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Abstract

Process capability indices are numerical tools that quantify how well a process can
meet customer requirements, specifications or engineering tolerances. In real world,
in some cases we are faced with imprecise data. So, fuzzy logic is engaged to deal with
them. This paper develops two fuzzy methods for measuring the process capability
in simple linear profiles in the circumstances in which lower and upper specification
limits are imprecise. Furthermore, numerical example is presented to illustrate the

applicability of the proposed methods.

Keywords: Simple linear profile, Process capability index, Fuzzy logic, Triangular

fuzzy numbers, Ranking function.

1 Introduction

Process capability indices (PCls) are numerical quantities that measure how the process products meet the required specifications
considered for them. In some processes, the quality of a process or productc can be characterized by a functional relationship between
a response quality characteristic and one or more explanatory variables. This relationship is usually known as a profile. Quality profiles
can take on several different functional structures such as linear, nonlinear, polynomial, etc. Most research on profile monitoring are
related to simple linear profile. A simple linear profile is a linear profile with only one independent variable.

(2) proposed two methods for measuring the process capability in simple linear profiles. The first method uses the percentage
of nonconforming parts produced at each level of the independent variable to introduce a PCI. In the second method, based on the
estimated responses, a vector of three components is defined to assess the process capability. In the next section, we refer to these

indices.
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In real applications, there are processes that their specification limits are imprecise or in linguistic form, so traditional approaches
may fail to account the capabilitity of these processes. A graded representation of the specification limits is handled by employing the
theory of fuzzy sets. In addition, fuzzy set theory is used to add more information and flexibility to PCIs than the traditional ones,
but there is no research dedicated to the profile capability analysis in fuzzy environment. This paper aims to provide a research of the

application of fuzzy logic in profile capability indices.

2 Process capability indices for simple linear profile

Suppose the relationship between the response variable and explanatory variable is such a simple linear regression model. Let
(zi,yi5); ©=1,2,...,k be the observations for the 4" sample collected over time. When the process is in statistical control, the relation-
ship between the response, independent variable and error terms can be modeled by Y;; = Ao+A1 Xi+e5; i =1,2,..,k, j=1,2,...,n,
where €;;’s are independently and identically distributed normal random variables with mean zero and variance 2. We can estimate
> =1 a1y

n
"o N
292179 and Ay =ay =

n n

and ai; = %’ and g; = Zf:1 Yij [k, T = Zf:l zi/k, Say(j) = Zf:l(‘ri — T)Yij, and Sez = Z§:1(xi —)*; see (7).

Ap and A1 by ap and a1 according to the sample observations as A\o =ag = , where ao; = ¥; — a1;T

Hence, we can write ﬁj = aoj + a1jxi, t =1,2,..., k, where }/}ij denotes the predicted value of response variable from j** sample
for a given level of X. Furthermore, Y; = ao + aiz; is the predicted value of response variable for a given level of the independent

variable.

The unbiased estimator of o2 can be defined by MSE = > SF e7;j/n(n —2), and e;; = yi; — Tij. €i;s are the residuals for

the j*" sample. For more information, we refer to (1).

2.1 Capability assessment using responses

Let LSL; and USL; are the lower and upper specification limits of the response variable at the i** levelof independent variable.

k k
The average of the percentage of non-conforming profile produced can be defined by Pr = # and Py = %, where,

pr, = P (Y; < LSL;) = @(Lséi::z) and py, = P-(Y; >USL;) =1— @(mgiﬁ), and ®(¥¥) is the ¥ percentile of statndard normal

distribution.

Process capability index is defined as;

Open = WMI 20}, (1)

where, Zr, = Z(PL) = ® (1 — Pr) and Zy = Z(Py) = 7' (1 — Py).

2.2 Capability assessment using predicted responses

As it mentioned by (4), the linear fit or the prediction 57', is distributed normally with mean Ao + Aix; and variance 02(% +

(z:—3)2

5 ) In addition, Y = (371, iA/g, ...,}A/k)’ has the multivariate normal distribution with the variance-covariance matrix as 3¢ =
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W(W'W)"*W'o?, where

1 X1

1 i)
W =

1 xp

(2) proposed multivariate approaches of process capability to determine the process capability index for a profile based on ﬁs and
selected the method proposed by (9). The process capability vector has three components as [Cpar, PV, LI]. The first component, Cpas
is defined by
I,
I
where, LPL; = pi; — 4 /Xi,()‘oom oi and UPL; = p; + 4 /Xi,()‘oom oi, and Xi,p is the upper p quantile of a chi-square distribution with

k degrees of freedom and p; and o; are the mean and standard deviation of 171-, respectively. For more details, see (5). When the value

1
USL; — LSL;) ]*
)} , @)

Cp}VI = |:
UPL; — LPL;)

|

of Cpar is greater than 1, it indicates that the circumscribed “modified process region” is smaller than the engineering specified region;
namely, the part is “acceptable”.

The second component of this vector is the significant level of the observed value with the Hotelling’s T2 statistic, t* = n(ﬁzf -
,uo)'E;?l (SRK — W), for testing the process centerality, expressed as PV = P, (Fk,n_k > #ikl)tz), where Fj ,—j denotes a random
variable having the F' distribution with k, n — k degrees of freedom and py = (to1, o2, -, pox)” in which po; = (LSL; + USL;)/2. The
third component (LI), taking values, 0 or 1, compares the location of the modified process region and the tolerance region. It takes
the value 1 when the entire modified process region is contained within the tolerance region; otherwise, it takes the value 0. For more

information, we refer to (8).

3 Fuzzy capability indices for simple linear profile

Here, we consider a situation in which the specification limits and target are triangular fuzzy numbers as as LSL = T(l1,l2,13) and
USL = T (u1,u2,us), respectively. It should be noted that in this paper, to make a comparison between two fuzzy numbers (quantities),

we employ the ranking method proposed by (3).

3.1 Fuzzy estimation of the index épkA

First we estimate Pr, Py, Z1, and Zy according to the fuzzy set theory. Fuzzy estimations of Pr, and Py can be obtained as;
k ~ k ~
b, = D, pr; . Py= @D, pu; ) (3)
k k
The indices pr, and py, are gain by palcing their a-cut intervals one on top of the other, which have the form:

ﬁLi (a) = [ﬁLil (a)v ’ﬁLw (a)]’ ﬁU'i (a) = [ﬁUil (Oé), ﬁUiT‘ (a)]7 (4)

where pr, (@) = Pr(Yi < LSLu(@)), prin(a) = Pr(Yi < LSLir(@)), puy(a) = Pr(Yi > USLu(e)) and pu,, (o) = P.(Yi >

ﬁVSLiT(a)). Therefore, a-cut intervals of Py, and Py are obtained from the a-cut intervals of pr; and pr, according to the following
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equations;

Pula) = [Pr(), P (o)) = [=tPral®) - 2 Pru (@)
Po(0) = [Pu(a), Pu(a)] = [Ze=tPul® - L Prule)) )

Let Zp =® (16 Pr) and Zy = ® (1 © Py), so these fuzzy quantities a-cut intervals can be obtained by

Zi(e) = [Zun(e), Zi(a)] =[27 (1= Pr(a), @7'(1 - Pr(a))]
_ [q)_l(l_ Zfﬂ%w(a)% a1 ZL@;L“(M)} ©
Zu(e) = [Zv(e), Zv,(@)]=[27"(1~ Py, (), @7 (1~ Pu,()]
[q)_l(l B zf:limr(m)’ o1 (1 ZL]ZU“ (a))]. o
At the end, Cpea can be defined as what follows;
Con = @ ®)

where, min{Z L, ZU} is gain based on the ranking function. The épk 4 would be at least approximately one to assess the process is

capable. To make a comparision between épk 4 and T, ranking function is utilized.

3.2 Fuzzy estimation of the vector [C,, PV, LI|

Fuzzy estimation of the first component of [Cpar, PV, LI] is defined as the following;

®" (USL: @ﬁi)} ®

Conp =
o [Hfl (UPL; — LPL;)

Cpm is gain by placing its a-cut intervals, one on top of the other. The a-cut level sets are obtained by

Brnela) = KH?I (USLu(a) — LSLir(a)) > (Hi% (USLir(a) — LSLu(a)) ) i} _ (10)

[1._, (UPL; — LPL;) [1,_, (UPL; — LPL;)
LPL; and UPL, are as defined in the subsection 2.2. If the process spread is more than the tolerance spread, C~’p »m would be less than

1.

For the second component, we test the hypothesis Hy : f = i, versus H1 : [ # [, where iy = [fo1, fo2, .-, fok)’, and
Hoi = (fg'l/ll ® l/JTS'_il) /2. To obtain 2% , first we get its a-cut level sets as what follows and then, place these intervals, one on top of
the other, that has the form ]3\‘7(04) = [PA‘J/l(a), /15‘7,«(&)], where,

Y —my Yi —ma
__ . n—k | Ya—ma | Ye-me
PVl(Oé) = min {p(sz,n—k > m 2? );
Y5 — mu Y — my,
m; € ﬁOij(Ol)7 1= {1,2, ...,k}, j= {l,r}}7 (11)
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Y1 —ma Yi—ma

— n—=k ?2—m2 1 YQ_mQ
PV.(a) = max{p(Fk’n_k>m hIPS );
Y/k — Mg )_/k — Mk
mi € fioij (@), i={1,2,...k}, j= {z,r}}. (12)

Several answers are obtained based on above equations, but we choose the ones satisfy in the following condition PV 1(8) <
PVi(X) < PV,(1) = PV,(1) < PV,(\) < PV,(8), for all 8, A € [0,1], B < \.

To make a decision, first we detect a degree of uncertainty such v € (0, 1). Therefore, we have a three decision problem as follows;

o IfPV () > 0.05, then the process mean vector is not far from the target vector.

e If PV,(y) < 0.05, then the process mean vector is far from the target vector.

o IfPV 1(7) £0.05 < PV,(7), then we can not come to a clear decision. In such cases, one may take more samples and follow the
procedure until making a decision.

For the third component, we defuzzify specification limits. To do this, we utilize the ranking function. Overall, the process supposed

to be capable if épM >R T, ]/5\7;(7) > 0.05 and LI = 1.

4 Numerical example

In this section, we apply our proposed indices to asses the capability of a process discussed by (6) for monitoring simple linear profile
3+ 2z; + €5, where €;; ~ N(0,1) and four levels are considered for independent variable. Fuzzy specification limits of the response

variable at each level of the independent variable are represented in Table 1.

Table 1: Fuzzy specification limits for each level of independent variable.

i X; LSL USL

1 2 T(1.5,2.5,3.5) 7(9,10,11)

2 4 T(5.85,6.85,7.85) T(13.35,14.35, 15.35)
3 6 T(10.25,11.25, 12.25) T(17.75,18.75,19.75)
4 8 T(15.25,16.25, 17.25) T(22.75,23.75,24.75)

A random sample of size 20 is gathered and the response variables are provided in Table 2. We obtain épk 4 =1T(0.622,0.844,1.074),
i.e., “approximately 0.844”. Figure 1 shows these membership functions of ISL, ﬁL and épk 4. Based on ranking function, we get
épk 4 <r 1 and conclude that the process is non-capable.

