∈ R, i ̸= j, where q(n) = o(n−w), w > 0.

Similarly, (Xi, Xj) is asymptotic positively dependent if (2.1) and (2.2) hold with the inequalities

sign reversed.

The random variables X1, X2, · · · are said to be asymptotic pairwise negatively dependent ( APND) if

(Xi, Xj) is asymptotic negatively dependent for every i ̸= j, i, j ≥ 1.

If for i, j, q(|i− j|) = 0, then the random variables Xi and Xj are negatively dependent(Lehmann

(1966)). A special subclass of APND r.v.’s is the pairwise negatively dependent r.v.’s studied by

NiliSani et.al.(2005).

Lemma 2.2. (NiliSani et.al.(2015)) Let {Xn} be a sequence of APND r.v.’s and {fn} be a sequence

of concordinate functions.

(i). The set of inequalities (2.1) and (2.2) are equivalent to that obtained by the replacing one or more

than one of inequalities Xi ≤ xi, Xj ≤ xj , Xi > xi or Xj > xj by the corresponding Xi < xi, Xj <

xj , Xi ≥ xi or Xj ≥ xj .

(ii) {fn(xn)} is a sequence of APND r.v.’s with the initial coefficients q(n).

(iii) P (Xi ≥ xi, Xj < xj) ≥ P (Xi ≥ xi)[1 − (1 + q|i− j|)P (Xj ≥ xj)]

(iv) P (Xi ≤ xi, Xj > xj) ≥ P (Xi ≤ xi)[1 − (1 + q|i− j|)P (Xj ≤ xj)]

Lemma 2.3. (NiliSani et.al.(2015)) Let Xi, Xj be two APND r.v.’s. Then

Cov(Xi, Xj) ≤ 4q(|i− j|)E|Xi|E|Xj |,

provided the expectations on the left hand side exist.
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Lemma 2.4. (NiliSani et.al.(2015)) Let (X1, Y1), (X2, Y2), ..., (Xn, Yn) be independent pairs of APND

r.v.’s with joint distributions F1, F2, ..., Fn and coefficient q1, q2, ..., qn. Let f and g be concordant Borel

functions, X = f(X1, ..., Xn) and Y = g(Y1, ..., Yn), then (X,Y ) are APND.

Example 2.5. Farlie-Gumbel-Morgenstern (FGM) is a famous family of bivariate distributions (for

details, references and some applications, see Long and Krzysztofowicz(1992) and Drouet Mari and

Kotz(2004)). The joint distribution function is as follows

F (x, y) = F1(x)F2(y)(1 + α(1 − F1(x))(1 − F2(y)), |α| < 1. (2.3)

(2.3) is equivalent to

P (X > x, Y > y) = P (X > x)P (Y > y)(1 + αF1(x)F2(y)).

FGM family is a subset of APND random variables.

The result below extends the result of Ranjbar et.al. (2008) from weakly negative dependent to

APND r.v.’s.

Lemma 2.6. If two APND random variables X1 and X2 have distributions F1 and F2 respectively,

then F1 ∼M F2, is equivalent to

P (X1 +X2 ≥ x) ∼ P (max{X1, X2} ≥ x).

Proof. P (X1 +X2 > x) ≥ P (max(X1, X2) > x) ≥ P (X1 > x) + P (X2 > x)cP (X1 > x)P (X2 > x).

If F1 MF2, then

1 ≥ lim
P (max(X1, X2) > x)

P (X1 +X2 > x)
≥ 1 − lim

cF1(x)F2(x)

P (X1 +X2 > x)
= 1.

The proof P (X1 +X2 > x) P (max(X1, X2) > x) ⇒ F1 MF2 is obvious.

Lemma 2.7. Let Xi and Xj two nonnegative APND random variables with distributions F and G

respectively, then
P (Xi +Xj > x)

P (Xi > x) + P (Xj > x)
≥ 1 + o(1)

Proof. For any positive x we have

P (Xi +Xj > x) = P (Xi > x) + P (Xj > x) − P ((Xi > x), (Xj > x))

+ P (Xi +Xj > x,Xi < x,Xj < x))

≥ P (Xi > x) + P (Xj > x) − P (Xi > x)P (Xj > x)(1 + q(|i− j|))
then

P (Xi +Xj > x)

P (Xi > x) + P (Xj > x)
≥ 1 + o(1).
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Lemma 2.8. Let Xi and Xj two APND random variables with distributions F and G respectively,

then
P (Xi +Xj > x)

P (Xi > x) + P (Xj > x)
≥ 1 + o(1)

Proof. For any positive x we have

P (Xi +Xj > x) = P (X+
i +X+

j − (X−i +X−j ) > x)

= P (Xi +Xj > x,Xi > 0, Xj > 0) + P (Xi +Xj > x,Xi < 0, Xj < 0)

+ P (Xi +Xj > x,Xi > 0, Xj < 0) + P (Xi +Xj > x,Xi < 0, Xj > 0)

≥ P (X+
i +X+

j > x)

≥ P (X+
i > x) + P (X+

j > x) − P (X+
i > x)P (X+

j > x)(1 + q(|i− j|))
then

P (Xi +Xj > x)

P (Xi > x) + P (Xj > x)
≥ 1 − q(|i− j|

P (X+
i > x) + P (X+

j > x)

P (Xi > x) + P (Xj > x)
= 1 + o(1)

Theorem 2.9. Let X1, ..., Xn be a sequence r.v.’s that satisfy in (1) for every 1 ≤ i, j ≤ n, then

P (max1≤i≤nXi > x) ∼
n∑
i=1

P (Xi > x) as x→ ∞

The proof, similar to that of Theorem 4 in Ranjbar et.al. (2008),is omitted.

3 SLLN for APND r.v.’s

Theorem 3.1. (Fundamental maximal inequality). Let {Xn} be a sequence of APND r.v.’s with co-

efficients q(m), w > 2, such that with E(Xn) ↑. Then

E[max1≤i≤mS
2
i ] ≤ [ log(4n)log2 ]2

∑n
i=1E(X2

i ) for each n ≥ 1

Proof. The proof is similar to that of theorem 2.3.1 in Stout ( 1974).The first, we suppose that

n = 2k, k = 6. Let Xr,s =
∑s
i=r+1, 0 ≤ r < s ≤ 26. Consider the following collections of Xr,s :

{X0,64}, {X0,32, X32,64}, ..., {X0,1, ..., X63,64}
There are k + 1 = 7 collections. Represent the expansion Si by Si =

∑h
j=1Xij−1,ij , h ≤ 7. Then

S2
i ≤ 7

∑h
j=1(Xij−1,ij )

2 and

E(max1≤i≤26S
2
i ) ≤ 7.7

26∑
j=1

E(X2
i )(1 +

64−i∑
r=1

q(r))
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follows by the Cauchy-Schwarz inequality and Lemma 2.

Using a suitable notation, the above argument generalized to arbitrary k ≥ 1 yields

E(max1≤i≤26S
2
i ) ≤ (k + 1)2

2k∑
j=1

E(X2
i )(1 +

n−i∑
r=1

q(r))

and in general

E(max1≤i≤nS
2
i ) ≤ (k + 1)2

n∑
i=1

E(X2
i )(1 +

n−i∑
r=1

q(r)).

Since 2k−1 < n implies (k + 1)2 ≤ [log(4n)/log2]2, the desired result follows.

Remark 3.2. : If n > a2, then log2 can be replaced by loga.

Theorem 3.3. Let {Xni} be an array of rowwise APND r.v.’s with E(Xni) = 0 and common coeffi-

cients q(m), w > 2, and for some random variable X and constant c > 0,

P (|Xni| > x) ≤ cP (|X| > x) (3.1)

for all n, i and x ≥ 0. Suppose that W is non-negative r.v. with distribution function G such that

E(W−2) <∞. (3.2)

Moreover, suppose that β ≥ −1 and {ani} is an array of constants such that

sup
i≥1

|ani| = O(n−3r/4) forsome r > 0 (3.3)

and
∞∑
i=1

|ani| = O(nα) forsome α ∈ [0, r). (3.4)

If α+ β > −1 and there exists some 1 < δ ≤ 4
3 (1 + β) such that

β − 3

4
r(δ − (

4α

3r
+ 1)) < −1, (3.5)

and

E(|X|θ) <∞ (3.6)

where 2 > θ > 4
3r (1 + β + α) + 1, then

∞∑
n=1

nβ
∫ ∞
0

P (|
∞∑
i=1

aniXni| > w)dG(w) <∞. (3.7)
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Proof. The proof is the same as that of Theorem 2 of NiliSani (2015). Note that ani = a+ni − a−ni.

Thus, to prove (3.7), it suffices to show that, for every w > 0∑∞
n=1 n

β
∫∞
0
P (|

∑
a+niXni| > w

2 )dG(w) <∞ and
∑∞
n=1 n

β
∫∞
0
P (|

∑
a−niXni| > w

2 )dG(w) <∞.

So, we may assume, without loss of generality, that ani > 0. Let

X ′ni = −I(aniXni≤−1) + aniXniI(|aniXni|<1) + I(aniXni≥1).

Then∑∞
n=1 n

β
∫∞
0
P (|

∑∞
i=1 aniXni| > w

2 )dG(w) ≤
∑∞
n=1 n

β
∫∞
0
P (|

∑
(|aniXni|≥1) aniXni| > w

4 )dG(w)

+
∑∞
n=1 n

β
∫∞
0
P (|

∑∞
i=1X

′
ni| > w/4)dG(w) = I1 + I2.

Hence, it suffices to show that I1 <∞ and I2 <∞. We assume, without loss of generality, that

sup
i≥1

ani = n−
3r
4 ,

∞∑
i=1

ani = nα, ani ≤ 1

Let

Ink = {i : (nk)
3r
4 ≤ |bni| = | 1

ani
| < (n(k + 1))

3r
4 },

k∑
j=1

♯Inj =: ♯Ank

for all k ≥ 1 and n ≥ 1, then
∪
j=1 Inj = N for all n ≥ 1. It is easy to see that

k∑
j=1

♯Inj =: ♯Ank ≤ nα(n(k + 1))
3r
4 . (3.8)

We are going to show that I1 <∞ . Using (3.4) we obtain

I1 =
∑∞
n=1 n

β
∫∞
0
P (|

∑
(|aniXni|≥1) aniXni| > w

4 )dG(w) ≤
∑∞
n=1 n

β
∫∞
0
P (|aniXni| ≥ 1)dG(w)

≤ c
∑∞
n=1 n

βP (|X| ≥ 1
|ani| ≤ c

∑∞
n=1 n

β E(|X|θ)
|ani|θ <∞.

Thus to prove I2 <∞, we need only to prove that

∞∑
n=1

nβ(E(
∑

X
′

ni))
2 <∞ (3.9)

and
∞∑
n=1

nβσ2(
∑

X
′

ni) <∞. (3.10)

Decomposing the left-hand side (3.9) into the two parts and by E(Xni) = 0, we see that

|E(
∞∑
i=1

X
′

ni)| = |E(
∞∑
i=1

(X
′

niI|X′
ni|<1)) + E(

∞∑
i=1

(X
′

niI|X′
ni|≥1

))|
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≤ c
∑∞
i=1E(ani|X|I|aniX|≥1) ≤ c

∑∞
i=1 aniE( |X|

θ

|X|θ−1 I|X|≥ani) ≤ cn−1−β ,

therefore
∞∑
n=1

nβ(E(
∑

X
′

ni))
2 <∞.

Now, we are going to show that the validity of (3.10),∑∞
n=1 n

βV ar(
∑∞
i=1X

′

ni) ≤ c[
∑∞
n=1 n

β [
∑∞
i=1EX

′2
ni +

∑∞
i=1,j>i(q(|i− j|))E(|X ′

ni|)E(|X ′

nj |)]].
In order to prove that each terms of RHS is finite, we need the following inequalities

E(|X ′

ni|)E(|X ′

nj |) ≤ [E(I(|aniXni|≥1)) + E(|aniXni|I(0<aniXni<1))][E(I(|anjXnj |≥1))

+ E(|anjXnj |I(0<anjXnj<1))]

≤ 4E(|aniXni|I(|aniXni|≥1))E(|anjXnj |I(|anjXnj |≥1))
≤ canianjE(|X|I(|X|≥ 1

ani
))E(|X|I(|X|≥ 1

anj
)) ≤ canianjn

−2(θ−1) 3r
4 .

Since∑∞
n=1 n

β
∑∞
i=1,j<i(q(i− j))E(|X ′

ni|)E(|X ′

nj |) ≤ c
∑∞
n=1 n

β
∑∞
i=1,j>i q(|i− j|)n−2(θ) 3r

4

≤ c
∑∞
n=1 n

β−2θ 3
4r

∑∞
i=1,j>i q(i) <∞,

it is sufficient to show that the first term of RHS,∑∞
n=1 n

β
∑∞
i=1EX

′2
ni =

∑∞
n=1 n

β
∑∞
i=1 P (|aniXni| ≥ 1) +

∑∞
n=1 n

β
∑∞
i=1E((aniXni)

2I(|aniXni|<1))

is finite. Note that∑∞
n=1 n

β
∑∞
i=1 P (|aniXni| ≥ 1) ≤

∑∞
n=1 n

β
∑∞
i=1 P (|X| ≥ 1

ani
) ≤ c

∑∞
n=1 n

β
∑∞
i=1 a

θ
ni <∞.

By (3.1) we have

E((aniXni)
2I(|aniXni|<1)) =

∫∞
0
P ((aniXni)

2I(|aniXni|<1) ≥ x)dx

=
∫ 1
ani
0 2a2niP (y ≤ Xni <

1
ani

)ydy ≤ ca2ni
∫ 1
ani
0 yE(|X|θ)

yθ
dy ≤ caθni

and, hence∑∞
n=1 n

β
∑∞
i=1EX

′2
ni ≤ c

∑∞
n=1

∑∞
i=1 n

βaθni = c
∑∞
n=1 n

βaθni
∑∞
i=1 ani <∞,

the last inequality follows from (3.3), (3.4) and (3.6).
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Abstract: In the context of regression modeling, when the number of predictors are relatively large

with respect to sample size, the least absolute shrinkage and selection operator (LASSO), adds some

level of sparsity to the estimation of parameter vector to improve the prediction. When the coefficients

are subjected to lie in a subspace hypothesis, we propose to use a restricted LASSO estimator along

with its preliminary test and shrinkage versions. Asymptotic distributions with properties of the newly

defined LASSO-type estimators are derived and some graphs are depicted to show the performance of

asymptotic relative efficiencies.

Keywords LASSO, Asymptotic distributional risk, Asymptotic relative efficiency, Preliminary test

LASSO, Shrinkage LASSO.
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1 Introduction

Consider the linear regression model

y = Xβ + ε (1.1)

where y is an n-vector of observations on the response variable, X is a known n×p matrix of predictors,

β is a p-vector of unknown regression coefficients, and ε = (ε1, ε2, . . . , εp)
T such that εis are i.i.d

random variables with mean 0 and variance σ2. Without loss of generality, we will assume the covariates

are centered to have mean 0.
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We estimate β by minimizing the L1-penalized least squares criterion

n∑
i=1

(yi − xTi ϕ)2 + λn

p∑
i=1

|ϕj |, (1.2)

for a given λn. Such estimator were called “LASSO” by Tibshirani (1996).

A “LASSO” is usually recognized as a loop of rope that is designed to be thrown around a target and

tighten when pulled; a well-known tool of the American cowboy. In statistical context, LASSO (Least

Absolute shrinkage and Selection Operator) is fittingly being used as a metaphor of L1 constraint

applied to linear model.

For a given λn, we denote the LASSO estimator by β̃
L

n . If λn = 0, it corresponds to the ordinary

least squares (OLS) estimator that will be denoted by β̃
(0)

n = (XTX)−1XTy.

We assume that the following regularity conditions is hold for the design,

Cn =
1

n

n∑
i=1

xix
T
i → C (1.3)

where C is a nonnegative definite matrix and

1

n
max
1≤i≤n

xTi xi → 0 (1.4)

Usually, the covariates are scaled; Thus, the diagonal elements of Cn (and hence those of C) are all

identically 1.

Under conditions (1.3) and (1.4) (with C nonsingular), it is well-known that the OLS estimator is

consistent and that
√
n
(
β̃
(0)

n − β
)
→D Np(0, σ

2C−1).

In fact, conditions (??) and (??) can be weakened considerably without losing asymptotic normality

of the OLS estimator Srivastava (1971).

By the analogy of Knight and Fu (2000) in order to show consistency of β̃
L

n , we will define the

(random) function

Zn(ϕ) =
1

n

n∑
i=1

(yi − xTi ϕ)2 +
λn
n

p∑
j=1

|ϕj |, (1.5)

which is minimized at ϕ = β̃
L

n .
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Theorem 1.1 (Knight and Fu , 2000). (i) Suppose that C in (1.3) is nonsingular,

(i) If λn/n→ λ0 ≥ 0, then β̃
L

n
P→ argmin(Z) where Z(ϕ) = (ϕ− β)TC(ϕ− β) + λ0

∑p
i=1 |ϕj |.

(ii)If λn/
√
n→ λ0 ≥ 0, then √

n(β̃
L

n − β)
D→ argmin(V )

where V (u) = −2uTW + uTCu + λ0
∑p
j=1[ujsgn(βj)I(βj ̸= 0) + |uj |I(βj = 0) − |βj |], and W ∼

Np(0, σ
2C).

Corollary 1.2. (i) If λn = o(n), then β̃
L

n is consistent.

(ii) If λn = o(
√
n), then

√
n(β̃

L

n − β) D−→ Np(0, σ
2C).

Even though λn = o(n) is sufficient for consistency, we require that λn grow more slowly for
√
n-consistency of LASSO estimator. However, if λn grows too slowly then

√
n
(
β̃
L

n − β
)

will have

the same limiting distribution as
√
n
(
β̃
(0)

n − β
)

. In fact, the rate of growth of λn needed to get

an “interesting” limiting distribution. The next theorem indicated that we need λn = O(
√
n) for

√
n-consistency (Knight and Fu , 2000).

1.1 Improved LASSO Estimators

Up to the point, it was assumed that the level of information had depend on the sample, assuming no

non-sample effect in estimation procedure. In this sense, we denote a LASSO estimator of β by β̃
L

n

and term it the unrestricted LASSO estimator (ULE).

However, in some situations it is possible to have some non-sample information (a priori restriction

on the parameters), usually subjected to the model as constraints.

A set of q linear restrictions on the vector β can be written as Hβ = h. Or we can suppose that

our model is subjected to lie in the linear sub-space restriction

Hβ = h, (1.6)

where H is a q × p (q ≤ p) matrix of known elements, with q being the number of linear restriction to

test, and h is a q× 1 vector of known elements. The rank of H is q, which implies that the restrictions

are linearly independent. This restriction may be (a) a fact known from theoretical or experimental

considerations, (b) a hypothesis that may have to be tested or (c) an artificially imposed condition to

reduce or eliminate redundancy in the description of the model (see Arashi and Nadarajah , 2014).
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Under the restrain model (1.6), the estimator is called as the restricted LASSO estimator (RLE),

denoted by β̂
RL

n . By the analogy of OLS estimator of β, subject to the restriction Hβ = h, we propose

the

β̂
RL

n = β̃
L

n − C−1n HT (HC−1n HT )−1(Hβ̃
L

n − h). (1.7)

When (1.6) is satisfied, β̂
RL

n has smaller asymptotic risk than β̃
L

n ; However, for Hβ ̸= h, β̂
RL

n may

be biased and inconsistent in many cases. For this reason, it is plausible to consider a preliminary

test LASSO estimator (PTLE) by taking β̃
L

n or β̂
RL

n according to acceptance or rejection of the null

hypothesis H0. We denote it by β̂
PTL

n . In order to propose a PTLE, we consider the preliminary test

for the null hypothesis Ho : Hβ = h based on

TLn =
(Hβ̃

(0)

n − β)T (HC−1HT )−1(Hβ̃
(0)

n − β)

s2L
, (1.8)

where s2L = 1
m (Y −Xβ̃

(0)

n )T (Y −Xβ̃
(0)

n ) and m = n− p.

Hence, the PTLE is defined by

β̂
PTL

n = β̃
L

n − (β̃
L

n − β̂
RL

n )I(TLn ≤ TLn,α), (1.9)

where I(A) denotes the indicator of the set A and TLn,α is the upper α-level critical value of the exact

distribution of TLn under Ho.

Also, we consider the shrinkage LASSO estimator (SLE), analogous to the James and Stein (1961)

rule, incorporating β̃
L

n , β̂
RL

n and the test statistic for Ho in a smoother manner. We denote this by

β̂
SL

n and defined by

β̂
SL

n = β̃
L

n − kn(β̃
L

n − β̂
RL

n )[TLn ]−1, kn =
m(q − 2)

(m+ 2)
, (1.10)

where kn is the shrinkage constant.

The estimator β̂
SLE

n may go past the estimator β̂
RL

n . Thus, we define the positive-rule shrinkage

LASSO estimator (PRSLE) given by

β̂
PRSLE

n = β̂
SL

n − (1 − kn[TLn ]−1)I(TLn ≤ kn)(β̃
L

n − β̂
RL

n ). (1.11)
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We note that, as the test based on TLn is consistent against fixed β such that Hβ ̸= h, the PTLE, SLE

and PRLE are asymptotically equivalent to the ULE for fixed alternative. Hence, we will investigate

the asymptotic risks under local alternatives and compare the respective performance of the estimators.

2 Asymptotic Properties

We consider the following contiguous sequence of alternatives

K(n) : Hβ = h + n−1/2ξ, ξ = (ξ1, ξ2, . . . , ξq)
T .

Theorem 2.1. Under K(n) and regularity conditions (1.3) and (1.4) provided that λ = O(
√
n), as

n→ ∞, distributions of TLn , ULE, RLE, PTLE, SLE and PRLE are given by

(i) lim
n→∞

P
(√

n(β̃
L

n − β) ≤ x
)

= Φp(x;0, σ2C−1),

(ii) lim
n→∞

P
(√

n(β̂
RL

n − β) ≤ x
)

= Φp(x + δ;0, σ2A), δ = C−1HT (HC−1HT )−1ξ

and A = C−1 − C−1HT (HC−1HT )−1HC−1.

(iii) lim
n→∞

P (TLn ≤ x) = Hq(x; ∆2); ∆2 = σ−2(δTCδ),

(iv) lim
n→∞

P
(√

n(β̂
PTL

n − β) ≤ x
)

= Hq(χ
2
q(α); ∆2)Φp(x + δ,0, σ2A)

+

∫
E(δ)

Φp(x + Z,0, σ2(C−1 −A))dΦp(Z,0, σ
2(HC−1HT )),

whereE(δ) = {Z : (Z + δ)T (HC−1HT )−1(Z + δ) ≥ χ2
q(α)},

(v)
√
n(β̂

SL

n − β) →d Z − k

{
σ2C−1HT (HC−1HT )−1(HZ + ξ)

(HZ + ξ)T (HC−1HT )−1(HZ + ξ)

}
,

(vi)
√
n(β̂

PRL

n − β) →d Z − k

{
σ2C−1HT (HC−1HT )−1(HZ + ξ)

(HZ + ξ)T (HC−1HT )−1(HZ + ξ)

}
−C−1HT (HC−1HT )−1(HZ + ξ)

{
1 − kσ2

(HZ + ξ)T (HC−1HT )−1(HZ + ξ)

}
×I
(
σ−2(HZ + ξ)T (HC−1HT )−1(HZ + ξ) < k

)
,

where Z ∼ Np(0, σ
2C−1) and k = q − 2 and ϕp(·;µ,Σ) to indicate the c.d.f. of the p-variate normal

distribution with mean µ and covariance matrix Σ, respectively. Hν(·; ∆2) denotes the c.d.f. of the

χ2-distribution with degree of freedom ν and non centrality parameter ∆2/2.

Assume that, for an estimator β̂
∗
n of β, G∗(x) = lim

n→∞
P
(√

n(β̂
∗
n − β) ≤ x

)
.
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If the asymptotic c.d.f. exists, then the asymptotic distributional bias (ADB) and quadratic bias

(ADQB) are given by

b(β̂
∗
n) = lim

n→∞
E
[√

n(β̂
∗
n − β)

]
=

∫
xdGp(x),

and B(β̂
∗
n) = σ−2[b(β̂

∗
n)]TC[b(β̂

∗
n)], respectively, where σ2C−1 is the MSE-matrix of β̃

L

n as n → ∞

provided that λn = O(
√
n). Defining the asymptotic distributional MSE-matrix (ADMSE) as

M(β̂
∗
n) =

∫
xxT dGp(x),

we have the asymptotic distributional quadratic risk (ADQR) of β̂
∗
n given by

R(β̂
∗
n;W ) = tr

(
WM(β̂

∗
n)
)
.

Now, based on Corollary 1.2, we can easily obtain the ADB, ADQB, ADMSE and ADQR of the

estimators.

Theorem 2.2. The ADB, ADQB, ADMSE and ADQR of the estimators are given as

(i) b1(β̃
L

n) = 0, B1(β̃
L

n) = 0, R1(β̃
L

n ;W ) = σ2 tr(WC−1), andM1(β̃
L

n) = σ2C−1,

(ii) b2(β̂
RL

n ) = −δ, B2(β̂
RL

n ) = ∆2, R2(β̂
RL

n ;W ) = σ2 tr(W (C−1 −A)) + δTWδ,

and M2(β̂
RL

n ) = σ2(C−1 −A) + δδT ,

(iii) b3(β̂
PTL

n ) = −δHq+2

(
χ2
q(α); ∆2

)
, B3(β̂

PTL

n ) = ∆2{Hq+2(χ2
q(α); ∆2)}2,

R3(β̂
PTL

n ;W ) = σ2 tr(WC−1) − σ2 tr(W (C−1 −A))Hq+2(χ2
q(α); ∆2) + δTWδZ(α; ∆2),

M3(β̂
PTL

n ) = σ2C−1 − σ2(C−1 −A)Hq+2(χ2
q(α); ∆2) + δδTZ(α; ∆2),

(iv) b4(β̂
SL

n ) = −kδE
[
χ−2q+2(∆2)

]
,where k = lim

n→∞
kn = q − 2, B4(β̂

SL

n ) = k2∆2
{
E
[
χ−2q+2(∆2)

]}
,

R4(β̂
SL

n ;W ) = σ2 tr(WC−1) − kσ2 tr(C−1 −A)X(∆2) + k(k + 4)δTWδE
[
χ−4q+4(∆2)

]
,

M4(β̂
SL

n ) = σ2C−1 − kσ2(C−1 −A)X(∆2) + k(k + 4)δδTE
[
χ−4q+4(∆2)

]
,

(v) b5(β̂
PRL

n ) = b4(β̂
SL

n ) − δE
[
(1 − kχ−2q+2(∆2))I(χ2

q+2(∆2) ≤ k)
]
,

B5(β̂
PRL

n ) = ∆2
{
kE
[
χ−2q+2(∆2)

]
− E

[
(1 − kχ−2q+2(∆2))I(χ2

q+2(∆2) ≤ k)
]}2

,

R5(β̂
PRL

n ;W ) = R4(β̂
SL

n ;W ) − σ2 tr(C−1 −A)E
[
(1 − kχ−2q+2(∆2))2I(χ2

q+2(∆2) ≤ k)
]

−δTWδQ(∆2),

M5(β̂
PRL

n ) = M4(β̂
SL

n ) − σ2(C−1 −A)E
[
(1 − kχ−2q+2(∆2))2I(χ2

q+2(∆2) ≤ k)
]
− δδTQ(∆2).

where

Z(α; ∆2) = 2Hq+2(χ2
q(α); ∆2) −Hq+4(χ2

q(α); ∆2),
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X(∆2) = 2E
[
χ−2q+2(∆2)

]
− kE

[
χ−2q+4(∆2)

]
,

Q(∆2) = 2E
[
(1 − kχ−2q+2(∆2))I(χ2

q+2(∆2) ≤ k)
]
− E

[
(1 − kχ−2q+4(∆2))I(χ2

q+4(∆2) ≤ k)
]
,

and

E
[
χ−2q+s(∆

2)
]
Er(q + s− 2 + 2r)−1,

E
[
χ−4q+s(∆

2)
]

= Er[(q + s− 2 + 2r)(q + s− 4 + 2r)]−1

E
[
χ−2q+s(∆

2)I(χ2
q+s(∆

2) < k)
]

= Er(q + s− 2 + 2r)−1Hq+s−2+2r(k; 0),

E
[
χ−4q+s(∆

2)I(χ2
q+s(∆

2) < k)
]

= Er[(q + s− 2 + 2r)(q + s− 4 + 2r)]−1Hq+s−4+2r(k; 0),

where Er stands for the expectation with respect to a Poisson variable r with mean ∆2/2.

Since the structures of derived asymptotic results in Theorem 2.2, are the same as those in Saleh

(2006) and Saleh et al. (2014) under least square theory, we leave comparisons between the estimators

to save the space.

3 Graphical Results

In this section, some graphical illustrations will be provided for asymptotic relative efficiencies (AREs)

of the estimators. We assume p = 5, q = 3 and

β = (3, 1, 0, −1, −2)T , H =


1 0 −1 0 −1

1 0 −1 −1 −1

0 −1 −1 0 0

 , h = (0, 0, 0)T and ξ = (0.05, 0.05, 0.05)T .

In Figure 1, the ARE for any estimator β̂
∗
n is evaluated as

ARE =
Risk(β̃

L

n)

Risk(β̂
∗
n)
.

From Figure ??, it can be concluded that the ARE of the RLE relative to the LASSO is a decreasing

function. The ARE of the PTLE relative to the LASSO is a decreasing function w.r.t. ∆2, and also

for small level of significance α. The LASSO estimator performs better than the PTLE. Finally SLE

performs better than the LASSO estimator.
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Figure 1: Asymptotic relative efficiencies of the proposed estimators for different level of significance.
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Abstract: Two epidemic models, Susceptible-Infectious-susceptible (SIS) and Susceptible-Infectious-

Removed (SIR), are introduced in this article. These models are expressed in the form of system of

ordinary differential equations, their dynamics are determined and finally the systems of stochastic

differential equations are derived for them. moreover, numerical solutions of systems of ODEs and

SDEs for epidemic models are compared by some examples.
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1 Introduction

The emerging and spreading diseases have led to an interest in infectious diseases. Mathematical models

have become important tools in analyzing the spread and control of infectious diseases Hethcote, H.

W. (2000). Many models for the spread of infectious diseases in populations have been analyzed

mathematically by ordinary differential equations and applied to specific diseases. But considering

real life is not free of randomness, using stochastic models can be more real Zhao and Jiang (2013).

SIS model is introduced and is formulated by ODEs in section 2. Then system of SDEs for this model

is obtained in the next section. Deterministic and stochastic SIR models are the subjects of sections

4 and 5. We have numerical examples and computer simulations in the last section.

1M.Parsamanesh : m.parsamanesh@uoz.ac.ir
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2 Deterministic SIS Epidemic Model

In SIS epidemic model, individuals in the population are classified according to disease status, either

susceptible or infectious. In this model individuals in susceptible class denoted byX1 are transmitted to

class X2, the infectious individuals, after becoming infectious. But after recovery, infected individuals

return to the susceptible class. Suppose x1(t) and x2(t) are the number of individuals in each class in

time t and the total population size in the beginning is N :

x1(0) + x2(0) = N

Diagram in Figure 1 illustrates the dynamics of the SIS epidemic model. Bold arrows show infection

Figure 1: diagram of SIS epidemic model

(arrow from X1 to X2 ) and recovery (arrow from X2 to X1 ) and dotted arrows show birth and

death. Suppose individuals in population are infected and recovered with rates β (contact rate) and

γ (recovery rate), respectively. Moreover suppose every birth is accompanied by a death and so total

population size of two classes is equal to constant N at every time:

x1(t) + x2(t) = N

Considering Figure 1 and letting a12 = β x2

N and a21 = γ one can obtain the deterministic SIS model

form as follows.  dx1

dt = −β x2

N x1 + γx2
dx2

dt = β x2

N x1 − γx2
(2.1)

As mentioned earlier, initial condition of this problem is :x1(0) + x2(0) = N . The dynamics of model

2.1 are determined by the basic reproduction number which is the number of secondary infections



395 M.Parsamanesh and R.Farnoosh

caused by one infected individual in an entirely susceptible population Frase et al (2009). For model

2.1, the basic reproduction number is defined as follows:

R0 =
β

γ

The asymptotic behaviours of model 2.1 are summarized in the following theorem Braue and Castillo

(2001).

Theorem 2.1. Let x1(t) and x2(t) be a solution to model 2.1.

(1) If R0 ≤ 1, then lim(x1(t), x2(t)) = (N, 0) (disease-free equilibrium)

(2) If R0 > 1, then lim (x1(t), x2(t)) = ( NR0
, N(1 − 1

R0
)) (endemic equilibrium).

3 Stochastic SIS epidemic model

Assume t ∈ [0,∞) and x1(t) and x2(t) are continuous variables in [0, N ]. In this case X = (x1, x2)T and

∆X = (∆x1,∆x2)T are two dimensional stochastic vectors. Moreover assume we choose time interval

∆t so small such that only one change can occur between two populations X1 and X2 independently.

Now consider the Figure 1 for SIS model. The possible changes in the two populations and their

corresponding probability are introduced in Table 1.

Table 1: possible change in SIS model and their probability

Event Probability Change

from X1 to X2 p1 = a12x1∆t ∆X(1) = (−1, 1)T

from X2 to X1 p2 = a21x2∆t ∆X(2) = (1,−1)T

no change p3 = 1− (p1 + p2) ∆X(3) = (0, 0)T

Using Table 1, the expected change and covariance matrix are determined for ∆X = (∆x1,∆x2)T

as follows:

E[∆X] =
3∑
i=1

pi∆X
(i) =

 −a12x1 + a21x2

a12x1 − a21x2

∆t, (3.1)

E[∆X.∆XT ] =
3∑
i=1

pi∆X
(i)∆X(i)T = (a12x1 + a21x2)

 1 −1

−1 1

∆t. (3.2)
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Stochastic differential equation of the following Ito form determines the dynamics of two populations

X1 and X2 in the model. Keller (2011)

dXt = µdt+BdWt, (3.3)

where µ = E[∆X]/∆t is drift coefficient, B = V
1
2 is diffusion coefficient if we let V = E[∆X.∆XT ]/∆t,

and Wt = (w1, w2)T is a two dimensional wiener process in SDE 3.3. One can obtain B by properties

of the matrices as fallow Higham N. J. (2008)

B =
√
a12x1 + a21x2

1√
2

 1 −1

−1 1

 . (3.4)

Now, as the deterministic case if we let a12 = β x2

N and a21 = γ, from relations 3.1 and 3.4 the SDE

3.3 becomes the following system of SDEs

d

 X1

X2

 =

 −β x1x2

N + γx2

β x1x2

N − γx2

 dt+

√
β
x1x2
N

+ γx2
1√
2

 1 −1

−1 1

 d

 w1

w2

 . (3.5)

It is sufficient to take the second row of the system 3.5 for number of infected individuals due to

constant population. Moreover by properties of the gaussian distribution we obtain a SDE with one

dimensional wiener process:

dx2 = (β
(N − x2)x2

N
− γx2)dt+ (

√
β

(N − x2)x2
N

+ γx2)dw. (3.6)

4 Deterministic SIR epidemic model

In SIR model infected individuals doesn’t return to susceptible class after recovery but they are re-

moved and are transmitted to immune class. Therefore in this model population is classified to either

susceptible, infectious or immune that are denoted by X1, X2 and X3 respectively. Assume the number

of individuals in each of these classes is x1(t), x2(t) and x3(t), and total population size is constant:

x1(t) + x2(t) + x3(t) = N

Figure 2 shows dynamics of this model. Therefore this model determined by following system of ODEs:
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Figure 2: SIR model diagram


dx1

dt = −β x2

N x1
dx2

dt = β x2

N x1 − γx2
dx3

dt = γx2

(4.1)

where β and γ are contact rate and recovery rate respectively. Asymptotic behavior of SIR model is

summarized in the following theorem Braue and Castillo (2001).

Theorem 4.1. Let x1(t), x2(t) and x3(t) be a solution to model 4.1.

(1) If R0 ≤ 1, then limx2(t) = 0 (disease-free equilibrium)

(2) If R0 > 1, then lim (x1(t), x2(t), x3(t)) = ( NR0
, 0, N(1 − 1

R0
)) (endemic equilibrium).

(3) if R0
x1(0)
N > 1 then there is an initial increase in the number of infected cases x2(t) (epidemic),

but if R0
x1(0)
N ≤ 1 then x2(t) decreases monotonically to zero (disease-free equilibrium).

5 Stochastic SIR epidemic model

Assume t ∈ [0,∞) and x1(t), x2(t) and x3(t) are continuous random variables in [0, N ]. As SIS model

we consider X = (x1, x2)T and ∆X = (∆x1,∆x2)T because of constant total population size and

value of x3(t) can be determined by values of x1(t) and x2(t). moreover, possible changes between X1

and X2 and corresponding probabilities by choosing ∆t enough small, are as in Table 2. The expected

Table 2: possible change in SIS model and their probability

Event Probability Change

from X1 to X2 p1 = β x1x2
N

∆t ∆X(1) = (−1, 1)T

from X2 to X1 p2 = γx2∆t ∆X(2) = (1,−1)T

no change p3 = 1− (p1 + p2) ∆X(3) = (0, 0)T
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value and covariance matrix are as fallow

E[∆X] =

 −β x1x2

N

β x1x2

N − γx2

∆t, (5.1)

E[∆X.∆XT ] = β
x1x2
N

 1 −1

−1 1 + γN
βx1

∆t. (5.2)

Therefore by calculating µ = E[∆X]/∆t and B = V
1
2 where V = E[∆X.∆XT ]/∆t, as drift and

diffusion coefficients respectively, the fallowing system of SDEs can be obtained for SIR model

d

 X1

X2

 =

 −β x1x2

N

β x1x2

N − γx2

 dt+

√
βx1x2/N√

2 + γN
βx1

+ 2
√

γN
βx1

 1 + γN
βx1

−1

−1 1 + γN
βx1

+
√

γN
βx1

 d

 w1

w2

 .

(5.3)

6 Numerical examples

The general form of a d-dimensional Ito SDE is of the form

dXt = a(t, xt)dt+ b(t,Xt)dWt, (6.1)

where a = (a1, a2, . . . , ad)T is d-dimensional drift coefficient, d × m-dimensional matrix b = (bij)

is diffusion coefficient and Wt = (W 1
t ,W

2
t , . . . ,W

m
t )T is m-dimensional wiener process. The system

is named one dimensional if wiener process {Wt}t0<t<T is one dimensional and multidimensional

otherwise. Notice that if b = (bij) ≡ 0 we have a system of ODEs.

Definition 6.1. A discrete approximation X̄ = {X̄0, X̄1, ..., X̄N} (based on a step size ∆) is said to

converge strongly with order γ towards the solution X = {Xt} of 6.1 in time T , if there exist constants

K > 0 (not depending on ∆) and δ0 > 0 such that for all ∆ ∈ (0, δ0)

E[|XT − X̄N |] ≤ K∆γ .

As an extension of Euler scheme for ordinary differential equations we have Euler-Maruyama scheme

for stochastic differential equations. This scheme is of strong order γ = 0.5 and constant step size ∆

and is as follows.

Xn+1 = Xn + a∆ + b∆Wn (6.2)
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Figure 3: Three stochastic sample paths and deterministic solution for SIS model (left), and SIR model (right)

This scheme is applied for multidimensional wiener process as follows

Xk
n+1 = Xk

n + ak∆ +

m∑
j=1

bk,j∆W j , k = 1, . . . , d (6.3)

where Xk
n+1 is k-th component of solution vector Xn+1. This scheme and schemes of higher order can

be found in Kloeden and Platen (1992).

Example 6.2. Consider SDE 3.6 for SIS model with parameters given by N = 100,β = 1 and

γ = 0.5 and initial infected individuals x2(0) = 2. For numerical solution assume ∆t = 0.01 using

Euler scheme for solving deterministic differential equation and Euler-Maruyama scheme for stochastic

differential equation. Three sample paths of the stochastic SIS epidemic model accompanied by solution

of deterministic model until time T = 25 are graphed in Figure 3 (left picture). The computations

have been carried out with mathematical software MATLAB R2011a and codes as in Higham D. J.

(2001). With these parameters we have R0 = 2 and according to Theorem 2.1 the deterministic

solution approaches the endemic equilibrium x̄2 = 50. Notice that sample path of stochastic model are

continuous and one of them vanishes to zero and two other have same behavior as deterministic case.

Example 6.3. Consider system of SDEs 5.3 for stochastic SIR epidemic model with parameters same

as previous example and initial vector (x1(0), x2(0)) = (98, 2). With these parameters R0 and R0
x1(0)
N

are both greater than one and so deterministic model must has an increase in beginning and then

approaches to disease-free equilibrium sate with x̄2 = 0. Three sample paths of stochastic SIR model

are compared with solution of deterministic model in Figure 3 (right picture). Epidemic is observable

at beginning of all sample paths.
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Conclusion

In this paper tow prominent epidemic models, SIS model and SIR model, were considered and were

expressed in system of ordinary differential equations and dynamic of them was given,also. Considering

possible change and their probabilities and calculating expected vector and covariance matrix we got

system of stochastic differential equations. Finally, behaviors of stochastic models were compared with

deterministic model numerically.
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Abstract: Consider the problem of evaluating infinite-time (or finite-time) ruin probability under

a given compound Poisson surplus process. Such problem leads to a integro-differential equation

which cannot be solve analytically, in the most of situations. This article approximates claim size

distribution by a finite mixture exponential, say Hyperexponential, distribution. Then, it restates

the corresponding integro-differential equation as a solvable ordinary differential equation (or a partial
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a simulation study.
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1 Introduction

Consider the following compound Poisson process

Ut = u+ ct−
N(t)∑
j=1

Xj , (1.1)

where X1, X2, · · · are a sequence of i.i.d. random variables with common density function fX(·), N(t)

is a Poisson process with intensity rate λ, u and c stand for initial wealth/reserve and premium of the

process, respectively.

The finite-time and infinite-time ruin probabilities for the above compound Poisson process are,
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respectively, denoted by ψ(u;T ) and ψ(u) and, respectively, defined by ψ(u;T ) = P (τu ≤ T ) and

ψ(u) = P (τu <∞), where τu is the hitting time, i.e., τu := inf{t : Ut ≤ 0|U0 = u}.

Melnikov (2011, §3.2), among others, established that an infinite-time ruin probability ψ(u) under

a compound Poisson process can be restated as the following integro-differential equation

cψ̃(1)(u) − λψ̃(u) + λ

∫ u

0

ψ̃(u− x)fX(x)dx = 0, (1.2)

where ψ̃(u) = 1 − ψ(u) and lim
u→∞

ψ(u) = 0.

Pervozvansky (1998) showed that a finite-time ruin probability ψ(u;T ) under a compound Poisson

process can be restated as the following partial integro-differential equation

c
∂ψ̃(u;T )

∂u
− c

∂ψ̃(u;T )

∂T
− λψ̃(u;T ) + λ

∫ u

0

ψ̃(u− x;T )fX(x)dx = 0, (1.3)

where ψ̃(u;T ) = 1 − ψ(u;T ) lim
u→∞

ψ(u;T ) = 0 for all T > 0 and ψ(u; 0) = 0 for all u ≥ 0.

Since the compound Poisson surplus process plays a vital role in many actuarial models, several

authors studies ruin probability under surplus process (1.1). An excellent review for infinite-time

ruin probability can be found in Asmussen & Albrecher (2010). For finite-time ruin probability:

Pervozvansky (1998) showed for exponential claim size distribution partial integro-differential equation

(1.3) can be transformed into a second-order partial differential equation. Albrecher et al. (2001)

considered a compound Poisson surplus process with constant force of real interest. Then, they restated

finite-time ruin probability ψ(u;T ) as a gamma series expansion. Makroglou (2003) provided a global

Lagrange type approximation in the z-space for ψ(u;T ) under surplus process (1.1). Avram et al.

(2011) and Tran (2015) employed the Padé approximant method to approximate ψ(u;T ) under surplus

process (1.1).

This article in the first step approximates claim size density function fX(·) with a finite mixture

exponential, say Hyperexponential, density function f∗X(·). Then, it transforms two integro-differential

equations (1.2) and (1.3), respectively, into an ordinary differential equation (ODE) and a partial

differential equation (PDE). A simulation study has been conducted to show practical application of

our findings.

The rest of this article is organized as follows. Some mathematical background for the problem has
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been collected in Section 2. Section 3 provides the main contribution of this article. Applications of

the results have been given in Section 4.

2 Preliminaries

From hereafter now, we set
∑b
j=aAj = 0, for b < a.

The following recalls the exponential type T functions which plays a vital role in the rest of this

article. An L1(R) ∩ L2(R) function f is said to be of exponential type T on C if there are positive

constants M and T such that |f(ω)| ≤M exp{T |ω|}, for ω ∈ C. The Fourier transforms of exponential

type functions are continuous functions which are infinitely differentiable everywhere and are given by

a Taylor series expansion over every compact interval, see Champeney (1987, page 77) and Walnut

(2002, page 81) for more details.

From the Hausdorff-Young Theorem, one can observe that if {sn} is a sequence of functions con-

verging, in L2(R) sense, to s. Then, the Fourier transforms of sn converge, in L2(R) sense, to the

Fourier transform of s, see Pandey (1996) for more details. Using Lukacs (1987)’s method, Kucerovsky

& Payandeh Najafabadi (2015) showed that most of the common distributions do have characteristic

functions that can be extend to meromorphic functions.

The following from Merzon & Sadov (2011) and Sadov (2013) recalls Hausdorff-Young inequality for

the Laplace transform. Suppose h(·) is a given and nonnegative function that f ∈ L1(R+) ∩L2(R+).

Then, ||h||2 ≤ 1√
π
||L(h)||2, where L(h) stands for the Laplace transform. The Schwarz integrability

condition states that in situation that all partial derivatives of a bivariate function exist and are

continuous, one may change order of partial derivatives, see Belding & Mitchell (2008, Page 259) for

more details.

The following lemma provides useful results for the next section. Suppose k(·) is a given and

differentiable function and y(·) is an unknown function that satisfy

∫ x

0

y(t)

(
n∑
i=1

ωiµie
−µi(x−t)

)
dt = k(x), x ≥ 0, (2.1)

where ωi, µi and µi are some given and nonnegative constants. Then, the above integral equation
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can be transformed into differential equation

0 =
n∑
i=1

ωiµiy
(n−1)(x) +

n∑
i=1

n∑
i ̸=i

ωiµiµjy
(n−2)(x) −

n∑
i=1

n∑
i ̸=i

n∑
k>j,̸=i

ωiµiµjµky
(n−3)(x)

+
n∑
i=1

n∑
i ̸=i

n∑
k>j,̸=i

n∑
l>k,̸=i

ωiµiµjµkµly
(n−4)(x) − · · · + (−1)n

n∑
i=1

n∏
j ̸=i

µjy
(0)(x)

−k(n)(x) −
n∑
i=1

µik
(n−1)(x) −

n∑
i=1

n∑
j ̸=i

µiµjk
(n−2)(x)

−
n∑
i=1

n∑
j ̸=i

n∑
k>j ̸=i

µiµjµkk
(n−3)(x) − · · · −

n∏
i=1

µik
(0)(x).

Proof. For n = 1 see Pervozvansky (1998). For n > 1, set Ai = ωiµi and hi(x) =
∫ x
0
y(t) exp{−µi(x−

t)}dt. Using the fact that the nth derivatives hi(x) with respect to x is h
(n)
i (x) = (−µi)nhi(x) +∑n−1

j=0 (−µi)n−1−jy(j)(x), one may restate all first n derivatives of (2.1) as the following system of

equation.

n∑
i=1

Ai

[
y(n−1)(x) − µiy

(n−2)(x) + · · · + (−µi)n−1y(0)(x) + (−µi)nhi(x)
]

= k(n)(x),

n∑
i=1

Ai

[
y(n−2)(x) − µiy

(n−3)(x) + · · · + (−µi)n−2y(0)(x) + (−µi)n−1hi(x)
]

= k(n−1)(x),

n∑
i=1

Ai

[
y(n−3)(x) − µiy

(n−4)(x) + · · · + (−µi)n−3y(0)(x) + (−µi)n−2hi(x)
]

= k(n−2)(x),

...
...

...
n∑
i=1

Aihi(x) = k(0)(x)

Multiplying both sides of: the first equation by 1, the second equation by
∑n
i=1 µi; the third equation

by
∑n
i=1

∑n
j>i µiµj ; the forth equation by

∑n
i=1

∑n
j>i

∑n
k>j>i µiµjµk; and so on until the last equation

which multiplying its both sides by
∏n
i=1 µi, then adding together all equations leads to the desired

results. �

Hyperexponential distributions

The Hyperexponential (or mixture exponential) distribution is characterized by the number of n ex-

ponential distributions with means 1/µi and associated wight ωi (i.e.
∑n
i=1 ωi = 1). The density
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function for a n−component Hyperexponential distribution is given by

f∗X(x) =
n∑
i=1

ωiµie
−µix, x ≥ 0. (2.2)

Feldmann & Whitt (1998) showed that, one may approximate a large class of distributions, including

several heavy tail distributions such as Pareto and Weibull distributions, arbitrarily closely, by Hy-

perexponential distributions. Feller (1971, page 435) established that a survival function at xγ , for all

x > 0, is a completely monotone function if and only if its corresponding density function is a mix-

ture of Weibull distributions with fixed shape parameter 1/γ. Jewell (1982) showed that any Weibull

distribution with shape parameter less than 1 can be restated as a Hyperexponential distributions.

Using the Hausdorff-Young Theorem, the following provides error bound for approximating the

claim size density function fX(·) by Hyperexponential density function f∗X(·), given by (2.2). Sup-

pose random claim size X is surplus process (1.1) has density function fX(·) and characteristic function

θX(·). Moreover, suppose that characteristic function θX(·) is (or can be extend to) a meromorphic

function. Then, (1) density function of compound sum S(t) =
∑N(t)
i=1 Xi, say fS(t)(·), can be approxi-

mated by density function fS∗(t)(·), where S(t) =
∑N(t)
i=1 Yi and Yi is a n−component Hyperexponential

distribution; (2) Error bound for such approximation satisfies ||fS(t) − fS∗(t)||2 ≤ λte−λt||θX − θY ||2,

where θY (s) =
∑n
j=1 ωiµj/(µi + s

√
−1). Proof. Using the Hausdorff-Young Theorem, one may can

conclude that ||fS(t) − fS∗(t)||2 ≤ ||eλt(θX−1) − eλt(θY −1)||2. The rest of proof arrives by using the fact

that ψX and θY are (or can be extend to) two meromorphic functions. �

3 Ruin Probability

This section utilizes integro-differential Equations (1.2) and (1.3) to derive an approximate formula

for the infinite (and finite)-time ruin probability of a compound Poisson process (1.1). We seek an

analytical solution ψ̃(·) which is an exponential type function. In the other word, we assume: |ψ̃(ω)| ≤

MeT |ω|, ω ∈ C, for some real numbers M and T in R. If this assumption is not met, as might be the

case if, for example, there are point masses in ψ(·), our method works, but our error bounds may not

be valid anymore.

The following theorem provides an (n+1)−order ODE for infinite-time ruin probability ψ(·) in the
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situation that claim size distribution X has been approximated by an n−component Hyperexponential

density function f∗X(·). Suppose claim size density function fX(·) has been approximated by an

n−component Hyperexponential density function f∗X(·). Then, infinite-time survivals probability ψ̃(·)

of a compound Poisson process (1.1) can be approximated by infinite-time survivals probability ψ̃∗(·)

which can be evaluated using the following (n+ 1)−order ODE.

0 =

n∑
i=1

λωiµiψ̃
(n−1)
∗ (u) +

n∑
i=1

n∑
i ̸=i

λωiµiµjψ̃
(n−2)
∗ (u) −

n∑
i=1

n∑
i ̸=i

n∑
k>j,̸=i

λωiµiµjµkψ̃
(n−3)
∗ (u)

+

n∑
i=1

n∑
i ̸=i

n∑
k>j,̸=i

n∑
l>k, ̸=i

λωiµiµjµkµlψ̃
(n−4)
∗ (u) + · · · + (−1)n

n∑
i=1

n∏
j ̸=i

µjψ̃
(0)
∗ (u)

−
[
λψ̃

(n)
∗ (u) − cψ̃

(n+1)
∗ (u)

]
−

n∑
i=1

µi

[
λψ̃

(n−1)
∗ (u) − cψ̃

(n)
∗ (u)

]
−

n∑
i=1

n∑
j ̸=i

µiµj

[
λψ̃

(n−2)
∗ (u) − cψ̃

(n−1)
∗ (u)

]
−

n∑
i=1

n∑
j ̸=i

n∑
k>j ̸=i

µiµjµk

[
λψ̃

(n−3)
∗ (u) − cψ̃

(n−2)
∗ (u)

]
− · · · −

n∏
i=1

µi

[
λψ̃

(0)
∗ (u) − cψ̃

(1)
∗ (u)

]
,

with boundary conditions that satisfy cψ̃
(m)
∗ (0) − λψ̃

(m−1)
∗ (0) + λ

∑m−2
j=0 ψ̃

(j)
∗ (0)f (m−2−j)(0) = 0,

for m = 1, · · · , n. Proof. An application of Lemma (2) by changing k(u) 7→ −cψ̃(1)
∗ (u) + λψ̃∗(u),

y(u) 7→ ψ̃∗(u), and ωi 7→ λωi lead to the desired result. �
Using the fact that ψ̃∗(0) = 1 − λE(X)/c, (Kaas et al., 2008, Page 104) the above boundary

condition equation leads to: (1)
∗ (0) = ψ̃∗(0)λ

c
,

ψ̃
(2)
∗ (0) = ψ̃∗(0)

[
(λ
c
)2 − (λ

c
)fX (0)

]
,

ψ̃
(3)
∗ (0) = ψ̃∗(0)

[
(λ
c
)3 − 2fX (0)(λ

c
)2 − (λ

c
)f

(1)

X
(0)

]
,

ψ̃
(4)
∗ (0) = ψ̃∗(0)

[
(λ
c
)4 − 3fX (0)(λ

c
)3 + (λ

c
)2[−2f

(1)

X
(0) + f2

X
(0)] − (λ

c
)f

(2)

X
(0)

]
,

ψ̃
(5)
∗ (0) = ψ̃∗(0)

[
(λ
c
)5 − 4(λ

c
)4fX (0) + (λ

c
)3[−3f

(1)

X
(0) + 3f2

X
(0)] + (λ

c
)2[−2f

(2)

X
(0) + 2fX (0)f

(1)

X
(0)] − (λ

c
)f

(3)

X
(0)

]
,

ψ̃
(6)
∗ (0) = ψ̃∗(0)

[
(λ
c
)6 − 5(λ

c
)5fX (0) + (λ

c
)4[6f2

X
(0) − 4f

(1)

X
(0)] + (λ

c
)3[−3f

(2)

X
(0) + 6fX (0)f

(1)

X
(0) − f3

X
(0)]

]
+ ψ̃∗(0)

[
(λ
c
)2[2f

(3)

X
(0) + 2fX (0)f

(2)

X
(0) + f

(1)

X
(0)f

(1)

X
(0)] − (λ

c
)f

(4)

X
(0)

]
,

ψ̃
(7)
∗ (0) = ψ̃∗(0)

[
(λ
c
)7 − 6(λ

c
)6fX (0) + (λ

c
)5[10f2

X
(0) − 5f

(1)

X
(0)] + (λ

c
)4[−4f

(2)

X
(0) + 7fX (0)f

(1)

X
(0) − 4f

(3)

X
(0)]

]
+ ψ̃∗(0)(λ

c
)3
[
2f

(3)

X
(0) + 2fX (0)f

(1)

X
(0) + 3f

(1)

X
(0)f

(1)

X
(0) − f

(3)

X
(0) + 4fX (0)f

(2)

X
(0) − 3f2

X
(0)f

(1)

X
(0)

]
+ ψ̃∗(0)

[
(λ
c
)2[−2f

(4)

X
(0) + fX (0)f

(3)

X
(0) + 2f

(1)

X
(0)f

(2)

X
(0) + f

(3)

X
(0)] − (λ

c
)f

(5)

X
(0)

]
and so on.
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The following provides error bound for approximating infinite-time survivals probability ψ̃(·) by

ψ̃∗(·). Suppose claim size density function fX(·) has been approximated by an n−component Hy-

perexponential density function f∗X(·). Then, the infinite-time survival probability ψ̃(u) of compound

Poisson process (1.1) can be approximated by ψ̃∗(u), given by Theorem (3), and its error satisfies

||ψ(u) − ψ∗(u)||2 ≤ cλψ̃(0)√
πa21

∣∣∣∣∣∣φX(s) −
∑n
j=1

ωiµi
µi+s

∣∣∣∣∣∣
2
, where a1 = sup{φX(s),

∑n
j=1

ωiµi
µi+s

} and φX(s)

stands for the characteristic function of random claim X. Proof. Application of the Hausdorff-

Young for Laplace transform (Lemma 2) along with fact that L(g′(x);x; s) = sL(g(x);x; s) − g(0)

and L(
∫ x
0

(g(x− y)f(y)dy;x; s) = L(g(x);x; s)L(f(x);x; s), one may conclude that

||ψ(u) − ψ∗(u)||2 ≤ 1√
π
||L(ψ̃) − L(ψ̃∗)||2 =

1√
π

∣∣∣∣∣
∣∣∣∣∣ cψ̃(0)

cu− λ+ λL(f)
− cψ̃(0)

cu− λ+ λL(f∗)

∣∣∣∣∣
∣∣∣∣∣
2

.

Application of inequality ||1/h1 − 1/h2||2 ≤ a−2||h1 − h2||2, where a = sup{h1, h2}, from Kucerovsky

& Payandeh Najafabadi (2009) completes the desired proof. �

The following theorem provides an (n + 1)−order PDE for finite-time ruin probability ψ(·) in

the situation that claim size distribution X has been approximated by an n−component Hyper-

exponential distribution function. Suppose claim size density function fX(·) has been approx-

imated by an n−component Hyperexponential density function f∗X(·). Then, finite-time survivals

probability ψ̃(u;T ) of a compound Poisson process (1.1) can be approximated by finite-time sur-

vivals probability ψ̃∗(u;T ) which can be evaluated using the following (n + 1)−order PDE. 0 =∑n

i=1
λωiµi

∂n−1

∂un−1
ψ̃∗(u;T ) +

∑n

i=1

∑n

i ̸=i
λωiµiµj

∂n−2

∂un−2
ψ̃∗(u;T ) −

∑n

i=1

∑n

i ̸=i

∑n

k>j, ̸=i
λωiµiµjµk

∂n−3

∂un−3
ψ̃∗(u;T )

+

∑n

i=1

∑n

i̸=i

∑n

k>j, ̸=i

∑n

l>k, ̸=i
λωiµiµjµkµl

∂n−4

∂un−4
ψ̃∗(u;T ) − · · · + (−1)n

∑n

i=1

∏n

j ̸=i
µj

∂0

∂u0
ψ̃∗(u;T )

−
[
λ ∂n

∂un
ψ̃∗(u;T ) − c ∂

n+1

∂un+1
ψ̃∗(u;T ) + c ∂

n+1

∂T∂un
ψ̃∗(u;T )

]
−
∑n

i=1
µi

[
λ ∂n−1

∂un−1
ψ̃∗(u;T ) − c ∂

n

∂un
ψ̃∗(u;T ) + c ∂n

∂T∂un−1
ψ̃∗(u;T )

]
−
∑n

i=1

∑n

j ̸=i
µiµj

[
λ ∂n−2

∂un−2
ψ̃∗(u;T ) − c ∂

n−1

∂un−1
ψ̃∗(u;T ) + c ∂n−1

∂T∂un−2
ψ̃∗(u;T )

]
−
∑n

i=1

∑n

j ̸=i

∑n

k>j ̸=i
µiµjµk

[
λ ∂n−3

∂un−3
ψ̃∗(u;T ) − c ∂

n−2

∂un−2
ψ̃∗(u;T ) + c ∂n−2

∂T∂un−3
ψ̃∗(u;T )

]
−· · ·−

∏n

i=1
µi

[
λ ∂0

∂u0
ψ̃∗(u;T ) − c ∂

1

∂u1
ψ̃∗(u;T ) + c ∂

1

∂T1
ψ̃∗(u;T )

]
, and boundary conditions that satisfy cψ̃

(m)
∗ (0;T )−

c ∂
∂T ψ̃

(m−1)
∗ (0;T ) − λψ̃

(m−1)
∗ (0;T ) + λ

∑m−2
j=0 ψ̃

(j)
∗ (0;T )f

(n−2−j)
X (0) = 0, for m = 1, · · · , n, where

ψ̃
(n)
∗ (0;T ) = limu→0

∂n

∂un ψ̃∗(u;T ). Proof. Using partial integro-differential equation (1.3) and the

Schwarz integrability condition, one may change order of differentiation and obtain the above recursive
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formula for boundary conditions. An application of Lemma (2) by changing k(u) 7→ −c ∂∂u ψ̃∗(u;T ) +

c ∂
∂T ψ̃∗(u;T ) + λψ̃∗(·), y(u) 7→ ψ̃∗(u;T ), and ωi 7→ λωi lead to the desired result. �

Using the fact that ψ̃∗(u; 0) = 1, ψ̃∗(0;T ) =
∫ cT
0

FS,T (x)dx/(cT ), and FS,T (x) = P (
∑N(T )
j=1 Xj ≤ x),

for all x ∈ R+ (Asmussen & Albrecher, 2010, Page 121). One may compute the following from bound-

ary conditions from recursive formula given by Theorem (3). (1)
∗ (0;T ) = λ

c
ψ̃∗(0;T ) + ∂

∂T
ψ̃∗(0;T ),

ψ̃
(2)
∗ (0;T ) = ψ̃∗(0;T )

[
(λ
c
)2 − (λ

c
)fX (0)

]
+ ∂
∂T

ψ̃
(1)
∗ (0;T ),

ψ̃
(3)
∗ (0;T ) = ψ̃∗(0;T )

[
(λ
c
)3 − 2fX (0)(λ

c
)2 − (λ

c
)f

(1)

X
(0)

]
+ ∂
∂T

ψ̃
(2)
∗ (0;T ),

ψ̃
(4)
∗ (0;T ) = ψ̃∗(0;T )

[
(λ
c
)4 − 3fX (0)(λ

c
)3 + (λ

c
)2[−2f

(1)

X
(0) + f2

X
(0)] − (λ

c
)f

(2)

X
(0)

]
+ ∂
∂T

ψ̃
(3)
∗ (0;T ),

ψ̃
(5)
∗ (0;T ) = ψ̃∗(0;T )

[
(λ
c
)5 − 4(λ

c
)4fX (0) + (λ

c
)3[−3f

(1)

X
(0) + 3f2

X
(0)] + (λ

c
)2[−2f

(2)

X
(0) + 2fX (0)f

(1)

X
(0)] − (λ

c
)f

(3)

X
(0)

]
+ ∂
∂T

ψ̃
(4)
∗ (0;T ),

ψ̃
(6)
∗ (0;T ) = ψ̃∗(0;T )

[
(λ
c
)6 − 5(λ

c
)5fX (0) + (λ

c
)4[6f2

X
(0) − 4f

(1)

X
(0)] + (λ

c
)3[−3f

(2)

X
(0) + 6fX (0)f

(1)

X
(0) − f3

X
(0)]

]
+ψ̃∗(0;T )

[
(λ
c
)2[2f

(3)

X
(0) + 2fX (0)f

(2)

X
(0) + f

(1)

X
(0)f

(1)

X
(0)] − (λ

c
)f

(4)

X
(0)

]
+ ∂
∂T

ψ̃
(5)
∗ (0;T ), ψ̃

(7)
∗ (0;T ) = ψ̃∗(0;T )

[
(λ
c
)7 − 6(λ

c
)6fX (0) + (λ

c
)5[10f2

X
(0) − 5f

(1)

X
(0)] + (λ

c
)4[−4f

(2)

X
(0) + 7fX (0)f

(1)

X
(0) − 4f

(3)

X
(0)]

]
+ ψ̃∗(0;T )(λ

c
)3
[
2f

(3)

X
(0) + 2fX (0)f

(1)

X
(0) + 3f

(1)

X
(0)f

(1)

X
(0) − f

(3)

X
(0) + 4fX (0)f

(2)

X
(0) − 3f2

X
(0)f

(1)

X
(0)

]
+ψ̃∗(0;T )

[
(λ
c
)2[−2f

(4)

X
(0) + fX (0)f

(3)

X
(0) + 2f

(1)

X
(0)f

(2)

X
(0) + f

(3)

X
(0)] − (λ

c
)f

(5)

X
(0)

]
+ ∂
∂T

ψ̃
(6)
∗ (0;T ), where ψ̃

(n)
∗ (0;T ) = limu→0

∂n

∂un ψ̃∗(u;T ).

Using the central limit theorem for compound sum

N(t)∑
i=1

Xi (see Kass et al., 2008, §2.5, or Schmidli

2006, §1.9), one may provide the following approximation for expression ψ̃∗(0;T ) =
∫ cT
0

FS,T (x)dx/(cT )

ψ̃∗(0;T ) ≈ 1

cT

∫ cT

0

Φ

(
x− λTm1√

λTm2

)
dx,

where mi = E(Xi), for i = 1, 2, and Φ(·) stands for cumulative distribution function for standard

normal distribution, see Kass et al (2008, §2.5) ,or Schmidli (2006, §1.9), for other parametric approx-

imation approaches and Qin & Pitts (2012) for a nonparametric approximation approach. For heavy

tailed random claim size X that the ordinary central limit theorem does not work properly. One has

to employ an appropriated version of the central limit theorem, see Rachev (2003) and Bilik (2008),

among others, for more details.

The following provides error bound for approximating finite-time survivals probability ψ̃(u;T ) by

ψ̃∗(u;T ). Suppose claim size density function fX(·) has been approximated by an n−component Hy-

perexponential density function f∗X(·). Then, the infinite-time survival probability ψ̃(u;T ) of compound
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Poisson process (1.1) can be approximated by ψ̃∗(u;T ), given by Theorem (3), and its error satisfies

||ψ(u;T ) − ψ∗(u;T )||2 ≤ λ√
π

[
−cψ̃(0;T )

a21
+
a2T

c
− cψ̃(0;T )a21a

2
2a3

] ∣∣∣∣∣∣
∣∣∣∣∣∣φX(s) −

n∑
j=1

ωiµi
µi + s

∣∣∣∣∣∣
∣∣∣∣∣∣
2

,

where a1 = sup{φX(s),
∑n
j=1

ωiµi
µi+s

}, a2 = sup{1/s−c/A(s), 1/s−c/A∗(s)}, a2 = sup{eA(s)/cT , eA∗(s)/cT },
A(s) = cs−λ+λφX(s), A∗(s) = cs−λ+λ

∑n
j=1 ωiµi/(µi+s), and φX(s)stands for the characteristic

function of random claim X. Proof. Taking the Laplace transform from both sides of Equation (1.3)

leads to the following first-order PDE A(s)L(ψ̃(u;T );u; s)− cψ̃(0;T )− c ∂
∂T L(ψ̃(u;T );u; s) = 0, where

L(ψ̃(u; 1);u; s) = 1/s. Therefore, the Laplace transform of finite-time ruin probability for compound

Poisson process (1.1) is L(ψ̃(u;T );u; s) = cψ̃(0;T )
A(s) +

(
1
s −

cψ̃(0;T )
A(s)

)
eA(s)/cT .The above finding along

with an application of the Hausdorff-Young for Laplace transform (Lemma 2) lead to

||ψ(u;T ) − ψ∗(u;T )||2 ≤ 1√
π
||L(ψ̃(u;T );u; s) − L(ψ̃∗(u;T );u; s)||2

=
1√
π

∣∣∣∣∣
∣∣∣∣∣cψ̃(0;T )

A(s)
+

(
1

s
− cψ̃(0;T )

A(s)

)
eA(s)/cT − cψ̃(0;T )

A∗(s)
−

(
1

s
− cψ̃(0;T )

A∗(s)

)
eA∗(s)/cT

∣∣∣∣∣
∣∣∣∣∣
2

≤ cψ̃(0;T )√
πa21

||A(s) −A∗(s)||2 +
b√
π

∣∣∣∣∣∣∣∣TA(s)

c
− TA∗(s)

c

∣∣∣∣∣∣∣∣
2

+
b√
π

∣∣∣∣∣
∣∣∣∣∣ln(

1

s
− cψ̃(0;T )

A(s)
) − ln(

1

s
− cψ̃(0;T )

A∗(s)
)

∣∣∣∣∣
∣∣∣∣∣
2

,

where the second inequality arrives by application of inequality ||1/h1−1/h2||2 ≤ a−2||h1−h2||2, where

a = sup{h1, h2}, from Kucerovsky & Payandeh Najafabadi (2009), triangle inequality, and the Mean

value theorem (i.e., (exp{A(s)/cT + ln( 1
s −

cψ̃(0;T )
A(s) )} − exp{A∗(s)/cT + ln( 1

s −
cψ̃(0;T )
A∗(s)

)})/(A(s)/cT +

ln( 1
s −

cψ̃(0;T )
A(s) )−A∗(s)/cT − ln( 1

s −
cψ̃(0;T )
A∗(s)

)) ≤ bwhere b = sup{A(s)/cT + ln( 1
s −

cψ̃(0;T )
A(s) ), A∗(s)/cT +

ln( 1
s −

cψ̃(0;T )
A∗(s)

)}). Application of inequality || lnh1 − lnh2||2 ≤ ||h1 − h2||2/a, where a = sup{h1, h2},
from Kucerovsky & Payandeh Najafabadi (2009) completes the desired proof. �

4 Simulation Study

Consider compound Poisson process (1.1) with intensity rate λ = 1 and premium c = 1.1. This section

conducts two simulation studies to show practical application the about findings. Suppose random

claim X in compound Poisson process (1.1) has been distributed according to Weibull(0.3,9.26053).

Feldmann & Whitt (1998) using a three-moment matching algorithm showed that density function

of random claim X can be approximated by the following 2-component Hyperexponential density
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function f∗X(x) = 0.000095e−0.019x + 1.348225e−1.355x. For infinite-time ruin probability: Application

of Theorem (3) leads to the following second order ODE 1.1ψ̃
(3)
∗ (u)+0.5114ψ̃

(2)
∗ (u)+0.0026395ψ̃

(1)
∗ (u) =

0 with initial conditions ψ̃∗(0) = 0.0909090909, lim
u→0

ψ̃
(1)
∗ (u) = 0.08264462809, and lim

u→0
ψ̃
(2)
∗ (u) =

−0.03629992491.

Solving the above ODE, one may approximate finite-time survival probability ψ̃(u) of compound

Poisson process (1.1) by ψ̃∗(u) = 0.9974815963−0.2101123939e−0.01502369720u−0.2873692025e−0.8589763028u.

