


2l G306 Jloint g T (o slnow (oog |

3
%
(e

&l

JJGJ(’;’U/LTJ‘/VW/) ¢

SIS LR Sy gl

& S8 Lol o S5l S Sl 0180 B ol b bl 5 g bl otz Jb 55 0l 5 oo
- O p s oS diluy o ol w0 ) 5l e g AT 20ls e 2d o e PRIty
Ol 53 35 o 5SS 2 (S5 53 5 Sy G 39 i DLl (bl 4z pa b ed e 01
N el 5 O sedn ZJ.;U\ S o Jo J}E»:Jﬁu} o )l o) 0y 53 s Lglds S s et e
I3 5 e Sl i Al Sl 05 el S LS L Sl e o LS LT S 5 0 S
S5 3 s 5 e dled Sy ey o 035 O 3o 53 18y )l gan 5 LS e (5l Ol il
1y il oly 5 JolSS ecnlans oy o8 sl ol Ll (553 50 e R ol gloss ol lyls ol
2l b wle 3l dal i o S 68 pler okl S uS o b5 1 Ol e 33901 oo Olusl @
31l b il o Js Olo b 5 il g olusl 487 Ol OF 1y cnds 55,8, o )13 Oludl sl g3 L]
0IS2315 48 Wy o Ol3Ne 5 01 Ktn sy OLallasls adS g3bl 4 o e JLaS b Jlae gl
e Vel 5lite a (panass gl il ST Slal G slily 3 Obdiile oIS L pse
5ol s laes oo B s OLIs, LT L Jsls (gl combin Jases sloul g 5 LT 2l
Slasl O 5 o ges Sl absinds 38 51580 A g VY B b, 53 1 536 Jlez!
SELIL e olen ool 53 S8 e 5 L 5 Jb e b S ol S 0Ll 5 ke ol
o) Sl L3931 Sl ol ode oS 5 L 3 g g 5 ede lasyslies o T

rb:;—\ L

e AL s



ISC! (536 Jbint g )loT o slinow 300 .7 G

(7R
(™
i
i
i
1
§

&l

5 SO S
S S

Monte Carlo computations for fuzzy and crisp systems

Fathi-Vajargah, B. .. ... 1

60 Jaoes 53 Lol ol J 8 (slajls ped 2 (6090
S -~ co.Ut\f)j;EJLﬁ
LaajLés, Lac..a\...ﬁ. g&a‘; Jle|
P £ (s 2l

7

R ;5 550 Q‘,,:...'ij ‘_;Laj‘,)jl gf;ﬁg}fl’ﬁd‘ﬁ fuzzyreg <ww B e
K e e e f‘;?’b‘?‘) .r‘ﬁj



Eizl ISC| 536 Jboint g 3bT ho slow omos8 1T & :

A |Ili

(ras G({uuu_w'.‘a/.ﬁf}? S J Kl gad

L;‘gls»‘.:&osbéjmwsﬁmw

D et o ‘défi\ru.t.uﬂ (A
U olay o o S gy 4 (656 o &g 55 sL2 20l 3,540

R 5 e p (S
63 Jarme 55 5l gl (sl Slag 1o 2 e O g S

NV 3 St e e e N pen
7o Jsb slaesls (sl (556 kS (55l 58 s o

A PP O (b el o S sdslo
5580315 sa b, S olinmnl b clLaol&ils (539,55 3051 DLl sls (staogo (5455 st

T Tl o o S8y ploe o o B8l o v s ske

3 il b 3 Pt Gy la it ) g 53 g (a2 S 3l s (630 ] Sl & g £
L 2 V22 'f‘J:JT") .r‘da.:u‘.j‘éj):;



[&] iscC 9" National Seminar on =

—— Fuzzy Statistics and Probability

(J}lu'/“jJGrL'uL«!/wl;J;/_./f;,)‘){/’ JK&”‘W‘\:///
Some fixed point theorems for contractions in non-triangular non-archimedean
extended fuzzy b-metric spaces
Bagheri, Z. ... o 45
Some fixed point theorems for various contractions in parametric and fuzzy

b-metric spaces

Bagheri, Z. ... 49
Solving fully fuzzy linear programming problems with unrestricted vari-
ables