Furthermore, the fuzzy capability vector is gain as [Approzimately 0.825, Approzimately 0.316,0]. The membership function
plots of ép v and PV is depicted in Figure 2. Applying the ranking function for the first component, it is concluded that é’pM <r 1.
Therefore, the process spread is more than the tolerance spread. For the second component, a certain degree of imprecision on sample
data is set to v = 0.85. Hence, the 0.85-level set of PV is ./ST/(O.85) = [0.22785, 0.42423]. Since ]3\1//1(0.85) > 0.05, it is concluded that

the process mean vector is not far from the target vector. As a whole, it is concluded that the proess is non-capable and the source of

incapability is an increase in the process dispersion.
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Table 2: Response variable values for each level of independent variable for the process.

J Y1j Y2; Y3 Yaj

1 8.19837 10.47989 16.10724 18.09119
2 5.41900 13.50778 13.33350 20.76592
3 6.69395 12.61018 14.70334 17.84424
4 6.52728 11.72180 12.04253 19.58016
5 6.18652 11.19089 15.45497 20.34619
6 7.89796 12.31044 16.98637 19.52664
7 7.52679 10.70415 12.81237 20.19214
8 6.13878 11.74836 15.21016 17.89524

©

6.56923 11.61733 14.52857 18.87686

10 6.69420 10.76137 15.59695 20.68131
11 8.16622 10.80810 13.39272 16.41702
12 6.61339 12.10850 14.76365 20.73736
13 6.88168 9.89736 14.66455 17.47383
14 5.86898 8.92178 14.52292 19.65359

15 7.64431 11.49970 16.12611 19.52600
16 6.65401 9.34401 13.44022 18.85888
17 4.53373 12.07692 13.75410 17.30811
18 8.15546 10.12848 16.08425 19.51222
19 6.64076 12.74778 14.40005 19.54112
20 7.02704 12.53329 16.88411 17.70131
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Figure 1: The membership functions plots of Pr (the left one), Py (the middle one) and Cpra (the right one).

5 Conclusion

In this article, two fuzzy methods were developed to measure the process capability of simple linear profile for the processes that the
specification limits of the response variable are fuzzy numbers. Furthermore, the new methods were applied for numerical example to

demonstrate the performance of the new indices.
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Figure 2: The membership functions plots of 5pM (the left one) and 1% (the right one).
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Abstract

In the presence research, we are going to obtain the solution of the fuzzy shortest
path (FSP) problem. According to our search in the scientific reported papers,
Our focus on the paper is to give a recurrent neural network model to solve the
FSP. Moreover, the proposed model is proved to be globally stable. Finally, several

numerical simulations are given to show the performance of the proposed approach.

Keywords:Fuzzy shortest path problem , linear programming problem , weighting

problem , recurrent neural network , globally convergent.

1 Introduction

The shortest path (SP) problem is related to finding the shortest path in a given network from a specified origin to a specified destination.
Also, in this case we want to minimize the total cost. The problem arise in a wide variety of scientific and engineering applications such
as traffic routing in communication networks, vehicle routing in transportation systems, economic, and etc (see (3; 1; 2)).

Let G = (V, E) be a graph, where V is the set of vertices and E is the set of edges. A path between two nodes is an alternating
sequence of vertices and edges starting and ending with the vertices. The distance (cost) of a path is the sum of the weights of the
edges on the path. However, since there can be more than one path between any two vertices, the problem of finding a path with
the minimum cost between two specified vertices makes sense. This is the so-called shortest path problem. In real world problem the
arc length of the network may represent the time or cost which is not stable in the entire situation, hence it can be considered to be
a fuzzy set. The fuzzy shortest path (FSP) problem was first discussed by Dubois (4) in 1980. Although the shortest path distance
can be obtained, corresponding shortest path cannot be identified. Klein (7) proposed a dynamical programming recursion-based fuzzy

algorithm that specified each arc length within an integer value from one to a fixed number.

ISpeaker: m__ shaghnezhad@yahoo.com
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Neural networks concepts were found in 1985 by Tank and Hopfield (5). There exist some neural network models for solving the
quadratic optimization problem (7; 4). Motivated by the above discussions, in the present paper, we propose a new one-layer structure
recurrent neural network model to solve the FSP problem. As we know, there is not an attempt for solving the FSP problem by
recurrent neural network models. This methodology is going to study the recurrent neural network model to solve the F'SP problem. I
addition, to show the stability property of the proposed model, a new Lyapunov function is given. As we mentioned, the main advantage

of the neural network approach is inherently parallel and distributed nature.

2 Fuzzy Shortes Path Problem

In this section a mathematical formulation of the FSPP is presented.

In directed network G = (V, E), each arc is denoted by an ordered pair (i, j), where 4,5 € V. Note that, there is only one directed
arc (4,7) from i to j. Also, node 1 is the source node and assume that ¢ is the destination node. Let ¢&; denotes a triangular fuzzy
number corresponding to the edge (i, 7), associated with the length necessary to traverse (4, j) from ¢ to j. In real world problems, the

length associates with the cost, the time, the distance, etc. Then, the FSPP is formulated as the following linear programming problem:

min f = E 57;]‘1'1']'

(i,5)€EE
1, ifi=1,
s.t. }:mjfE:%w= 0, ifi#tlr (i=1,...,r), (1)
] ] 1, ifi=n
zi; =0 or 1, for (i,5) € E,

where 7 is the number of nodes, and the symbol Y in the objective function refers to an addition & of fuzzy numbers. Also, z;; denotes

the decision variable associated with the edge from vertices i to j as defined below:

1, if the edge from vertices i to j is in the path;
Tij =

0, otherwise.

Because of the total unimodality property of the constraint coefficient matrix defined in (1) (3), the integrality constraint in the shortest
path problem formulation can be equivalently replaced with the non-negativity constraint, if the shortest path is unique. By the above

discussion the following equivalent linear programming problem can be formulated:

s s
min E E 5ijzij

i=1 j=1
i
e s
s.t. Z$ik—z.’xli:5il_5iry t=1,...,7 (2)
k=1 =2
kAi 143

2i; >0, i i=1,...r—1, j=1,..r
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where 0;; = 1 for ¢ = j and equal to 0 for ¢ # j. We can write the problem (2) as a interval program:

r s
min > > [e;;(a)wij, Gy ()]
i=1 j=1
J#i
T a
s.t. ink—zmiz&-l—éir, iZl,...,T, (3)
k=1 =2
ki 1#i

2i; >0, 0<a<l, i#yj, i=1,...,r—1, j=1,...,r,
By reformulating (3) into a weighting problem, we have:

min Y Y (wig; (@) + wats(a)) Ty
i=1 j=1
i

T ka

s.t. ink—zmiz&-l—éir, iZl,...,T, (4)
k=1 =2
k#i 1#4

2i; >0, 0<a<l1, i#j i=1,...,r—1, j=1,..r

where wi + w2 = 1. Based on the edge path representation, the dual shortest path problem can be formulated as a linear programming

problem as follows:

max Yy, — Y1
st y; —yi Swic (@) +wacij(a), i#3j, i,5=1,2,...,m (5)

0<a<l,

where y; denotes the dual decision variable associated with vertex ¢ and y; — y1 is the shortest distance from vertex 1 to vertex i at

optimality.

3 Recurrent Neural Network

min cx
s.t. Az =b, (6)
x>0

Similar to the structure of the problems (3)-(4) the problem (6) can be written as follows:

min (wic+ wel) x
st. Az =b, (7)

z >0,
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where z,c € R", A € R™*" and b € R™. The KKT optimality conditions for (7) can be obtained as follow:

(—(wic+ wat) + ATy)z =0

—(wic + wae) + ATy >0 (8)

where y (is free) is the Lagrange multiplier. For introducing the recurrent neural network model we need some preliminaries.A mixed

complementarity problem on R’ is defined as follow,

where, L ={1,...,n+m}.
Here, we are going to rewrite the KKT optimality conditions (8) as a mixed linear complementarity problem (MLCP). For this

purpose, we set the vectors F'(w) and w as follow:

—(wic + wee) + AT T
F(w) = (wie 2¢) Y , w =

—Azx y

Also, it can be restated as the matrix form below:

O(m m AT| |z —(wic + wee)T
Flw) = (m+1)x (m+1) N (wic + wat)
—A 0 Y 0
Consider the following matrix and vector:
O(mat)x(ms1) AT —(wic + we)”
M = R q=
—A 0 0

Therefore, F'(w) can be reformulated as F(w) = Mw + g where M is a positive semidefinite matrix. Thus, we can restated the KKT

optimality conditions as the following MLCP:
F(w) = Mw + g,
Fyw; =0, F,>0, wi>0, i=1,2,...,m, (9)
F; =0, j=m+1,....m+n.
Now, we define the function NCP function is the min function, which is defined as:
¥(a,b) = min (a,b).
Also, the U,,:n(a, b) can be shown with different representation as follow:

Uonin(a,b) = min{a,b} = (a+b—|a —b)/2
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Now we describe a recurrent neural network for solving (MLCP) (22) whose state variable is defined by the following system: Here, for

solving the MLCP (9), the following dynamical model is given:

dw

W M) Hw), (10)

where w = (z, z),n > 0 andF is defined as follows:
H(w) :gbmm(wi,Fi(w)) 7= 1,2,...,m (11)
H;(w) = F;(w) i=m+1lm+2,...,m+n, (12)

4 Convergence Analysis

Here, we study the stability analysis of the proposed model (10). For introducing the recurrent neural network model we need some
preliminaries. Here, we study the stability analysis of the proposed model (10). z* is the KKT point of (8), if and only if,
wk = (z*,y") satisfies the equationH (w*) = 0. Right hand side of (10) is Lipschitzian. w# = (z*,y*)7 is the equilibrium point of
the recurrent neural network model (10), if and only if, satisfies the KKT conditions (8)

There is a unique Lipschitz continuous solution z(t) for the neural network model (10). The model (10) for 0 < 7 is stable in the

sense of Lyapunov and globally convergent.

5 Numerical Example

In this section, we present an illustrative example in order to demonstrate the applicability and the performance of the recurrent neural
network model. Let us consider an acyclic network that possesses an arc with a negative cost in networks with such a characteristic

as shown in Fig. 1. Also, the arc lengths are displayed in Table 1. We apply the proposed neural network model in (9) to solve this

Figure 1: Acyclic network of Example 5

program. Fig. 2 displays the transient behaviour of z(t) based on the neural network model (9) with random initial point, o = 1,

w1 = wy = %, and v = 2. It means the optimal solution of the problem for & = 1 (when the fuzziness goes to zero), choosing the

parameters w; = wa = %, and v = 2 is shown in Fig 2. Moreover, Fig. 1 displays the transient behaviour of x(t) based on the neural

network model (9) with random initial point, & = 0.5, w1 = wy = %, and v = 2. Also, we give the solutions for various values of o and
1

setting parameters w1 = w2 = 5 and v = 2 in Table 2. According to the Table 2, the a-cut of f and x;; represent the possibility that

the value will appear in the associated range.
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Table 1: Fuzzy arc lengths of acyclic network in Example 5

Source node  Destination node  Arc cost

(1, 2, 3)
57,9)
1,4,9)
10, 11, 12)
16, 7)
9, 10)
9,-8,-7)
11, 13, 14)
8, 9, 10)

=2 R e N A N LR VU W)

G
(1,
(
®
(8
(-
(
(

[ B O SO VO VN

, and v = 2 in Example 5.