Figure 1: Part (a) and Part (b) illustrate behavior for such approximated infinite-time ruin probabil-

ity and its corresponding squared error, respectively. Such error has been evaluated by substitution

approximated infinite-time ruin probability in integro-differential equation (1.2).

For finite-time ruin probability: Application of Theorem (3) leads to the following PDE

0 = 1.1
∂3

∂u3
ψ̃∗(u;T ) + 0.5114

∂2

∂u2
ψ̃∗(u;T ) − 0.0539995

∂1

∂u1
ψ̃∗(u;T )

−1.1
∂3

∂u2∂T
ψ̃∗(u;T ) − 1.5114

∂2

∂u∂T
ψ̃∗(u;T ) − 0.0283195

∂

∂T
ψ̃∗(u;T )

with initial conditions ψ̃∗(u, 0) = 0, ψ̃∗(0;T ) = β(T ), lim
u→20

ψ̃∗(u;T ) = 1, lim
u→0

∂

∂u
ψ̃∗(u;T ) = 0.9091β(T )+

∂

∂T
β(T ), where β(T ) = 1

1.1T

∫ 1.1T

0
Φ
(

x−T√
29.36T

)
dx.

Solving the above PDE, one may approximate finite-time survival probability ψ̃(u;T ) of compound

Poisson process (1.1) by ψ̃∗(u;T ), that its behavior (for T = 50, 100, 200) has been illustrated in Part (c)

of Figure 2. Part (d) of Figure 2 illustrates squared error of our approximation (for T = 50, 100, 200).

[] [] [] []

Figure 1: Part (a): Behavior for approximated infinite-time ruin probability ψ∗(u); Part (b): Squared error for approx-

imated infinite-time ruin probability ψ∗(u); Part (c): Behavior for approximated finite-time ruin probability ψ∗(u;T ), for

T = 50, 100, 200; and Part (d): Squared error for approximated finite-time ruin probability, for T = 50, 100, 200.

As one may observe, our squared error is less than 0.0025 and 0.025, for approximating infinite-time and

finite-time ruin probability, respectively. Such error maybe reduced by increasing number of component

in Hyperexponential density function. Suppose random claim X in compound Poisson process (1.1)
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has been distributed according to Gamma(0.7310,1). Tran (2015) using the Padé approximant method

showed that density function of random claim X can be approximated by by the following 3-component

Hyperexponential density function f∗X(x) = 0.8099e−3.2398x + 0.3616e−1.4465x + 0.5198e−1.0396x. For

infinite-time ruin probability: Application of Theorem (3) leads to the following second order ODE

1.1ψ̃
(4)
∗ (u) + 5.29849ψ̃

(3)
∗ (u) + 6.479507012ψ̃

(2)
∗ (u) + 1.797919457ψ̃

(1)
∗ (u) = 0 with initial conditions

ψ̃∗(0) = 0.3354861821, lim
u→0

ψ̃
(1)
∗ (u) = 0.3049874383, lim

u→0
ψ̃
(2)
∗ (u) = −0.2385743202, and lim

u→20
ψ̃∗(u) =

1.

Solving the above ODE, one may approximate infinite-time survival probability ψ̃(u) of compound

Poisson process (1.1) by ψ̃∗(u) = 1 − 0.013037e−3.073097u − 0.008568e−1.349630u − 0.642908e−0.394082u.

Figure 2: Part (a) and Part (b) illustrate behavior for such approximated infinite-time ruin proba-

bility and its corresponding squared error, respectively. Such error has been evaluated by substitution

approximated infinite-time ruin probability in integro-differential equation (1.2).

For finite-time ruin probability: Application of Theorem (3) leads to the following PDE

0 = 1.1
∂4

∂u4
ψ̃∗(u;T ) + 5.29849

∂3

∂u3
ψ̃∗(u;T ) + 6.479507012

∂2

∂u2
ψ̃∗(u;T ) + 1.797919457

∂

∂u
ψ̃∗(u;T )

−5.359146
∂

∂T
ψ̃∗(u;T ) − 10.5141

∂2

∂u∂T
ψ̃∗(u;T ) − 6.2985

∂3

∂u2∂T
ψ̃∗(u;T ) − 1.1

∂4

∂u3∂T
ψ̃∗(u;T )

with initial conditions ψ̃∗(u, 0) = 0, ψ̃∗(0;T ) = β(T ), lim
u→20

ψ̃∗(u;T ) = 1, lim
u→0

∂

∂u
ψ̃∗(u;T ) = 0.9091β(T )+

∂

∂T
β(T ), lim

u→0

∂

∂u
ψ̃∗(u;T ) = −0.71113β(T ) + 0.9091

∂

∂T
β(T ) +

∂2

∂T 2
β(T ),

where β(T ) = 1
1.1T

∫ 1.1T

0
Φ
(
x−0.7309651999T√

0.7309651995T

)
dx.

Solving the above PDE, one may approximate finite-time survival probability ψ̃(u;T ) of compound

Poisson process (1.1) by ψ̃∗(u;T ), that its behavior (for T = 50, 100, 200) has been illustrated in Part (c)

of Figure 2. Part (d) of Figure 2 illustrates squared error of our approximation (for T = 50, 100, 200).

[] [] [] []

Figure 2: Part (a): Behavior for approximated infinite-time ruin probability ψ∗(u); Part (b): Squared error for approx-

imated infinite-time ruin probability ψ∗(u); Part (c): Behavior for approximated finite-time ruin probability ψ∗(u;T ), for

T = 50, 100, 200; and Part (d): Squared error for approximated finite-time ruin probability, for T = 50, 100, 200.
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As one may observe, our squared error is less than 0.00025 and 0.005, for approximating infinite-

time and finite-time ruin probability, respectively. Such error maybe reduced by increasing number of

component in Hyperexponential density function.

It worthwhile to mention that: A given density function (or a density function corresponding to

a given data set) can be approximated by a Hyperexponential distribution using a Matlab package

called “bayesf”, see Sylvia (2008) for more details.

5 Conclusion and Suggestions

This article approximates claim size density function fX(·) by a n−component Hyperexponential

density function f∗X(·). Then, it restates the problem of finding an infinite-time (or finite-time) ruin

probability as a (n + 1)−order ordinary differential equation (or a partial differential equation for

finite-time ruin probability). Application of our findings has been given though a simulation study.

Certainly the following generalized Hyperexponential distribution can be provided a more accurate

approximation in the situation that the true density function (or recorded data) has more than one

mode. gGHEX (x) =
∑n
i=1 ωiµie

−µi(x−bi)I[bi,∞)(x). In such situation the finite and infinite ruin proba-

bilities can be evaluated using the following lemma. Suppose claim size density function fX(·) has

been approximated by generalized Hyperexponential distribution gGHEX (·). The survival probability

can be found by the following two inverse Laplace transforms.

(i) The infinite-time survival probability can be found by the following inverse Laplace transform

ψ̃(u) = L−1
(

cψ̃(0)

cs−λ+λ
∑k
i=1

ωiµi
µi+s

e−sbi
; s;u

)
(ii) The finite-time survival probability can be found by the following inverse Laplace transform

ψ̃(u;T ) = L−1
(
cψ̃(0;T )
A∗∗(s) +

(
1
s −

cψ̃(0;T )
A∗∗(s)

)
eA

∗∗(s)/cT ; s;u
)
,whereA∗∗(s) = cs−λ+λ

∑k
i=1

ωiµi
µi+s

e−sbi .

Proof. The desired result arrives by taking a Laplace transform from both sides of equations (1.2) and

(1.3) and solving corresponding first-order PDE with boundary condition ψ̃(u; 0) = 1 or L(ψ̃(u; 0);u; s) =

1/s.�
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Abstract: In this paper a new generalized version of the normal distribution, called the slashed

generalized normal distribution, is introduced. Probability distribution function of the new distribution

is obtained. Also, moments, moment generating function and some other properties of the proposed

distribution are derived.
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1 Introduction

A distribution closely related to the normal distribution is the slash distribution. It can be represented

as the quotient between to independent random variables, a normal one (numerator) and the power

of uniform (0, 1) distribution (denominator). Hence, we can say that a random variable S has a slash

distribution if it can be represented as

S =
Z

U1/q
,

where Z ∼ N(0, 1), independent of U ∼ U(0, 1) and q > 0. In particular, as q −→ ∞, the standard

normal distribution follows. On the other hand, if q = 1, we obtain the canonic (standard) slash

distribution, with density function given by

p(x) =


ϕ(0) − ϕ(x)

x2
x ̸= 0

1

2
ϕ(0) x = 0,

(1.1)

where ϕ represents the density function of the standard normal distribution (Jonhson et al. (1995)).

Rogers and Tukey (1972) and Mosteller and Tukey (1977) discuss about properties of this family.

Kafadar (1982) studied maximum likelihood estimators for the location scale case. A multivariate

version and an asymmetric multivariate version are developed by Wang and Genton (2006). Gomez

et al. (2007) and Gomez and Venegas (2008) introduced the slash-elliptical family. Arslan (2008),

2Atefe Pourchitsaz: a.chitsaz@stu.yazd.ac.ir
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studied asymmetric versions of this family. A symmetric extension of the multivariate slash distri-

bution is studied by Arslan and Genc (2009) and a symmetric univariate generalization of the slash

distribution is studied by Genc (2007). The maximum likelihood estimation for the parameters of the

skew slash distribution is discussed by Arslan (2009). Gomez et al. (2009) used the slash-elliptical

family to extend the Birnbaum-Saunders distribution. Olmos et al. (2012) introduced the slashed

half-normal distribution.

A random variable X is said to have the generalized normal distribution with parameters µ, σ and s

if its density function is given by

f(x) = K exp{−|x− µ

σ
|s}, −∞ < x <∞,−∞ < µ <∞, σ > 0, s > 0,

where K =
s

2σΓ(1/s)
. We denote this as X ∼ GN(µ, σ, s). Nadarajah (2005) introduced this distri-

bution as the generalization of normal and Laplace distributions where s = 2 and s = 1, respectively.

The generalized normal distribution is bell-shaped and unimodal with mode at x = µ.

The cdf of X can be written as

F (x) =


Γ(1/s, ((µ− x)/σ)s)

2Γ(1/s)
ifx 6 µ

1 − Γ(1/s, ((x− µ)/σ)s)

2Γ(1/s)
ifx > µ,

where incomplete gamma function defined by

Γ(a, x) =

∫ ∞
x

ta−1 exp(−t)dt.

Proposition 1.1. Some properties of the generalized normal distribution are

1. E[X] = µ,

2. V ar(X) =
σ2Γ(3/s)

Γ(1/s)
,

3. E[Xn] =
µn
∑n
k=0

(
n
k

)
(σ/µ)k

{
1 + (−1)k

}
Γ((k + 1)/s)

2Γ(1/s)
,

4. Skewness(X) = 0,

5. Kurtosis(X) =
Γ(1/s)Γ(5/s)

Γ2(3/s)
.

In this paper we introduce a new distribution that contains normal, Laplace and generalized normal

distribution. This new distribution can be represented as the quotient between to independent random

variables, a generalized normal one as numerator, and the power of uniform (0, 1) distribution as

denominator. Moments and some properties of proposed distribution are derived.
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2 Slashed generalized normal distribution

In this section we give the stochastic representation and the density function of the slashed generalized

normal distribution, and study some of its distributional properties.

We consider that the random variable Y has a slashed generalized normal distribution with param-

eters µ, σ, s and q if it can be represented as the ratio

Y =
X

U1/q
, (2.1)

where X ∼ GN(µ, σ, s) and U ∼ U(0, 1) are independent, −∞ < µ <∞, σ > 0, s > 0 and q > 0. We

denote this as Y ∼ SLGN(µ, σ, s, q).

A distribution that plays an important role in this paper is the gamma distribution with cdf given by

G(x;α, β) =

∫ x

0

g(t;α, β)dt,

where x > 0, α > 0 and β > 0 and g(x;α, β) = βα

Γ(α)x
α−1e−βx. The following theorem presents the

pdf for the slashed generalized normal distribution that can be generated by representation (2.1).

Theorem 2.1. Let Y ∼ SLGN(µ, σ, s, q). Then, the density function of Y is given by

fY (y;µ, σ, s, q) =


K

s
qσq+1Γ(

q + 1

s
)|y − µ|−(q+1)G(|y − µ|s, q + 1

s
,

1

σs
) ify ̸= µ

K
q

q + 1
ify = µ,

where K =
s

2σΓ(1/s)
, σ > 0, s > 0, q > 0 and G is the cdf of the gamma distribution.

Proof. Without loss of generality, we may suppose that µ = 0. We define the transformation Z = Y −µ,

thus Z ∼ SLGN(0, σ, s, q).

Here we only give the proof for z > 0. The proof for z < 0 is similar and for z = 0, we know that the

pdf of random variable Z is not continuous in zero but its discontinuity is removable type. Thus we

substitute limz→0 fZ(z) for z = 0. Using the Equation (2.1), after obtaining its jacobian we have

fZ(z) = K
q

zq+1

∫ z

0

tq exp{−(
t

σ
)s}dt,

and making the variable transformation u = ts we have that

fZ(z) =
K

s

q

zq+1

∫ zs

0

u
q+1
s −1 exp{− u

σs
}du,



Slashed generalized normal distribution 418

and the result follows after identifying the gamma density within the integral sign. When z = 0,

fZ(0) = lim
z→0+

K

s
qσq+1Γ(

q + 1

s
)z−(q+1)G(zs,

q + 1

s
,

1

σs
)

= lim
z→0−

K

s
qσq+1Γ(

q + 1

s
)(−z)−(q+1)G((−z)s, q + 1

s
,

1

σs
)

= K
q

q + 1

Remark 2.2. As µ = 0, σ =
√

2, s = 2 and q = 1 we obtain the canonic slash distribution. Hence,

the density function of Y is given by (1.1).

Figure 1 plots some possible shapes of the slashed generalized normal distribution for selected

values of s and q by fixing µ = 0 and σ = 1. The slashed generalized normal distribution is symmetric

for all values.
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Figure 1: Plots of slashed generalized normal distribution for µ = 0 and σ = 1.

Theorem 2.3. Let Y |U = u ∼ GN(0, u−1/qσ, s) and U ∼ U(0, 1) then Y ∼ SGN(0, σ, s, q).

Proof. The marginal distribution of random variable Y can be written as

fY (y; 0, σ, s, q) =

∫ 1

0

fY |U (y|u)fU (u)du =

∫ 1

0

su1/q

2σΓ(1/s)
exp{−|yu

1/q

σ
|s}du

and hence result follows making the variable transformation t = yu1/q.
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3 Moments of SLGN distribution

In this section, we obtain moments, skewness and kurtosis of random variable of slashed generalized

normal distribution.

Theorem 3.1. Let Z ∼ SLGN(0, 1, s, q). Then for r = 1, 2, · · · it follows that the rth moment is

given by

E[Zr] =


q

q − r

1 + (−1)r

2Γ(1/s)
Γ(
r + 1

s
) q > r

dose not exist q 6 r.

Corollary 3.2. Let Y ∼ SLGN(µ, σ, s, q). Then for n = 1, 2, · · · it follows that the nth moments of

Y is given by

µn = E[Y n] =


qµn

2Γ(1/s)

∑n
r=0

(
n
r

)
(σ/µ)r 1+(−1)r

q−r Γ( r+1
s ) q > n

dose not exist q 6 n.

In particular, the four moments can be worked out as

E[Y ] = µ,

E[Y 2] = µ2 +
qσ4Γ(3/s)

(q − 2)Γ(1/s)
,

E[Y 3] = µ3 +
3qµσ4Γ(3/s)

(q − 2)Γ(1/s)
,

E[Y 4] = µ4 +
6qµ2σ4Γ(3/s)

(q − 2)Γ(1/s)
+

qσ8Γ(5/s)

(q − 4)Γ(1/s)
.

The nth central moment can be obtained as

E[(Y − µ)n] =
q

q − n
σn

1 + (−1)n

2Γ(1/s)
Γ(
n+ 1

s
).

In particular, the first three central moments, skewness and kurtosis of Y are given by

V ar(Y ) =
qσ2Γ(3/s)

(q − 2)Γ(1/s)
,

E[(Y − E(Y ))3] = 0,

E[(Y − E(Y ))4] =
qσ4Γ(5/s)

(q − 4)Γ(1/s)
,

Skewness(Y ) = 0,

Kurtosis(Y ) =
(q − 2)2Γ(1/s)Γ(5/s)

q(q − 4)Γ2(3/s)
.
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Figure 2 shows that the kurtosis measure depend on the parameters of s and q.
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Figure 2: Plots of SLGN kurtosis for some values s and q.

Theorem 3.3. Let Y ∼ SLGN(µ, σ, s, q), then the moment generating function for the random vari-

able Y is given by

MY (t) =
q

2Γ(1/s)

∞∑
n=0

n∑
k=0

(
n

k

)
tn

n!
µn−kσk

1 + (−1)k

q − k
Γ(
k + 1

s
).

Theorem 3.4. If Y ∼ Gamma( 1
s , 1), then V =

W

U1/q
has SLGN(µ, σ, s, q) distribution, where W =

µ+ σTY 1/s and T is an independent random variable of Y and taking values of 1 and −1 with equal

probability.

The following algorithm gives method of generating random sample of size n from SLGN(µ, σ, s, q)

distribution.

This algorithm has the following steps:

• Step 1: generating a sample of size n from Y ∼ Gamma( 1
s , 1).

• Step 2: generating a random sample of size n from T using a random sample from U(0, 1).

• Step 3: compute W = µ+ σTY 1/s for known values µ, σ and s.

• Step 4: calculate n dimensional vector V =
W

U1/q
, where U is a random of size n from U(0, 1)

distribution.
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Conclusion

In this paper we introduce a new distribution, called as slashed generalized normal distribution, that

contains normal, Laplace and generalized normal distribution. This new distribution can be represented

as the quotient between to independent random variables, a generalized normal one as numerator, and

the power of uniform (0, 1) distribution as denominator.
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Abstract: The most common case of censoring is what is referred to as right censored data. There are

two well known right censoring schemes which are conventional type-I and type-II censoring. In this

paper, we propose two expected values for measuring the remaining lifetime of censored data, under

these censoring schemes, by which one can predict the the failure time of censored units. Several

properties of the proposed measures are derived. We also propose a likelihood function, call it pre-

dicted likelihood, to estimate the unknown parameters of a statistical model under type-I and type-II

censoring. It is shown that, in the case where the model is exponential, the estimator based on which

maximizes predicted likelihood is sometimes more efficient than the maximum likelihood estimator

based on classical method.

Keywords Mean residual life function, reliability function , hazard rate, likelihood function, expo-

nential distribution.

Mathematics Subject Classification (2010): 99X99 99X99 99X99.

1 Introduction

There are several scenarios in life-testing and reliability experiments in which units that are subject to

test are lost or removed from the experiment before failure. Such units are usually called the censored

units. Two well known schemes of right censoring are conventional type-I and type-II censoring which

are extensively studied in statistical and reliability literature. We refer the reader to Lawless (1982),

Bain and Engelhardt(1991), Balakrishnan and Cohen (1991) and Gertsbakh (2000), among others.

The cited authors, have considered lifetime studies in both parametric and non-parametric models

in industrial and actuarial context. Assume that n units are placed on a life-test at time 0. Type-I

censoring occurs when the individuals only observed for a pre-fixed time t, independent of the failure

times. Based on this scheme, for each unit, we will only observe its failure if this occurs before t. The

units with lifetime greater than t are called the censored units. Type-II censoring arise when only the

m smallest lifetimes (from the n) are observed. Hence under this scheme, when n items are put on

test the decision is made to terminate the test when the mth failure occurs.
1Speaker’s Name: M.H. Poursaeed poursaeed-mh@yahoo.com
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Let T1, · · · , Tn denote the lifetimes of the units. Assume that the T ′is, i = 1, · · · , n are inde-

pendent and have a common distribution function F . Let also T1:n, · · · , Tn:n be the order statistics

corresponding to T ′is. In the present note we consider two conditional random variables ϕ and ψ as

follows

ϕ(t) = (Tr:n − t|Tm:n < t < Tm+1:n) 0 ≤ m < m+ 1 ≤ r ≤ n,

and

ψ(t) = (Tr:n − t|Tm:n = t) 0 ≤ m < m+ 1 ≤ r ≤ n,

with T0:n = 0.

The random variables ϕ and ψ can be interpreted as follows.

• ϕ(t) is the residual lifetime of the censored data Tr:n, under the condition that, in type-I censoring

scheme, before time t we have observed m failures and n − m observations are censored, r =

m+ 1, ..., n.

• ψ(t) gives the residual lifetime of Tr:n, under the condition that, in type-II censoring scheme, the

mth failure occurs at time t and the rest of observations are censored, r = m+ 1, ..., n.

The aim of this paper is to obtain the expected values of ϕ and ψ, i.e. E(ϕ(t)) and E(ψ(t)), which

we denote them by mr,m
n (t) and Mr,m

n (t), respectively. Having these measures enable us to predict the

failure time of the censored data under type-I and type-II censoring. In section 2, we concentrate on

mr,m
n (t), as a adynamic function of t, and show that how it can be calculated based on the distribution

function. It is shown that the functional form of Mr,m
n (t), which is only a function of the failure time

of the mth failure, is the same as that of mr,m
n (t). Several properties of mr,m

n (t) (and consequently of

Mr,m
n (t)) are studied. It is proved, among others, that mr,m

n (t) is a monotone function of r, m and

n, respectively. When the distribution function F has a monotone hazard rate, we get that mr,m
n (t)

is also monotone function of time. We also show that mr,m
n (t) uniquely determines the underlying

distribution function F . In Section 3 of the paper, we use mr,m
n (t) and Mr,m

n (t), in an inferential point

of view, to estimate the unknown parameters of a distribution. Using these measures we introduce

two likelihood functions, call them predicted likelihood functions. It will be shown, as an example, that

in the case where the parent distribution is exponential with mean θ, the use of predicted likelihoods

give estimators which are sometimes more efficient than the classical maximum likelihood estimators.
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2 The mean remaining time to failure of the censored data

In this section we consider mr,m
n (t) as a dynamic function of t and obtain its functional form. To this

end, one can show that for r = m+ 2, · · · , n, m = 0, 1, ..., r − 1 and 0 < s,

P (Tr:n − t > s, Tm:n < t < Tm+1:n) =(
(

n

)
,m)(F (t))m

n−m∑
i=n−r+1

(
(

n

)
−m, i)(F̄ (t+ s))i(F (t+ s) − F (t))n−m−i.

On the other hand we can easily verify that

P (Tm:n < t < Tm+1:n) =

(
(

n

)
,m)(F (t))m(F̄ (t))n−m.

Hence, using the results above, we obtain for r = m+ 2, · · · , n and 0 < s.

P (Tr:n − t > s|Tm:n < t < Tm+1:n) =
P (Tr:n − t > s, Tm:n < t < Tm+1:n)

P (Tm:n < t < Tm+1:n)

=
n−m∑

i=n−r+1

(
(

n

)
−m, i)

(
F̄ (t+ s)

F̄ (t)

)i(
1 − F̄ (t+ s)

F̄ (t)

)n−m−i
,

where F̄ = 1 − F denote the survival function of the units. One can also see that, using a different

argument, that this last expression is valid for r = m + 1. Thus, the mean remaining time to failure

function mr,m
n (t) can be obtained as

mr,m
n (t) = E(Tr:n − t|Tm:n < t < Tm+1:n)

=

∫ ∞
0

P (Tr:n − t > s|Tm:n < t < Tm+1:nds

=

∫ ∞
0

n−m∑
i=n−r+1

n−m, i

(
F̄ (t+ s)

F̄ (t)

)i(
1 − F̄ (t+ s)

F̄ (t)

)n−m−i
ds

=

∫ ∞
t

n−m∑
i=n−r+1

n−mi

(
F̄ (s)

F̄ (t)

)i(
1 − F̄ (s)

F̄ (t)

)n−m−i
ds r = m+ 1, · · · , n.

Remark 2.1. It can be shown, using the same method, the mean remaining time to failure Mr,m
n (t),

under the type-II censoring, has the same functional form of mr,m
n (t) . That is, one can show that

Mr,m
n (t) =

∫ ∞
t

n−m∑
i=n−r+1

n−mi

(
F̄ (s)

F̄ (t)

)i(
1 − F̄ (s)

F̄ (t)

)n−m−i
ds r = m+ 1, · · · , n. (2.1)
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It should be pointed out, however, that (although we assumed that mr,m
n (t) is a function of t) in

censoring type-I t is fixed and m is a random variable whereas Mr,m
n (t) is a function of t, the failure

time of the mth failure, and m ia fixed.

Although the form of mr,m
n (t) and Mr,m

n (t), are similar to the mean residual lifetime function of

a system (for more information, see Guess and Proschan (1988) and Poursaeed (2010)), they have

different concepts.

In the sequel, we concentrate on mr,m
n (t) and obtain some of its properties. The results are also

valid for Mr,m
n (t).

Remark 2.2. The mean remaining time to failure mr,m
n (t) can also be represented as

mr,m
n (t) =

∫ ∞
t

P (Y ut ≥ n− r + 1)du

where Y ut is distributed as binomial with parameters (n−m, θt(u)), where for u > t θt(u) = F̄ (u)
F̄ (t)

.

The following theorem shows the behavior of mr,m
n (t) in terms of n, m and r.

Theorem 2.3. (a) For fixed m and r, mr,m
n (t) is a decreasing function of n.

(b) For fixed n and r, mr,m
n (t) is a decreasing function of m.

(c) For fixed n and m, mr,m
n (t) is an increasing function of r.

Proof:

(a) Some algebraic manipulations show that

P (Y ut ≥ n− r + 1) − P (Zut ≥ (n+ 1) − r + 1) = n−mn− r + 1(θt(u))n−r+1(1 − θt(u))r−m

where Y ut and Zut are distributed as binomial with parameters (n − m, θt(u)) and ((n + 1) −
m, θt(u)), respectively. From this, we conclude that mr,m

n (t) is a decreasing function of n. In

particular when the distribution function F is strictly increasing, mr,m
n (t) is strictly decreasing

function of n.

(b) Similar to Part (a) one can show that

P (Y ut ≥ n− r + 1) − P (Zut ≥ n− r + 1) = n−m− 1n− r(θt(u))n−r+1(1 − θt(u))r−m−1

where Y ut and Zut are distributed as binomial with parameters (n − m, θt(u)) and (n − (m +

1), θt(u)), respectively. This completes the proof of part (b).
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(c) To prove the assertion of this part of theorem note that

m(r+1),m
n (t) −mr,m

n (t) = E(Tr+1:n − Tr:n|Tm:n < t < Tm+1:n)

≥ 0

Remark 2.4. Although, it is shown in Part (a) of Theorem 2.3 that for fixed r and m, mr,m
n (t) is

decreasing in n, it can be shown that mn,m
n (t) is an increasing function of n. To see this note that

mn,m
n (t) =

∫ ∞
t

[1 − (1 − F̄ (s)

F̄ (t)
)n−m]ds

≤
∫ ∞
t

[1 − (1 − F̄ (s)

F̄ (t)
)n+1−m]ds

= mn+1,m
n+1 (t).

Remark 2.5. It is not hard to verify that the following result is true.

mr−1,m
n (t) = mr,m+1

n+1 (t)

≤ mr,m
n+1(t)

≤ mr,m
n (t)

≤ mr+1,m
n+1 (t) = mr,m−1

n (t)

The hazard rate is a crucial concept in life studies. If the distribution function F has a density

function f the hazard rate corresponding to F , which we denote here by r(t) is defined as

r(t) =
f(t)

F̄ (t)
.

The following theorem proves that when the distribution function F has a monotone hazard rate then

mr,m
n (t) is monotone.

Theorem 2.6. If the hazard rate function r(t) is an increasing (decreasing) function of t, then mr,m
n (t),

as a function of t, is a decreasing (increasing) function of t.

Proof: The assumption that f(t)
F̄ (t)

is a increasing (decreasing) function of t is equivalent to say that

F (t+s)

F (t)
is an decreasing (increasing) function of t. Hence, for t1 < t2 we have

mr,m
n (t1) =

∫ ∞
0

P (Y t1+st1 ≥ n− r + 1)ds

=

∫ ∞
0

∫ F (t1+s)

F (t1)

0

(n−m)!

(n− r)!(r −m− 1)!
xn−r(1 − x)r−m−1dx
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≥ (≤)

∫ ∞
0

∫ F (t2+s)

F (t2)

0

(n−m)!

(n− r)!(r −m− 1)!
xn−r(1 − x)r−m−1dx

=

∫ ∞
0

P (Y t2+st2 ) ≥ n− r + 1)ds

= mr,m
n (t2).

This completes the theorem.

The following theorem is an interesting result showing that the distribution function F can be

recovered from mr,m
n (t).

Theorem 2.7. Let F be a strictly increasing distribution function. Then, F can be uniquely charac-

terized by mr,m
n (t) as follows.

F (t) = 1 − exp{ − 1

(n−m)

∫ t

0

1 + d
dxm

n,m
n (x)

mr,m
n (x) −mr,m+1

n (x)
dx} (2.2)

Proof: The proof follows using the same steps as used by Asadi and Bayramoglu (2006) to prove

their Theorem 1. It should be mentioned that the assumption that F is strictly increasing gives a

sufficient condition to have mr,m
n (t) > mr,m+1

n (t). This makes the integrant in (2.2) to be well defined.

3 Inference based on predicted likelihood

In this section, we assume that the statistical model F depends on some unknown parameters. For the

sake of simplicity, we assume that F depends on one unknown parameter θ. To estimate the unknown

parameter θ, the maximum likelihood method is the most common method in the statistical literature.

The main advantage of the maximum likelihood method is that it can be adjusted for incomplete data

such as censored data. As it was already mentioned, in type-II censoring the information available

consists of the failure times of first m order statistics T1:n = t1, ..., Tm:n = tm and the only information

about the remaining n −m observations is that they exceed tm. Hence, under the assumption that

the distribution function F has a density function f , the likelihood function, which we denote by L(θ),

has the following form :

L(θ) =

m∏
i=1

f(ti; θ)
(
F̄ (tm; θ)

)n−m
(3.1)

In type-I censoring scheme, provided that there is at least one failure time before t, the likelihood

function has the form:

L(θ) =
m∏
i=1

f(ti; θ)
(
F̄ (t; θ)

)n−m
. (3.2)
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In view of the results of Section 2, mr,m
n (t) and Mr,m

n (t) predict the failure times of the remaining

lifetime of the censored data in type-I censoring and type-II censoring, respectively. In other words, the

quantities mr,m
n (t)+t and Mr,m

n (t)+t give predictions of the failure times of the censored data under the

mentioned censoring schemes. Using these predictions, we propose the following predicted likelihoods

to estimate the parameter θ. Under type-I censoring, the predicted likelihood (PL) is proposed as

PL(θ) =
m∏
i=0

f(ti; θ)
n∏

i=m+1

f(mi,m
n (t) + t; θ) (3.3)

with f(t0; θ) = 1. In type-II censoring the PL is proposed as

PL(θ) =
m∏
i=1

f(ti; θ)
n∏

i=m+1

f(M i,m
n (t) + t; θ). (3.4)

It worth to mention that, in the above predicted likelihoods, the first product on the right hand sides

evaluate the density at exact failure times of the first m failures and the second product evaluate the

density at the predicted failure times of the remaining n − m data. A maximum corresponding to

predicted likelihood is called maximum predicted likelihood estimate (MPLE).

In the following we give some examples to show that how one can use PL method to estimate the

unknown parameter θ of the exponential model. In particular, we show that under type-II censoring,

for some values of m and n, the MPLE of θ is more efficient than the MLE based on the classical

method when we compare the estimators in terms of their mean square error.

Example 3.1. Let F is exponential distribution with mean θ. Assume that under type-II censoring

m failure times m ≥ 1 are observed. Then it is well known that the MLE of θ is given by

θ̂1 =
(n−m)Tm:n +

∑m
i=1 Ti:n

m
.

See, for example Gertsbakh (2000).

To obtain MPLE of θ first we compute Mr,m
n (t). We have

Mr,m
n (t) = θ

n−m∑
i=n−r+1

n−m−i∑
j=0

n−min−m− ij
(−1)j

i+ j

Hence, The predicted likelihood is

PL(θ) = (
1

θ
)ne−

∑m
i=1 ti+(n−m)t

θ (e−
∑n
r=m+1

∑n−m
i=n−r+1

∑n−m−i
j=0 n−min−m−ij (−1)j

i+j )

∝ (
1

θ
)ne−

∑m
i=1 ti+(n−m)t

θ
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From this we get that the MPLE of θ is

θ̂2 =
(n−m)Tm:n +

∑m
i=1 Ti:n

n

= (1 − m

n
)Tm:n +

m

n
T̄

where T̄ =
∑m
i=1 Ti:n
m . This shows that MPLE of θ is a weighted average of the mean of failure times

of the m failed observations and the time of mth failure. It is also clear that θ̂2 < θ̂1 which in turn

implies that θ̂2 is not unbiased for θ. It is well known that (see, for example, Gertsbakh (2000))

(n − m)Tm:n +
∑m
i=1 Ti:n is distributed as Gamma (m, θ). Thus, one can conclude that the mean

square errors of θ̂1 and θ̂2 are, respectively, given by

MSE(θ̂1) =
θ2

m

and

MSE(θ̂2) = θ2(
m2

n2
+
m

n2
− 2m

n
+ 1).

This implies that for m = 1 we always have MSE(θ̂2) < MSE(θ̂1) and for m > 1 it can be easily

verified that for n < m(m+1)
m−1 , MSE(θ̂2) < MSE(θ̂1).

Table 1 shows the efficiency of θ̂2 relative to θ̂1 for some values of m and n which satisfy the

condition n < m(m+1)
m−1 . As the table indicates, for these choices of m and n, θ̂2 is more efficient than

of θ̂1 and that the relative efficiency tends to 1 as n gets larger and m tends to n.

Example 3.2. If we assume that the observations are obtained based on type-I censoring, with prefixed

t, from an exponential distribution with mean θ , then the MLE of θ is given by (see, for example,

Bain and Engelhardt(1991)).

θ̂1 =
(n−m)t+

∑m
i=1 Ti:n

m
.

If we use the predicted likelihood, it can be shown, similar to type-II censoring, that

θ̂2 =
(n−m)t+

∑m
i=1 Ti:n

n

But, it needs to be pointed out that m is random here. Let us, assume that n = 2, and that we observe

m = 1 failure before t. On the other hand, under these conditions m2,1
2 (t) = θ. Therefore

θ̂1 = T1:2 + t

θ̂2 =
T1:2 + t

2
.
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Table 1.
m n

MSE(θ̂2)

MSE(θ̂1)

2 3, 4, 5, 6 0.67, 0.75, 0.87, 1

3 4, 5, 6 0.75, 0.84, 1

4 5, 6 0.8, 0.89

5 6, 7 0.83, 0.91

6 7, 8 0.84, 0.94

7 8, 9 0.87, 0.95

8 9, 10 0.89, 0.96

9 10, 11 0.90, 0.97

10 11, 12 0.90, 0.97

11 12, 13 0.91, 0.98

12 13, 14 0.91, 0.98

13 14, 15 0.92, 0.98

14 15, 16 0.93, 0.98

15 16, 17 0.94, 0.99

16 17, 18 0.94, 0.99

17 18, 19 0.94, 0.99

18 19, 20 0.95, 0.99

19 20, 21 0.95, 0.99

20 21, 22 0.95, 0.99

It is not hard to see that

MSE1 =
θ2

2
− tθ + t2

and

MSE2 =
5θ2

8
− 3tθ

4
+
t2

4
.

Comparing the MSE’s, one can see in this case that for t > θ(1+
√
7)

6 , MSE2 < MSE1. That is, θ̂2 is

more efficient than θ̂1. for

Remark 3.3. It has to be pointed out that in type-I censoring to have an MLE for θ we must observe

at least one failed item before time t, i.e. m > 0. Otherwise, The maximum likelihood method does

not work. However, using the predicted likelihood method proposed here may enables one to have an

MPLE for the parameters of the distributions. Note that, in this case, we have

PL(θ) =

n∏
i=1

f(mi,0
n (t) + t; θ). (3.5)

To illustrate more let us consider the exponential distribution an assume that n items are put on the

test and for a prefixed time t we have not observed any failure before t. Thus we have
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mr,0
n (t) =

n∑
i=n−r+1

ni

∫ ∞
t

(
F̄ (u)

F̄ (t)

)i(
1 − F (u)

F (t)

)n−i
du

=
n∑

i=n−r+1

n−i∑
j=0

nin− ij(−1)j
∫ ∞
t

(e
−(u−t)

θ )i+jdu

= θ

n∑
i=n−r+1

n−i∑
j=0

nin− ij
(−1)j

i+ j

This yields

PL(θ) =
1

θn
e

−1
θ

∑n
r=1(t+θ

∑n
i=n−r+1

∑n−i
j=0 nin−ij

(−1)j

i+j )

Which in turn implies, after some manipulations, that the MPLE of θ is

θ̂ = t.

Remark 3.4. When the observations are obtained from the uniform distribution on (0, θ) and also

based on type-I censoring with prefixed t, it can be shown that, the maximum likelihood method still

does not work for m=0. While the MPLE of θ is θ̂ = t.
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Abstract: Usually, it is assumed that the variance is invariant in the examination of time series data.

But the variance is not invariant in applications. Therefore, various models are suggested so that the

variance is expressed as a function of observation. one of the well-know models which often is used is

an autoregressive conditional heteroscedasticity (ARCH) model that is used in economic fields such as

foreign exchange rate, stock prices. In this article assumed that rt is conditionally heteroscedasticity

nonlinear (ARCH) process for which the conditional variance of the observable sequence rt is the

square of an inhomogeneous linear combination of rs, s < t, we give conditions under which, for

integers l ≥ 2, rlt has long memory autocorrelation and normalized partial sums of rlt convergence

to fractional Brownian motion. In the next we consider estimator for a long memory parameter in

introduced model.

Keywords conditional heteroskedasticity, ARCH models, long memory, R/S estimator.

Mathematics Subject Classification (2010): 62M10 37M10.

1 Introduction

Engle (1982) and Bollerslev (1986) presented ARCH and GARCH sequences for the first time and

have been used extensively to model financial time series, such as asset returns and exchange rates.

A common property of ARCH(p) and GARCH(p, q) sequences is that they are defined by finite

recursions and their autocorrelations decrease very rapidly, implying short memory behavior of these

sequences. The short memory behavior holds even for ARCH(∞) models defined by the infinite

recursion. The ARCH(∞) is defined following:

rt = εtσt, σ2
t = α+

∞∑
j=1

βjr
2
t−j , t ∈ Z

For constants α > 0, βj ≥ 0(to ensure that σ2
t > 0), where the βj also satisfy some summability

condition, easily achieved in both ARCH(p) model of Engle (1982) (where in bj = 0, j > p) and

2Seyed Abolfazl Mousavi : mousavi.stat@gmail.com
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its GARCH extension of Bollerslev (1986). However, these latter models imply exponential decay in

autocorrelations of the r2t , where empirical evidence has frequently suggested a much greater degree of

persistence, possibly consistent with long memory in r2t , where autocorrelation are not summable [see

Ding et al. (1993)]. A model which describes the long memory behavior was suggested by Giraitis et

al. (2009). This model is called LMLARCH(∞) (Long Memory Linear ARCH) and defined by the

following equations:

rt = εtσt, σt = α+
∞∑
j=1

βjrt−j , (1.1)

2 Properties of LMLARCH(∞) model

We consider first the following assumptions.

Assumption 1. (i) (1.1) hold.

(ii){εt} is a sequence of iid random variables with zero mean and unit variance.

(iii)a ̸= o

Assumption 2. β2 =

∞∑
j=1

β2
j < 1.

Let Ft be the σ−field of events by εs, s ≤ t.

Theorem 2.1. Let Assumption 1 hold. Then a covariance stationary Ft−1 measurable solution σt, t ∈
Z of (1.1) exits if and only if Assumption 2 holds, in which case, for t ∈ Z, we have the Volterra

expansion

σt = α+ α

∞∑
k=1

∞∑
j1,...,jk=1

βj1 . . . βjkεt−j1 . . . εt−j1−...−jk

and

E(σt) = α, Cov(σ0, σt) =
α2

1 − β2

∞∑
j=1

βjβj+t. (2.1)

From (2.1), we can also write

Corr(σ0, σt) =

∑∞
j=1 βjβj+t

β2
(2.2)

Which we recognize as the usual formula for the autocorrelation function in terms of wold decomposi-

tion weights. we can thus control the memory of σt by choice of βj . We introduce the next assumption.

Assumption 3. assume that

βj ∼ cjd−1 0 < c <∞, 0 < d < 1/2, (2.3)

where ” ∼ ” indicates that the ratio of left and right sides tends to 1.
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Corollary 2.2. Let Assumptions 1-3 hold.Then

Cov(σ0, σt) ∼ kt2d−1, k > 0. (2.4)

The proof is standard from the long memory literature, using (2.3) and (2.1).

An example of bj satisfying assumption 3 is

bj = c
Γ(j + d)

Γ(j + 1)
(2.5)

Which is proportional to the moving average weight in a standard fractional ARIMA(0,d,0) model.

It will be found that, for integer l ≥ 2, rlt has autocorrelations decaying at the same rate as those of

σt when σt has long memory, and that the normalized partial sums of rlt (like those of σt) converge

to fractional Brownian motion. Notice that typically σt is unobservable, where rt is observable, so

that its autocovariance can likely be consistently estimated under suitable conditions. To establish the

properties of rlt, we impose also:

Assumption 4. εt has finite 2lth moments such that

(4l − 2l − 1)µ
1/l
2l β

2 < 1, µj = E(εj0). (2.6)

For given l, (2.6) is a tighter restriction on β than Assumption 2, while (2.6) becomes more stringent as

l increase, since (4l− 2l− 1) and µ
1/l
2l are increasing functions, so that (2.6) holds also for j < l. When

εt is Gaussian µ2l = (2l − 1)(2l − 3) . . . 3.1, thought in this case is likely that the factor (4l − 2l − 1)

can be reduced, (2.6) being only a sufficient condition for the following results.

Theorem 2.3. Let Assumptions 1,2,3 and 4 hold. Then, for k=2,. . . ,l

Cov(rk0 , r
k
t ) ∼ λ2j t

2d−1ast→ ∞, λj = mjE(rj0) (2.7)

where m is a positive constant.

The following Theorem represents the limit distribution of normalizes partial The following The-

orem represent the limit distribution of normalizes partial sums of the rlt. Let {Wγ(t), t ≥ 0}, the

fractional Brownian motion with parameter d; (0 < d < 1/2), is a Gaussian process with mean 0 and

covariance

E[WH(t)WH(s)] =
1

2
(|s|2H + |t|2H − |s− t|2H), (2.8)

See, for example, Samorodnitsky et al. (1994) [Chapter 7]. Let [] denote integer part and =⇒ the

convergence of finite-dimensional distributions.
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Theorem 2.4. Under Assumptions 1,2,3 and 4, for j=2,. . . , l, as N → ∞,

N−(2d+1)/2

[Nt]∑
s=1

(rjs − E(rjs)) ⇒ kdλjWd+1/2(t), t ≥ 0. (2.9)

where

kd = { 2

(2d)(2d+ 1)
}1/2 (2.10)

3 The Estimator

Rescaled range or R/S analysis which introduced by Hurst (1951) and subsequently refined by Man-

delbrot et al. (1979) has been used in this paper for estimating long memory parameter d in (1.1)

and (2.3). The R/S statistic is defined as R̂N/σ̂N where

R̂N = max
1≤k≤N

k∑
j=1

(Yj − ȲN ) − min
1≤k≤N

k∑
j=1

(Yj − ȲN ) (3.1)

is the range and

σ̂2
N =

1

N

N∑
j=1

(Yj − ȲN ) (3.2)

is standard variance estimator and ȲN is the sample mean.

by Theorem 2.4 imply that

R̂N
N1/2+d

→d cd{ max
0≤t≤1

W 0
1/2+d(t) − min

0≤t≤1
W 0

1/2+d(t)}, (3.3)

where

W 0
1/2+d(t) = W1/2+d(t) − tW1/2+d(1)

is a fractional Brownian bridge, cf. 2.8. It is equally easy to verify that

σ̂2
N →P V ar(Y1) (3.4)

Indeed,

σ̂2
N =

1

N

N∑
j=1

(Y 2
j − EY 2

j ) + (EY 2
1 − Ȳ 2

N ). (3.5)

By the Volterra representation Y 2
J can be written as Y 2

j = f(εj , εj−1, . . .) where f is a measurable

function. Since {εj} is an ergodic sequence. This implies ergodicity of Y 2
j . Under assumptions of
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Theorem 2.4 EY j2 <∞. Therefore the first term in 3.5 tends to zero. By the same argument as above

{Yj} is ergodic as well, and therefore ȲN ⇒ EY1. Hence the second term in 3.5 tends to V arY1.

Combining 3.3 and 3.4 , we see that as N → ∞

1

N1/2+d

R̂N
σ̂N

→d
cd{ max

0≤t≤1
W 0

1/2+d(t) − min
0≤t≤1

W 0
1/2+d(t)}

(V arY1)1/2
= Rd. (3.6)

Relation 3.6 forms a theoretical foundation for the R/S method. Taking logarithms of both sides, we

obtain a heuristic identity

log(
R̂N
σ̂N

) ≈ (
1

2
+ d) logN + logRd, asn→ ∞,

which can also be written as

d̂R/S − d = OP (
1

logN
) with d̂R/S =

log(R̂N/σ̂N )

logN
− 1

2
,

and which shows that 1/2 + d can be interpreted as the slope of a regression line of log( R̂Nσ̂N ) on logN

with random intercept logRd . The point of the R/S analysis is to consider many subsamples of

varying size N from a given sample Y1, . . . , YN in order to obtain many points which are used to

estimate the slope of the regression line, see for example Mandelbrot et al. (1979). The technical

details of the implementation of this procedure are described in next Section.

4 Simulations

We consider the following data generating process (DGP):

rk = εkσk, σk = α+
∞∑
j=1

βjrk−j , k = 1, . . . , N, εk ∼ N(0, 1). (4.1)

Two sample sizes are considered, N = 3000, N = 6000. To reduce initialization effects, which are

particullarly strong for long range dependent sequences, we generate for each simulation a series

r−τ , r−τ+1, . . . r−1, r0, r1, . . . , rN , τ = 12000, where the pre-sample observations r−τ , r−τ+1, . . . r−1, r0

are recursively used for initializing the process, and are discarded afterwards. We truncate the infinite

order lag polynomial β(L) at the order 5000 to take into account the dependence between very distant

observations. The sequence of innovations εk from standard Gaussian random variable is generated

by using the Box-Muller method.

We generate 5000 independent samples. Each sample of N observation is subdivided into B adjacent
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and non-overlapping blocks of observations of equal size [N/B]. We then obtain a grid t1 = 1, t2 =

[N/B] + 1, . . . , ti = (i− 1)[N/B] + 1, . . . , tB = N − [N/B] + 1. For each point of the sequence {ti}Bi=1

we define a sequence of K increasing nested blocks with origin ti , i.e., {[ti, ti + kj ]}Kj=1 such that

ti + kj ≤ N , the sequence of K steps {kj}Kj=1is given by a logarithmic grid. Interested readers are

referred to Beran (1994), p. 84 − 85, for more details on the pox-plot based estimators. In our

simulations, the minimum value of K is set to 40 and the number of blocks B is set to 40.

We calculate the R/S statistics for each interval {{[ti, ti + kj ]}Bi=1}Kj=1 and obtain the sequences

{{R/S(ti, kj)}Bi=1}Kj=1. We plot the logarithm of the statistics log(R/S(ti, kj)) against log(kj) and

then obtain a ’pox-plot’. Let b̂ be the slope of the least-squares regression line fitted to these pox-

plots. Then d̂R/S = b̂− 1/2.

Table 1: Estimation results for the LMLARCH(∞) process by using of R/S statistic

d Model A Model B

3000 obs 6000 obs 3000 obs 6000 obs

0.05 0.0495 0.0479 0.0434 0.0414

0.10 0.1102 0.1093 0.0597 0.0615

0.15 0.1470 0.1527 0.1088 0.1158

0.20 0.1887 0.1959 0.1697 0.1796

0.25 0.2251 0.2357

0.30 0.2661 0.2750

0.35 0.2880 0.2943

We have chosen two parameterizations of the moving average form of a FARIMA process. For

two models, the parameter α is set to 0.10.

(I) Model A. The coefficients βj are those of the moving average representation of a FARIMA(0, d, 0)

process, that is, the coefficients of the fractional difference operator (1 − L)−d. Thus, βj = bj , with

the bj defined recursively by b0 = 1, b1 = d, bj = bj−1(j − 1 + d)/j, j > 1.

(II) Model B. The coefficients of this DGP are those of the MA representation of a FARIMA(1, d, 0)

process with AR polynomial equal to 1 − ϕL, that is, of the filter (1 − ϕL)−1(1 − L)−d. Thus,

β1 = b1 + ϕ, βj =
∑j
k=0 ϕ

kbj−k, j > 1.

For the Model A, condition 2.6 is satisfied if d < 0.1865. If this condition is not satisfied, there is a

large systematic bias for the pox-plot based estimators. For that reason, we do not report the estimates

for d > 0.20.

For Models B , we choose θ = 0.20 and ϕ = −0.20. These values ensure that condition 2.6 is satisfied

for d > 0.1865. The coefficients βj depend on d, but also on the parameters θ and ϕ. If the first
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elements of the sequence of the βj are small, there is a systematic negative bias, that is, the parameter

d is underestimated. This negative bias is quite large for small values of d, and becomes smaller when

d ∈ (0.20, 0.375), and increases for d > 0.375. It is well-known, see Mandelbrot et al. (1979), that for

linear long-memory time series the R/S estimator overestimates d for small d and underestimates it

for d close to 0.5.

Conclusion

In this paper, a long memory linear ARCH (LM LARCH) Model has been introduced. Base on

assumptions 1 to 4, it is shown that l ≥ 2, rlt has the long memory property, where l is integer and

normalized partial sums of rlt converge to fractional Brownian motion. In order to estimate the long

memory parameter, the R/S estimator has been introduced.
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Abstract: We introduce a new class of non-stationary processes, say periodically correlated locally

stationary (PC-LS) process. Assume that 0 = so < s1 < . . . and Bj = (sj−1, sj ], for j ∈ N. Let

X ls(t) =
∑∞
j=1X

ls
j (t)IBj (t) where X ls

j (t) is a mixture of two stationary processes with exponentially

convex weights. By this, we provide X ls(t) as a multi-component locally stationary process. Also we

consider {Xp
j } as a sequence of periodically correlated random variables. We define an orthogonally

scattered random measure Mj on subsets of Bj by Xp
j = Mj(Bj) and set Xp

j (t) = Mj(sj−1, t] for

t ∈ Bj with some special correlation. Then Xp(t) =
∑∞
j=1X

p
j (t)IBj (t) is a continuous time periodically

correlated process which we study its spectral representation. Finally we assume that X ls(t) and Xp(t)

are independent and define X(t) = X ls(t) +Xp(t) as a certain multi-component PC-LS process which

has both periodically correlated and locally stationary properties. The covariance structure and the

time dependent spectral representation of such a process are characterized.

Keywords Periodically correlated; Spectral representation; Multi-component locally stationary pro-

cesses; exponentially convex covariance.

1 Introduction

Spectral analysis of stochastic processes such as stationary and periodically correlated (PC) processes

have a long history with interest in both theory and applications. These processes are interesting

for engineers due to their applications in signal processing and communication systems, specially in

network traffic. The spectral theory of these processes is primarily based on spectral representations.

Properties of stationary processes are well known and have been used extensively in analyzing sys-

tem performance. Recall that a stationary process is one where all finite dimensional distributions

are invariant to shifts in time. Non-stationary processes have extensive applications where random

1S. Rezakhah : rezakhah@aut.ac.ir
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fluctuations change in time or space. If a process is slowly varying and if the interval is short enough,

then the process can be approximated in some sense by a stationary one. Recently a large amount

of work has been devoted to time series analysis, with the focus placed on locally stationary (LS)

and periodically correlated processes which give the plausible description of real world. LS processes

in the sense of Silverman Silverman (1957) can be used to model systems where they behave as a

function of time. He presented a relation between the covariance and the spectral density of LS pro-

cesses which constitutes a natural generalization of the Wiener-Khintchine relations. Berman Berman

(1974) introduced a class of LS Gaussian processes with index α which allows minor fluctuations of

dependence at the global scale and at the same time keeps the stationary structure at the local time.

DehayDehay and Loughani (1994) presented the notion of locally harmonizable process, a large class

of non-stationary processes containing LS and harmonizable. A new class of LS processes where their

spectral structure varies smoothly over time is introduced by Dahlhaus. Mallat et al. Wahlberg and

Hansson (2007) showed that the covariance operator of a LS process has approximate eigenvectors that

are local cosine functions. They modeled these processes with pseudo differential operators that are

time-varying convolutions. Oxley et. al Oxley, et. al. (2000) proposed another definitions of LS pro-

cesses and presented their properties and relationships to the stationary ones. They also showed that

the signals that arise in Air Force applications typically has noise that can be modeled as a LS process.

Exponentially convex stochastic processes and exponentially convex covariances have been studied by

Loeve Loeve (1965), among others. He found the spectral representation of the exponentially convex

process. Also Michalek obtained a spectral representation for these processes by enlarged the index to

C (complex numbers). He also derived an inversion formula for the spectral measure. Another class

of non-stationary processes are PC processes which have periodic structure. Theses processes are a

class of processes which are in general non-stationary but exhibit many of the properties of stationary

processes. They have been used as models of meteorology, radio physics and communications engi-

neering. This class was introduced by Gladyshev Gladyshev (1961), who studied the structure of the

covariance function and provided an interesting spectral representation. Hurd, Miamee, Makagon cited

in Gardner Gardner (1994), demonstrated various applications of PC processes in science and engi-

neering. In this paper we are concerned with a certain non-stationary process called, multi-component

periodically correlated locally stationary (PC-LS) process. Let 0 = so < s1 < . . . and Bj = (sj−1, sj ],

j ∈ N. By this, we partition the positive index space into an infinite number of disjoint intervals

Bj . Let X(t) = X ls(t) +Xp(t) represent a stochastic process, where X ls(t) =
∑∞
j=1X

ls
j (t)IBj (t) and

X ls
j (t) is a multi-component LS process which is an exponentially convex mixture of two stationary

processes and its covariance is shown in subsection 3.2 and 3.3. Xp(·) is a discrete time PC process

that Xp(t) =
∑∞
j=1X

p
j (t)IBj (t) in which {Xp

j (t)} is a sequence of periodically correlated processes and

Xp
j (t) = Mj(sj−1, t] where Mj for j ∈ N is an orthogonally scattered random measure on Borel field



Periodically Correlated Multi-component Locally Stationary Processes 442

of subsets of Bj . Then X(·) is a certain multi-component PC-LS process. More precisely this paper is

organized as follows. In section 2, we study the general framework and preliminaries of discrete time

periodically correlated, exponentially convex function and locally stationary processes. The harmoniz-

ability property of such processes like stationary and PC processes are exhibited in this section too.

Spectral representation of continuous time PC processes have not been characterized in literature. We

find the covariance function and the spectral representation of such continuous time multi-component

PC-LS process as a new class of non-stationary process in section 3.

2 Preliminaries

We review the spectral theory of unitary operators in subsection 2.1. In subsection 2.2 we study the

properties of stationary and periodically correlated processes and their spectral representations. We

present some definitions of locally stationary and exponentially convex processes in subsection 2.3 and

2.4 respectively.

2.1 Spectral theory of unitary operators

One of the classical results of operator theory is the spectral theorem. We introduce the notion of

spectral measure and briefly discuss their properties. We proceed to define the spectral integral as an

operator. At last we represent the unitary operator and the time varying spectral representation of a

PC process.

Throughout this subsection we work with a measurable space (Ω,F) consisting of a set Ω and a σ-

algebra F of its subsets. For more details about the following results one could refer to Hurd and

Miamee Hurd and Miamee (2007).

Definition 2.1. A function Q defined on σ-algebra F of subsets of Ω whose values are orthogonal

projections in a Hilbert space H is called a spectral measure, if Q(Ω) = I, the identity operator, and

for any sequence (Mn) of disjoint sets in F we have Q(∪∞n=1Mn) =
∑∞
n=1Q(Mn).

The following proposition lists several useful properties of spectral measure from Hurd and Miamee

(2007) without presenting the proofs.

Proposition 2.2. If Q is an orthogonally scattered spectral measure on F , where Q(∅) = 0 we have

the following properties

(a) Modular: for any two sets M , N in F

Q(M ∪N) = Q(M) +Q(N) −Q(M ∩N);
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(b) Multiplicative: for any two sets M , N in F

Q(M ∩N) = Q(M)Q(N).

Definition 2.3. A unitary operator on a Hilbert space H is a linear operator U from H onto H for

which ⟨Ux,Uy⟩ = ⟨x, y⟩ for every x, y ∈ H, that is, unitary operators are linear and preserve inner

products.

Definition 2.4. The spectral integral
∫
f(λ)Q(dλ) as an operator A(f) such that A : H → H and for

any pair x, y ∈ H ∫
f(λ)d

⟨
Q(λ)x, y

⟩
=
⟨
A(f)x, y

⟩
.

Theorem 2.5. For any unitary operator U on a Hilbert space H there exists a unique spectral measure

Q on the Borel subsets of [0, 2π) such that U =
∫ 2π

0
eiλQ(dλ), and for any integer t

U t =

∫ 2π

0

eiλtQ(dλ).

Proposition 2.6. A second order stochastic sequence Xt is PC with period T if and only if for

every t ∈ Z, there exists a unitary operator V T and a periodic sequence (process) Pt taking values in

HX = LX (closure of the LX) and LX = sp{Xt, t ∈ Z} for which

Xt = V t[Pt]

where V =
∫ 2π

0
eiλ/TQ(dλ), V T = U and Q is the spectral measure defined in Definition 2.1.

2.2 Spectral representation of PC processes

We present definitions of stationary and PC processes in this subsection and exhibit the spectral

representation of such processes and their covariance functions. For the following definitions and

properties of PC and harmonizable processes, we refer to Hurd and Miamee (2007).

Definition 2.7. A random process X(t) taking values in the L2 random variables of a probability space

(Ω,F , P ) and indexed on Z or R is called periodically correlated if there exists some T > 0 in Z or R
respectively, such that

µ(t) = E[X(t)] = µ(t+ T ), RX(t, s) = RX(t+ T, s+ T )

for every t, s in Z or R, RX(t, s) = E[(X(t) − µ(t))(X(s) − µ(s))]. The smallest such T will be called

period of X(t). For discrete time, it is required that T > 1, otherwise the process is stationary. For

continuous time, also the process requires continuity of the correlation function.



Periodically Correlated Multi-component Locally Stationary Processes 444

The notion of a harmonizable process can be motivated from the fact that every wide sense sta-

tionary process has an integral spectral representation of the form

X(t) =

∫ ∞
−∞

eiωtdZ(ω) (2.1)

where the frequency indexed random process Z(ω) has orthogonal or uncorrelated increments and

the equality is in L2 of the probability space (Ω,F , P ). The notion of harmonizable processes preserves

the spectral representation (2.1) but the increments of Z(ω) need not be orthogonal.

We turn to spectral integral representation for PC sequences.

Theorem 2.8. A second order stochastic sequence Xt is PC with period T if and only if there exists a

time dependent spectral measure ξ(·, t) = ξ(·, t+ T ) on the Borel subsets of [0, 2π) that is orthogonally

scattered in the sense that
⟨
ξ(A, s), ξ(B, t)

⟩
= 0 for every s, t ∈ Z whenever A ∩ B = ∅ and such that

for all t ∈ Z

Xt =

∫ 2π

0

eiλtξ(dλ, t)

where the time dependent spectral measure ξ(·, t) is defined through the application of the spectral

measure to the vector Pt as for any Borel set A, we have ξ(A, t) = Q(A)Pt, where Pt is introduced in

Proposition 2.2.

2.3 Locally stationary processes

We present the concept of locally stationary process, which is a generalization of stationary random

process and is introduced by Silverman Silverman (1957). The definition of exponentially convex

process and its spectral representation is given too. Let X(t) be a random process (in general complex),

where the real parameter t lying in some index set I, which is a closed interval or the infinite real line

R. We assume that, for all t ∈ I, the second moment of X(t) exists and the first moment of X(t)

is zero; the latter assumption involves no loss of generality. Before proposing the definition of locally

stationary on an interval, we introduce the concept of partitioning of the parameter space I.

Definition 2.9. Let I ⊂ R be an interval (possibly R). A partition of I is a countable collection of

subintervals {B1, B2, . . .} where Bk ⊂ I is an interval and k belongs to some countable index set I,
such that

1. Bi ∩Bk = ∅ for all i ̸= k in I,
2. ∪k∈I Bk = I.

In the Silverman sense we have the following definition.
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Definition 2.10. The random process X(t), defined for all real t, is locally stationary in the wide

sense, or has a locally stationary covariance, if its covariance can be written as

RX(t, s) = q(t+ s)c(t− s)

where RX(t, s) is the covariance function of X(t) and q(t + s) is the average power of the process

at the point t + s. The quantity E[|X(t)|2] is the average instantaneous power of the process X(t).

The symmetrization has been chosen because it makes RX(t, s) Hermitian and because of its suggestive

meaning as the average or centroid of the points t and s. We have chosen the correlation function or

stationary covariance c(τ) to the normalized, by which we mean that c(0) = 1. The fact that RX(t, s)

is Hermitian implies that c(τ) = c∗(−τ).

2.4 Exponentially convex function

No we give a brief description of exponentially convex process Ehm et. al. (2003), Girardin and

Senoussi (2003).

Definition 2.11. The covariance function of a second order zero mean process {Z(t), t ∈ R} with finite

variance, cov
(
Z(ti), Z(tj)

)
= ψ(ti + tj), is called exponentially convex if and only if a complex-valued

function C defined on the product space R× R satisfies

n∑
i=1

n∑
j=1

aiajψ(ti + tj) > 0

for all finite sets of complex coefficients a1, . . . , an and points t1, . . . , tn ∈ R.

Example 2.12. Let {Z(t), t ∈ R} be a stochastic process with the covariance function cov(Z(t), Z(s)) =

ψ(t+ s),

ψ(u) = (1 + u2)e
u2

2 , u ∈ R.

As ψ(u) is an exponentially convex function Ehm et. al. (2003) and {Z(t), t ∈ R} is an exponentially

convex process.

We conclude the following theorem from the result of Berg et al. Berg et. al. (1984) (Theorem

5.11, p.12). The corresponding theorem shows that a continuous function is exponentially convex if

and only if it is the Laplace transform of a non-negative finite measure.

Theorem 2.13. Any continuous positive definite function ψ has the representation

ψ(t) =

∫
R
eλtdµ(λ), t ∈ R

for a uniquely determined positive Radon measure (a Borel measure that is finite on compact sets) µ.
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By Theorem 2.3 and the Karhunen-Loeve theorem, it follows that for any symmetric and continu-

ous, in the mean square, process Z(·) there exists a second order stochastic process F with orthogonal

increments and spectral measure µ such that

Z(t) =

∫
R
eλtdF (λ), t ∈ R.

3 Main results: A continuous time PC-LS model

We introduce a new class of non-stationary process which we call certain periodically correlated multi-

component locally stationary (PC-LS) and is a combination of two locally stationary and periodically

correlated processes as

X(t) = X ls(t) +Xp(t), t > 0 (3.1)

where X ls(·) is a multi-component LS process and Xp(·) is a sequence of PC process that are indepen-

dent. We partition the positive real line index space of the process, by disjoint intervals Bj = (sj−1, sj ]

where s0 = 0 and |Bj | = |Bj+T | for all j = 1, · · · , T and T ∈ N.

3.1 Continuous PC process

We define Mj as an orthogonally scattered random measure on Borel field of subsets of Bj , by Xp
j (t) :=

Mj(sj−1, t] for t ∈ Bj and Xp
j := Mj(Bj), j ∈ N where {Xp

j (t)} is a positive second order discrete

time PC process with period T of centered random variables. For t ∈ Bi, {Xp
i (t)} d

= {Xp
kT+i(t)},

i = 1, . . . , T and k = 0, 1, 2, . . ., in which S =
∑T
i=1 |Bi| and

d
= means equality of the finite dimensional

distributions. Thus

Xp(t) =
∞∑
j=1

Xp
j (t)IBj (t), t > 0 (3.2)

is a continuous time PC process. By the following projection, we provide a linear approximation of

the process say the traffic flow in the subintervals of each partition.

Let A ⊂ Bj , L
j
A = sp{Mj(D), D ⊂ A} and PjA : LjBj → LjA for j ∈ N be an orthogonal projection

which is defined by

PjAX
p
j = Mj(A). (3.3)

with the following property

PjAP
j
B = PjA∩B (3.4)

Our idea for providing a proper bilateral correlation of such variables and defining the covariance

structure of random measure Mj on subintervals of Bj is the followings. For A1, A2, B ∈ Bj where
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|A1| = |A2|, we assume that

corr
(
Mj(A1),Mj(B)

)
= corr

(
Mj(A2),Mj(B)

)
and by the fact that the flow of traffic on each subinterval of Bj with fixed length have the same

multivariate distribution with other random measure as the one of the flow of traffic on any other

subintervals of Bj with the same length. For A ⊂ Bj and B ⊂ Bj we define the covariance function of

Mj as

⟨
Mj(A),Mj(B)

⟩
=

2|A||B|
aj(|A| + |B|)

γpjj (3.5)

where
⟨
X,Y

⟩
= cov(X,Y ) = E[XY ], γpjk = E[Xp

jX
p
k ] and |Bj | = aj , j, k ∈ N. The correlation

function of this measure is

corr
(
Mj(A),Mj(B)

)
=

2
√

|A||B|
|A| + |B|

=
2√

|A|
|B| + |B|

|A| + 2
.

As for positive x, f(x) = x+ 1/x > 2 and equality holds for x = 1, so the correlation function is equal

to one when |A| = |B|. Also the correlation function decreases when the amounts of |A| and |B| differ

and increases when they approach to each other.

For A ⊂ Bj and B ⊂ Bk, j ̸= k

⟨
Mj(A),Mk(B)

⟩
=

|A||B|
ajak

γpjk. (3.6)

If B = Bk then |B|ak = 1, so for j ̸= k

⟨
Mj(A),Mk(Bk)

⟩
=

|A|
aj
γpjk. (3.7)

One can easily verify that, this inner product is well defined. In this case for t, u ∈ Bj and t 6 u we

have ⟨
Mj(sj−1, t],Mj(sj−1, u]

⟩
=

2atja
u
j

aj(atj + auj )
γpjj

and for t ∈ Bj , u ∈ Bk ⟨
Mj(sj−1, t],Mk(sk−1, u]

⟩
=
atja

u
k

ajak
γpjk

where atj = t− sj−1, aj = |Bj | and j ∈ N.



Periodically Correlated Multi-component Locally Stationary Processes 448

3.2 Multi-component LS process

We define a sequence of zero mean stationary process {Y sj (t), t ∈ Bj ∪Bj+1}, where Bj = (sj−1, sj ],

j ∈ N and B0 = ∅ where Y sj (t) ≡ Y sj (sj−1, t] and Y sj (0) = 0. We also consider X ls
j (t) as

X ls
j (t) = U j−1(t)Y sj−1(t) + U j(t)Y sj (t) (3.8)

for t ∈ Bj , j = 2, · · · , T and X ls
1 (t) = Y s1 (t) for t ∈ B1. Also Y s0 (·) = 0 and {U j(·)} is a random weight

with exponentially convex covariance which is independent to the processes {Y sj (·)}. We call X ls
j (t),

a multi-component locally stationary process as its covariance function is of the form (3.10). Relation

(3.8) explains an exponentially convex mixture of two stationary processes. Let

X ls(t) =
∞∑
j=1

X ls
j (t)IBj (t), t > 0. (3.9)

We show in Theorem 3.1 that X ls
j (·) is a zero mean multi-component LS process indexed by subsets

of subintervals of Bj . Thus X ls(t) is a simple multi-component LS process.

3.3 Covariance function of PC-LS process

By the following theorem, we find the covariance structure of the introduced model in this section.

Theorem 3.1. Let {Bj} be the partition of positive real line defined in subsection 3.2. The covariance

function of the multi-component PC-LS process X(t) = X ls(t) + Xp(t) where X ls(t) and Xp(t) are

independent and defined by (3.9) and (3.2) is γ(t, u) = γls(t, u) + γp(t, u) where

γls(t, u) =
∞∑
m=1

γlsm(t, u)IBm(t) (3.10)

and

γp(t, u) =

{ ∑∞
m=1

2atma
u
n

am(atm+aun)
γpmmIBm(t) m = n∑∞

m=1
atma

u
n

aman
γpmnIBm(t) m < n

in which

γlsm(t, u) = E[X ls
m(t)X ls(u)] =

m+1∑
n=m−1

Γm,n(t, u)

and Γm,n(t, u) = E[X ls
m(t)X ls

n (u)], t ∈ Bm, u ∈ Bn.

Proof: According to (3.8) and the fact that U j(·) and Y sj (·), j ∈ N are independent processes, for

t, u ∈ Bm, t 6 u we have

Γm,m(t, u) = E[X ls
m(t)X ls

m(u)] = ψm−1(t+ u)γm−1(t− u) + ψm(t+ u)γm(t− u).
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For t ∈ Bm and u ∈ Bm+1

Γm,m+1(t, u) = E[X ls
m(t)X ls

m+1(u)] = ψm(t+ u)γm(t− u).

For t ∈ Bm and u ∈ Bm−1

Γm,m−1(t, u) = E[X ls
m(t)X ls

m−1(u)] = ψm−1(t+ u)γm−1(t− u)

and for the other cases the process is uncorrelated. Then we have γlsm(t, u) as the result. This covariance

function confirms that, X ls
j (·) is multi-component LS process in the Silverman sense. Therefore

γls(t, u) = E[X ls(t)X ls(u)] = E[

∞∑
m=1

X ls
m(t)IBm(t)X ls(u)]

=
∞∑
m=1

E[X ls
m(t)X ls(u)]IBm(u) =

∞∑
m=1

γlsm(t, u)IBm(t).

The covariance function of Xp(·) is γp(t, u) = E[Xp(t)Xp(u)], for t ∈ Bm, u ∈ Bn m,n ∈ N and by

(3.2) we have

γp(t, u) = E
[( ∞∑
m=1

Xp
m(t)IBm(t)

)( ∞∑
n=1

Xp
n(u)IBn(u)

)]
=
∞∑
m=1

∞∑
n=1

E[Xp
m(t)Xp

n(u)]IBm(t)IBn(u).

Thus by (3.5) and (3.6) we have the result.