Hosseinzadeh, E., Hassanpour, H., Tayyebi, J. ....... ... ... it 52

Evaluation of incidence rate of cancer based on index of prevalence obesity
by using fuzzy-multivariate adaptive regression splines

Rezaei, M., Taheri, S.M., Namdari, M., Alimohammadi, R......................... o7
Bayesian confidence limits of a process capability index for discrete pro-
cesses

Salehi Sarvestani, M., Parchami, A., Mashinchi, M. ............................... 64
Minimum cost flow problem with triangular fuzzy demands/supplies

Tayyebi, J., Hosseinzadeh, E., Beigi, S....... .. ... 70



2l 538 Jloiat g yboT (o ylwow cpmog ﬁ__ e

3
%
(e

S

° »

(i bl s 20 (S SooWloraho s 2
. . " )

ol . .o Z . < . . N
LR 556 (295 =52000 b (b3 Qs S5 o ol 2 2,550 5 55 4 dr )

VY e e e ) c‘_;wb; .Q ‘5\53 L;".?-))\B C)p )
G536 Tl 13 3 s Olnaol S (tmlons 3 glwlons (sla Shos 20
VO ........................................................................ ®) 4‘59)‘).

LR (55 248 93 12 (s (g4t (tamlons (g1 0 o 10 SO

Y e D R o ‘gs"j’j"(’ (oS
G258 530 ol o dgb 10555 5 03ltsl b (650 o B )

VY e T p e s



= th Nat: - ) |
Eﬂ ISC 9 Natllon.al Seminar on” o~
A e Fuzzy Statistics and Probability

(ar ) G(U uu/fﬂu.b}/_./fff)u{i i&ﬂ&/a,r‘:/&/ el
Income inequality indices for fuzzy data
Behdani, Z. . ... 78
An overview of insurance risk model in random fuzzy environment
Ghasemalipour, S., Fathi-Vajargah, B. ... ... .. .. 79
Fuzzy linear regression models with fuzzy metric
Ghasemi, R., Rabiei, M.R., Nezakati, A. ........ .. . . . 80

On the non-parametric multivariate control charts in fuzzy environment

Sadeghpour Gildeh, B., Abbasi Ganji, Z.............ooiiiiiii ... 81



3
1

ISC| (536 St 5 36T o sluow oo 7| &

Jh:“""’ 6“).9-’“

oL e o
$8 b;:w,f) )
5L sslSesls @

S eaS JS e

63 s 3 Sl LT e

6oL lases j3slezel LG @

3B Jaes 53 (g Ll Lliol o

S8 laetn Sl 5 el osrs @

S36 loes 5o elazarl _(g3lail 5T o

636 James 5 Jlez 5 LI L Jas o lag b g0 ol

(LAl g o i 55 &) ode aS” gLusl

alsle o&ils o3l aul ST 2S5 @

Ol 3Le o515 ¢ 2ugyos dol ;S5 @

(Ol ST el 0dioled) 55,8L8 oxes o315 ( aw)y Lo ydoses S5 @
OIS o8l o)l Ly 255

SVLPPVPES PICEMERTSTAgPe SV PREC ol

015 oBils (5 alb 3 a0ms S 555 0

(S35 (S (ol s yled) OIS o831 oSl b S5, 2S5 @
Obe S yal dgd ol&sils ( zropile allelile S5 @

Ol i psle o2l e o Loy 255 @

(ol €S 03) O03Le olKls ¢ 3 pdln 3L s 255 0



2l 538 Jloiat g yboT (o ylwow cpmog ﬁ__ e

3
%
(e

2l S gLas!

Olipons 523 L3k sl gy sony b oy 2S5 @

OLyi3le o515 st Oslas ( obls = doses S5 @

(2 a8 23) DL oKl L ple 0aSils dy (Sl rowal] S5 o
(ke €08 102) OL5e o5 ¢ 3l son 3L s 755 0

Oyile ol sils ¢ Slakzs s JolS &5 dases dos 7S5 @

O3 o2l 5L ke 0dSils (15 gl pdke 33, ol 4t @

O3k o &sls (5 3L Job A @

L) oLl (g s S

J\;,.w g}f‘f?‘ JJ\S

y.x;\(..:m; °
()er»@bﬂq)djim»)mh&oﬁ) °
6))250}5\.5 [

L;Mc\:qu )