Table 2: The solution of the neural network model (9) for different values of a, w1 = wa = %

i\ 0 0.1 0.3 0.5 0.7 0.9 1

T12 0.9996 0.9994 0.9991  0.9989 0.9988 0.9986  0.9986
13 0 0 0 0 0 0 0
23 0 0 0 0 0 0 0
T24 0.9995 0.9994 0.9990 0.9989  0.9985 0.9985  0.9983
25 0 0 0 0 0 0 0
T34 0 0 0 0 0 0 0
T45 1.0002  0.0003  1.0007  1.0009 1.0009 1.0010  1.0011
T46 0 0 0 0 0 0 0
T56 1.0006 1.0006  1.0008 1.0011 1.0012 1.0014  1.0014

15 b
g X1 %24 %45 %56
1
<~
0.5 b

X13 %23 X251 X340 %46

e

0 0.5 1 15 2 25 3 35 4 4.5 5
t

-0.5

Figure 2: Transient behaviours of the neural network (9) with random initial points, o« =1, w1 = we = %, and v = 3 in Example 5
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Abstract

When the sample size is small, optimal estimation in the context of regression model-
ing is important. In a typical fuzzy regression with crisp input and fuzzy error term,
we implement the fuzzy Jackknife-after-Bootstrap (JB) technique to estimate the
fuzzy parameters. Numerical example illustrate the proposed JB approach improves

the estimates of fuzzy parameters.

Keywords: Fuzzy regression, Fuzzy least-square method, Jackknife-after-Bootstrap

(JB) technique method, a-cut.

1 Introduction

In 1982, Tanaka and his colleagues proposed a mathematical relation for fuzzy regression modeling (FRM) afterward many efforts have
been done to refine their FRM mechanism, see (9) for an extensive review. However, when the size of samples is small, resampling
technique must be used in estimating the parameters of a fuzzy regression model. Resampling techniques such as bootstrap were applied
to FRM by (1), (8), and (7). Recently (6) proposed the fuzzy Jackknife-after-Bootstrap (JB) technique to enhance the efficiency of
bootstrap method.

The structure of the paper is as follows: In Section 2, some basic concepts of fuzzy theories are briefly reviewed. In Section 3, the
fuzzy analogs of the normal equations of the least squares method are addressed and the fuzzy least squares estimators are obtained.
Further the JB method is applied to estimation of parameters. In Section 4, numerical examples are presented for illustration purpose
of the JB technique and providing optimal model criteria in comparison with bootstrap method for each a-cut. Finally, Section 5

summarizes the main results and draws conclusions.

1Speaker: email@email.ac.ir
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2 Preliminaries

In this section, we introduce some definitions regarding the fuzzy sets and the fuzzy numbers, as well as some basic concepts of fuzzy

theory.

2.1 Resampling methods

Resampling methods are robust procedures to increase accuracy in model estimation with low sample sizes. The jackknife and the
bootstrap methods assume that the quadrats are independent and represent a sample from the same distribution. No assumption,
however, is made about the relationships among species within a quadrat.

Suppose one is interested in estimating some parameters, €, using 0= F(X1,X2,...,X,), where X = (X1, X2, ..., X,) is a sample
of n independent random variables with cumulative distribution function F(X,#). Assume that é\, is a reasonably good estimate of 6.

To obtain the jackknife estimate using the observations x = (21, 2, ..., Z»n), one performs the following algorithm (12).

(i) Remove one of the observations, say, ;.
(ii) Compute the estimate of 6 based on (z1, 2, ..., Zi—1,Tit1,--.,Zn), and denote it by 0_;.
(ili) Compute the pseudo value 8; = nf — (n — 1)0_;.
(iv) Repeat (i) to (iii) n times for s = 1,2,...,n.
The jackknife estimate J.(8), is then given by J;(0) = % Zn: 0. Bootstrap is developed as a method related to the jackknife but more

i=1
widely applicable and dependable. The bootstrap method typically requires simulation methods for estimation of the parameter and

its variance. The bootstrap procedure will be based on (7).

2.1.1 Jackknife-after-Bootstrap method

Let us denote se(g)7 the sample standard deviation of B bootstrap replicates of 0. Now, if we leave out the i*" observation, the algorithm
for estimation of standard errors is to resample, B replicates from n — 1 remaining observations (for each ¢). In fact, the importance
of this method of obtaining an approximation of the standard error is related to the bootstrap samples. The jackknife-after-bootstrap
(JB) computes an estimate for each “leave-one-out” sample. This method is due to (5). Let J(i) denote the indices of bootstrap
samples that do not contain z;, and let B(i) denote the number of bootstrap samples that do not contain z;. Then we can compute

the jackknife replication leaving out the B — B(i) samples that contain x;.

2.2 Fuzzy definition

1.2. A fuzzy subset A with membership function &z : R™ — [0,1] is called a fuzzy number, if € ; satisfies
(i) A is normal,
(i) A is convez,
(it) €3 is semicontinuous,

(iv) supp(A) := {x € R™ : gg(x) > 0} is compact.
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2.2. The a-cut of a fuzzy number Aisa non-fuzzy set defined as

The set of all fuzzy numbers will be denoted by F.(R). The a-cut Ao of A € Fo(R) is a closed and bounded interval for each
a € [0,1]. Hence a fuzzy number A € F.(R) is completely determined by the end points of the intervals A, = [Ag,Ag]. The
arithmetic operations for two fuzzy numbers A, and B, are defined in the standard way, in terms of the a-cuts for a € [0, 1].
Addition: A + Ba = [AL + BE, AU + BY].
Scalar multiplication: for given k € R,
[kAL EAT] ifk >0
k-A, =
(kAL kAL] ifk <0
Scalar addition: k 4+ A, = [k + ALk + Ag} .

Using the general Hukuhara difference (13), the subtraction of interval is defined as follows:
(A%, Al 4 [By, Byl = [Ca, C]
where C, = min {AL — BL, AY — BY},CF = max {AL — BL, AY — BY}. An alternative representation of a closed interval A, =
[Aé, Ag] is by using the midpoint and the width, i.e.,

AS:%(A@-&-Ag) and AZV:%(AS—Ai).

Therefore, the interval A, can be equivalently expressed as the vector A, = (AS, AY), AY > 0. In this paper, the distance between

a-cuts of two fuzzy numbers A and B as Euclidean distance is applied by

d(Aa, Ba) = \/{AG — BEY + (AW — B},

3 FRM

In this paper, we will used the fuzzy regression model as follows:
ﬂi:Eo-l-Ewi-ng, i=1,...,n and «a€][0,1],

where y; is the fuzzy output and z; is a non-fuzzy input variables. Also BO and El are the fuzzy coefficient and €; is an error without

assumption of distribution.

3.1 Estimation of fuzzy parameters

Based on the least square method, distance definded above and the fact that a-cuts generate non-fuzzy intervals, now we have:

n
D (@i =) (yie — Ua)
Yia = Boa + BraTi + €ia, BY, =vE - pE X, gE = =t

n

Z(ﬂﬁi —z)°

=1
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Where Z is the mean of input values and * is the mean of the observed responses under the o and k were K = L, U, (L=lower
and U=upper) so we denote the estimated closed interval B\f; for 57 = 0,1 by Bffx = [B;Q,EL], where BJ; = min {Ej;} and
Efa = max { Bj;} Then using these initial coefficients, we obtain bootstrap coefficients for each a-cut applying the method of (7). We

will be also computing the estimates using the JB method.

3.2 GOF measures

In this paper, some measures are used for evaluating the performance of a fuzzy regression model. Let, Y; = (ly,,my;,ry,)r and
Y, = (lf’i’mf’i Ty )7 are triangular fuzzy numbers and }7;, Y, respectively value of " observation and estimation. Following (11), the

error in estimation between the fuzzy output and its corresponding fuzzy estimated value is defined as follows

1 n
Dpg=—3 D3,(0), i=12...n
1=1

n

For the triangular fuzzy number (p = 2,q = %), the above equation will be presented as follows.

Doty (1317) :é[(lz —lY,-,)2+2 (s, _mm)2+ (s _TY,-)Q

(15 = 00) (e =) + (=) (ms, =) |

In addition, we use the other criteria used to evaluate the method from the following meter (3).
D? (171, fﬁ) = (mg —my,)* + ((mg. —ls) — (my, —Iv;))* + (mg, —rg ) — (my; —ry;))?, where D (17,, 17;) is a distance between
the estimated and observed membership values of the response variable, and Yis average of observations of Y;. As some measures for

investigating the GOF of the model, we suggest to use

n A n =~
SPE:ZD2 (?Y) D2 :ZDQ,l/Q (YY>
i=1 =1

These criteria tell us how closely a fuzzy response is related to its fuzzy estimated value.

4 Numerical Illustrations

In this section, we provide some numerical illustrations to compare the performance of the proposed JB method with the existing ones

in the literature. For our purpose, we use two real data sets.

1.4. Table 1 shows the data for our FRM, which is adopted from (7).
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Table 1 includes the estimates of regression coefficient. Now, we compare the results of the two methods according to the GOF

criteria in Table 2.

Table 1: Cheese tasting data.

Obs. x; Ui Obs. x; Ui
11 (626268 9 9 (606271)
2 2 (616468 10 10 (6.46.7.7.0)
3 3 (575863 11 11 (6.6,6.9,72)
4 4 (67.6870) 12 12 (6.7,7.0,7.3)
5 5 (555962 13 13 (6.3,6.5,6.9)
6 6 (596265 1 1, (656873
77 (61,6467 15 15 (6.1,6.3,7.4)
8§ 8 (6.0,6.66.9)

Table 2: Model coefficients from example 1.

bootstrap technique JB technique
Bl BY B By

— — a-cut — — — — a-cut — —

Bo pr Bo B Bo B Bo B
5.8686  0.0330 0 6.4636 0.0490 | 5.8702 0.0328 0 6.5182  0.0490
5.9041 0.0330 0.1 6.4376  0.0563 | 5.9026 0.0331 0.1 6.4374 0.0562
5.9300 0.0339 0.2 6.3965 0.0556 | 5.9266 0.0343 0.2 6.3986  0.0549
5.9525 0.0353 0.3 6.3845 0.0516 | 5.9562 0.0350 0.3 6.3853  0.0511
5.9851 0.0353 0.4 6.3237  0.0527 | 5.9857 0.0352 0.4 6.3246  0.0527
6.0197  0.0356 0.5 6.3032 0.0490 | 6.0235 0.0353 0.5 6.3031 0.0492
6.0497  0.0357 0.6 6.2586 0.0488 | 6.0476 0.0360 0.6 6.2580  0.0490
6.0547  0.0361 0.7 6.2268 0.0465 | 6.0647 0.0376 0.7 6.2260  0.0465
6.0679 0.0374 0.8 6.1931 0.0458 | 6.0779 0.0394 0.8 6.1926  0.0459
6.1013  0.0381 0.9 6.1590 0.0432 | 6.1213 0.0391 0.9 6.1577  0.0434
6.1333  0.0411 1 6.1333 0.0411 | 6.1350 0.0411 1 6.1350 0.0411

From Table 2, the JB method optimizes to coefficient more, compared to the bootstrap.
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Table 3: Comparison of GOFs

a —cut
GOF
mathod 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
criteria
Di 1.1672 1.1655 1.1685 1.1756 1.1851 1.1983 1.2163 1.2418 1.2754 1.3154 1.3239
bootstrap
SPE, 1.7222 17091 1.7007 1.6965 1.6947 1.6964 1.7031 1.7173 1.7397 1.7685 1.7650
Dz 1.1666 1.1654 1.1679 1.1749 1.1849 1.1981 1.2162 1.2374 1.2633 1.2915 1.3237
JB
SPE, 1.7220 1.7091 1.7003 1.6959 1.6944 1.6962 1.7030 1.7129 1.7274 1.7441 1.7220
2.4. Here, this example is from (2), when the data are provided in 4.
Table 4: Cheese tasting data.
1 1 (16.8,21,23.1) 5 5 (10.8,12,13.2)
2 2 (12.75,15,17.25) 6 6 (14.4,18,19.8)
3 3 (15.5,15,17.25) 7 7 (5.4,6,7.2)
4 4 (7.65,9,10.85) 8 8  (10.2,12,14.4)

Table 6 includes the estimates of regression coeflicient. Now, we compare the results of the two methods according to the GOF

criteria in Table 5.