3.4 Spectral representation

By the integral representation of stationary and exponentially convex processes as mentioned in pre-

liminaries section, the spectral representation of the process X ls(t) is provided. Using the orthogonal

projection PjA defined by (3.3) and the spectral representation of discrete time PC process {Xp
j }∞j=1,

spectral representation of the continuous time PC process Xp(t) is obtained. Finally the harmonizable

representation of the multi-component PC-LS process X(·) and its spectral measure is characterized.

Lemma 3.2. Let {Xp
j }∞j=1 be a sequence of PC process with period T. Also Xp

j = V jPj, where

V =
∫ 2π

0
eiω/TQ(dω) and Pj is a periodic sequence with period T, j ∈ N. Then Mm(sm−1, sm−1 + t],

0 < t < |Bm|, defined by (3.3) can be represented as
∫ 2π

0
eiωm/TQ(dω)P̃m,t in which P̃m,t is the

corresponding periodic sequence to Mm(sm−1, sm−1 + t].

Proof: By using the result of Proposition 2.2, we can construct a new representation for the random

measure Mm as

Mm(sm−1, sm−1 + t] = V mP̃m,t
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where V m is a unitary operator and P̃m,t is a periodic function in m with period T . Thus by the

definition of V m in Proposition 2.2 we have that for t ∈ Bm

Mm(sm−1, sm−1 + t] =

∫ 2π

0

eiωm/TQ(dω)P̃m,t =

∫ 2π

0

eiωm/T ζm(dω, t)

where 0 < t < |Bm|, ζm(dω, t) = Q(dω)P̃m,t is a time varying spectral measure and the covariance

function ⟨
Mm(sm−1, t],Mn(sn−1, u]

⟩
=
⟨ ∫ 2π

0

eiωm/T ζm(dω, t),

∫ 2π

0

eiλn/T ζn(dλ, u)
⟩

=

∫ 2π

0

∫ 2π

0

ei
(ωm−λn)

T Θm,n(dλ, dω, t, u)
⟩

where Θm,n(dλ, dω, t, u) =
⟨
ζm(dλ, t), ζn(dω, u)

⟩
.

Theorem 3.3. The spectral representation of the multi-component PC-LS process X(t) = Xp(t) +

X ls(t) is

X(t) =

∫ ∞
−∞

eiλtZm(dλ, t), t ∈ Bm (3.11)

where the time varying spectral measure Zm(·, t) is defined as

Zm(dλ, t) = Φm(dλ, t) + eiλ(m/T−t)I[0,2π)(dλ)ζm(dλ, t) (3.12)

in which

Φm(dλ, t) = ϕm−1(dλ, t) + ϕm(dλ, t) (3.13)

and ϕm(dλ, t) = Um(t)ηm(dλ) that {Um(·)}∞m=1 are random variables with exponentially convex co-

variances. Also

Fm,n(dλ, dω, t, u) =
⟨
Φm(dλ, t),Φn(dω, u)

⟩

=


ψm−1,m−1(t+ u)E[|ηm−1(dλ)|2] + ψm,m(t+ u)dGm(λ) n = m,λ = ω

ψm,m(t+ u)dGm(λ) n = m+ 1, λ = ω

ψm−1,m−1(t+ u)dGm−1(λ) n = m− 1, λ = ω

0 |n−m| > 1, λ ̸= ω

Θm,n(dλ, dω, t, u) =
⟨
ζm(dλ, t), ζn(dω, u)

⟩
=

{
2atma

u
m

am(atm+aum) θ̃m,m(dλ) m = n
atma

u
n

aman
θ̃m,n(dλ) m ̸= n

where θ̃m,n(dλ) =
⟨
ξ(dλ,m), ξ(dλ, n)

⟩
and atm = t − sm−1 for t ∈ Bm, am = |Bm|. Also ζm(dλ, t) =

Q(dω)P̃m,t. Finally⟨
Zm(dλ, t), Zn(dω, u)

⟩
= Fm,n(dλ, dω, t, u) +AΘm,n(dλ, dω, t, u)
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where A = eim/T (λ+ω)−i(λt+ωu)I[0,2π)(dλ)I[0,2π)(dω).

Proof: For the spectral representation of X ls(t), first we find the spectral representation of X ls
j (t),

j ∈ N. By the result of Theorem 2.1, (2.1) and the definition of the process in (3.8), we have

X ls
m(t) = Um−1(t)

∫ ∞
−∞

eiλtdηm−1(λ) + Um(t)

∫ ∞
−∞

eiλtdηm(λ).

So X ls
m(·) is a mixture of two harmonizable processes with exponentially convex weights. Also

X ls
m(t) =

∫ ∞
−∞

eiλtϕm(dλ, t) +

∫ ∞
−∞

eiλtϕm−1(dλ, t)

where ϕm(dλ, t) = Um(t)ηm(dλ). Thus

X ls
m(t) =

∫ ∞
−∞

eiλtΦm(dλ, t), t ∈ Bm (3.14)

where Φm(dλ, t) is defined by (3.13), so orthogonally scattered property of Φj(dλ, t) follows from such

property of ηj(·) for j ∈ N. Thus the correlation of the spectral measure Φm(dλ, ·) is defined as

Fm,n(dλ, dω, t, u) = E[Φm(dλ, t)Φn(dω, u)]

= E
[(
Um−1(t)ηm−1(dλ) + Um(t)ηm(dλ)

)(
Un−1(u)ηn−1(dω) + Un(u)ηn(dω)

)]
.

Which by a simple calculation we obtain Fm,n(dλ, dω, t, u) as expressed by the theorem.

For finding the spectral representation of Xp(t), t ∈ R we have

Xp(t) =

∞∑
m=1

Xp
m(t)IBm(t) =

∞∑
m=1

Mm(sm−1, t]IBm(t)

where Mm is the random measure corresponding to partition Bm.

Then from the assumption in the theorem we have

⟨
Mm(sm−1, t],Mm(sm−1, u]

⟩
=

2atma
u
m

am(atm + aum)

∫ 2π

0

Fmm(dλ)

and in the same way

⟨
Mm(sm−1, t],Mn(sn−1, u]

⟩
=
atma

u
n

aman

∫ 2π

0

eiω
(m−n)
T Fmn(dλ).
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In this case, the spectral representation of Xp
m(t) = Mm(sm−1, t] is

Xp
m(t) =

∫ 2π

0

eiλm/T ζm(dλ, t), t ∈ Bm (3.15)

According to equations (3.14) and (3.15) we have

X(t) =
∞∑
m=1

(∫ ∞
−∞

eiλtΦm(dλ, t) +

∫ 2π

0

eiλm/T ζm(dλ, t)

)

=
∞∑
m=1

(∫ ∞
−∞

eiλtΦm(dλ, t) +

∫ 2π

0

eiλteiλ(m/T−t)ζm(dλ, t)

)

=
∞∑
m=1

∫ ∞
−∞

eiλt
(

Φm(dλ, t) + eiλ(m−t)I[0,2π)(dλ)
)
.

Thus the aggregated process has a time varying spectral representation by (3.11).
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Abstract: In this paper, by considering a (2n)-dimensional elliptically random vector
(
XT ,YT

)T
,

we derive the joint distribution of bivariate concomitants of order statistics
(
X[r], Y[s]

)T
. Further,

by considering an elliptical distribution for the (2n+ 1)-dimensional random vector
(
X0,X

T ,YT
)T

,

and treating X0 as a covariate variable, we present mixture representations for the joint distributions(
X0, X[r], Y[s]

)T
and

(
X0, aX[r] + bY[s]

)T
. These mixture representations enables us to obtain the best

(nonlinear) predictors of X0 based on X[r] and Y[s], and X0 based on aX[r] + bY[s].

Keywords: Bivariate Concomitants, Elliptical distribution, Mixture distribution, Multivariate unified

skew-elliptical distribution, Order statistics.
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1 Introduction

Let (Xi, Yi) , i = 1, ..., n be a random sample from an absolutely continuous bivariate distribution,

distributed commonly as (X,Y )T . Order the sample by X−variate, and obtain the order statistics

X(1), ..., X(n), then the Y−variate associated with the sth order statistics X(s) is called the concomitant

of the sth order statistic, and is conventionally denoted by Y[s]. David (1973) and Bhattacharya (1974)

discuss various distributional properties and inferential result concerning to univariate concomitants

of order statistics. Wang and Nagaraja (2009) discuss the properties of concomitants for dependent

samples. Recently Jamalizadeh and Balakrishnan (2012) consider the more general structure. They

have been considered X = (X1, ..., Xn)
T

and Y = (Y1, ..., Yn)
T

be two random vectors of dimension n

following the elliptical distribution as(
X

Y

)
∼ EC2n

(
µ =

(
µX

µY

)
,Σ =

(
ΣXX ΣXY

ΣYY

)
, h(2n)

)
, (1.1)

1Speaker’s Name : Ehsanroozegar@yahoo.com
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then they have been derived the exact distribution of univariate concomitants of order statistics. In this

paper we develop the result of univariate concomitants to bivariate concomitants of order statistics.

Specifically, by assuming the distribution in (1.1). For describe the problem briefly, consider a survey

involving n students in a university. Let (Xi, Yi) , i = 1, ..., n contain the scores of the ith-student in

midterm and final exams, respectively. Further, let X(1) < ... < X(n) and Y(1) < ... < Y(n), be the

vectors of order statistics corresponding to X and Y, respectively. The best students in midterm and

final exams, say X(n) and Y(n) are of interest, but the corresponding concomitants X[n] (the midterm

score of the best student in final exam) and Y[n] (the final score of the best student in midterm exam)

are of interest as well. Note that in this case the students are in a class and have been considered

under an educational program, and so the assumption of independence is not realistic.

The paper is organized as follows. In section 2, we first provide a short introduction to multivariate

unified skew-elliptical distributions. In section 3, we present a mixture representation for distribution

of
(
X[r], Y[s]

)T
. In section 4, by considering an elliptical distribution for the (2n+ 1)-dimensional

random vector
(
X0,X

T ,YT
)T

, and treating X0 as a covariate variable, we have presented mixture

representation for distributions
(
X0, X[r], Y[s]

)T
and

(
X0, aX[r] + bY[s]

)T
. These mixture representa-

tions enables us to obtain the best (nonlinear) predictors X0 based on X[r] and Y[s], and X0 based

on aX[r] + bY[s], and so on.

2 Preliminaries

The following notations will be used throughout this paper: Φn(· ;µ,Σ) for the cdf of Nn(µ,Σ),

Tn(· ;µ,Σ, ν) for the cdf of the n-variate t distribution, FECn
(
· ;µ,Σ, h(n)

)
and fECn

(
· ;µ,Σ, h(n)

)
for the cdf and pdf of the n-variate elliptical distribution with location parameter µ, dispersion matrix

Σ, and density generator function h(n), respectively: ECn
(
µ,Σ, h(n)

)
, and simply Φn(· ;Σ), Tn(· ;Σ, ν)

and FECn
(
· ;Σ, h(n)

)
for the case µ = 0.

In this section we give a brief review of multivariate unified skew-elliptical (SUE) distribution

presented by Arellano-Valle and Azzalini (2006).

Let U and V be two random vectors of dimensions m and n, respectively, such that(
U

V

)
∼ ECm+n

(
µ =

(
η

ξ

)
,Σ =

(
Γ ΛT

Λ Ω

)
, h(m+n)

)
, (2.1)

then, the n-dimensional random vector X is said to have the SUE distribution with parameter θ =

(ξ,η,Ω,Γ,Λ) and density generator function h(m+n), denoted by X ∼ SUEn,m
(
θ, h(m+n)

)
, if X

d
=

V | (U > 0) . The density function of X is

gSUEn,m

(
x;θ, h(m+n)

)
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=
fECn

(
x; ξ,Ω, h(n)

)
FECm

(
η;Γ, h(m)

) × FECm

(
η + ΛTΩ−1 (x− ξ) ;Γ−ΛTΩ−1Λ, h

(m)
w(x)

)
, (2.2)

for x ∈Rn, where w (x) = (x−ξ)
T

Ω−1 (x−ξ) and h
(m)
b (u) = h(m+n) (u+ b) /h(n) (b) for u, b > 0.

Note that for h(m+n) (u) = (2π)
−(m+n)/2

exp (−u/2) (u ≥ 0), the multivariate unified skew-normal

(SUN) distribution SUNn,m (θ) and for h(m+n) (u) =
Γ( ν+m+n

2 )

Γ( ν2 )(νπ)
m+n

2

(
1 + u

ν

)−(ν+m+n)/2
, the multivari-

ate unified skew-t (SUT) distribution SUTn,m (θ, ν) will be obtained.

Jamalizadeh and Balakrishnan (2012) presented the marginal and conditional distributions of the

SUE distributions. This result is given in the following lemma.

Let X1 and X2 be two random vectors of dimensions n1 and n− n1, respectively, where(
X1

X2

)
∼ SUEn,m

(
ξ,η,Ω,Γ,Λ, h(m+n)

)
.

Consider the following partitions of ξ, Ω and Λ with the dimensions matching suitably:

ξ =

(
ξ1
ξ2

)
, Ω =

(
Ω11 Ω12

Ω21 Ω22

)
, Λ =

(
Λ1

Λ2

)
.

Then we have the following lemma.

Lemma 2.1. (Jamalizadeh and Balakrishnan (2012))

(i) X1 ∼ SUEn1,m

(
ξ1,η,Ω11,Γ,Λ1, h

(m+n1)
)
;

(ii) X2 | (X1 = x1) ∼ SUEn−n1,m

(
ξ2.1(x1),η2.1(x1),Ω22.1,Γ2.1,Λ2.1, h

(m+n−n1)
q(x1)

)
, where

ξ2.1(x1) = ξ2 + Ω21Ω
−1
11 (x1 − ξ1) , η2.1(x1) = η + ΛT

1 Ω
−1
11 (x1 − ξ1) ,

Ω22.1 = Ω22 −Ω21Ω
−1
11 Ω12, Γ2.1 = Γ−ΛT

1 Ω
−1
11 Λ1,

Λ2.1 = Λ2 −Ω21Ω
−1
11 Λ1, q1(x1) = (x1 − ξ1)

T
Ω−111 (x1 − ξ1) .

In the normal and t cases when n = 1 whatever the value of m = 1, 2, . . .we can obtain the

corresponding moments. For example, if X ∼ SUN1,m (θ), where θ =
(
ξ,η, ω,Γ,λT

)
, ξ ∈R,η ∈Rm,

Γ ∈ Rm×m is a positive definite dispersion matrix, ω > 0, λ ∈Rm and λ = (λ1, · · · , λm)
T

, we have

[see Jamalizadeh and Balakrishnan (2012) ]

E(X) = ξ +
1

Φm (η;Γ)

m∑
i=1

λi√
γii

ϕ

(
ηi√
γii

)
Φm−1

(
η−i −

ηi
γii

γ−ii;Γ−i|i

)
, (2.3)
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where, for some i = 1, 2, ..,m,

γ =

(
γii γT−ii
γ−ii Γ−i−i

)
, λ =

(
λi

λ−i

)
,

(
ηi

η−i

)
,

with

Γ−i|i = Γ−i−i −
γ−iiγ

T
−ii

γii
. (2.4)

Similarly if X ∼ SUT1,m (θ, ν) , then for ν > 1,

E(X) = ξ +
Γ
(
ν−1
2

)
(ν)

ν/2

2
√
πΓ
(
ν
2

)
Tm (η;Γ, ν)

m∑
i=1

λi√
γii

(
ν +

η2i
γii

)−(ν−1)/2

×Tm−1

 √
ν − 1√
ν +

η2i
γii

(
η −i −

ηi
γii

γ−ii

)
;Γ−i|i, ν − 1

 . (2.5)

3 Joint distribution of bivariate concomitants

Let X = (X1, · · · , Xn)
T

and Y = (Y1, · · · , Yn)
T

be two random vectors of dimensions n, jointly

distributed as in (??) Also, let X(n) =
(
X(1), · · · , X(n)

)T
and Y(n) =

(
Y(1), · · · , Y(n)

)T
, denote the

vectors of order statistics arising from X and Y, respectively. Also let X[n] =
(
X[1], · · · , X[n]

)T
and

Y[n] =
(
Y[1], · · · , Y[n]

)T
be the vectors of concomitants corresponding to X(n) and Y(n), respectively.

In this section we present a mixture representation for the joint distribution of (X[r], Y[s])
T , for r =

1, 2, ..., n and s = 1, 2, ..., n, in the terms of multivariate unified skew-elliptical distributions. For this

purpose, let, for i = 1, · · · , n and j = 1, 2, ..., n, X and Y be partitioned as X =
(
Xi,X

T
−i
)T

and

Y =
(
Yj ,Y

T
−j
)T

and introduce the following partitions:

µX =

(
µXi
µX−i

)
, µY =

(
µYj
µY−j

)
, ΣXX =

(
σXiXi σTX−iXi

σX−iXi ΣX−iX−i

)
,

ΣYY =

(
σYjYj σTY−jYj

σY−jYj ΣY−jY−j

)
, ΣXY =

(
σXiYj σTY−jXi

σX−iYj ΣX−iY−j

)
.

Also, let n and 1 ≤ r ≤ n be two integers, and for integers 1 ≤ j1 < · · · < jr−1 ≤ n − 1, let the

diagonal matrix Sj1···jr−1 = diag (s1, · · · , sn−1) is such that si =

{
1, for i = j1, · · · , jr−1
−1, otherwise

. In

particular, Sj1···jn−1 = In−1 and Sj0 = −In−1.
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Theorem 3.1. The joint cdf of
(
X[r], Y[s]

)T
, for t = (t1, t2)

T ∈ R2 and for r = 1, 2, ..., n and s =

1, 2, ..., n are the mixtures

F[r],[s]

(
t;µ,Σ,h(2n)

)
=

n∑
i=1

n∑
j=1

∑
i∈I

∑
j∈J

πij,i,jGSUE2,2n−2

(
t;θij,i,j, h

(2n)
)
, (3.1)

where GSUE2,2n−2

(
.;θij,i,j, h

(2n)
)
is cdf of SUE2,2n−2

(
θij,i,j, h

(2n)
)
and I = {i : i = (i1 · · · ir−1) , 1 ≤

i1 < · · · < ir−1 ≤ n − 1 } , J = {j : j = (j1 · · · js−1) , 1 ≤ j1 < · · · < js−1 ≤ n − 1 } and the mixing

probabilities are πij,i,j = FEC2n−2

(
ηij,i,j;Γij,i,j, h

(2n−2)) with θij,i,j =
(
ξij ,ηij,i,j,Ωij ,Γij,i,j,Λij,i,j

)
where

ξij =

(
µXi
µYj

)T
, ηij,i,j =

 Si

(
µYi1n−1−µY−i

)
Sj

(
µXj1n−1−µX−j

)  ,

Ωij =

(
σXiXi σXiYj

σYjYj

)
, Γij,i,j =

(
Γ11
ij,i,j Γ12

ij,i,j

Γ22
ij,i,j

)
,

Γ11
ij,i,j = Si

(
σYiYi1n−11

T
n−1 − 1n−1σ

T
Y−iYi − σY−iYi1

T
n−1 + ΣY−iY−i

)
Si,

Γ12
ij,i,j = Si

(
σXjYi1n−11

T
n−1 − 1n−1σ

T
Y−iXj − σX−jYi1

T
n−1 + ΣX−jY−i

)T
Sj,

Γ22
ij,i,j = Sj

(
σXjXj1n−11

T
n−1 − 1n−1σ

T
X−jXj − σX−jXj1

T
n−1 + ΣX−jX−j

)
Sj,

Λij,i,j =

( [
Si

(
σYiXi1n−1 − σY−iXi

)]T [
Sj

(
σXjXi1n−1 − σX−jXi

)]T[
Si

(
σYiYj1n−1 − σY−iYj

)]T [
Sj

(
σXjYj1n−1 − σX−jYj

)]T
)
.

Proof. we have

F[r],[s]

(
t;µ,Σ,h(2n)

)
=

n∑
i=1

n∑
j=1

Pr
(
Xi ≤ t1, Yj ≤ t2, Y(r) = Yi , X(s) = Xj

)
. (3.2)

Consider (i, j)-th term on the RHS of (3.2), and write it as

Pr
(
Xi ≤ t1, Yj ≤ t2, Y(r) = Yi , X(s) = Xj

)
=

∑
i∈I

∑
j∈J

Pr
(
Si (1n−1Yi −Y−i) > 0,Sj (1n−1Xj −X−j) > 0

)
×Pr

(
Xi ≤ t1, Yj ≤ t2

∣∣Si (1n−1Yi −Y−i) > 0,Sj (1n−1Xj −X−j)
)

which readily yields the mixture representation for the cdf.

Remark 3.2. By using the result in Theorem 3.1, and the marginal and conditional distributions of the

multivariate unified skew-elliptical distribution presented in Lemma 2.1, we can easily find the marginal
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and conditional distributions of the vector
(
X[r], Y[s]

)T
. For example, the conditional distribution of

Y[s], given
(
X[r] = t1

)
enables us, by the results in (2.3) and (2.5), to obtain the conditional mean

E
[
Y[s]

∣∣(X[r] = t1
)]

in the normal and t cases. In fact, these conditional means are best (nonlinear)

predictors of Y[s] based on X[r] , under the squared-error loss.

4 Prediction via bivariate concomitant

In this section we consider the prediction based on bivariate concomitants of order statistics. For this

purpose, Let X0, X = (X1, · · · , Xn)T and Y = (Y1, · · · , Yn)
T

jointly distributed as X0

X

Y

 ∼ EC2n+1

µ∗ =

 µX0

µX

µY

 ,Σ∗=

 σX0X0 σTXX0
σTYX0

ΣXX ΣXY

ΣYY

 , h(2n+1)

 . (4.1)

Then, like as Theorem ??, we can show that the distribution of
(
X0, X[r], Y[s]

)T
and

(
X0, aX[r] + bY[s]

)T
where a ∈ R , b ∈ R can be expressed as a mixture of the SUE distributions. For this purpose, we need

the following partitions, for i = 1, 2, ..., n and j = 1, 2, .., n,

σXX0 =

(
σXjX0

σX−jX0

)
, σYX0 =

(
σYiX0

σY−iX0

)
.

Theorem 4.1. (i) The joint cdf of
(
X0, X[r], Y[s]

)T
, for t = (t1, t2, t3)

T ∈ R3, are the mixtures

F(X0,X[r],Y[s])

(
t;µ∗,Σ∗,h(2n+1)

)
=

n∑
i=1

n∑
j=1

∑
i∈I

∑
j∈J

πij,i,j ×GSUE3,2n−2

(
t;θ∗ij,i,j, h

(2n+1)
)
,

(ii) The joint cdf of
(
X0, aX[r] + bY[s]

)T
, for t = (t1, t2)

T ∈ R2, are the mixtures

F(X0,aX[r]+bY[s])

(
t;µ

′
,Σ

′
,h(2n+1)

)
=

n∑
i=1

n∑
j=1

∑
i∈I

∑
j∈J

πij,i,j ×GSUE2,2n−2

(
t;θ

′

ij,i,j, h
(2n+1)

)
,

where πij,i,j, ηij,i,j and Γij,i,j are as in Theorem 3.1, θ∗ij,i,j =
(
ξ∗ij ,ηij,i,j,Ω

∗
ij ,Γij,i,j,Λ

∗
ij,i,j

)
and

θ
′

ij,i,j =
(
ξ

′

ij ,ηij,i,j,Ω
′

ij ,Γij,i,j,Λ
′

ij,i,j

)
where

ξ∗ij =

 µX0

µXi
µYj

 , Ω∗ij =

 σX0X0 σXiX0 σYjX0

σXiXi σXiYj
σYjYj

 , ξ
′

ij =

(
µX0

aµXi + bµYj

)
,
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Λ∗ij,i,j =


[
Si

(
σYiX01n−1 − σY−iX0

)]T [
Sj

(
σXjX01n−1 − σX−jX0

)]T[
Si

(
σYiXi1n−1 − σY−iXi

)]T [
Sj

(
σXjXi1n−1 − σX−jXi

)]T[
Si

(
σYiYj1n−1 − σY−iYj

)]T [
Sj

(
σXjYj1n−1 − σX−jYj

)]T
 ,

Ω
′

ij =

(
σX0X0 aσXiX0 + bµYj

a2σXiXi + b2σYjYj + 2abσXiYj

)
, Λ

′

ij,i,j =

(
Λ

′11
ij,i,j Λ

′12
ij,i,j

Λ
′21
ij,i,j Λ

′22
ij,i,j

)
,

Λ
′11
ij,i,j =

[
Si

(
σYiX01n−1 − σY−iX0

)]T
, Λ

′12
ij,i,j =

[
Sj

(
σXjX01n−1 − σX−jX0

)]T
,

Λ
′21
ij,i,j =

[
Si

(
(aσYiXi + bσYiYj )1n−1 − aσY−iXi − bσY−iYj

)]T
,

Λ
′22
ij,i,j =

[
Sj

(
(aσXjXi + bσXjYi)1n−1 − aσX−jXi − bσX−jYj

)]T
.

Remark 4.2. By using the result in Theorem 4.1, and the marginal and conditional distributions

of the SUE distributions presented in Lemma 2.1, we can find the marginal and conditional distri-

butions of the vector
(
X0, X[r], Y[s]

)T
and

(
X0, aX[r] + bY[s]

)
for r = 1, ..., n and s = 1, ..., n. For

example, the conditional distribution of X0, given
(
X[n] = t2, Y[n] = t3

)
and

(
X[n] + Y[n] = t

)
enables

us, by the results in (2.3) and (2.5), to obtain the conditional mean E
[
X0

∣∣(X[n] = t2, Y[n] = t3
)]

and

E
[
X0

∣∣(X[n] + Y[n] = t
)]

in the normal and t cases, respectively.

Example 4.3. Suppose that (X1, X2, Y1, Y2) ∼ N4 (µ,Σ) , where µ = (1.65, 1.65, 3.5, 3.5)
T
and

Σ =


0.044 0.044 0.080 0.085

0.044 0.047 0.087 0.096

0.080 0.087 0.297 0.300

0.085 0.096 0.300 0.343

 .
Let GSUN2,2 (· ;θ) denote the cdf of SUN2,2 (θ) . So from Theorem ?? we have F[2],[2]

(
(t1, t2)

T
;µ,Σ

)
=∑2

i=1

∑2
j=1 πijGSUN2,2

(
(t1, t2)

T
;θij

)
, where π11 = π22 = 0.2684, π12 = π21 = 0.2316 and θij =(

ξij ,ηij ,Ωij ,Γij ,Λij

)
. By some simple calculation we have for i, j = 1, 2

ξij =

(
1.65

3.5

)
, ηij =

(
0

0

)
, Γ11 = Γ22 =

(
0.04 0.004

0.004 0.03

)
,

Γ12 = Γ21 =

(
0.04 −0.004

−0.004 0.03

)
, Ω11 =

(
.044 .080

.080 .297

)
, Ω12 =

(
.044 .085

.085 .343

)
,

Ω21 =

(
.047 .087

.087 .297

)
, Ω22 =

(
.047 .096

.096 .343

)
, Λ11 =

(
−.041 0

−.003 −.007

)
,
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Λ12 =

(
−.041 0

−.043 .011

)
, Λ21 =

(
.009 0

.003 −.007

)
, Λ22 =

(
.009 0

.043 .011

)
.
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Abstract: Count data often show a higher incidence of zero counts than would be expected if the

data were negative binomial distributed. Zero-inflated negative binomial models are a useful class of

models for such data, but parameter estimates may be seriously biased if the nonzero counts are over

dispersed in relation to the negative binomial distribution. These types of data are commonly found in

various scientific disciplines such as finance, insurance, biomedical, econometrical, ecology, and health

sciences. We therefore provide a score test for testing negative binomial models against zero-inflated

negative binomial alternatives. The score test has an advantage over the LRT and the Wald test in

that the score test only requires that the parameter of interest be estimated under the null hypothesis.

The purpose of this paper is test a negative Binomial against a zero inflated negative binomial model,

we show that zero inflated negative binomial better fitting for count data with excess zero.

Keywords Count data, Negative binomial distribution, Score test, Zero inflation distribution, Zero

inflated Negative Binomial distribution
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1 Introduction

Zero-inflated count models provide a method to explain the excess zeros by modeling the data as a

mixture of two separate distributions: one distribution is typically a Poisson or negative binomial

distribution that can generate both zero and nonzero counts, and the second distribution is a constant

distribution that generates only zero counts. Standard discrete distribution may fail to fit such data

either because of zero inflation or over/underdispersion. Now, there is increased interest in a zero

inflated distribution to account for extra zeros in data (Xie et al. (2009)). Failure to account for extra

zeros may result in biased parameter estimates and misleading inference. Because the zero inflated

2Maryam Hassanpour Khademi : maryam.hassanpour@math.iut.ac.ir
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distributions usually provide better statistical fit, some researchers, e.g., Hall (2000), Famoye and

Singh (2003), Bodhisuwan (2011) proposed these distributions.

As mentioned above, the mixed distribution defines one of the most important ways to obtain a new

probability distribution in applied probability and operational research (Gomez-Deniz et al. (2008)).

For the purpose, we are looking for a new zero inflated distribution which is a more flexible alternative

to fit count data with excess zeros.

When the underlying count distribution is a negative binomial, the mixture is called a zero-infated

negative binomial (ZINB) distribution. ZINB models are better models to fit count data with excess

zeros. For testing appropriate model to count data can used the test such as Wald test, likelihood

ratio test and score test. The score test has an advantage over the LRT and the Wald test in that the

score test only requires that the parameter of interest be estimated under the null hypothesis.

The ZINB model was discussed in Ridout et al. (2001) , where a score test is provided for testing

ZIP regression models against ZINB alternatives. A study of the score test in discrimination poisson

and zero inflated poisson models provided by Silva et al. (2013). For independent count data with

many zeros, Van den Broek (1995) have studied a score test for zero inflation in a Poisson distribution.

Deng and Paul (2005) have presented score tests for zero inflation and over-dispersion in generalized

linear models. Xiang et al. (2006) have developed a score test statistic for testing over-dispersion in

the ZIP mixed regression model against the ZINB mixed regression model based on the best linear

unbiased prediction type (BLUP) log likelihood.

In this paper, a score test provide for testing zero inflated negative Binomial against a negative

binomial model and show that zero inflated negative binomial models fitted better for count data with

excess zeros.

In Sections 2 gives an introduction to zero inflated negative binomial distribution and we said the

score test for testing NB against ZINB are described. In section 3 a simulation study have done and

the power and type I error of score test computed for different sample sizes and different values of

parameters. At the end, the conclusion and discussion mentioned.

2 Score test for Zero Inflated Negative Binomial distribution

let Y be a discrete non-negative random variable with a zero inflated distribution, where ω denote the

proportion of structural zeros:

P (Y= y) =ωf1 (y) + (1−ω) f2 (y) , y=0, 1, 2, ...



Testing Zero Inflated Negative Binomial against Negative Binomial distribution 464

where 0<ω<1, f2 (y) is a negative binomial probability mass function (pmf) of Y with parameter r, p,

and f1(y) denotes as

f1 (y) =

{
1 y= 0

0 o.w.

Now, we introduce some zero inflated distributions are as follows. If its probability mass function is

given by

f(Yi, ω, p) =

{
ω + (1 − ω)pr ; yi = 0

(1 − ω)
(
r+yi−1
yi

)
pr(1 − p)yi ; yi ̸= 0

(2.1)

A random variable Yi ( i=1,2,. . . , n) is said to be distribution according to a Zero Inflated Negative

Binomial distribution with parameters r, p and ω, which we denote by ZINB(r, p, ω), where ω refers

to the proportion of zeros, r number of successful and p is the success probability of the bernoulli

distribution. The mean and variance of this distribution are (1−ω) r 1−pp and (1−ω) r 1−pp2 , respectively.

Score tests are widely used for testing misspecifications in count models becouse they require to

use the model only under the null hypothesis. Now consider score test for ZI parameter, ω, that is

interpreted as the probability of obtaining a zero-out come from the Bernoulli distribution.

The test considers ω= 0 against ω> 0 , where ω is the proportion of zeros contained in the population

and it is the zero-inflation (deflation) parameter which can take negative values (− f(0,ω,p)
f(0,ω,p)−1<ω< 0).

Note that a zero-inflated model has ω> 0 .On the null hypothesis (ω= 0), (2.1) is reduced to the

negative binomial distribution. The rejection of the null hypothesis of this test leads us to interpret

the model to be used should be the Zero Inflated Negative Binomial (ZINB) distribution.

For doing this test, the GLR and Wald statistics cannot be used, since the MLE of parameters of

this distribution hadn’t closed form. So a score test used as a test statistic. Score test need to the

first and second order partial differentiation and parameter(s) estimate under null hypothesis. So, let

y1, y2 , . . . , yn be a random sample from (2.1) and the number of observations equal to zero was

defined by n0. For the remaining sample values y = 1, 2, . . . , we used the notations n1 to number of

observations equal to 1, n2 for the number of observations equal to 2 and so on, the n = n0 +
∑∞
y=1 ny

. Thus, the likelihood function is defined as,

L(ω, p |yi ) =
n∏
i=1

[(ω + (1 − ω)pr)Iyi=0 + Iyi>0(1 − ω)

(
r + yi − 1

yi

)
pr(1 − p)

yi ]

= (ω + (1 − ω)pr)
n0(

n∏
i = 1, yi > 0

(
r + yi − 1

yi

)
)(1 − ω)n−n0p(n−n0)r(1 − p)

n∑
i=1,yi>0

yi

.

(2.2)
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and the log likelihood function can be written as:

l(ω, p|yi) = n0 log(ω + (1 − ω)pr) + (n− n0) log(1 − ω) + (n− n0)r log p

+
n∑

i=1,yi>0

yi log(1 − p) +
n∑

i=1,yi>0

log

(
r + yi − 1

yi

)
.

So the first order partial derivatives were calculated using the log-likelihood function are,

dl(ω, p|yi)
dp

=
n0r(1 − ω)pr−1

ω + (1 − ω)pr
+

(n− n0)r

p
−
∑n
i=1 yi

1 − p
, (2.3)

dl(ω, p|yi)
dω

=
n0(1 − pr)

ω + (1 − ω)pr
− (n− n0)

1 − ω
. (2.4)

Where haven’t any closed from for p̂ and ω̂, but under H0 : ω = 0 , p̂ = nr
nr+

∑n
i=1 yi

. Then the score

test for testing H0 : ω = 0 against H1 : ω > 0 is closed as;

S(0) =
(dl (ω, p | yi)/dω)

2

−E(∂2l (ω, p | yi)/∂ω2)
=

(n0 − npr0)2

n0(1 − pr0)2 + (n− n0)p2r0
, (2.5)

where p0 = p̂ is the MLE estimate under H0, n is the sample size and n0 is the number of zero

observations contained in the sample. This statistic defined underH0 : ω = 0 is given by Equation (2.5)

that asymptotically converages to the chi-square distribution with one degree of freedom. Rejection of

H0 implies that ZINB model should be used to adjust the data distribution.

3 Monte Carlo Simulation

We examine the performances of score test statistics via Monte Carlo simulations to provide finite

sample properties of the proposed statistics. Using the Monte Carlo simulation, it was carried out

an assessment of the properties of the control of type I error and power of the score test so that the

likelihood of type I error was determined by the proportion of times where the statistic S were rejected

at nominal level of significance set at 5% when the sample were simulated on H0. Similarly the power

was computed, considering the simulated samples of H1. Thus, the parametric values used in 10000

Monte Carlo iterations were specified as the following description: a) Negative Binomial distribution

success probability (p) fixed at 0.6, 0.65, 0.7 and 0.75; b) different parametric values set by ω = 0.009,

0.01, 0.02, 0.03 and 0.05; c) different sample sizes (n) set at n = 5, 15, 50, 100 and 150,also for

these simulatoins, are considered r = 3. Thus, the effective control of type I error provided by the

test, considering a sample size that expresses high value of power, which is allowed to recommend the

required sample size for the score test can be used in the discrimination of Negative binomial or ZINB

models.
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Table 1: Type I error for the score test as function of sample size (n), r = 3, succeses probability of

NB, nominal level of significance α = 5% and N = 10000.

n p

0.60 0.65 0.70 0.75

5 0.1186 0.0792 0.0580 0.0745

15 0.0709 0.0329 0.0380 0.0729

50 0.0397 0.0467 0.0464 0.0617

100 0.0636 0.0421 0.0555 0.0509

150 0.0534 0.0470 0.0467 0.0469

4 Results and discussion

The results of simulation studies are presented in tables 1,2. The results of that Table 1, indicated

that, for all values of p, When the sample size increases, the probability of type I error was close

to the nominal level of significance. Also, for small sample sizes, such as n = 5, 15, the score test

is conservative. Score test power keeping the same parametric specifications regarding the negative

binomial probability successful of (p) and different sample sizes, the score test power was evaluated

under the alternative hypothesis considering the proportions of zero values hypothesized by at ω =

0.009, 0.01, 0.02, 0.03 and 0.05. The values obtained for the study of the power test are described

in Table 2. However, it should be emphasized that according to the results on the probability of

occurrence of Type I error control have been consistent with the nominal level of significance set at

0.05. The results of Table 2 showed that the power increases slowly when ω increases, e.g. for successful

probability p = 0.75 and n = 50, the power increases of 0.8327 to 0.9008. The power of test increased

closed to 1 in high successful probability and large sample size.
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Abstract: In this paper, we consider the linear consecutive k-out-of-n systems consisting of exchange-

able components. We study the reliability properties of the residual lifetimes of such systems under

the condition that at least n − r + 1, (r ≤ n), components of the system are operating and present

some stochastic comparisons on this conditional random variable.
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1 Introduction

The consecutive k-out-of-n and related systems are important structures of coherent systems in field

of reliability engineering. The consecutive k-out-of-n systems consist of n components arranged in

a line (linear case), and they fail (function) if a particular number of consecutive components fail

(work). These systems are used for modelling various engineering systems such as microwave stations

of a telecom network, oil pipeline systems, and vacuum systems in an electron accelerator. One of

the most popular type of consecutive systems is consecutive k-out-of-n system. A linear consecutive

k-out-of-n:F (G) (Lin/Con/k/n:F (G)) system consists of n linearly arranged components such that

the system fails (works) if and only if at least k consecutive components fail (work). For a review of

consecutive type systems, one can see Chang et al. (2000) or Kuo and Zuo (2003).

The study on the reliability properties of consecutive k-out-of-n systems has been considered by

various researchers. Chen and Hwang (1985) investigated the failure distribution of consecutive k-out-

of-n:F systems in the case where the system has independent and identically distributed components.

Aki and Hirano (1996) represented the reliability function of a linear consecutive k-out-of-n:F system as

mixture of the reliability of ordered lifetime of its components, whenever the lifetimes are independent

and identically distributed. Stochastic ordering results on the lifetime of linear and circular consecutive

k-out-of-n:F systems have been obtained by Boland and Samaniego (2004). Navarro and Eryilmaz

(2007) studied the mean residual lifetimes of the systems having exchangeable components. Eryilmaz

1Speaker’s Name: E. Salehi, salehi@birjandut.ac.ir
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(2009) studied the reliability properties of linear consecutive k-out-of-n systems including arbitrarily

dependent components. Recently, Salehi et al. (2011) and Salehi et al. (2012) investigated the

residual lifetime of of consecutive k-out-of-n systems under different scenarios.

Suppose that T is the lifetime of a coherent system which includes n components with lifetimes of

T1, T2, . . . , Tn. Denote by T1:n, T2:n, . . . , Tn:n the ordered lifetimes of the components. The conditional

random variable {T − t|Tr:n > t} represents the residual lifetime of the system under the condition

that at least n − r + 1 components of the system are working at time t. The residual lifetime of a

system have been considered by many authors recently. Among others, we refer to Asadi and Bairamov

(2006), Bairamov and Arnold (2007), Li and Zhang (2008), Li and Zhao (2008), Zhao et al. (2008)

and Kochar and Xu (2010). Most of the presented results obtained in the literatures are restricted

to the case when the components are independent and identically distributed. However, in fact the

components are not independent in real, and then the researchers have been paid their attentions on

this subject. In this regards, we can refer to Navarro et al. (2007), Navarro and Spizzichino (2010),

Jia et al. (2010), Zhang (2010), Sadegh (2011), Navarro and Rubio (2011) and Rezapour et al.

(2013).

This paper is organized as follows: In the beginning of Section 2, we give some preliminary results

on distributional properties of Lin/Con/k/n:G (F). In Section 3, we present two important lemmas

to obtain the main results. In following, by using lemmas we obtain the reliability of the residual

lifetime of the linear consecutive k-out-of-n including exchangeable components, and also, we do some

comparisons between them in different stochastic orders.

2 Preliminaries

A system consist of n components is said to be a Lin/Con/k/n:G(F) system such that the system

operates (fails) if and only if at least k consecutive components operate (fail). Let Ti, i = 1, 2 . . . , n,

denote the lifetimes of n components which are connected to the consecutive systems Lin/Con/k/n:G

or Lin/Con/k/n:F. Denoting by TLk|n the lifetime of the Lin/Con/k/n system, it can be shown that

the lifetimes of these systems can represented as follows, respectively.

TLk|n:G = max{T[1:k], T[2:k+1], . . . , T[n−k+1:n]},

TLk|n:F = min{T [1:k], T [2:k+1], . . . , T [n−k+1:n]},

where T[i:m] = min{Ti, . . . , Tm} and T [i:m] = max{Ti, . . . , Tm} for 1 ≤ i < m ≤ n.
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Eryilmaz (2009), for the case of 2k ≥ n, obtained the explicit form of the reliability function of

the systems Lin/Con/k/n:G and Lin/Con/k/n:F as

F̄Lk|n:G(t) = P (TLk|n:G > t) =

n∑
i=k

[
P (T[i−k+1:i] > t) − P (T[i−k+1:i+1] > t)

]
, (2.1)

and

F̄Lk|n:F (t) = P (TLk|n:F > t) = 1 −
n∑
i=k

[
P (T [i−k+1:i] ≤ t) − P (T [i−k+1:i+1] ≤ t)

]
, (2.2)

where P (T[n−k+1:n+1] > t) = P (T [n−k+1:n+1] ≤ t) = 0. In these representations one does not need to

have the assumptions that the components lifetimes be either independent or identically distributed, i.e.

the representations are valid if the components are dependent and have a arbitrary joint distribution.

In the following, we present the concept of usual stochastic order and important lemma, for more

details we refer the reader to Shaked and Shanthikumar (2007).

Definition 2.1. Let X and Y be random variables with survival functions F̄ and Ḡ, respectively. X

is said to be smaller than Y in the usual stochastic order (denoted by X ≤st Y ) if F̄ (t) ≤ Ḡ(t) for all

t.

Lemma 2.2. Let {X1, X2, . . .} be a sequence of (not necessarily independent) random variables. Then

Xi:m ≤st Xj:n, whenever i ≤ j and m− i ≥ n− j.

3 Main results

Let T = (T1, T2, . . . , Tn) be a exchangeable random vector and assume that T has an arbitrarily joint

distribution function F (t1, t2, . . . , tn) with corresponding joint reliability function F̄ (t1, t2, . . . , tn). In

the following we give two important lemmas which are required to present the main results (for proof

see Eryilmaz (2011)).

Lemma 3.1. Let T1, T2, . . . , Tn be exchangeable lifetimes of n components with joint distribution

F (t1, t2, . . . , tn). Then, for x, t > 0, the joint survival function of T1:k and Tr:n is

Hk,r,n(x, t) = P (T1:k > x+ t, Tr:n > t)

=
n∑

j=max{k,n−r+1}

j−k∑
m=0

(
n− k

j − k

)(
j − k

m

)
pm,j(x, t), (3.1)
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where

pm,j(x, t) =
m∑
l1=0

n−j∑
l2=0

(−1)l1+l2
(
m

l1

)(
n− j

l2

)
F̄ (0, . . . , 0︸ ︷︷ ︸

n−j−l2

, t, . . . , t︸ ︷︷ ︸
m−l1+l2

, x+ t, . . . , x+ t︸ ︷︷ ︸
j−m+l1

).

Lemma 3.2. Let T1, T2, . . . , Tn be exchangeable lifetimes of n components with joint distribution

F (t1, t2, . . . , tn). Then, for x, t > 0, the joint distribution function of Tk:k and Tr:n is

Ik,r,n(x, t) = P (Tk:k ≤ x+ t, Tr:n ≤ t)

=
n∑
j=r

min{k,n−j}∑
m=max{0,k−j}

(
k

m

)(
n− k

j − k +m

)
qm,j(x, t), (3.2)

where

qm,j(x, t) =
m∑
l1=0

j∑
l2=0

(−1)l1+l2
(
m

l1

)(
j

l2

)
F̄ (0, . . . , 0︸ ︷︷ ︸

j−l2

, t, . . . , t︸ ︷︷ ︸
m−l1+l2

, x+ t, . . . , x+ t︸ ︷︷ ︸
n−j−m+l1

).

Now, let T1, T2, . . . , Tn be the exchangeable random variables representing the lifetimes of the

components of the consecutive k-out-of-n system. Assume that T = (T1, T2, . . . , Tn) have the joint

arbitrarily survival F̄ (t1, t2, . . . , tn). In the following, we represent the reliability function of the residual

lifetime of linear consecutive k-out-of-n systems, i.e. T k,rn,G,L(t) = {TLk|n:G − t|Tr:n > t} and T k,rn,F,L(t) =

{TLk|n:F − t|Tr:n > t}.

Theorem 3.3. Let T1, T2, . . . , Tn be the exchangeable lifetimes of n components of Lin/Con/k/n

system. Then for 2k ≥ n and x, t > 0,

P (TLk|n:G − t > x|Tr:n > t) =
1

F̄r:n(t)

[
(n− k + 1)Hk,r,n(x, t) − (n− k)Hk+1,r,n(x, t)

]
, (3.3)

and

P (TL
k|n:F − t > x| Tr:n > t) = 1− 1

F̄r:n(t)

[
(n− k + 1)

(
1− F̄k:k(x+ t)− Ik,r,n(x, t)

)
− (n− k)

(
1− F̄k+1:k+1(x+ t)− Ik+1,r,n(x, t)

)]
, (3.4)

where Hk,r,n(x, t) and Ik,r,n(x, t) are defined in (3.1) and (3.2), respectively.

Proof. For 2k ≥ n,

P (TLk|n:G > x+ t|Tr:n > t) =
1

F̄r:n(t)
P (TLk|n:G > x+ t, Tr:n > t).

From (2.1), the exchangeable assumption, and using Lemma 3.1, we reach to expression (3.3). Similarly

for Lin/Con/k/n:F system, from (2.2) and using Lemma 3.2, the proof is complete.
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Theorem 3.4. Let T1, T2, . . . , Tn be the arbitrarily random variables showing the lifetimes of the

components of a Lin/Con/k/n:G system with a joint survival function F̄ (t1, t2, . . . , tn). Then for

k ≥ max{n− r + 1, [n2 ]} and for all t > 0,

T r+1,k
n,G,L (t) ≤st T r,kn,G,L(t).

Proof. To prove the required result, we have to show that for t > 0,

P (TLk|n:G − t > x|Tr+1:n > t) ≤ P (TLk|n:G − t > x|Tr:n > t), for all x > 0.

Using (3.3), for 2k ≥ n, we have

P (TLk|n:G − t > x|Tr:n > t) − P (TLk|n:G − t > x|Tr+1:n > t) =
∆(k) − ∆(k + 1)

F̄r:n(t)F̄r+1:n(t)
,

where

∆(k) = (n− k + 1)
[
F̄r+1:n(t)Hk,r,n(x, t) − F̄r:n(t)Hk,r+1,n(x, t)

]
, 2k ≥ n.

If k ≥ n − r + 1, using (3.1), Hk,r,n(x, t) = Hk,r+1,n(x, t) and Hk+1,r,n(x, t) = Hk+1,r+1,n(x, t), for

l = 1, 2, . . . , n− k + 1. Therefore,

∆(k) − ∆(k + 1) =
[
F̄r+1:n(t) − F̄r:n(t)

][
(n− k + 1)Hk,r,n(x, t) − (n− k)Hk+1,r,n(x, t)

]
(3.5)

From Lemma 3.1, the first bracket in expression (3.5) is non-negative. SinceHk,r,n(x, t) ≥ Hk+1,r,n(x, t),

when k ≥ n−r+1, the second bracket in expression (3.5) also is non-negative. Hence, for k ≥ n−r+1,

∆(k)−∆(k+ 1) ≥ 0, and it means that T r+1,k
n,G,L (t) ≤st T r,kn,G,L(t). Therefore, the proof is complete.

The following example gives an application of this theorem.

Example 3.5. Let T1, T2, T3 and T4 denote the exchangeable lifetimes of four components which are

connected in a Lin/Con/3/4:G system and assume that Ti’s have a FGM multivariate exponential

distribution with parameters θ = (θ12, θ13, . . . , θ1234) and λ > 0, the joint survival function

F̄ (t1, t2, t3, t4)

= 1 +

4∑
p=1

(−1)p
∑

1≤i1<i2<...<ip≤4

p∏
l=1

(
1− e−λtil

)[
1 +

p∑
d=2

∑
1≤j1<j2<...<jd≤p

θj1j2...jde
−λ

∑d
l=1 tjl

]
,

where j1, j2, . . . , jd ∈ {i1, i2, . . . , ip}, i1, i2, . . . , ip ∈ {1, 2, 3, 4}. In special case, let θ12 = θ13 = . . . =

θ1234 = θ, hence

F̄ (t, t, t, t) = 1 − 4F (t) + 6F 2(t)
[
1 + θF̄ 2(t)

]
− 4F 3(t)

[
1 + 3θF̄ 2(t) + θF̄ 3(t)

]
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Figure 1: The curves of survival functions of T r,3
4,G,L(t), r = 2, 3 at t = 1, for Example 3.5.

+ F 4(t)
[
1 + 6θF̄ 2(t) + 4θF̄ 3(t) + θF̄ 4(t)

]
.

It can be shown that

P (TL3|4:G − t > x|T2:4 > t) − P (TL3|4:G − t > x|T3:4 > t)

=
F̄3:4(t) − F̄2:4(t)

F̄2:4(t)F̄3:4(t)

[
2F̄ (x+ t, x+ t, x+ t) − F̄ (x+ t, x+ t, x+ t, x+ t)

]
≥ 0.

The graphs of the survival functions of T r,34,G,L(t), r = 2, 3, for θ = 0.25, λ = 0.5, at a fixed point t = 2,

are plotted in Figure 1.

Remark 3.6. It is shown that when the linear consecutive k-out-of-n systems had arbitrary components

then for all t > 0 (see Eryilmaz (2010))

T r,k+1
n,G,L(t) ≤st T r,kn,G,L(t), T r,kn,F,L(t) ≤st T r,k+1

n,F,L (t).
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Expressions for the mean of the order statistics from the
skew-normal distribution and their application

Mahdi Salehi 1 and Mahdi Doostparast
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P.O. Box 1159, Mashhad, 91775 Iran

Abstract: In design of experiments and reliability analyze, order statistics (OS) are used for various

purposes including model checking, estimation of parameters and prediction. Most of these procedures

are defined on the basis of the expectations of OS. In this paper, explicit expressions for moments

of OS coming from the skew-normal (SN) distribution are derived. The SN model enjoys interesting

properties from the normal distribution while captures asymmetric behaviour in the parent population.

Two real data sets are analyzed as illustration purposes.

Keywords Order statistics, Skew-normal distribution, Goodness-of-fit test.

1 Introduction

Suppose that Y1, · · ·, Yn are independent and identically distributed (iid) random variables. The cor-

responding order statistics (OS) are the Yi’s arranged in increasing order of magnitude, denoted by

Y1:n ≤ · · · ≤ Yn:n. The OS arise in many practical situations such as characterizations of probability

distributions, goodness-of-fit tests, analyze of censored samples and reliability theory. For more details,

see David and Nagaraja (2003) and the references therein.

Statistical inferences based on order statistics have been considered under some well-known parametric

distributions such as exponential, Weibull, Burr, Pereto and normal distributions. Here in this paper,

we are going to derive the moments of order statistics from the skew-normal distribution. A random

variable Zλ is said to have a standard skew-normal distribution with parameter λ ∈ R, denoted by

Zλ ∼ SN(λ), if its density is [Azzalini (1985)]

ϕSN (z;λ) = 2ϕ(z)Φ(λz), z ∈ Re, λ ∈ Re, (1.1)

where ϕ(z) and Φ(z) stand for the density and the cumulative distribution function (cdf) of the

standard normal distribution, respectively.

1Speaker: Salehi2sms@gmail.com (M. Salehi), doustparast@um.ac.ir (M. Doostparast)
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The result obtained in this paper can be used in various statistical problems involving the normal

distribution. We will illustrate the application of the obtained result in the goodness of fit tests.

Therefore, the rest of this paper is organized as follows: Explicit expressions for moments of OS

arising from the SN-distribution are derived in Section 2. In Section 3, two real data sets are analyzed.

Section 4 concludes. The proofs are eliminated.

2 OS from the SN-distribution

In the sequel, let Zi:n be the ith order statistic in a random sample of size n coming from the standard

normal distribution. The problems on moments of the Zi:n have been considered in the literatures.

Among of them, Harter (1970) provided approximations for E(Zi:n) (n ≤ 400) and Bose and Gupta

(1959) obtained explicit expressions for E(Zi:n) when n ≤ 5. Tietjen et al. (1977) also derived means,

variances, and covariances of OS for sample sizes up to 50.

Here, we extend previous works and derive expression for moments of OS coming from the SN-

distribution. To do this, let Z(i:n),λ be the ith order statistic from a random sample of size n coming

from the SN(λ)-distribution. Then, after using the binomial expansion, the density of Z(i:n),λ is

ϕi:n(z;λ) = i

(
n

i

)
ϕSN (z;λ)

n−i∑
d=0

(
n− i

d

)
(−1)dΦd+i−1SN (z;λ), z ∈ Re, (2.1)

for i = 1, · · ·, n.

Chiogna (1998) proved that

E
(
Z(2:2),λ

)
=

√
2

π

λ√
1 + λ2

+

(
2

π

)1.5(√
2 tan−1

√
1 + λ2 − λ√

1 + λ2
tan−1

λ√
2

)
. (2.2)

Moreover, she derived a recurrence relation for the second moment of Z(i:n),λ, 1 ≤ i ≤ n. In this

section, we first obtain an explicit expression for the moment generating function (MGF) of the the

random variable Z(i:n),λ, i.e. MZ(i:n),λ
= E

(
exp{tZ(i:n),λ}

)
, as a linear combination of the cdf of the

multivariate normal distribution. First, we need the following lemma which is a special case of Lemma

3 of Jamalizadeh and Balakrishnan (2009). Hereafter, 0n is a column vector of all zeros of order n,

1n is a column vector of all ones of order n, and In is the identity matrix of order n.

Lemma 2.1. If Zλ ∼ SN(λ) and k(≥ 2) is a positive integer value, then

E
[
ZλΦkSN (Zλ;λ)

]
=

k2k+1

π1.5
cos−1

(
−λ2

2 + λ2

)
Φ2k

(
02k; Ω̃1

)
+

2k+1λ√
2π(1 + λ2)

Φ2k

(
02k; Ω̃2

)
, (2.3)
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where

Ω̃1 =

(
Ik+1 −∆

(1)T
k,λ

−∆
(1)
k,λ Σk−1,1

)
, Ω̃2 =

(
Ik −∆

(2)T
k,λ

−∆
(2)
k,λ Σk,λ

)
, (2.4)

with partitioned covariance matrixes

∆
(1)
k,λ =

(
λ√

1.5(1+λ2)
Ik−1

... − λ√
6+3λ2

1k−1
... − λ√

6+3λ2
1k−1

)
(k−1)×(k+1)

, (2.5)

∆
(2)
k,λ =

λ√
2 + λ2

Ik, (2.6)

and

Σk,λ =
1

2 + λ2
(
1k1

T
k + [1 + λ2]Ik

)
. (2.7)

In addition, for k = 1, the expression (2.3) simplifies to

E [ZλΦSN (Zλ;λ)] =
2

π1.5
tan−1

√
1 + λ2 +

λ√
2π(1 + λ2)

(
1 − 2

π
tan−1

λ√
2

)
. (2.8)

Remark 2.2. Upon substituting λ = 0 into (2.3)–(2.8) we get

E
[
ZΦk(Z)

]
=

k

2
√
π

Φk−1 (0k−1;Σk−1,1) , k ≥ 1, (2.9)

where Z ∼ N(0, 1) and Φ0(·; ·) ≡ 1.

Proposition 2.3. The MGF of the random variable Z(i:n),λ is

MZ(i:n),λ
(s;λ) = 2ii

(
n

i

)
e
s2

2

n−i∑
d=0

(−2)d

(
n− i

d

)
Φ2j+1

(
ỹ; Ω̃

)
, (2.10)

where j = d+ i− 1 and

γ =

 0j

· · ·
λs√
1+λ2

 , ∆ =
λ√

2 + 2λ2

(
Ij

... −1j

)
j×(j+1)

, (2.11)

ỹ =

 γ

· · ·
s√
2
1j

 , Ω̃ =

(
Ij+1 −∆T

−∆ 1
2 [1j1

T
j + Ij ]

)
. (2.12)
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By differentiation from (2.10) at zero, we can derive E
(
Zk(i:n),λ

)
for k=1,2, · · · . In this regard,

Lemma 2 of Salehi et al. (2014) is useful. Notice that the mentioned method needs time-consuming

algebraic manipulations. So, in the rest of this section we obtain the first moment of the random

variable Z(i:n),λ directly from the density (2.1). To this end, we have

E[Z(i:n),λ] = i

(
n

i

)
n−i∑
d=0

(
n− i

d

)
(−1)d

∫ +∞

−∞
zϕSN (z;λ)Φd+i−1SN (z;λ)dz

= i

(
n

i

)
n−i∑
d=0

(
n− i

d

)
(−1)dE[ZλΦd+i−1SN (Zλ;λ)], i = 1, · · ·, n. (2.13)

So, using the fact that E(Zλ) = λ
√

2/(π(1 + λ2)) and Lemma 2.1, the explicit expressions for

E[Z(i:n),λ](i = 1, · · ·, n) are obtained.

Example 2.4. For n = i = 2 in (2.13) we have

E
(
Z(2:2),λ

)
= 2E [ZλΦSN (Zλ;λ)] =

4

π1.5
tan−1

√
1 + λ2

+

√
2

π

λ√
(1 + λ2)

(
1 − 2

π
tan−1

λ√
2

)
,

which is equivalent to (2.2) derived by Chiogna (1998). Moreover, substituting n = 2 and i = 1 into

(2.13) and using Lemma 2.1, we have

E
(
Z(1:2),λ

)
= 2

{
E (Zλ) − E [ZλΦSN (Zλ;λ)]

}
=

√
2

π

λ√
1 + λ2

− 4

π1.5
tan−1

√
1 + λ2 −

(
2

π

)1.5
λ√

1 + λ2
tan−1

λ√
2
.

Example 2.5. By substituting λ = 0 into (2.13) and then using (??), a close form for E(Zi:n) (i =

1, · · ·, n) is obtained in term of the cdf of the normal distribution, i.e.

E[Zi:n] = i

(
n

i

)
n−i∑
d=0

(
n− i

d

)
(−1)d

k

2
√
π

Φk−1 (0k−1;Σk−1,1) , (2.14)

where k = d+ i− 1 and Σk−1,1 = 1
31k1

T
k + 2

3Ik.

In Table 1, we present numerical values of E
[
Z(i:15),λ

]
given by (2.13) and (2.14) for some selected

values of λ and i. We mentioned that the cdf of the normal distribution is computed using the statistical

software R version 2.15.2 (see, R Development Core Team (2012)) with the package mnormt. Notice
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that the SN(λ)-distribution converges to the positive standard half-normal-distribution (HN+) with

density ϕ+HN (z) = 2ϕ(x), x ≥ 0, as λ goes to infinity. Therefore, the last row of Table 1 is associated

with the expectation of the ith OS in a sample of size 15 coming from the HN+-distribution.

Corollary 2.6. Since −Zλ
d
= Z−λ, we have E

[
Z(i:n),−λ)

]
= −E

[
Z(n−i+1:n),λ

]
.

According to Corollary 2.6, the values of Table 1 can be used for the means of Z(i:15),λ for λ ≤ 0.

Table 1: The values of E
[
Z(i:15),λ

]
given by Equation (2.13) for some selected values of λ.

i

λ 1 2 3 4 5 6 7 8

0 −1.7359 −1.2479 −0.9477 −0.7149 −0.5157 −0.3353 −0.1653 0.0000

1 −0.8273 −0.4499 −0.2145 −0.0303 0.1287 0.2739 0.4118 0.5470

2 −0.3771 −0.1093 0.0631 0.2018 0.3242 0.4388 0.5502 0.6620

3 −0.1925 0.0172 0.1565 0.2722 0.3774 0.4784 0.5790 0.6823

4 −0.1017 0.0740 0.1948 0.2984 0.3950 0.4898 0.5861 0.6865

5 −0.0503 0.1032 0.2135 0.3097 0.4017 0.4936 0.5882 0.6875

6 −0.0180 0.1191 0.2244 0.3148 0.4046 0.4951 0.5888 0.6878

7 0.0026 0.1316 0.2281 0.3183 0.4060 0.4957 0.5891 0.6879

∞ 0.0787 0.1583 0.2393 0.3221 0.4075 0.4962 0.5893 0.6879

i

λ 9 10 11 12 13 14 15

0 0.1653 0.3353 0.5157 0.7149 0.9477 1.2479 1.7359

1 0.6832 0.8246 0.9760 1.1450 1.3450 1.6070 2.0428

2 0.7774 0.9000 1.0346 1.1884 1.3749 1.6251 2.0508

3 0.7911 0.9088 1.0398 1.1912 1.3762 1.6255 2.0509

4 0.7934 0.9100 1.0403 1.1914 1.3763 1.6256 2.0509

5 0.7939 0.9102 1.0404 1.1914 1.3763 1.6256 2.0509

6 0.7940 0.9102 1.0404 1.1914 1.3763 1.6256 2.0509

7 0.7940 0.9102 1.0404 1.1914 1.3763 1.6256 2.0509

∞ 0.7941 0.9102 1.0404 1.1914 1.3763 1.6256 2.0509

3 Illustrative examples

To demonstrate the results obtained in preceding sections, we here analyzed two real data sets. In

the examples, we used the procedure sn.mle in package sn of the statistical software R version 2.15.2

(R Development Core Team (2012)) to obtain the maximum likelihood (ML) estimates of the SN-

distribution. For the Kolmogorov-Smirnov (KS) goodness-of-fit test, the procedure ks.test is imple-

mented. For comparison various models, we considered the well known Akaik’s Infomration Certrion

(AIC) defined by AIC = −2 logL + 2M where L and M , respectively, are the likelihood function

(LF) and the number of the estimated parameters.
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3.1 Times of electrical equipments data set

Here, we consider a data set on life testing of an given electrical equipment, due to Nadarajah (2008),

planned for quality control purposes. The data are 15.17, 19.87, 20.18, 21.5, 21.88, 22.23, 23.02, 23.9,

28.17, 29.7. We assume that the lifetime random variable X follows the SN(λ)-distribution with the

location and the scale parameters µ and σ, respectively, i.e. X
d
= µ+ σZλ, where Zλ ∼ SN . The ML

estimates of the parameters are obtained as µ̂=19.2122, σ̂=5.1563 and λ̂=1.4002 with AIC=61.6165.

The p-value of the KS test is 0.9496 which support the adequacy of the SN -distribution. For an in-

formal goodness of fit test, we plot the sorted observed failure times versus expectations of OS arising

from SN(µ̂, σ̂, λ̂) obtained from (2.13), i.e. µ̂+ σ̂E
(
Z(i:10),λ̂

)
, for i = 1, · · ·, 10, in Figure 1.

20 22 24 26 28 30
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28
30
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E
xp

ec
te

d

Figure 1: Plot of µ̂+ σ̂E
(
Z(i:10),λ̂

)
(i=1, · · · ,10) versus the observed failure times of electrical equipments data set.

Notice that, Nadarajah (2008) fitted the gamma distribution by density f(x;α) = xα−1e−x/Γ(α)

on the transformed data from xi to x̄xi/s
2
x with AIC=63.3008. So, by comparing AICs, the SN -

distribution overcomes the gamma distribution for modeling this data set .

3.2 Fatigue data set

Castillo et al. (2005) considered a data set on occurrence of fatigue on a unit. They argued the suit-

ability of the log-normal distribution. Assuming the log-SN-distribution for the lifetime of occurrence

of fatigue T , i.e. log T
d
= µ + σZλ, the ML estimates of the parameters are derived as µ̂ = −2.7787,

σ̂ = 0.5733 and λ̂ = 1.2896. In this case, the p-value of the KS test and AIC are 0.9998 and 48.3492,

respectively. We plotted the expected values µ̂ + σ̂Z(i:35),λ̂ (i=1, · · · ,35) obtained from (2.13) versus

the sorted observed data in Figure 2 which supports the suitability of the log-SN model for this data

set.
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Figure 2: Plot of µ̂+ σ̂E
(
Z(i:35),λ̂

)
(i=1, · · · ,35) versus the sorted occurrence of fatigue

Conclusion

Order statistics coming from the SN -distribution were considered and explicit expressions for the mean

and MGFs of OS were derived in terms of the cdf of a multivariate normal distribution. Our findings

extended results of Chiogna (1998). To demonstrate applications of the obtained results, two real data

sets were analysed.
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Abstract: This paper applies Dirichlet processes (DPs) in fitting piecewise mixed-effects models. The

skew normal is adopted as the distribution of residuals for observations measured before a random time

point and then the distribution shifts to the normal. The DP is considered as the prior for the distri-

bution of the random change point. The discreteness nature of the DP is utilized to cluster subjects

according to their distributional behavior over time along with achieving more efficient estimates. We

also have used transition mixed-effects models to account for the autocorrelation among observations

over time. A joint modeling approach is used to handle the bias created in these models. The Gibbs

sampling technique is adopted to achieve the parameter estimates. The performance of the proposed

model is illustrated by conducting a simulation study.

Keywords Dirichlet processes, Hierarchical models, Markov chain Monte Carlo simulation methods,

Piecewise regression model, Skew-normal distribution.

Mathematics Subject Classification (2010): 62M99 62J05 62G07.

1 Introduction

Longitudinal studies are designed by repeatedly measuring subjects through time. The piecewise or

switching regression models are often used in a wide variety of applications to study time trends in

longitudinal data. These models can provide a reasonable statistical model if the underlying popula-

tion which generates the data has structural changes at some time points. Situations where a shift

takes place in the location parameter of the distribution have been studied before (e.g., MacLain and

Albert (2014)).

However, in some applications, it usually happens that after certain times lag, shape of the dis-

tribution of response will change. This assumption corresponds to a switching regression model, in

which the first part is related to a certain distribution for the errors and the second part is related

to a different distribution. As a special case, we have assumed the normal and the skew-normal, re-

spectively, as symmetric and asymmetric distributions for each part of the model. In practice, changes

1Reyhaneh Rikhtehgaran : r rikhtehgaran@cc.iut.ac.ir
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usually happen at different time points for different subjects. Therefore, it is more realistic to assume

a random change-point in the structure of mixed-effects models. In some applications, specifically in

epidemiological studies, it is usually important that different subjects can be categorized based on

behavior of their responses over time. In these studies, it usually takes time that a treatment including

a new medicine, shows its symptoms and then before and after the time of change point the behavior

of response is different. Addressing these issues, we propose the use of the Dirichlet process (DP) in

the structure of transition mixed-effects models. The DP introduces an unknown distribution G over

the space of all possible distribution functions (Ferguson (1973)). The DP has two parameters, a base

distribution, G0, stating our guess about true non- parametric shape of G, and a precision parameter,

M , reflecting our belief about how similar G is to G0. The DP generates discrete distributions, which

can be useful for the purpose of data clustering.

To study the association of responses over time, we use transition mixed-effects models by assuming

lagged responses in the mean structure of the model. We propose handling bias created in transition

models by joint modeling of the initial responses and subsequent responses.

The remainder of this paper is organized as follows. In Sections 2 and 3, we briefly introduce the

DP prior and the skew-normal distribution, respectively. Section 4 considers the specification of the

proposed piecewise transition mixed-effects model. In Section 5, we implement the Gibbs sampling

scheme. Section 6 presents a simulation study. The last section includes conclusions.

2 The Dirichlet process prior

This section introduces shortly the Dirichlet process . The DP introduced by Ferguson (1973) and

developed by others, generates a discrete random probability measure G as G (·) =
∑∞
j=1 πj∆ξj (·),

where ∆ (·) denotes a degenerated distribution of unit mass centered at ξj with ξj
iid∼G0 and πj =

γj
∏j−1
i=1 (1 − γi) with γj

iid∼Beta (1,M) (we say πj ∼ SB (M)). This representation is called stick-

breaking. We denote the distribution of G by DP (M,G0). Variation of G around G0 is controlled by

the dispersion parameter M(> 0) in a stochastic way such that, if M gets large then G becomes close

to G0. Being applicable, the above infinite summation is truncated to a finite integer C.

An attractive feature of the DP is to specify it as a prior for the distribution of random effects.

Let Yi|ξi
iid∼f(.|ξi), ξi|G

iid∼G and G ∼ DP (M,G0) for i = 1, · · · , n. The realizations of the DP are

discrete, thus several ξi’s prone to take similar values, such that the number of distinct values of ξi,

each constructing a cluster, being less than or equal to n. Each distinct value of ξi’s specifies a cluster.

The number of clusters, K, depends on M , which controls the amount of clustering between the center

effects.
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2.1 The skew-normal distribution

The density function of the skew-normal distribution (Sahu et al. (2003)) with the location, scale and

shape parameters µ, σ2 and δ, respectively, denoted by SN
(
y| µ, σ2; δ

)
, is given by

f(y) =
2√

σ2 + δ2
φ

(
y − µ√
σ2 + δ2

)
× Φ

(
δ

σ2

y − µ√
σ2 + δ2

)
, (2.1)

where φ(.) and Φ(.) are, respectively, the probability density and the cumulative distribution functions

of N (0, 1). For δ = 0, the normal distribution is retrieved; for positive and negative values of δ,

respectively, right and left skewed distributions are obtained. The skew normal distribution is shown

to be in a hierarchical form Y |z ∼ N
(
µ+ δz, σ2

)
where z ∼ N(0, 1)I{z > 0}. This hierarchical

representation is a powerful tool for the data analysis with computation being performed by the

Markov chain Monte Carlo techniques.

3 The piecewise transition mixed-effects model

Let Yit denotes the t-th measurement taken on the i-th individual, t = 1, · · · , T , i = 1, · · · , n. The

proposed piecewise transition mixed-effects model for longitudinal data is given by

Yit = x′itβ + γyi,t−1 + αi + εit, (3.1)

where vector β includes regression coefficients. In this model, the αi’s denote random intercepts and the

εit’s are residual terms. The covariate yi,t−1 is the lagged-response variable for the i-th subject which

represents state dependence. It is usually assumed that random effects and ϵit’s are independent for

all i and t, and αi
iid∼N(0, σ2

α). In some applications, specifically in epidemiological studies, it usually

happens that after certain times lag, shape of the distribution of subjects’ responses will change.