536 Jlazl g LT s Sl sl

alhdsle ol&iils @
0Ll 51 Slagtman (a2sll @
Ol LUl esl @



= = th . . -
Eﬂ ISC 9" National Seminar on >
—— Fuzzy Statistics and Probability ==

a4
Monte Carlo computations for fuzzy and crisp systems

Behrouz Fathi—Vajargahm

Department of Statistics, Faculty of Mathematical Sciences, University of Guilan, Iran

Abstract: The main subject of this speech is employing the Monte Carlo method to
solve the real and complex fuzzy linear systems with new techniques. Since, the purpose
of this work is obtaining the solution with high accuracy, modifications are exerted on
the Monte Carlo and hybrid Monte Carlo algorithms to find the inverse of matrix under
Strictly Diagonally Dominant property and in general case so. Specific strategy is imple-
mented on Monte Carlo method for a class of fuzzy linear systems with higher order. We
also present a new discussion on the random fuzzy numbers, random number generators
and scrambling of them for extra uniformity. We have experimentally indicated that the
partitioned rand library function generates the random numbers with more uniformity
than library rand function in employed software (such as MATLAB ) and programing

languages. We also have a survey in Monte Carlo integration problems.

1Speaker: fathi@guilan.ac.ir; behrouz.fathi@gmail.com
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Abstract
In this paper, we investigate the existence of fixed points under various contractive conditions in the
setup of extended fuzzy b-metric spaces. Moreover, some examples are provided here to illustrate the
usability of the obtained results.
Keywords: Fixed Point, Non-triangular non-archimedean spaces, Fuzzy b-metric spaces.
Mathematics Subject Classification (2010): 47H10, 54H25.

1 Introduction and preliminaries

Grabiec (1988) defined contractive mappings on a fuzzy metric space and extended fixed point theorems
of Banach and Edelstein in such spaces. Successively, George and Veeramani (1994) slightly modified
the notion of a fuzzy metric space introduced by Kramosil and Michédlek and then defined a Hausdorff

and first countable topology on it.

Definition 1.1. A binary operation * : [0,1] x [0,1] — [0, 1] is called a continuous t-norm if it satisfies

the following assertions:

(T1) * is commutative and associative;

(T2) x is continuous;

(T3) ax1=a foralla€[0,1];

(T4) axb<cxd when a <c and b < d, with a,b,c,d € [0,1].

Four basic examples of the continuous t-norm are ax1 b = min{a, b}, ax2b = m for A € (0,1),
ax3b=aband axsb=max{a+b— 1,0} for all a,b € [0,1].

Definition 1.2. A 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, * is
a continuous t-norm and M is a fuzzy set on X2 x (0,00) satisfying the following conditions, for all

z,y,z€ X andt,s >0,

(i) M(z,y,t) > 0;

(i) M(x,y,t) =1 for allt > 0 if and only if x = y;
(i) M(z,y,t) = M(y,z,t);

*Speaker: zohrehbagheri@yahoo.com
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(iv) M(z,y,t)* M(y,z,8) < M(z,2,t + s);
(v) M(z,y,.):(0,00) — [0,1] is continuous;
The function M (x,y,t) denotes the degree of nearness between x and y with respect to t.

If, in the above definition, the triangular inequality (iv) is replaced by the following condition:

(NA) M(z,y,t) * M(y, z,8) < M(z,z, max{t, s})
for all z,y,z € X and t,s > 0 then the triple (X, M, ) is called a non-Archimedean fuzzy metric
space. It is easy to check that (NA) implies (iv), that is, every non-Archimedean fuzzy metric space is
itself a fuzzy metric space.
Definition 1.3. Hussain et al. (2015) A fuzzy b-metric space is an ordered triple (X, B,*) such that
X 1is a nonempty set, * is a continuous t-norm and B is a fuzzy set on X x X X (0,+00) satisfying the

following conditions, for all x,y,z € X and t,s > 0:
(F1) B(z,y,t) > 0;

(F2) B(z,y,t) =1 if and only if x = y;

(F3) B(z,y,t) = By, z,t);

(F4) B(z,y,t)x B(y,z,s) < B(z,z, \(t + s)) where A > 1;
(F5) B(z,y,-): (0,400) — (0,1] is left continuous.