Table 5: Model coefficients from example 1.

bootstrap technique JB technique
BF By Br By

— — a-cut — — — — a-cut — =

Bo B1 Bo B1 Bo b1 Bo B1
14.7716  -1.1789 0 21.3847 -0.9428 | 14.9803 -1.2120 0 21.3989 -0.9484
14.9290 -1.1258 0.1 21.2341  -0.9727 | 14.9004 -1.1105 0.1 21.3187  -0.9889
15.9704 -1.2101 0.2 20.7728 -0.9653 | 15.9272 -1.2040 0.2 20.5919 -0.9318
15.9804 -1.1555 0.3  20.5356 -0.9697 | 16.4523 -1.1625 0.3 20.4348  -0.9863
16.4383 -1.1615 0.4  20.4228 -0.9896 | 16.4775 -1.1655 0.4  20.3652 -0.9846
16.6246 -1.1196 0.5 20.1901 -1.0437 | 16.6049 -1.1061 0.5 20.3049  -1.0620
17.0178  -1.1546 0.6 19.8448 -1.0631 | 17.0114 -1.1505 0.6 19.8450 -1.0707
17.2162 -1.1085 0.7 19.7756  -1.0455 | 17.2104 -0.9750 0.7 19.7002  -1.0231
17.5643 -1.1598 0.8 19.5356  -1.0969 | 17.4773 -1.0823 0.8 19.5399 -1.1559
18.3509  -1.1653 0.9 18.6240 -1.0799 | 18.4163 -1.1647 0.9 18.5423 -1.0664
18.6279  -1.1547 1 18.6279 -1.1547 | 18.6196 -1.1470 1 18.6196  -1.1470
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From Table 5, the JB method optimizes to coefficient more, compared to the bootstrap.

Table 6: Comparison of GOFs

‘ a — cut ‘
GOF

mathod 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
criteria
D2 107.1859  109.4350 108.3079 106.2875 106.2833 106.1602 105.3412 105.4772 106.3429 106.7345 106.2853

bootstrap
SPE, 125.0503  127.8402 127.1157 125.9311 125.7791 125.5599 124.9784 124.8682 125.1558 125.1643 124.7699
D2 107.1578  109.1664  108.0725 106.2522 106.2191  106.0002 105.2922 105.3520 105.9191 105.8283  106.2526

JB
SPE, 125.0174 127.6860 126.9762 125.9173 125.7190 125.4495 124.9279 124.7818 124.9314 124.6882 124.7328
.
Conclusion

In this paper, we proposed a Jackknife-after-Bootstrap estimation technique, following (6), to important upon the bootstrap method.

Evaluating the GOF criteria revealed the proposed technique improves estimation in the FRM.
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Abstract

Plagiarism is a rapidly growing problem in the advent of internet and information
explosion. Automatic techniques for detecting plagiarized documents are crucially
important. There are many machine learning algorithms suggested to automatically
detect plagiarized documents in a large corpus of documents. This research aims
to use machine learning algorithms such as vector space model (VSM) and singular
value decomposition (SVD) algorithms for this purpose. This paper uses vector space
model to represent corpus of text data, and SVD is used to analyze latent semantics
of these documents. Natural language processing techniques are also used to process
and clean documents, and documents are clustered by topic modeling technique to
enhance its accuracy. Experimental results show the effectiveness of the proposed

method.

Keywords:Plagiarism Detection, Topic Modeling, Latent Dirichlet Allocation, Sin-

gular Value Decomposition

1 Introduction

Academic plagiarism is known as using other researchers’ publications and ideas to publish a new document without referring to base
works or representing these works as someone else’s original work (14). With the increasing volume of online data, plagiarism has
become an issue on academic publishing. The large volume of text information available online makes it easy to publish plagiarized
documents. This availability and abundance also makes detecting plagiarism a hard task. Information retrieval (IR) techniques are
powerful tools for this type of problems. IR techniques let find similar document based on different types of similarity measures with

various similarity patterns including string matching, natural language processing and semantic analysis of text corpus.

ICorresponding author, pedram@khu.ac.ir
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Most simple plagiarism detection mechanisms only try to compare document texts using string or pattern matching techniques.
These techniques are not using text’s semantics in comparison, so they act very limited and cannot deal with synonym and polymor-
phisms (22), (8). Vector space models (VSM) have several advantages over these techniques. The models use vectors for both queries
and documents, and words can be weighted. VSM models are able to use similarity measures such as cosine similarity, and they are

often used in IR tasks such as clustering and classification (9).

However, these models are not able to deal with synonyms and polymorphisms. Synonym phrases have different dimensions in VSM
and documents with similar words show a lower similarity measure respect to their real one. On the other hand document-term matrices
are usually very large even for small data sets (10), (5). Singular Value Decomposition (SVD) algorithm can extract latent semantics
from documents, thus SVD can be used to improve document similarity measures. While matrices resulting from decomposition are

also very smaller than the original matrix (9), SVD is computationally expensive and this makes it insufficient for large data sets.

This paper uses natural language processing methods such as stop word removal and stemming to reduce vocabulary size of the
corpus and using information retrieval methods such as clustering to improve its performance. In this paper, Latent Dirichlet Allocation

(LDA) model is used to cluster documents and Natural Language Processing (NLP) techniques are applied to clean document texts.

2 Literature review

A plagiarism detection system, measures similarity of documents in a corpus and detects similar ones as suspicious documents (15).

There are various measures and techniques used to measure this similarity and detect suspicious pairs of documents (16).

Character based techniques are the simplest and the most common techniques. These methods try to detect similarity between
documents using string similarities (such as longest substring and frequent subset matching (21) or fingerprint based similarities (word
n-gram and character n-gram hashing (20). Though these techniques are simple to use and possess relatively good performance, they

can’t detect copied texts when author changes some word in copied text.

Syntax based methods are another category of plagiarism detection techniques. These methods are similar to character based
techniques, but they also use natural language processing (NLP) algorithms generated metadata of words (such as part-of-speech tags
(6) to find similar subsequences in different documents. These techniques are good at finding deeper level of similarities, but they are

not able to use word synonymies in similarity measures.

Another category of techniques are semantic based techniques which use word similarity graphs such as WordNet (13) or embedding
techniques such as LDA (2) in order to apply semantic similarity between words to better understand similarities between documents
(4). Ceska (3) used Singular Value Decomposition (SVD) on corpora to build better similarity measure on word similarities to use

these measures in document similarity detection.

There are several researches on applying plagiarism techniques on Persian language corpora. Mahmoudi used different types of
similarity measures like Jackard distance and Clough-Stevenson measure on Persian documents (12). The paper also used a set of NLP
techniques such as stop-word removal, stemming, lemmatization, part-of-speech tagging. Esteki (7) applied Support Vector Machine
(SVM) on these measures to find a better way to combine these measures to find similar documents. Mahdavi and et al. in (11) used

vector space model and cosine similarity to find similar documents. Rafieian tries fingerprinting based methods on Persian corpus (19).
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3 Proposed method

Our proposed method consists of three major steps, which are shown in Figure 1. These three steps are described in this section.

Clustering

s phrase extraction
and reduction

¢ normalization

* stemming

* stop word
removal

¢ LDAmodeling
* K-means
Clusterng

e document model

*SVD

Preprocessing

Figure 1: Proposed method block diagram.

3.1 Preprocessing

Preprocessing is a pivotal step in every natural language processing task. We first normalized our corpuses to remove excessive characters

and unified different shape of characters. Then we removed stop words using a list of stop words (1).

Persian language processing has some difficulties with multiple part words (with spaces in between), different shapes for same word
and different morphological rules for suffixes and prefixes (17). Thus we removed excessive characters and unified different shape of

characters. Then verbs are stemmed using a reference collection and suffixes are then removed (1).

3.2 Clustering

We use a generative model named Latent Dirichlet Allocation to cluster documents based on topics discussed in each document.
Generative models assume words of a document are generated from a probabilistic model (this method considers the documents as
bag-of-words and does not use word ordering in its computations). The Goal of LDA is to find latent variables of these models with
respect to words as visible variables (18). LDA assumes topics are distributions over words and documents are distributions over topics.

Also LDA assumes documents have several topics (2).

‘We modeled our corpus using LDA, thus each document are represented as a probabilistic distribution over a set of topics. Documents
are shown as a vector of topic weights. Similarity between two documents can be estimated by measuring the similarity between their

distributions. Various methods can be used to cluster document distributions at this point. We used k-means clustering for this purpose.
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3.3 Plagiarism detection

Ceska used SVD as a plagiarism detection method. First in each cluster all n-gram phrases are extracted. Phrases that only occur once

and insignificant phrases are removed from each set. Then the document-phrase matrices are built (3)
M=Usv"

VT Is the document-factor matrix which is a set of Eigenvectors of documents. Eigenvectors of documents are then weighted with the

corresponding eigenvalues:
B=xv"

The matrix B is column normalized (3). Then, correlation matrix is built to measure similarity between documents:
C=B"B

Each element of C shows similarity percentage between two documents (9). We applied this method to detect document pairs with

higher similarity than a threshold t as plagiarized.

3.4 Experimental results

To evaluate our method, we use standard mechanism in IR systems. We define precision as number of relevant documents which are
retrieved by the system on number of retrieved documents. And recall is the number of relevant documents which are retrieved on

number of relevant documents.

Precision = L
" (TP +FN)

TP
Recall = ——+—+—
A= TP L FP)

Then we determine a practical threshold on F} measure:

(2 x Precision x Recall)
(Precision + Recall)

=

Some experiments were conducted on two sets of data sets in English and Persian to show the effectiveness of the proposed method.
For English data set we used 500 documents from Gothenburg project? . We randomly selected some of these documents and made

plagiarism cases using following rules and added these new documents to the corpora:
1 , 15% of documents have one source, 45% has two source, 25% has three sources and 15% has more than three sources.
2 , From each source some phrases and paragraphs are randomly picked and added to the text.
3 , Some phrases and paragraphs are randomly chosen and replaced by their synonyms.

For Persian data set we used 300 documents from the 11" Iranian conference on intelligent systems. We randomly selected some
of these documents and made plagiarism cases using above rules. Then we added these new documents to the set.
The proposed method was tested under different thresholds and various n for n-grams. Figure 2 shows influence of thresholds on

F1 measure w.r.t. different n-grams on English data set.

2www.gutenberg.org
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As shown in Figure 2, the best F1 measure is 0.88 for 2-grams SVD clustering system w.r.t. 35 percent threshold. For 4-gram SVD

we achieved 0.92 for Fy w.r.t. 30 percent threshold and for 5-gram we have 0.93 w.r.t. 15 percent threshold.
Table 1 shows precision, recall and F; measure for English data set. As shown in this table best Fi measure is achieved with 5-gram

w.r.t. threshold 15 percent.