Therefore, it is usually important that different subjects can be categorized based on behavior of their

responses over time. One of the most fundamental reformations happens by shifting from a symmetric

to an asymmetric distribution, or vice versa. We now propose εit
iid∼SN(0, σ2

ε ; δit). The parameter δit is

the skewness parameter which we propose being δ for t < ci, specifying a skewed distribution and is set

to zero for t > ci which determines the normal distribution. Using the hierarchical representation of

this distribution, we have Yit|zit, αi
ind∼N(x′itβ + γyi,t−1 + αi + δitzit, σ

2) where zit
iid∼N(0, 1)I{zit > 0}.

To have a flexible modeling structure along with being able to cluster subjects, we consider the DP as

a prior for unknown distribution of ci’s. More specifically, we assume ci|G
iid∼G where G ∼ DP (M,G0)

and G0 is a discrete uniform distribution on {1, · · · , T}. For simplicity, we assume αi and ci be

independent.
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3.1 The initial conditions problem

In fitting a transition model, the individual effects that capture the unobserved heterogeneity are

usually correlated with the initial state yi0. Ignoring this correlation, in the case of fixed T and large

n, produces seriously biased parameter estimates, known as the initial conditions problem (Kazemi

and Davies (2002)). A pragmatic solution is to consider the following equation for the yi0 and then

jointly model it with the subsequent responses. More specifically, we consider

Yi0 = x′i0β0 + ui0, i = 1, · · · , n, (3.2)

where the xi0’s are initial period covariates. We further assume that the ui0 = φ1αi+φ2ci+εi0 where

εi0
iid∼N(0, σ2

ε). Combining Equations (3.1) and (3.2), the full model is given by

Yi = X̃iθ + wξi + δizi + εi, i = 1, · · · , n, (3.3)

where Yi = (Yi0, Yi1, · · · , YiT )
′
, θ =

(
β′0, γ,β

′)′, ξi = (αi, ci)
′, w1 = (φ1,1

′)′, w2 = (φ2,0
′)′, w =

(w1,w2), δi = (0, δ1′ci ,0
′
T−ci)

′ and the model matrix X̃i is defined according to θ.

4 Bayesian Estimation

In this section, we use the Gibbs sampler to obtain the parameter estimates. The following distributions

are adopted as priors: Inverse gamma priors, IG(τ1, τ2) for σ2
ε and IG(δ1, δ2) for σ2

α, the N(θ0,Λ) for

θ, the N(φ0j , σ
2
φj ) for φj , j = 1, 2 and N(0, σ2

δ ) for δ. Data analysis are conducted by using the Gibbs

sampler which simulates iteratively from the complete conditional posterior (CCP) distribution of each

unknown parameter, given the current values of all other model parameters and the observations. In

below, we derive the related CCPs.

Being applicable in the OpenBUGs software, we use an equivalent structure introduced by Ishwaran

and James (2001) which considers the following model

Yi|cλi , φ1, φ2, αi,θ, λ,σ
2
ε , δ

ind∼NT+1

(
X̃iθ + w1αi + w2cλi + δλizi, σ

2
εIT+1

)
,

λi
ind∼G (λi) =

∑C
j=1 πj∆j (λi) , where πj

ind∼SB(M),

cj
iid∼DU{1, · · · , T}, (4.1)

where zi
iid∼NT+1(0, I)I{zi > 0} and αi

iid∼N(0, σ2
α). Then, after some algebra is done, we have

θ | σ2
ε , φ1, φ2, δ, z, ξ,y ∼Np (µθ,Σθ) , (4.2)

with the mean vector and the covariance matrix

µθ = Σθ

(
θ′0Λ

−1 +
1

σ2
ε

n∑
i=1

(yi −wξi − δizi)
′
X̃i

)
, Σθ =

(
Λ−1 +

1

σ2
ε

n∑
i=1

X̃′iX̃i

)−1
. (4.3)
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For the residual variance, we have

σ2
ε | θ, ξi, φ1, φ2, zi, δ,y ∼IG (τ∗1 , τ

∗
2 ) , (4.4)

where τ∗1 = τ1 + n(T + 1)/2 and τ∗2 = τ2 + 1
2

∑n
i=1 (ri −wξi − δizi)

′
(ri −wξi − δizi) where ri =

Yi − X̃iθ. Further, for the parameter φj , j = 1, 2, we show that

φj | σ2
ε ,θ, ξ,y ∼N

(
µφj , σ

2∗
φj

)
, (4.5)

where µφj = σ2∗
φj

(
1
σ2
φj

φ0j + 1
σ2
ε

∑n
i=1 ri0ξji

)
, σ2∗

φj =
(

1
σ2
φ

+ 1
σ2
ε
SSAj

)−1
, the ri0’s are fitted residuals

for t = 0 and SSAj =
∑n
i=1 ξ

2
ji

. For the CCP of each random intercept, we derive

αi | σ2
ε , σ

2
α,θ, zi, φ1,y ∼ N

(
µ∗i , σ

2∗
α

)
, (4.6)

where µ∗i = ψw′1 (ri −w2cλi − δλizi) and σ2∗
α = σ2

εψ for ψ = σ2
α/σ

2
c with σ2

c = σ2
ε +

(
T + φ2

1

)
σ2
α.

Moreover, for σ2
α we obtain

σ2
α | ξ,y ∼IG (δ∗1 , δ

∗
2) (4.7)

where δ∗1 = δ1 + n
2 and δ∗2 = δ2 + 1

2SSA1 . For each λi we derive

λi | θ, σ2
ε , φ1, φ2, αi, cλi ,π,y ∼

C∑
j=1

πjφT

(
yi|X̃iθ + w1αi + w2cλi , σ

2
εIT

)
∆j(λi), (4.8)

For each random effect, let λ∗r ’s, r = 1, · · · ,m be m unique values of λi’s. We derive

f(c∗λr | ξ, σ2
ε , φ1,θ,y) ∝ exp{− 1

2σ2
ε

Mrφ
2
2c
∗2
λr +

1

σ2
ε

c∗λrφ2

∑
{i:λi=λ∗

r}

(ri0 − φ1ξ1i)} for c∗λr ∈ {1, · · · , T},

(4.9)

where Mr is the number of λi’s that equals λ∗r . We simulate from this CCP by using the Metropolis-

Hastings algorithm. By the conjugacy of the multinomial and the Dirichlet distributions, we have

πj = γ∗j

j−1∏
r=1

(1 − γ∗r ), j = 1, · · · , C − 1 (4.10)

where π1 = γ∗1 and γ∗j | λ,y
iid∼Beta(1 +Mj ,M +

∑C
r=j+1Mr). For parameter δ, we have

δ | θ, φ1, φ2, ξ, σ
2
ε , z,y ∼ N(µ∗δ , σ

2∗
δ ), (4.11)

µ∗δ =
σ2∗
δ

σ2
ε

n∑
i=1

(
yici − X̃ici

θ −wciξi

)′
zici , σ2∗

δ =

(
1

σ2
δ

+
1

σ2
ε

n∑
i=1

z′icizici

)−1
, (4.12)

where each matrix with index ci includes the 2nd to the (ci + 1)-th rows of corresponding matrix. Now,

the Gibbs sampler simulates iteratively from these CCPs until converges to stationary distributions.

Then, average of samples for each parameter can be used as its Bayes estimate.
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Figure 1: Profiles of generated data points for three subjects (left panel) and for all subjects (right panel).

5 Simulation study

The data generating process is organized to the mixed model

yit = β0 + β1xit + γyi,t−1 + αi + εit, i = 1, · · · , 250, t = 1, · · · , 50. (5.1)

We set β0 = 0, β1 = 1 and γ = 0.5. The variables xit
iid∼N(0, σ2

x), αi
iid∼N(0, σ2

α) and εit
ind∼SN(0, σ2

ε ; δit).

The parameters σ2
x, σ2

α and σ2
ε are all set to one. For each subject, δit = −35 for t < ci and is set

to zero otherwise. For each subject, ci is randomly generated form the set {15, 20, 25, 30, 35} and

therefore, each subject is randomly assigned to a cluster. Model (3.2) is considered for generating

yi0’s with φ1 = 0.98 and φ2 = 0. Configuration of generated data points for three randomly selected

subjects and for all subjects are depicted in panels of Figure 1.

We fit the mixed model (3.3) by ci|G
iid∼G, G|M,G0 ∼ DP (M,G0) where G0 is considered the

discrete uniform distribution on {1, · · · , 50}, Model M1. As a competitive model, we assume model

(3.3) with ci
iid∼{1, · · · , 50}, Model M2. To implement the Gibbs sampler, the following independent

priors are adopted: N(0, 100) for each regression coefficient, φ1 and φ2, U(0, 1) for γ and IG(0.01, 0.01)

for variance components. We use the OpenBUGs software with 15000 samples generated after 3500

Table 1: Bayesian estimation results of Models M1 and M2 for the simulated data set.

Model β0 β1 γ σ2
ε δ σ2

α β00 β01 φ1 φ2

M1 0.089 1.011 0.501 1.068 -34.270 1.019 -0.383 1.004 -0.148 0.018

(0.064) (0.013) (0.001) (0.020) (0.301) (0.096) (1.902) (0.087) (0.359) (0.049)

M2 0.151 1.012 0.501 1.058 -33.910 1.029 0.548 1.002 0.948 -0.016

(0.070) (0.014) (0.001) (0.020) (0.323) (0.100) (0.169) (0.064) (0.071) (0.005)

∗ Bayesian standard deviations are given in parentheses.
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Figure 2: Posterior probability function of parameter K and history of generated values in Model M1.

Table 2: Bayesian estimates of change points of Model M2 and sizes of each cluster are reported.

c∗1 c∗2 c∗3 c∗4 c∗5 c∗6 c∗7 c∗8
c∗j 15.50 20.50 25.51 30.43 34.93 37.47 40.99 44.97

Size of clusters 56.00 40.00 46.96 44.62 50.18 11.37 0.86 0.01

burn-in. Results, after convergence is achieved, are reported in Table 1. We set the scale parameter

M = 1 and the truncation parameter C = 8. To show that C = 8 suffices to approximate infinite

mixture, the number of active clusters, K, is also estimated. Estimate of median of K is obtained 5 in

Model M1. The posterior probability density function of parameter K and history of generated values

in Model M1 are shown in Figure 2. These graphs indicate that we have achieved good approximation

of the DP by the use of truncated stick-breaking representation. This is also confirmed by the estimated

values of change points and the estimated size of each cluster, reported in Table 2. As is seen, clusters

corresponding to the last three change points are inactive (empty) in most runs of Gibbs sampler.

As is seen, estimates of longitudinal effects β1 and δ are slightly more precise in Model M1 than

Model M2. Moreover, Model M1 can be used for the clustering purpose. We cluster the data set by

using the estimated values. In each model, the likelihood of each data point is computed for active

clusters 1 to 5. Then, each data point is assigned to the cluster with larger likelihood. The ratio of

true clustered subjects in Model M1 is obtained 0.9960.

Conclusion

In this paper, we extended the application of DP priors for clustering of longitudinal data. This was

specifically done by incorporating the DP as the prior of unknown distribution of the random change

point in the structure of the piecewise transition mixed-effects model. It was shown by the simulation

study that the ratio of true clustered subjects is high in the proposed model.
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1 Introduction

In this paper we study the asymptotic properties of a class unbiased location invariant Hill-type heavy

tailed index estimators. Let {Xn, n ≥ 1} be an i.i.d sequence with the distribution function F belonging

to the domain of a attraction of an extreme value distribution Gγ , (F ∈ D(Gγ)), with

Gγ(z) =

{
exp(−(1 + γz)

−1
γ ) for 1 + γz > 0, if γ ̸= 0,

exp(−exp(−z)) for z ∈ R, if γ = 0.

i.e., there exist normalizing constant an > 0 and bn ∈ R s.t. Fn(anz + bn) → Gγ(z), as n → ∞
for all z ∈ R. We denote by γ the tail index and Gγ is the generalized extreme value distribution

(GEV ). Gendenko (1943) has established that Gγ represents the only possible limit distribution of the

maximum X(n,n) suitably normalized, where X(1,n) ≤ X(2,n) ≤ . . . ≤ X(n,n) are the order statistics of

X1, X2, . . . , Xn. Here, the shape parameter γ plays a central rule, in sense that it rules the tail weight

of F . The problem of estimating the tail index γ has received much attention by many researchers

in statistics of extremes. In this regards, several estimators have been suggested for tail index γ.

For instance, a set of statistical procedures based on extreme value theory results can be found in

Reiss and Thomas (2001). Other recent surveys on this subject are Resnick (1997) and Csörgö and

Viharos (1998). The applications of the heavy tailed distribution may be found in many fields such

2Speaker’s Name: Mehdi Shams, mehdishams@kashanu.ac.ir
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as insurance, finance, climatology and environmental science (Emberechets et al. (1997)) and the

problem of estimating the heavy tailed index has been studied extensively. For positive γ, Hill (1975)

introduced the well known Hill estimator, which is γ̂Hn (k) = 1
k

∑k−1
i=1 lnX(n−i,n) − lnX(n−k,n). γ̂

H
n has

been largely used for the estimation of the shape tail index parameter γ, whenever the underlying

distribution is in the domain of attraction of the Frechet distributions, which can be regarded as a

particular case of GEV -type distribution with the possible inclusion of location and scale parameters

Gγ(x;λ, δ) = exp(−(1+γ(x−λ)/δ)
−1
γ ) for (1+γ(x−λ)/δ > 0 and γ > 0. Here, as a usual, the location

parameter λ is real and the scale parameter δ is positive. For general γ, the exact common estimator

are Pickands estimator (Pickards, 1975) and moment estimator (Dekkers et. al (1989)) defined as

γ̂Pn (k) = ln
X(n,n−[k/4])−X(n,n−[k/2])

X(n,n−[k/2])−X(n,n−k)
/ ln 2, γ̂Mn (k) = γ̂+n + γ̂−n respectively, where γ̂+n = M

(1)
n , γ̂−n =

1− 1
2{1−(M

(1)
n )2/M

(2)
n }−1, M

(j)
n = 1

k

∑k−1
i=0 (lnX(n−i,n) − lnX(n−k,n))

j , j > 0. Note that the moment

estimator γ̂Mn is consistent for any real γ. This is one of the most used estimators for γ, if there is

no a priori knowledge about the tail parameters. In many applications, both Pickands and moment

estimators are not invariant to the affine transformation. It is mentioned that the Pickands estimator

is location invariant. In a general case, Fraga Alves (2001) established the scale and location invariant

Hill-type estimator given by γ̂Hn (k0, k) = 1
k0

∑k0−1
i=0 ln

X(n−i,n)−X(n−k,n)

X(n−k0,n)−X(n−k,n)
, where

k = kn = o(n), k0 = o(kn), kn → ∞, k0 → ∞, as n→ ∞. (1)

It is easy to check that limn→∞ γ̂Hn (k0, k) = γ, in probability and also
√
k0(γ̂Hn (k0, k)−γ) →d Z, where

Z is normally distributed with mean zero and variance γ2. The asymptotic properties of γ̂n(k0, k) have

been considered when U(tx)/U(t)−xγ
a(t) → xγ x

ρ−1
ρ , holds as t → ∞, where U(t) = F←(1 − 1/t), t ≥ 1,

where F← denotes the inverse function of F (x). Based on the methods provided by Fraga Alves (2001)

and Dekkers et al. (1989), Ling et al. (2007a, 2007b) proposed a kind of location invariant moment-type

tail index estimator and considered its asymptotic properties under some second order regular varying

conditions. Here we are intrusted in the class of semi-parametric heavy tail estimator introduced

by Caeiro and Gomes (2002) as γαn (k) = Γ(α)

Mα−1
n (k)

( M2α
n (k)

Γ(2α+1)

)1/2
where α ≥ 1 and Γ(.) is the gamma

function. They considered the asymptotic distributional representation of Mα
n (k) and the choice of

tuning parameter α s.t. γαn (k) is asymptotically normal with asymptotic null bias under the assumption

that lnU(tx)−lnU(t)−γ ln x
A(t) → xρ−1

ρ , x > 0, and
√
kA(n/k) → λ which is finite. Motivated by the works

of Fraga Alves (2001) and Caeiro and Gomes (2002), we propose a new class of location invariant

estimators for a heavy tailed distribution based on the asymptotic distributional representation of the

following statistics

Mα
n (k0, k) =

1

k0

k0−1∑
i=1

(
ln

X(n−i,n) − lnX(n−k,n)

X(n−k0,n) − lnX(n−k,n)

)α
, α > 0.
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The asymptotic distributional representation of Mα
n (k0, k) will be derived under the following second

order regular variation condition

lim
t→∞

U(tx)−U(t)
a(t) − xγ−1

γ

A(t)
= Ψγ,ρ(x), for all x > 0, (2)

where

Ψγ,ρ(x) =

{
xγ+ρ−1
γ+ρ if γ + ρ ̸= 0,

lnx if γ + ρ = 0.

and ρ < 0 is the second order parameter and |A(t)| ∈ RVρ (Corollary 2.3.5 of the de Haan and Ferreira

(2006)). Here f ∈ RVβ means limt→∞ f(tx)/f(t) = xβ for all x > 0. Now based on the convergence

Mα
n (k0, k) →P Γ(α+1)γα as k0 → ∞, k0 = o(k), a location invariant Hill-type estimator for the heavy

tailed index may be defined by

γ̂αn (k0, k) =
Γ(α)

Mα−1
n (k0, k)

(M2α
n (k0, k)

Γ(2α+ 1)

)1/2
, α ≥ 1, (3)

which converges to γ in probability.

In this paper, we investigate the asymptotic distributional representation of Mα
n (k0, k), γ̂αn (k0, k),

and the optimal choice of the sample fraction k0 by MSE for some special distributions.

2 The main results

For the heavy tail distribution, i.e. γ > 0, we know that F ∈ D(Gγ) ⇔ 1 − F ∈ RV−1/γ ⇔ U ∈ RVγ .

i.e. U = (1/(1 − F ))← is regularly varying with index γ which is equivalent to say that there exist a

function a(t) > 0 s.t. U(tx)−U(t)
a(t) → xγ−1

γ for x > 0 (de Haan, 1984). To do this, consider the following

notations to simplify the statement

σα =
√

Γ(2α+ 1) − Γ2(α+ 1), µα(ρ) =
Γ(α)

ρ

1 − (1 − ρ)α

(1 − ρ)α
,

Vα =
1

4

{ Γ(4α)

αΓ2(2α)
+

4Γ(2α− 1)

Γ2(α)
− 2Γ(3α)

αΓ(α)Γ(2α)
− 1
}
, (4)

and

bα(γ) = (1 + γ)1−α − 1

2
(1 + γ)−2α − 1

2
. (5)

The first result is about the asymptotic distributional representation of Mα
n (k0, k).
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Theorem 2.1. Suppose that (1) holds for γ > 0, and the intermediate k0 and k satisfy (1). Then

Mα
n (k0, k) converges in probability to Γ(α+ 1)/γα. Furthermore, if the second order framework in (2)

holds, we have the following asymptotic distributional representation

Mα
n (k0, k) =d γαΓ(1 + α) +

γασα√
k0

P (α)
n + αγαµα(−γ)(

k0
k

)γ(1 + op(1)) +Bn,

where P
(α)
n is an asymptotically standard normal r.v., and

Bn =

{
αγαρµα(ρ)

γ+ρ A(n/k)(k0k )−ρ(1 + op(1)) if γ + ρ ̸= 0,

αγα+1µα(−γ)A(n/k)(k0k )γ ln(k0k )(1 + op(1)) if γ + ρ = 0.

Proof: For the asymptotic distributional representation of Mα
n (k0, k), we only consider the case of

γ + ρ ̸= 0, so

ln
U(tx) − U(t)

U(ty) − U(t)
= ln

xγ − 1

yγ − 1
+

γ

γ + ρ

[xγ+ρ − 1

xγ − 1
− yγ+ρ−1 − 1

yγ − 1

]
A(t)(1 + o(1))

= γ ln
x

y
+ ln(1 +

y−γ − x−γ

1 − y−γ
) +

γ

γ + ρ

[x−ρ − x−γ

1 − x−γ
− yρ − y−γ

1 − y−γ
]
A(t)(1 + o(1)).

Let Y1, Y2, . . . , Yn be i.i.d Pareto r.v.s with FY (y) = 1 − 1/y, y ≥ 1. Now replace t by Y(n−k,n), x

by Y(n−i,n)/Y(n−k,n) and y by Y(n−k0,n)/Y(n−k,n), respectively, and note that {Xi}ni=1 =d {U(Yi)}ni=1,

(Y(n−i,n)/Y(n−k,n))
−γ < (Y(n−k0,n)/Y(n−k,n))

−γ → 0 in probability uniformly for i = 0, 1, . . . , k0 − 1,

and {Y(n−i,n)/Y(n−k0,n)}
k0−1
i=1 =d {Y(k0−i,k0)}

k0−1
i=1 . So,

ln
X(n−i,n)−X(n−k,n)

X(n−k0,n)−X(n−k,n)
=d ln

U(Y(n−i,n))−U(Y(n−k,n))

U(Y(n−k0,n))−U(Y(n−k,n))
=

γ ln
Y(n−i,n)

Y(n−k0,n)
+ (

Y(n−k0,n)

Y(n−k,n)
)−γ [1 − (

Y(n−i,n)

Y(n−k0,n)
)−γ ](1 + op(1))

+ γ
γ+ρ

[
(
Y(n−k0,n)

Y(n−k,n)
)−γ(1 − (

Y(n−i,n)

Y(n−k0,n)
)−γ) − (

Y(n−k0,n)

Y(n−k,n)
)ρ(1 − (

Y(n−i,n)

Y(n−k0,n)
)ρ)

]
×A(Y(n−k,n))(1 + op(1)) =d γ lnY(k0−i,k0) + [1 − Y −γ(k0−i,k0)](

k0
k )γ(1 + op(1))

+ γ
γ+ρ

[
(1 − Y −γ(k0−i,k0))(

k0
k )γ − (1 − Y ρ(k0−i,k0))(

k0
k )−ρ

]
A(n/k)(1 + op(1)).

By taylor’s expansion, we may get

Mα
n (k0, k) =d 1

k0

∑k0−1
i=1

{
(γ lnY(k0−i,k0))

α + αγα(lnY(k0−i,k0))
α−1 1−Y −γ

(k0−i,k0)

γ

×(k0k )γ(1 + op(1)) + α γα

γ+ρ lnY(k0−i,k0))
α−1[(1 − Y −γ(k0−i,k0))(

k0
k )γ − 1 − Y ρ(k0−i,k0))

(k0k )−ρ
]
×A(n/k)(1 + op(1))

}
+A2(n/k)Op

(
(k0k )2γ + (k0k )−2ρ + (k0k )γ−ρ

)
.
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Note that E[(lnY1)α] = Γ(α+ 1), V ar[(lnY1)α] = σα, and E[(lnY1)α−1(Y ρ1 − 1)/ρ] = µα(ρ). So,

P (α)
n =

1
k0

∑k0
i=1 (lnYi)

α − Γ(α+ 1)

σα/
√
k0

→d N(0, 1),

and then by the law of large numbers, the asymptotic distributional representation of Mα
n (k0, k) is

Mα
n (k0, k) =d γαΓ(1 + α) + γασα√

k0
P

(α)
n + αγαµα(−γ)(k0k )γ(1 + op(1))+

αργα

γ+ρ µα(ρ)A(n/k)(k0k )−ρ(1 + op(1)),

which is the desired result.

Based on Theorem 2.1, the asymptotic distributional representation of the proposed estimator

γ̂αn (k0, k) in (3), which is the following result.

Theorem 2.2. Under the condition of theorem 2.1, the following asymptotic distributional represen-

tation

γ̂αn (k0, k) =d γ +
γ
√
Vα√
k0

T (α)
n + bα(γ)(

k0
k

)γ + op(
1√
k0

) + op((
k0
k

)γ) +Rn,

holds, where T
(α)
n is asymptotically standard normal and

Rn =

{
−γ
γ+ρbα(−ρ)A(n/k)(k0k )−ρ(1 + op(1)) if γ + ρ ̸= 0,

γbα(γ)A(n/k)(k0k )γ ln(k0k )(1 + op(1)) if γ + ρ = 0.

Furthermore, if there exist finite λ1, and λ2 s.t.
√
k0(k0k )γ → λ1 and

√
k0 A(n/k) → λ2, then√

k0(γ̂αn (k0, k) − γ) → N(λ1bα(γ), γ2Vα), where Vα and bα(γ) are defined in (3) and (5) respectively.

Consequently for every γ > 0, there exists α0 given by α0 = α0(γ) = ln(1 +γ+ (1 +γ)2−1)/ ln(1 +γ),

s.t. bα0(γ) = 0, i.e. γ̂α0
n (k0, k) has asymptotic null bias, even when

√
k0(k0k )γ → λ1 ̸= 0 and√

k0(A(n/k) → λ2 ̸= 0.

Proof: Note that {Xi}ni=1 =d {U(Yi)}ni=1 and {Y(n−i,n)/Y(n−k0,n)}
k0−1
i=1 =d {Y(k0−i,k0)}

k0−1
i=1 . For

γ + ρ ̸= 0, by using the conditions of theorem, following result

((M2α
n (k0, k)

Γ(2α+ 1)

)1/2
,

Γ(α)

Mα−1
n (k0, k)

)
=d (Wn, Zn), (6)

holds, where

Wn = γα
[
1 + ( σ2α

2Γ(2α+1)
P (2α)
n√
k0

+ µ2α(−γ)
2Γ(2α) (k0k )γ

+ ρµ2α(ρ)
2(γ+ρ)Γ(2α)A(nk )(k0k )−ρ)(1 + op(1))

]
,
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and

Zn = γ1−α
[
1 − (σα−1

Γ(α)
P (α−1)
n√
k0

+ µα−1(−γ)
Γ(α−1) (k0k )γ

+ ρµα−1(ρ)
2(γ+ρ)Γ(α−1)A(nk )(k0k )−ρ)(1 + op(1))

]
.

Note that (6) may be deduced from Delta-method, as for arbitrary a, b ∈ R, we have

a
(
M2α
n (k0, k)/Γ(2α+ 1)

) 1
2 + bΓ(α)(Mα−1(k0, k))−1 =d

a
[

1
Γ(2α+1)

1
k0

∑k0−1
i=0 (ln

U(Y(n−i,n))−U(Y(n−k,n))

U(Y(n−k0,n))−U(Y(n−k,n))
)2α
] 1

2

+bΓ(α)
[

1
k0

∑k0−1
i=0 (ln

U(Y(n−i,n))−U(Y(n−k,n))

U(Y(n−k0,n))−U(Y(n−k,n))
)2α
]−1

=d

aWn + bγ1−α 1
1−(1−Znγα−1) = aWn + bZn.

Hence
γ̂αn (k0, k) =d ZnWn = γ

[
1 + 1

k0
σ2α

2Γ(2α+1)P
(2α)
n − σα−1

Γ(α) P
(α−1)
n

+
(µ2α(−γ)

2Γ(2α) − µα−1(−γ)
Γ(α−1)

)
(k0k )γ + ρ

ρ+γ

( µ2α(ρ)
2Γ(2α) −

µα−1(ρ)
Γ(α−1)

)
A(nk )(k0k )−ρ(1 + op(1))

]
+ op(

1√
k0

) + op((
k0
k )γ).

Now consider

Q(α)
n =

σ2α
2Γ(2α+ 1)

P (2α)
n − σα−1

Γ(α)
P (α−1)
n , T (α)

n =
Q

(α)
n√

V ar(Q
(α)
n )

.

Let fk0(t) denote the characteristic function of Q
(α)
n . Noting the expression of

P (α)
n =

1
k0

∑k0
i=1 (lnYi)

α − Γ(α+ 1)

σα/
√
k0

→d N(0, 1),

and that of Vn in (4), we have

fk0(t) = E exp{it σ2α

2Γ(2α+1)P
(α)
n − itσα−1

Γ(α) P
(α−1)
n }

= E exp{ it√
k0

∑k0
j=1

(lnYj)
2α−Γ(2α+1)

2Γ(2α+1) − it√
k0

∑k0
j=1

(lnYj)
α−1−Γ(α)
Γ(α) }

=
∏k0
j=1E exp{ it√

k0
(
(lnYj)

2α−Γ(2α+1)
2Γ(2α+1) − (lnYj)

α−1−Γ(α)
Γ(α) )}

=
∏k0
j=1{1 − t2

2k0
E
(
(
(lnYj)

2α−Γ(2α+1)
2Γ(2α+1) − (lnYj)

α−1−Γ(α)
Γ(α) )

)2
+ o( 1

k0
)}

= {1 − t2

2k0
Vα + o( 1

k0
)}k0 → exp(−t2Vα/2).

So, Q
(α)
n converges in distribution to a normal r.v. with null bias and variance Vα and T

(α)
n is an

asymptotically standard normal r.v. Therefore, noting

γ
[µ2α(−γ)

2Γ(2α)
− µα−1(−γ)

Γ(α− 1)

]
= bα(γ),

γρ

γ + ρ

[ µ2α(ρ)

2Γ(2α)
− µα−1(ρ)

Γ(α− 1)

]
=

−γ
γ + ρ

bα(−ρ),

we obtain the asymptotic distributional representation of γ̂
(α)
n (k0, k). The remanding part of theorem

is immediately proved.
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Lemma 2.1. Let k(n) and k0(k) be intermediate sequences s.t. k = k(n) → ∞, k0 = k0(k) → ∞,

k/n→ 0 and k0/k → 0 as n→ ∞. Then limn→∞ γ̂Hn (k0, k) = γ, in probability.

Proof: Let Y1, Y2, . . . , Yn be i.i.d. with distribution function FY (y) = 1− y−1, y ≥ 1. Then X(i,n) =d

U(Y(i,n)), for i = 1, 2, . . . , n where U = (1/(1−FY ))← is regular varying with index γ. Clearly we have

{ Y(n−i,n)

Y(n−k0,n)
}k0−1i=0 = {Y(k0−i,k0)}

k0−1
i=0 , where lnY(i,n) =d E(i,n), for i = 1, 2, . . . , n, and E1, E2, . . . , En

are i.i.d. with underlying exponential distribution. Also for any intermediate sequence k = k(n),

limn→∞(k/n)Y(n−k,n) = 1 in probability. Hence

γ̂Hn (k0, k) =d 1
k0

∑k0−1
i=0 ln

U(Y(n−i,n))−U(Y(n−k,n))

U(Y(n−k0,n))−U(Y(n−k,n))
=

1
k0

∑k0−1
i=0 ln

U(Y(k−i,k)Y(n−k,n))−U(Y(n−k,n))

U(Y(k−k0,n)Y(n−k,n))−U(Y(n−k,n))
=

γ
k0

∑k0−1
i=0 ln

Y(k−i,k)
Y (k−k0,k) (1 + op(1)) = γ

k0

∑k0−1
i=0 lnY(k0−i,k0)(1 + op(1))

γ
k0

∑k0−1
i=0 E(k0−i,k0)(1 + op(1)) = γ

k0

∑k0
i=1Ei(1 + op(1)),

and so limn→∞ γ̂Hn (k0, k) = γ, in probability, as n→ ∞.

3 Conclusion

In this paper we studied a new estimator under semi-parametric approach, which behaves similarly to

the Hill’s estimator, but it is also invariant to the location transformation. This study was motivated

by a previous research (Fraga Alves (1999)) in a parametric setup, where the underlying model was a

generalized pareto with the positive tail index. The obtained results, in fact, was a extension of the

previous ones for ρ = −γ.
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Abstract: In this paper, we present a new positive quadrant dependent copula and study its different

properties. Then, we introduce a class of absolutely continuous bivariate distributions whose univariate

margins are exponential and study its various statistical properties. To estimate the parameters, we use

the method of Inference Function for Margins. Monte Carlo simulations are performed to illustrate the

behavior of the estimates of the parameters. Finally, a data analysis has been performed to illustrate

the flexibility of the proposed distribution.

Keywords Copula, Dependence, Bivariate distribution, Exponential distribution, Simulation.
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1 Introduction

Copulas are powerful tools to model multivariate distributions and to take into account the dependence

structure among random variables independent of marginal distributions. Recently, various authors

have introduced different classes of new copulas to improve the performance of associated bivariate

distributions, such as Amini et al. (2011) and Klien and Christa (2011). Moreover, some authors

have used copula methods to construct bivariate distributions such as Mirhosseini et al. (2014).

As univariate exponential distributions are important in describing the lifetime of a single component,

bivariate distributions with exponential marginals are used quite extensively in describing the lifetimes

of two components together. Hence, bivariate exponential distributions are studied by many authors.

Surveys of bivariate exponential distributions and their applications in reliability can be found in

Balakrishnan and Lai (2009). One of the purposes for such constructions is to increase the flexibility

in modeling.

The rest of this paper is organized as follows. In Section 2, we briefly review the copula concept and

consider a new class of copulas and explore their properties. In Section 3, we propose a bivariate

distribution whose univariate margins are exponential and study its different properties. Moreover, we

provide some simulation and real data analysis for illustrating purposes.

1Speaker’s Name : Zahra Sharifonasabi zahra.sharif@sci.ac.ir
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2 Copulas

A copula is a multivariate function that links univariate marginal distribution functions (df) to con-

struct a multivariate df. For a bivariate case, according to Sklar’s Theorem, if two random variables

X and Y follow arbitrary marginal df’s FX(x) and FY (y), respectively, then there exists a copula, C,

that combines these two marginals to give the joint df, HX,Y (x, y), as follows (see, Nelsen (2006))

HX,Y (x, y) = C(FX(x), FY (y)). (2.1)

Conversely, if C is a copula and FX(x) and FY (y) are df’s, then the function H defined by (2.1) is

a joint df with margins FX(x) and FY (y). Furthermore, if FX(x) and FY (y) are absolutely continuous,

then C is unique. Under the assumption that the marginal distributions are continuous with probability

density functions fX(x) and fY (y), the joint probability density function (pdf) becomes hX,Y (x, y) =

fX(x)fY (y)c(FX(x), FY (y)), where c is the density function of C, defined as c(u, v) = ∂2

∂v∂uC(u, v).

We easily can show that the bivariate function

C(u, v; θ, δ) = uv[1 + δ(1 − u)2(1 − v)2][1 + θ(1 − u)(1 − v)], (2.2)

is a copula for θ ∈ [0, 1], δ ∈ [0, 1]. The density copula is given by

c(u, v) = 1 + θ + δ + δθ − (4δ + 2θ + 6θδ)(u+ v) + (3δ + 9θδ)(u2 + v2) − 4θδ(u3 + v3)

− (12δ + 54θδ)(uv2 + u2v) + 24θδ(uv3 + u3v) − 36θδ(u2v3 + u3v2)

+ (16δ + 4θ + 36θδ)uv + (9δ + 81θδ)u2v2 + 16θδu3v3 =
3∑

m=0

3∑
n=0

an,mu
nvm,

where an,m = an,m(θ, δ) is constant w.r.t. u and v.

Definition 2.1. Let r.v.’s X and Y be related by a copula C(u, v). Then,

1. X and Y are Positively Quadrant Dependent (PQD) (Negatively Quadrant Dependent (NQD)), if

C(u, v) ≥ (≤)uv, ∀(u, v) ∈ I2.

2. Y is Stochastically Increasing (SI) in X, if C(u, v) is a concave function of u for all v ∈ I (Corollary

5.2.11 in Nelsen (2006)).

3. Y is Left Tail Decreasing (LTD) in X, if C(u,v)
u in u is non-increasing for all v ∈ I (Theorem 5.2.5

in Nelsen (2006)).

4. X and Y are Left Corner Set Decreasing (LCSD), if C is Totally Positive of order 2 (see, e.g.,

Corollary 5.2.17 in Nelsen (2006)), i.e., for all 0 ≤ u1 ≤ u2 ≤ 1 and 0 ≤ v1 ≤ v2 ≤ 1,

C(u1, v1)C(u2, v2) − C(u1, v2)C(u2, v1) ≥ 0.



503 Sharifonasabi, Alamatsaz and Kazemi

5. The upper tail dependence and lower tail dependence λU λL are defined by

λU = 2 − lim
u→1−

1 − C(u, u)

1 − u
, λL = lim

u→0+

C(u, u)

u
.

6. The copula Cθ is positively ordered with respect to θ if for θ1 ≤ θ2, we have Cθ1 ≤ Cθ2 .

Theorem 2.2. If r.v.’s X and Y are related by the new copula defined in (2.2), then

i. X and Y are PQD, LCSD and Y is LTD in X.

ii. X and Y have no tail dependence.

iii. Cθ,δ is positively ordered with respect to θ and δ.

The population version of the common nonparametric measures of association between the compo-

nents of a continuous random pair (X,Y ) are Kendall’s tau (τ) and Spearman’s rho (ρs) which depend

only on the copula C. They are given by

τ = 4

∫ 1

0

∫ 1

0

C(u, v)dC(u, v) − 1, ρs = 12

∫ 1

0

∫ 1

0

C(u, v)dudv − 3.

Theorem 2.3. For Copula C in (2.2), τ and ρs are as follows:

τ =
2θ

9
+

δ

18
+
δθ

45
+
δθ2

450
+

2δ2θ

11025
, ρs =

3δθ

100
+

δ

12
+
θ

3
.

Remark 2.4. Note that as a consequence of PQD property of the copula defined in (2.2), the range

of τ and ρs for proposed copula defined in (2.2) are 0 ≤ τ ≤ 0.302 and 0 ≤ ρs ≤ 0.456.

3 A bivariate exponential distribution

In this section we introduce a new bivariate distribution with marginal exponetial distributions. Using

(2.2) with marginal df’s FX(x) = 1− e−λ1x and GY (y) = 1− e−λ2y, we obtain a bivariate exponential

distribution of the form

HX,Y (x, y) = (1 − e−λ1x)(1 − e−λ2y)(1 + δe−2λ1x−2λ2y)(1 + θe−λ1x−λ2y)), x, y ≥ 0, (3.1)

for λ1, λ2 > 0, 0 ≤ θ ≤ 1, 0 ≤ δ ≤ 1. The joint density function is given by

hX,Y (x, y) = λ1λ2e
−λ1x−λ2y

3∑
m=0

3∑
n=0

an,m(1 − e−λ1x)n(1 − e−λ2y)m, (3.2)

where an,m are bivariate functions of δ and θ.
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Theorem 3.1. If the random pair (X,Y ) has the bivariate density defined by (3.2), then

a) the joint mgf of (X,Y ), for |t| < 4λ1 and |s| < 4λ2, is as follows:

MX,Y (t, s) = λ1λ2

3∑
n=0

3∑
m=0

n∑
i=0

m∑
j=0

an,m
(
n
i

)(
m
j

)
(−1)i+j

(t− (i+ 1)λ1)(s− (j + 1)λ2)
.

b) the Prearon’s correlation coefficient of (X,Y ) is given by

Corr(X,Y ) =
3∑

n=0

3∑
m=0

n∑
i=0

m∑
j=0

an,m
(
n
i

)(
m
j

)
(−1)i+j

(i+ 1)2(j + 1)2
− 1.

c) the conditional moments are given by

E(Y k|X = x) =
1

λk2

3∑
n=0

3∑
m=0

m∑
j=0

(
m
j

)
(−1)jk!

(j + 1)k+1
an,m(1 − e−λ1x)n.

The stress-strength term comes from a reliability problem. It describes the life of a component

which has a random strength X and is subject to a random stress Y . If the stress exceeds the strength

X < Y , the component will fail while the component works whenever X > Y . Thus, T = P (X < Y )

measures of component failure and R = P (X > Y ) is a measure of component reliability. Many

applications of the stress-strength model are related to engineering and psychology problems. The

following theorem gives a form for the stress-strength model of the bivariate density in (3.2).

Theorem 3.2. If the random pair (X,Y ) has the bivariate density defined by (3.2), then

P (X > Y ) = λ1

3∑
m=0

3∑
n=0

n∑
i=0

m+1∑
j=0

an,m
(
n
i

)(
m+1
j

)
(−1)i+j

(m+ 1)(λ1(i+ 1) + λ2j)
.

3.1 Estimation of parameters

To estimate the parameters in a bivariate distribution, the method of Inference Function for Margins

(IFM) (see, Joe (1997)) is employed. Two separate estimation procedures are involved in this method:

(1) First, the parameters of the marginals are estimated from the observed values and then (2) each

parametric margin is plugged into the copula likelihood which is then maximized with respect to the

copula parameters. For the bivariate distribution, the log-likelihood function can be written as

lnL(x, y;λ1, λ2, θ, δ) = lnLC(FX(x), FY (y); θ, δ) + LX(x;λ1) + lnLY (y;λ2) (3.3)

where LC is the log-likelihood function of the density copula. Substituting the estimated parameters

λ̂1 and λ̂2 into Equation (3.3), the log-likelihood function lnL is maximized to obtain the estimate of
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the copula parameters, θ and δ. Hence, LC is given by

lnLC(FX(x), FY (y); θ, δ) =

N∑
k=1

ln(

3∑
m=0

3∑
n=0

an,m(1 − e−λ̂1xk)n(1 − e−λ̂2yk)m) (3.4)

The maximum likelihood estimates can be obtained by maximizing (3.4) with respect to the θ and δ.

3.2 Simulation results

In this section, we obtain some simulation results to see how estimates treat for different parameter

values. In order to simulate a vector (X,Y ) from the bivariate distribution in (3.1), it is sufficient to

simulate a vector (U, V ) from copula defined in (2.2), where random variables U and V are uniform

on [0, 1]. By using Sklar’s Theorem and the Probability Integral Transform

U = F (X) ⇔ X = F [−1](U), V = G(Y ) ⇔ Y = G[−1](V ),

where the random variables X and Y have distribution functions F and G, respectively and joint

distribution H in (3.1). Hence, the simulation procedure of a copula is as follows:

• Step 1 Generate two variables U and Z independently from uniform distribution.

• Step 2 Calculate V = C−1u (Z), where Cu(v) = C(v|U = u) = ∂C(u,v)
∂u . Then, the pair (U, V ) has

the desired copula.

Now, we simulate data from bivariate distribution in (3.1) with two set of the parameters (θ, δ, λ1, λ2) =

(0.85, 0.5, 3, 4) an (θ, δ, λ1, λ2) = (0.45, 0.2, 2, 1) with sample sizes 50, 150 and 200. The simulations

consist of 1000 replications. In each case we estimate parameters and compute the average estimates

(AE), bias and root of mean square error (RMSE). Results are given in Table 1. We can see that the

performances of estimates are satisfactory. Moreover, as sample size increases RMSE decreases for all

parameters. The AE of the parameters δ, λ1 and λ2 decreases in all cases and AE of the parameter θ

increases in some cases.

3.3 Data analysis

In this section we provide the analysis of a real data set from McGilchrist and Aisbett (1991). The

data has been obtained from an experiment, where N individuals are observed and times between

recurrence of particular type of event are recorded. The first step in bivariate distribution fitting

consists of identification of appropriate marginal distributions for each dependent variate. The random

variables X and Y are fitted by exponential distributions. The estimated parameters by the maximum
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Table 1: AE, Bias and RMSE based on 1000 simulations of the bivariate distribution in (3.1) for n=50,

150 and 200.
(θ, δ, λ1, λ2) = (0.85, 0.5, 3, 4) (θ, δ, λ1, λ2) = (0.45, 0.2, 2, 1)

n AE Bias RMSE AE Bias RMSE

50 θ̂ 0.6695 -0.1805 0.4398 0.4552 -0.0052 0.4359

δ̂ 0.4986 -0.0014 0.8446 0.4482 -0.0518 1.0632

λ̂1 3.0053 0.0053 0.425 2.0035 0.0035 0.2833

λ̂2 4.0133 0.0133 0.5678 1.0027 0.0027 0.1418

150 θ̂ 0.7652 -0.0848 0.2497 0.4558 0.0058 0.2604

δ̂ 0.4851 -0.0149 0.4938 0.4105 0.2105 0.6929

λ̂1 2.9984 -0.0016 0.2448 1.9989 -0.0011 0.1632

λ̂2 3.9935 -0.0065 0.3262 0.998 -0.002 0.0815

200 θ̂ 0.7884 -0.0616 0.2126 0.4504 0.0004 0.2288

δ̂ 0.4807 -0.0193 0.4282 0.3886 0.1886 0.6022

λ̂1 2.998 -0.002 0.212 1.9987 -0.0013 0.1413

λ̂2 3.9932 -0.0068 0.2825 0.998 -0.002 0.0706

likelihood method are λ̂1 = 0.0093 and λ̂2 = 0.0086. The Kolmogorov-Smirnov goodness-of-fit test was

used to detect whether or not the proposed models could be used to represent the observed data. The

statistic values for X and Y are 1.201 and 1.105 with p-value 0.093 and 0.148, respectively, that is the

fitted models were acceptable. Also Figure 1 shows the comparison between the observed data and the

fitted exponential distributions. Now, to estimate the parameters of copula we shall maximaze (3.4)

with respect to θ and δ. We use a SAS sotware to estimate parameters numerically. The estimated

parameters by the Newton-Raphson method are θ̂ = 0.3778 and δ̂ = 0.8532 with standard errors 0.6009

and 1.6572, respectivelly. The natural question here is whether the proposed model fits this bivariate

data or not. Genest et al. (2008) review and compare many proposed goodness-of-fit testings for

copula models. Cramer-von Mises statistics is defined as:

Sn =

n∑
i=1

(C(ui, vi; θ̂, δ̂) − Cn(ui, vi))
2,

where C(., .; θ̂, δ̂) and Cn(., .) are the fitted copula and empirical copula (see, Nelsen (2006)) of the

data at hand, respectively, and

ui = 1
n+1× Rank of Xi among X1, X2, ...Xn a and avi = 1

n+1× Rank of Yi among Y1, Y2, ...Yn.

This statistic measures how close the fitted copula is from the empirical copula of data. We use

procedure in Appendix A of Genest et al. (2008). In this prosedure, we have to calculate S∗1 ,S∗2 ,...,S∗1000
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Figure 1: A comparison of the observed data and the fitted exponential distribution.

by simulated data and P-value is the proportion of these values that are larger than Sn = 0.0596765

which is 0.16. Thus we can conclude that the copula defined by (2.2) with the parameters θ = 0.3778

and δ = 0.8532 performs a good fit to this data set. Moreover, by Sklar’s Theorem, an adequate

bivariate distribution for this data is given by

H(x, y) = (1 − e−0.0093x)(1 − e−0.0086y)(1 + 0.8532e−0.0186x−0.0172y)

× (1 + 0.3778e−0.0093x−0.0086y)), x > 0, y > 0.

Conclusions

We have introduced a bivariate exponential distribution whose univariate marginal distributions are

exponential, discussed its measures of associations, moments and stress-strenght measure. Results

from the simulation of new distribution show that, for most cases the estimates are satisfactory. We

analyzed a real data set and observed that the proposed model provides a good fit to the data.
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Abstract: We consider a random trigonometric polynomial where the coefficients form a sequence

of Gaussian random variables. By assuming that the increments are independent, we provide the

asymptotic behavior of the expected number of real roots of random trigonometric polynomial as

order 2
√
2n√
3

. Also by the symmetric property assumption of coefficients, we show that the expected

number of real roots is of order 2n√
3
.
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1 Introduction

There are two different forms of random trigonometric polynomials previously studied.

Tn(θ) =

n∑
k=0

Ak cos(kθ)

and

Dn(θ) =
n∑
k=0

(Ak cos kθ +Bk sin kθ), (1.1)

For various aspects on random polynomials see Bharucha-Reid and SambandhamBharucha-Ried and

Sambandham (1986), which includes a comprehensive reference. Farahmand and T.LiFarahmand and

Li (2010) obtained asymptotic behavior for the expected number of real roots of two different forms of

random trigonometric polynomials Tn(θ) and Dn(θ), where the coefficients of polynomials are normally

distributed random variables with different means and variances. Also They studied a case of reciprocal

random polynomials for Tn(θ) and Dn(θ). We consider the classical forms of random trigonometric

polynomials Dn(θ) where the coefficients A0, A1, · · · , An and B0, B1, · · · , Bn be a mean zero Gaussian

random sequence in which the increments ∆
(1)
k = Ak − Ak−1 and ∆

(2)
k = Bk − Bk−1, k = 0, 1, 2, · · · ,

1Soudabeh Shemehsavar : shemehsavar@khayam.ut.ac.ir
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are independent, A−1 = 0, B−1 = 0. The sequence A0, A1, · · · and B0, B1, · · · may be considered as

successive Brownian points, i.e., Ak = W1(tk), Bk = W2(tk), k = 0, 1, · · · , n, where t0 < t1 < · · ·
and {Wi(tk), t ≥ 0}, i = 1, 2, are the standard Brownian motion. In this physical interpretation,

Var(∆
(i)
k ) is the distance between successive times tk−1, tk. We note that

Ak = ∆
(1)
0 + ∆

(1)
1 + · · · + ∆

(1)
k , Bk = ∆

(2)
0 + ∆

(2)
1 + · · · + ∆

(2)
k k = 0, 1, · · · , n

, where ∆
(i)
k ∼ N(0, σ2

i ), k = 0, 1, · · · , n, i = 1, 2, and ∆
(i)
k are independent. Thus

Dn(θ) =
n∑
k=0

 n∑
j=k

cos jθ

∆
(1)
k +

 n∑
j=k

sin jθ

∆
(2)
k

 =
n∑
k=0

(
ak1(θ)∆

(1)
k + bk1(θ)∆

(2)
k

)
and

D
′

n(θ) =

n∑
k=0

−
n∑
j=k

j sin jθ

∆
(1)
k +

 n∑
j=k

j cos jθ

∆
(2)
k

 =

n∑
k=0

(
ck1(θ)∆

(1)
k + dk1(θ)∆

(2)
k

)
Where

ak1(θ) =
n∑
j=k

cos jθ =
sin(2n+ 1) θ2 − sin(2k − 1) θ2

2 sin( θ2 )
, bk1(θ) =

n∑
j=k

sin jθ =
cos(2k − 1) θ2 − cos(2n+ 1) θ2

2 sin( θ2 )
,

ck1(θ) = −
n∑
j=k

j sin jθ =

(
sin(2n+ 1) θ2 − sin(2k − 1) θ2

2 sin( θ2 )

)′
,

dk1(θ) =
n∑
j=k

j cos jθ =

(
cos(2k − 1) θ2 − cos(2n+ 1) θ2

2 sin( θ2 )

)′
(1.2)

Now given Dn(θ) in (1.1) with a symmetric property of coefficients, i.e., Ak ≡ An−k and Bk ≡ Bn−k

for k = 0, 1, · · · , n, we can write Qn(θ) for odd n’s as follows:

Qn(θ) =

n−1
2∑

k=0

[Ak(cos kθ + cos (n− k)θ) +Bk(sin kθ + sin (n− k)θ)] (1.3)

The polynomials will have one additional term for even n’s and we will not discuss this case here.

Qn(θ) =

n−1
2∑

k=0

[Ak(cos kθ + cos (n− k)θ) +Bk(sin kθ + sin (n− k)θ)]
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=

n−1
2∑

k=0

n−1
2∑

j=k

(cos jθ + cos (n− j)θ)

∆
(1)
k +

n−1
2∑

j=k

(sin jθ + sin (n− j)θ)

∆
(2)
k



=

n−1
2∑

k=0

(
ak2(θ)∆

(1)
k + bk2(θ)∆

(2)
k

)
,

Q′n(θ) =

n−1
2∑

k=0

−

n−1
2∑

j=k

(j sin jθ + (n− j) sin (n− j)θ)

∆
(1)
k

+

n−1
2∑

j=k

(j cos jθ + (n− j) cos (n− j)θ)

∆
(2)
k

 =

n−1
2∑

k=0

(
ck2(θ)∆

(1)
k + dk2(θ)∆

(2)
k

)
where by using this results

ak2(θ) =

n−1
2∑

j=k

(cos jθ + cos (n− j)θ) =
sin(2n− 2k + 1) θ2 − sin(2k − 1) θ2

2 sin θ
2

,

bk2(θ) =

n−1
2∑

j=k

(sin jθ + sin (n− j)θ) =
cos(2k − 1) θ2 − cos(2n− 2k + 1) θ2

2 sin θ
2

,

ck2(θ) = −

n−1
2∑

j=k

(j sin jθ + (n− j) sin (n− j)θ) =

(
sin(2n− 2k + 1) θ2 − sin(2k − 1) θ2

2 sin θ
2

)′
,

dk2(θ) =

n−1
2∑

j=k

(j cos jθ + (n− j) cos (n− j)θ) =

(
cos(2k − 1) θ2 − cos(2n− 2k + 1) θ2

2 sin θ
2

)′
, (1.4)

2 Kac-Rice Formula

Let N(0, 2π) be denotes the number of real roots of the random trigonometric polynomials in the

interval (0, 2π) and E(N(0, 2π)) be its expected value. To deal with the asymptotic behavior of the

expected number of real roots of Dn(θ) = 0 and Qn(θ) = 0, we refer to Kac-Rice formulaFarahmand

(1998), which is defined as

E(N(0, 2π)) =

∫ 2π

0

∆

πA2
dθ (2.1)
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where ∆2 = A2B2 − C2. For Dn(θ) given in (1.1) we have

A2
D = Var(Dn(θ)) =

n∑
k=0

(a2k1(θ)σ2
1 + b2k1(θ)σ2

2), B2
D = Var(D′n(θ)) =

n∑
k=0

(c2k1(θ)σ2
1 + d2k1(θ)σ2

2),

CD=Cov(Dn(θ), D′n(θ))=

n∑
k=0

(ak1(θ)ck1(θ)σ2
1 + bk1(θ)dk1(θ)σ2

2), (2.2)

where ak1(θ), bk1(θ), ck1(θ) and dk1(θ) are defined in (1.2). For Qn(θ) given in (1.3) we have

A2
Q = Var(Qn(θ)) =

n−1
2∑

k=0

(a2k2(θ)σ2
1 + b2k2(θ)σ2

2), B2
Q = Var(Q′n(θ)) =

n−1
2∑

k=0

(c2k2(θ)σ2
1 + d2k2(θ)σ2

2),

CQ=Cov(Qn(θ), Q′n(θ))=

n−1
2∑

k=0

(ak2(θ)ck2(θ)σ2
1 + bk2(θ)dk2(θ)σ2

2), (2.3)

where ak2(θ), bk2(θ), ck2(θ) and dk2(θ) are defined in (1.4).

As in algebraic case the above identities are not well behaved around 0, π and 2π. Therefore we first

consider the intervals (ε, π − ε), (π + ε, 2π − ε), where ε is any positive constant, smaller than π and

arbitrary at this point to be chosen later. It should be positive and small enough to facilitate handling

the roots in the intervals (ε, π− ε), (π+ ε, 2π− ε) and for roots inside this two intervals, we use (2.1).

For the real roots lying in the intervals (0, ε), (π− ε, π+ ε) and (2π− ε, 2π), which it so happens, are

negligible, we will use a different method based on the Jensen’s theorem.

We now define some functions to make the estimations, define S(θ) = sin(2n + 1)θ/ sin θ, see from

[6,page 74] which is continuous at θ = jπ and will occur frequently in follows. Since for θ ∈ (ε, π − ε)

and θ ∈ (π + ε, 2π − ε), we have |S(θ)| < 1/ sin ε. Hence, we can obtain

S(θ) = O(
1

ε
), S′(θ) = O(

n

ε
), S′′(θ) = O(

n2

ε
)

We can show
n∑
k=0

cos kθ =
sin(2n+ 1) θ2

2 sin θ
2

+
1

2
=
S( θ2 ) + 1

2
= O(

1

ε
) (2.4)

and
n∑
k=0

k sin kθ = −
S′( θ2 )

4
= O(

n

ε
),

n∑
k=0

k2 cos kθ = −
S′′( θ2 )

8
= O(

n2

ε
) (2.5)

In similar way, we define P (θ) = cos θ − cos(2n+1)θ
2 sin θ , we also have |P (θ)| < 1/ sin ε. Hence, we can

obtain

P (θ) = O(
1

ε
), P ′(θ) = O(

n

ε
), P ′′(θ) = O(

n2

ε
)
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We can show
n∑
k=0

sin kθ =
cos θ2 − cos(2n+ 1) θ2

2 sin θ
2

= P (
θ

2
) = O(

1

ε
) (2.6)

and
n∑
k=0

k cos kθ =
P ′( θ2 )

4
= O(

n

ε
),

n∑
k=0

k2 sin kθ = −
P ′′( θ2 )

8
= O(

n2

ε
) (2.7)

Now, using the above identities, we are able to evaluate the characteristics required in using the

Kac-Rice formula in (2.1).

3 Asymptotic Behavior of E(N(0, 2π))

This section includes two subsection. We evaluate the asymptotic behavior of the expected number of

real roots of Dn(θ) = 0 in the intervals (ε, π− ε), (π+ ε, 2π− ε) in subsection 3.1 and in the intervals

(0, ε), (π − ε, π + ε), (2π − ε, 2π) in subsection 3.2.

3.1 Results On the Intervals(ε, π − ε), (π + ε, 2π − ε)

In this part, we obtain our results by applying the Kac-Rice formula.

Theorem 3.1. Let Dn(θ) be the random trigonometric polynomial given in (1.1) for which Ak = ∆
(1)
0 +

∆
(1)
1 + · · · + ∆

(1)
k , Bk = ∆

(2)
0 + ∆

(2)
1 + · · · + ∆

(2)
k , k = 0, 1, · · · , n, where ∆

(i)
k , k = 0, 1, · · · , n, i = 1, 2

are standard normal i.i.d random variables independent. We prove that for all sufficiently large n, the

expected number of real roots of the equation Dn(θ) = 0, satisfies

EN(ε, π − ε) = EN(π + ε, 2π − ε) ≃
√

2n√
3

Proof. In order to use the Kac-Rice formula, we first evaluate asymptotic value for each variable needed

by using the error terms obtained in (2.4)-(2.7). Since E(Ak) = 0 and E(Bk) = 0 we have

E(Dn(θ)) = 0, E(D′n(θ)) = 0, (3.1)

Now using (2.4)-(2.7) and (1.2) and using some trigonometric identities, we obtain the variance of

Dn(θ) and D′n(θ), as

A2
D = Var(Dn(θ)) =

n∑
k=0

(a2k1(θ) + b2k1(θ)) =
n

2 sin2 θ
2

+O(
1

ε
), (3.2)
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B2
D = Var(D′n(θ)) =

n∑
k=0

(c2k1(θ) + d2k1(θ)) =
n3

3 sin2 θ
2

+O(
n2

ε
), (3.3)

CD = Cov(Dn(θ), D′n(θ)) =
n∑
k=0

(ak1(θ)ck1(θ) + bk1(θ)dk1(θ)) = O(
n

ε
) (3.4)

Then, finally from (3.2)-(3.4), we can obtain

∆2 = A2
DB

2
D − C2

D =
n4

6 sin4 θ
2

+O(
n3

ε
), (3.5)

The results of (3.2) and (3.5) into the Kac-Rice formula (2.1), we have

E(N(ε, π − ε)) = E(N(π + ε, 2π − ε)) ∼
√

2n√
3

The theorem is proved.

Theorem 3.2. Let Qn(θ) be the random trigonometric polynomial given in (1.3) where Ak = ∆
(1)
0 +

∆
(1)
1 + · · ·+ ∆

(1)
k , Bk = ∆

(2)
0 + ∆

(2)
1 + · · ·+ ∆

(2)
k , k = 0, 1, · · · , n−12 , where ∆

(i)
k , k = 0, 1, · · · , n−12 , i =

1, 2, are standard normal i.i.d random variables. We prove that for all sufficiently large n, the expected

number of real roots of the equation Qn(θ) = 0, satisfies

EN(ε, π − ε) = EN(π + ε, 2π − ε) ≃ n√
3

Proof. We obtain our results by applying the Kac-Rice formula. Since E(Ak) = 0 and E(Bk) = 0 we

have E(Qn(θ)) = 0, E(Q′n(θ)) = 0. Now from (1.4) and (2.4)-(2.7) and making some trigonometric

identities, we obtain

A2
Q = Var(Qn(θ)) =

n−1
2∑

k=0

(a2k2(θ) + b2k2(θ)) =
n

4 sin2 θ
2

+O(
1

ε
), (3.11)

B2
Q = Var(Q′n(θ)) =

n−1
2∑

k=0

(c2k2(θ) + d2k2(θ)) =
n3

12 sin2 θ
2

+O(
n2

ε
), (3.12)

and

C2
Q = Cov(Qn(θ), Q′n(θ)) =

n−1
2∑

k=0

(ak2(θ)ck2(θ) + bk2(θ)dk2(θ)) = O(
n

ε
), (3.13)

Then, finally from (3.11)-(3.13) we can get

∆2 = A2
QB

2
Q − C2

Q =
n4

48 sin4 θ
2

+O(
n3

ε
), (3.14)
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The results of (3.11) and (3.14) into the Kac-Rice formula (2.1), we can obtain

E(N(ε, π − ε)) = E(N(π + ε, 2π − ε)) ∼ n√
3

3.2 Results On the Intervals (0, ε), (π − ε, π + ε), (2π − ε, 2π)

In this subsection, we are going to show the expected number of real roots in the intervals (0, ε), (π −
ε, π + ε), (2π − ε, 2π) is negligible. The period of Dn(θ) is 2π, and so the number of real roots in the

interval (0, ε) and (2π − ε, 2π) is the same as the number in (−ε, ε), the interval (π − ε, π + ε) can be

treated in the same way to give the same result. Here we deal only with Dn(θ), since the same method

is applicable for the random trigonometric polynomial, Qn(θ), and the results of Dn(θ) remain the

same for Qn(θ). We consider the function of the complex variable z,

Dn(z, ω) =
n∑
k=0

(Ak(ω) cos kz +Bk(ω) sin kz)

We seek an upper bound to the number of real roots in the segment of the real axis joining the points

±ε, and this certainly does not exceed the number of real roots in the circle |z| < ε.

let N(r) ≡ N(r, ω) denote the number of real roots of Dn(z, ω) = 0 in |z| < ε. We will modify the

method based on the Jensen’s theoremRudin (1974), By Jensen’s theorem,∫ 2ε

ε

r−1N(r)dr ≤
∫ 2ε

0

r−1N(r)dr =
1

2π

∫ 2π

0

log |Dn(2εeiθ, ω)

Dn(0)
|dθ

for which we have

N(ε) log 2 ≤ 1

2π

∫ 2π

0

log |Dn(2εeiθ, ω)

Dn(0)
|dθ (4.1)

Since the distribution function of Dn(0, ω) =
∑n
k=0

∑n
j=k ∆1

k(ω) is G(x) ∼ N
(

0, (2n
3+9n2+13n+6)

6

)
We

can see that for any positive υ

P (−e−υ ≤ Dn(0, ω) ≤ e−υ) =

√
3

π(2n3 + 9n2 + 13n+ 6)

∫ e−υ

−e−υ
exp

{
− 3t2

2n3 + 9n2 + 13n+ 6

}
dt

<
2
√

3e−υ√
π(2n3 + 9n2 + 13n+ 6)

(4.2)

Also we have

|Dn(2εeiθ)| = |
n∑
k=0

(

n∑
j=k

cos(2jεeiθ))∆1
k +

n∑
k=0

(

n∑
j=k

sin(2jεeiθ))∆2
k| ≤ 2M(n+ 1)(n+ 2)e2nε (4.3)
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Where M = Maxk(max|∆1
k|,max|∆2

k|). The distribution function of |∆1
k| and |∆2

k| is

F (x) =

{
1√
2π

∫ x
0
e−

t2

2 if x ≥ 0

0 if x < 0

For any positive υ and all sufficiently large n, the probability M > neυ is

P (M > neυ) ≤ nP (|∆1
1| > neυ) = n

1√
2π

∫ ∞
neυ

e−
t2

2 dt ≃
√

2

π
exp

{
−υ − (neυ)2

2

}
(4.4)

Therefore from (4.3) and (4.4), except for sample functions in an ω-set of measure not exceeding√
2
π exp

{
−υ − (neυ)2

2

}
|Dn(2εeiθ)| < 3n(n+ 1)(n+ 2)e2nε+υ (4.5)

Hence from (4.2), (4.5) and since we obtain

|Dn(2εeiθ, ω)

Dn(0, ω)
| ≤ 3n(n+ 1)(n+ 2)e2nε+2υ (4.6)

Except for sample function in an ω-set of measure not exceeding

2
√

3e−υ√
π(2n3 + 9n2 + 13n+ 6)

+

√
2

π
exp

{
−υ − (neυ)2

2

}
Therefore from (4.1) and (4.6) we can show that outside the exceptional set

N(ε) ≤ log 3 + log n log (n+ 1) + log (n+ 2) + 2nε+ 2υ

log 2
(4.7)

ε = n−1/4 it follows from (4.7) and for any sufficiently large n that

P (N(ε) > 3nε+ 2υ) ≤ 2
√

3e−υ√
π(2n3 + 9n2 + 13n+ 6)

+

√
2

π
exp

{
−υ − (neυ)2

2

}
(4.8)

Let n′ = [3n3/4] be the greatest integer less than equal to 3n3/4, then from (4.8) and for n large enough

we obtain

EN(ε) =
∑
j>0

P (N(ε) ≥ j) =
∑

1≤j≤n′

P (N(ε) > j) +
∑
j≥1

P (N(ε) ≥ n′ + j)

≤ n′ +

√
12

π(2n3 + 9n2 + 13n+ 6)

∑
j≥1

e−j/2 +

√
2

π

∑
j≥1

exp

{
− j

2
− (nej)2

2

}
= O(n3/4) (4.8)
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Abstract: In this paper, we introduce a new stationary first order integer-valued autoregressive

process with discrete exponential marginal distributions. Several statistical properties of the process

are established, including the autocorrelation function, spectral density function, joint probability

generating function, multi-step ahead conditional expectation and variance, the one-step transition

probabilities. Estimations of the model parameters are obtained by the conditional least squares, non

parametric method and maximum likelihood estimation methods. The performance of the estimates

of methods is checked by a small Monte Carlo simulation.

Keywords Binomial thinning, Mixture distribution, Exponential distribution, Estimation.
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1 Introduction

Integer-valued time series can model data with correlated counts and various kinds of discrete valued

time series models are often encountered in practice. e.g., counts of accidents, number of transmitted

messages, the number of days with storm, the number of road accidents, the number of bases of DNA

sequences and so on. The most common integer-valued time series models are constructed via the

binomial thinning operator α◦, that was first introduced by Steutel and van Harn (1979) in the form

α ◦X =
X∑
i=1

Yi, α ∈ (0, 1) (1.1)

where X is a non-negative integer-valued random variable and {Yi} is a sequence of independent iden-

tically distributed random variables with Bernoulli(α) distribution and is independent of X. Modeling

of INAR(1) time series was first introduced by Mckenzie (1985), and Al-Osh and Alzaid (1987) based

on the operator α◦. Other models of INAR time series have been introduced based on negative bino-

mial thinning operator generated by independent geometric counting series variables (Aly and Bouzar

(1994),Risti c et al. (2009),Risti c et al. (2012)). Recently, Schweer & Weib (2014) introduced

a general family of INAR(1) models with compound Poisson innovations. In this paper, the discrete

1M. Shirozhan : ms.shirozhan@gmail.com
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exponential marginal distribution is used directly to model the INAR(1) time series {Xt} with the

operator α◦ in (1.1) and after that distribution of the innovations of the INAR(1) is determined.

Definition 1.1. A random variable X is said to have a discrete exponential (DEXP) distribution with

parameter λ, (λ > 0) denoted as DEXP(λ), if its probability mass function (pmf) is defined as

p (X = x) = e−λx
(
1 − e−λ

)
, x = 0, 1, 2, . . .

Proof. Consider Y ∼ exp (λ), then X = [Y ] have discrete exponential distribution

p (X = x) = p ([Y ] = x) =

∫ x+1

x

fY (y) dy = e−λx
(
1 − e−λ

)
Also, the probability generating function (pgf) of DEXP distribution is given by φX (s) = eλ−1

eλ−s .

The rest of the paper is organized as follows. In Section 2, we construct the discrete exponential

first-order integer-valued autoregressive (DEXPINAR(1)) model and obtain the pmf of innovation

term of the model. In Section 3, we investigate many properties of this model, such as multi-step

ahead conditional expectation variance and autocorrelation function, spectral density function, and

partial autocorrelation function. In Section 4, estimations of the model parameters are obtained

by the conditional least squares non parametric and maximum likelihood estimation methods. The

performance of the estimates of methods is checked by Monte Carlo simulation.

2 The DEXPINAR(1) model

Consider the INAR(1) process {Xt} as

Xt = α ◦Xt−1 + εt, t ≥ 1 (2.1)

where {Xt} is stationary non-negative integer valued process following the DEXP(λ) marginal distri-

bution and {εt} is a sequence of i.i.d. random variables independent of {Yi} and {Xt−l} also εt are

independent for all l ≥ 1. We shall refer to this model as DEXPINAR(1). From equation (2.1) and

the above assumptions, the pgf of the innovation {εt} is given by

φε (s) =
φx (s)

φx (1 − α+ αs)
=
eλ − 1 + α− αs

eλ − s
= α+ (1 − α)

eλ − 1

eλ − s

Clearly φε (1) = 1, that is φε (s) is a proper pgf.
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Theorem 2.1. Consider the DEXPINAR(1) process defined by (2.1), the innovation sequence {εt}
possesses the distribution

fε (x) = αh (x) + (1 − α) e−λx
(
1 − e−λ

)
(2.2)

where h(x) is the degenerate distribution function at zero.

So, the innovation {εt} has a mixture distribution of a degenerate distribution at 0 and discrete

exponential(λ) with mixing portions α and 1 − α. Its mean and variance are

µε =
1 − α

eλ − 1
, σ2

ε =
(1 − α)

(
eλ + α

)
(eλ − 1)

2

Another representation of the DEXPINAR(1) model is

Xt =

{
α ◦Xt−1

α ◦Xt−1 + gt

w.p.α

w.p.1 − α

where {gt} has discrete exponential (λ) distribution. The mean and the variance of X are

µX =
1

eλ − 1
, σ2

X =
eλ

(eλ − 1)
2

and hence the DEXP (λ) is over dispersed. If X ∼ DEXP (λ) , then we have

p (X > t+ s|X > S) =
p (X > t+ s)

p (X > S)
=
e−λ(t+s)

e−λ(s)
= e−λ(t) = p (x > t)

this implies that the distribution does not depend on s. This property is called the memoryless

property of the discrete exponential distribution. That means I don’t need to remember when I

started the process. In discrete distribution only Geometric and Discrete Exponential distribution

have memoryless properties.