Definition 1.4. Let (X, B,x) be a fuzzy b-metric space. Then
(i) a sequence {x,} converges to x € X, if and only if lirf B(zn,z,t) =1 for all t > 0;
n—r oo

(i) a sequence {xn} in X is a Cauchy sequence if and only if for all € € (0,1) and for all t > 0, there
exists no such that B(xn,Tm,t) > 1 — € for all m,n > no;
(iii) the fuzzy b-metric space (X, B,x) is called complete if every Cauchy sequence in it converges to

somezx € X.

Definition 1.5. Let X be a (nonempty) set. A function d: X x X — R is an extended b-metric if
there exists a strictly increasing continuous function 0 : [0,00) — [0,00) with Q7 (t) < t < Q(t) such
that for all x,y,z € X, the following conditions hold:

(1) d(z,y) =0 iff v =y,

(p2) d(z,y) = d(y,z),

(pS) d(.%‘, Z) < Q(d(w,y) + d(y, Z))

In this case, the pair (X,d) is called an extended b-metric space.

Proposition 1.6. Let (X,d) be a b-metric space (with parameter X\ > 1) and there exists a strictly
increasing continuous function € : [0,00) — [0,00) with AQ ™' (t) <t < Q(%) for all t >0 and Q' (0) =
0 =Q(0). Let Mg : X x X x (0,00) — [0,1] be defined by Mq(x,y,t) = %’ for all t > 0.
Then (X, Ma, A\, Q) is an extended fuzzy b-metric space. Mq will be called the standard extended fuzzy

b-metric.
Example 1.7. Let (X, d) be a metric space (with parameter A > 1).

1 IfQ(t) = et —1, then Q7' (u) = In(1+wu). So, Ma : X x X x (0,00) — [0, 1] defined by Mo(z,y,t) =
In(1+¢)
1+t +d(2,)

2. If Q(t) = te', then Q' (u) = W(u), for u > 0, where W is the Lambert W -function (see, e.g.,

Dence (2013)). Let Mg : X x X x (0,00) — [0,1] be defined by Ma(x,y,t) = %ﬁgly). Then

is an extended fuzzy b-metric.

(X, Ma, A\, Q) is an extended fuzzy b-metric space.
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2 Main results

2.1 Results under Geraghty-type conditions

Theorem 2.1. Let (X, =) be a partially ordered set and (X, M,x,Q) be a complete non-Archimedean
extended fuzzy b-metric space. Suppose that T : X — X be a self-mapping satisfying the following

assertions:

(i) T is an extended fuzzy Geraghty contractive type mapping;
() There exists To € X such that zo < Txo,
(iii) T is continuous.

Then T has a fixed point, that is, there exists xo € X such that Txo = xo.

2.2 Fixed point results via comparison functions

Lemma 2.2. If ¢ € O, then the following are satisfied.
(a) ¢(t) <t for allt > 0;
(b) $(0) =0.

Theorem 2.3. Let (X, =) be a partially ordered set and (X, M,*,Q) be a complete extended fuzzy b-
metric space. Suppose that T : X — X be a self-mapping satisfying the following assertions:

(i) T is an extended fuzzy comparison contractive mapping;
(i) There exists xo € X such that xo < Txo,
(iii) T is continuous.

Then T has a fized point, that is, there exists xo € X such that Txo = xo.

2.3 Fixed point results related to JS-contractions

Theorem 2.4. Let (X,d) be a complete metric space and let T : X — X be a given mapping. Suppose
that there exist 0 € ©g and k € (0,1) such that

z,y € X, dTz,Ty)#0 = O(d(Tm,Ty)) < ﬁ(d(m,y))k. (1)

Then T has a unique fixed point.

Theorem 2.5. Let (X, <) be a partially ordered set and (X, M,*,Q) be a complete non-Archimedean
extended fuzzy b-metric space. Suppose that T : X — X be a self-mapping satisfying the following

assertions:
(i) T is an extended-fuzzy JS-contraction type mapping;
(111) There exists xo € X such that xo < Txo,
(w) T is continuous.