Table 1: Fy measure for different n in n-grams on English data set

method threshold precision recall F
2-gram Cluster SVD 35 0.88 0.97  0.88
4-gram Cluster SVD 30 0.99 0.84 0.92
5-gram Cluster SVD 15 0.99 0.87 0.92

1
0.9
0.8
0.7
06 L
—#—5-gram
a ——4-gram
0.4
2-gram
0.3 L
0.2
0.1 {
o \Ehaigin]
0 20 40 60 80 100

Figure 2: Fy measure in English data set w.r.t. different n-grams

Figure 1 shows the influence of threshold on Fi measure w.r.t. different n-grams on Persian data set. Best measure F} is 0.65 for
2-grams SVD clustering system w.r.t. 10 percent threshold. For 4-gram SVD we achieved 0.86 measure I} w.r.t. 10 percent threshold
and for 5-gram we have 0.90 w.r.t. 4 percent threshold.

Table 2 shows precision, recall and F; measure for Persian data set. As shown in this table, best Fi measure is achieved with

5-gram w.r.t. threshold 5 percent.

Table 2: F1 measure for different n in n-grams on Persian data set

method threshold precision recall 3
2-gram Cluster SVD 10 0.63 0.68 0.65
4-gram Cluster SVD 10 0.86 0.86 0.86
5-gram Cluster SVD 5 0.87 0.92 0.90
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Figure 3: Fy measure in Persian data set w.r.t. different n-grams

As shown in Figure 2 and Figure 1, with the lower n in n-grams, curves flatness is increased. Finding the right threshold is easier
in these cases. However more unrelated documents are detected as plagiarized, so precision is reduced. On the other hand with higher

n, curves are narrower, therefore the maximum value of F; measure is achieved on lower thresholds.

4 Conclusion

Experimental results show increasing n-gram length results in higher accuracy. This also increases the sensitivity to small changes in
copied texts and method is not able to recognize the copied texts, although they only cause small variations in texts, which decreases
recall.

Clustering the documents shows a significant increase in accuracy. It also helps to find plagiarized documents in large corpus faster
and easier. One of the problems we faced in this research was lack of accurate Persian preprocessing tools. Our experiments show

increasing preprocessing accuracy has significant effect on whole model’s accuracy.
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Abstract

In this paper, a representation of a recurrent neural network to solve fuzzy quadratic
programming problems (FQP) is given. The motivation of the paper is to design
a new effective one-layer structure recurrent neural network model for solving the
FQP. Here, we reformulate the FQP to a bi-objective problem. Furthermore, the
bi-objective problem is reduced to a weighting problem and then the Karush-Kuhn-
Tucker (KKT) optimality conditions of the problem are constructed. A novel recur-
rent neural network model to solve the FQP is developed. Finally, an illustrative

example is presented.

Keywords: Fuzzy quadratic programming problem, recurrent neural network
model, bi-objective problem, weighting problem, globally stable in the sense of Lya-

punov.

1 Introduction
In this paper, we study the following FQP (quadratic programming problems with fuzzy parameters):

= 1
min f(z)=¢ z+ §xTH:c,

sit. Az <b, (1)

where H is a fuzzy positive semi-definite and symmetric matrix (see Definition 2) of order n xn, A, ¢ and b are matrices of order m x n,

n x 1, and m X 1, respectively. Some real world problems and many interesting applications are classified as quadratic programming

1Speaker: am.ma7676@yahoo.com; a-mansoori@um.ac.ir
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problem such as inventory management (1), portfolio selection (2; 11), engineering design (9), etc. These real problems have uncertain
and vague data that can be dealt with using fuzzy logic. Thus, the development of methods for solving quadratic programming problem
under fuzzy environment emerges as a way of solving these kinds of problems.

Neural networks concepts were found in 1985 by Tank and Hopfield (5). There exist some neural network models for solving
the quadratic optimization problem (7; 3; 4). Also, Mansoori et al. (8) proposed a recurrent neural network to solve the non-linear

optimization problem with fuzzy parameters.

The motivation of this paper is to design a new effective one-layer structure neural network model for solving the FQP defined in (1).
As mentioned above, there are several neural network models to solve crisp mathematical programming problems. This methodology is
going to study the possibility of extending the existing neural network model to solve the FQP. Additionally, for showing the stability

of the proposed neural network model, we give a Lyapunov function for dynamical system.

2 Preliminaries

In this section, we give some preliminaries of fuzzy set theory and optimization.

[(10)] A fuzzy number is a fuzzy set @ : R — [0, 1] with the following properties:

1. 4 is upper semi-continuous function.

2. 4 is normal, i. e., there exists an zo € R, with u(zq) = 1.

3. @ is fuzzy convex, i. e., 4((1 — Az + Ay) > min{a(z), @(y)} whenever z,y € R and X € [0, 1].
4. cl(supp @) = cl{z € R: a(z) > 0} is a compact set.

The collection of all fuzzy numbers is denoted by E*. Also, the a-cut sets of a fuzzy number 4 € E* is denoted by [u(a),@(a)], that is
defined by,

zeR:ulz)>a}, if0<a<l
o] = )" = fu(e),a(a)] = 4 SR ek W0<
cl(supp @), if a=0.

[(10)] A triangular fuzzy number is denoted by @ = (a, b, ¢), and its a-cuts is denoted by @[a] = [a + a(b — a),c — a(c —b)]. [(10)]

The opposite of a fuzzy number @ to be the fuzzy number —i. If @fa] = [u(a), @(a)], then —ila] = [~7(a), —u(a)]. Also,
1. (kii)[a] = [min{ku(a), ka(a)}, max{ki(a), ku(a)}], VkeR*.
2. (@ +0)[o] = [u(e) + v(e), u(e) + V()]
3. (@ —v)[e] = [u(e) — v(a), u(e) — v(a)].
4. (@d)[a] = [(w) (@), (@) (a)], where:

(uv) (@) = min{u(a)u(a), w(a)v(e), w(a)u(a), u(@)v(a)},

(@v)(e) = max{u(a)v(e), u(@)v(a), u(@)v(a), u(a)v(a)}- (2)

\0e



[(10)] Let f(z) = [f(z), f(x)] be an interval-valued function on Q@ C R™. We consider the following minimized problem with the

interval-valued objective function:

min f(z) = [[(1‘)7?(55)]7

st. zeQ, (3)

where the feasible set () is assumed as a convex subset on R™. Consider the following bi-objective optimization problem:

min  (f(x), f(x)),

st. x e (4)
Also, consider the weighting problem of (4) defined by:

min  wy f(z) + wa f(x),

st x €Q, (5)

where w1 and wp are positive real numbers and w1 + w2 = 1. It can be shown that, if * is an optimal solution of problem (5), then
x* is a Pareto optimal solution of problem (4) and also, z* is an efficient solution of problem (3). [Positive semi-definite and symmetric
fuzzy matrix] An n x n fuzzy matrix A = ({(a;(a),@ij(a), ) : @ € [0,1]})nxn is said to be positive semi-definite and symmetric, if

for any « € [0,1], A(a) = (aij(@))nxn and A(a) = (@ij(a))nxn are n X n positive semi-definite and symmetric.

3 Fuzzy Quadratic Programming Problem

In this section, the FQP is presented. Let Z € R} is a local optimal solution to the problem (1), then Z is a global optimal solution of

(1). Also, if f is strictly convex, then Z is the unique global optimal solution of (1). Consider the FQP in (1). We can rewrite this

problem as,
. T 1 74
min f(z)=2¢ x+§x Hz,
st. Az <V, (6)
~ Aa) . b(a)
where A’ = LA (a) = A(a)| and b= b (a) = b(a) |- Based on Definition 2, we can write (6) as an interval program:
-1 0
—I -1
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or it can be written as a bi-objective problem:
min  (f(z) (), f(z)(a))
st. A(a)z <V (a), (8)
A(a)z <V(a),
0<a<l,
where f(z)(a) = c(a)"z + 12" H(a)z and f(z)(a) = ¢(a)"z + S2" H(a)z. By reformulating (8) into a weighting problem as in (5),
we have:
min wli(a:)(a) + wgf(x)(a)

st. Ala)z <b(a), 9)

where w1 + w2 = 1. The Lagrangian of (9) is derived as:
L, u, u) = wr f(2)(@) + w2 F (2)(0) + 1 (A (@) — V(@) + 1l (A (0)x — (), wiuz >0, 0<a<l.
The KKT optimality conditions for the problem (9) can be constructed as follow:
ur*,us >0, A'(a)z* —b(a) <0, A'(a)z* —b(a) <0,
KKT Conditions : § 41" (A (a)z* — b'()) =0, uj (A(a)z” —V(a)) =0, (10)
=0.

x* is an optimal solution of the problem (1), if and only if, z* satisfies the KKT conditions (10).

4 A Recurrent Neural Network Model

In this section, our aim is to construct a continuous-time dynamical system that will settle down to the KKT point of FQP (1).

Now, we may describe the recurrent neural network model corresponding to (1) can be proposed as the following non-linear dynamical

system:
dc% = —VoL(x,u1,u2) = — (w1(2(0z) + H(a)z) + wa(ela) + H(a)o) +ui A') + USTW(OC)) ' ()
dqilzlta = Vu, L(z, u1, u2) = diag(u11, . . ., uim ) (A (@)z — b/ (), 12
dZia = Vu, Lz, ur, uz) = diag(uz1, . .., uzm)(A'(a)z™ =V (a)), "

with an initial point (zo, u1,, u2,) and uik(to) # 0, uzk(to) # 0, (k = 1,2,...,m). Note that, u1 = (w11, ..., U1m), u2 = (U21,...,U2m)
are the Lagrange multipliers vectors, and also %’ means for any fixed o we have a particular dynamical system which refers to a. Now,
let y = (z,u1,u2) € R"2™ be the optimal point of (1) and consider
— (wilel@) + H(a)z) + wa(e(e) + H(a)z) + ui” A'(a) +u3" H(a))
®(z,u1, u2) = diag(ui1, - .., uim) (A’ (@)z — b'(a))

diag(uzi, . . ., uzm ) (A’ (@)x* — b/ (a))
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Therefore, the recurrent neural network model (11)-(13) can be summarized as the following:

Wsa), ) =w,  wilte) £, us(te) £0, (1)

where v > 0 is the convergence rate.

5 Stability and Convergence Analysis

In this section, we show that the recurrent neural network model whose dynamics is described by the differential equation (14) is stable.
First, some definitions from dynamical system are presented (6).
[Stability in the sense of Lyapunov] Equilibrium point z* is said to be stable in the sense of Lyapunov, if for any yo = y(to) and

any € > 0, there exists a § > 0, such that:
ly(®) —y"ll <e, Vit>to, [ylto) —y'll <.

[Asymptotic stability] An isolated equilibrium point z* is said to be asymptotically stable, if in addition to being Lyapunov stable, it
has the property that y(t) — y* as t — oo for all [|y(to) — y*|| < 6.
Assume that, y = (2", ul, u3) is the equilibrium of the recurrent neural network model (14). Then z* is a KKT point of the problem
(1).  The equilibrium point of the proposed recurrent neural network model (14) is unique. There exists a unique solution y(¢) for
the recurrent neural network (14). The proposed recurrent neural network model (14) is globally stable in the sense of Lyapunov and

is globally convergent to the optimal solution of the problem (1).