The coefficient of variation of Discrete Exponential(λ) is C.VDEXP = e
λ
2 , as the coefficient of variation

of the Geometric(p) is C.VGEO =
√

1 − p. Then we conclude that C.VDEXP > C.VGEO.

3 Properties of the process

In this section we investigate some statistical and conditional properties of the DEXPINAR(1) pro-

cess, involving the one-step transition probabilities, multi step ahead conditional mean and variance,

autocorrelations, spectral density.
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The DEXPINAR(1) process is a stationary discrete time Markov chain with the one-step transition

probabilities of going from state i to state j

Pij = p (Xt = j|Xt−1 = i) =

min(i,j−1)∑
k=0

(
i

k

)
αk (1 − α)

i−k
p (εt = j − k) (3.1)

where p (εt = j − k) is the pmf of {εt} defined by (2.2). Conditional expectation is one of the most

common techniques for forecasting time series data. Using the definition of the DEXPINAR(1) process,

the (k+1)-step ahead conditional mean obtained as

E (Xt+k|Xt = x) = αkx+
1 − αk

1 − α
µε

and if k → ∞ then E (Xt+k|Xt = x) → µε
1−α = 1

eλ−1 ,which is the unconditional mean of the process.

The (k + 1)-step ahead conditional variance is

V ar (Xt+k|Xt = x) = αk
(
1 − αk

)
x+ σ2

ε

1 − α2k

1 − α2
+

(
1 − αk

1 − α
− 1 − α2k

1 − α2

)
µε

As k → ∞, we find that

V ar (Xt+k|Xt = x) → σ2
ε

1 − α2
+

(
1

1 − α
− 1

1 − α2

)
µε =

eλ

(eλ − 1)
2 = σ2

X

which is the unconditional variance of the process.

The auto covariance function of the process {Xt} obtained as

γ (k) = Cov (Xt, Xt−k) = Cov (α ◦Xt−1, Xt−k) + Cov (εt, Xt−k)

= αCov (Xt−1, Xt−k) = · · · = αkγ (0)

Then the autocorrelation function is ρk = Corr (Xt, Xt−k) = αk.

By applying the auto covariance function, the spectral density function of the process obtains as

fxx (ω) =
eλ
(
1 − α2

)
2π (eλ − 1)

2
(1 + α2 − 2α cosω)

, ω ∈ (−π, π]

Moreover, the joint pgf of the process is obtained as follows

φxt,xt−1 (s1, s2) = φα◦xt−1+εt,xt−1 (s1, s2) = φxt (s2 (1 − α+ αs1))φεt (s1)

=

(
eλ − 1 + α− αs1

eλ − s1

)(
eλ − 1

eλ − s2 (1 − α+ αs1)

)
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Further, the partial autocorrelation function at lag h > 1 is

α (h) = Corr (Xh+1 − E (Xh+1|X2, . . . , Xh) , X1)

= Corr

(
Xh+1 − αXh −

(1 − α)

eλ − 1
, X1

)
= αh − α

(
αh−1

)
= 0

The one step ahead conditional probability generating function of the process is as follows

φxt+1|xt=x (s) = φα◦xt+εt+1|xt=x (s)

= E
(
sα◦xt|xt=xsεt+1

)
= (1 − α+ αs)

eλ − 1 + α− αs

eλ − s

and then

φxt+k|xt=x (s) = φ
αk◦xt+

k−1∑
i=0

αi◦εt+k−i|xt=x
(s)

=
(
1 − αk + αks

) k−1∏
i=0

φε
(
1 − αi + αis

)

4 Estimation and simulation

Various features of the model depend on its parameters, so estimation of the model parameters is

an essential topic. In this section we describe the estimation of the unknown parameters of the

DEXPINAR(1) process and are compared the estimation via Monte Carlo simulations in terms of

their mean and standard deviations to gain an idea on the estimation methods.

4.1 Conditional least square estimation

The conditional least squares estimators of the parameters α and λ are obtained by minimizing the

function

Qn =

n∑
t=2

(Xt − αXt−1 − (1 − α)µ)
2

where µ = 1
eλ−1 . The estimators are given by

α̂CLS =

(n− 1)
n∑
t=2

(Xt−1Xt) −
n∑
t=2

Xt

n∑
t=2

Xt−1

(n− 1)
n∑
t=2

X2
t−1 −

(
n∑
t=2

Xt−1

)2 , µ̂CLS =

n∑
t=2

Xt − α̂CLS
n∑
t=2

Xt−1

(n− 1) (1 − α̂CLS)
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and the estimator for parameter λ is λ̂CLS = ln
(

1+µ̂CLS
µ̂CLS

)
.

Now we derive the asymptotic properties of the estimators. Since the process {Xt} is strictly sta-

tionary and ergodic, it follows that the estimators α̂CLS , λ̂CLS are strongly consistent estimators for

the parameters α, λ and
√
n
(
α̂CLS − α, λ̂CLS − λ

)′
converges in distribution to the bivariate normal

distribution with mean zero vector and covariance matrix given by (1−α)[α(e2λ−1)+eλ(α+1)]
eλ

α

α (1+α)eλ

(1−α)(eλ−1)2


4.2 Non-Parametric estimation

Consider the sample auto covariance and mean of Xt

γ̂ (k) =
1

n

n−k∑
t=1

(
Xt − X̄

) (
Xt−k − X̄

)
, 0 ≤ k < n, X̄ =

1

n

n∑
t=1

Xt.

Since α = γ(1)
γ(0) and µ = E (Xt), the non-parametric estimators of α and µ are

α̂NP =
γ̂ (1)

γ̂ (0)
=

n∑
t=2

(
Xt − X̄

) (
Xt−1 − X̄

)
n∑
t=1

(
Xt − X̄

)2 , µ̂NP = X̄ =
1

eλ̂ − 1

So the estimator for parameter λ is λ̂NP = ln
(

1+X̄
X̄

)
.

4.3 Maximum likelihood estimation

The maximum likelihood estimation of the parameters are obtained by maximization of the log-

likelihood function

lnL (X1, . . . , Xn;α, λ) = −λx1 + ln
(
1 − e−λ

)
+

n∑
l=1

ln p (Xl|Xl−1;α, λ)

where p (Xl|Xl−1;α, λ) is given by (3.1). The MLEs can be easily computed by using the function nlm

from statistical package R, taking the CLS estimators as initial values of the function nlm.

5 Simulation comparison

The performance of the CLS, NP and ML estimators is checked by Monte Carlo simulation using

different sample sizes (n = 100, 500, 1000, 5000), where 1000 samples are simulated from the DEX-

PINAR(1) process. Based on this simulation, Figure 1 displays some sample paths of DEXPINAR(1)
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process with different choices of the parameter. Table 1 gives the mean and standard deviation (in

brackets) of the estimates for different values of the parameters with different sample sizes. Based

on this table, we find that the estimates obtained from the three estimation methods are convergent

in their values. Also, increasing the sample size implies smaller standard deviation and the MLEs

converge faster to the true values of the parameters. Moreover, we can conclude that the MLEs have

the smallest standard deviations than the others and hence the MLEs provide the best performance.

Table 1: Some simulation results for the estimates of the parameters α, λ with standard errors in brackets(α, λ) = (0.4, 0.5)

n α̂ML α̂CLS α̂NP λ̂ML λ̂CLS λ̂NP

100 0.3994309 0.396499 0.398963 0.5002217 0.5008763 0.5014786
(0.0188353) (0.0333889) (0.0366721) (0.0218871) (0.0261026) (0.0229565)

500 0.4000712 0.3967013 0.3990146 0.5001608 0.5002066 0.5002805
(0.0165113) (0.0327761) (0.0336290) (0.0192652) (0.0248352) (0.0217358)

1000 0.3999713 0.3996258 0.3998021 0.5000232 0.5000841 0.5000688
(0.0061732) (0.0099159) (0.0082805) (0.0032049) (0.0064249) (0.0083846)

5000 0.399999 0.3999807 0.3999381 0.5000016 0.5000136 0.5000045
(0.0002357) (0.0025514) (0.0012267) (0.0009274) (0.0026035) (0.0024501)

(α, λ) = (0.8, 3)

100 0.7965457 0.7890544 0.7925141 2.931672 3.111916 3.080586
(0.0571306) (0.0700193) ( 0.0617926) (0.3891565) (0.5285243) (0.3575966)

500 0.799149 0.7971213 0.7988763 2.982694 3.0455832 2.99397
( 0.0362241) (0.0631412) ( 0.0407399) (0.2195496) (0.3024964) (0.2815863)

1000 0.8002674 0.7998051 0.7993048 2.992536 2.9823748 3.004411
(0.0037831) (0.0071153) (0.0061474) (0.1029734) (0.1954307) (0.1740586)

5000 0.80005372 0.8002186 0.7999751 2.999923 2.992036 3.0007531
(0.0007192) (0.0017384) (0.000946) (0.0063882) (0.0290423) (0.0091607)

Conclusion

Discrete data can be modeled by new stationary time series model as DEXPINAR(1), which is over

dispersion. The parameters of the model can be estimated by three method as: conditional least

square, non parametric and maximum likelihood. The ML estimator gives the best result among the

others.
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Figure 1: sample path of the model, for different value for α, λ.
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Abstract: Kerridge (1961) has defined a measure of inaccuracy which is a generalization of Shannon’s

(1948) entropy. In literature of information science, several generalization and alternative measure

of Kerridge inaccuracy and Shannon entropy have been studied. In this paper, we try to generalize

Kerridge inaccuracy measure based on cumulative distribution of the past lifetime (t − X|X ≤ t).

We also obtain its relation with some reliability concepts such as reversed hazard rate (RHR), mean

past lifetime (MPL) and proportional reversed hazard rate model (PRHM). A bound for the proposed

measure in terms of MPL function has been derived. Finally, it is shown that the DCPI under some

conditions, can determine the distribution function uniquely.

Keywords Shannon entropy, Kerridge inaccuracy, cumulative past inaccuracy, dynamic cumulative

past inaccuracy, reversed hazard rate, mean past lifetime, proportional reversed hazard model.
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1 Introduction

Suppose X and Y are two non negative continuous random variables with probability density functions

f(t) and g(t) respectively, and let f(t) is the actual pdf corresponding to the observations and g(t) is

the pdf estimated by experimenter, then as a generalization of the Shannon entropy, Kerridge (1961)

and Nath (1968) have introduced a useful tool for measurement of error in experimental results as

follow,

H(X,Y ) = −
∫ ∞
0

f(x) log g(x)dx

= −
∫ ∞
0

f(x) log f(x)dx+

∫ ∞
0

f(x) log
f(x)

g(x)
dx, (1.1)

where the first item of (1.1) is the error of uncertainty, which is Shannon’s entropy,

H(X) = −
∫ ∞
0

f(x) log f(x)dx

10Speaker’s Name : m.khorashadizadeh@birjand.ac.ir
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and the second term is the Kullback-Leibler measure of discrimination (for more details about Kullback-

Leibler measure see Kullback (1959)). If f(x) = g(x) then H(X,Y ) achieves its minimum value, which

is the Shannon’s entropy, H(X). For more properties and applications of the H(X,Y ) one can see the

Smitha (2010) and the references there in.

In application, since the current age of the system under consideration is also taken into account,

thus the two measures H(X) and H(X,Y ) are not suitable. Therefore the concept of residual measures

have been developed in the literature. Let X be a continuous random variable denoting the lifetime

of a device or a system. Two dual random variables called residual lifetime, Xt = (X − t|X ≥ t), and

past lifetime, X∗t = (t−X|X ≤ t), are the fundamental concepts in reliability and information theory.

Ebrahimi and Pellerey (1995) and Ebrahimi (1996) defined the residual entropy (RE) based on the

random variable Xt = (X − t|X > t) by,

RE(X; t) = −
∫ ∞
t

f(x)

F (t)
log

f(x)

F (t)
dx,

= 1 − E(log λ(X)|X ≥ t),

where λ(x) = f(x)

F (x)
is the hazard rate function and RE(X; 0) = H(X).

Accordingly, Nair and Gupta (2007) and Taneja et al. (2009) have extended the measure of

inaccuracy, in dynamic version, given as

H(X,Y ; t) = −
∫ ∞
t

f(x)

F (t)
log

g(x)

G(t)
dx, (1.2)

where when t → 0, it implies H(X,Y ). It can be easily seen that the relation among hazard rates of

X and Y and H(X,Y ; t) is as follows,

λX(t) =
∂H(X,Y ;t)

∂t + λY (t)

H(X,Y ; t) + log λY (t)
.

Recently, Di Crescenzo and Longobardi (2002) introduced an entropy-based measure of uncer-

tainty in past life time distributions and called it past entropy. The past entropy (PE) represents the

uncertainty of the idle time (or inactivity time) of a component or system which is based on past life

time random variable, X∗t = (t−X|X ≤ t), and it is given by,

PE(X; t) = −
∫ t

0

f(x)

F (t)
log

f(x)

F (t)
dx

= 1 − E(log λ∗(X)|X ≤ t),

where λ∗(t) = f(x)
F (x) is the reversed hazard rate function and PE(X;∞) = H(X).
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Nair and Gupta (2007) and Kumar et al. (2011), have studied a dynamic measure of inaccuracy

based on the past entropy of the form,

H∗(X,Y ; t) = −
∫ t

0

f(x)

F (t)
log

g(x)

G(t)
dx, (1.3)

where H∗(X,Y ;∞) = H(X,Y ).

More recently, Rao et al. (2004) defined a new uncertainty measure, the cumulative residual

entropy (CRE), through,

CRE(X) = −
∫ ∞
0

F (x) logF (x)dx.

CRE has many good properties. First, its definition is valid in the continuous and discrete cases which

is more general than the Shannon entropy; second, it has more general mathematical properties than

the Shannon entropy; and at last, it can be easily estimated from sample data and the estimation

asymptotically converge to the true values. One can see many properties and applications of CRE in

Rao (2005), Liu (2007) and Di Crescenzo and Longobardi (2009).

Asadi and Zohrevand (2007) defined the dynamic version of cumulative residual entropy (DCRE),

which is the CRE of the residual random variable Xt and it is given by,

DCRE(X; t) = −
∫ ∞
t

F (x)

F (t)
log

F (x)

F (t)
dx,

= − 1

F (t)

∫ ∞
t

F (x) logF (x)dx+ µ(t) logF (t),

where µ(t) = E(X − t|X ≥ t) is the mean residual life (MRL) function and DCRE(X; 0) = CRE(X).

As a generalization of the CRE and DCRE, Taneja and Kumar (2012) have defined the cumulative

residual inaccuracy (CRI) and then the dynamic version of it by,

CRI(X,Y ) = −
∫ ∞
0

F (x) logG(x)dx

= −
∫ ∞
0

F (x) logF (x)dx+

∫ ∞
0

F (x) log
F (x)

G(x)
dx,

and

DCRI(X,Y ; t) = −
∫ ∞
t

F (x)

F (t)
log

G(x)

G(t)
dx.

The cumulative past entropy (CPE) has also introduced and studied Di Crescenzo and Longobardi

(2009) as follows,

CPE(X) = −
∫ ∞
0

F (x) logF (x)dx. (1.4)
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Furthermore, Navarro et al. (2010) studied many properties of DCRE and defined the dynamic

version of cumulative past entropy (DCPE) by,

DCPE(X; t) = −
∫ t

0

F (x)

F (t)
log

F (x)

F (t)
dx

= µ∗(t) logF (t) − 1

F (t)

∫ t

0

F (x) logF (x)dx, (1.5)

where µ∗(t) = E(t−X|X ≤ t) is the mean past life (MPL) function and DCPE(X;∞) = CPE(X).

Another reliability measure that has important role in modeling and dependance structure among

two distributions is the proportional (reversed) hazard model. Suppose that two random variables

X and Y satisfy the proportional reversed hazard rate model (PRHM) with proportionality constant

β(> 0), if

λ∗Y (t) = βλ∗X(t); β > 0.

So, the PRHM is equivalent to the model,

G(t) = [F (t)]β , (1.6)

where F (x) is the baseline distribution function and G(x) can be considered as some reference dis-

tribution function. This model was proposed by Gupta et al. (1998) in contrast to the celebrated

proportional hazard model (PHM), λY (t) = βλX(t). Although, the PRHM and PHM are strongly

similar, but only PRHM is useful in analyze the left censored or right truncated data.

In this paper, first we propose the cumulative past inaccuracy (CPI) and its dynamic version

(DCPI), which is related to CRE and cumulative Kullback-Leibler information. Then we obtain an

upper bound for DCPI based on mean past lifetime function. We also show that the DCPI measure

uniquely can determine the distribution function. Finally its relation to mean past lifetime is implied.

2 Main results

We proposed the cumulative past inaccuracy (CPI) and its dynamic version as a generalization of CPE

(1.4) and DCPE (1.5), respectively by,

CPI(X,Y ) = −
∫ ∞
0

F (x) logG(x)dx

= −
∫ ∞
0

F (x) logF (x)dx+

∫ ∞
0

F (x) log
F (x)

G(x)
dx, (2.1)

and

DCPI(X,Y ; t) = −
∫ t

0

F (x)

F (t)
log

G(x)

G(t)
dx
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= µ∗(t) logG(t) − 1

F (t)

∫ t

0

F (x) logG(x)dx. (2.2)

It should be noted that,

CPI(X,Y ) = CRE(X) + CKL(X,Y ) + [E(Y ) − E(X)],

where CKL(X,Y ) =
∫∞
0
F (t) log F (t)

G(t)dt+ [E(X)−E(Y )] is the cumulative Kullback-Leibler informa-

tion introduced by Park et al. (2012) and Di Crescenzo and Longobardi (2015). Also we have,

DCPI(X,Y ; t) = DCRE(X,Y ; t) +DCKL(X,Y ; t) + [µ∗X(t) − µ∗Y (t)],

whereDCKL(X,Y ; t) =
∫ t
0
F (x)
F (t) log

(
F (x)G(t)
F (t)G(x)

)
dx+[µ∗Y (t)−µ∗X(t)] is the dynamic cumulative Kullback-

Leibler information (Di Crescenzo and Longobardi (2015)).

In the following, we obtain an upper bound for dynamic cumulative past inaccuracy which is useful

tool in the next results.

Theorem 2.1. Let X and Y be two non-negative random variables satisfying the proportional reversed

hazard model (PRHM) of the form (1.6). Then DCPI(X,Y ; t) is increasing function of t, if and only

if the following inequality holds for all t;

DCPI(X,Y ; t) ≤ βµ∗(t). (2.3)

Proof. Using (2.2) and properties of PRHM and differentiating both sides with respect to t, the required

result is follow.

In the next theorem, we show that under proportional reversed hazard model (1.6), the DCPI can

characterizes the distribution function F .

Theorem 2.2. If X and Y be two non-negative random variables satisfying the PRHM and DCPI(X,Y ; t)

is increasing function of t, then DCPI uniquely determines the distribution function F .

Proof. Let X1, Y1 and X2, Y2 be two sets of random variables with distribution functions F1, G1 and

F2, G2 respectively, which both of them satisfying the proportional reversed hazard rate model, that

is,

λ∗Y1
(t) = βλ∗X1

(t)

and

λ∗Y2
(t) = βλ∗X2

(t).

For proving the theorem, we will show that if for all t ≥ 0,

DCPI(X1, Y1; t) = DCPI(X2, Y2; t), (2.4)
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then we should have λ∗X1
(t) = λ∗X2

(t), which leads to FX1(t) = FX2(t). So, let

A = {t : t ≥ 0 and λ∗X1
(t) ̸= λ∗X2

(t)},

and assume that the set A is not empty and without loss of generality suppose that for some t0 ∈ A,

λ∗X1
(t0) > λ∗X2

(t0). (2.5)

On the other hand, differentiating the both sides of (2.4) with respect to t, simplifying and using the

relations (2.5) and (2.3), we have

βµ∗X1
(t0) −DCPI(X1, Y1; t0)] < βµ∗X2

(t0) −DCPI(X2, Y2; t0).

Since, the last inequality implies a contradiction µ∗X1
(t0) < µ∗X2

(t0), the set A should be empty and

the proof completed.

In the following theorem we show that, the DCPI has a direct relation with mean past lifetime.

Theorem 2.3. Let X and Y are two nonnegative continuous random variables satisfying the PRHM

(1.6), such that DCPI(X,Y ; t) <∞ for all t > 0. Then,

DCPI(X,Y ; t) = βE(µ∗(X)|X ≤ t). (2.6)

Proof. Under PRHM (1.6) and by showing that E(µ∗(X)|X ≤ t) = DCPE(X; t), the proof is straight-

forward.

Conclusion

We considered some extensions of Kerridge inaccuracy measure due to the past lifetime and cumulative

distribution function. The CPI and its dynamic version is defined and an upper bound is obtained. We

also show that it can characterized the distribution uniquely and its relationships with other reliability

concepts are obtained. Of course, other properties of these functions are still waiting to be discovered.
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bivariate setup and study their relations with reliability concepts such as bivariate reversed hazard rate

(BRHR) and bivariate reversed mean residual lifetime (BRMRL). It is shown that the bivariate DCPE

is not invariant under non-singular transformations. We also obtain an upper bound for bivariate

DCPE based on BRMRL. Finally an example due to standard log-logistic distribution is presented.
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1 Introduction

The main measure of the uncertainty contained in non-negative random variable X with an absolutely

continuous distribution function F (x) and probability density function (PDF) f(x) is the Shannon’s

(1948) entropy defined by,

H(X) = −
∫ ∞
0

f(x) log f(x)dx.

After Shannon entropy several measure of uncertainty in different situations have been defined.

Di Crescenzo and Longobardi (2002) defined dynamic past entropy for the random variable Xt =

(t−X|X ≤ t), which t ≥ 0, by

H(t) = −
∫ t

0

f(x)

F (t)
log

f(x)

F (t)
dx,

where f(x)
F (t) is the PDF of Xt and H(t) ∈ [−∞,∞]. Given that a device has been failed before time t,

H(t) measures the uncertainty about it’s past lifetime. Although Shannon’s entropy has applications

in many bases of researches, but Rao et al. (2004) introduced cumulative residual entropy (CRE) for

the random lifetime X as follow,

ξ(X) = −
∫ ∞
0

F (t) logF (t)dx,

1Speaker’s Name : sirousi razieh89@yahoo.com
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which has more mathematical properties and is related to reliability measures and also its estimation is

more easier ad accurate than Shannon entropy. Based on CRE, Di Crescenzo and Longobardi (2009),

defined cumulative past entropy (CPE) for the past lifetime X, through the relationship,

ξc(X) = −
∫ ∞
0

F (t) logF (t)dx. (1.1)

Di Crescenzo and Longobardi (2009) and Navarro et al. (2010) have extended the concept of

CPE in terms of conditional measure called the dynamic cumulative past entropy (DCPE). For a

non-negative random variable X, which is the past lifetime of a component, the DCPE is the CPE

associated with the random variable Xt, with the distribution function Ft(x) = F (x)
F (t) , and is defined as

ξc(X; t) = −
∫ t

0

Ft(x) logFt(x)dx, (1.2)

where t > 0, F (t) > 0. We know that in univariate case, the reversed mean residual lifetime is as

follow,

m(x) =
1

F (x)

∫ x

0

F (u)du.

In real environments, systems are composed of two or more components that depend on each other

for life. Therefore, we must examine the concepts of reliability in these circumstances and achieve

their features and capabilities. Despite of univariate case, only few works have been done in higher

dimensions. The works of Ahmad and Gokhale (1989), Zografos (1999), Darbellay and Vajda (2000),

Rajesh and Nair (2000), Nadarajah and Zografos (2005), Ebrahimi et al. (2007), Rajesh et al.

(2009), Sathar et al. (2009, 2010) and Khorashadizadeh et al. (2013) focus attention on extending

information measures in multi-component systems. Accordingly, Roy (2002) defined bivariate reversed

hazard rate (BRHR) of a random vector X = (X1, X2) as a two component vector given by,

rh(x1, x2) = (rh1(x1, x2), rh2(x1, x2)), (1.3)

where

rhi(x1, x2) = lim
∆xi→0

P (xi − ∆xi|X1 ≤ x1, X2 ≤ x2)

∆xi

=
∂ logF (x1, x2)

∂xi
, i = 1, 2. (1.4)

For i = 1, rh1(x1, x2)∆x1 is the probability of failure of the first component in the interval (x1−∆x1, x1]

given that it has failed before x1 and the second has failed before x2. The interpretation for rh2(x1, x2)

is similar. Also, Bisimi (2005) has been defined and studied a scalar BRHR as

r(x1, x2) =
f(x1, x2)

F (x1, x2)
.
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Similarly to vector BRHR stated in (1.3), Nair and Asha (2008) defined bivariate reversed mean

residual life (BRMRL) function as the following vector,

m(x1, x2) = (m1(x1, x2),m2(x1, x2)), (1.5)

where

mi(x1, x2) = E(xi −Xi|X1 ≤ x1, X2 ≤ x2)

=
1

F (x1, x2)

∫ xi

0

F (xi, xj)dxi, i, j = 1, 2; i ̸= j. (1.6)

They also have been shown that the BRMRL and the BRHR have a relation as follow,

rhi(x1, x2) = (mi(x1, x2))−1(1 − ∂mi(x1, x2)

∂xi
), i = 1, 2.

In the rest of the paper, we define a vector and scalar versions of bivariate dynamic CPE and

obtain some of their properties. We show that our proposed measure is invariant under non-singular

transformations and its relation with reversed mean residual function is obtained. Also, an upper

bound based on BRMRL is presented.

2 Definitions and properties

In this section we try to extend CPE and DCPE to the bivariate setup. A natural extension of (1.1)

and (1.2) is given in next definitions.

Definition 2.1. Let X = (X1, X2) be a non-negative bivariate random vector with an absolutely con-

tinuous distribution function F (x1, x2), probability density function f(x1, x2) and marginal distribution

functions Fi(xi), i = 1, 2. Then the scalar bivariate cumulative past entropy (BCPE)can be defined

through the relationship

BC(X1, X2) = −
∫ ∞
0

∫ ∞
0

F (x1, x2) logF (x1, x2)dx1dx2. (2.1)

Remark 2.2. If X1 and X2 are independent, then (2.1) is equal to

BC(X1, X2) = −
∫ ∞
0

F1(x1) logF1(x1)dx1 −
∫ ∞
0

F2(x2) logF2(x2)dx2,

= ξc(X1) + ξc(X2)

and also if X1 and X2 have same distribution, then we have

BC(X1, X2) = 2ξc(X1).
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Definition 2.3. Let X = (X1, X2) be a non-negative bivariate random vector which have the same

properties of Definition 2.1, Then the scalar bivariate dynamic cumulative past entropy (BDCPE) can

be defined as follow

BDC(t1, t2) = −
∫ t1

0

∫ t2

0

F (x1, x2)

F (t1, t2)
log

F (x1, x2)

F (t1, t2)
dx1dx2. (2.2)

If X = (X1, X2) be the failure time of a two-component system, (2.2) can be considered as a

measure of uncertainty of failure time when the components have been found down at time t = (t1, t2).

Remark 2.4. Note that BDC(∞,∞) = BC(X1, X2). So the properties of BDCPE that will be said

in the following are true for BCPE.

Rajesh et al. (2014) have shown that bivariate dynamic cumulative residual entropy (BDCRE)

is not influenced by non-singular transformations. Similarly we show that BDCPE defined in (2.2) is

not invariant under non-singular transformations.

Remark 2.5. If Yj = Φj(Xj), j = 1, 2, are one-to-one transformations with joint distribution function

G(y1, y2) and bivariate dynamic CPE, BDC(t1, t2), then

BDC(Φ1(t1),Φ2(t2)) = −
∫ t1

0

∫ t2

0

F (x1, x2)

F (t1, t2)
log

F (x1, x2)

F (t1, t2)
Jdx1dx2,

where J =| ∂
∂x1

Φ1(x1) ∂
∂x2

Φ2(x2) | is the absolute value of the Jacobian of transformation. The above

expression represents that (2.2) is not invariant under non-singular transformations. In the specific

case, if we choose Φj(Xj) = ajxj + bj, then we have

BDC(Φ1(t1),Φ2(t2)) = a1a2BDC(t1, t2)).

Remark 2.6. If X1 and X2 are independent, then

BDC(t1, t2) = −
∫ t1

0

∫ t2

0

F1(x1)

F1(t1)

F2(x2)

F2(t2)
log

F1(x1)

F1(t1)

F2(x2)

F2(t2)
dx1dx2

= −
∫ t2

0

F2(x2)

F2(t2)
dx2

∫ t1

0

F1(x1)

F1(t1)
log

F1(x1)

F1(t1)
dx1

−
∫ t1

0

F1(x1)

F1(t1)
dx1

∫ t2

0

F2(x2)

F2(t2)
log

F2(x2)

F2(t2)
dx2

= m2(t2)ξc(X1; t1) +m1(t1)ξc(X2; t2),

where mi(xi) and ξc(Xi; ti) are the reversed mean residual life function and the DCPE of Xi, i = 1, 2,

respectively. In particular, if X1 and X2 are independent and have the same reversed mean residual

life function m(t), the above relation corresponds

BDC(t1, t2) = m(t)(ξc(X1; t1) + ξc(X2; t2)).
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Now, we investigate the behavior of the DCPE for conditional distributions. Consider the random

variables Yj = [Xj |Xi < ti], i = 1, 2. The distribution of Yj corresponds the conditional distribution

of Xj provided that Xi has been failed to time ti, i = 1, 2, and has distribution function F (x1,t2)
F (t1,t2)

for

x1 < t1 and F (t1,x2)
F (t1,t2)

for x2 < t2. The DCPE for the random variables Yj , j = 1, 2 is equal to

BDC1(t1, t2) = −
∫ t1

0

F (x1, t2)

F (t1, t2)
log

F (x1, t2)

F (t1, t2)
dx1, (2.3)

and

BDC2(t1, t2) = −
∫ t2

0

F (t1, x2)

F (t1, t2)
log

F (t1, x2)

F (t1, t2)
dx1. (2.4)

Analogous to bivariate reversed hazard rate as a two component vector, we give another definition

of vector BDCPE.

Definition 2.7. For a non-negative bivariate random vector X = (X1, X2) with an absolutely contin-

uous distribution function F (x1, x2), vector BDCPE is defined as

BDC(t1, t2) = (BDC1(t1, t2), BDC2(t1, t2)). (2.5)

where BDC1(t1, t2) and BDC2(t1, t2) are given by (2.3) and (2.4), respectively.

If X = (X1, X2) is a bivariate random vector, then BDC1(t1, t2) measures expected uncertainty

contained in random variable X1 about the predictability of the past lifetime of the first component,

before t1, subject to the revision that X2 has been failed before time t2. This interpretation can be

said for BDC2(t1, t2), similarly. According to BRMRL function of the form (1.5), (2.3) and (2.4) can

be rewritten as

BDC1(t1, t2) = m1(t1, t2) logF (t1, t2) −
∫ t1

0

F (x1, t2)

F (t1, t2)
logF (x1, t2)dx1, (2.6)

and

BDC2(t1, t2) = m2(t1, t2) logF (t1, t2) −
∫ t2

0

F (t1, x2)

F (t1, t2)
logF (t1, x2)dx2, (2.7)

where mi(t1, t2), i = 1, 2 is said in (1.6).

Now, we compute the vector BDCPE which is defined above for the standard bivariate log-logistic

distribution.

Example 2.8. Let (X,Y ) have standard bivariate log-logistic distribution with CDF as follow,

F (x, y) =

(
1 +

1

xy
+

1

x
+

1

y

)−1
, x, y > 0.
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By using (2.3) and (2.4) and simplifying, for i = 1, 2 we get

BDCi(t1, t2) = −1

6

(
ti + 1

ti

)(
π2 + 6 (ln(ti) − 3) ln(ti + 1) − 6dilog

(
ti

ti + 1

))
,

where dilog(t) =
∫ t
1

ln(u)
1−u du is the dilogarithm function.

In the following theorem, we obtain an upper bound for BDCi(t1, t2), i = 1, 2, which has been

defined in (2.6) and (2.7).

Theorem 2.9. If BDCi(t1, t2) be increasing with respect to ti, i = 1, 2. Then

BDCi(t1, t2) < mi(t1, t2), i = 1, 2. (2.8)

Proof. For i = 1, by differentiating from (2.6) with respect to t1, we have

∂

∂t1
BDC1(t1, t2) =

∂m1(t1, t2)

∂t1
logF (t1, t2) +m1(t1, t2)

∂ logF (t1, t2)

∂t1

− logF (t1, t2) +

∂F (t1,t2)
∂t1

F 2(t1, t2)

∫ t1

0

F (x1, t2) logF (x1, t2)dx1.

Now, by differentiating from (1.6) with respect to t1, using (1.4) and (2.6) and simplifying, we get

∂

∂t1
BDC1(t1, t2) = rh1(t1, t2)(m1(t1, t2) −BDC1(t1, t2)).

Knowing that rh1(t1, t2) > 0, the proof is completed. The proof is similar for i = 2.

In the following theorem we obtain a functional relationship between BDC(t1, t2) and the values

of vector m(t1, t2).

Theorem 2.10. Let X = (X1, X2) be a non-negative bivariate random vector with an absolutely con-

tinuous distribution function F (t1, t2) with BDCi(t1, t2) <∞ and BRMRL function with components

mi(t1, t2), i = 1, 2 for all ti ≥ 0. Then

BDC1(t1, t2) =

∫ t1

0

f(x1, t2)

F (t1, t2)
m1(x1, t2)dx1,

BDC2(t1, t2) =

∫ t2

0

f(t1, x2)

F (t1, t2)
m2(t1, x2)dx2.

Proof. The proof concludes easily from (2.6) and (2.7).
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1 Introduction

The usefulness of signatures is evident from the mixture representation for the system lifetime in

samaniego (1985). It shows that the lifetime distribution of a coherent system based on n components

with i.i.d. lifetimes and common continuous distribution F can be expressed as a function which

depends on the system’s design only through its signature. Consider a coherent system comprising n

components with independent and identically distributed (i.i.d.) lifetimes X1, X2, ..., Xn distributed

according to the common continuous distribution F . Let T be the system’s lifetime. Then, the

signature of the coherent system is defined to be a probability vector s = (s1, s2, ..., sn) such that

si = P (T = Xi:n), i = 1, 2, ..., n, (1.1)

where Xi:n denotes the ith ordered lifetime of the components. It is known that the signature vector s

does not depend on the underlying distribution function F . The following theorem, due to samaniego

(1985), shows that the reliability function of the coherent system can be written as a mixture of the

reliability functions of the ordered lifetimes of the components as follows.

Theorem 1.1. If FT (t) denotes the reliability function of the coherent system. Then,

FT (t) =

n∑
i=1

siF i:n(t), (1.2)

1A. Sotoudeh : abdorrahim.sotoudeh@math.iut.ac.ir
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where F i:n(t) denotes the reliability function of Xi:n.

Signature vectors have been found to be quite useful in evaluating and comparing the performance

of competing systems; see, for example, Kochar et al. (1999), Navarro et al. (2008), Navarro et al.

(2005), Khaledi et al. (2007), Li et al. (2008), Zhang (2010), Goliforushani et al. (2012), and

Goliforushani et al. (2011). Another mixture representation of the reliability function FT (t) of the

coherent system is as given in the following theorem.

Theorem 1.2. Let T be the lifetime of a coherent system of order n with i.i.d. lifetimes X1, X2, ..., Xn

distributed according to a common underlying continuous distribution F . Then, the following general-

ized mixture representation of the reliability function of the system holds:

FT (t) =
n∑
i=1

aiF 1:i(t), (1.3)

where F 1:i(t) = P (X1:i > t) is the reliability function of the series system with i components and the

vector of coefficients a = (a1, ..., an) satisfying
∑n
i=1 ai = 1 is referred to as the domination vector.

In Section 2, we focus on coherent systems under some specific conditions concerning the status of

the components or the system and derive a generalized mixture representation for the inactivity time

of the system.

2 Generalized mixture representation for inactivity times of

coherent systems under some conditions

Consider a coherent system with liftime T that has failed by time t, i.e., {T < t}, and suppose we

know that at least (n − i + 1) of the components are still alive, i.e., {Xi:n > t}. In this case, we can

define the following conditional random variable :

(t− T |T < t,Xi:n > t). (2.1)

To obtain a generalized mixture representation for 2.1, we first need the following lemma.

Lemma 2.1. Let T be the lifetime of a coherent system and i (1 < i ≤ n) be an integer. Then,

P (T < y,Xi:n > x) =

i−1∑
k=1

n−k∑
j=n−i+1

aj,kF
j
(x)F k(y) for all y ≤ x, (2.2)

where the coefficients aj,k are real numbers that do not depend on F.
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Proof. It is well known that the lifetime T of a coherent system can be written as T = minj=1,...,s maxi∈Qj Xi,

where Q1, Q2, ..., Qs are minimal cut sets of the system. We use the following notation : XP =

mini∈P Xi and XQ = maxi∈QXi. From the inclusion-exclusion formula, we have

P (T < y,Xi:n > x) = P

(
min

j=1,...,s
max
i∈Qj

Xi < y,Xi:n > x

)

= P

 s∪
j=1

{XQj < y}

∩{Xi:n > x}


= P

 s∪
j=1

(
{XQj < y}

∩
{Xi:n > x}

)
=

s∑
j=1

P (XQj < y,Xi:n > x) −
∑
j<k

P (XQj∪Qk < y,Xi:n > x)

+ · · · ± P (XQ1∪Q2∪...∪Qs < y,Xi:n > x). (2.3)

Analogously, Xi:n = maxj=1,...,m mini∈Pj Xi, where m =

(
n

n− i+ 1

)
and P1, ..., Pm are all the

subsets of {1, 2, ..., n} with exactly (n − i + 1) elements. Therefore, if I ⊂ {1, 2, ..., n} such that

|I| ≤ i − 1 (note that P (XI < y,Xi:n > x) = 0 if |I| > i − 1), where |I| denotes the cardinality of I,

then

P (XI < y,Xi:n > x) = P

(
XI < y, max

j=1,...,m
min
i∈Pj

Xi > x

)

= P

 m∪
j=1

{XPj > x}

∩{XI < y}


= P

 m∪
j=1

(
{XPj > x}

∩
{XI < y}

)
=

m∑
j=1

P (XPj > x,XI < y) −
∑
j<k

P (XPj∪Pk > x,XI < y)

+ · · · ± P (XP1∪P2∪···∪Pm > x,XI < y).

=
m∗∑
j=1

P (XP∗
j
> x,XI < y) −

∑
j<k

P (XP∗
j

∪P∗
k
> x,XI < y)

+ · · · ± P (XP∗
1 ∪P∗

2 ∪···∪P∗
m∗ > x,XI < y), (2.4)
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where m∗ =

(
|I|

n− i+ 1

)
and P ∗1 , ..., P

∗
m∗ are all the subsets of I = {1, 2, ..., n} − I with exactly

(n− i+ 1) elements. Now, upon using the fact that the components are i.i.d., from (8) we obtain

P (XI < y,Xi:n > x) = cn−i+1F
n−i+1

(x)F |I|(y) + cn−i+2F
n−i+2

(x)F |I|(y) + · · · + c|I|F
|I|

(x)F |I|(y),

where cn−i+1, cn−i+2, ..., c|I| are coefficients that do not depend on F . Using this last expression and

2.3, we obtain 2.2 upon grouping together terms with the same powers of F (x) and F (y).

We now present the main result of this section for the conditional random variable in 2.1.

Theorem 2.2. Let T be the lifetime of a coherent system with i.i.d. components having a common

continuous distribution function F and i ∈ {2, ..., n} such that P (T < t,Xi:n > t) > 0. Then, there

exist coefficients p1(t, i), p2(t, i), ..., pn(t, i) (that depend on F ) such that
∑n
j=1 pj(t, i) = 1 and

P (t− T > x|T < t,Xi:n > t) =
n∑
j=1

pj(t, i)P (t−Xj:n > x|Xj:n < t), (2.5)

for all 0 ≤ x ≤ t.

Proof. From lemma 2.1, we have

P (t− T > x|T < t,Xi:n > t) =
P (T < t− x,Xi:n > t)

P (T < t,Xi:n > t)

=

∑i−1
k=1

∑n−k
j=n−i+1 aj,kF

j
(t)F k(t− x)∑i−1

k=1

∑n−k
j=n−i+1 aj,kF

j
(t)F k(t)

=
i−1∑
k=1

n−k∑
j=n−i+1

aj,kF
j
(t)F k(t)∑i−1

k=1

∑n−k
j=n−i+1 aj,kF

j
(t)F k(t)

F k(t− x)

F k(t)

=
i−1∑
k=1

n−k∑
j=n−i+1

aj,kF
j
(t)F k(t)∑i−1

k=1

∑n−k
j=n−i+1 aj,kF

j
(t)F k(t)

P (t−Xk:k > x|Xk:k < t)

=
i−1∑
k=1

n−k∑
j=n−i+1

aj,k(t, i)P (t−Xk:k > x|Xk:k < t), (2.6)

where P (t−Xk:k > x|Xk:k < t) = F k(t− x)/F k(t) and

aj,k(t, i) =
aj,kF

j
(t)F k(t)∑i−1

k=1

∑n−k
j=n−i+1 aj,kF

j
(t)F k(t)

.
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Hence, if ak(t, i) =
∑n−k
j=n−i+1 aj,k(t, i), from 2.6 we obtain

P (t− T > x|T < t,Xi:n > t) =
i−1∑
k=1

ak(t, i)P (t−Xk:k > x|Xk:k < t)

=

i−1∑
k=1

ak(t, i)

n∑
j=1

pj,k(t)P (t−Xj:n > x|Xj:n < t),

=
n∑
j=1

(
i−1∑
k=1

ak(t, i)pj,k(t)

)
P (t−Xj:n > x|Xj:n < t),

such that
∑n
j=1 pj,k(t) = 1 for all k. Upon denoting pj(t, i) =

∑i−1
k=1 ak(t, i)pj,k(t), we note that

n∑
j=1

pj(t, i) =

n∑
j=1

i−1∑
k=1

ak(t, i)pj,k(t)

=
i−1∑
k=1

ak(t, i)

 n∑
j=1

pj,k(t)


=

i−1∑
k=1

n−k∑
j=n−i+1

aj,k(t, i)

=

i−1∑
k=1

n−k∑
j=n−i+1

aj,kF
j
(t)F k(t)∑i−1

k=1

∑n−k
j=n−i+1 aj,kF

j
(t)F k(t)

= 1.

The vector of cofficients p(t, i) = (p1(t, i), p2(t, i), ..., pn(t, i)) can be termed the conditional dom-

ination vector under the condition (T < t,Xi:n > t). Note that the coefficients pj(t, i) need not all

be nonnegative. The following examples show how these coefficients can be determind in specific

cases.

Example 2.3. Let us consider the system T = max(X1,min(X2, X3)), and let us assume that by time

t the system has failed, but at least one component is still working, i.e., {T < t,X3:3 > t}. Then, for

0 ≤ x ≤ t, we have

P (T < t− x,X3:3 > t) = P (X1 < t− x,min(X2, X3) < t− x,X3:3 > t)

= P (X1 < t− x,min(X2, X3) < t− x,max(X1, X2, X3) > t)

= P (X1 < t− x,X2 < t− x,X3 > t)



547 A. Sotoudeh, S. Goliforushani

+ P (X1 < t− x,X2 > t,X3 < t− x)

= 2F 2(t− x)F (t).

Therefore,

P (t− T > x|T < t,X3:3 > t) =
F 2(t− x)

F 2(t)
= P (t−X2:2 > x|X2:2 < t) ;

that is, a(t, 3) = (0, 1, 0). Hence, the system is equal in law to the past lifetime of a 2-component

parallel system (an intuitive property). Finally, as the vector p2:2(t) of coefficients in ?? of X2:2 with

n = 3 is p2:2(t) = (0,
3F (t) − 2F 2(t)

6 − 3F (t)
,

6 − 6F (t) + 2F 2(t)
6 − 3F (t)

), we have

P (t− T > x|T < t,X3:3 > t) =
3F (t) − 2F 2(t)

6 − 3F (t)
F 2:3(x|t) +

6 − 6F (t) + 2F 2(t)

6 − 3F (t)
F (t)F 3:3(x|t),

where F i:3(x|t) = P (t−Xi:3 > x|Xi:3 < t) , that is,

p(t,3) =

(
0,

3F (t) − 2F 2(t)

6 − 3F (t)
,

6 − 6F (t) + 2F 2(t)

6 − 3F (t)

)
.
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Abstract: In this paper, we provide necessary conditions for a discrete-time symmetric α-stable

processes to be linear 2-ple Markov. The aim of this paper is to extend the results given by Adler et

al. (1990) to general multiple Markov processes, called linear multiple Markov processes. A necessary

and sufficient condition based on the covariation for SαS processes to be linear multiple Markov is

provided. A complete description of this class of covariation functions including the stationary case is

given.
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1 Introduction

The notion of multiple Markov property for stochastic processes has been studied by many authors;

e.g. Hida (1960), Mandrekar (1974) and Kojo (1995). Let X = {X(t), t ∈ Z}, where Z stands for all

integers, be a discrete-time zero mean process. In this paper, a linear multiple Markov is defined as

follows.

Definition 1.1. If the conditional expectation E [X(t)||X(u), u ≤ s]exists for all s ≤ t in Z, then X is

said to be “Linear Multiple Markov” (LMM) of order m, if

E [X(t)||X(u), u ≤ s] =
m−1∑
i=0

Ci(t, s)X(s− i), (1.1)

for all s ≤ t in Z, with probability one, where Ci are real numbers depending on t and s.

The class of symmetric α-stable (for short,SαS) processes, of which the Gaussian process is a special

case, represents a natural generalization of the Gaussian processes, and provides a popular alternative

for modeling of some popular time series which exhibit sharp spikes and outlying observations, see e.g.

Nikias and Shao (1995). The random variable X is called symmetric α-stable, 0 < α ≤ 2 if

E
[
ei θX

]
= e−µ |θ|

α

, (1.2)

1M. Taghipour : mtaghipour2002@gmail.com
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for some µ > 0.The stochastic processes X = {X(t), t ⊂ R} is SαS processes if and only if all linear

combination are symmetric α-stable (i.e. for all N ≥ 1, ai ∈ R, ti ∈ T,
∑N
i=1 ai X(ti) is a SαS random

variable). Each SαS process X = {X(t), t ∈ T} has a representation of the form

X(t) =

∫
U

ft(u) dZ(u), t ∈ T, (1.3)

where (U,Σ, µ) is a measure space, and Z a random σ-additive set function on

Σµ = {E ∈ Σ : µ(E) <∞}

which is independently scattered (i.e.E ∩ F = ϕ ⇒ Z(E) and Z(F ) are independent) and SαS with

E
[
ei θZ(E)

]
= e−µ(E) |θ|α . Furthermore, ft(u) ∈ Lα(U,Σ, µ), see Hardin Jr. (1982), Kanter (1972)

and Kuelbs (1973). Let

u<α> = |u|α sgn u.

Let X(t) and X(s) be jointly SαS with 1 < α ≤ 2.The covariation function X(t) on X(s) is a real

number

R(t, s) = Cov [X(t), X(s)] =

∫
U

ft(u) fs(u)<α−1> dµ(u), t ∈ T. (1.4)

The covariation norm X is also defined by

∥X∥α = {Cov[X,X]} 1
α .

2 Main results

In this section, we provide a necessary and sufficient condition based on the covariation for SαS

processes to be LMM. Then necessary conditions for discrete-time symmetric α-stable processes to be

linear 2-ple Markov are also provided. We start with a lemma.

Lemma 2.1. If X is LMM of order m, then

E [X(t)||X(u), u ≤ s] = E [X(t)||X(s), ..., X(s−m− +1)] , s, t ∈ Z.

Proof. Let G1 = σ{X(s), X(s− 1), ..., X(s−m− +1)} and G2 = σ{X(u), u ≤ s},
Then

E [X(t)||G1] = E{E[X(t)||G2] ||G1} =
m−1∑
i=0

Ci(t, s)X(s− i) = E[X(t) || G2].
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In the following theorem, we provide a necessary and sufficient condition for SαS processes to be

LMM based on the covariation function, which extends the known result given by Adler et al. (1990,

Theorem 2.1) to the linear multiple Markov processes.

Theorem 2.2. X has LMM property of order m if and only if

Cov

[
X(t) −

m−1∑
i=0

Ci(t, s)X(s− i) , Y

]
= 0, (2.1)

for all Y ∈ SP {X(u), u ≤ s }, ∀ s, t ∈ Z, s ≤ t.

Proof. First note that X is orthogonal to X if and only if Cov[X,Y ] = 0 (see Cambanis et al.

(1988) Corollary 1.3). Let L(S) = SP {X(u), u ∈ S },where S = {u : u ≤ s },and X̃ =

E [X(t)||X(u), u ≤ s] ,then L(S) ⊥p X(t) − X̃,if and only if X̃ ∈ L(S) (see Cambanis et al. (1988)

Proposition 1.5), which is true by (1.1). We recall thatX ⊥p Y,when X is orthogonal to Y, 1 ≤ p < α for

pth order random variables variables (see Cambanis et al. (1988), p. 3). Therefore

L(S) ⊥p X(t) − X̃ = X(t) −
m−1∑
i=0

Ci(t, s)X(s− i). (2.2)

So Cov[X(t) − X̃ , Y ] = 0 for all Y ∈ L(S), i.e.

Cov

[
X(t) −

m−1∑
i=0

Ci(t, s)X(s− i) , Y

]
= 0

for all Y ∈ SP {X(u), u ≤ s }, ∀ s ≤ t,(see Cambanis et al. (1988), Corollary 1.3).

The coefficients Ci(t, s) can be determined by the following simple procedure. Using Theorem 2.1,

we substitutive Y by the values X(s− i) , i = 0, 1, ...,m− 1,to reduce

Cov

[
X(t) −

m−1∑
i=0

Ci(t, s)X(s− j) , Y

]
= 0 , j = 0, 1, ...,m− 1.

Since covariation is linear in the first argument, we have

Cov[X(t) , X(s− j) ] =
m−1∑
i=0

Ci(t, s) Cov[X(s− i) , X(s− j)] , j = 0, 1, ...,m− 1.
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So R(t, s− j) =
m−1∑
i=0

Ci(t, s) R(s− i, s− j), j = 0, 1, ...,m− 1, which can be written in the following

matrix form RC = r, where

R =



R(s, s) R(s− 1, s) ... R(s−m+ 1, s)

R(s, s− 1) R(s− 1, s− 1) ... R(s−m+ 1, s)

. . .

. .

. .

R(s, s−m+ 1) R(s− 1, s−m+ 1) ... R(s−m+ 1, s−m+ 1)


,

C =
[
C0(t, s) C1(t, s) . . . Cm−1(t, s)

]t
, r =

[
R(t, s) R(t, s− 1) . . . R(t, s−m+ 1)

]t
.

For example, let m = 1 (linear 1-ple Markov), we have

E [X(t)||X(u), u ≤ s] = C0(t, s) X(s),

where C0(t, s)is obtained by solving the following equation R(t, s) = R(s, s) C0(t, s).Hence X has

LMM if and only if

Cov[X(t) − R(t, s)

R(s, s)
X(s) , Y ] = 0 ∀ s ≤ t , Y ∈ SP {X(u), u ≤ s }.

For m = 2(linear 2-ple Markov), we have

E [X(t)||X(u), u ≤ s] = C0(t, s) X(s) + C1(t, s) X(s− 1),

where C0(t, s) and C1(t, s) will be obtained by solving the following equation∣∣∣∣∣ R(s, s) R(s− 1, s)

R(s, s− 1) R(s− 1, s− 1)

C0(t, s)

C1(t, s)

∣∣∣∣∣ =

∣∣∣∣∣ R(t, s)

R(t, s− 1)

∣∣∣∣∣
It yields {

C0(t, s) = R(s−1,s−1) R(t,s)−R(s−1,s) R(t,s−1)
R(s,s) R(s−1,s−1)−R(s−1,s)R(s,s−1)

C1(t, s) = R(s,s) R(t,s−1)−R(s,s−1)R(t,s)
R(s,s) R(s−1,s−1)−R(s−1,s)R(s,s−1)

. (2.3)

Remark 2.3. From Miller (1978, Corollary 3.2), and Lemma 2.1, we conclude that

E [X(t)||X(s), ..., X(s−m− +1)] = E [X(t)||X(u), u ≤ s] =
m−1∑
i=0

Ci(t, s)X(s− i) ,

if and only if, for all r1, ..., rm∫
(x(t) − C0(t, s)x(s) − ...− Cm−1(t, s)x(s−m+ 1) (r1x(s) − ...− rm x(s−m+ 1))

α−1
µ(dx) = 0 .
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Setting r1 = 1 , r2 = ... = rm = 0, it reduces to∫
x(t)x(s)

α−1
µ(dx) = C0(t, s)

∫
x(s) x(s)

α−1
µ(dx) + ... + Cm−1(t, s)

∫
x(s−m+ 1)

α−1
x(s) µ(dx),

which means

R(t, s) = C0(t, s) R(s, s) + C1(t, s) R(s, s− 1) + ...+ Cm−1(t, s) R(s−m+ 1, s).

Similarly, let r2 = 1 , r1 = r3 ... = rm = 0,then

R(t, s− 1) = C0(t, s)R(s, s− 1) + C1(t, s) R(s− 1, s− 1) + ...+ Cm−1(t, s) R(s−m+ 1, s− 1),

Continuing this process, let rm = 1 , r1 = r2 ... = rm−=1 = 0 ,then

R(t, s−m+1) = C0(t, s)R(s, s−m+1)+C1(t, s) R(s−1, s−m+1) +...+Cm−1(t, s) R(s−m+1, s−m+1),

which we have already obtained from another approach. For the sake of simplicity, we now consider

only the case of order 2 (m=2). Extension to the general case of m, will be followed by a straightforward

similar procedure.

Corollary 2.4. For m = 2,(linear 2-ple Markov), we have∣∣∣∣∣∣∣
R(t2 − 1, t2) R(t2 , t2) R(t3 , t2)

R(t2 − 1, t2 − 1) R(t2 , t2 − 1) R(t3 , t2 − 1)

R(t
2
− 1, t1) R(t

2
, t1) R(t

3
, t

1
)

∣∣∣∣∣∣∣ = 0, ∀ t1 ≤ t2 ≤ t3 . (2.4)

Proof. Take Y = X(u),in theorem 2.1 and substituting C0(t, s) and C1(t, s) by (2.3), the proof is

complete.

Theorem 2.5. If X is linear 2-ple Markov SαS process, then the covariation function R with R(t, s) ̸=
0 for all s < t, is of the form

R(t, s) = H1(t) K1(s)<α−1> +H2(t) K2(s)<α−1>, ∀ s, t ∈ Z, s ≤ t, (2.5)

where the functions Hi and Ki are unique up to a multiplicative constant, and satisfy in the following

conditions

i) H1(t) K1(t)<α−1> +H2(t) K2(t)<α−1> > 0

ii)
∣∣H1(t) K1(s)<α−1> +H2(t) K2(s)<α−1>

∣∣ ≤
[H1(t) K1(t)<α−1> +H2(t) K2(t)<α−1>

1
α

[
H1(s) K1(s)<α−1> +H2(s) K2(s)<α−1>

]1− 1
α
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Proof. Let t0 , s0(s0 ≤ t0) be any points of Z. Consider the following scenario

i) s < t ≤ s0 < t0 ii) s < s0 ≤ t < t0 iii) s < s0 ≤ t0 < t

iv) s0 < t0 ≤ s < t v) s0 < s < t0 ≤ t vi) s0 < s < t < t0

We only consider the case (i), the proof of the other cases is similar. Lets < t ≤ s0 < t0 , then now

(2.5) holds by taking

H1(t) =
R(s0, s0) R(t, t) −R(t, s0) R(s0, t)

R(s0, s0) R(t0, t) −R(t0, s0) R(s0, t)
,

H2(t) =
R(t, s0) R(t0, t) −R(t0, s0) R(t, t)

R(s0, s0) R(t0, t) −R(t0, s0) R(s0, t)
,

K1(s)<α−1> = R(t0, s), K2(s)<α−1> = R(s0, s).

The proof is now complete by noting that 0 < R(t, t) and (ii) holds by using the well-known Holder

inequality. Now it remains to show that (2.5) is a covariation function. The simplest way of showing

this is to make a SαS process with covariation function (2.5).We recall that the SαS Levy motion

L = {L(t), t ≥ 0} is a process with stationary independent increments, L(0) = 0, a.s. , and for all real

r and t, s ≥ 0,

E [exp {ir (L(t) − L(s))}] = exp {− |r|α |t− s|} .

Also if τ(t) is positive and non-decreasing on T, and H(t) is positive on T, then the time change of

SαS Levy motion

X(t) = H(t)L(τ(t)), t ∈ T,

is Markov and for s < t , the conditional distribution of X(t) given X(t) isα-stable and symmetric, See

Adler et al. (1990). Now consider the time changes τi(t) =
[
Ki(t)
Hi(t)

]α−1
, i = 1, 2,where Ki(t)

Hi(t)
is positive

and nondecreasing on T. Now let X(t) = X1(t) + X2(t),where Xi(t) = Hi(t)Li(τi(t)), i = 1, 2, are

two independent time change Levy motions. Then for all s < t, we have

R(t, s) = Cov [X1(t) +X2(t) , X1(s) +X2(s)]

= H1(t) H1(s)<α−1> min (τ1(t), τ1(s)) +H2(t) H2(s)<α−1> min (τ2(t), τ2(s)) .

Since τi(t), i = 1, 2 is nondecrasing, positive and both Ki(t) and Hi(t) have the same sign, then

R(t, s) = H1(t) K1(s)<α−1> +H2(t) K2(s)<α−1>.
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Remark 2.6. Note that the sum of two independent time change Levy motions X(t) = X1(t) +X2(t)

is linear 2-ple Markov, as we have

X(t) =
H1(t)

H1(s)
X1(s)+H1(t) [L1(τ1(t)) − L1(τ1(s)]+

H2(t)

H2(s− 1)
X2(s−1) [L2(τ2(t)) − L2(τ2(s− 1)] .

The conditional distribution of the X(t) given σ {X(u) , u ≤ s} depends only on the σ {X(s) , X(s− 1)}
, and so

E exp {ir X(t)||X(u) , u ≤ s} = E exp {ir X(t)||X(s) , X(s− 1)} .

Remark 2.7. When X is stationary, then R(t, s)depends only on (t− s) (i.e., R(t, s) = R(t− s) for

all t, s ∈ R ) and we have the covariation stationary terminology. In the special case, if X is linear

2-ple Markov stationary SαS process, then by Corollary 2.1,∣∣∣∣∣∣∣
R(−1) R(0) R(t3 − t2)

R(0) R(1) R(t3 − t2 + 1)

R(t2 − t1 − 1) R(t2 − t1) R(t3 − t1)

∣∣∣∣∣∣∣ = 0.

Take t = t3 − t2 and s = t2 − t1 and by taking s = 2, we get the following a second-order linear homo-

geneous recurrence relation R(t+ 2) = aR(t+ 1) + bR(t), t > 2,where a = R(2)R(−1)−R(1)R(0)
R(−1)R(1)−R(0)2 , b =

R(12)−R(2)R(0)
R(−1)R(1)−R(0)2 .
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1 Introduction

Assuming the nondegeneracy condition one can derive some integration by parts formula on the Wiener

space (see e.g. Nualart (2006)). This formula has many applications for example in financial mathe-

matics. It is often of interest to investors to derive an option pricing formula and to know its sensitivity

with respect to various parameters. The integration by parts formula obtained from Malliavin calculus

can transform the derivative of the option price into weigthed integral of random variables. This gives

much more accurate and fast converging numerical solution estimates than obtained by the classical

methods Kohatsu-Higa and Montero (2004); Bavouzet and (2006). The interested reader could see

Alòs and Ewald (2008); Alò, León and Vives (2007); Talay (2002); Bally and Talay (1996).

The SDE we consider has not global Lipschitz coefficients. Such equations mostly come from finance

and biology and also dynamical systems and are more challenging when considered on infinite dimen-

sional spaces. (see e.g. Bahlali (1999); Zangeneh (1995); Gyöngy and Millet (2007))

In this paper, we consider an SDE with locally Lipschitz coefficients and uniformly elliptic diffusion.

In Tahmasebi and Zamani (2013), we have proved the uniqueness and existence of a solution Xt to

this equation. Since the drift of the SDE is not globally Lipschitz, we will construct a sequence of

SDEs with globally Lipschitz drifts whose solutions have uniformly bounded Malliavin derivatives with

respect to n, and converge to Xt almost everywhere. In this way we can apply the classical Malliavin

calculus to these solutions, and by the uniform boundedness of the moments of inverses of Malliavin

1Tahmasebi: tahmasebi@modares.ac.ir
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covariance matrices and the convergence result we are able to prove an integration by parts formula

in the Wiener space.

The organization of the paper is as follows. In section 2, we present some notions of Malliavin calculus,

as stated in Nualart (2006), and by use of them we formulate our main results. In section 3, we will

prove the integration by parts formula in the Wiener space.

2 Formulation of main results

Let Ω denote the Wiener space C0([0, T ];Rd). We furnish Ω with the ∥ . ∥∞-norm making it a

(separable) Banach space. Consider (Ω,F , P ) a complete probability space, in which F is generated

by the open sets of the Banach space, Wt is a d-dimensional Brownian motion, and Ft is the filtration

generated by Wt.

By H := L2([0, T ];d ) we denote a Hilbert space. For k, p ≥ 1, denote by k,p the domain of the kth

order Malliavin derivative operator with respect to the norm

∥ F ∥
k,p

=
[
E|F |p+ ∥ Di1,··· ,ikF ∥p

Lp(Ω;H⊗k)

]1/p
,

and define ∞ :=
∩k,p
k,p.

Now consider the following stochastic differential equation

dXt = b(Xt)dt+ σ(Xt)dWt, X0 = x0. (2.1)

where b :d−→d and σ :d−→ Md×d() are measurable functions. The function σ is C∞ and all of its

derivatives of order greater or equal to one are bounded. The function σ is globally Lipschitz with

Lipschitz constant k1. σσ∗ is uniformly continuous with modulus of continuity θ(.). Also for some

positive constant C2

|σ∗(x)u|2 ≤ C2|u|2 (2.2)

Note that in this paper, the function b is not considered globally Lipschitz.

In (Nualart , 2006, Theorem 2.2.2 and Corollary 2.2.1) Nualart shows that SDEs which have globally

Lipschitz coefficients with polynomial growth for all of their derivatives, have strong unique solutions

in ∞. He derives the linear equation which the Malliavin derivative satisfy as well. In ?Tahmasebi

and Zamani (2013) assuming some conditions for the nonglobally Lipschitz coefficients, we show the

existence of a unique strong solution Xt in ∞ to SDE (2.1). In this paper, we are not concerned with

the existence and uniqueness result and just assume that the SDE (2.1) has a unique strong solution

in ∞. We denote by the second-order differential operator associated to SDE (2.1):

=
1

2

d∑
i,j=1

(σσ∗)ij(x)∂i∂j +

d∑
i=1

bi(x)∂i
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Consider the following stochastic differential equations

dXn
t = bn(Xn

t )dt+ σ(Xn
t )dWt, Xn

0 = x0. (2.3)

where the functions bn are globally Lipschitz and all of their derivatives have polynomial growth; i.e.,

for each x ∈d and each multi-index α with |α| = m, there exist positive constants qm and Γm which

are independent of n and

|∂αbn(x)|2 ≤ Γm(1 + |x|qm) (2.4)

As we pointed out, by Nualart (2006) there exist unique strong solutions Xn
t ∈∞ for SDEs (2.3).

Also, for r ≤ t,

= σi(Xn
r ) +

∫ t

r

∇bin(Xn
s ).ds+

∫ t

r

∇σil(Xn
s ).dW l

s (2.5)

and for r > t, = 0. Here u.C denotes the product C∗u for a vector u and a matrix C, for example

∇f(x). =
∑d
l=1 ∇lf(x). We used the upper index to show a specific row, and the subindex to show a

specific column of a matrix. As before denote the infinitesimal operator associated to these SDE’s by .

Throughout the paper we assume the following Hypothesis.

Hypothesis 2.1. For each p ≥ 1, there exists a positive constant cp such that the sequence {Xn
t }n≥1

converges to Xt in L
p(Ω) and

sup
n≥1

sup
0≤t≤T

[
∥∥pH + |Xn

t |p
]
≤ cp. (2.6)

For every 0 ≤ t ≤ T , denote the Malliavin covariance matrix of Xn
t and Xt by Qn(t) and Q(t),

respectively. Nualart (Nualart , 2006, Theorem 2.3.3 and its proof) have shown that if that, the

Hörmander condition holds, the solutions Xn
t have a.s. invertible Malliavin covariance matrices, in-

finitely differentiable densities, and the nondegeneracy condition holds for them.

3 Integration by parts formula

In this section, we prove Theorem 3.1. By the integration by parts formula in (Nualart , 2006,

Proposition 2.1.4.) and Hypothesis ??, there exists a family of random variables {L
β
} depending on

multiindices β of length strictly larger than 1 with coordinates βj ∈ {1, ..., d}, such that for every

G ∈∞

[∂αg(Xn
t )G] = E[g(Xn

t )Ln
α

(Xn
t , G)], (3.1)

and

∥ Ln
α

(Xn
t , G) ∥p≤ cp,q ∥ det(()−1) ∥m

β0
∥ DXn

t ∥n
k,γ

∥ G ∥
k,q

(3.2)
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where

Ln
(i)

(Xn
t , G) =

m∑
j=1

δ
(
G(−1)ij

)
,

and δ denotes the adjoint of the Mallaivin derivative operator D.

Theorem 3.1. Let g ∈ Cm+1, and all of its derivatives be bounded and have polynomial growth. If

Hypotheses 2.1 hold and for every p ≥ 1, det()−p is uniformly bounded, then for every G ∈∞ and every

multiindex α = (α1, · · · , αd) with |α| = m, there exists a function Hα(Xt, G) such that(
∂αg(Xt)G

)
=
(
g(Xt)Hα(Xt, G)

)
, (3.3)

where Hα = Hαk(H(α1,...,αk−1)).
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1 Introduction

The concept of weighted distribution introduced by Rao (1965) is widely used in statistical sciences.

Weighted distributions arise when the observations generated from a stochastic process are recorded

with some weight function. Also, these distributions have seen much use as a tool in the selection of

appropriate models for observed data drawn without a proper frame. Some examples of generating

weighted distributions and their applications is given in Patil (2002).

To introduce the concept of a weighted distribution, using a weight function, w(x) ≥ 0, suppose X

is a non-negative random variable with probability density function (pdf) fθ(x). The random variable

Xw is called the weighted version of X iff it has the following pdf:

fwθ (x) =
w(x)fθ(x)

Eθ[w(X)]
, 0 ≤ x <∞, (1.1)

where 0 < Eθ[w(X)] <∞.

The truncated exponential distribution in the interval [0, 1] with parameter λ is given by

F ∗λ (x) =
1 − exp(−λx)

1 − exp(−λ)
, λ > 0; x ∈ [0, 1]. (1.2)

1Saeid Tahmasebi: tahmasebi@pgu.ac.ir
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A new class of distributions is defined by Barreto-Souza and Simas (2010) as follows. Let G(x; θ) be

the cumulative distribution function (cdf) of a continuous random variable with parameter θ, then the

exp-G distribution is given by

FGλ (x) = F ∗λ (G(x; θ)). (1.3)

Therefore, the pdf of this distribution is

fλ,θ(x) =
λ

1 − e−λ
g(x; θ) exp{−λG(x; θ)}, x ∈ [0, 1], (1.4)

where g(x; θ) = ∂G(x;θ)
∂x .

If X is a none-negative continuous random variable with probability density function (pdf) f(x),

then Shannon’s entropy of X is defined as

H(f) = E[− log(f(X))] = −
∫ +∞

0

f(x) log(f(x))dx,

and this is usually referred to as the continuous entropy (or differential entropy).

The concept of entropy originated in the nineteenth century by Shannon (1948) and many exten-

sions of Shannon’s entropy have been studied by various authors. Renyi (1961), Havrda and Charvat

(1967), Tsallis (1988), Cover and Thomas (1991), Kapur (1994), and Nadarajah and Zografos

(2003) are among the researchers in this area. β-entropy was first proposed by Havrda and Charvat

(1967) in the context of cybernetics theory, and later applied in physical problems by Tsallis (1988).

Hence β-entropy is also known as Tsallis entropy and for a none-negative continuous random variable

X with pdf f(x) is defined as

Hβ(f) =
1

β − 1
(1 −

∫ +∞

0

[f(x)]βdx), β > 0, β ̸= 1, (1.5)

which is a generalization for the Shannon’s entropy, since

H(f) = lim
β→1

Hβ(f).

The Shannon entropy for exp-G family is obtained by Barreto-Souza and Simas (2010) as

H(f) = 1 − λ

eλ − 1
− log[

λ

1 − e−λ
] − E[log g(G−1(W ))],

where W follows truncated exponential distribution with parameter λ. Recently, Riabi et al. (2010)

obtained some results related to the β-entropy for different weighted versions of Pareto distribution. In

this paper, we consider a random variable, X with pdf in (1.3) and we will propose different weighted

distributions of exp-G family using different weight function, w(x). Also we derive the β-entropy of

these weighted distributions in Section 2. Further, in Section 3, we provide some results of residual

entropy measures of order β for exp-G family.
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2 β-entropy for a weighted exp-G family

• Let w1(x) = (F (x))a−1(1 − F (x))b−1 as a weight function; then from (1.1) we have

fw1

λ,θ(x) =
(F (x))a−1(1 − F (x))b−1f(x)

E[(F (X))a−1(1 − F (X))b−1]

=
λg(x)[1 − exp(−λG(x))]a−1 exp(−λG(x))[exp(−λG(x)) − exp(−λ)]b−1

B(a, b)(1 − exp(−λ))a+b−1
,

where B(a, b) is the beta function. This is the beta exp-G family and assuming that the inverse G−1(x)

exists, its β-entropy is obtained as

Hβ(fw1) =
1

β − 1
− λβ−1B(β(a− 1) + 1, β(b− 1) + 1)

(1 − e−λ)β−1(β − 1)[B(a, b)]β
× (2.1)

E[g(G−1(
− log(1 − T1(1 − e−λ))

λ
))(1 − T1(1 − e−λ))]β−1,

where T1 has the beta distribution with parameters β(a− 1) + 1 and β(b− 1) + 1. Further

H(fw1) = lim
β→1

Hβ(fw1) = − log[
λ

(1 − e−λ)B(a, b)
] + (a− 1)[ψ(a+ b) − ψ(a)]

+(b− 1)[ψ(a+ b) − ψ(b)] − E[log g(G−1(
− log(1 − T (1 − e−λ))

λ
))]

+E[log(1 − T (1 − e−λ))],

where ψ is the digamma function and T follows beta distribution with parameter a and b.