6 Numerical Example

In this section, we present an illustrative example in order to demonstrate the applicability and the performance of the recurrent neural

network model. Consider the following FQP:

min  f = (=6, -5, —4)z1 + (1,1.5,2)z2 + %[(4, 6,8)27 + (—6, 4, —2)z122 + (2,4,6)z3)]
s.t. w1+ (0.5,1,1.5)z2 < (1,2,3)

(1,2,3)x1 + (=2, -1, —0.5)z2 < (3,4,5)

x1,T2 > 0,

According to the a-cuts of fuzzy coefficients, we have:

4420 -3+« —6+ « 1 0.5 + 0.5« 1+«
H(a) = : cla) = : Afa) = : ba) = :

-34+a 242« 1+ 0.5a 1+« 24 24 2«
_ 8§—2a —-1—a« —4 —« _ 1 1.5 - 0.5 _ 33—«
H(a) = . c(a) = ; Ae) = ; b(a) = .

—1—-—a 6—2« 2 —0.5a 3—a 0.5—-0.5a 6 — 2«

The primal and the dual solutions for various values of a, w1 = %, and we = % are shown in Table 1. One can see all simulation
results demonstrate that the neural network (14) is globally asymptotically stable. We solve this problem by letting initial point
(—=3,—1.5,-0.5,1,2,3). The a-cuts of f represent the possibility that the objective values will appear in the associated range. For
instance, at & = 0.4, the value of f = —1.8000 occurs at 1 = 0.7500 and z2 = 0.0000 and at o = 0.6, the value of f = —1.8897 occurs

at 1 = 0.7766 and x2 = 0.0000. Also, Figure 1 displays the transient behaviour of state trajectories based on (14).

VoY



, and we = 2 in Ezample 6.

Table 1: The solution of neural network (14) for different values of o, w1 = 3

1
3

o f 1 To ul ug us Ug us ug CPU-Time (s)

0.0 —1.6333 0.7000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.5000 0.033967
0.2 —1.7146 0.7245 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.3776 0.030143
0.4 —1.8000 0.7500 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2500 0.032257
0.5 —1.8443 0.7632 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1842 0.032965
0.6 —1.8897 0.7766 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1170 0.035451
0.8 —1.9841 0.8063 0.0062 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.035251
1.0 —2.0875 0.8500 0.0500 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.034296

2k

L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
iterations

Figure 1: Transient behaviour of the neural network (14) for a = 0.6, wi = %, and wg = % in FExample 6.

Conclusion

In this paper, an efficient recurrent neural network model for solving FQP was proposed. We solved the proposed recurrent neural
network model by an ODE. Here, we reformulated the KKT conditions of the FQP into an efficient recurrent neural network model to

solve the FQP. Additionally, by using these transformations, we found both the primal and the dual solutions of the original problem.
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Abstract

In this paper, we propose a new weighted fuzzy ridge regression model for a given
set of fuzzy inputs and their corresponding triangular fuzzy outputs. Coefficients
are also considered to be fuzzy. First, some approximations for multiplication of
two triangular fuzzy numbers are introduced. Then, respective definitions of fuzzy
weighted arithmetic (FWA) are given. Followingly, a method for fuzzy least-squares
ridge regression based on FWA is developed. To obtain the ridge tunning parameter
an objective function is optimized. Lastly, for the illustration propose, a real example

is analyzed, which indicates the superior performance of the proposed method.

Keywords: Multicollinearity, Ridge regression, Fuzzy regression, Weighted fuzzy

arithmetic.

1 Introduction

Fuzzy regression analysis is a powerful tool for analyzing phenomena in which one variable namely output (response or dependent)
variable depends on one or more variables namely input (explanatory or independent) variables, in a fuzzy environment. A fuzzy

linear regression model was first proposed by (14) to analyze fuzzy data with a vague relationship between the dependent variable and
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independent variables. However, when multicollinearity exists among input variables, the fuzzy linear regression fails to perform well.
The method of ridge regression, proposed by (9) is one of the most widely used tools to the problem of multicollinearity. In this paper,
we will dealing with a ridge regression methodology where the data include the fuzzy inputs, output, and coefficients.

In this paper, we focus on ridge regression modeling in a fuzzy environment using the concept of a fuzzy weighted arithmetic.
Making use of the least-squares method (2) and (1) proposed a new hybrid least-squares regression method for normalized triangular
fuzzy outputs. We develop the later approach to the case where the inputs and coefficients are also fuzzy numbers. The rest of this
paper is organized as follows. Section 2, illustrates preliminaries and ridge regression procedures for fuzzy multivariable linear models.
In section 3, the weighted fuzzy arithmetic is introduced. In section 4, we propose a new fuzzy ridge regression approach to linear

models. This approach is evaluated using the Portland cement data in section 5. We conclude the paper in section 6.

2 Preliminaries

In this section, we review some preliminary definitions and a well-known result of the triangular fuzzy numbers which is needed for the

construction of fuzzy ridge regression. Let R be the real number set.

1.2. (11) A fuzzy set A on RY is called a fuzzy number iff A is convex and there exists exactly one point, say M € R, with

mz(M) =1 that m4(.) is a membership function.

2.2. (13) Let A and B be two fuzzy sets. A is said to be a subset of B; denoted by A C B; iff its membership function is less than

or equal to that of B everywhere on X
ACBe A(z) < B(z), VzeX. (1)
3.2. (12) Suppose A, B, and C are fuzzy numbers. Then
(AesB) e CCA®Ca®BxC. (2)

The equality (2) holds if A, B, C 0.

4.2. (19) A triangular fuzzy number (TFN), say A, is denoted by A = (a, a, )1 where a,« and 8 are the center, left, and right

spread of A, respectively a is a real number and o, B > 0. The membership function offl is as follows

w7 a—a<z<a,
Ale) =g e2=2 g<z<a+p, (3)
0, otherwise.

Note that the lower and upper limits of the fuzzy number A are (a — &) and (a + B), respectively. We denote the set of all triangular
fuzzy numbers defined on the real line R by T(R).

5.2. The closed intervals [A¥(R),AV(h)] = [a — (1 — h)a,a + (1 — h)B] and [a — a,a + B] are called h-level set h € (0,1] and
support of A; respectively. If a = 3; then Aisa symmetric TFN and is denoted by A= (a,a)r. A real number can be considered as a

degenerated TFN whose spreads are zero.
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6.2. The following formulas for addition of two TFNs and multiplication of a TFN by a scaler are drawn from extension principle

of (18). If A = (a1, a1, B1)r and Ay = (az, a2, B2)7 be in T(R) and r € R, then

A1®A2 = (a1 + az2,01 + a2, 81 + B2)r, (4)

- (rai,raa,rB1)r, r >0,
rd; = (5)

(ra1,—rB1,—roq)r, r<O0.
7.2. (8): The multiplication of two TFNs based on extension principle is not necessarily a TFN. The following approximation is

used for the product of two TFNs Ay = (a1, a1, B1)r and Ay = (a2, a2, B2)T

(a1az2,a102 + azaa, a1 82 + a281) 1, Ay = 0,45 = 0,
A ® Ay ~ (a1a2,a2001 — a1B2,a261 — ara2) T, A < 0, Ay = 0, (6)
(a1a2, —azfi — a1 B2, —azon — arc)r, A <0, Ay <0,
where A; = 0 (< 0) means a; —a; >0 (a; + B; <0),i=1,2.

8.2. (4) Suppose we are given with the training data, (X1,Y1), ..., (Xn,Yn), where x; are vectors in R™ and y; € R,i =1,...,n.

The ridge regression procedure is a slight modification on the least-squares method and replaces the objective function L(A) by

n

LA) =Y (yi — Az)” + k|| A%, (7)

i=1
where the dot ”” denotes the dot product in R™. The parameter k controls the smoothness and degree of fit. If there happens

multicollinearity in the input variables, numerical stability problems occur and require the use of ridge regression.

3 Fuzzy Weighted Arithmetic

The fuzzy weighted arithmetic (FWA) defines the arithmetic operations between two fuzzy numbers as operating two corresponding
values in each fuzzy set at the same membership level, integrating each level operation weighted by the membership level for the entire
fuzzy sets, and dividing the weighted integration by the total integral of the membership function. The weighted fuzzy-arithmetic
uses the concept of defuzzification to convert the operation of fuzzy sets into a crisp real number. The resulting crisp number can be
interpreted as a mean value of a fuzzy-arithmetic operation. According to the definition of FWA | formulas for fuzzy-arithmetic operations
are derived in this section. In order to perform the integration of the membership functions, fuzzy numbers are expressed as normalized
asymmetrical triangular membership functions. If fuzzy numbers are not normalized, we normalize them through scaling with respect
to the maximum membership value. Therefore, it can be proved that the total integral of a normalized triangular membership function

is a unity.
1.3. (2) For any fuzzy number A = (aa,oa,Ba)r in T(R) and h € [0,1] h-level set of A is defined to be the closed interval
[A%(h), A% (M)] = [aa = (1 = h)aa, @a + (1 = h)Ba].

The weighted sum of any two fuzzy numbers A= (aa,a,Ba)r and B= (aB,aB,Br)r in T(R) is computed as

[ (AL (h) + BE(h))hdh + [, (AY (k) + BY (h))hdh
[ hdh '

AaB= (8)

10A



where the denominator is taken to be [ hdh = 2f01 hdh = 1. Thus, we have
= 1
A®B:CLA+GB+6((ﬁA+/BB)*(CYA+aB))- (9)

If both A, Be T(R) are symmetric numbers then a4 = 4 and ap = Bp will be true, and in this case we get A® B = aas+aB.
Similarly, the weighted fuzzy subtraction can be obtained as AcB= (aa —aB) + %((ﬁA — BB) — (ea — ap)) and when both fl, B

are symmetric numbers, it becomes a4 + ap.
2.3. (17) The norm of a fuzzy number A = (aa,aa,Ba)r in T(R), denoted by ||.||, is computed by

l(oascn, Ba)all® = % + 5aa(Ba — ax) + 15(ah + B3). (10)

Since the weighted distance between the observed and the computed values are required for calculating the residual error in least-squares
approach, we define the square of the weighted distance d(.,.) between two given fuzzy numbers A= (aa,a,Ba)r and B = (ap,aB, Be)r

in T(R) using the norm of a fuzzy number defined by (10) as:

@*(A, B) = (aa — an)* + 5(as — an)[(Ba — 5) — (s — ap)] + 5l(ar — an)® + (Ba — 6n)?) (11

4 The Proposed Method

Now, consider a set of TFN data {(Zi1, Zi2, ..., Tip, ¥i)|¢ = 1,...,n}, in which Z;;(: = 1,...,n,7 = 1,...,p) is the value of jth
independent variable and ¢;(¢ = 1,...,n) is the corresponding value of dependent variable ¥, in the ith case. The purpose of fuzzy

linear regression (FLR) is to fit a fuzzy linear model to the given TFN data. This model can be considered as follows
Y=4064et:0Ahe%a &A%, (12)

In the model (12), Ao, A1, ..., flp are FLR coefficients (parameters) which are fuzzy numbers. In particular, these parameters must be

estimated so that the estimated responses Y;,

Vi=A00 A @310 A ®@in® - ®Ay®@Ty, i=1,...,n, (13)
have the best fitness to the observed responses )71(2 =1,...,n), according to a criterion of goodness of fit. Now, suppose that both
inputs and outputs are non-symmetric TFN in the FLR model. Also, suppose that given inputs, £;; ¢ = 1,...,n,j = 1,...,p, are

positive non-symmetric TFNs, by a simple translation of all data, if necessary. On the other hand, suppose that the observed responses,
g € TR)(t=1,...,n,7 =1,...,p), are non-symmetric TFNs. To estimate the regression coefficients, it is necessary to evaluate the
product of two TFNs A; and Z; in the model (12). It is clear that the multiplication A; ® Az in (6) depends on the sign of TFNs.
Therefore, one must formulate different models for different states of the sign of regression coefficients. Another problem with using the
multiplication (6) is that it is proposed only for two positive and/or negative TFNs. So, it cannot be used for TFNs whose supports
contain both positive and negative real numbers. To handle this issue, we calculate the multiplication of two TFNs by some (in fact by
infinite) TFNs. Then, the best approximation is chosen among them, to minimize a suitabel function.