Remark 2.1. If a = 1 and b = 1, then from (2.1) the β-entropy for exp-G distribution is given by

Hβ(fw1) =
1

β − 1
{1 − [

λ

1 − e−λ
]β−1E[g(G−1(W ))e−λW ]β−1}.

where W follows truncated exponential distribution with parameter λ and cdf is given in (1.2).

• Consider the weighted function as w2(x) = (− logF (x))a−1, from (1.1) we obtain the pdf as

fw2

λ,θ(x) =
[− logF (x)]a−1f(x)

Ef(x)[(− logF (X))a−1]
=

[− log(1 − exp(−λG(x)))]a−1λg(x) exp(−λG(x))

Γ(a)(1 − e−λ)
.

Hence,

Hβ(fw2) = − λβ−1Γ(β(a− 1) + 1)

(β − 1)[(1 − e−λ)Γ(a)]β
E[g(G−1(

− log(1 − exp(−T2))

λ
))(1 − exp(−T2))]β−1
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+
1

β − 1
, (2.2)

where T2 has the gamma distribution with parameters β(a− 1) + 1 and 1.

• For w3(x) = (− log(1 − F (x)))b−1, from (1.1) we have a weighted density function as

fw3

λ,θ(x) =
[− log(1 − F (x))]b−1f(x)

Ef(x)[(− log(1 − F (X)))b−1]
=

[− log(1 − 1−e−λG(x)

1−e−λ )]b−1λg(x) exp(−λG(x))

Γ(b)(1 − e−λ)
.

Also,

Hβ(fw3) =
1

β − 1
−

( λ
1−e−λ )β−1Γ(β(b− 1) + 1)

(β − 1)[Γ(b)]β
× (2.3)

E[g(G−1(
− log[1 − (1 − e−λ)(1 − exp(−T3))]

λ
))(1 − (1 − e−λ)(1 − exp(−T3)))]β−1,

where T3 has the gamma density with parameters β(b− 1) + 1 and 1.

• Let w4(x) = (F (x))a as a weight function, then from (1.1) we have

fw4

λ,θ(x) =
[F (x)]af(x)

Ef(x)[(F (X))a]
=

[1 − exp(−λG(x)))]aλg(x)(a+ 1) exp(−λG(x))

(1 − e−λ)a+1
.

Further,

Hβ(fw4) =
1

β − 1
−
λβ−1[a+ 1]βE[g(G−1(− log[1−(1−e−λ)T4]

λ ))(1 − (1 − e−λ)T4)]β−1

(1 − e−λ)β−1(β − 1)(aβ + 1)
, (2.4)

where T4 has the beta distribution with parameters aβ + 1 and 1.

• For w5(x) = (1 − F (x))b, we have a weighted density function as

fw5

λ,θ(x) =
[1 − F (x)]bf(x)

Ef(x)[(1 − F (X))b]
=

[1 − 1−exp(−λG(x))
1−e−λ ]bλg(x) exp(−λG(x))(b+ 1)

1 − e−λ
.

Hence,

Hβ(fw5) =
1

β − 1
−
λβ−1[b+ 1]βE[g(G−1(− log[1−(1−e−λ)T5]

λ ))(1 − (1 − e−λ)T5)]β−1

(1 − e−λ)β−1(β − 1)(bβ + 1)
, (2.5)

where T5 has the beta distribution with parameters 1 and bβ + 1
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• Suppose that the weight function is w6(x) = [(1 − (F (x))c]r; then from (1.1) we have

fw6

λ,θ(x) =
[1 − (F (x))c]rf(x)

Ef(x)[(1 − (F (X))c)r]
=
c[1 − ( 1−exp(−λG(x))

1−e−λ )c]rλg(x) exp(−λG(x))

B( 1
c , r + 1)(1 − e−λ)

.

Further,

Hβ(fw6) =
1

β − 1
−

(cλ)β−1B( 1
c , rβ + 1)E[g(G−1(

− log[1−(1−e−λ)T
1
c
6 ]

λ ))(1 − (1 − e−λ)T
1
c
6 )]β−1

(1 − e−λ)β−1(β − 1)[B( 1
c , r + 1)]β

, (2.6)

where T6 has the beta disribution with parameters 1
c and rβ + 1.

• Let w7(x) = [(F (x))s(1 − (F (x))c)r] as a weight function; then from (1.1) we have

fw7

λ,θ(x) =
[(F (x))s(1 − (F (x))c)r]f(x)

Ef(x)[(F (X))s(1 − (F (X))c)r]

=
c[1 − ( 1−exp(−λG(x))

1−e−λ )c]r[1 − exp(−λG(x))]sλg(x) exp(−λG(x))

B( s+1
c , r + 1)(1 − e−λ)s+1

. (2.7)

Also,

Hβ(fw7) =
1

β − 1
−
B( sβ+1

c , rβ + 1)E[g(G−1(
− log[1−(1−e−λ)T

1
c
7 ]

λ ))(1 − (1 − e−λ)T
1
c
7 )]β−1

(β − 1)[B( s+1
c , r + 1)]β( cλ

1−e−λ )1−β
}, (2.8)

where T7 has the beta distribution with parameters sβ+1
c and rβ+ 1. By replacing s and r with ac− 1

and b− 1, respectively, in (2.7), we have

fw8

λ,θ(x) =
c[1 − ( 1−exp(−λG(x))

1−e−λ )c]b−1[1 − exp(−λG(x))]ac−1λg(x) exp(−λG(x))

B(a, b)(1 − e−λ)ac
.

Hence,

Hβ(fw8) =
1

β − 1
−

(λc)β−1B( (ac−1)β+1
c , (b− 1)β + 1)

(1 − e−λ)β−1(β − 1)[B(a, b)]β
}×

E[g(G−1(
− log[1 − (1 − e−λ)T

1
c
8 ]

λ
))(1 − (1 − e−λ)T

1
c
8 )]β−1,

where T8 has the beta distribution with parameters (ac−1)β+1
c and (b− 1)β + 1

• When w9(x) = x, Xw is said to be a length biased (or a size biased) random variable, and the density

function in this case becomes

fw9

λ,θ(x) =
xf(x)

E(X)
=

λxg(x) exp(−λG(x))

(1 − e−λ)EU [Qλ,θ(U)]
,
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where U = 1−exp(−λG(X))
1−e−λ ∼ Uniform(0, 1), and Qλ,θ(U) = G−1(− log(1−(1−e−λ)U)

λ ) is the quantile

function of exp-G model. Also, in this case the Tsallis entropy is

Hβ(fw9) =
1

β − 1
− λβ−1E{[g(Qλ,θ(U))Qλ,θ(U)]β−1[1 − U(1 − e−λ)]β}

(1 − e−λ)β−1(β − 1)[EU (Qα,τ (U))]β
, (2.9)

• With w10(x) = xr(F (x))s(1 − F (x))t, we can define a class of moments, called moments probability

weighted moments as

Mr = E[w10(X)] = E{[G−1(
− log(1 − (1 − e−λ)Z)

λ
)]r},

where Z ∼ Beta(s+ 1, t+ 1). Corresponding to Mr, we have a pdf as

fw10

λ,θ (x) =
xr(F (x))s(1 − F (x))tf(x)

Mr

=
xr[1 − exp(−λG(X))]s[exp(−λG(X)) − e−λ]tλg(x) exp(−λG(X))

(1 − e−λ)s+t+1Mr
.

Also,

Hβ(fw10) =
1

β − 1
− λβ−1A

(1 − e−λ)β−1(β − 1)Mβ
r

, (2.10)

where T10 has the beta distribution with parameters βs+ 1 and βt+ 1, and

A = E{[g(G−1(
− log(1 − (1 − e−λ)T10)

λ
))G−1(

− log(1 − (1 − e−λ)T10)

λ
))]β−1[1 − T10(1 − e−λ)]rβ}.

3 Residual entropy for exp-G distribution

Ebrahimi (1996) considered the dynamic measure of uncertainty of the residual life random variable

(X − t | X > t). It is given by

H(f ; t) = −
∫ +∞

t

f(x)

F̄ (t)
log

f(x)

F̄ (t)
dx

= log F̄ (t) − 1

F̄ (t)

∫ +∞

t

f(x) log f(x)dx

= 1 − 1

F̄ (t)

∫ +∞

t

f(x) log λF (x)dx, (3.1)

where λF (x) = f(x)
F̄ (x)

is the hazard or failure function. Nanda and Paul (2006) defined residual

entropy measures of order β (for β > 0, β ̸= 1) as

Hβ(f ; t) =
1

β − 1
(1 −

∫ +∞

t

[
f(x)

F̄ (t)
]βdx), H∗β(f ; t) =

1

1 − β
log(

∫ +∞

t

[
f(x)

F̄ (t)
]βdx). (3.2)
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By choosing appropriate β, Hβ(f ; t) and H∗β(f ; t) can always be made non-negative. Also, It can

be noted that as β → 1, then these entropy measures reduce to residual entropy in (3.1).

Residual entropy measures of order β for exp-G model are given by

Hβ(f ; t) =
1

β − 1
[1 − λβ−1(1 − e−λ)

[e−λG(t) − e−λ]β

∫ 1

1−e−λH(t)

1−e−λ

{g(Qλ,θ(U))[1 − U(1 − e−λ)]}β−1du], (3.3)

and

H∗β(f ; t) = − log λ− log[(e−λG(t) − e−λ)β(1 − t)]

1 − β

+

log[
∫ 1

1−e−λH(t)

1−e−λ
{g(Qλ,θ(U))[1 − U(1 − e−λ)]}β−1du]

1 − β
. (3.4)

Note that when β → 1, then (3.3) and (3.4) reduce to residual entropy of exp-G model as

H(f ; t) = 1 − log λ− (1 − e−λ)E{[log g(X) − λG(X) − log(e−λG(X) − e−λ)] | X > t}
1 − e−λG(t)

.

References

Barreto-Souza, W. and Simas, A. B. (2010). The exp-G family of probability distributions, Brazilian

Journal of Probability and Statistics, 27(1), 84–109.

Cover, T. M. and Thomas, J. A. (1991).Elements of Information Theory, John Wiley , New York.

Ebrahimi, N. (1996). How to measure uncertainty in the residual lifetime distributions , Sankhya, 58,

48–57.

Havrda, J. and Charvat, F. (1967). Quantification method in classification processes: concept of struc-

tural K-entropy, Kybernetika, 3, 30–35.

Kapur, J.N. (1994). Measure of Information and Their Applications, John Wiley , New York.

Nadarajah, S. and Zografos, K. (2003). Formulas for Renyi information and related measures for

univaraite distributions, Information Sciences, 155, 119–138.

Nanda, K.A. and Paul, P. (2006). Some results on generalized residual entropy, Information Sciences,

176, 27–47.

Patil, G. P. (2002). Weighted Distributions. In Encyclopedia of Environmetrics, Eds. A.H. EI-Shaarawi

and W.W. Piegorsch, volume 4, pages 2369-2377, John Wiley and Sons, Ltd. Chichester.



569 Tahmasebi and Jafari

Rao, C. R.(1965). On discrete distributions arising out of methods of ascertainment, Sankhy: The

Indian Journal of Statistics, Series A, 27(2/4), 311–324.

Renyi, A. (1961). On measures of entropy and information, Proc. 4th Berkeley Symposium, Stat.

Probability, 1, 547–561.

Riabi, M. Y. A., Mohtashami Borzadaran, G. R. and Yari, G. H. (2010). β-entropy for Pareto-type

distributions and related weighted distributions, Statistics and Probability Letters, 80, 1512–1519.

Shannon, C. E. (1948). A mathematical theory of communication, Bell System Technical Journal, 27,

379–432.

Tsallis, C. (1988). Possible generalization of Boltzmann-Gibbs statistics, Journal of Statistical Physics,

52(1/2), 479–487.



Extreme Value Distributions for Skew-t Distributions

Asma Taimouri1, Mohsen Khosravi1, Ahad Jamalizadeh1

1Faculty of Mathematics and Computer, Shahid Bahonar University of Kerman,

Kerman, Iran

Abstract: In this paper we discuss extreme value distributions of several skew-t distributions. Resently,

Chang and Genton (2007) obtained extreme value distributions for the three types of skew-t distri-

butions. Here we modified some of their results about Type III skew-t distribution. We consider an

extension of Type I skew-t distribution, termed as skew-t-t distribution, and we obtain it’s extreme

value distribution. Finally, we drive the extreme value distribution of the skew-t-normal distribution.

Keywords Domain of attraction, Extreme value, Skew-t distribution, Skew-t-normal distribution,

Tail ratio.

Mathematics Subject Classification (2010): 60G70 62H10 62E10.

1 Introduction

1.1 Skew-t Distributions

The skew-t distribution is an asymetric probability model that is receving considerable attention, see

for example Azzalini and Capitanio (2003) and Jones and Faddy (2003). Let s(x; ν) and S(x; ν)

denote the pdf and cdf, respectively, of the t-distribution with ν degrees of freedom. There are three

popular definitions of skew-t distributions. The Type I skew-t (ST − I) implicit from Azzalini (1985)

with pdf

gI(x; ν, λ) = 2s(x; ν)S(λx; ν), (1.1)

where λ ∈ R. When ν = 1, gI is the pdf of the skew-Cauchy distribution (Arnold and Beaver (2000)).

The Type II skew-t (ST − II) proposed by Branco and Dey (2001), and in an equivalent from by

Azzalini and Capitanio (2003), with pdf

gII(x; ν, λ) = 2s(x; ν)S(λx

√
1 + ν

x2 + ν
; ν + 1), (1.2)

1Asma Taimouri : Taimouri.asma@yahoo.com
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and the Type III skew-t (ST − III) proposed by Jones (2001) with pdf

gIII(x; ηa, ηb) = ∆−1ηa,ηb(1 +
x

[ηa + ηb + x2]
1
2

)ηa+
1
2 (1 − x

[ηa + ηb + x2]
1
2

)ηb+
1
2 (1.3)

where ηa, ηb > 0, ∆ηa,ηb = 2ηa+ηb−1(ηa + ηb)
1/2B(ηa, ηb) and B is the beta function.

1.2 Extreme Value Theory

Extreme value theory and it’s relation to order statistics have different applications in various fields,

see for example Embrechts et al. (1997), Kotz and Nadarajah (2000) and Coles (2001).

Let X1, · · · , Xn be independent and identically distributed (i.i.d) random variables with cdf F

and let Mn = maxi=1,··· ,nXi denote the sample maximum. We focus on the maximum since the

minimum is defined by mini=1,··· ,nXi = −maxi=1,··· ,n(−Xi), so the sample minimum from the cdf

F(1) has the sample distribution as the negative of the sample maximum from the cdf F(n) where

F(n)(x) = 1 − F(1)(−x), then the results can be reformulated for the sample minimum.

If sequences of scale and location normalizing constants an > 0 and bn ∈ R exist such that the

limiting distribution

lim
n→∞

Pr

(
Mn − bn

an
≤ x

)
= lim
n→∞

Fn (anx+ bn) = G(x) (1.4)

is non-degenerate, then the limit G is an Extreme− V alue (EV ) distribution.

The Fisher-Tippett theorem plays a key role in extreme value theory and is as follows:

Theorem 1.1. If (1.4) holds, the limiting cdf G is one of the following three families of extreme value

distributions (EVD′s):

(1) Gumbel : Λ(x) = exp(−e−x), −∞ < x < +∞,

(2) Frechet : Φa(x) = exp(−x−a), x > 0, a > 0,

(3) Weibull : Ψa(x) = exp(−(−x)a), x ≤ 0, a > 0.

Sketches of proofs, extensions, choices of normalizing constants, and applications, can be found in

Embrechts et al. (1997), Kotz and Nadarajah (2000) and Coles (2001).

In applications, the problem is to identify the family to which G belongs. Embrechts et al. (1997),

Resnick (1987) and Leadbetter et al. (1983) summarize how this is done.

Let D(G) denote the domain of attraction of G, i.e., the collection of all those cdf’s for which the

distribution of the sample maximum converges to G (where G is one of the three EVD′s: Λ, Φa, or

Ψa). Following Resnick (1987), define the tail ratio of a cdf F as

lim
n→∞

1 − F (tx)

1 − F (x)
, (1.5)
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where t > 1. Then F ∈ D(Φa) if and only if (1.5) converges to t−a with a > 0. If F ∈ D(Λ), then

the limit (1.5) is equal to 0. Note that if F is continuous and defined on R, then F never belongs to

D(Ψa).

The remainder of the paper is organized as follows. In section 2, we modify the extreme value

distribution of Type III skew-t distribution. In section 3, we consider an extension of Type I skew-t

distribution, and we drive new results of the extreme value distributions for generalized Type I skew-t

(skew-t-t) and skew-t-normal distributions.

2 The Extreme Value Distribution of Type III Skew-t Distri-

bution

Chang and Genton (2007) obtained the EVD’s of three type skew-t distributions. They showed that

Type I skew-t distribution with cdf GI belongs to D(Φa) with a = ν when α ≥ 0 and a = 2ν when

α < 0, the Type II skew-t distribution with cdf GII belongs to D(Φa) with a = ν for all α ∈ R and

the Type III skew-t distribution with cdf GIII belongs to D(Φa) with a = 2ηa for all ηa, ηb > 0, in

which that the result of Type III skew-t distribution must be modified.

Theorem 2.1. The Type III skew-t distribution with pdf’s gIII and associated cdf’s GIII have the

following EVD’s:

GIII(x; ηa, ηb) is in D(Φa) with a = 2ηb for all ηa, ηb > 0.

Proof. In order to relate the ST − III to results already obtained, its pdf can be rewritten as

gIII(x; ηa, ηb) = ∆−1ηa,ηb

(
1 +

x

(ηa + ηb + x2)
1
2

)ηa+ 1
2
(

1 − x

(ηa + ηb + x2)
1
2

)ηb+ 1
2

= ∆−1ηa,ηb

(
1 +

x

(ηa + ηb + x2)
1
2

)ηa+ 1
2
(

1 − x

(ηa + ηb + x2)
1
2

)ηb+ 1
2

×

(
1 +

x

(ηa + ηb + x2)
1
2

)ηb+ 1
2
(

1 +
x

(ηa + ηb + x2)
1
2

)−(ηb+ 1
2 )

= ∆−1ηa,ηb

(
1 +

x2

ηa + ηb

)− ηa+ηb+1

2
(

1 +
x2

ηa + ηb

)− ηb−ηa2

×

(
1 +

x

(ηa + ηb + x2)
1
2

)ηa+ 1
2
(

1 +
x

(ηa + ηb + x2)
1
2

)−(ηb+ 1
2 )
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= ∆−1ηa,ηb

(
1 +

x2

ηa + ηb

)− ηa+ηb+1

2

× Π∗(x, ηa, ηb),

where

Π∗(x, ηa, ηb) =

(
1 +

x2

ηa + ηb

)− ηb−ηa2

(
1 +

x

(ηa + ηb + x2)
1
2

)ηa−ηb
=

(
(ηa + ηb)

1
2

(ηa + ηb + x2)
1
2 + x

)ηb−ηa
,

and we have

lim
x→∞

Π∗(tx, ηa, ηb)

Π∗(x, ηa, ηb)
= lim

x→∞

(
(ηa+ηb)

1
2

(ηa+ηb+t2x2)
1
2 +tx

)ηb−ηa
(

(ηa+ηb)
1
2

(ηa+ηb+x2)
1
2 +x

)ηb−ηa
= lim

x→∞

(
(x2)

1
2 + x

(t2x2)
1
2 + tx

)ηb−ηa
= lim
x→∞

(
1

t

)ηb−ηa
= tηa−ηb ·

Then, for any t > 1, the tail ratio of GIII is

lim
x→∞

1 −GIII(tx; ηa, ηb)

1 −GIII(x; ηa, ηb)
= lim

x→∞

tgIII(tx; ηa, ηb)

gIII(x; ηa, ηb)

= lim
x→∞

t
(

1 + t2x2

ηa+ηb

)− ηa+ηb+1

2

(
1 + x2

ηa+ηb

)− ηa+ηb+1

2

× Π∗(tx, ηa, ηb)

Π∗(x, ηa, ηb)

= lim
x→∞

t−(ηa+ηb) × lim
x→∞

Π∗(tx, ηa, ηb)

Π∗(x, ηa, ηb)

= t−(ηa+ηb) × tηa−ηb = t−2ηb ·

That is, GIII belongs to D(Φa) with a = 2ηb and the proof is complete.

3 Extreme value Distributions for Generalized Type I Skew-t

and Skew-t-Normal Distributions

In this section, we discuss the EVD’s of generalized Type I skew-t and skew-t-normal distributions.

We use theorems 3.1-3.3 of Chang and Genton (2007) to determine wether G belongs to D(Λ) or

D(Φa).
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Wang et al. (2004) defined skew-symmetric (SS) distributions by means of their probability density

function (pdf), g say, given by

g(x) = 2f(x)π(x), (3.1)

where f : R → [0,+∞) is a symmetric pdf, and π : R → [0, 1] is a skewing function satisfying

π(x) + π(−x) = 1. When f(x) = s(x; ν), the standard t-distribution pdf and π = Φ, the standard

normal cdf, the distribution with pdf (3.1) is referred to as being skew-t-normal distribution. Assume

that;

(A) π is continuous and there exists a constant M > 0 such that π(x) is monotone for x > M ,

(B) f and π have continuous second derivatives,

(C) there exists a constant M∗ > 0 such that g
′
(x) < 0 for x > M∗.

Theorem 3.1. (Chang and Genton (2007)) Let f be a symmetric pdf with associated cdf F , and g

the corresponding skew-symmetric pdf defined by (3.1) with associated cdf G and skewing function π.

Assume (A), (B) and (C). If F ∈ D(Q) and

lim
x→∞

π(x) = ω ∈ (0, 1],

then G ∈ D(Q) also, where Q is either Λ (Gumbel) or Φa (Frechet).

Theorem 3.2. (Chang and Genton (2007)) Assume (A), (B) and (C). Then, G ∈ D(Λ) if

lim
x→∞

[1 −G(x)]G
′′
(x)

[G′(x)]2
= −1. (3.2)

Theorem 3.3. (Chang and Genton (2007)) Assume (A), (B) and (C). Suppose F ∈ D(Φa) and

limx→∞ π(x) = 0. If, for any t > 1,

lim
x→∞

π(tx)

π(x)
> 0, (3.3)

then G ∈ D(Φa).

Here, we consider a generalized Type I skew-t (skew-t-t) distribution with the following pdf

gSTT (x; ν1, ν2) = 2s(x; ν1)S(λx; ν2) x ∈ R, λ ∈ R, ν1, ν2 > 0. (3.4)

Chang and Genton (2007) obtained the EVD of the Type I skew-t distribution with pdf (1.1). Here,

by substituting ν1 and ν2 instead of ν, in the pdf (1.1), we drive the EVD of the skew-t-t distribution.

Theorem 3.4. The skew-t-t distribution with pdf (3.4) and associated cdf GSTT is belong to D(Φa)

with a = ν1 when λ ≥ 0 and a = ν1 + ν2 when λ < 0.
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Proof. If λ ≥ 0, we have limx→∞ π(x) = limx→∞ S(λx; ν) = 1 ∈ (0, 1].

On the other side, the tail ratio of S(x; ν1) is t−ν1 , i.e., S(x; ν1) ∈ D(Φa) with a = ν1. According

theorem 3.1 we have, GSTT ∈ D(Φa) with a = ν1 when λ ≥ 0.

When λ < 0, we have limx→∞ π(x) = limx→∞ S(λx; ν) = 0.

On the other hand, we have, by L’Hospital’s rule,

lim
x→∞

S(λtx; ν2)

S(λx; ν2)
= lim
x→∞

ts(λtx; ν2)

s(λx; ν2)
= lim
x→∞

t(ν2 + t2λ2x2)−
ν2+1

2

(ν2 + λ2x2)−
ν2+1

2

= lim
x→∞

t−ν2 = t−ν2 ,

and also we have

lim
x→∞

s(λtx; ν1)

s(λx; ν1)
= lim
x→∞

t−ν1 = t−ν1 .

Therefore, the tail ratio of W is

lim
x→∞

1 −GSTT (tx; ν1, ν2)

1 −GSTT (x; ν1, ν2)
= lim

x→∞

gSTT (tx; ν1, ν2)

gSTT (x; ν1, ν2)
= lim
x→∞

s(tx; ν1)

s(x; ν1)
× lim
x→∞

S(λtx; ν2)

S(λx; ν2)

= t−ν1 × t−ν2 = t−(ν1+ν2) = t−a; a = ν1 + ν2.

That is, by theorem 3.3 GSTT ∈ D(Φa) with a = ν1 + ν2 for λ < 0.

Gomez et al. (2007) discussed a skew-t-normal (STN) distribution with the following pdf

gSTN (x; ν, λ) = 2s(x; ν)Φ(λx), x ∈ R, λ ∈ R, ν > 0. (3.5)

Ho et al. (2013) and Lin et al. (2014) used this distribution for mixture modeling. It is well known

that Φ ∈ D(Λ). The tail ratio of S is t−ν , i.e., S ∈ D(Φa) with a = ν. In the following theorem we

drive the EVD of the STN distribution.

Theorem 3.5. Let (3.5) be the pdf of a STN distribution with associated cdf GSTN . Then, GSTN is

in D(Φa) with a = ν when λ ≥ 0 and GSTN is in D(Λ) when λ < 0.

Proof. Considering the tail ratio of the STN distribution with cdf GSTN , we have

lim
x→∞

1 −GSTN (tx; ν)

1 −GSTN (x; ν)
= lim
x→∞

tgSTN (tx; ν)

gSTN (x; ν)
= lim
x→∞

ts(tx; ν)

s(x; ν)
× lim
x→∞

Φ(λtx)

Φ(λx)
(3.6)

for t > 1. On the other hand, if λ ≥ 0 we have limx→∞
Φ(λtx)
Φ(λx) = 1, and if λ < 0 since t > 1 and

t2 − 1 > 0 we have

lim
x→∞

Φ(αtx)

Φ(αx)
= lim
x→∞

αtϕ(αtx)

αϕ(αx)
= lim
x→∞

te−
α2x2

2 (t2−1) = 0.
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Since the tail ratio of the t-distribution is t−ν , (3.6) is equal to t−ν if λ is non negative; thus

GSTN ∈ D(Φa) with a = ν when λ ≥ 0. But since (3.6) for λ < 0 is equal to zero, GSTN with

negative λ is not in D(Φa). According to theorem 3.2 we can show that GSTN is in D(Λ) for λ < 0.

Now, when x is large and λ < 0, we have 1 − Φ(x) ≈ ϕ(x)
x , therefore we have G

′

STN (x; ν, λ) =

gSTN (x; ν, λ) ≈ −2s(x; ν)ϕ(λx)λx , G”
STN (x; ν, λ) = g

′

STN (x; ν, λ) ≈ − 2
λx

[
s
′
(x; ν) − λ2xs(x; ν)

]
ϕ(λx)

and G
′′′

STN (x; ν, λ) = g
′′

STN (x; ν, λ) ≈ − 2
λxϕ(λx)

[
s
′′
(x; ν) − 2λ2xs

′
(x; ν) + λ4x2s(x; ν)

]
.

Also limx→∞
G

′′
STN (x;ν,λ)

xG
′
STN (x;ν,λ)

= −λ2 and limx→∞
1−GSTN (x;ν,λ)

G
′′
STN (x;ν,λ)

= limx→∞
s(x;ν)

λ2xs(x;ν) = 0. Thus,

lim
x→∞

[1 −GSTN (x; ν, λ)]G
′′

STN (x; ν, λ)

[G
′
STN (x; ν, λ)]2

= lim
x→∞

[1 −GSTN (x; ν, λ)]x

G
′
STN (x; ν, λ)

× G
′′

STN (x; ν, λ)

xG
′
STN (x; ν, λ)

= lim
x→∞

[1 −GSTN (x; ν, λ)]x

G
′
STN (x; ν, λ)

× lim
x→∞

G
′′

STN (x; ν, λ)

xG
′
STN (x; ν, λ)

= [0 − (− 1

λ2
)] × (−λ2) = −1.

So the condition of theorem 3.2 is satisfied and hence GSTN is in D(Λ).
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Abstract: Detecting hidden periodicities in a time series is a chalenging problem. Fisher’s test based

on the periodogram, a common method for this purpose, is not a powerful tool to detect all effective

hidden periodicities. The quantile periodogram introduced by Li (2012) is an alternative approach

for this purpose. In this article, based on a simulation study, we try to show the performance of the

quantile periodogram.
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1 Introduction

From the fact that a periodic time series can be assumed as a regression model with trigonometric ex-

planatory variables, the quantile periodogram is introduced as a special case of the quantile regression.

The quantile regression, introduced by Koenker and Bassett (1978), shows a powerful technique for

analyzing the quantiles of data that are important for many applied studies, (Koenker 2005). This

technique may be viewed as an extension of classical least squares estimation of conditional mean

models to the estimation of an ensemble of models for several conditional quantile functions.

To see the quantile regression from the theoretical point of view one may refer to(Ying et al 2009),

and to find its applications one may refer to(Ming et al 2013).

The analytical results demonstrate the capacity of the quantile periodogram for detecting hidden

periodicities in the quantiles and characterizing time series with time dependent variance (Li, 2014).

For this reason, recent studies on this topic are mainly regarded to other capacities of this method. For

instance one may refre to the work of (Kim, 2015) finding quantile regression as a powerful method to

detect of ARCH models by combining distributional information across multiple quantile regression.

Li (2012) shows the performance of quantile periodogram in compare to Fisher’s test for testing the

null hypothesis of a time series is Gaussian white noise versus the hypothesis that the data generated

by a Gaussian white noise sequence with a superimposed deterministic periodic component. Indeed,

3Marziye Tazikinejad : marziyetaziki@yahoo.com
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he showes that Fisher’s test unable to detect hidden periodicity in the standard deviation.

Although the performance of the quantile periodogram is proved from a theoretical point of view,

but in the present manuscript we try to find more features of this method by conducting a numerical

study based on simulated data for different cases. In each case, we compare quantile and ordinary

periodograms to detect the hidden periodicities.

This manuscript organized as follows. First, we review the concept of quantile periodogram. Afterward,

in section 3, we perform an extensive simulation study to compute the power of quantile periodogram

to detect hidden predetermined hidden periodicities.

2 Quantile periodogram

An application of quantile regression in the field of time series analysis introduced by Li (2012), to take

a trigonometric regressor xt(ω) := (cos(ωt), sin(ωt))T and consider the linear trigonometric quantile

regression solution,

{β̂n,α(ω)} := arg min
β∈Re2

n∑
t=1

ρα(Yt − λ− xTt (ω)β), (1)

where ω := 2πf ∈ (0, π) is the frequency variable and λ is a suitable constant, typically the α-quantile

of {Yt} and the loss function ρα(u) defined as

ρα(u) :=

{
−(1 − α)u u < 0

αu u ≥ 0
.

So, the quantile periodogram is computed as,

Qn,α(ω) :=
1

4
n∥β̂n,α(ω)∥2 (2)

.

Since the statistical properties of Quantile periodogram require the asympototic distribution of the

quantile periodogram, then expressed its distribution.

Asymptotic Theory:

Assuming that {Yt} is a time series, letFt(u)and Fts(u, v) denote the univariate and bivariate

marginal cumulative distribution function of {Yt},

respectively, and let the following conditions be satisfied for fixed α (and hence λ

(C1) ft(u) := Ḟt(u) exists for all u and Ft(u+ λ) − Ft(λ) = ft(λ)u+O(ud+1) uniformly for |u| ≤ u0.
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(C2) Ft(λ) = α and ft(λ) = κ > 0 for all t.

(C3) {Yt} is stationary in λ−level crossings, that is, P{(Yt − λ)(Ys − λ) < 0} = γt−s for all t and s.

We call γτ the lag−τ level- crossing rate (which depends on λ, of course).

(C4) {Yt} is an m-dependence process or a linear process of the form λ+
∑∞
ι=−∞ φιet−ι, where {et} is

an iid random sequence with E(|et|) <∞ and {φt} is an absolutely summable deterministic sequence

such that∑
|ι|>nr φt = o(n−1) as n→ ∞ for some constant r ∈ [0, 1/4).

The sequence {γτ} can be represented in the frequency domain by the Fourier transform

S(ω) :=
∞∑

τ=−∞
{1 − 1

2α(1 − α)
γτ} exp(iωτ)

=
∞∑

τ=−∞
{1 − 1

2α(1 − α)
γτ} cos(ωτ)

we call S(ω) the level-crossing spectrum of {Yt}.

Theorem 2.1. Let {Yt} satisfy the conditions (C1)-(C4). Let Qn,α(ωj)(j = 1, ..., q) be defined by (2)

with β̂n,α(ω) given by (1). Assume further that S(ω) is finite and bounded away from zero. then, as

n→ ∞,

{Qn,α(ωj)} A∼ {(1/2)η21S(ωj)ξj}

where the symbol
A∼ stands for ”asymptotically distributed as”, the sequence {ξj} contain iid central

chi-square random variables with two degree of freedom, denoted as χ2
2, and where η21 := α(1 − α)/κ2

is scaling constant.

3 Application

In this section we provide some simulation examples to demonstrate the benefit of the quantile peri-

odogram over the ordinary periodogram.

3.1 Detecting hidden periodicity at the time series

Assume Yt = atXt (t = 1, ..., n) (3)

where {Xt} is a stationary random process and {at} is a nonnegative periodic sequence of deterministic

of the form

at = b0 + b1 cos(ω0t) + b2 sin(ω0t) (0 < ω0 < π)
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for a time series which is simulated according to (3) with n=300 (b0 = 1, b1 = 0.9, b2 = 0.8, and

ω0 = 2π × 0.1) and with {Xt} being a second-order autoregressive process satisfying

Xt = a1Xt−1 + a2Xt−2 + εt (t = 1, ..., n)

where a1 = 0 and a2 = −0.36 and {εt} is Gaussian white noise.

As we can see from Figure 1, the quantile periodogram successfully reveal the hidden periodicity as a

large spike at frequency ω0, wheres the ordinary periodogram fail to do so.

Figure 1: (a) Smooth Periodogram, (b) Quantile Periodogram with α = 0.9
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3.2 Characterizing time series with time-dependent variance

Assume Yt = σtZt (t = 1, ..., n)

σt = 1 + 1/{1 + 0.00002(t− 50)4} + 1/{1 + 0.00002(t− 160)4} and n=200 and {Zt} is assumed to be

Gaussian white noise.

Figure 2: (a) Ordinary Periodogram, (b) Quantile Periodogram with α = 0.9
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As we can see from Figure 2 (a) the ordinary periodogram is unable to characterize the time-

dependent variance for the time series while in Figure 2 (b) the quantile periodogram well depicts

non-stationary time series.

3.3 Fisher’s Test for Hidden Periodicities

By replacing the ordinary periodogram with the quantile periodogram, the resulting statistic takes the

form

gn,α :=
max{Qn,α(ωι)}∑

Qn,α(ωι)

θn,α is an empirical threshold which is obtained from a simulation under the null hypothesis of Gaussian

white noise. The null hypothesis is rejected in favour of a hidden periodicity if gn,α > θn,α.

Assum Yt = σtZt (t = 1, ..., n)

σt = 1 + a0 cos(ω0t) with a0 = 0.6 and ω0 = 2π × 0.1,

Figure 3: Probability of detection for hidden periodicity in the standard deviation by Fishers test based on the quantile

periodogram at different quantile levels.

Figure 3 depicts the probability of detection as a function of α for sample sizes 200, where the

probability of false alarm is set at 0.05. As expected, the probability of detection grows at first as α

increases from 0.5; the probability of detection reaches its maximum when α lies somewhere between

0.8 and 0.85; when α takes larger values, the probability of detection begins to deteriorate. A similar

behaviour is observed when α moves from 0.5 toward 0 (not shown).
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Abstract: In this paper, a goodness-of-fit test for normality based on the comparison of the theoretical

and empirical distributions is proposed. Critical values are obtained via Monte Carlo for several sample

sizes and different significance levels. From the simulation study results it is concluded that the best

performance against asymmetric alternatives with support on (−∞,∞) and alternative distributions

with support on (0,∞) is achieved by the new test. Other findings derived from the simulation study

are that SJ and Robust Jarque-Bera tests are the most powerful ones for symmetric alternatives with

support on (−∞,∞), whereas entropy-based tests are preferable for alternatives with support on (0, 1).

Keywords goodness-of-fit tests, Robust Jarque-Bera test, SJ test, test for normality.

Mathematics Subject Classification (2010): 62F03 62F10.

1 Introduction

Let X1, ..., Xn be a n independent an identically distributed (iid) random variables with continuous

cumulative distribution function (cdf) F (.) and probability density function (pdf) f(.). All along the

paper, we will denote the order statistic by (X(1), . . . , X(n)). Based on the observed sample x1, ..., xn,

we are interested in the following goodness-of-fit test for a location-scale family:{
H0 : F ∈ F
H1 : F /∈ F

(1.1)

where F =
{
F0(.;θ) = F0

(
x−µ
σ

)
| θ = (µ, σ) ∈ Θ

}
, Θ = R× (0,∞) and µ and σ are unspecified. The

family F is called location-scale family, where F0(.) is the standard case for F0(.;θ) for θ = (0, 1).

Suppose that f0(x;θ) = 1
σf0

(
x−µ
σ

)
is the corresponding pdf of F0(x;θ).

In this paper we propose a goodness-of-fit statistic to test (1.1) by considering a new distance

measure between two continuous cdf’s. The organization of the paper is as follows. In Section 2 we

define the new distance measure Hn and study its properties as a goodness-of-fit statistic. In Section

3 we propose a normality test based on Hn and find its critical values for several sample sizes and

different significance levels. In Section 4 we compare their performances to that of our proposal.

2Speaker’s Name : nmontazeri@stu.yazd.ac.ir
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2 A new distance measure

In this section we define a distance measure between two continuous cdf’s and study its properties as

a goodness-of-fit statistic.

Definition 2.1. Let X and Y be two absolutely continuous random variables with cdf’s F0 and F ,

respectively. We define

D(F0, F ) =

∫ ∞
−∞

h

(
1 + F0(x;θ)

1 + F (x)

)
dF (x) = EF

[
h

(
1 + F0(X;θ)

1 + F (X)

)]
, (2.1)

where EF [.] is the expectation under F and h : (0,∞) → R+ is assumed to be continuous, decreasing

on (0, 1) and increasing on (1,∞) with an absolute minimum at x = 1 such that h(1) = 0.

Lemma 2.2. D(F0, F ) ≥ 0 and equality holds if and only if F0 = F , almost everywhere.

Let us return to the goodness-of-fit test problem for a location-scale family described in (1.1).

Firstly, we estimate µ and σ by their maximum likelihood estimators (MLEs), i.e., µ̂ and σ̂, respectively,

and we take zi = (xi − µ̂)/σ̂, i = 1, . . . , n. Note that in this family, F0(xi; µ̂, σ̂) = F0 (zi). Secondly,

consider the empirical distribution function (EDF) based on data xi, that is

Fn(t) =
1

n

n∑
j=1

I[xj≤t],

where IA denotes the indicator of an event A. Then, our proposal is based on the ratio of the standard

cdf under H0 and the EDF based on the xi’s. Using (2.1) with F = Fn, D(F0, Fn) can be written as

Hn := D(F0, Fn) =

∫ ∞
−∞

h

(
1 + F0(x; µ̂, σ̂)

1 + Fn(x)

)
dFn(x) =

1

n

n∑
i=1

h

(
1 + F0(z(i))

1 + i/n

)

Under H0, we expect that F0(t; µ̂, σ̂) ≈ Fn(t), for every t ∈ R and 1 + F0(t; µ̂, σ̂) ≈ 1 + Fn(t). Note

that, since h(1) = 0, we expect that h
(
(1 + F0(t))/(1 + Fn(t))

)
≈ 0 and thus Hn will take values close

to zero when H0 is true. Therefore, it seems justifiable that H0 must be rejected for large values of

Hn. Some standard choices for h are: h(x) = (x− 1)2/(x + 1), x log(x) − x + 1, (x− 1) log(x), |x− 1|
or (x− 1)2.

Proposition 2.3. The test statistic based on Hn is invariant under location-scale transformations.

Proposition 2.4. Let F1 be an arbitrary continuous cdf in H1. Then under the assumption that the

observed sample have cdf F1, the test based on Hn is consistent.
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3 A normality test based on Hn

Many statistical procedures are based on the assumption that the observed data are normally dis-

tributed. Consequently, a variety of tests have been developed to check the validity of this assumption.

In this section, we propose a new normality test based on Hn.

Consider again the goodness-of-fit testing problem described in (1.1), where now f0(x;µ, σ) =

1/
√

2πσ2e−(x−µ)
2/2σ2

, x ∈ R, in which µ ∈ R and σ > 0 are both unknown, and F0(.;µ, σ) is the

corresponding cdf, where F0(.) is the standard case for F0(.; 0, 1).

First we estimate µ and σ by their maximum likelihood estimators (MLEs), i.e., x̄ = 1/n
∑n
i=1 xi

and s2 = 1/(n − 1)
∑n
i=1(xi − x̄)2, respectively. Let zi = (xi − x̄)/s, i = 1, . . . , n. Then, the test

statistic for normality is:

Hn =
1

n

n∑
i=1

h

(
1 + F0(x(i), x̄, s)

1 + Fn(x(i))

)
=

1

n

n∑
i=1

h

(
1 + F0(z(i))

1 + i/n

)
, (3.1)

where h(x) =
(
x−1
x+1

)2
. Note that h : (0,∞) → R+ is decreasing on (0, 1) and increasing on (1,∞)

with an absolute minimum at x = 1 such that h(1) = 0. We selected this function h, because

based on simulation study, it is more powerful than other functions h. For example, we considered

h2(x) := x log(x) − x+ 1 for comparison with h1(x) :=
(
x−1
x+1

)2
(see Table 2).

Table 1 contains the upper critical values of Hn, which have obtained by Monte Carlo from 100000

simulated samples for different sample sizes n and significance levels α = 0.01, 0.05, 0.1.

Table 1: Critical values of Hn for α = 0.01, 0.05, 0.1.

αn 5 6 7 8 9 10 15 20 25 30 40 50

0.01 .0039 .0035 .0030 .0026 .0023 .0021 .0014 .0011 .0008 .0007 .0005 .0004

0.05 .0030 .0026 .0022 .0019 .0017 .0016 .0010 .0007 .0006 .0005 .0004 .0003

0.10 .0026 .0022 .0019 .0016 .0015 .0013 .0009 .0006 .0005 .0004 .0003 .0002

Remember that, Hn is expected to take values close to zero when H0 is true. Hence, H0 will be

rejected for large values of Hn. Also Hn is invariant under location-scale transformations and consistent

under the assumption H1, respectively, from Propositions 2.3 and 2.4.

4 Simulation study

In this section, we study the power of the normality test based on Hn and compare it with a large

number of recent and classical normality tests. Following Esteban et al. we consider the following
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alternative distributions, that can be classified in four groups:

Group I: Symmetric distributions with support on (−∞,∞):

Standard Normal (N); Student’s t (t) with 1 and 3 degrees of freedoms; Double Exponential

(DE) with parameters µ = 0 (location) and σ = 1 (scale); Logistic (L) with parameters µ = 0

(location) and σ = 1 (scale);

Group II: Asymmetric distributions with support on (−∞,∞):

Gumbel (Gu) with parameters α = 0 (location) and β = 1 (scale); Skew Normal (SN) with with

parameters µ = 0 (location), σ = 1 (scale) and α = 2 (shape);

Group III: Distributions with support on (0,∞):

Exponential (Exp) with mean 1; Gamma (G) with parameters β = 1 (scale) and α = .5, 2

(shape); Lognormal (LN) with parameters µ = 0 and σ = .5, 1, 2; Weibull (W) with parameters

β = 1 (scale) and α = .5, 2 (shape);

Group IV: Distributions with support on (0, 1):

Uniform (Unif); Beta (B) with parameters (2,2), (.5,.5), (3,1.5) and (2,1).

Table 2 shows the power of the 5% significance level test of normality. Power against an alternative

distribution has been estimated by the relative frequency of values of the corresponding statistic in the

critical region for 10000 simulated sample of size n = 10. The maximum reached power is indicated in

bold. In the case of the test based on Hn, we also consider h2(x) := x log(x) − x + 1 for comparison

with h1(x) :=
(
x−1
x+1

)2
.

For testing normality, we consider a large number of recent and classical statistics that have been

used to test normality. These tests are:

Vasicek’s entropy estimator (KL) Vasicek (1976), Ebrahimi’s entropy estimator (TEmn) Ebrahimi

et al. (1994), Vasicek’s estimator with nonparametric distribution function (TVmn) Park and Park

(2003), Ebrahimi estimator with nonparametric distribution function (TEmn) Park and Park (2003),

Alizadeh and Arghami estimator with nonparametric distribution function (TAmn) Alizadeh and

Arghami (2010, 2013), Dimitriev and Tarasenko’s entropy estimator (TDmn) Dimitriev and arasenko

(1973), Corea’s entropy estimator (TCmn) Corea (1995), Van Es’s entropy estimator (TEsmn) VanEs

(1992), Zamanzade and Arghami’s entropy estimator (TZ1mn,TZ2mn) Zamanzade and Arghami

(2012), Kolmogorov-Smirnov’s (Lilliefors) statistic (kS) Lilliefors (1976), Kuiper’s statistic (V) Kuiper

(1962), Cramér-von Mises’ statistic (W2), Watson’s statistic (U2) Watson (1961), Anderson-Darling’s

statistic (A2) Anderson (1954), Pearson’s Chi-square statistic (P) DAgostino (1986), Shapiro-Wilk’s

statistic (SW) Shapiro and Wilk (1965), Shapiro-Francia’s statistic (SF) Shapiro and Francia (1972),



589 Torabi and Montazeri

SJ statistic (SJ) Gel et al. (2007), Jarque-Bera’s statistic (JB) Jarque and Bera (1980), Robust Jarque-

Bera’s statistic (RJB)Gel and Gastwirth (2008), Zhang and Wu’s statistics (ZK,ZC,ZA) Zhang and

Wu (2005), Anscombe and Glynn’s statistic (Zb) Anscombe and Glynn (1983), Bonett and Seier’s

statistic (Zw) Bonett and Seier (2002), D’Agostino’s statistic (D) D’Agostino (1971), Chen and

Shapiro’s statistic (QH) Chen and Shapiro (1995), Filliben’s statistic (r) Filliben (1975), del Barrio

et al.’s statistic (Rn) Barrio et al. (1992), Epps and Pully’s statistic (TEP) Epps and Pulley (1983)

and Martinez and Iglewicz’s statistic (In) Martinez and Iglewicz (1981).

From the simulations results (Table 2) we can conclude that:

• The Robust tests SJ and RJB are the most powerful against alternative distributions that are

symmetric with the support on (−∞,∞), (Group I).

• The test SF and Hn (the proposed test) are the most powerful against alternative distributions

that are asymmetric with the support on (−∞,∞), (Group II).

• The tests Hn, QH and TA are the most powerful against alternative distributions with the

support on (0,∞), (Group III).

• The test KL, TV, TC and TA are the most powerful against alternatives with the support (0, 1),

(Group IV).

Conclusions

In this paper we propose a statistic to test normality and compared its performance with thirty

recent and classical tests for normality. The simulation study reveals that none of the statistics under

evaluation can be considered to be the best one for all alternative distributions studied. However, the

tests based on RJB or SJ have the best performance in Group I and the same happens to KL or TV in

Group IV. Regarding our proposal, Hn is the most powerful in Groups II–III, mainly for small sample

sizes.
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Table 2: Power comparisons for the normality test, α = 0.05, n = 10.

Group I II III IV

altern. N t(1) t(3) L DE Gu SN Exp G(2) G(.5) LN(1) LN(2) LN(.5) W(.5) W(2) Unif B(2,2) B(.5,.5) B(3,.5) B(2,1)

KL .048 .442 .091 .051 .091 .101 .058 .416 .179 .782 .552 .938 .181 .931 .075 .167 .082 .512 .108 .173

TD .051 .583 .201 .087 .163 .154 .071 .394 .222 .631 .565 .869 .249 .813 .076 .028 .025 .080 .065 .093

TEs .049 .591 .167 .074 .140 .113 .062 .330 .158 .679 .485 .892 .176 .876 .064 .061 .037 .238 .064 .092

TC .054 .409 .083 .047 .057 .097 .053 .404 .173 .786 .542 .936 .171 .926 .071 .170 .086 .489 .110 .182

TZ1 .053 .632 .212 .089 .177 .145 .068 .359 .209 .581 .524 .846 .229 .784 .074 .030 .025 .078 .061 .081

TZ2 .051 .638 .216 .091 .181 .144 .066 .353 .205 .572 .516 .840 .228 .776 .073 .026 .023 .060 .058 .076

TV .048 .375 .082 .048 .053 .092 .055 .397 .151 .762 .519 .933 .144 .923 .073 .181 .084 .514 .656 .170

TE .052 .460 .112 .058 .077 .111 .059 .454 .185 .794 .581 .945 .181 .935 .074 .158 .071 .481 .686 .164

TA .053 .507 .134 .065 .094 .124 .062 .477 .213 .810 .616 .951 .208 .940 .080 .129 .064 .451 .704 .162

ZK .051 .583 .173 .078 .140 .116 .067 .337 .178 .635 .502 .878 .189 .848 .075 .077 .047 .205 .490 .103

ZC .044 .562 .183 .079 .142 .144 .070 .437 .236 .731 .598 .918 .241 .897 .083 .083 .038 .316 .598 .125

ZA .045 .594 .197 .086 .160 .149 .073 .445 .245 .738 .610 .924 .250 .903 .081 .046 .028 .196 .605 .111

Zb .048 .520 .169 .071 .131 .107 .062 .218 .149 .343 .350 .600 .162 .499 .070 .117 .059 .277 .231 .092

Zw .050 .501 .162 .073 .138 .077 .058 .126 .091 .187 .222 .424 .103 .313 .057 .103 .060 .228 .129 .075

D .052 .584 .178 .076 .142 .111 .068 .263 .153 .495 .437 .803 .178 .725 .064 .042 .044 .037 .332 .057

QH .046 .584 .186 .081 .147 .147 .072 .439 .241 .737 .605 .923 .244 .901 .083 .084 .041 .302 .604 .127

r .045 .623 .210 .090 .176 .147 .076 .411 .228 .685 .580 .903 .243 .872 .080 .043 .027 .158 .540 .098

Rn .044 .595 .190 .083 .156 .147 .071 .432 .240 .726 .599 .916 .245 .895 .082 .072 .036 .258 .589 .118

TEP .046 .587 .195 .086 .157 .151 .076 .411 .239 .663 .583 .884 .250 .844 .085 .054 .033 .143 .511 .111

In .047 .159 .144 .086 .147 .111 .068 .212 .147 .210 .213 .102 .158 .134 .070 .027 .027 .046 .196 .066

P .042 .531 .148 .083 .136 .127 .080 .397 .200 .704 .545 .903 .199 .878 .087 .086 .061 .229 .594 .136

KS .051 .580 .164 .073 .142 .121 .065 .301 .175 .540 .463 .826 .182 .758 .074 .066 .046 .162 .418 .100

V .054 .589 .163 .071 .142 .117 .060 .360 .180 .662 .524 .892 .187 .854 .068 .081 .048 .237 .530 .109

W2 .047 .618 .182 .080 .158 .137 .066 .390 .210 .672 .554 .896 .220 .855 .079 .074 .044 .229 .542 .115

U2 .050 .604 .175 .074 .150 .121 .067 .366 .196 .655 .535 .885 .202 .856 .074 .082 .047 .243 .510 .113

A2 .048 .618 .190 .083 .159 .147 .068 .416 .225 .703 .578 .909 .233 .875 .083 .080 .046 .268 .576 .126

SW .046 .594 .187 .082 .150 .153 .071 .442 .239 .735 .603 .920 .245 .894 .084 .082 .042 .299 .609 .130

SF .048 .631 .214 .098 .193 .161 .078 .432 .242 .706 .600 .912 .259 .877 .087 .050 .030 .184 .576 .108

SJ .056 .680 .257 .124 .258 .149 .086 .291 .182 .469 .456 .785 .209 .696 .081 .021 .031 .026 .317 .056

JB .054 .590 .212 .094 .175 .160 .071 .371 .225 .598 .549 .848 .241 .784 .079 .028 .022 .096 .445 .083

RJB .056 .644 .235 .106 .213 .150 .074 .320 .199 .504 .484 .792 .224 .708 .077 .019 .020 .026 .348 .056

new test

Hn, h2 .048 .596 .176 .071 .149 .189 .089 .504 .285 .774 .654 .940 .290 .917 .107 .074 .046 .212 .311 .051

Hn, h1 .052 .587 .173 .070 .146 .198 .093 .516 .296 .781 .662 .942 .301 .919 .113 .079 .049 .216 .285 .047
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1 Introduction

In the recent years, the Lindley distribution has received a considerable attention in the statistical

literature in the recent years. The Lindley distribution has the probability density function (pdf)

f(x; θ) =
θ2

1 + θ
(1 + x)e−θx, x > 0, θ > 0. (1.1)

and the corresponding cumulative distribution function (cdf) given by

F (x; θ) = 1 − 1 + θ + θx

1 + θ
e−θx, x > 0, θ > 0. (1.2)

The Lindley distribution was originally introduced by Lindley (1958) in the context of Bayesian statis-

tics. Recently, this distribution has been studied and generalized by several authors, see Zakerzadeh

and Dolati (2009), and Ghitany et al. (2013). Estimation for the Lindley distribution has been

discussed by many authors. See for example Krishna and Kumar (2011), Gupta and Singh (2013)

and Al-Mutairi et al. (2013).

2R. Valiollahi : rvaliollahi.reza@semnan.ac.ir
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Prediction of unobserved or censored observations based on censored samples has been discussed

by many authors . For some recent references, see Raqab et al. (2010) and Agharzadeh et al. (2013).

The aim of this paper is to consider the prediction problem for the Lindley distribution based on

progressive Type-II censored samples. We study this problem via non-Bayesian approach and provide

several predictors of future failures. To the best of our knowledge, this problem has not been studied

before in the literature.

The progressive Type-II censoring can be described as follows. Suppose n units are placed on

a life test. Immediately following the first failure, R1 surviving units are removed from the test at

random. Then, immediately following the second failure, R2 surviving units are removed from the

test at random. This process continues until, at the time of the m − th failure, all the remaining

Rm = n − R1 − R2 − · · · − Rm − 1 − m units are removed from the experiment. Here the Ris are

fixed prior to study. If R1 = R2 = · · · = Rm = 0, then n = m which corresponds to the complete

sample situation. If R1 = R2 = · · · = Rm−1 = 0, we have Rm = n − m which corresponds to the

conventional Type-II right censoring scheme. For more details on progressively censoring, inferences

and their applications, one may refer to Balakrishnan and Aggarwalla (2000).

2 Log-Likelihood Function

Let X1:m:n, · · · , Xm:m:n denote a progressively Type-II censored sample from the LD(θ), obtained

from a sample of size n with the censoring scheme R = (R1, · · · , Rm). To simplify the notation, we

will use Xi in place of Xi:m:n. On the basis of X = (X1, X2, · · · , Xm), the likelihood function is given

(see Balakrishnan and Aggarwalla (2000)) by

L(θ) = A
m∏
i=1

{
θ2

1 + θ
(1 + xi)e

−θxi
}(

1 + θ + θxi
1 + θ

e−θxi
)Ri

= A
θ2m

(1 + θ)n

m∏
i=1

{
(1 + xi)(1 + θ + θxi)

Ri
}
e−θ

∑m
i=1(Ri+1)xi , (2.1)

where A = n(n− 1 −R1)(n− 2 −R1 −R2) · · · (n−m+ 1 −R1 · · · −Rm−1).

The log-likelihood function is

lnL(θ) ∝ 2m ln θ − n ln(1 + θ) +
m∑
i=1

Ri ln(1 + θ + θxi) − θ
m∑
i=1

(Ri + 1)xi. (2.2)

From the log-likelihood function, we obtain the log-likelihood equation as

d lnL(θ)

dθ
=

2m

θ
− n

1 + θ
+

m∑
i=1

Ri
(1 + xi)

1 + θ + θxi
−

m∑
i=1

(Ri + 1)xi = 0. (2.3)
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So, the maximum likelihood estimate (MLE) of θ can be obtained by solving the log-likelihood equation

using some numerical methods.

3 Point Prediction

In this section, we provide several point predictors of Y = Xs:Ri , (s = 1, · · · , Ri, i = 1, · · · ,m)

based on the observed censored sample X. The conditional distribution of Y = Xs:Ri given X is

just the distribution of Y = Xs:Ri given Xi = xi (due to the Markovian property of progressively

Type-II right censored-order statistics). Consequently, the density of Y = Xs:Ri given X = x is

the same as the density of the sth order statistic out of Ri units from the population with density

f(y)/(1 − F (xi)), y ≥ xi (left truncated density at xi). So, the conditional density of Y given X = x,

for y ≥ xi, is given by

fY |Xi(y|xi, θ) = s

(
Ri
s

)
f(y)[F (y) − F (xi)]

s−1[1 − F (y)]Ri−s[1 − F (xi)]
−Ri . (3.1)

For Lindely model, (3.1) reduces to

f(y|x, θ) = s

(
Ri
s

)
θ2(1 + y)(1 + θ + θy)Ri−s(1 + θ + θxi)

−Ri

×e−θ(Ri−s+1)y+θRixi
[
(1 + θ + θxi)e

−θxi − (1 + θ + θy)e−θy
]s−1

. (3.2)

3.1 Maximum Likelihood Predictor

The principle of maximum likelihood is used in maximum likelihood prediction method to the joint

prediction and estimation of a future random variable and an unknown parameter. The predictive

likelihood function (PLF) of Y and θ is

L(y, θ|x) = f(y|x, θ)f(x|θ). (3.3)

If Ŷ = u(X) and θ̂ = ν(X) are statistics for which

L(u(x), ν(x)|x) = sup
(y,θ)

L(y, θ|x), (3.4)

then u(X) is said to be the maximum likelihood predictor (MLP) of the Y and ν(X) is the predictive

maximum likelihood estimator (PMLE) of θ respectively. Consequently, for the Lindley model , the

PLF of Y and θ can be obtain as

L(y, θ) = s

(
Ri
s

)
θ2m+2

(1 + θ)n
(1 + y)(1 + xi)

m∏
j=1,j ̸=i

(1 + xj)(1 + θ + θxj)
Rj
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× (1 + θ + θy)Ri−s exp

−θ

(Ri − s+ 1)y +
m∑

j=1,j ̸=i

(Rj + 1)xj − xi


×

(
(1 + θ + θxi)e

−θxi − (1 + θ + θy)e−θy
)s−1

. (3.5)

Apart from a constant term, the predictive log-likelihood function is

lnL(y, θ) ∝ (2m+ 2) ln θ − n ln(1 + θ) + ln(1 + y) +
m∑

j=1,j ̸=i

Rj ln(1 + θ + θxj)

+ (Ri − s) ln(1 + θ + θy) − θ

(Ri − s+ 1)y +
m∑

j=1,j ̸=i

(Rj + 1)xj − xi


+ (s− 1) ln

(
(1 + θ + θxi)e

−θxi − (1 + θ + θy)e−θy
)
. (3.6)

By using (3.6), the predictive likelihood equations(PLEs) for y and θ are obtained as

∂ lnL(y, θ)

∂y
=

1

y + 1
− θ(Ri − s+ 1) + (Ri − s)

θ

1 + θ + θy

+ (s− 1)
θ2(1 + y)e−θy

(1 + θ + θxi)e−θxi − (1 + θ + θy)e−θy
, (3.7)

∂ lnL(y, θ)

∂θ
=

2m+ 2

θ
− n

1 + θ
+

m∑
j=1,j ̸=i

Rj
1 + xj

1 + θ + θxj

+ (Ri − s)
1 + y

1 + θ + θy
−

(Ri − s+ 1)y +

m∑
j=1,j ̸=i

(Rj + 1)xj − xi


+ (s− 1)

e−θxi(1 − θxi(1 + xi)) − e−θy(1 − θy(1 + y))

(1 + θ + θxi)e−θxi − (1 + θ + θy)e−θy
. (3.8)

By solving (3.7) and (3.8) with respect to y and θ simultaneously, the MLP of Y = Xs:Ri , ŶMLP , and

PMLE of θ can be obtained. Some numerical methods are needed to solve this equation and obtain

the MLP ŶMLP and PMLE of θ.

3.2 Best Unbiased Predictor

Let the statistic Ŷ is used to predict Y = Xs:Ri . The predictor Ŷ is called a best unbiased predictor

(BUP) of Y , if the predictor error Ŷ −Y has a mean zero and its prediction error variance Var(Ŷ −Y )
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is less than or equal to that of any other unbiased predictor of Y. The BUP of Y is

ŶBUP = E(Y |X) =

∫ ∞
xi

yf(y|x)dy. (3.9)

By using[
(1 + θ + θxi)

−θxi − (1 + θ + θy)−θy
]s−1

=

s−1∑
j=0

(
s− 1

j

)
(−1)(s−j−1)(1 + θ + θxi)

j(1 + θ + θy)s−j−1e−θjxie−θ(s−j−1)y, (3.10)

we obtain

ŶBUP = s

(
Ri
s

)
θ2

s−1∑
j=0

(
s− 1

j

)
(−1)(s−j−1)(1 + θ + θxi)

−(Ri−j)eθ(Ri−j)xi

×
∫ ∞
xi

y(1 + y)(1 + θ + θy)Ri−j−1e−θ(Ri−j)ydy (3.11)

Because the parameter θ is unknown, it has to be estimated. Thus one would replace it by its MLE

and obtain the BUP of Y .

3.3 Conditional Median Predictors

Conditional median predictor (CMP) was first proposed by Raqab and Nagaraja (1995). A predictor

Ŷ is called the CMP of Y, if it is the median of the conditional distribution of Y given Xi = xi that is

Pθ(Y ≤ Ŷ |X = x) = Pθ(Y ≥ Ŷ |X = x). (3.12)

We have

Pθ(Y ≤ Ŷ |X = x) =

Pθ(1 − (1 + θ + θY )e−θY

(1 + θ + θXi)e−θXi
≤ 1 − (1 + θ + θŶ )e−θŶ

(1 + θ + θXi)e−θXi
|X = x). (3.13)

Now, using the fact that the distribution of 1 − (1+θ+θY )e−θY

(1+θ+θXi)e−θXi
given X = x is a Beta(s,Ri − s + 1)

distribution, the CMP of Y can be obtained by solving the equation

1 − (1 + θ + θŶ )e−θŶ

(1 + θ + θXi)e−θXi
= Med(B), (3.14)



Prediction For Lindley Distribution 598

where B has Beta(s,Ri − s + 1) distribution and Med(B) stands for median of B. By doing some

calculations, we obtain

ŶCMP = −1 − 1

θ
− 1

θ
W−1

(
[Med(B) − 1](1 + θ + θXi)e

−(1+θ+θXi)
)

(3.15)

where W−1(.) denotes the negative branch of the Lambert W function (i.e., the solution of the equation

W (z)eW (z) = z). By substituting θ with its MLE, we obtain the CMP of Y .

4 Real Data Analysis and Simulation

To illustrate the prediction methods developed in this paper, we present the analysis of a real data set

and simulation study here.

5 Real Data Analysis

The following data set presented in Murthy et al. (2004). The data shows the time between failures

for repairable items.

0.11 0.30 0.40 0.45 0.59 0.63 0.70 0.71 0.74 0.77

0.94 1.06 1.17 1.23 1.23 1.24 1.43 1.46 1.49 1.74

1.82 1.86 1.97 2.23 2.37 2.46 2.63 3.46 4.36 4.73

To check the validity of the use of Lindley distribution to fit this data set, Kolmogorov-Smirnov

(K-S) test is applied. The the K-S statistics of the distance between the fitted and the empirical

distribution functions (based on the parameter θ = 0.976) is 0.561 and the corresponding p-value is

0.141. Therefore, it is reasonable to use the Lindley distribution to fit the data.

We consider the progressively censored scheme R = (0, 0, 4, 0, 0, 6, 0, 0, 0, 10), so the vector of ob-

served failure times is X = (0.11, 0.30, 0.40, 0.71, 0.74, 0.77, 1.43, 1.46, 1.49, 1.74). Using this sample,

we obtain the point predictors MLP, BUP and CMP for Y = Xs:Ri , (s = 1, 2, 3;Ri = 3, 6, 10). The

results are displayed in Table 1.

Table 1: Point and interval predictors for Y.
i = 3 i = 6 i = 10

MLP BUP CMP MLP BUP CMP MLP BUP CMP

s=1 0.400 1.154 0.967 0.770 1.253 1.122 1.740 1.996 1.921

s=2 1.353 2.035 1.843 1.317 1.788 1.657 2.001 2.273 2.195

s=3 2.385 3.220 2.984 1.904 2.411 2.274 2.282 2.257 2.496
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Now, a Monte Carlo simulation study is used to evaluate the biases and MSPEs for the predictors

MLP, BUP and CMP. We randomly generated 2000 progressively censored sample from Lindley dis-

tribution with θ = 0.75 , 1.5. We also used R = (0, 0, 3, 0, 3, 0, 0, 5) as a censoring scheme. Table 2

displays the biases and MSPEs of different predictors obtained from this simulation study.

Table 2: Biases and MSPEs of point predictors.
θ = 0.75 θ = 1.5

MLP BUP CMP MLP BUP CMP

s=1 Bias -0.244 -0.105 -0.194 -0.321 -0.073 -0.087

MSPE 0.615 0.459 0.497 0.195 0.092 0.099

i = 3 s=2 Bias -0.307 -0.142 -0.239 -0.380 -0.092 -0.098

MSPE 0.899 0.624 0.696 0.437 0.270 0.279

s=3 Bias -0.439 -0.306 -0.340 -0.465 -0.176 -0.190

MSPE 1.736 1.244 1.386 1.436 0.912 0.948

s=1 Bias -0.352 -0.184 -0.202 -0.310 -0.065 -0.076

MSPE 0.704 0.473 0.513 0.212 0.109 0.127

i = 5 s=2 Bias -0.599 -0.205 -0.237 -0.389 -0.105 -0.115

MSPE 0.959 0.723 0.879 0.463 0.294 0.314

s=3 Bias -0.632 -0.302 -0.381 -0.644 -0.205 -0.228

MSPE 2.331 1.704 1.853 1.503 0.985 1.021

s=1 Bias -0.274 -0.152 -0.191 -0.321 -0.074 -0.087

MSPE 0.794 0.444 0.481 0.195 0.092 0.099

s=2 Bias -0.387 -0.209 -0.225 -0.392 -0.110 -0.135

MSPE 0.943 0.625 0.676 0.452 0.277 0.287

i = 8 s=3 Bias -0.523 -0.327 -0.365 -0.643 -0.202 -0.219

MSPE 1.802 0.862 0.893 1.406 0.887 0.921

s=4 Bias -0.603 -0.390 -0.400 -0.670 -0.263 -0.266

MSPE 2.421 1.273 1.352 1.839 1.154 1.218

s=5 Bias -0.927 -0.529 -0.552 -0.830 -0.441 -0.472

MSPE 2.946 1.839 2.004 2.090 1.343 1.400

Conclusion

From Table 2, we observe that the BUP is the best predictor in terms of biases and MSPEs. The CMP

is the second best predictor. Also, the MLP does not work well.
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1 Introduction

The family of Pareto distributions is well known in the literature for its capability in modelling the

heavy-tailed distributions that are mostly common in data on income distribution, city population size,

and many other quantities measured in the physics, biology, hydrology, and engineering. Generalized

distributions have been widely studied in statistics as they possess flexibility in applications. This

is what urged, Gupta and Kundu (2001), Nadarajah (2005) and Cooray (2010) to the introduce

exponentiated distributions and derive several of their properties. The proposed generalization stems

from the following general class: if G denotes the cumulative distribution function (cdf) of a random

variable then a generalized class of distributions can be defined by

F (x) = IG(x)(a, b) (1.1)

For a > 0 and b > 0, where Iy(a, b) = By(a, b)/B(a, b)denotes the incomplete beta function ratio, and

By(a, b) =

∫ y

0

ua−1(1 − u)b−1du

denotes the incomplete beta function. In recent years, several new distributions have been proposed

by authors using Equation (1.1) in the literature. Akinsete et al. (2008) introduce the four parameter

1Speaker’s Name: Shahram Yaghoobzadeh Shahrastani yagoubzade@gmail.com
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beta Pareto (BP) distribution following the work proposed by Eugene et al. (2002). Nassar and Nada

(2011) proposed a five parameter distribution, the so-called beta generalized Pareto (BGP) distribution.

The beta exponential (BE) distributions is proposed by Nadarajah and Kotz (2006), which G(x) is

the cdf of the exponential distribution in the second. the beta modified Weibull (BMW) distribution

introduced by Silva et al. (2010), and the beta Weibull-geometric (BWG) distribution introduced by

Cordeiro et al. (2011) which extends the WG distribution of Barreto-Souza et al. (2011). The paper

is organized as follows. In Section 2, we review the Pareto Possion (PP) distribution (Martines and

Stedinger (2001)) and define the BPP distribution. The density functions, the moment generating

function (mgf), the moments, the moments of order statistics and Mean deviations from the mean and

median are obtained in this Section. Maximum-likelihood estimation of the model parameters and the

observed information matrix are discussed in Section 3. In Section 4, the flexibility and potentiality

of the new distribution are illustrated using a real data set and the new model will be compared with

some sub-models and Some concluding remarks are given in Section 5. The density function of a

Beta−G distribution corresponding to cdf (1.1) is given by

f(x, a, b) =
g(x)

B(a, b)

(
G(x)

)a−1(
1 −G(x)

)b−1
(1.2)

where g(x) is the density function corresponding to cdf G(x).

2 BPP distribution

The random variable X has an PP distribution if its cumulative distribution function (cdf) takes the

form

G(x, γ, θ, µ) =
eθ − eθ(

µ
x )
γ

eθ − 1
, x > µ > 0 (2.1)

where γ > 0, θ > 0. The corresponding probability density function (pdf) is

g(x, γ, θ, µ) =
γθµγeθ(

µ
x )
γ

xγ+1(eθ − 1)
, x > µ > 0, θ > 0 (2.2)

Using the u = θ
(
n
k

)γ
, The kth moment about zero of the PP distribution is given by

E(Xk) =
θ

1
γ µφ(1 − 1

γ , θ)

eθ − 1
(2.3)

where φ(r, s) =
∫ s
0
ur−1eudu. Replacing G(x) in Equation (1.1) by the (pdf) (2.1) yields the new cdf

F (x, a, b, γ, θ, µ) =
1

B(a, b)

∫ (eθ−eθ(µx )γ
)
/(eθ−1)

0

ua−1(1 − u)b−1du , x > 0 (2.4)
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where γ > 0, µ > 0. A random variable X with the cdf (2.4) is said to have a BPP distribution and

will be denoted by X ∼ BPP (a, b, γ, θ, µ). From Equations (1.2) and and (2.1), the pdf, the cdf of a

BPP distribution are given, respectively, by

f(x, a, b, γ, θ, µ) =
γθµγeθ(

µ
x )
γ(
eθ − eθ(

µ
x )
γ)a−1(

eθ(
µ
x )
γ − 1

)b−1
xγ+1B(a, b)(eθ − 1)a+b−1

, x > 0 (2.5)

and

F (x, a, b, γ, θ, µ) =
1

B(a, b)

∞∑
k=0

(
b

k

)
(−1)k

(eθ − eθ(
µ
x )
γ

eθ − 1

)a+k 1

a+ k
(2.6)

where I{1−G(x,γ,θ,µ)}(b,a) = 1 − F̄ (x, a, b, γ, θ, µ).