Note that a real number has infinite representations in the form of @ = @’ —a” , where @’ and @’ are non-negative real numbers. Assume

A= (a,a,B)r and & = (z, s, Bz)r are two TFNs where A is unrestricted and Z > 0. Set A = A’ @ A” in which A’ = (d’,d/, 8')r
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and A” = (—a”, o, ")y wherea =a' —a",a =o' + ", =5+ and o’ > o/,a" > . By using Proposition 3.2, multiplication

(6), and addition(4) we have

A@i — ((a,,a,,ﬁl)T ® (—CLH,OLH,ﬁ”)T) ®j
C(d,a,8")r ® (¢, a0, B)r & (—a”", 0", B")r © (2, 00, Bx) 7

~ (a'z,d ap +'z,0' Be + B'2)r ® (—a"z,0" By + &' x,0" ap + B 2) 7. (14)
Therefore, A ® & can be approximated as the RHS of (14) as

Ai~[(d —ad Nz, (dow+ 'z +d B +'2),(d e+ Bz +ad o + 5'2)]. (15)

"

Let A; = fl; @ fl;’ forj = 1,...,p, where fij/ = (a;,a;,ﬂé)T,AJ’ = (—aj,af,B])r, and fl; - O,A;’ < 0. For each choice of [1; and

A}’, by using approximation (15) and addition (4), we have the following approximmation for ith estimated response f’;,i =1,...,n

ﬁzflo@z‘h@fu@“'@fip@jip

P P
~ [ao + Z(a; —af)wij, a0 + Z(a;aﬁij + Qjwij + a By, + O wi5) (16)

j=1 j=1

P
, Bo + Z(agﬂm + Bxij + af az,; + B wis)].
j=1
Let us denote the RHS of approximation (16) by Y;(A’, A”), so that it is a function of A’ and A”, which are m-dimensional vectors
with jth elements A; and A;’, respectively. As we know, Y; is not necessarily a TFN. However, for each choice of A" and A”, Y;(A’, A")
is a triangular approximation of Y; which is independent of the sign of regression coefficients. We consider it as an approximation for
the ith response Y. Therefore, there are many approximations for ﬁ, among which, we try to choose the best approximation. To this
end, in a similar fashion as in (8), we attempt to make the membership function of each approximated response f’i(fl’, A”) as close
as possible to the membership function of corresponding observed response Y. Hence, we solve a linear programming problem which
finds the best choices of A’ and A” for the coefficients of the model (12) by minimizing the total distance between the observed and
approximated responses. Suppose that the observed responses are non-symmetric TENs ¢; = (yi, ay,;, By;)7,% = 1,...,n. The ridge

regression problem (7) can be formulated as an optimization problem defined by

Minimize  Q(Ao, Ar,..., 4p) = k(|| Aol* + ||A]1*) + 37, &*(Yi(A', A"), 5i), (17)

st. aj>aj,a] >p j=1,...,p, (18)
ao € R,OZO,/BO Z 07 and a;’aa’;lva;7a;,7ﬁ;7ﬁ;l 2 03 ] = 17"'ap7
where

P P
14112 =D 114117 =D Il(aj — af,af + af, 5 + B (19)
j=1 j=1
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On the other hand, for i = 1,...,n, we have
. P 1 P
dYi(A, A", G) = lao+ Y _(af —a))wy —yil” + (a0 + > (@ —d)wi; — )
j=1 j=1

% [(Bo+ D (@B, + Biwij + af awy; + B i) — By,)]

j=1

p
—(Ozo + Z(a;amij + O‘;'mij + ayﬂwij + a;/xij) - O‘yi)

Jj=1

1 S "
15 [(Bo + D (03B, + B + af awyy + Bi5) — By.)”

=1
p
+(ao + Y (@fau,; + ajay +af Beyy + o wi) — ay,)?]. (20)
j=1

Hence, we arrive at the following convex optimization problem for model (17)

1 1
Minimize Q(Ao, A1,...,4,) = k:([ag + = ao(Bo — ao) +

(o + 53)]

3 12
+ 3 [ — ) + 505 — I+ ) — (@ + )]
j=1
1

+ T3l +a)? + (8 + 87)°1] )
= - / 1" 1 = - / "
+) (a0 + Y (a; — a)wi; —yi)* + 3 > {(ao +> (af —af )z —vi)
i=1 =1 i=1 j=1

P
X |(Bo+ D (@)Bas; + Biwij + af awy; + B i) — By)

j=1

—

p
— (a0 + Z(a}amij + ajzij + agﬂzu + o wij) — ayi)} }
j=1
1 < L
’ 7 2
T > [(50 + D (05Be,, + Biwi; + af e, + B wis) = By,)
i=1 j=1
p

+ (a0 + Z(a;‘azij + O‘;'mij + ayﬂzij + o‘;'/xij) - O‘yi)ﬂy

j=1
subject to
a;za;7a;/2B;,7 j:17"‘7p7

ap € Raa()aﬁo 2 07
a;7a;/7a;7a;/7ﬂ;7ﬂ;/20a ]:177]7
To obtain the best choice of k and coefficients, we minimize the optimization problem (17) with Mathematica 11. Notice that to

recognize the collinearity between fuzzy input variables, generalized variance inflation factor (VIFg) introduced as follow

1.4. (5) For each fuzzy input variables

1
VIFG = 1T D2 j:1a27"'ap7 (21)
' 1-RZ
J
N2k %
where R2Gj = % (j = 1,2,...,p) is the coefficient of determination from the regression X; on the other independent
variables.
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2.4. To evaluate the goodness of fit between the observed value §; and the estimated values l?i, we define the mean square predict
error (MPE) as follow
L= 2. o
MPE = — d*(9:, Ys). 22
U0 (22)

5 Performance Evaluation

5.1 Error of estimation

To evaluate the performance of fuzzy regression model, (10) introduced the following scaler as the difference between two membership

functions Y;(z) and g (z)

E; = / ‘Yi(m)—yi(xﬂdx, 1=1,2,...,n. (23)
Sy,USg,
Where Sy, and Sy, are the supports of TFNs Y; and §;, respectively. Note that E; is the non-overlapped area between the graphs of

Y;(x) and §;(z), It is clear that the smaller value of E; denotes the better estimation or better fitness of estimated response to the

observed response. Let E = Z?:I E; denotes the total errors of estimation.

5.2 M-Parameter

(6; 7) introduced a parameter named A, which measures the total difference between the center of observed and estimated responses as

follow

n

P
A= E Ai, where \; = ‘myi — E ma; mx,;

i—1 j=0

: (24)

5.3 Cross-validation

One of the other criteria for evaluating the performance of the model is cross-validation (cv). In order to measure the prediction of the
model (see (16)), each time, the ith(i = 1,2,--- ,n) observation is kept out for the validation set, then the n — 1 remaining observation
are used to fit the model, and the fitted model is used to predict 17'(,¢> for the excluded observation. eventually, to obtain the distance
between the observation ¢; and the predict ﬁ,i) (the predicted value with the n — 1 remaining observations), we calculate the weighted

distance (11) between them as follow

_IN gy
MPE., = — ;d (Fis Yiiy)- (25)

6 Illustrative Example

We consider a dataset on Portland cement originally due to (15). These data come from an experimental investigation of the heat
evolved during the setting and hardening of Portland cement of varied composition and the dependence of this heat on the percentages
of four compounds in the clinkers from which the cement was produced. the four compounds are tricalcium aluminate (3Ca0.A1203),
tricalcium silicate (3Ca0.Si02), tetracalcium aluminoferrite (4Ca0.Al1203.Fe203), and dicalcium silicate (2Ca0.Si02), Which we will

denote by X1, X2, X3, and X4, respectively. the heat evolved after 180 days of curing, which we will denote by Y, is measured in
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Table 1: Portland Cement Data

7 Xl Xg X3 X4 Y

1 | (7,0.77,091)  (26,2.86,3.38)  (6,0.66,0.78)  (60,6.6,7.8)  (78.5,8.635,10.20)
2 | (1,012,0.2)  (29,3.48,5.8) (15,1.8,3)  (52,6.24,10.4)  (74.3,8.91,14.86)
3 | (11,2.09,1.21)  (56,10.64,6.16) (8,1.52,0.88)  (20,3.8,2.2)  (104.3,19.81,11.47)

13 | (10,1.7,1.1)  (68,11.56,7.48) (8,1.36,0.88) (12,2.04,1.32)  (109.4,18.59,12.03)

calories per gram of cement. We assemble the data in Tablel. values of the dependent variable, Y; and independent variables X;1, X;2,
Xis, and X4 were fuzzified(5) using an asymmetric triangular fuzzy number which its right and left spread proportionally to Y; and
Xi1, Xi2, Xi3, Xia. Since the input variables are fuzzy, we use VIF¢ to recognize multicollinearity between explanatory variables, we
have

VIFq, = 3.705, VIFq, =41.4263, VIFg, = 4.2225, VIFq, = 15.847.
That shows collinearity between variables(37 = 1,2, 3,4, VIFg, > 5), so we should use proposed model to calculate B Ridge.- 1O obtain
the best fit, we minimize the equation (17) under condition (18), with Mathematica 11. we have found that for k¥ = 1.3, MPE., = 7.2
as for, k = O(ordinary fuzzy method) MPE., = 7.71, that is shown in presence of multicollinearity, the proposed model works very
well. So we set k = 1.3 and calculate fuzzy ridge regression model as follow
Y = (0.038,0,0.1) @ (2.167,0.0003,0) @ X1 @ (1.16,0.00003, 0) ® X

@ (0.729,0.0004,0) ® X3 & (0/49,0.0002,0) @ X4, (26)

and also we calculate for k = 1.3 that, E = 38.29 and A = 20.09 to compare with k = 0 (E = 37.74and\ = 19.82), are almost the same.

7 Conclusion

In this paper, we proposed a new fuzzy ridge regression model with multiple fuzzy inputs and triangular fuzzy output. we realized that

we can use this method successfully when there happens multicollinearity in the input variables or a linear model is inappropriate.
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Abstract

Since the population or population’s parameters of a system or subsystem are gen-
erally unknown, if we use the point estimates of parameters to estimate other char-
acteristics of systems using a random sample from data in the past, these estimates
of the system may fluctuate around the point estimates during a time interval. It
follows that to use the point estimates is not suitable for the real cases. Therefore,
it is more desirable to use the statistical confidence interval. Transferring the sta-
tistical confidence interval into the triangular fuzzy number gives a good sense to
the values which belong to it. In this paper, we consider the parameters of lifetime
distributions as triangular fuzzy numbers. Through these parameters, we calculate

a fuzzy optimal planned replacement time based on cost and availability functions.

Keywords:Availability function, Cost function, Fuzzy number, Optimal planned

replacement.