Figure 1 plot the failure-rate function of the BPP distribution for some choices of the parameter values.

As we see from Figure 1, a characteristic of the BPP distribution is that its failure-rate function can

be decreasing, increasing, bathtub, or unimodal depending on its parameter values.
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Figure 1: Plots of hazard rate function of BPP for different values of parameters (γ, µ, θ, a, b).

2.1 Mgf and Moments of BPP

Here, we first present an alternative expression for the pdf of a BPP distribution. Using the power

series expansion (1 − z)α =
∑∞
j=0(−1)j

(
α
j

)
zj in Equation (2.6) implies for real non-integer a > 0 is

f(x, a, b, γ, θ, µ) =
∞∑
i=0

wi,a,b,θfpp(γ, θj , µ) (2.7)

where θi,j = θ(j + 1) and

wi,a,b,θ =
1

(eθ − 1)a+b−2

∞∑
j=0

Γ(a+ i)eθ(a+i−j−1)(−1)i+jΓ(a+ b)

i!Γ(j)Γ(b− i)Γ(a+ i− j)(eθ − 1)a+i−1
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Now we obtain the moment generating function of the BPP distribution.

Suppose that Y ∼ BPP (a, b, γ, θ, µ) and X ∼ PP (γ, θ, µ). According to (2.3), We obtain,

MX(t) =
1

eθ − 1

∞∑
r=0

(tµθ
1
γ )rφ(γ−rγ , θ)

r!
(2.8)

Hence, combining Equations (2.5) and (2.8), we obtain the mgf of the BPP distribution

MY (t) =
1

eθ − 1

∞∑
i=0

∞∑
r=0

wi,a,b,θ
(
tµ(θj)

1
γ
)r
φ(γ−rγ , θj)

r!
(2.9)

According to (2.3) and (2.5), We obtain the moments of the BPP distribution

E(Y r) =
1

eθ − 1

∞∑
i=0

wi,a,b,θ
(
tµ(θj)

1
γ
)r
φ(γ−rγ , θj)

r!
. (2.10)

2.2 Moments of order statistics

Cordeiro et al. (2011), showed that the density function of the i,th order statistic Xi:n, say fi:n, For

a (BG) model defined from the parent functions g(x) and G(x) for real non-integer a > 0 is

fi:n(x) =
g(x)

(
G(x)

)a−1(
1 −G(x)

)b−1
B(a, b)B(i, n− i+ 1)

n−i∑
j=0

(−1)j
(
n− i

j

) ∞∑
m=0

ci+j−1,m
(
G(x)

)m
(2.11)

where the coefficients ci+j−1,m follow from Equation cj,i = (ia0)−1
∑i
m=1(jm − i + m)amcj,i−m and

cj,0 = aj0. Hence, cj,i can be calculated from cj,1, · · · , cj,i−1 and then from a0, · · · , ai. where am =
(1−b)m

B(a,b)(a+m)m! and (f)k = f(f + 1) · · · (f + k − 1).

Combining Equations (2.1) and (2.11), the pdf of the ith order statistic of the BPP distribution can

be easily obtained by

fi:n(x) =
∞∑
m=0

ki,n,mfBPP (x, a+m, b, γ, θ, µ) (2.12)

where

ki,n,m =
n−i∑
j=0

Γ(b)Γ(n− i+ 1)Γ(a+m)(−1)j

j!Γ(n− i− j + 1)Γ(a+ b+m)B(i, n− i+ 1)
ci+j−1,m (2.13)

Combining Equations (2.9) and (2.12), the mgf of the ith order statistic of the BPP distribution,say

Mi:n(t), can be easily obtained by

Mi:n(t) =
1

eθ − 1

∞∑
m=0

∞∑
i=0

∞∑
r=0

wi,a+m,b,θ
(
tµ(θj)

1
γ
)r
φ(γ−rγ , θj)ki,n,m

r!
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Using the Equations (2.10) and (2.12) we immediately obtain the rth generalized moment of Xi:n as

E(Xr
1:n) =

1

eθ − 1

∞∑
m=0

∞∑
i=0

wi,a+m,b,θ
(
tµ(θj)

1
γ
)r
φ(γ−rγ , θj)ki,n,m

r!
.

3 Estimation and inference

In this section, we discuss the estimation of the parameters of the BPP distribution. LetX1, X2, · · · , Xn

be a random sample with observed values x1, x2, · · · , xn from BPP distribution with parameters

a, b, γ, θ and µ. Let Θ = (a, b, γ, θ, µ)T be the parameter vector. The total log-likelihood function

is given by

ln ≡ ln(x; Θ) = n log γ + n log θ + n logµ+ θ
n∑
i=1

(
µ

xi
)γ − (γ + 1)

n∑
i=1

log xi

+ (a− 1)
n∑
i=1

log
(
eθ − e

θ( µxi
)γ)

+ (b− 1)
n∑
i=1

log
(
e
θ( µxi

)γ − 1
)

− n log(eθ − 1) + n log Γ(a+ b) − n log Γ(a) − n log Γ(b)

The associated score function is given by Un(Θ) =
(
∂ln
∂a ,

∂ln
∂b ,

∂ln
∂γ ,

∂ln
∂θ ,

∂ln
∂µ

)T
, where

∂ln
∂γ

=
n

γ
+ θ

n∑
i=1

(
µ

xi
)γ ln(

µ

xi
) −

n∑
i=1

log xi − (a− 1)

n∑
i=1

θ( µxi )
γ ln( µxi )

eθ − e
θ( µxi

)γ

+ (b− 1)

n∑
i=1

θ( µxi )
γ ln( µxi )

e
θ( µxi

) − 1

and

∂ln
∂θ

=
n

θ
+

n∑
i=1

(
µ

xi
)γ + (a− 1)

n∑
i=1

eθ − ( µxi )
γe
θ( µxi

)γ

eθ − e
θ( µxi

)γ

− neθ

eθ − 1
+ (b− 1)

n∑
i=1

( µxi )
γe
θ( µxi

)γ

e
θ( µxi

)γ − 1

and

∂ln
∂a

=
n∑
i=1

log
(
eθ − e

θ( µxi
)γ)

+ nΨ(a+ b) − nΨ(a)

and

∂ln
∂b

=
n∑
i=1

log
(
e
θ( µxi

)γ − 1
)

+ nΨ(a+ b) − nΨ(b)
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and

∂ln
∂b

= θ

n∑
i=1

γθ

xi
(
µ

xi
)γ−1 − (a− 1)

n∑
i=1

γθ
xi

( µxi )
γ−1 e

θ( µxi
)γ

eθ − e
θ( µxi

)γ

+ (b− 1)
n∑
i=1

γθ
xi

( µxi )
γ−1 e

θ( µxi
)γ

e
θ( µxi

) − 1

As ∂ log Γ(x)
∂x = Ψ(x); that the Ψ is called digamma function. The MLE of Θ, say Θ̂, is obtained by

solving the nonlinear system Un(Θ) = 0.

4 Applications of the BPP distribution

To show the superiority of the BPP distribution, we compare the results of fitting this distribution to

some of theirs sub-models such as BP, BGP and PP distributions, using a real data set. The data set

consists of 23 observations of ball bearing data from Caroni (2002). Table 1 lists the MLEs of the

parameters, the values of AIC (Akaike Information Criterion), BIC (Bayesian information criterion)

and −2 log(L) for the first data. These values show that the BPP distribution provide a better fit than

the BP, BGP and PP for fitting the first data. We apply the AIC and BIC statistics, in order to verify

which distribution fits better to this data. In general, the smaller the values of AIC and BIC, the better

the fit to the data. According to these statistics in Table 1, the BPP distribution fit the first data

set better than the others. Using the likelihood ratio (LR) test, we test the null hypothesis H0 : PP

versus the alternative hypothesis H1 : BPP , or equivalently, H0 : (a, b) = (1, 1) versus the alternative

hypothesis H1 : (a, b) ̸= (1, 1), The value of the LR test statistic and the corresponding p-value are

58 and 2.54e − 13, respectively. Therefore, the null hypothesis (PPmodel) is rejected in favor of the

alternative hypothesis (BPP model) for any significance. For test the null hypothesis H0 : BP versus

the alternative hypothesis H1 : BPP , or equivalently, H0 : θ = 0 versus H1 : θ ̸= 0, the value of the LR

test statistic is 19.4(p−value < 0.0001), which includes that the null hypothesis (BP model) is rejected

in favor of the alternative hypothesis (BPP model) for any significance. We also test the null hypothesis

H0 : BGP versus the the alternative hypothesis H1 : BPP , or equivalently, H0 : (b, θ) = (1, 0) versus

H1 : (b, θ) ̸= (1, 0). the value of the LR test statistic is 23.6(p− value < 0.0001), which includes that

the null hypothesis (BGP model) is rejected in favor of the alternative hypothesis (BPP model) for

any significance level.
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Table 1: MLEs, AIC, BIC, −2 log(L) for the ball bearing

Distribution MLEs AIC BIC −2 log(L)

BPP γ̂ = 4.652, θ̂ = 2.302, µ̂ = 17.87, â = 0.8274, b̂ = 0.0918 266.8 272.5 256.8

PP γ̂ = 0.2381, θ̂ = 0.0002, µ̂ = 0.3239 320.8 324.2 314.8

BP γ̂ = 0.4277, µ̂ = 17.87, â = 0.2725, b̂ = 0.5516 284.2 288.7 276.2

BGP γ̂ = 1.830, µ̂ = 1.627, â = 500.46 286.4 289.8 280.4

Conclusion

A new five-parameter distribution called the BPP distribution is introduced. Several properties of the

new distribution are obtained. Fitting the BPP model to a real data set indicates the flexibility of

the proposed distribution in data modeling. it seems that the proposed model can be considered as a

suitable candidate model in reliability analysis.
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Abstract: In this research we consider three nonparametric techniques known as Artificial Neural

Networks (NN) and Recurrent and Vector Singular Spectrum Analysis (SSA) for forecasting real time

series data. As nonparametric techniques are not bound by any assumptions, it is more likely to

provide an accurate representation of the true scenario in comparison to parametric techniques.

Keywords Artificial Neural Networks , Singular Spectrum Analysis , forecasting , Exchange rate.

1 Introduction

In this research we consider Artificial Neural Networks (NN) and Singular Spectrum Analysis (SSA)

for forecasting exchange rates in the United Kingdom, European Union and China. The basic SSA

method consists of two complementary stages: decomposition and reconstruction; both stages include

two separate steps. At the first stage we decompose the series and at the second stage we reconstruct

the original series and use the reconstructed series for forecasting new data points Gdyan dinaand all

(2001). Artificial neural networks are generally presented as systems of interconnected ”neurons” which

can compute values from inputs. Like other machine learning methods systems that learn from data

neural networks have been used to solve a wide variety of tasks that are hard to solve using ordinary

rule based programming, including computer vision and speech recognition Marzban,and Akbarian

(2005). The structure of the paper is as follows. The next section describes the SSA technique and

provides some general rules for Forecasting time series data. The technique of artificial neural networks

is introduced briefly. The time series data and empirical results are presented in Sections 4.

2 Singular Spectrum Analysis (SSA)

SSA is essentially a model-free technique; it is more an exploratory, model building tool than a confir-

matory procedure. It aims at a decomposition of the original series into a sum of a small number of

interpretable components such as a slowly varying trend, oscillatory components and a structureless

noise. The SSA technique consist of two complementary stages: decomposition and reconstruction and
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both of which include two separate steps Gdyan dinaand all (2001).In what follows, we give details of

these steps.

Step 1 Embedding:

Consider the real-valued non-zero time series YT = (y1, . . . , yT )of sufficient length T . Let [K = T - L

+ 1] where L (L ≤ T/2)is some integer called the window length. Define the trajectory matrix X as

follows:

X = (xij)
L,K
i,j=1 =


y1 y2 y3 . . . yK

y2 y3 . . .
...

...
...

. . .
...

...
...

yL yL+1 yL+2 . . . yT


Note that X is a Hankel matrix, which means that all the elements along the off diagonal are equal.

We then consider X as multivariate data with L characteristics and [K = T - L + 1] observations. The

columns Xj = (yj , . . . , yL+j−1)T of X , considered as vectors, lie in an L-dimensional space ReL

Step2: Singular Value Decomposition

Define the matrix XXT . Singular value decomposition (SVD) of XXT provides us with the collections

of L eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λL ≥ 0 and the corresponding eigenvectorsU1, U2, . . . , UL, where

Ui is the normalized eigenvector corresponding to the eigenvalue λi , (i = 1, . . . , L) Then SVD of the

trajectory matrix X can be written as:

X = E1 + ...+ EL

Where, Ei =
√
λi UiV

T
i , Vi = XTUi/

√
λi (i = 1, . . . , L)

Step3: Grouping

Partition the set of indices (i = 1, . . . , L) into m disjoint subsets {I1, . . . , Im} This

X = XI1 + ...+ XIm

Where,XIj =
∑
ℓ∈Ij

Eℓ , j = 1, ...,m

Step4: Hankelization

The last step in SSA, transforms each matrix of the grouped decomposition (step3) into a new series of

length T. This will be doing with diagonal averaging as follow. If Zij stands for an element of a matrix

Z, then the k-th term of the resulting series is obtained by averaging Zij over all i, j such that i+j =

k+1. The result of the Hankelization of a matrix Z is the Hankel matrix HZ, which is the trajectory

matrix corresponding to the time series obtained as a result of the diagonal averaging. The operator
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H acts on an arbitrary LK matrix Z=Zij with L ¡ K in the following way: for i+j =s and N=L+K-1

the element z̃ij of the matrix HZ is:

z̃ij =



1
s−1

s−1∑
l=1

zl,s−l , 2 ≤ s ≤ L− 1;

1
L

L∑
l=1

zl,s−l , L ≤ s ≤ K + 1;

1
N−s+1

L∑
l=s−K

zl,s−l , K + 2 ≤ s ≤ N + 1;

Another way of obtaining hankelized form of the matrix HZ is as bellows:

z̃ij =
1

s2 − s1 + 1

s2∑
l=s1

zl,s−l

Where, s1 = max {1, s−N + L} , s2 = min {s, L}
By performing the diagonal averaging of all matrix components of XIj in the expansion of X above,

we obtain another expansion:

X = X̃I1 + ...+ X̃Im

where X̃Ij is the diagonalized version of the matrix XIj This is equivalent to the decomposition of

the initial series YT = (y1, . . . , yT )T into a sum of m series; yt =
m∑
j=1

ỹ
(j)
t , where Ỹ

(j)
T = (ỹ

(j)
1 , . . . , ỹ

(j)
T )T

2.1 Forecasting by SSA

The basic requirement to make SSA forecasting is that the time series satisfies a linear recurrent

formula (LRF). A time series YT = (y1, . . . , yT ) satisfies LRF of order d if:

yt = a1yt−1 + a2yt−2 + . . .+ adyt−d, t = d+ 1, . . . , T.

The time series governed by LRFs admit a natural recurrent continuation because each term of

that time series is equal to a linear combination of several preceding terms. In what follows, we give a

brief description of Recurrent SSA (RSSA) and Vector SSA (VSSA) algorithms. Further details can be

found in Gdyan dinaand all (2001). Let us assume that U∇j is the vector of the first L-1 components of

the eigenvector Uj and πj is the last component of Uj (j = 1, . . . , r) We can then define the coefficient

vector Re as Re = 1
1−υ2

r∑
j=1

πjU
∇
j , whereυ2 =

∑r
j=1 π

2
j
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Recurrent SSA

Considering the above notation, the RSSA forecasts (ŷT+1, . . . , ŷT+M ) can be obtained by

ŷi =


ỹi, i = 1, . . . , T

ReTZi, i = T + 1, . . . , T +M

,

where, Zi = [ŷi−L+1, . . . , ŷi−1]
T

and ỹ1, . . . , ỹT , are the values for the reconstructed time series and

can be obtained from reconstruction stage, with XIj =
r∑
i=1

Xi

Vector SSA

Consider the following matrix P = U∇U∇T + (1 − v2) Re ReT . Now, define the linear operator:

P(v) : £r 7→ ReL, where£r = span{U1, . . . , Ur} and

P(v)Y =

(
PY∆

ReTY∆

)
, Y ∈ £r.

Suppose the vector Zi is defined as follows

Zj =

{
X̃j forj = 1, . . . ,K

P(v)Zj−1 forj = K + 1, . . . ,K +M + L− 1
,

where X̃j are the jth reconstructed columns of the trajectory matrix of the time series after grouping

and discarding noise components. Now, by constructing the matrix Z = [Z1, ..., ZK+M+L−1] and

performing diagonal averaging, we obtain a new time series ŷ1, ..., ŷT+M+L−1 , whereŷT+1, ..., ŷT+M

form the terms of the VSSA forecast. For more details see Gdyan dinaand all (2001).

3 Artificial Neural Networks

Artificial neural network research stagnated after the publication of machine learning research by

Minsky and Papert (1969). They discovered two key issues with the computational machines that

processed neural networks. The second significant issue was that computers were not sophisticated

enough to effectively handle the long run time required by large neural networks. Neural network re-

search slowed until computers achieved greater processing power. Also key later advances was the back

propagation algorithm which effectively solved the exclusive-or problem Werbos (1975).In supervised

learning Which is consider here, we are given a set of example pairs(x, y), x ∈ X, y ∈ Y and the aim is

to find a function f : X → Y in the allowed class of functions that matches the examples. A commonly

used cost is the mean-squared error, which tries to minimize the average squared error between the

network’s output, f(x), and the target value y over all the example pairs Priddy and Keller (2005).
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4 Application of SSA and ANN for Exchange rate data

Exchange rate between two currencies is regarded as the value of one countrys currency in terms

of another currency. The data which are used in this research relates to daily exchange rates in the

United Kingdom, European Union and China between the dates 03/01/2012 and 01/03/2013. In order

to train the forecasting models, approximately 2/3 rd of the observations (i.e. 192 observations) were

used while approximately 1/3 rd of the observations (i.e. 100) were left aside for testing the forecasting

accuracy of the models. The measures were adopted to compare and contrast between the forecasting

models are and Direction of change(D).

4.1 Results

Table 1 reports the RMSEs for the out-of-sample forecasting results. All RMSEs have been multiplied

by 103 in order to enable easy comparison between the forecasting models. Firstly, based on the RMSE,

the results show that we cannot identify one model to be best for all three countries at all horizons.

Instead, we see that for forecasting exchange rates in UK, the Basic VSSA model is able to outperform

both NN and Basic RSSA at horizons of h = 1 and 3 steps ahead. For EU, we see that the NN model

outperforms both Basic VSSA and Basic RSSA at forecasting the exchange rate at all horizons.The

results for China show a completely different outlook as the NN models forecasting accuracy appears

to have deteriorated to a great extent and both Basic VSSA and Basic RSSA models outperform the

NN model. In China, for 1 day ahead forecasts of exchange rates the Basic VSSA model outperforms

Basic RSSA marginally whilst for 3 day ahead forecasts, the Basic RSSA model is seen to outperform

the Basic VSSA model marginally.

Table 1: Out of sample forecasting results for exchange rates .

1 NN Basic VSSA Basic RSSA BasicVSSA
NN

BasicVSSA
BasicRSSA

Series 1 3 1 3 1 3 1 3 1 3

UK 7.62 12.8 6.80 11.5 7.10 11.7 0.89 0.89 0.96 0.98

EU 6.77 11.0 7.00 11.8 7.10 11.8 1.03 1.07 0.99 1.00

CHina 15.7 25.0 5.19 7.95 5.21 7.92 0.33∗∗ 0.32∗ 0.996 1.004

Note: (*)indicates statistical significance based on the DM test at p=0.05 and (**) p=0.01

Based on the RRMSE, we can see that only two outcomes are statistically significant. Accordingly,

we can conclude with 95% confidence that the Basic VSSA model is 67% better than NN at forecasting

the Chinese exchange rate at a horizon of one day ahead. Furthermore, we are able to conclude with

99% confidence that for 3 day ahead forecasts of Chinese exchange rates, the Basic VSSA model is
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68% better than NN. Finally, we tested the ability of the forecasting models at predicting the actual

direction of change in the exchange rate time series. The results are reported in Table 2. Based on the

DC, for all three countries, the NN model provides the worst DC prediction in comparison to Basic

VSSA and Basic RSSA models. For UK, the Basic VSSA model provides the best DC prediction at

h = 1 and 3 days ahead. For EU, Basic VSSA has the most favorable DC prediction at one step

ahead, but NN appears to have the best DC prediction ability at three steps ahead. Finally, for China

we can see that Basic RSSA records the best DC prediction at h = 1 step ahead whilst Basic VSSA

provides the best DC prediction at three steps ahead. Once again we test our results for statistical

significance. Accordingly, the Table 2 shows that all conclusions on DC which were made previously

can be attributed to chance occurrences. However, we are able to conclude with 95% confidence that

for the Chinese exchange rate forecast, the NN model provides the worst DC prediction at 3 steps

ahead with only 48% accuracy.

Table 2: Direction of change results for exchange reates .

1 NN Basic VSSA Basic RSSA

Series 1 3 1 3 1 3

UK 0.43 0.57 0.51 0.62 0.49 0.51

EU 0.48 0.69 0.52 0.51 0.46 0.51

CHina 0.52 0.48∗ 0.54 0.57 0.62∗ 0.54

Note *: indicates statistical significance based on the DM test at p=0.05

References

Gdyan dina, N. Nekrutkin V. Zhigljavsky, A(2001). Analisis of time seris :SSA and related techniques

Chapman and Hall.

Marzban, H., Akbarian, R., and Javaheri, B. (2005). Comparison of Structural econometric models,

Time series and Artificial Neural Network for predicting exchang rate. Journal of Economic Research,

69, 181–216.

Minsky, M.; S. Papert (1969). An Introduction to Computational Geometry, MIT Press. ISBN, ,

0-262–63022-2.

Werbos, P.J. (2003). New Tools for Prediction and Analysis in the Behavioral Sciences. Beyond Re-

gression, .



615 M. Yarmohammadi

Priddy, K. L. and Keller, P. E. (2005). Artificial Neural Networks: An Introduction, JSPIE Press, 165

pages.

Hassani H, Soofi, A. S, and Zhigljavsky, A A. (2010). Predicting daily exchange rate with singular

spectrum analysis, Nonlinear Analysis: Real World Applications, 11, 2023–2034.



Application of Statistical Tests of Anisotropy for Fractional
Brownian Textures to Mammograms

Gholamhossein Yari, Soodeh Moallemian1

School of Mathematics, Iran University of Science and Technology, Tehran, Iran

Abstract: In this paper, we apply a methodology for analysis of texture anisotropy. This method

is based on some statistical tests which are able to detect anisotropy of a texture. The method is

itroduced and applied on simulated data. We show that on a database of 100 full-field mammograms,

about 60 percent of textures can be considered as anisotropic with a high level of confidence. These

empirical results suggest that the fractional Brownian fields are better than the usual Brownian fields

for modeling the mammogram texture.

Keywords: Anisotropy, Anisotropic fractional Brownian field, Texture analysis, Hurst index, Mam-

mography.
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1 Introduction

Medical imaging techniques have widely improved and revolutionized health care delivery all around

the world. Melding the medical imaging and the power of Mathematics and Statistics offeres highly

personalized and targeted means of diagnosis or prognosis generation and is fostering higher quality

and efficiency in health care.

One important aspect of a medical image is its texture which delivers information about the spatial

arrangement of intensities in that image and is essential for processing the image see e.g. Richard

and Bierme (2010). From a study to another, the definition of texture varies, depending mainly on

analysis approaches. In such aproaches, texture features are usually derived from the estimation of

model parameters.

Elements of the textures we are dealing with, are satisfied in Fractional Brownian field. Kolmogorov

(1940), Mandelbrot and Van Ness (1968) defined Fractional Brownian field (FBf) as the unique centered

Gaussian field, with stationary increments, isotropic and self-similar of order H ∈ (0, 1) . In this work,

we deal with rough textures which appear on irregular images. A Hölderian meaning is given to this

irregularity. From this point of view, the textures are related to high frequency components of images,

1Soodeh Moallemian : moallemian@mathdep.iust.ac.ir
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and not associated to their possible trends and other low frequency ones. In Figure 1, you can see

some images having our region of interest (ROI).

Figure 1: Isotropy and anisotropy of textures of images. (a.1)-(a.3) are isotropic and (b.1)-(b.3) are anisotropic.

The study of random field is a wide research field in Probability Theory and covers a lot of open

problems related to its definition and anisotropy analysis, estimation of anisotropic model parameters

and anisotropic field simulation see e.g. Mandelbrot and Van Ness (1968) etc.

This paper is organized as follows. In Section 2, we give an overall presentation of Gaussian random

fields as well as a brief description of mammography. The tests that are used for testing the anisotropy

of the image database will be introduced briefly in Section 3. In Section 4, a summary of numerical

studies is brought and finally, we discuss briefly about the results of the tests in Section 5.

2 Materials and Methods

In this section some fundamental definitions and descriptions are given.

2.1 Definitions

Let (Ω, A,P) be a probability space. A d-dimensional random field Z is a map from Ω × Rd into R
such that Z(., X) := Z(X) is a random variable on Ω for all x ∈ Rd. When d = 1, such a field is called

Random Process. If any finite linear combination of a random field’s associated random variables is a

Gaussian variable, then the field is a Gaussian one. A centered Gaussian field is characterized by its

covariance function:
(x, y) 7−→ cov(Z(x), Z(y)).

The law of a centered Gaussian field Z with stationary increments is characterized by its variogram

which is defined by:
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∀x ∈ Rd, ϑ(x) = E((Z(X) − Z(0)2).

these fields have the variogram of the form:

∀x ∈ Rd, ϑ(x) =

∫
Rd

|eix.ξ − 1|2f(ξ)dξ. (2.1)

For d = 2 these fields are called Gausssian fields with spectral density. The fields we focus on are of

this form with the following spectral density:

∀ξ ∈ R2, f(ξ) = |ξ|−2h(arg(ξ)−2, (2.2)

where h is a measurable π-periodic function with range [H,M ] ⊂ (0, 1) where H = essinf[−π,π)h and

M = esssup[−π,π)h. We refer to these fields as Extended Fractional Brownian Field (EFBF).

2.2 Mammography

Mammography is a type of breast imaging that helps the process of examination and detection of

breast change by using a certain dose of x-ray system, before they are noticeable or visible. This

technique provides two-dimensional information that allows the radiologist to make a diagnosis.

2.3 Parameter estimation

Theorem 2.1. Let X be a GFSD ( Gaussian Field spectral density) and β ∈ (0, 1).

a) let 0 < α 6 γ < 1. If there exist A,B1, B2 > 0 and a positive measure subset E of the unit sphere

Sd−1 of Rd such that for almost all ξ ∈ Rd : (i) |ξ| > A ⇒ |f(ξ)| 6 B1|ξ|−2α−d (ii) |ξ| > A, and ξ
|ξ| ∈

E ⇒ |f(ξ)| 6 B2|ξ|−2γ−d

then there exist δ > 0 and c1, c2 > 0 such that for all y ∈ Rd : (iii) |y| 6 δ ⇒ c1|y|2γ 6 ϑ(y) 6 c2|y|2α

b) if condition (iii) holds for any α, γ with 0 < α 6 β 6 γ < 1 then β is the critical holder exponent

of X.

Proof. See Bonami and Estrade (2003).

Theorem 2.2. Let Y = Y (t); t ∈ R be a Gaussian random process with spectral density. Let β = n+s,

with n ∈ N and s ∈ (0, 1).

a) let 0 < α 6 γ < 1. If there exist A,B1, B2 > 0 such that for almost all ξ ∈ Rd : (i) |ξ| > A ⇒
B1|ξ|−2γ−2n−2 6 |fY (ξ)| 6 B2|ξ|−2α−2n−1 (ii) The variogram ϑY is of class C2n in a neighborhood

of 0. (iii) There exist δ > 0 and c1, c2 > 0 such that for all t ∈ R : |t| 6 δ ⇒ c1|t|2γ 6 |ϑ(2n)(t) −
ϑ(2n)(0)| 6 c2|t|2α

b) if conditions (ii) and (iii) hold for any α, γ with 0 < α 6 s 6 γ 6 1, then β is the critical Hölder

exponent of the process Y .
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Proof. See Bonami and Estrade (2003).

The critical Hölder exponent h of an EFBF (when d = 2) is equal to the minimal value H of

h ∈ [−π, π] : H = essinf[−π,π]h and is called Hurst index.

The Hurst index h(θ) of an EFBF in a given direction θ can be deduced from the Hurst index of

the projected field prependicular to this direction Bonami and Estrade (2003). As a consequence,

the problem of estimation of the directional Hurst index of an EFBF is reduced to the problem of

estimating the Hurst indices of projected fields.

Many Hurst index estimators have been proposed in the literature. The maximum likelihood estimator

and the related Whittle estimator are often used to analyze Fractional Brownian motion (fBm) with

long range dependence (H ∈ ( 1
2 , 1)). Other estimators are defined by filtering discrete observations of

fBm sample path. This is the case for the wavelet-based estimators Abry et al. (1995) or generalized

quadratic variations. In this work we will use the generalized quadratic variations proposed in Richard

and Bierme (2010).

3 Anisotropy Tests

3.1 Definitions

Let X be an EFBF with a directional Hurst index H = essinf[−π,π]h. The field is isotropic if h ≡ H or

at least it can be considered as isotropic if H = esssup[−π,π]h. So, one could try to test:

H0 : h ≡ H (isotropy),

H1 : ∃ θ1 ̸= θ2, h(θ1) ̸= h(θ2) (anisotropy).

Such a test requires estimation of h in all directions which implies the discretization of Radon transform

in an arbitrary direction and consequently, interpolation is needed. Hence, this estimation can be

biased. In order to avoid interpolations and have a reliable implementation of the test, Richard and

Bierme (2010) restricted the test definitions to vertical and horizontal directions. Let h1 = h(θ1) and

h2 = h(θ2) denote the Hurst indices in vertical and horizontal directions. We test

H0 : h1 ≡ h2 (weak isotropy I),

H1 : h1 ̸= h2 (anisotropy).

It is emphasized that the null hypothesis does not imply the isotropy of the field. All isotropic fields,

however, satisfy this condition. Assuming h is continuous in a neighborhood of θ1 and θ2, hypothesis



Statistical Tests of Anisotropy for Fractional Brownian Textures 620

H1 implies that H = essinf[−π,π]h ̸= esssup[−π,π]h and therefore the field is anisotropic. A statistic of

this test is normally defined as

d̂ = |ĥ1 − ĥ2|, (3.1)

where ĥ1 = ĥ(θ1) and ĥ2 = ĥ(θ2) are defined in Richard and Bierme (2010). We expect d̂ to be high

when the field is anisotropic. Hence, the rejection interval associated to the test is of the form

R1 = {d̂ > c1}, (3.2)

where c1 is a positive constant. This first test is only able to detect the anisotropy of the fields which

have different horizontal and vertical directional Hurst indices, and fails at the ones with the same

Hurst indices in these two directions. In order to attenuate this drawback, a second test is proposed

as follows

H0 : H = h1 ≡ h2 (weak isotropy II),

H1 : H ̸= h1 or H ̸= h2 (anisotropy).

In that case, the statistic is given by

δ̂ = |max(ĥ1, ĥ2), Ĥ|, (3.3)

where Ĥ is an estimator of the minimal Hurst index. The rejection interval of the second test is often

of the form
R2 = {δ̂ > c2}. (3.4)

It can be proved that these test statistics are convergent. Interested readers may see the proof in

Richard and Bierme (2010).

Theorem 3.1. Let X be an EFBF with directional Hurst index h continuously diffrentiable in a

neighborhood of θ1 = (0, 1) and θ2 = (1, 0). Then as N → ∞, ĥ1 − ĥ2 → h1 − h2 almost surely.

Where ĥ1 = ĥ(θ1) and ĥ2 = ĥ(θ2) are estimators of h1 = h(θ1) and h2 = h(θ2). In addition,

there exist a positive constant γ2(h1, h2) that only depends on h1 and h2, such that, as N → ∞,√
N(ĥ1 − ĥ2 − (h1 − h2)) → N(0, γ2(h1, h2)) in distribution.

This theorem certifies that under the null hypothesis H0 of the first test, as N → ∞ we have√
Nd̂ → |N(0, γ2(h1, h2))| in distribution, while undert the assumption H1,

√
Nd̂ → +∞ almost

surely.

4 Numerical study

We generated a dataset of synthetic EFBF of size 256 × 256 from Digital Database for Screening

Mammography (DDSM)11. The rejection bounds have been calculated for each test as c1 = 1.96∗0.15 ≃
11http://marathon.csee.usf.edu/Mammography/Database.html
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0.3 and c2 = 0.2 as perposed in Richard and Bierme (2010). After setting the parameters, we applied

anisotropy tests and reported the percentages of cases detected as isotropic in Table 1. On isotropic

simulations, the tests yield few errors, but when the minimal Hurst index is higher, the results are

somewhat better. Level of confidence of the test is about 95%. The mammogram anisotropy is further

Table 1: Bias of the test statistics d̂ and δ̂ obtained on Stein’s simulations of isotropic fractional

Brownian fields. The value p is the percentage of simulations classified as anisotropic corresponding

to the statistics.
h d̂± σ p δ̂ ± σ p

0.1 0.0± 0.17 91 0.09± 0.07 91

0.2 0.01± 0.16 94 0.08± 0.06 93

0.3 0.0± 0.16 94 0.08± 0.06 96

0.4 0.0± 0.16 94 0.08± 0.06 93

0.5 0.01± 0.14 98 0.07± 0.05 97

0.6 0.01± 0.14 97 0.08± 0.05 97

0.7 0.0± 0.13 99 0.07± 0.05 99

T 0.0± 0.15 95 0.08± 0.06 95

confirmed by result shown in Figures 2. In Figure2(a), there are about 14 percent of anisotropy

detection, while the second histogram shows that the second test is able to detect about 60% of

anisotropic cases. Note that these results do not state that in our dataset, 60% of the textures are

anisotropic and the rest are isotropic. They only mean that there is at least 60% of cases, which

according to the EFBF model, can be considered as anisotropic with a confidence level of 95%.

5 Discussion and Conclusion

The density of a mammogram refers to the bright image aspect caused by the presence of fibro glandular

tissues in the breast. At the end of 60’s, J.N. Wolfe (1967) put forth the idea that the breast cancer

risk could be assessed from the observation of mammogram appearance and patterns. Later, some

investigators started focusing on the relationship between breast density and breast cancer risk; see

e.g. Boyd et al. (1982) and Brisson et al. (1982). They provided the first evidence that any increase in

breast density is related to an increase in cancer risk. This evidences are confirmed by many studies.

Measurement of Hurst-related parameters on mammograms have been reported in many papers. The

present work show that EFBF model enables to extract some significant density features which are

not captured by the usual fractional Brownian field model. We have constructed a new method of
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Figure 2: Histogram of estimators (a) d̂ = |ĥ1−ĥ2| and (b) δ̂ = |max(ĥ1, ĥ2)−min(ĥ1, ĥ2)|. The dashed lines represent

the rejection bounds of anisotropy test corresponding to each estimator.

extracting ROI (Region of Interest) using MATLAB programming. The statistical test and the new

scripts were validated on simulated data.
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Abstract: In this article, we introduce a distribution, namely, exponential Pareto II which is general-

ization of exponential Pareto distribution. Various properties of the exponential ParetoII distribution

such that moments, limiting behavior, mode, hazard function, shannon entropy and entropy for ith or-

der statistics of this distribution corresponding to the independent random samples size n are obtained.

Finally a real data set is given to illustrate the use of this distribution.
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1 Introduction

Abed Al-kadim and Boshi (2013) proposed a new kind of distribution as the form

F (x) =
∫ 1

1−F ̸=(x)
a

fδ(t)dt, in which F ̸=(x) is cumulative distribution function (cdf) of any random vari-

able X that follows any distribution like Normal, Exponential or Gamma,...atc and fδ(t) is probability

density function (pdf) of any random variable T. They studied this kind of distribution where F ̸=(x)

is the cdf of Pareto I distribution and fδ(t) is the pdf of exponential distribution.

In this article, we study this kind of distribution where F ̸=(x) is the cdf of Pareto II distribution and

fδ(t) is the pdf of exponential distribution.

2 The Probability Density Function of EPD II

Let F ̸=(x) be the cdf of Pareto II distribution, F ̸=(x) = 1 − (1 + x−σ
p )−θ, and fδ(t) be the pdf of

exponential distribution, fδ(t) = λe−λt. The cdf of exponential Pareto II distribution (EPD II) is

given by

F (x) =

∫ 1

1−F ̸=(x)

0

fδ(t)dt =

∫ 1

1−(1−(1+ x−σ
p

)−θ)

0

λe−λtdt = 1 − e−λ(1+
x−σ
p )θ , (2.1)

where λ, p, θ > 0, σ ∈ R. Hence, the pdf of EPD II is given by:

f(x) =
λθ

p
(1 +

x− σ

p
)θ−1e−λ(1+

x−σ
p )θI(σ−p,∞)(x). (2.2)

2Zahra tondpour: ztondpoor@mathdep.iust.ac.ir
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The EPD II distribution reduces to the exponential distribution where θ = σ = p = 1.

By setting σ = p in relations (2.1) and (2.2), we obtain, F (x) = 1 − e−λ(
x
p )
θ

and

f(x) = λθ
p (xp )θ−1e−λ(

x
p )
θ

I(0,∞)(x) as the cdf and the pdf of the exponential Pareto distribution which

is introduced by Abed Al-kadim and Boshi (2013).

3 Properties of the Exponential pareto II distribution

The hazard function associated with the EPD II is

h(x) =
f(x)

1 − F (x)
=
λθ

p
(1 +

x− σ

p
)θ−1 x > σ − p

The limiting behaviors of exponential Pareto II density function and hazard function are given in the

following lemma.

Lemma 3.1. The limit of the exponential Pareto II density function as x → ∞ is 0 and the limit of

the exponential Pareto II hazard function as x→ ∞ and the limit as x→ σ − p+ are given by

lim
x→∞

h(x) =


∞ θ > 1

λ
p θ = 1

0 θ < 1

and lim
x→σ−p+

f(x) = lim
x→σ−p+

h(x) =


0 θ > 1

λ
p θ = 1

∞ θ < 1

Proof. The limit of the exponential Pareto II density function as x → ∞ can be shown by using

L,Hopital,s rule. Other results are easy to see.

The following theorem shows that the exponential Pareto II is unimodal if θ ≥ 1 and doesn,t have

any defined mode if θ < 1.

Theorem 3.2. The exponential Pareto II distribution has a unique mode given by

mode = (
θ − 1

θλ
)

1
θ p− p+ σ

if θ ≥ 1 and doesn,t have any defined mode if θ < 1.

Proof. The derivative with respect to x of ln f(x) where f(x) is pdf of EPD II is given by

∂

∂x
ln f(x) =

θ − 1

x+ p− σ
− θλ

p
(1 +

x− σ

p
)θ−1.

Thus the critical point of ln f(x) is x = ( θ−1θλ )
1
θ p − p + σ. Now, for θ < 1 since limx→σ−p+ f(x) = ∞

thus EPD II doesn,t have any defined mode if θ < 1.

Now, if θ ≥ 1, it is easy to see that ∂2

∂x2 ln f(( θ−1θλ )
1
θ p − p + σ) < 0. Hence x = ( θ−1θλ )

1
θ p − p + σ is

maximum point of f(x) and since ∂2

∂x2 ln f(x) hasn,t no root thus the EPD II has unique mode.
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In figure 1, various graphs of the exponential Pareto II pdf are provided for different parameter

values.
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Figure 1: graphs of the exponential Pareto II pdf for various choices of λ, σ, p and θ

4 Moment

Theorem 4.1. The rth moment about the mean of exponential Pareto II distribution is given by

E((X − µ)r) =
r∑
i=0

(
r

i

)
(
p

λ
1
θ

)i(σ − µ− p)r−iΓ(
i

θ
+ 1) r = 1, 2, 3, ...

Proof.

E((X − µ)r) =

∫ ∞
σ−p

(x− µ)r
λθ

p
(1 +

x− σ

p
)θ−1e−λ(1+

x−σ
p )θdx,

by using the change of variable, t = λ(1 + x−σ
p )θ, 0 < t <∞ we obtain,

E((X − µ)r) =

∫ ∞
0

(σ − µ− p+ p(
t

λ
)

1
θ )re−tdt =

r∑
i=0

(
r

i

)
(σ − µ− p)r−i(

p

λ
1
θ

)i
∫ ∞
0

t
i
θ e−tdt

=
r∑
i=0

(
r

i

)
(σ − µ− p)r−i(

p

λ
1
θ

)iΓ(
i

θ
+ 1).
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5 Entropy

The entropy of a random variable X is a measure of variation of uncertainty (Renyi, 1961). shannon,s

entropy (shannon, 1948) for a random variable X with pdf f(x) is defined as E(− log(f(x))).

Theorem 5.1. The shannon,s entropy of EPD II is given by

H(X) = − ln
λθ

p
+

1 − θ

θ
(− lnλ+ Γ

′
(1)) + 1.

Proof.

H(X) = −
∫ ∞
σ−p

f(x) ln f(x)dx == − ln
λθ

p
− (θ − 1)E(ln(1 +

X − σ

p
)) + λE((1 +

X − σ

p
)θ). (5.1)

We need to find the expressions E(ln(1+ X−σ
p )) and E((1+ X−σ

p )θ). First we calculate the expectation

of (1 + X−σ
p )θ.

E((1 +
X − σ

p
)θ) =

∫ ∞
σ−p

λθ

p
(1 +

x− σ

p
)2θ−1e−λ(1+

x−σ
p )θdx,

by using the change of variable, t = λ(1 + x−σ
p )θ, 0 < t <∞, we obtain,

E((1 +
X − σ

p
)θ) =

∫ ∞
0

t

λ
e−tdt =

1

λ
Γ(2) =

1

λ
. (5.2)

Now, we calculate E((1 + X−σ
p )r)

E((1 +
X − σ

p
)r) =

∫ ∞
σ−p

λθ

p
(1 +

x− σ

p
)r+θ−1e−λ(1+

x−σ
p )θdx,

by using the change of variable, t = λ(1 + x−σ
p )θ, 0 < t <∞, we obtain

E((1 +
X − σ

p
)r) =

∫ ∞
0

(
t

λ
)
r
θ e−tdt = λ−

r
θ Γ(

r

θ
+ 1). (5.3)

Differentiating both sides of (5.3) with respect to r leads to,

E((1 +
X − σ

p
)r ln(1 +

X − σ

p
)) = −1

θ
λ−

r
θ lnλ Γ(

r

θ
+ 1) +

1

θ
λ−

r
θ Γ

′
(
r

θ
+ 1). (5.4)

Using relation (5.4) and r = 0, we obtain

E(ln(1 +
X − σ

p
)) = −1

θ
lnλ+

1

θ
Γ

′
(1). (5.5)

Substitute (5.2) and (5.5) in relation (5.1) implies that H(X) = − ln λθ
p + 1−θ

θ (− lnλ+ Γ
′
(1)) + 1.
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6 Entropy for order statistics

Let X1, X2, ..., Xn be a random sample of the EPD II and let Y1:n ≤ Y2:n ≤ ... ≤ Yn:n denotes the

corresponding order statistics; then

gi:n(y) = n

(
n− 1

i− 1

)
(Fi:n(y))i−1(1−Fi:n(y))n−ifX(y) =

nλθ

p

(
n− 1

i− 1

)
(1−e−λ(1+

y−σ
p )θ )i−1(1+

y − σ

p
)θ−1

e−λ(n−i+1)(1+ y−σ
p )θ y > σ − p

Theorem 6.1. The shannon,s entropy for ith order statistics of EPD II corresponding to the inde-

pendent random samples size n is given by

Hi:n(Y ) = − ln(
nλθ

p

(
n− 1

i− 1

)
) − (i− 1)(

Γ
′
(i)

(i− 1)!
− Γ

′
(n+ 1)

n!
) − n(θ − 1)

θ

(
n− 1

i− 1

)
i−1∑
k=0

(
i− 1

k

)
(−1)k[

− lnλ

n− i+ k + 1
+

Γ
′
(1) − (n− i+ k + 1) ln(n− i+ k + 1)

(n− i+ k + 1)2
] + (n− i+ 1)

n∑
k=n−i+1

1

k
.

(6.1)

Proof. The entropy expression of the gi:n(y) is:

Hi:n(Y ) = −
∫ ∞
σ−p

gi:n(y) ln gi:n(y)dy = − ln(
nλθ

p

(
n− 1

i− 1

)
) − (i− 1)E(ln(1 − e−λ(1+

Y−σ
p )θ ))−

(θ − 1)E(ln(1 +
Y − σ

p
)) + λ(n− i+ 1)E((1 +

Y − σ

p
)θ). (6.2)

We need to calculate the expression E(ln(1 + Y−σ
p )), E((1 + Y−σ

p )θ) and E(ln(1 − e−λ(1+
Y−σ
p )θ )).

First we calculate the expectation of (1 + Y−σ
p )θ.

E((1 +
Y − σ

p
)θ) =

nλθ

p

(
n− 1

i− 1

)∫ ∞
σ−p

(1 − e−λ(1+
y−σ
p )θ )i−1(1 +

y − σ

p
)2θ−1e−λ(n−i+1)(1+ y−σ

p )θdy,

by using the change of variable, t = 1 − e−λ(1+
y−σ
p )θ , 0 < t < 1 and then based on choosing t = 1 − x,

0 < x < 1, we have

E((1 +
Y − σ

p
)θ) = −n

λ

(
n− 1

i− 1

)∫ 1

0

(1 − x)i−1xn−i lnxdx = −n
λ

(
n− 1

i− 1

)
Γ(n− i+ 1)Γ(i)

Γ(n+ 1)

(ψ(n− i+ 1) − ψ(n+ 1)) = − 1

λ
(ψ(n− i+ 1) − ψ(n+ 1)).
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Now, since ψ(n+ 1) = −γ +
∑n
k=1

1
k where γ is Eueler constant(γ ≃ 0.5772156649....) thus

E((1 +
Y − σ

p
)θ) =

1

λ

n∑
k=n−i+1

1

k
. (6.3)

Now, we calculate E((1 + Y−σ
p )r)

E((1 +
Y − σ

p
)r) =

nλθ

p

(
n− 1

i− 1

)∫ ∞
σ−p

(1 − e−λ(1+
y−σ
p )θ )i−1(1 +

y − σ

p
)r+θ−1e−λ(n−i+1)(1+ y−σ

p )θdy,

by using the change of variable, t = 1 − e−λ(1+
y−σ
p )θ , 0 < t < 1, we have

E((1 +
Y − σ

p
)r) = n

(
n− 1

i− 1

)∫ 1

0

ti−1(1 − t)n−i(− ln(1 − t)

λ
)
r
θ dt

and based on choosing t = 1 − x, 0 < x < 1, and then by using the change of variable, x = e−z,

0 < z <∞, we have,

E((1 +
Y − σ

p
)r) = n

(
n− 1

i− 1

)
λ−

r
θ

i−1∑
k=0

(
i− 1

k

)
(−1)k

∫ ∞
0

e−(n−i+k+1)zz
r
θ dz

= n

(
n− 1

i− 1

)
λ−

r
θ

i−1∑
k=0

(
i− 1

k

)
(−1)k

Γ( rθ + 1)

(n− i+ k + 1)
r
θ+1

(6.4)

Differentiating both sides of (6.4) with respect to r leads to,

E((1 +
Y − σ

p
)r ln(1 +

Y − σ

p
)) =

n

θ

(
n− 1

i− 1

)
λ−

r
θ

i−1∑
k=0

(
i− 1

k

)
(−1)k[

− lnλ Γ( rθ + 1)

(n− i+ k + 1)
r
θ+1

+

Γ
′
( rθ + 1) − Γ( rθ + 1)(n− i+ k + 1)

r
θ+1 ln(n− i+ k + 1)

(n− i+ k + 1)
2r
θ +2

], (6.5)

using relation (6.5) and r = 0, we obtain

E(ln(1 +
Y − σ

p
)) =

n

θ

(
n− 1

i− 1

) i−1∑
k=0

(
i− 1

k

)
(−1)k[

− lnλ

n− i+ k + 1
+

Γ
′
(1) − (n− i+ k + 1) ln(n− i+ k + 1)

(n− i+ k + 1)2
]. (6.6)

Now, we calculate E((1 − e−λ(1+
Y−σ
p )θ )r).

E((1−e−λ(1+
Y−σ
p )θ )r) =

nλθ

p

(
n− 1

i− 1

)∫ ∞
σ−p

(1−e−λ(1+
y−σ
p )θ )r+i−1(1+

y − σ

p
)θ−1e−λ(n−i+1)(1+ y−σ

p )θdy,
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by using the change of variable, t = 1 − e−λ(1+
y−σ
p )θ ,0 < t < 1 ,we have

E((1 − e−λ(1+
Y−σ
p )θ )r) = n

(
n− 1

i− 1

)∫ 1

0

ti+r−1(1 − t)n−idt

= n

(
n− 1

i− 1

)
Γ(i+ r)Γ(n− i+ 1)

Γ(n+ r + 1)
. (6.7)

Defferentiating both sides of (6.7) with respect to r leads to,

E((1 − e−λ(1+
Y−σ
p )θ )r ln(1 − e−λ(1+

Y−σ
p )θ )) = n

(
n− 1

i− 1

)
[
Γ

′
(i+ r)Γ(n− i+ 1)

Γ(n+ r + 1)
−

Γ(i+ r)Γ(n− i+ 1)Γ
′
(n+ r + 1)

Γ2(n+ r + 1)
], (6.8)

using relation (6.8) and r = 0, we obtain

E(ln(1 − e−λ(1+
Y−σ
p )θ )) =

Γ
′
(i)

(i− 1)!
− Γ

′
(n+ 1)

n!
. (6.9)

Substitute (6.3), (6.6) and (6.9) in relation (6.2) implies (6.1).

7 Application of the EPD II

In this section, the EPD II is applied to model a real data set. The required numerical evaluations are

implemented using matlab.

we consider an uncensored data set from Birnbaum and Saunders (1969) on the fatigue life of

6061-T6 alminum coupons cut parallel with the direction of rolling and oscillated at 18 cycles per

second. The data set consists of 101 observations with maximum stress per cycle 31000 psi. The

MLEs, the values of K-S (Kolomogorov-Smirnov) statistics with its respective p-value and AIC (Akaike

Information Criterion) are listed in table 1. From these values, we conclude that the EPD II model

provides a better fit to this data set than the EP, GP, Weibull and Pareto models.

Conclusion

In this article, we introduced a distribution, namely, exponential Pareto II distribution which is gen-

eralization of exponential Pareto distribution and various properties of this distribution are obtained.

We obtained the exact form of the entropy expression for this distribution and the entropy for ith order

statistics of this distribution corresponding to the independent random samples size n. An application

to a real data set indicates that the fit of the EPD II model is superior to the fits of EP, GP, Weibull

and Pareto.
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Table 1: MLEs, K-S statistics, p-value, AIC for the fatigue life of 6061-T6 Alminum coupons data

dist MLE K-S p-value AIC

EP II λ̂ = 2.3242, p̂ = 103.1562, σ̂ = 163.8421, θ̂ = 3.4717 0.0744 0.6050 924.5173

Weibull ŝ = 143.1661, k̂ = 6.0733 0.099 0.2578 928.6291

EP λ̂ = 5.2910× 10−8, p̂ = 3.7320, θ̂ = 4.5732 0.1264 0.0724 947.0739

GP â = 299.9977, k̂ = 1.4151 0.3272 0.0000 1075.9

Pareto α̂ = 1.579, θ̂ = 70 0.3972 0.0000 1100

Appendix A

The distributions of EP, GP, Weibull and Pareto used in tables 1 are given by:

EP (Exponential Pareto): f(x) = λθ
p (xp )θ−1e−λ(

x
p )
θ

, x > 0

GP (Generalized Pareto): f(x) = 1
a (1 − kx

a )
1−k
k ,

0 ≤ x <∞ k ≤ 0

0 ≤ x ≤ a
k k > 0

Weibull: f(x) = k
s (xs )k−1e−(

x
s )
k

, x ≥ 0

Pareto: f(x) = α
θ (xθ )−α−1, x > θ
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Shrinkage Estimation of Scale Parameters for Two
Exponential Distributions Based on Record Values
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Abstract: The exponential distribution is applied in a very wide variety of statistical procedures.

Among the most prominent applications are those in the field of life testing and reliability theory.

When there are two record samples available for estimating the scale parameter, a preliminary test is

usually used to determine whether to pool the samples or use the individual sample. In this paper,

the preliminary test estimator and shrinkage estimator are studied. The optimum level of significance

for preliminary test estimation and the optimum values of shrinkage coefficient are obtained based on

minimax regret criterion under weighted square error loss function.

Keywords Minimax regret criterion, Optimal significance level, Preliminary test estimation, Record

values, Shrinkage estimator.

Mathematics Subject Classification (2010): 62C20.

1 Introduction

Record values are of interest and important in many real life applications involving data relating to

meteorology, sport, economics and life testing. Sometimes, the experimenter has some knowledge about

the parameter of interest, either from past experience, or from experience with similar situations. This

prior information may be incorporated in the estimation process using a preliminary test estimator

and improved the estimation process.

Let X1, X2, ..... be a sequence of independent and identically distributed random variables having

the same distribution. An observation Xj will be called an upper record value if exceeds in value all of

the preceding observations, i.e., if Xj > Xi , for every i < j. The sequence of record times is defined

as follows: T1 = 1 with probability 1 and, Tn = min{j : Xj > XTn−1} for n ≥ 2. A sequence of

upper record values is defined by XU(n) = XTn , n = 1, 2, . . . . For details on record values and other

interesting topics related to records see Ahsanullah (1995) and Arnold et al. (1998).

In this paper the estimation of the scale parameter in two exponential distributions based on record

values is studied. When two record samples from exponential distributions are available, the question

1M. Karimi : mkarimiz68@yahoo.com
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of whether to pool or not to pool these two record samples is often determined via a preliminary test. If

the test is not statistically significant, the pooled estimator is used; otherwise, the likelihood estimator

is used. The optimum level of statistical significance for the usual preliminary test estimator are

obtained in Section 2 by using the minimax regret criterion. A shrinkage estimator is also considered.

The optimum values of shrinkage coefficients for the shrinkage estimator are obtained in Section 3.

The proposed estimators are illustrated using an example.

2 Preliminary test estimation

Let X1, X2, . . . and Y1, Y2, . . . be sequences of independent and identically distributed random variables

from two exponential models with the following probability density function:

fX(x) =
1

θ1
exp(− x

θ1
) x > 0, fY (y) =

1

θ2
exp(− y

θ2
) y > 0.

Also, suppose that we observe n1 and n2 upper record values from these two sequences as X =

(XU(1), . . . , XU(n1)) and Y = (YU(1), . . . , YU(n2)). Therefore, the maximum likelihood estimations

(MLE) of θ1 and θ2 are

θ̂1 =
1

n1
XU(n1), θ̂2 =

1

n2
YU(n2),

and 2niθ̂i
θi

has a chi-square distribution with 2ni, i = 1, 2 degrees of freedom.

Assume that a prior information about the scale parameters is θ1 = θ2. Then the pooled estimator

for θ1 is

θ̂p =
n1θ̂1 + n2θ̂2
n1 + n2

. (2.1)

Now consider testing H0 : θ1 = θ2 against H1 : θ1 ̸= θ2. If the null hypothesis is not rejected we use

the pooled samples for estimating the scale parameter, but if the null hypothesis is rejected then we

use the individual sample for estimating the parameter.

The likelihood ratio test reject H0 when θ̂1
θ̂2

< c1 or θ̂1
θ̂2

> c2 where c1 = F(2n1,2n2),α/2, c2 =

F(2n1,2n2),1−α/2. Therefore, a preliminary test estimator for θ1 may be obtained as follows

θ̂pt =

{
θ̂p c1 <

θ̂1
θ̂2
< c2

θ̂1 otherwise.
(2.2)

The preliminary test estimator always depends on the significance level (α) of the preliminary

test. Hirano (1977) applied AIC (Akaike , 1998) to determine the optimal level of significance for the

preliminary test.
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Lemma 2.1. If we consider the weighted square error loss function L(d; θ) = (d−θ)2
θ2 and δ = θ2

θ1
then

the Risk(θ1, θ̂pt) is:

R(δ, α) = Risk(θ1, θ̂pt)

= δ2
[
λ2

(n2 + 1)

n2
[Id2(n1, n2 + 2) − Id1(n1, n2 + 2)]

]
+ δ
[
2(λ− λ2)[Id2(n1 + 1, n2 + 1) − Id1(n1 + 1, n2 + 1)]

− 2λ[Id2(n1, n2 + 1) − Id1(n1, n2 + 1)]
]

+
[ 1

n1
+ (λ2 − 2λ)

(n1 + 1)

n1
[Id2(n1 + 2, n2) − Id1(n1 + 2, n2)]

+ 2λ[Id2(n1 + 1, n2) − Id1(n1 + 1, n2)]
]
,

The proof is straightforward.

Notice that the risk function depends on α through c1 and c2. If δ → 0 or ∞ then R(δ, α) converges

to R(δ, 1) which is the risk of θ̂1. The general shapes of R(δ, α) for fixed values of n1, n2 and some α

are in Figure 1.
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Figure 1: The risk function for some α with n1 = 5 and n2 = 6.

An optimal value of α is α = 1 if δ ≤ δ1 or δ ≥ δ2 and α = 0 otherwise, where δ1 and δ2 are

intersections of R(δ, 0) = (n1 + n2δ
2 + n22δ

2 + n22 − 2n22δ)/(n1 + n2)2 and R(δ, 1) = 1/n.

The aim is to find the optimum values of α, according to the minimax regret criterion. Since δ is

unknown we seek an optimal value α = α∗ which gives a reasonable risk for all values of δ. The regret

function is defined as

Reg(δ, α) = R(δ, α) − inf
α
R(δ, α),
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where infαR(δ, α) = R(δ, 0) for δ1 < δ < δ2, and infαR(δ, α) = R(δ, 1), otherwise.

In such a situation, we are often able to arrive at reasonable results by minimizing the maximum

regret instead of the maximum risk. The minimax regret criterion determines α∗ such that

sup
δ
{Reg(δ, α∗)} ≤ sup

δ
{Reg(δ, α)},

for every significance level α ̸= α∗. From Figure 1, we can find that Reg(δ, α) takes a maximum value

at δL for δ ≤ δ2, and it takes a maximum value at δU for δ > δ2. Thus the minimax regret criterion

determines α∗ such that Reg(δL, α
∗) = Reg(δU , α

∗). We found numerically the optimum significance

level α∗ for some n1 and n2. The results are given in Table 2.

3 Shrinkage estimator

The preliminary test estimator given in Section 2 uses pooled estimator θ̂p when preliminary test

accepts the null hypothesis. Instead of using θ̂p, we can use a linear combination of θ̂p and θ̂1 when the

preliminary test accepts H0, this gives a preliminary test shrinkage estimator which is smoother than

the usual preliminary test estimator. The shrinkage estimator performs better than the usual estimator

when the our guess is approximately true. Shrinkage estimators are usually defined as estimators

obtained through modification of the usual (maximum likelihood, minimum variance unbiased, least

squares, etc.) estimator in order to optimize some desirable criterion function.

In this section, we study the preliminary test shrinkage estimator θ̂S following the same estimation

procedure by Inada (1984):

θ̂S =

{
Kθ̂p + (1 −K)θ̂1 c1 <

θ̂1
θ̂1
< c2

θ̂1 otherwise.
(3.1)

If K = 1, θ̂S reduce to θ̂pt. The shrinkage coefficient K is not defined explicitly as a function of the

test statistic. The weighting function approach is intuitively appearing, but the mean square error of

the resulting estimator usually cannot be derive unless the weighting function is in some simple form.

Note that θ̂pt approaches θ0 as α → 0 and it approaches θ̂Ml as α → 1, however θ̂S approaches θ̂pt

as K → 1 and it approaches θ̂Ml as K → 0. Unfortunately, different value of significance level (α)

or different value of shrinkage coefficient (K) induces a different estimator. the choice of these values

depends on the decision criterion.

Lemma 3.1. Under the weighted square error loss function L(d; θ) = (d−θ)2
θ2 , the Risk(θ1, θ̂S) is:

R(δ,K, α) = Risk(θ1, θ̂S)
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= δ2
[
K2λ2

(n2 + 1)

n2
[Id2(n1, n2 + 2) − Id1(n1, n2 + 2)]

]
+ δ
[
2(Kλ−K2λ2)[Id2(n1 + 1, n2 + 1) − Id1(n1 + 1, n2 + 1)]

− 2Kλ[Id2(n1, n2 + 1) − Id1(n1, n2 + 1)]
]

+
[ 1

n1
+ (K2λ2 − 2Kλ)

(n1 + 1)

n1
[Id2(n1 + 2, n2) − Id1(n1 + 2, n2)]

+ 2Kλ[Id2(n1 + 1, n2) − Id1(n1 + 1, n2)]
]
.

The proof is straightforward.

The regret function is defined as:

Reg(δ,K, α) = R(δ,K, α) − inf
K
R(δ,K, α).

Since R(δ,K, α) has quadratic form w.r.t K, so it has minimum in the interval [0,1]. Let R(δ,K, α) =

K2h2(δ) +Kh1(δ) + h0(δ) then ∂R
∂K = 0 imply that K0 = −h1(δ)

2h2(δ)
is an extermum point. Therefore

inf
K
Risk(δ,K, α) =

{
min{R(δ, 0, α), R(δ, 1, α), R(δ,K0, α)}, if K0 ∈ (0, 1)

min{R(δ, 0, α), R(δ, 1, α)}, otherwise.

After rather extensive numerical investigation the values K which attain the infK supδ Reg(δ, K, α)

are obtained. We plot the risk function for n1 = 5, n2 = 6, α = 0.16, for K = 0, 1, 0.21 in Figure 2.
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Figure 2: The risk function for some K with n1 = 5 and n2 = 6.

Let δ1 and δ2 be intersections of Risk(δ, 0, α) and Risk(δ, 1, α). For δ ≤ δ2, Reg(δ,K, α) takes a

maximum value at δL and for δ > δ2, it takes a maximum value at δU , the reasonable estimator is
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obtained when these two maximum values be equal. Thus the minimax regret criterion determines K∗

such that:

Reg(δL,K
∗) = Reg(δU ,K

∗).

To find the optimal value of K, two cases are considered for α:

Case I: Let α = 0.16, that is the AIC optimal level of significance (see ?), which is independent of n.

Table 1 presents the values of K∗ for some n1 and n2.

Case II: Let α = α∗ equal the significance level of pre-test. Table 2 presents the values of K∗ in this

case for some n1 and n2.

Table 1: Optimal value K for some n1 and n2 with α = 0.16.

n1

n2 2 3 4 5 7 10

2 0.17 0.23 0.29 0.32 0.38 0.42

3 0.14 0.19 0.24 0.27 0.32 0.36

4 0.12 0.17 0.21 0.24 0.29 0.33

5 0.11 0.16 0.20 0.22 0.27 0.31

7 0.10 0.14 0.18 0.20 0.24 0.28

10 0.10 0.13 0.17 0.19 0.23 0.26

Table 2: Optimal value K for some n1 and n2 with optimal α = α∗.

n1 = 2 n1 = 3 n1 = 4 n1 = 5 n1 = 7 n1 = 10

n2 α∗ K∗ α∗ K∗ α∗ K∗ α∗ K∗ α∗ K∗ α∗ K∗

2 0.38 0.21 0.30 0.29 0.27 0.34 0.24 0.37 0.22 0.42 0.20 0.45

3 0.42 0.15 0.34 0.23 0.29 0.28 0.27 0.31 0.24 0.35 0.21 0.39

4 0.44 0.12 0.36 0.19 0.31 0.24 0.28 0.27 0.25 0.32 0.22 0.35

5 0.46 0.11 0.38 0.17 0.33 0.22 0.30 0.25 0.26 0.29 0.23 0.33

7 0.49 0.10 0.40 0.15 0.35 0.19 0.32 0.22 0.28 0.26 0.25 0.30

10 0.51 0.09 0.42 0.14 0.37 0.17 0.33 0.20 0.29 0.24 0.26 0.28

Remark 3.2. For the general case, if we observe upper record values XU(1), . . . , XU(n1) and YU(1), . . . , YU(n2)

from location-scale exponential distribution with the following probability density function

fX(x) =
1

θ1
exp(−x− η1

θ1
) x > η1, fY (y) =

1

θ2
exp(−y − η2

θ2
) y > η2,



Shrinkage Estimation of Scale Parameters 638

the MLE’s of θ1 and θ2 are

θ̂1 =
1

n1
(XU(n1) −XU(1)), θ̂2 =

1

n2
(YU(n2) − YU(1)),

and 2niθ̂i/θi has a chi-square distribution with 2ni − 2, i = 1, 2 degrees of freedom. In this case, we

have the same result as the special case in absence of location parameter with a new statistic and degree

of freedom.

4 Numerical study

In this section, we first illustrate the proposed estimators using an example. Then, these estimators

are compared using simulation.

4.1 An example

The following the simulated record values are given by ?. The first record values which are generated

from location-scale exponential distribution with θ1 = 1 and η1 = 3 are 3.105, 6.158, 6.296, 6.824,

7.282, 10.200, 10.240, and 11.669, and first record values which are generated from location-scale

exponential distribution with θ2 = 1 and η2 = 1 are 1.177, 2.430, 4.090, 4.349, 4.624, 5.655, 6.021, and

6.987.

The MLE’s of θ1 and θ2 are θ̂1 = 1.0705 and θ̂2 = 0.7262. Since the hypothesis H0 : θ1 = θ2 is not

rejected the preliminary test and optimal shrinkage estimations are θ̂pt = 0.8984, and θ̂S = 1.0292,

respectively. It can be seen that the optimal shrinkage estimation is very close to the true value θ1 = 1.

References

Ahsanullah, M. (1995). Record statistics, Nova Science Publishers Commack, New York.

Akaike, H. (1998). Information theory and an extension of the maximum likelihood principle, Selected

Papers of Hirotugu Akaike , Springer Series in Statistics, New York, pp. 199213.

Arnold, B., Balakrishnan, N., and Nagaraja, H. (1998). Records, John Wiley and Sons, New York.

Baklizi, A. (2013). Interval estimation of the stress-strength reliability in the two-parameter exponential

distribution based on records, Journal of Statistical Computation and Simulation, pp. 110.

Hirano, K. (1977). Estimation procedures based on preliminary test, shrinkage technique and informa-

tion criterion, Annals of the Institute of Statistical Mathematics, 29(1), 21–34.



639 H. Zakerzadeh and M. Karimi

Inada, K. (1984). A minimax regret estimator of a normal mean after preliminary test, Annals of the

Institute of Statistical Mathematics, 36(1), 207–215.

Prakash, G. and Singh, D. (2008). Shrinkage estimation in exponential type-II censored data under

LINEX loss, Journal of the Korean Statistical Society, 37(1), 53–61.

Toyoda, T. and Wallace, T. (1975). Estimation of variance after a preliminary test of homogeneity and

optimal levels of significance for the pre-test, Journal of Econometrics, 3(4), 395–404.



Rate of Convergence for Sample Covariance Operator of
H-valued Periodically Correlated Time Series

Atefeh Zamani, 1

1Department of Statistics, Faculty of Science, Shiraz University, Shiraz 7146713565,

IRAN.

Abstract: Periodically correlated (PC) or cyclostationary time series, as a special class of nonsta-

tionary time series, is of great importance in climatology, hydrology, electrical engineering, signal

processing and economics. These time series have a periodic structure in their means and covariances.

Consequently, an important feature in studying PC time series is identifying the value of the period,

T. This paper focuses on convergence rate of covariance operators of Hilbertian valued periodically

correlated processes, which can be applied while determining the value of T in these time series.

Keywords H-valued Periodically Correlated Processes, Time Series, Convergence Rate.

Mathematics Subject Classification (2010): 62M10 60B12.

1 Introduction

Recently, a new aspect of statistical data analysis, called functional data analysis, attracts the atten-

tion of several researchers. Developments in probability theory and statistical methods, along with

the progress of technologies, which allow us to store more and more information, have led to necessity

to pass from describing numbers or a finite set of numbers to describing infinite dimensional random

variables, random fields, random sets, random functions, etc. Studying infinite dimensional random

variables is certainly of great importance, since despite of being a heavy challenge, it combines original

theoretical and practical problems, which can be applied while developing new methodologies in other

fields.

Time series analysis, as an important method in analyzing data, has been extended to infinite dimen-

sional random processes and various models have been introduced in this field (see for example Bosq

(2000)). Periodically correlated random processes, with periodic behavior in mean and covariance,

is a natural extension of stationary processes, Gladyshev (1961). The infinite dimensional periodi-

cally correlated time series is scrutinized by several researchers, such as Hurd (1989) and Soltani and

Hashemi (2011). This paper tries to study the asymptotic behavior of mean and covariance operator,

which may be applied while determining the value of the period, T, in such processes.

1A. Zamani: zamania@shirazu.ac.ir
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2 Preliminaries

This paper is concern with random processes with values in Hilbert spaces. Consequently, various form

of spaces, inner products and norms need to be introduced. This section is devoted to preliminary

notations and definitions, which will be used in the subsequent sections.

Let (Ω,F , P ) be a probability space and L2 (Ω,F , P ) stands for the Hilbert space of all complex-

valued random variables with finite second moment on (Ω,F , P ) . The inner product in this Hilbert

space is defined as E
(
XȲ

)
, where E stands for the expectation. Moreover, consider H to be a

separable Hilbert space equipped with an inner product ⟨·, ·⟩H . The space of bounded linear operators

on H is defined as L (H) =
{
A : H → H : ∥A∥ = supx∈H,x ̸=0

∥Ax∥H
∥x∥H

<∞
}
.

Let ξ : Ω → H be a random variable with values in H; i.e., ξt : Ω → H is F/B measurable, in which

B is the Borel field in H. The random variable ξ is called an H-valued random variable and the sequence

{ξt, t ∈ Z} , where Z is the set of integers, is called an H-valued discrete time stochastic process. The

process {ξt, t ∈ Z} is called and strongly second order (SSO in abbreviation) if ∥ξt∥ ∈ L2 (Ω,F , P ) .