1 Introduction

The majority systems deteriorate with age and usage are influenced by stochastic failures during operation. Failures of systems incur
high costs. Some of the failures are repairable and some of the failures need to be replaced. Finding an optimal replacement policy
for a system becomes a major problem in reliability studies. Repair and replacement models have been extensively studied, and such
models have been applied widely to nuclear power plant, electronics, aircraft industry, machinery and communications equipment,
and industrial, environmental, military and medical systems. (4) presented the traditional age-replacement maintenance policy which
a system is replaced at failure time or at age T', whichever occurs first. Several extensions of this policy have been investigated by

researchers, e.g., (17) and (20). Furthermore, (6) considered the case of periodic replacement at times k7'(k = 1,2,...) and minimal

1Speaker: safaei_fal23@yahoo.com
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repair if the system fails otherwise. This model has been extended by (7) and (19). (21) introduced optimal preventive maintenance
and repair policies for multi-state systems. (25) developed a maintenance policy with preventive repair and two types of failures.
(14) proposed a bivariate replacement policy (n,7T) for a cumulative shock damage process under the cumulative repair cost limit.
Optimization problems of the cost and reliability-based maintenance strategies have been discussed in the literature, see for example,
(11) and (13). However, only a few studies that have determined age replacement times based on the costs and the availability. (2)
considered the case where the preventive maintenance epoch is randomized and obtained the optimal rate of preventive maintenance
to maximize the system availability. (22) considered a case study on railway carriers and optimized inspection intervals reliability and
availability. (16) provided some theoretical analyses of various models including classical replacement, preventive maintenance, and
inspection policies. (1) proposed a case study maximized the availability and minimized the maintenance cost by using a multi-objective
genetic algorithm. (23) considered a simple repairable system with delayed repair and studied the optimal replacement policy based on
system age. (18) discussed availability and maintenance policy for systems subject to multiple failure modes. Their optimal maintenance
policy maximizing steady-state availability and minimizing long-run average cost rate. (24) collected recent results and proposed some
new models in age replacement policies.

In real-world situation, because of incomplete or non-obtainable information, data are often not so deterministic and the majority of
these data can be assessed by human perception and human judgement. Therefore, they usually are fuzzy imprecise and so fuzzy theory
can be applied in this problem to analyze qualitative verbal assessments. Fuzzy linguistic models permit the translation of verbal
expression into numerical terms, thereby dealing quantitatively with the expression of the importance of various objectives.

(26) ever explained why fuzzy methodology can be used in operational research. He had the following three observations.

(1). Vague phenomenon: vague relations in the modeling of problems. That is, the problems themselves may be fuzzy in nature. For
example, optimization problems may be attached with fuzzy objectives and/or fuzzy constraints.

(2). Informational vagueness: That is, the input data available to problems may be fuzzy. In particular, expert judgments are usually
expressed in terms of linguistic variables and of fuzziness.

(3). Heuristic algorithms: Although the problems may be accurate, it can be too complex or expensive to get exact solution to them.
In these circumstances heuristic or fuzzy algorithms can help.

The use of fuzzy methodology in system failure engineering can be traced back to (12). They then introduced the notion of component
possibility as a reliability index to replace the notion of component probability. The main work of fuzzy methodology in system failure
appeared in 1980s and after. Now fuzzy methodology has been widely applied in system failure engineering, e.g., in human reliability,
hardware reliability, software reliability, structural reliability, maintenance and so on.

Fuzzy theory can be considered in the maintenance of systems. (5) proposed new approach for selecting optimum maintenance strategy
using qualitative and quantitative data through interaction with the maintenance experts. This approach has been based on linear
assignment method with some modifications to develop interactive fuzzy linear assignment method. (9) proposed a street-lighting lamps
replacement problem and find a optimal fuzzy strategy for replacement the system.

In this paper, we assume that the system lifetime has a fuzzy parameters and we find fuzzy optimal planned replacement time based
on cost and availability functions.

The rest of this paper is organized as follows. Section 2 contains the model assumptions and description. The optimization problem

based on cost and availability functions are studied in Section 3. Some concluding remarks are presented in Section 4.
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2 Model assumptions and optimization

Consider a system such that its lifetime is X with density and distribution functions fx(.) and Fx(.), respectively; and suppose the
system is maintained according to an age replacement maintenance policy. This age replacement policy in which a unit is replaced at
constant time 7" after its installation or at failure, whichever occurs first. We call a specified time 7" the planned replacement time (or
preventive replacement time) which ranges over (0, 00]. The event T = oo represents that no replacement is made at all. Replacement
at age X is non-planned and replacement at age T is planned replacement. It is assumed that failures are instantly detected and
replaced with a new one, where its replacement time is negligible. We try to find time for preventive replacement according to the cost
and availability functions and study the effect of the system parameters on the optimal planned replacement time.

Let X7 be the time to replacement of the system, then from the assumptions, we have X7 = min{ X, T}. The survival function of X

is given by

Fx,(u) = P(Xr > u) = Fx(u); T > u. (1)
As a result, from (1), the mean time to the replacement of the system can be expressed as
T —
E(Xr) = / Fx . (u)du. (2)
0

To find optimal planned replacement time, we consider two common criteria namely, the costs and the availability of the system

where the cost function should be minimized and the availability function should be maximized.

2.1 Cost function
Let cr be the replacement cost at failure and cr(cr < cr) be the replacement cost at time 7". Then, the expected cost rate is

o(T) = crFx(T) + er Fx (T) _cr—(cr+ cr)Fx (T) -
Jo Fx(t)dt T Fedat

due to Fx(T)=1-— fOT Mu)Fx (u), we have

cer — (er —cr) [y} Au)Fx (u)

C(T): fOTFX(t)dt

; (4)

where A(t) = F];(t()t)'

We want to find T¢ so that C(T") needs to be minimized at T' = T¢. (4) and (24) presented If A(¢) increases strictly with ¢ and optimal

Tc(0 < Te < 00) to minimize C(T') satisfies

/\(T)/O Fx(u)du — F(T) = —%L (5)

Let
M(T) = /O N(T) = A(u)) Fxp (u)du + —F— (6)

CT — CF ’
It is deduced that %C(T) equals 0, is greater than 0, or is less than 0, if M (T") equals 0, is greater than 0, or is less than 0, respectively.

As a result, if an optimal T exist, then it satisfies M (T¢) = 0.
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Suppose X has a Weibull distribution for every parameters X and k with density function fx(z) = %( )1;716 A" and distribution

AN

function Fx(z) =1 —e A where A and k are fuzzy number. Therefore we have

2)’5
. - A
o(F) = et ler Zer : (7)
7 —(z)
fOT e A du
and )
= k T ~k—1 k—1 7(%)1% cr
M(T) = =— T — du — ——.
@) =55 [ @ = e () - ®
For 0 < a < 1, considering Buckley approach ((8)), we have
Tolo] = [T [, TE [a]], (9)
where
T [a] = min{Tc|Te = argmin C(T); A € Nal, k € k[a]}, (10)
and
T/ [o] = max{Tc|Te = argmin C(T); X € Mal, k € kla]}. (11)

Suppose A = (3,0.1,0.1)7 and k= (5,0.1,0.1)7 are two triangular fuzzy number and cr = 20 and ¢y = 2, then the fuzzy optimal

planned replacement time 7T, is plotted in Figure 1.
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Figure 1: Fuzzy optimal planned replacement time.

2.2 Availability function

In the maintenance and reliability theory, the availability of a system is defined in many ways; for example: pointwise availability,
interval availability, limiting interval availability, multiple cycle availability, see for example, (15) (pages 9-10). In this paper, we
consider the limiting interval availability which is given by

MTTF

AV = VTTE T MTTR

(12)
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where MTTF (mean time to failure) is the length of time that the system is expected to last in operation (mean time which the system
is up) and MTTR represents the expected time required to replace the system (mean time which the system is down). Both of them
are nonnegative, then 0 < AV < 1. Notice that AV sometimes called simply availability.

Consider the unit undergoes repair after failure according to a general distribution Gr(t) with finite mean pp, and the unit can
be quickly resumed to normal operation after repairs. In addition, the unit is replaced at a planned time T according to a general

distribution Gr(t) with finite mean pur(ur < pr). Then, the availability is

T =
F d
AV(T) = —o Jo Fx(wdu _
Jo Fx(wdu+ pr(l = Fx(T)) + prFx(T)
.
F d
e L , 13
Jo Fx)du+ (ur — pr)Fx(T) + pr
due to Fx(T)=1-— fOT Mu)Fx (u), we have
o
F d
AV(T) = — Jy Fx(w)du . (14)
Jo (U= (ur — pr)Mw) Fx (w)du + pr
In order to find the optimal T', say T4, so that AV(T) needs to be maximized at T'= T';. From (13) we derive
4 iy < P @ {=(ur = 2 3 T) = \(@) Fxy (w)du + oz |
ar V= - o
(S5 U+ (= )M (W) Py (w)du + )
since, by the assumptions, Fix.(u) and A(u) are continuous functions. Upon taking
T ~ o
QD) = [ OT) = M) Py (dut T (15)
0 KT — UF

d
it is deduced that ﬁAV(T) equals 0, is greater than 0, or is less than 0, if Q(T) equals 0, is less than 0, or is greater than 0,

respectively. As a result, if an optimal T?; exist, then it satisfies Q(7'4) = 0. On the other hand

. _ pr
fm, Q) = oy <O 1o
and
d T _ d
Q) :/0 Fip (u)du = A(T). (17)

If A\(T) is an increasing function of T' (IFR), then from (17), Q(T') is increasing in T. By (15), Q(T') can be reexpressed as

1

QUT) = (14 (e = XD = s ) o P (w)du

WF — [T

(18)

Summing up, by using (18), we can verify the existence and uniqueness of T4 which is presented in the next proposition. Let AV (T)
and Q(T) be as given in (13) and (18), respectively. Then:

1
L+ (pr — pr)A(o0)

If AV (c0) > , then Q(o0) > 0 and there exist finite 7’5 that iAV(T)|T7T* = 0 and T} maximizing AV (T).
—TA

dT
If L(u) is strictly increasing in w, then Q(T) is strictly increasing in 7', hence there exists a unique and finite maximum 7°; provided

that ﬁwo) <1+ (pr — pr)A(00).
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If L(u) is non-decreasing in u, then Q(7T') is non-decreasing in T', and 7' = oo is optimal provided that > 1+ (ur — pr)A(00).

1
AV (c0)

It may be noted that by equation (15), Q(7T') is an increasing function of ur and a decreasing function of ur. Consequently, with
increasing pr, the planned replacement needs to be done at an earlier time and with increasing pr, the planned replacement needs to

be done at a later time. "
- - k ()
Suppose X has a Weibull distribution for every parameters A and k with density function fx(x) = i( A" and distribution

2k

)
function Fx(x) =1—e A . Therefore we have

) T (1) g
AV(T) = Jo e 2 du : (19)

ié 7 e
pr + (pr — up)ef(%> + fOT e ay

and )
= k T Sk—1 k—1 —(E)% Hr
T)==— T —u e \X) du — ————. 20
o) =5 [« ) b (20)
For 0 < e < 1, considering Buckley approach ((8)), we have
Talo] = [T4 [a], T{ [o]], (21)
where
T, [o] = min{Ta|Ta = argmax AV (T); X € Mo, k € k[a]}, (22)
and
T4 o] = max{Ta|Ta = argmax AV (T); A € Aa], k € k[a]}. (23)

Suppose A = (3,0.2,0.2)7 and k= (3,0.2,0.2)7 are two triangular fuzzy number and pr = 2 and pr = 1, then the fuzzy optimal

planned replacement time 7T, is plotted in Figure 2.

[=]

08
I

06
I

04

23 24 2.5 26

Ta

Figure 2: Fuzzy optimal planned replacement time.
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