For the H-valued SSO random variable ξ the expectation and covariance operators are introduced in

terms of Bochner integral and tensorial product as follows:

Definition 2.1 (Expectation and Covariance Operator). Let ξ be an H-valued SSO random variable.

The expectation of ξ, denoted by Eξ, is defined as the Bochner integral of ξ over Ω; i.e., µ = Eξ :=

B −
∫
Ω
ξdP. Equivalently, the covariance operator of the random variables ξ and η is an opeator

given by Cξ,η := E (ξ − Eξ) ⊗ (η − Eη) , where ⊗ stands for the tensorial product and is defined as

(ξ ⊗ η) z = ⟨ξ, z⟩Hη, for ∀z ∈ H.

Based on the given definitions and notations, an H-valued periodically correlated processes can be

defined. An H-valued SSO stochastic process is called periodically correlated (PC in abbreviation) if

there exists an integer T > 0 such that for every t ∈ Z :

µt := E (ξt) = E (ξt+T ) , (2.1)

and

Ct,t+τ := E {(ξt − µt) ⊗ (ξt+τ − µt+τ )} = E {(ξt+T − µt+T ) ⊗ (ξt+T+τ − µt+T+τ )} . (2.2)

The smallest T, for which (2.1) and (2.2) hold, is called the period of the process. If T = 1, then the

process is called stationary.

Consider the periodically correlated time series ξ = {ξ1, ξ2, · · · ξn} . The first step in analyzing the

time series ξ is determining the value of the period T. Since in periodically correlated time series the

mean and the covariance have a common value as the period, this paper focuses on ascertaining the
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convergence rate of covariance operator. For this purpose, the sample autocovariance operator, which

is defined by

R̂ (τ) :=
1

n− τ

n−τ∑
t=1

(
ξt − ξ̄n

)
⊗
(
ξt+τ − ξ̄n

)
, (2.3)

is studied in more details. Note that ξ̄n = 1
n

∑n
t=1 ξt.

Lemma 2.2. Let ξ be a sequence of H-valued periodically correlated process with period T, for which∑∞
s=0

∑T
t=1 ∥Cs,t∥0 <∞. Then,

lim
n→∞

∥∥E (ξ̄n)− µ̄
∥∥
H

= 0, (2.4)

lim
n→∞

∥∥∥E(R̂ (τ)
)
−Rµ (τ) − R̄ (τ)

∥∥∥ = 0, (2.5)

where

µ̄ =
1

T

T∑
t=1

µt

Rµ (τ) =
1

T

T∑
t=1

(µt − µ̄) ⊗ (µt+τ − µ̄)

R̄ (τ) =
1

T

T∑
t=1

Ct,t+τ ,

Proof. Let n = kT + l, then:

lim
n→∞

∥∥∥∥∥E (ξ̄n)− 1

T

T∑
t=1

E (ξt)

∥∥∥∥∥
H

= lim
n→∞

∥∥∥∥∥ 1

n

n∑
t=1

E (ξt) −
1

T

T∑
t=1

E (ξt)

∥∥∥∥∥
H

= lim
k→∞

1

T (kT + l)
∥(T − l)E (ξ1) + · · · + (T − l)E (ξl)

− lE (ξl+1) − · · · − lE (ξT )∥H = 0.

Moreover,

lim
n→∞

∥∥∥E(R̂ (τ)
)
−Rµ (τ) − R̄ (τ)

∥∥∥
= lim
n→∞

∥∥∥∥∥ 1

n− τ

n−τ∑
t=1

E
{

(ξt − µt) ⊗ (ξt+τ − µt+τ ) +
(
µt − ξ̄n

)
⊗ (ξt+τ − µt+τ )

+ (ξt − µt) ⊗
(
µt+τ − ξ̄n

)
+
(
µt − ξ̄n

)
⊗
(
µt+τ − ξ̄n

)}
−Rµ (τ) − R̄ (τ)

∥∥
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= lim
n→∞

∥∥∥∥∥ 1

n− τ

n−τ∑
t=1

{
Ct,t+τ + E

{(
µt − µ̄n + µ̄n − ξ̄n

)
⊗ (ξt+τ − µt+τ )

+ (ξt − µt) ⊗
(
µt+τ − µ̄n + µ̄n − ξ̄n

)
+
(
µt − µ̄n + µ̄n − ξ̄n

)
⊗
(
µt+τ − µ̄n + µ̄n − ξ̄n

)}}
−Rµ (τ) − R̄ (τ)

∥∥
≤ lim
n→∞

∥∥∥∥∥ 1

n− τ

n−τ∑
t=1

Ct,t+τ − R̄ (τ)

∥∥∥∥∥
+ lim
n→∞

∥∥∥∥∥ 1

n2 (n− τ)

{
(n− τ)

n∑
t′=n−τ+1

n∑
t′′=n−τ+1

Ct,t′′ − τ
n∑

t=n−τ+1

n∑
t′=τ+2

Ct′,t′′

− τ

n−τ∑
t=1

τ+1∑
t′=1

Ct,t′ − (n+ τ)

n−τ∑
t=1

n∑
t′=τ+2

Ct′,t′′

}∥∥∥∥∥
+ lim
n→∞

∥∥∥∥∥ 1

n− τ

n−τ∑
t=1

(µt − µ̄n) ⊗ (µt+τ − µ̄n) −Rµ (τ)

∥∥∥∥∥ = 0.

As can be seen, the expected value of the sample autocovariance operator can be approximated by

the sum of two terms, covariance operator of the periodic mean function µt (at lag τ), Rµ (τ) , and

the average of the periodic autocovariance operators Ct,t+τ , t = 1, 2, · · · , T, R̄ (τ) . It can easily be

seen that Rµ (τ) is periodic in τ with the same period as µt. However, the behavior of the second term

should be studied more accurately. Consequently, studying the behavior of the sample autocovariances

operator might be of significance for indicating the periodic properties of process ξ. For this purpose,

the limiting behavior of the sample autocovariances operator will be scrutinized and the rate of almost

sure convergence will be determined.

3 Rate of Convergence in the Sample Autocovariances Oper-

ators

Consider a sequence of purely nondeterministic, full-rank HPC − T processes, ξ. By Wold decompo-

sition, this process can be presented as,

ξt = µt +
∞∑
j=0

aj (t) εt−j , (3.1)

where I = {εt, t ∈ Z} is a set of orthonormal innovation processes, aj (t) are linear operators on H,

for which
∑
j≥0 ∥aj (t)∥20 <∞, and aj (t+ kT ) = aj (t) for every j, k, t, with j ≥ 0.
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Let I = {εt, t ∈ Z} be a sequence of martingale difference with respect to an increasing sequence

of σ-field Ft; i.e.,

EFt−1 (εt) = 0, a.s. ∀t ∈ Z, (3.2)

where 0 is the zero of H. Moreover, assume that

EFt (εt) = 0, a.s. ∀t ∈ Z, (3.3)

EFt−1 ∥εt∥2 ≤ dt, a.s. ∀t ∈ Z, (3.4)

sup
t
E ∥εt∥λ ≤ ∞, for some ∀λ > 4. (3.5)

Theorem 3.1. For some δ > 0 and 1 ≤ G (n) = o (n) ,

max
1≤τ≤G(n)

∥∥∥R̂ (τ) −
(
Rµ (τ) + R̄ (τ)

)∥∥∥ = o
(
n−1/2 (G (n) log n)

2/λ
(log log n)

2(1+δ)/λ
)

(3.6)

This theorem can be proved using the following lemma, which is a direct result of Tian (1988).

Lemma 3.2. Let {ηi, i = 1, 2, · · · } be a sequence of H-valued stochastic processes, where positive

constants C, ν and a positive sequence an exist, such that lim sup a2n/an < ∞ and for all n, x > 0,

P (max1≤i≤n ∥ηi∥H > x) < Canx
−ν . Then, for any δ > 0,

∥ηn∥H = o

((
an (log n) (log logn)

1+δ
)1/ν)

. (3.7)

Proof of Theorem 3.1. Denote the periodically sampled autocovariance operator of lag τ and with

starting point i as:

R̂ (i, τ) = (hn + 1)
−1

hn∑
m=0

(
ξi+mT − ξ̄n−τ (i, T )

)
⊗
(
ξi+τ+mT − ξ̄n (i+ τ, T )

)
, (3.8)

where

ξ̄n (i, T ) = (h (n− i, T ) + 1)
−1

h(n−i,T )∑
j=0

ξi+jT , 1 ≤ i, T < n, (3.9)

and hn = h (n− τ − i, T ) =
[
n−τ−i
T

]
. The relation presented in (3.8) can be rewritten as:

R̂ (i, τ) = (hn + 1)
−1

hn∑
m=0

(ξi+mT ⊗ ξi+τ+mT ) −

[
ξ̄n−τ (i, T ) ⊗

(
(hn + 1)

−1
hn∑
m=0

ξi+τ+mT

)]

−

[(
(hn + 1)

−1
hn∑
m=0

ξi+mT

)
⊗ ξ̄n (i+ τ, T )

]
+ (hn + 1)

−1
hn∑
m=0

ξ̄n−τ (i, T ) ⊗ ξ̄n (i+ τ, T )
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= (hn + 1)
−1

hn∑
m=0

(ξi+mT ⊗ ξi+τ+mT ) − ξ̄n−τ (i, T ) ⊗ ξ̄n (i+ τ, T ) .

Besides, R̂ (τ) can be presented in terms of R̂ (i, τ) as follows:

R̂ (τ) =
1

n− τ

T∑
i=1

hn∑
m=0

(
ξi+mT − ξ̄n

)
⊗
(
ξi+τ+mT − ξ̄n

)
=

1

n− τ

[
T∑
i=1

(hn + 1)
(
R̂ (i, τ) + ξ̄n−τ (i, T ) ⊗ ξ̄n (i+ τ, T )

)
−

T∑
i=1

hn∑
m=0

ξ̄n ⊗ ξi+τ+mT −
T∑
i=1

hn∑
m=0

ξi+mT ⊗ ξ̄n +
T∑
i=1

hn∑
m=0

ξ̄n ⊗ ξ̄n

]

=
T∑
i=1

(hn + 1)

n− τ
R̂ (i, τ) +

(hn + 1)

n− τ

T∑
i=1

(
ξ̄n−τ (i, T ) − ξ̄n

)
⊗
(
ξ̄n (i+ τ, T ) − ξ̄n

)
.

Note that hn+1
n−τ → 1

T , as n→ ∞, and, consequently, to prove (3.6) it suffices to show that∥∥∥∥∥ 1

n− τ

hn∑
m=0

(ξi+mT − µi) ⊗ (ξi+τ+mT − µi+τ ) − 1

T
Ci,i+τ

∥∥∥∥∥ = o(1) (3.10)

max
i≤i≤G(n)

∥∥ξ̄n−τ (i, T ) − µi
∥∥
H

= o (α (n)) (3.11)

max
i≤i≤G(n)

∥∥∥∥∥ (hn + 1)

n− τ

T∑
i=1

(
ξ̄n−τ (i, T ) − ξ̄n

)
⊗
(
ξ̄n (i+ τ, T ) − ξ̄n

)
−Rµ (τ)

∥∥∥∥∥ = o (α (n)) , (3.12)

almost surely and where α (n) = n−1/2 (G (n) log n)
2/λ

(log log n)
2(1+δ)/λ

.

The equality (3.10) can be proved easily using the continuity of tensorial products. Therefore, in

the first step, (3.11) will be proved. Set ζt = ξt − µt.

S (n, i) = (h (n− i, T ) + 1) ζ̄n (i, T )

=
∑

k≥0:i+jT−k∈D+

h(n−i,T )∑
j=0

ak (i) εi+jT−k

Define εm (i, k) :=
∑m
j=0 εi+jT−k. It is easy to show that εm (i, k) is a martingale and, therefore, using

Doob’ inequality and Burkholder’s inequality we have:(
E

(
max

1≤m≤M
∥εm (i, k)∥H

)λ)1/λ

≤ λ

1 − λ
max

1≤m≤M

(
E ∥εm (i, k)∥λH

)1/λ
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≤ E

(
M∑
m=1

∥εi+jT−k∥2H

)1/2

≤ CM1/2. (3.13)

By Wold decomposition, (3.5) and (3.13), it can be concluded that

E max
1≤m≤M

∥S (n, i)∥λH ≤ CN1/2,

where N depends on
∑
j≥0 ∥aj (t)∥2 . By the Markov inequality for H-valued random processes, we

have:

P

(
max

1≤m≤M
∥S (n, i)∥H ≥ x

)
≤ CNλ/2x−λ,

and, consequently,

P

(
max

1≤i≤G(N)
max

1≤m≤M
∥S (n, i)∥H h ≥ x

)
≤ CG (N)Nλ/2x−λ.

Using Lemma 3.2, we have,

max
1≤i≤G(N)

∥S (n, i)∥H = o
(
n−1/2 (G (n) log n)

1/λ
(log log n)

(1+δ)/λ
)
,

which proves (3.5). The same argument, along with continuity of tensorial product, results in (3.12).

Therefore, the proof is completed.

Since the mean and covariance operator of H-valued periodically correlated process have a common

value T as their period, delineating the asymptotic behavior of the sample autocovarince can be applied

while determining the value of T, Tian (1988).
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Skew Normal Autoregressive Models with Markov Property

Hamid Reza Zareifard1, Fardin Malek Mohammdi2

Abstract: Recently some authors have introduced in the literature stationary stochastic processes, in

the time and in the spatial domains, whose finite-dimensional marginal distributions are multivariate

skew-normal (SN). In this work, we study the construction of skew normal autoregressive (AR) models

proceeded by replacing the normal noise by a skew normal noise. The focus of the paper is to introduce

a skewed AR model with Markov property. In this line, we show that AR models driven by closed

skew-normal (CSN) noise enjoy some of the useful properties of Gaussian AR models.

Keywords Autoregressive models, Markov property, Closed skew-normal distribution.

1 Introduction

The most commonly used model for time series data is the autoregressive processes which are also

Markov processes. The model for an autoregressive process of order 1 is often expressed as

xt = ϕxt−1 + ϵt, |ϕ| < 1, (1.1)

where {t} is Gaussian white noise with variance 2. A nice feature of the AR models is conditional

independence property, hence the term Markov. Conditional independence is a powerful concept in

where two random variables are called conditionally independent given other variables. Assumptions

about conditional independence are not stated explicitly here, but show up more clearly if we express

(1.1) in the conditional form

xt|x1, · · · , xt−1 ∼ N(ϕxt−1,
2 ), t = 2, · · · , n.

It is well known that the success of Gaussian AR models can be traced to the simple fact that the

finite-dimensional distribution of the observed data X = (X1, · · · , Xn)′ is multivariate normal.

However, Gaussianity assumption for the white noise might be overly restrictive to represent the

data. The real data could be highly non-Gaussian and may show features like skewness. In this setting,

to reduce unrealistic assumptions for conditional autoregressive models, Prates et al. (2012) considered

a non-Gaussian distribution for the random effects where incorporates skewness as well as heavy tail

behavior of the data. However, although the covariance matrix of their random effects depends on its

2Speaker’s Name: fardinmalek13@yahoo.com
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neighbors, the Markov property does not supported. Also, for the class of autoregressive and moving

average (ARMA) models, Pourahmadi (2007) studied the construction of stationary skew normal

ARMA models for colored skew normal noise, but he did not consider the Markov property for his

models. To capture skewness for multiplicative autoregressive models, Karimi and Mohammadzadeh

(2010) proposed a closed skew normal model for spatial correlated errors. But, their model does not

support the Markov property.

Given the multivariate skew-normal and related families of distributions (Azzalini (1985); Azzalini

and Capitanio (1999); Capitanio and Azzalini (2003); Gonzalez-Farias et al. (2004)), it is desirable

to choose the most promising class of SN distributions which is flexible enough to meet the needs of

time series analysis. More precisely, our aim is to introduce a skew normal AR model with the hope

of mimicking the success of Gaussian AR model as much as possible. In this line, the focus of the

paper is on the property of conditional independence of the skew normal AR models. We show that

this property does not hold for all classes of SN random variables, but the situation is better for AR

models driven by closed skew-normal (Gonzalez-Farias et al. (2004)) noise. More precisely, we show

that working within the family of closed skew-normal distributions X remains in the CSN class as

expected and the Markov property is supported.

2 Skewed AR models

In this section, we intend to define a skew normal AR model by analogy with the definition of Gaussian

AR model. Our aim is to assess the suitability and wider applicability of SN distributions in AR models

with the hope of mimicking the success of Gaussian AR model as much as possible. To this end, we

retain (1.1), but replace by an asymmetric noise. In this line, we need to study the following two

questions:

Q1: How can we choose a skewed distribution for such that the distribution of X belong to the same

class as that of the ?

Q2: What conditions are necessary to achieve the Markov property for the skewed AR model?

To emulate the success of normal autoregressive models we need to modify that of the family of

multivariate asymmetric distributions. In recently years, authors have attempted to introduce different

kinds of multivariate SN distributions. Using this family of distributions, subsequently, two skew

normal AR models are defined and the properties of them are studied.
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2.1 SN AR models

We are going to start with multivariate SN distribution (Azzalini and Capitanio (1999); Capitanio and

Azzalini (2003)). This distribution that enjoys some of the useful properties of normal distribution,

is denoted by SNn(µ,Σ, , ν) and its density function is of the form

f(y) = ϕn(y;µ,Σ)Φ(0+′D−1(y − µ); 0, 1)/Φ(ν; 0, 1); y ∈ Ren,

where ϕn(y;µ,Σ), and Φn(y;µ,Σ) are the probability density function (pdf) and cumulative distri-

bution function (cdf), respectively, of the n-dimensional normal distribution with mean vector µ and

covariance matrix Σ. Also Σ = DRD = (ij) is positive-definite matrix and R is a correlation matrix,

D = diag(11, · · · ,nn )1/2, ν ∈ Re and ∈ Ren is a vector of skewness parameters. Finally, 0 = τ/δ

with δ = (1 +′ R)−1/2 . This class clearly extends the multivariate normal distributions through the

parameter vector which regulates the shape of the distribution, and for = 0 it reduces to the class of

normal distributions.

To get this distribution, Capitanio and Azzalini (2003) consider a (n + 1)-dimensional normal

random vector

W∗ = (W0,W1, · · · ,Wn)′ =

(
W0

W

)
∼ Nn+1

(
0,

(
1 δ′R

δR R

) )
.

Then, the probability density function of Y = µ+D(W|W0 > ν) is of the pointed form. It can be shown

that similarly normal distribution, this family is closed under marginalization and conditioning, but

unlike normal distribution the joint distribution for i.i.d. SN random variables is not the multivariate

SN one. It can be shown that similarly normal distribution, this family is closed under marginalization

and conditioning, but unlike normal distribution the joint distribution for i.i.d. SN random variables

is not the multivariate SN one.

Based on these notes, it is not a good idea to assume 1, · · · ,n are i.i.d. from the univariate SN family

since first question (Q1) is not answered. A way of weakening the requirement of 1, · · · ,n being i.i.d. is

to take the simple jointly SN distributed noise for the finite-dimensional distribution of = (1, · · · ,n ).

In this setting, we assume ∼ SNn(0, 2In,1n, 0). An AR model with this definition for the noise is

called SN AR model.

Now the density for X can easily be driven from closure property of the SN distribution under

linear transformations. Under this choice for the noise, the covariance matrix of is

Cov() =2 In − 0.637
22

√
1 + n2

11′,

and so the covariance matrix of is not a diagonal matrix and it is absolutely dense. It means that

even under this simple choice, we can not support the conditional independence property based on SN



651 Hamid Reza Zareifard, Fardin Malek Mohammdi

distribution for the finite-dimensional distribution of . It means under multivariate SN distribution,

Q1 and Q2 are not answered simultaneously. The reason for this is that this distribution was obtained

with conditioning only on one normal variable W0 as you saw. To address both two questions, another

akewed AR model is subsequently introduced.

2.2 CSN AR model

Alternatively, Gonzalez-Farias et al. (2004) extended SN distribution and proposed the multivariate

closed skew normal distribution which is closed under marginalization, conditioning and linear combi-

nation. Also unlike SN family the joint distribution of i.i.d. CSN random variables is the multivariate

CSN distribution. An n-dimensional random vector Y is said to have a multivariate closed skew-normal

distribution, denoted by CSNn,m(µ,Σ,Γ,ν,∆), if its density function is of the form

f(y) = ϕn(y;µ,Σ)Φm(Γ(y − µ);ν,∆)/Φm(0;ν,∆ + ΓΣΓ′), (2.1)

where ν ∈ Rem, Γ ∈ Rem×n and ∆ ∈ Rem×m is covariance matrix. To provide this distribution,

Gonzalez-Farias et al. (2004) consider a (n+m)-dimensional normal random vector

W∗ = (W01 , · · · ,W0m ,W1, · · · ,Wn)′ =

(
W0

W

)
∼ Nn+m

(
0,

(
∆ + ΓΣΓ′ ΓΣ

ΣΓ′ Σ

) )
.

Then, the probability density function of Y = (W|W0 > ν) is the multivariate closed skew-normal

(2.1). To increase the amount of skewness in the vector Y as well as to simplify the interpretation of

this density, Allard and Naveau (2007) assumed that m = n, Γ = In, ν = 0 and ∆ = Σ. This model

is also referred as to the homotopic model.

Now working within the family of CSN distributions and with respect to homotopic model, we

assume

1, · · · ,n
iid∼ CSN1,1(0, 2, , 0, 2) ⇔ = CSNn,n(0, 2In, In,0, 2In).

where = (1, · · · ,n ) and and 2 are skewness and scale parameter, respectively. An AR model with

this definition for the noise is called CSN AR model. In the following theorem, the properties of CSN

AR models is considered

Theorem 2.1. The finite-dimensional distributions of CSN AR models is CSN distribution. Also

CSN AR models support the Markov property.
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Proof. Since for the observed data X = (X1, · · · , Xn), we have AX
d
= with

A =


1

−ϕ 1

. .

. .

−ϕ 1

 , (2.2)

the density for X is derived from closure property of the CSN distribution under linear transformations

as:

p(x) = CSNn,n(0, 2Q−1, A,0, 2In)

= 2nϕn(x; 0, 2Q−1)Φn(Ax;0, 2In). (2.3)

where

Q = A′A =



1 + ϕ2 −ϕ
−ϕ 1 + ϕ2 −ϕ

. . .
. . .

. . .

−ϕ 1 + ϕ2 −ϕ
−ϕ 1

 . (2.4)

For considering the Markov property, we calculate π(xt|x1, · · · , xt−1). Let xt = (x1, · · · , xt−1, xt)′

and At and Qt are t × t matrices with similar structure with matrices A and Q in (2.2) and (2.4),

respectively. Now, we have

p(xt|x1, · · · , xt−1) =
p(x1, · · · , xt−1, xt)
p(x1, · · · , xt−1)

= 2
ϕt(xt; 0, 2Q−1t )Φt(Atxt;0, 2It)

ϕt−1(xt−1; 0, 2Q−1t−1)Φt−1(At−1xt−1;0, 2It−1)

= 2ϕ(xt;ϕxt−1, 2)Φ((xt − ϕxt−1); 0, 2)

= CSN1,1(ϕxt−1, 2, , 0, 2) = p(xt|xt−1)

This is one of the main results. It simply says that similar to the Gaussian AR models, CSN AR

models is also support the Markov property. Also when skewness parameter is zero, the density (2.3)

reduces to the multivariate normal distribution.
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Alternatively, using the representation of Dominguez-Molina et al. (2003) for CSN families, a

stochastic representation of X is

X
d
= √

1+2
A−1|U| +

1√
1+2

V, (2.5)

where U ∼ Nn(0,2 In) and V ∼ Nn(0,2Q−1) are independent. From a computational point of view,

this representation is useful because it implies that an random vector distributed according to (2.3)

can be generated using two independent normal random vectors. The mean vector and covariance

matrix of X is

E(X) = √
1+2

√
2

π
A−1,

Cov(X) = 2(1 − 2

π

2

1+2
)Q−1

Hence, the zero elements of inverse of covariance matrix X are the same of those of the precision matrix

Q and so the precision matrix X is quite sparse. This is a nice and useful result.

3 Conclusions

In this paper, the CSN AR model was introduced that enjoys some of the useful properties of Gaussian

AR models like Markov property. Finally, we can similarly develop the CSN AR models to that of

higher order.
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Abstract: In this paper, we study the dependence structure of some bivariate distribution functions

based on dependence measures of Kochar and Gupta (1987) and then compare these measures with

Spearman’s rho and Kendall’s tau. Moreover, the empirical power of a class of distribution-free tests

is computed based on exact and asymptotic distribution of U -statistics. Our results are obtained from

simulation work in some continuous bivariate distributions. Also, we apply examples to illustrate the

results.

Keywords: Copula functions, Celebioǧlu-Cuadras copula, Gumbel-Barnett distribution, Gumbel’s

bivariate distribution, Negative quadrant dependence, U-Statistics.

Mathematics Subject Classification (2010): 62G10, 62G05, 62H20.

1 Introduction and preliminaries

Dependence structure of bivariate distributions plays a useful role in statistic and applied probabil-

ity. Also, for many purposes to the knowledge of the nature of dependence, it is also important to

test independence against quadrant dependence. Kochar and Gupta (1987) introduced a class of

distribution-free tests for testing independence against quadrant dependence and evaluated the em-

pirical power of this class of tests in Block and Basu’s (1974) family of distributions. Amini et al.

(2010, 2011) evaluated the empirical power of this class of tests in bivariate FGM distribution and

compared their results with some competitor tests.

Definition 1.1. (Lehmann (1966)). Let X and Y be two random variables. X and Y are NQD if

P (X ≤ x, Y ≤ y) ≤ P (X ≤ x)P (Y ≤ y), for all (x, y) in R2.

In this paper, we compute Kochar and Gupta’s (1987) dependence measures for some bivariate dis-

tributions and compare them with Spearman’s rho and Kendall’s tau. Also, we test the independence

hypothesis H0 : H(x, y) = F (x)G(y) against H1 : H(x, y) < F (x)G(y), for all x, y ∈ R, where H is

distribution function of a absolutely continuous random vector (X,Y ) with marginals F and G.

1M. Zargar : zargar-m@yahoo.com



Test of independence for... 656

2 Dependence measures

In this section, we use the copula functions of Gumbel’s bivariate exponential distribution, Gumbel-

Barnett distribution and Celebioǧlu-Cuadras distributions family and then, compute the dependence

measures for these copula functions.

Kochar and Gupta (1987) introduced a well-known dependence measure for testing indepen-

dence hypothesis against QD as follows. Let k be a fixed integer and consider dk(x, y) = Hk(x, y) −
F k(x)Gk(y), for all x, y ∈ R.

For all k ≥ 1, if X and Y are independent, then dk(x, y) = 0. If (X,Y ) is NQD, then dk(x, y) < 0.

The following measure of deviation between independence and QD is considered as

Dk =

∫
R2

dk(x, y)dH(x, y) = D1k −D2k, ∀k ≥ 1, (2.1)

where D1k =
∫
R2 H

k(x, y)dH(x, y) and D2k =
∫
R2 F

k(x)Gk(y)dH(x, y).

Due to good properties of copula functions, we consider dependence structure of these distributions

via its copula functions. The Spearman’s ρs and Kendall’s τ are formulated by copula function C as

follows:

ρs = 12

∫ 1

0

∫ 1

0

C(u, v)dudv − 3 and τ = 4

∫ 1

0

∫ 1

0

C(u, v)dC(u, v) − 1 (2.2)

In the next subsections, we compute the mentioned dependence measures for these distributions.

2.1 Gumbel’s bivariate exponential distribution

The joint survival function of Gumbel’s bivariate exponential distribution is

H̄G(x, y) = e−x−y−θxy, x, y ≥ 0, 0 ≤ θ ≤ 1, (2.3)

where θ is its dependence parameter. Its copula function is

CG(u, v) = u+ v − 1 + (1 − u)(1 − v) exp{−θ ln(1 − u) ln(1 − v)}, (2.4)

and its copula survival function is ĈG(u, v) = uv exp{−θ ln(u) ln(v)}.

Proposition 2.1. Let (X,Y ) be a random vector with Gumbel’s bivariate exponential survival function

(2.3) whose underlying copula function is CG in (2.4). Then for all 0 ≤ θ ≤ 1 and k ≥ 1,

D2k =
1

θ

k∑
i=0

k∑
j=0

(
k

i

)(
k

j

)
ij(−1)i+j exp

{
(i+ 1)(j + 1)

θ

}
E1

(
(i+ 1)(j + 1)

θ

)
,
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D1k =
k∑
i=0

i∑
j=0

j∑
l=0

(
k

i

)(
i

j

)(
j

l

)
(−1)i−j+l

θ(k − i+ 1)3(l + k − i+ 1)(k − j + 1)

×
{

[(i− k)(k − i+ 1)θ + (i− j)l](k − j + 1)(l + k − i+ 1) exp

{
(l + k − i+ 1)(k − j + 1)

θ(k − i+ 1)

}
× E1

(
(l + k − i+ 1)(k − j + 1)

θ(k − i+ 1)

)
− θ(k − i+ 1)[l(k − j + 1) − (k − i+ 1)(l + k − i+ 1)]

}
,

where E1 is the exponential integral function defined by E1(x) =
∫∞
x
t−1e−tdt.

Remark 2.2. Let (X,Y ) be a random vector with Gumbel’s bivariate exponential distribution. If

θ = 0, then we have the independence of (X,Y ) and 0 < θ ≤ 1 leads to NQD of (X,Y ).

Proposition 2.3. Let (X,Y ) be a random vector with Gumbel’s bivariate exponential survival function

(2.3) and corresponding copula distribution function CG in (2.4). Then for all 0 ≤ θ ≤ 1,

ρs =
12

θ
e

4
θE1

(
4

θ

)
− 3, and τ = −e 2

θE1

(
2

θ

)
.

2.2 Gumbel-Barnett family

According to Hutchinson and Lai (1990), the copula distribution function of Gumbel-Barnett family

is
CGB(u, v) = uv exp{−θ ln(u) ln(v)}, 0 ≤ θ ≤ 1, (2.5)

where θ is its dependence parameter.

Proposition 2.4. Let (X,Y ) be a random vector with Gumbel-Barnett distribution whose underlying

copula function is CGB in (2.5). Then for all 0 ≤ θ ≤ 1 and k ≥ 1,

D2k =
1 − k

1 + k
+
k2

θ
exp

{
(k + 1)2

θ

}
E1

(
(k + 1)2

θ

)
,

D1k =
1

(k + 1)2

[
1 − k exp

{
k + 1

θ

}
E1

(
k + 1

θ

)]
.

Remark 2.5. In this family of copulas, θ = 0 implies independence and 0 < θ ≤ 1 leads to NQD.

Proposition 2.6. Let (X,Y ) be a random vector with Gumbel-Barnett distribution whose underlying

copula function is CGB in (2.5). Then for all 0 ≤ θ ≤ 1,

ρs =
12

θ
e

4
θE1

(
4

θ

)
− 3 and τ = −e 2

θE1

(
2

θ

)
.

Remark 2.7. The Spearman’s ρs, Kendall’s τ and D1 in Gumbel-Barnett distribution and Gumbel’s

bivariate exponential distribution are the same.
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2.3 Celebioǧlu-Cuadras copula

Celebioǧlu (1997) introduced the following copula via a practical way of generating comprehensive

copulas and Cuadras (2009) carefully studied its properties.

CCC(u, v) = uv exp{θ(1 − u)(1 − v)}, −1 ≤ θ ≤ 1. (2.6)

Proposition 2.8. Let (X,Y ) be a random vector whose underlying copula function is CCC in (2.6).

Then for all −1 ≤ θ ≤ 1 and k ≥ 1,

D2k =
1

k + 1
− k

∞∑
i=0

θi

i!
Beta2(k + 1, i+ 1)

[
1 − θ

(i+ 1)(k + 1)

(k + i+ 2)2

]
, (2.7)

D1k =
1

k + 1
− k

∞∑
i=0

(θ(k + 1))i

i!
Beta2(k + 1, i+ 1) (2.8)

×

[
1 − 2θ

(i+ 1)(k + 1)

(k + i+ 2)2
+ θ2

(
(k + 1)(i+ 1)

(k + i+ 2)(k + i+ 3)

)2
]
, (2.9)

where Beta(a, b) = Γ(a)Γ(b)
Γ(a+b) .

Proposition 2.9. Let (X,Y ) be a random vector whose underlying copula function is CCC in (2.6).

Then for all −1 ≤ θ ≤ 1,

ρs = 12
∞∑
i=1

θi

i!
Beta2(2, i+1) and τ = 1−4

∞∑
i=0

(2θ)i

i!
Beta2(2, i+1)

[
1 − 4θ

i+ 1

i+ 3
+ 2θ2

(
i+ 1

(i+ 3)(i+ 4)

)2
]
.

2.4 Relations between dependence measures

The relations between dependence measures ρs, τ and Dk, k = 1, 2, 3, 4 have been considered for three

copulas for NQD case in Table 1. The results show that for all copulas, the dependence measures are

decreasing with respect to |θ| and we have −1 < ρs < τ < D1 < D2 < D3 < D4 < 0. Comparing

the dependence measures, we see that Gumbel’s bivariate exponential copula and Celebioǧlu-Cuadras

copula have the highest and lowest dependence, respectively. Also according to Remark 2.7, ρs, τ and

D1 have the same ranges for Gumbel’s bivariate exponential copula and Gumbel-Barnett copula.

3 Independence test against negative quadrant dependence

Let H0 : θ = 0 and H1 : θ ≥ η for Gumbel’s bivariate exponential copula and Gumbel-Barnett copula

and let H0 : θ = 0 and H1 : θ ≤ −η for Celebioǧlu-Cuadras copula, where η > 0. H0 is independence
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Table 1: Acceptable range of the dependence measures for underlying copulas.
dependence Copulas

measures Gumbel’s bivariate Gumbel-Barnett Celebioǧlu-Cuadras

exponential copula copula copula

ρs (-0.5238 , 0) (-0.5238 , 0) (-0.2961 , 0)

τ (-0.3613 , 0) (-0.3613 , 0) (-0.1982 , 0)

D1 (-0.0466 , 0) (-0.0466 , 0) (-0.0248 , 0)

D2 (-0.0197 , 0) (-0.0172 , 0) (-0.0116 , 0)

D3 (-0.0087 , 0) (-0.0072 , 0) (-0.0058 , 0)

D4 (-0.0041 , 0) (-0.0035 , 0) (-0.0031 , 0)

hypothesis and H1 implies that X and Y are NQD. For testing H0 against H1, Kochar and Gupta

(1987) introduced the measure of deviation Dk in (2.1). Suppose that

φk+1 {(X1, Y1), . . . , (Xk+1, Yk+1)} =


1, {max(X1, . . . , Xk+1),max(Y1, . . . , Yk+1)}

belongs to the same pair of (X,Y)

0, otherwise.

(3.1)

where (Xi, Yi), for i = 1, · · · , n be a random sample of (X,Y ) with common distribution function H.

For the independence test, we use U-statistic estimator of D1k, that is

Un(k + 1) =
1(
n
k+1

) ∑φk+1{(Xi1 , Yi1), . . . , (Xik+1
, Yik+1

)}, (3.2)

where the sum is over all combinations of (k + 1) integers (i1, . . . , ik+1) chosen out of (1, . . . , n).

Remark 3.1. The small values of Un(k + 1) are significant for testing H0 against H1.

Kochar and Gupta (1987) obtained the exact distribution of Un(k + 1). Also, we use Theorem A.

of Serfling (1980) and obtain asymptotic distribution of Un(k + 1).

3.1 Simulation study and applied examples

In this section, we compute the empirical powers of the test for H0 against H1 (η = 0.2) based on

test statistic Un(k + 1) for k = 1, 2, 3, 4 via the simulation results at 5% level of significance. Notice

that for n = 6, 8, 15, 20 (,50), the critical points are calculated based on the exact (the asymptotic)

distribution of Un(k + 1). The following results are observed for all copulas (see Tables 2-4):

• For all n, k, the empirical sizes are acceptable and close to 0.05. Also, The powers are acceptable

when n and |θ| are large. In addition, for all n, the powers increase when |θ| increases and for

all |θ|, the powers increase when n increases.

• The maximum and minimum powers of the independence tests are achieved for Gumbel’s bivari-

ate exponential copula and Celebioǧlu-Cuadras copula, respectively.
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Table 2: Critical points (CP), empirical sizes (θ = 0) and empirical powers for H1 : θ ≥ 0.2 and

marginals U(0, 1) in Gumbel’s bivariate exponential copula.
n U CP θ

Statistics for NQD 0 0.2 0.5 0.7 0.9 1

Un(2) 0.2 0.0304 0.0459 0.0827 0.106 0.1434 0.1665

6 Un(3) 0.05 0.0453 0.0668 0.1205 0.1475 0.1885 0.2161

Un(4) 0 0 0 0 0 0 0

Un(5) 0 0 0 0 0 0 0

Un(2) 0.25 0.0305 0.056 0.1152 0.1641 0.2242 0.2564

8 Un(3) 0.0714 0.040 0.0697 0.139 0.19 0.256 0.2837

Un(4) 0.0143 0.036 0.0607 0.1189 0.1616 0.2154 0.2379

Un(5) 0 0 0 0 0 0 0

Un(2) 0.3428 0.0468 0.1093 0.2678 0.4051 0.5480 0.6143

15 Un(3) 0.1516 0.0516 0.1190 0.2870 0.4267 0.5562 0.6155

Un(4) 0.0659 0.0519 0.1161 0.2718 0.3968 0.5141 0.5709

Un(5) 0.0259 0.0526 0.1152 0.2624 0.3792 0.4912 0.5440

Un(2) 0.3684 0.0497 0.1365 0.3560 0.5334 0.6894 0.7613

20 Un(3) 0.1789 0.0497 0.1444 0.3782 0.5513 0.6956 0.7628

Un(4) 0.0910 0.0502 0.1422 0.3619 0.5226 0.6568 0.7236

Un(5) 0.0450 0.0495 0.1404 0.3429 0.4909 0.6172 0.6791

Un(2) 0.4196 0.0552 0.2364 0.7024 0.8997 0.9757 0.9914

50 Un(3) 0.2403 0.0567 0.2717 0.7584 0.9255 0.9812 0.9921

Un(4) 0.1503 0.0505 0.2577 0.7380 0.9088 0.9745 0.9865

Un(5) 0.0966 0.046 0.2317 0.6928 0.8750 0.9534 0.9734

Table 3: Critical points (CP), empirical sizes (θ = 0) and empirical powers for H1 : θ ≥ 0.2 and

marginals U(0, 1) in Gumbel-Barnett copula.
n U CP θ

Statistics for NQD 0 0.2 0.5 0.7 0.9 1

Un(2) 0.2 0.0297 0.0431 0.0808 0.1116 0.1470 0.1658

6 Un(3) 0.05 0.0464 0.0662 0.1071 0.1414 0.1783 0.2016

Un(4) 0 0 0 0 0 0 0

Un(5) 0 0 0 0 0 0 0

Un(2) 0.25 0.031 0.0582 0.1164 0.164 0.2265 0.2519

8 Un(3) 0.0714 0.0398 0.0714 0.1238 0.1656 0.2318 0.2571

Un(4) 0.0143 0.0355 0.0594 0.1018 0.1360 0.1893 0.2120

Un(5) 0 0 0 0 0 0 0

Un(2) 0.3428 0.0464 0.1102 0.2624 0.4036 0.5496 0.6214

15 Un(3) 0.1516 0.0481 0.0998 0.2187 0.3353 0.4570 0.527

Un(4) 0.0659 0.0484 0.092 0.1895 0.2841 0.3849 0.4496

Un(5) 0.0259 0.0494 0.0889 0.1767 0.2615 0.3574 0.4155

Un(2) 0.3684 0.0484 0.1339 0.3562 0.529 0.6872 0.7634

20 Un(3) 0.1789 0.0480 0.1138 0.2764 0.4161 0.5725 0.6573

Un(4) 0.0910 0.0494 0.1024 0.2313 0.3454 0.4835 0.5653

Un(5) 0.0450 0.0496 0.0949 0.2071 0.3070 0.4289 0.5041

Un(2) 0.4196 0.0504 0.2467 0.7055 0.9017 0.9761 0.9902

50 Un(3) 0.2403 0.0511 0.1897 0.5591 0.7858 0.9280 0.9668

Un(4) 0.1503 0.0487 0.1427 0.4231 0.6475 0.8394 0.9172

Un(5) 0.0966 0.0438 0.1137 0.3268 0.5291 0.7425 0.8398



661 M. Zargar, H. Jabbari and M. Amini

Table 4: Critical points (CP), empirical sizes (θ = 0) and empirical powers for H1 : θ ≥ 0.2 and

marginals U(0, 1) in Celebioǧlu-Cuadras copula.
n U CP θ

Statistics for NQD 0 -0.2 - 0.5 - 0.7 -0.9 -1

Un(2) 0.2 0.0288 0.0355 0.0494 0.0566 0.0690 0.0760

6 Un(3) 0.05 0.0453 0.0545 0.0758 0.0848 0.0990 0.1086

Un(4) 0 0 0 0 0 0 0

Un(5) 0 0 0 0 0 0 0

Un(2) 0.25 0.0294 0.0407 0.0632 0.0795 0.0943 0.1070

8 Un(3) 0.0714 0.04 0.0534 0.0763 0.0971 0.1143 0.128

Un(4) 0.0143 0.0362 0.0458 0.0655 0.0827 0.0985 0.1098

Un(5) 0 0 0 0 0 0 0

Un(2) 0.3428 0.0447 0.0758 0.1234 0.1685 0.2222 0.2558

15 Un(3) 0.1516 0.0486 0.0750 0.1211 0.1678 0.2199 0.2515

Un(4) 0.0659 0.0477 0.0698 0.1168 0.1578 0.2052 0.2311

Un(5) 0.0259 0.0478 0.0696 0.1133 0.1521 0.1974 0.2199

Un(2) 0.3684 0.0474 0.0847 0.1582 0.2181 0.2902 0.3366

20 Un(3) 0.1789 0.0489 0.0806 0.1491 0.2108 0.2834 0.3276

Un(4) 0.0910 0.0506 0.0779 0.1378 0.1968 0.2625 0.3002

Un(5) 0.0450 0.0508 0.0757 0.1324 0.1858 0.2436 0.2752

Un(2) 0.4196 0.0474 0.1174 0.2881 0.4215 0.5901 0.6737

50 Un(3) 0.2403 0.0487 0.1162 0.2745 0.4204 0.5877 0.6701

Un(4) 0.1503 0.0442 0.1005 0.2390 0.3690 0.5284 0.6085

Un(5) 0.0966 0.0382 0.0835 0.1972 0.3095 0.4565 0.5341

Also separately for each copula, we have the following results:

A) In Gumbel’s bivariate exponential copula, for all θ and n, Un(3) is the best test (see Table 2).

B) In Gumbel-Barnett copula and Celebioǧlu-Cuadras copula, when n = 6, 8 (small samples), Un(3)

is the best test and for n = 15, 20, 50 (medium and large samples), Un(2) is the best one (see Tables 3

and 4).

3.2 Examples

We use the uranium exploration data set that was analysed already by Cook and johnson (1986) (see

data sets in R software for more details). For goodness of fit test in two dimensions, Peacock (1983)

and Fasano and Franceschini (1987) proposed a generalization of the classical Kolmogorov-Smirnov

test. We use the first 100 cases from some selected pairs in the uranium exploration data. Tabel

5 includes the maximum likelihood estimator (MLE) of θ, negative log-likelihood (−ℓ) of MLE (θ),

goodness of fit statistic (Dks) and associated p-value. At 0.05 level, Table 5 shows that Gumbel’s

bivariate exponential, Gumbel-Barnett and Celebioǧlu-Cuadras distributions with 0.233, 0.244 and

-0.973 for MLE(θ) are acceptable for the pairs (K,Sc), (U, Sc) and (Co,K), respectively.

Now, we test the independence against the strict NQD. The results are:

A) For pairs of (K,Sc) and (U, Sc) according to the considered data, we test H0 : θ = 0 vs. H1 : θ ≥ 0.2

(η = 0.2) at level α = 0.05. So, we compute the test statistics Un(k + 1) for k = 1, 2, 3, 4, using the

marginal empirical distribution function. The results is summarized in Table 6. Table 6 shows that
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Table 5: MLE of θ, negative log-likelihood, the goodness of fit statistic Dks and associated p-value for

selected pairs of variables in the uranium exploration data
Pair Model MLE(θ) −ℓ Dks p-value

(U, Sc) Gumbel’s bivariate exp. 0.120 -1.099 1.066 0.533

Gumbel-Barnett 0.244 -1.512 0.991 0.655

Celebioǧlu-Cuadras -0.443 -1.143 9.797 0.026

(Co,K) Gumbel’s bivariate exp. 0.276 -3.438 0.816 0.892

Gumbel-Barnett 0.211 -1.196 0.899 0.783

Celebioǧlu-Cuadras -0.973 -3.160 7.478 0.992

(K,Sc) Gumbel’s bivariate exp. 0.233 -2.704 0.777 0.916

Gumbel-Barnett 0.131 -0.502 0.895 0.792

Celebioǧlu-Cuadras -1 -4.284 9.702 0.034

Table 6: Values of test statistics, their critical values and associated p-values for selected pairs of

variables in the uranium exploration data
Pair Model Un(2) Un(3) Un(4) Un(5)

Test statistic 0.409 0.217 0.129 0.081

(K,Sc) Gumbel’s bivariate exp. Critical value 0.445 0.267 0.179 0.127

p-value 0.003 0.002 0.002 0.004

Test statistic 0.448 0.298 0.228 0.183

(U, Sc) Gumbel-Barnett Critical value 0.445 0.267 0.179 0.127

p-value 0.058 0.187 0.304 0.355

Test statistic 0.427 0.236 0.142 0.089

(Co,K) Celebioǧlu-Cuadras Critical value 0.445 0.267 0.179 0.127

p-value 0.014 0.007 0.006 0.006

• for pair (K,Sc) based on Kochar and Gupta’s tests, we reject H0 in favor of H1. Since MLE(θ) =

0.233, the result of independence test is true.

• for pair (U, Sc) based on Kochar and Gupta’s tests, we can’t reject H0 in favor of H1.

B) For pair of (Co,K) according to the considered data, we test H0 : θ = 0 vs. H1 : θ ≤ −0.7

(η = −0.7) at level α = 0.05. Table 6 shows that for pair (Co,K) based on Kochar and Gupta’s tests

(1987), we reject H0 in favor of H1. So, Co and K are not independent. According to MLE(θ), we

conclude that the results of independence tests are coincident with the truth.

Remark 3.2. According to Table 6, we conclude that Kochar and Gupta’s tests are good for detecting

independence against NQD in Gumbel’s bivariate exponential and Celebioǧlu-Cuadras distributions.
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Abstract: deals with a two-parameter model, called the Topp-Leone distribution. Some of the main
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also discussed. The paper concludes with a real data example.
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1 Introduction

In this paper, we consider the two-parameter Topp-Leone distribution. We study several interesting

properties of this distribution. Topp and Leone (1955) proposed a family of univariate distributions

by formulating the cumulative distribution function (cdf), F (x), as

F (x; ν, b) =
(x
b

)ν (
2 − x

b

)ν
, 0 ≤ x ≤ b. (1.1)

where ν and b are the shape and scale parameters, respectively. Nadarajah and Kotz (2003) pro-

vided a motivation for this distribution based on its hazard rate function and then investigated some

properties of the Topp-Leone distribution. Some reliability measures and asymptotic distribution of

order statistics of this distribution have been discussed by Ghitany (2007) and Ghitany et al. (2007),

respectively. Genç (2012) and MirMostafaee (2014) focused on the moments of order statistics from

the Topp-Leone distribution.

In what follows, we review some distributional properties of the Topp-Leone distribution in Section

2. The moments are discussed in Section 3. Section 4 includes a discussion regarding the maximum

likelihood estimation of the parameters. In the end, a real data example is provided to illustrate the

usefulness of this model.

1Speaker’s name: naderi.kimia@yahoo.com
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2 Distributional Properties

If the random variable X has a Topp-Leone distribution as defined in (1.1), then it has the probability

density function (pdf)

f(x; ν, b) =
2ν

b

(
1 − x

b

)(x
b

)ν−1 (
2 − x

b

)ν−1
, 0 ≤ x ≤ b, 0 < ν < 1. (2.1)

Under the restriction 0 < ν < 1, the pdf is a convex function with a unique mode 0 at x = 0 and it

continuously decreases to 0 as x approaches to b from the left. The distribution is therefore reversed

J-shaped throughout its support.
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Figure 1: Plots of f(x) in equation (2.1) for ν = 0.1, 0.5, 1, 2, 5 and b = 1.

Now let us look at the hazard rate function of the Topp-Leone distribution. Let y = 1 − x
b , then

the hazard rate function is given by

h(x) =
2ν

b

y(1 − y2)ν−1

1 − (1 − y2)ν
, (2.2)

After some calculations, we observe that h(x) attains a minimum at x = x0, where y0 = 1 − x0

b is the

root of the equation.

Figure 2 illustrates the shape of equation (2.2) for a range of ν and when b = 1. It is evident that

equation (2.2) has the ’bathtub’ shape for the full range ν ∈ (0, 1).

Now we discuss the reverse hazard rate of the Topp-Leone distribution. The reverse hazard rate

of any distribution function F (x), can be defined as a(x) = f(x)
F (x) . Consequently, the reversed hazard
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Figure 2: Plots of h(x) in equation (2.2) for ν = 0.1, 0.5, 1, 2, 5 and b = 1.

rate of this distribution, is given by

a(x) =
2ν(b− x)

x(2b− x)
, 0 < x < b (2.3)

The reverse hazard rate has recently become quite popular in the statistical literature. It can be

interpreted as follows. Suppose, the lifetime of a unit has reverse hazard rate a(x), then a(x)dx

provides the probability of the lifetime failing in (x − dx, x), when a unit is found failed at x. In

general, the reverse hazard rate is useful in constructing the information matrix and in estimating the

survival function for censored data, see Block et al. (1998). The mean residual life (MRL) is defined

as

µ(x) = E(X − x|X > x) =
1

F (x)

∫ ∞
x

F (y)dy.

For a unit having already survived up to time x, µ(x) measures its expected remaining lifetime.

Evidently µ(0) = E(X) = µ is the mean of X.

Let Be(a, b) =
∫ 1

0
ta−1(1 − t)b−1dt and Be(a, b; c) =

∫ c
0
ta−1(1 − t)b−1dt be the complete and

incomplete beta functions, respectively. Since for the Topp-Leone distribution, F (x) = 0 for x ≥ b,

using the substitution z = y
2b and the fact that 2Be(a, a; 1

2 ) = Be(a, a), we have∫ b

x

F (y)dy = b− x−
∫ b

x

(
y

b
)ν(2 − y

b
)νdy = b− x− b4ν+

1
2

∫ 1
2

x
2b

zν(1 − z)νdy

= b− x− b4ν+
1
2

{
Be

(
1 + ν, 1 + ν;

1

2

)
−Be

(
1 + ν, 1 + ν;

x

2b

)}
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= b− x− b4ν
{
Be

(
1 + ν, 1 + ν

)
− 2Be

(
1 + ν, 1 + ν;

x

2b

)}
. (2.4)

Therefore, we have

µ(x) =

b− x− b4ν
{
Be

(
1 + ν, 1 + ν

)
− 2Be

(
1 + ν, 1 + ν; x2b

)}
1 − (xb )ν(2 − x

b )ν
. (2.5)

Now consider the following theorem which has been stated and proved by Ghitany et al. (2007).

Theorem 2.1. If X ∼ TL(ν, b) and ν ∈ (0, 1), then X has bathtub hazard rate function (upside-down

bathtub MRL).

3 The moments

The moment generating function of X ∼ TL(ν, b) is given by

M(t) = E(etX) =

∫ b

0

etxfTL(x)dx

=
∞∑
m=0

2 ν tm

b m!

∫ b

0

xm(1 − x

b
)(
x

b
)ν−1(2 − x

b
)ν−1dx

=
∞∑
m=0

∞∑
i=0

(
ν − 1

i

)
2 ν tm

b m!

∫ b

0

xm(1 − x

b
)i+1(

x

b
)ν−1dx

=
∞∑
m=0

∞∑
i=0

i+1∑
j=0

(
ν − 1

i

)(
i+ 1

j

)
(−1)i+1 2 ν tm

bν+j m!

∫ b

0

xm+ν+j−1dx

=

∞∑
m=0

∞∑
i=0

i+1∑
j=0

(
ν − 1

i

)(
i+ 1

j

)
(−1)i+1 2νtm

m!

bm−1

m+ ν + j
. (3.1)

It was used in the proof that etx =
∑∞
m=0

(tx)m

m! and (1 − z)a =
∑∞

0

(
a
i

)
(−z)i.

It follows that the n-th moment of X exists and it is given by (n ∈ N);

E(Xn) = (−1)1+nbn
(−1 − n− ν)1+n

(1 + ν)1+n
− nbn2n+2ν−1Be(1 + ν, n+ ν)

− νbn

n+ ν

n∑
k=1

(−1)k(k − 1)
(−n− ν)k−1

(ν)k
. (3.2)

Let X1, ..., Xn be a random sample of size n from the Topp-Leone distribution and let X1:n < ... <

Xn:n denote the order statistics obtained from this sample. The r-th order statistic, Xr:n, represents
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the life length of a (n − r + 1)-out of n system made up of n identical components with independent

life lengths. The pdf of the r-th order statistic, Xr:n, denoted by fr:n(x), for 1 ≤ r ≤ n from the

Topp-Leone distribution is

fr:n(x) =
n!

(r − 1)!(n− r)!

[
(
x

b
)(2 − x

b
)

]ν(r−1)[
1 − (

x

b
)ν(2 − x

b
)ν
]n−r

2ν

b
(1 − x

b
)

[
(
x

b
)(2 − x

b
)

]ν−1
.

The k-th moment of the r-th order statistic, µ
(k)
r:n = E(Xk

r:n), k ∈ N , 1 ≤ r ≤ n, is as follows

µ(k)
r:n =

n!ak

(r − 1)!(n− r)!

n−r∑
j=0

(
n− r

j

)
(−1)j2k+2a(r+j)

×[Be(k + a(r + j), a(r + j), 1/2) − 2Be(k + a(r + j) + 1, a(r + j), 1/2)]. (3.3)

Also, MirMostafaee (2014) obtained the following relation

µ
(k+1)
r+1:n =

(
1 +

1

k

)
µ
(k)
r+1:n +

(
k + 1

2ar
+ 1

)
µ(k+1)
r:n −

(
k + 1

ar
+

1

k
+ 1

)
µ(k)
r:n.

The joint pdf of any two order statistics U = Xr:n and V = Xs:n (1 ≤ r < s ≤ n) is given by

fr,s:n(u.v) = Cr,s,n4ν2
[
u

b
(2 − u

b
)

]νi−1[
v

b
(2 − v

b
)

]ν−1
×
[
[
v

b
(2 − v

b
)]ν − [

u

b
(2 − u

b
)]ν
]s−r−1[

1 − (
v

b
(2 − v

b
))ν
]n−s

(1 − u

b
)(1 − v

b
).

where Cr,s,n = n!
(r−1)!(s−r−1)!(n−s)! .h

Therefore, we define the product moment of the two order statistics as

µ
(k,l)
r,s:n = E(XK

r:nX
ℓ
s:n).

µ(k,l)
r,s:n = Cr,s,n

n−s∑
i=0

s−r−1∑
j=0

∞∑
q=0

(
n− s

i

)(
s− r − 1

j

)(
(r + j)ν − 1

q

)
(−1)i+j+q2ℓ+k+2(s+i)ν−2

×
[

1

ξr,k,ν(j, q)
Be(ξ∗s,k,ℓ,ν(i, q), νAi,j , 1/2)

− 2[2ξr,k,ν(j, q) + 1]

ξr,k,ν(j, q)[ξr,k,ν(j, q) + 1]
Be(ξ∗s,k,ℓ,ν(i, q) + 1, νAi,j , 1/2)

+
4

ξr,k,ν(j, q) + 1
Be(ξ∗s,k,ℓ,ν(i, q) + 2, νAi,j , 1/2)

]
,

where ξr,k,ν(j, q) = k + (j + r)ν + q and ξ∗s,k,ℓ,ν(i, q) = ℓ + k + q + (s + i)ν. If a ∈ N , then the third

summation stops at q = (j + r)ν − 1.
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4 Maximum likelihood estimation

In this section, we briefly discuss the maximum likelihood estimators (MLE’s) of the two-parameter

TL distribution and discuss their asymptotic properties.

Let X1, ..., Xn be a random sample from TL, the log-likelihood function can be written as;

ℓ(ν, b) = n ln(
2ν

b
) +

n∑
i=1

ln(1 − xi
b

) + (ν − 1)[
n∑
i=1

ln(
xi
b

) +
n∑
i=1

ln(2 − xi
b

)]. (4.1)

Now, by differentiating the log-likelihood function with respect to the parameters and equating the

results with zero, we have

∂ℓ

∂b
= −n+

∑ xi
b− xi

+ (ν − 1)[−n+
∑ xi

2b− xi
] = 0. (4.2)

∂ℓ

∂ν
=

n

ν
+

n∑
i=1

ln(
xi
b

) +

n∑
i=1

ln(2 − xi
b

) = 0.

From the above likelihood equations, we can see that for a given b, the MLE of ν is

ν̂(b) = − n∑n
i=1 ln(xib ) +

∑n
i=1 ln(2 − xi

b )
. (4.2)

Substituting (4.2) in (4.2), we can obtain the MLE of b. Once we get the MLE of b, the MLE of ν

can be obtained as ν̂ (̂b) from (4.2).

5 Application

This example deals with the monthly water capacity data from the Shasta reservoir in California,

USA and were taken for the month of February from 1995 to 2010, see http : //cdec.water.ca.gov/

reservoir − map.html. The maximum capacity of the reservoir is 4552000 AF and the data were

transformed to the interval [0,1]. These data are presented in Table 1. We fitted the following 3

distributions to the above data: the standard Topp-Leone distribution; the Marshall-Olkin uniform

distribution whose pdf is

g1(x, ν) =
ν

[ν + (1 − ν)x]2
, x ∈ (0, 1),

the Power distribution whose pdf is

g2(x, ν) = νxν−1, x ∈ (0, 1).

Table 2 lists the parameter estimates,their standard errors, the negative log-likelihood values (-LL),

the values of the Akaike information criterion (AIC), the values of the Bayesian information criterion

(BIC), the Kolmogorov-Smirnov (K-S) test statistics and their corresponding p-values.
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Table 1: Monthly capacity for August and proportion of capacity for Shasta reservoir.

proportion of proportion of

Year Capacity total capacity Year Capacity total capacity

1995 1542838 0.338936 2003 3584283 0.787408

1996 3694201 0.811556 2004 3868600 0.849868

1997 3574861 0.785339 2005 3168056 0.695970

1998 3567220 0.783660 2006 3834224 0.842316

1999 3712733 0.815627 2007 3772193 0.828689

2000 3857423 0.847413 2008 2641041 0.580194

2001 3495969 0.768007 2009 1960458 0.430681

2002 3839544 0.843485 2010 3380147 0.742563

We also plotted the empirical cdf plots of the fitted models. From Table 2 and Figure 3, we observe

that the Topp-Leone distribution has the smallest -LL value, the smallest AIC, BIC K-S test statistic

values and the largest p-value and therefore provides the best fit among the distribution considered

here for the data.

Table 2: The MLE’s and the measures for the fitted models.
Model MLE Error -LL AIC BIC K-S p-value

Topp-Leone 13.2748 3.3187 -13.5925 -25.1850 -24.4124 0.2611 0.1885

Marshall-Olkin Uniform 3.4371 1.2514 -5.4249 -8.5640 -8.0771 0.3778 0.0146

Power 3.4908 0.8727 -8.5856 -15.1713 -14.3987 0.4333 0.0030
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Genç A.İ. (2012). Moments of Order Statistics of Topp-Leone Distribution, Statistical Papers, 53,

117–131.

Ghitany, M.E. (2007). Asymptotic distribution of order statistics from the Topp-Leone Distribution,

Journal of Applied Mathematics, 20, 371–376.



671 Pourdarvish et al.

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

F
 (

x)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

F
 (

x)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

F
 (

x)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Figure 3: Empirical cdf plots of the fitted Topp-Leone (left), Marshall-Olkin uniform (center) and power (right) models.

Ghitany, M.E., Kotz, S. and Xie, M. (2005). On Some Reliability Measures and their Stochastic

Orderings for the Topp-Leone Distribution, Journal of Applied Statistics, 32, 715–722.

MirMostafaee, S.M.T.K. (2014). On the Moments of Order Statistics Coming from the Topp-Leone

Distribution, Statistics and Probability Letters, 95, 85–91.

Nadarajah, S. and Kotz, S. (2003). Moments of Some J-shaped Distributions, Journal of Applied

Statistics, 30, 311–317.

Topp, C.W. and Leone, F.C. (1955). A Family of J-shaped Frequency Functions, Journal of the Amer-

ican Statistical Association, 50, 209–219.


	Introduction
	Stochastic Ordering
	Preservation properties
	Introduction
	Some famous orderings
	Entropy Measures 
	Introduction
	Estimation of R with same scale parameters
	Maximum likelihood estimation of R
	Bootstrap confidence intervals
	Bayes estimation of R
	Estimation of R with known scale parameter

	Numerical Example
	Int
	 Wavelet Shrinkage Estimator based on Maximum A Postorier 
	Numerical Computation
	Conclusion
	Introduction
	Entropy Rate of Stochastic Processes 
	Entropy Rate of Stationary Markov Chains
	Estimation of Entropy Rate

	Entropy Rate of INAR(k) Processes
	Introduction
	Preliminaries
	Distribution of sums
	Introduction
	Bayesian method in bandwidth estimator
	Simulation
	Introduction
	 Bayesian network methodology
	Boolean network
	Correlation coefficient methods

	Introduction
	 Markov switching smooth transition GARCH model
	Forecasting

	Estimation
	Sampling zt
	Sampling 
	Sampling 

	Introduction
	Results
	 Introduction
	Minimum variance unbiased estimation
	Estimation of the Risks
	Rainfall data: an illustrative example
	Introduction
	Preliminaries
	SUE distributions

	Truncated SUE distributions
	Univariate TSUE distributions
	Multivariate TSUE distribution

	Application to order statistics
	Exchangeable Elliptical case
	Some reliability measures

	Introduction
	Shape
	Statistical measures
	Quantiles
	Moment generating function and moments
	Order statistics

	Maximum Likelihood Estimation
	Application
	Introduction
	Preliminaries
	Orders Between Order Statistics from Marshall-Olkin Extended Weibull Distributions
	Use of MOEW distribution as the claim amount distribution
	Introduction
	Proposed Estimators
	ML Estimators
	Penalized MLE
	Bayes Estimators

	Simulation Study
	Simulation results

	Introduction
	Obtaining the OWA weights based on a measure of entropy when there are inequality constraints on the weights
	Numerical illustrations
	Introduction
	Original Parrondo's Games
	New Strategy and Simulation Results
	Introduction
	The normal-Poisson Distribution
	Failure rate function and its shapes 
	Quantiles and Moments of the NP distribution
	Moments


	Estimation and inference
	Applications
	Introduction
	Setup and Preliminaries
	American contingent claims in an initially enlarged filtration
	Introduction
	Preliminaries
	Reliability analysis of k-out-of-n G:system
	Semi-Markov system and the associated Markov renewal matrix
	 Reliability measures

	Introduction
	Preliminary in Halton sequence
	Hybrid sequences
	Numerical results
	Introduction
	Main Results
	Introduction
	Preliminaries
	 Results for largest claim amounts
	Ordering results
	Some Applications

	Introduction
	PCSTAH(1) Processes
	Strong law of large number
	Introduction
	Preliminaries
	Main results
	Introduction
	Model description and Maximum Likelihood Estimators
	Bayesian estimation
	Confidence Intervals
	Simulation study
	Conclusion
	introduction
	standard model
	Fully Stochastic Portfolio Selection
	Uncertain Exit Time
	Stochastic Weights
	Introduction
	Functional linear model
	Assumptions and main results
	Numerical results
	Results under different settings

	Conclusions
	Introduction
	Definition and basic properties
	Construction of extended generalized weighted exponnetial (EGWE) distribution
	 Statistical and reliability properties (MGWE) distribution
	 Distribution function, survival, and failure rate function
	Moment generating function 

	Main results
	Data analysis
	Conclusions
	Introduction
	The Unobserved ARCH Model and Posterior Odds Ratio
	A New Prior Distribution 
	Empirical Study
	Conclusion
	Introduction
	-power tranformation method
	 -power exponential distribution
	Quantile function and simulation
	Mode and moments
	Maximum likelihood estimation
	Introduction
	Correlation coefficient goodness-of-fit test for the extreme value distribution
	Forward search in correlation coefficient goodness-of-fit test for the extreme value distribution
	Step 1: Choice of the initial subset
	Step 2: Progressing in the search
	Step 3: Monitoring the search

	Simulating the distribution
	Simulation study
	Concluding remarks
	Introduction
	The estimators
	Complete data
	Censored data

	Simulation results
	Introduction
	The gamma-Weibull distribution
	Moments
	Parameter estimation and inference
	Applications
	Introduction
	The extension of Cowan's copula
	Introduction
	Longitudinal Model for Spherical Data
	Shape Growth Model
	Application
	Introduction
	Conditional properties of the GINAR(1) model
	Forecasting
	Point Prediction
	Interval Prediction
	Some simulation results

	Real data analysis
	Introduction
	Decreasing Reversed Failure Rate
	Generalized Reversed Failure Rate
	Decreasing Generalized Reversed Failure Rate
	Generalized Reversed Failure Rate for Weighted Distributions
	Introduction
	Restricted maximum likelihood estimator (RMLE)
	The proposed methodology 
	Motivation
	 Randomized order restricted estimator (RORE)

	Simulation study
	Concluding remarks
	Introduction
	Strong Consistency
	Numerical Simulation
	Conclusion
	Introduction 
	 Definition and properties 
	Complete Convergence Theorems
	Introduction
	Finite Difference Approximation for Advection Diffusion Equations 
	Consistency, Stability and Convergence of Stochastic Scheme
	Introduction
	The discrete beta generalized exponential distribution
	Application
	Introduction
	Preliminaries
	SLLN for APND r.v.'s
	Introduction
	Improved LASSO Estimators

	Asymptotic Properties
	Graphical Results
	Introduction
	Deterministic SIS Epidemic Model
	Stochastic SIS epidemic model
	Deterministic SIR epidemic model
	Stochastic SIR epidemic model
	Numerical examples
	Introduction
	Preliminaries
	Ruin Probability
	Simulation Study
	Conclusion and Suggestions
	Introduction
	Slashed generalized normal distribution
	Moments of SLGN distribution
	Introduction
	The mean remaining time to failure of the censored data
	Inference based on predicted likelihood
	Introduction
	Properties of LM LARCH() model
	The Estimator
	Simulations
	Introduction
	Preliminaries
	Spectral theory of unitary operators
	Spectral representation of PC processes
	Locally stationary processes
	Exponentially convex function

	Main results: A continuous time PC-LS model
	Continuous PC process
	Multi-component LS process
	Covariance function of PC-LS process
	Spectral representation

	Introduction
	Preliminaries
	Joint distribution of bivariate concomitants
	Prediction via bivariate concomitant
	Introduction
	Score test for Zero Inflated Negative Binomial distribution
	Monte Carlo Simulation
	Results and discussion
	Introduction
	Preliminaries
	Main results
	Introduction
	OS from the SN-distribution
	Illustrative examples
	Introduction
	The Dirichlet process prior
	The skew-normal distribution

	The piecewise transition mixed-effects model
	The initial conditions problem

	Bayesian Estimation
	Simulation study
	 Introduction
	The main results
	Conclusion
	Introduction
	Copulas
	A bivariate exponential distribution
	Estimation of parameters
	Simulation results
	Data analysis

	Introduction
	Kac-Rice Formula
	Asymptotic Behavior of E(N(0,2))
	Results On the Intervals(,-),(+,2-)
	Results On the Intervals (0,),(-,+),(2-,2)

	Introduction
	The DEXPINAR(1) model
	Properties of the process
	Estimation and simulation
	Conditional least square estimation
	Non-Parametric estimation
	Maximum likelihood estimation

	Simulation comparison
	Introduction
	Main results
	Introduction
	Definitions and properties
	Introduction
	Generalized mixture representation for inactivity times of coherent systems under some conditions 
	Introduction
	Main results
	Introduction
	Formulation of main results
	Integration by parts formula
	Introduction
	-entropy for a weighted exp-G family
	Residual entropy for exp-G distribution
	Introduction
	Skew-t Distributions
	Extreme Value Theory

	The Extreme Value Distribution of Type III Skew-t Distribution
	Extreme value Distributions for Generalized Type I Skew-t and Skew-t-Normal Distributions
	Introduction
	Quantile periodogram
	Application
	 Detecting hidden periodicity at the time series 
	Characterizing time series with time-dependent variance
	Fisher's Test for Hidden Periodicities

	Introduction
	A new distance measure
	A normality test based on Hn
	Simulation study
	Introduction
	Log-Likelihood Function
	Point Prediction
	Maximum Likelihood Predictor
	Best Unbiased Predictor
	Conditional Median Predictors

	Real Data Analysis and Simulation
	Real Data Analysis
	Introduction
	BPP distribution
	Mgf and Moments of BPP
	Moments of order statistics

	 Estimation and inference
	Applications of the BPP distribution
	Introduction
	Singular Spectrum Analysis (SSA)
	Forecasting by SSA

	Artificial Neural Networks
	Application of SSA and ANN for Exchange rate data
	Results

	Introduction
	Materials and Methods
	Definitions
	Mammography
	Parameter estimation

	Anisotropy Tests
	Definitions

	Numerical study
	Discussion and Conclusion
	Introduction
	The Probability Density Function of EPD II
	Properties of the Exponential pareto II distribution
	Moment
	Entropy
	Entropy for order statistics
	Application of the EPD II
	Introduction
	Preliminary test estimation
	Shrinkage estimator
	Numerical study
	An example

	Introduction
	Preliminaries
	Rate of Convergence in the Sample Autocovariances Operators
	Introduction
	Skewed AR models
	SN AR models
	CSN AR model

	Conclusions
	Introduction and preliminaries
	Dependence measures
	Gumbel's bivariate exponential distribution
	Gumbel-Barnett family
	Celebioǧlu-Cuadras copula
	Relations between dependence measures

	Independence test against negative quadrant dependence
	Simulation study and applied examples
	Examples

	Introduction
	Distributional Properties
	The moments
	Maximum likelihood estimation
	Application