Then f has a fized point.
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Abstract
The notion of parametric metric spaces being a natural generalization of metric spaces was recently
introduced and studied by Hussain et al. In this paper we introduce the concept of parametric b-metric
space and investigate the existence of fixed points under various contractive conditions in such spaces.
As applications, we derive some new fixed point results in triangular partially ordered fuzzy b-metric
spaces. Moreover, some examples are provided here to illustrate the usability of the obtained results.
Keywords: Fixed Point, Contractive condition, Fuzzy b-metric spaces.
Mathematics Subject Classification (2010): 47H10, 54H25.

1 Introduction and preliminaries

Grabiec (1988) defined contractive mappings on a fuzzy metric space and extended fixed point theorems
of Banach and Edelstein in such spaces. Successively, George and Veeramani (1994) slightly modified
the notion of a fuzzy metric space introduced by Kramosil and Michdlek and then defined a Hausdorff

and first countable topology on it.

Definition 1.1. A S-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, * is
a continuous t-norm and M is a fuzzy set on X x (0,00) satisfying the following conditions, for all
r,y,z € X andt,s >0,

(1) M(z,y,t) >

(i) M(x,y,t) =1 for allt > 0 if and only if x = y;
(ii) M(z,y,t) = M(y,x,t);

(iv) M(z,y,t)* M(y,z,5) < M(z,2,t + 5);

(v) M(z,y,.): (0,00) = [0, 1] is continuous;

The function M (z,y,t) denotes the degree of nearness between x and y with respect to t.

Example 1.2. Let (X,d) be a metric space. Then (X, M,*) is a fuzzy metric space, where a xb = ab
for all a,b € [0,1] and M(z,y,t) = m for all xz,y € X and for all t > 0. We call this M as the
standard fuzzy metric induced by the metric d. Fven if we define axb = min{a,b} for all a,b € [0,1],
then the triple (X, M, x) will be a fuzzy metric space.

Definition 1.3. Let (X, B,*) be a fuzzy b-metric space. Then

*Speaker: zohrehbagheri@yahoo.com
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(i) a sequence {xz,} converges to x € X, if and only if lirJIrl B(zn,z,t) =1 for all t > 0;
n—r oo

(i) a sequence {xn} in X is a Cauchy sequence if and only if for all € € (0,1) and for all t > 0, there

exists no such that B(zn,Tm,t) > 1 —€ for all m,n > no;

(iii) the fuzzy b-metric space (X, B,x) is called complete if every Cauchy sequence in it converges to

somezx € X.

Proposition 1.4. Let (X, d) be a b-metric space with coefficient s > 1 and let p(z,y) = &(d(x,y)) where
€ :[0,00) — [0,00) is a strictly increasing continuous function with t < £(t) for t > 0 and £(0) = 0.
Then p is a p-metric with Q(t) = &(st).

Proposition 1.5. Let (X, d) be a b-metric space (with parameter A\ > 1) and there exists a strictly
increasing continuous function € : [0,00) — [0,00) with AQ ™' (t) <t < Q(%) for all t >0 and Q' (0) =
0 =9Q(0). Let Mg : X x X x [0,00) — [0,1] be defined by Ma(z,y,t) = %, ift > 0 and
Ma(z,y,t) = 0 if t = 0. Then (X, Mq,A,Q) is an extended fuzzy b-metric space. Mq will be called

standard extended fuzzy b-metric.

Definition 1.6. Let (X, M,*) be a fuzzy metric space. The fuzzy metric M is said to be triangular
whenever, (m -1 < (m -1)+ (m — 1) for allz,y,z € X and any t > 0. Finally, let
X be a nonempty set. If (X, M,*) is a fuzzy metric space and (X, =) is a partially ordered set, then
(X, M, %, =) is called an ordered fuzzy metric space. Also, x,y € X are called comparable if x <y or
y X x holds. Let(X, =) be a partially ordered set and T : X — X be a mapping. T is called a non
decreasing mapping ifl'x < Ty, whenever x <y for all x,y € X.

2 Main results

2.1 Results under Geraghty-type conditions

Theorem 2.1. Let (X, <) be a partially ordered set and (X, M,*,Q) be a complete non-Archimedean
extended fuzzy b-metric space. Suppose that T : X — X be a self-mapping satisfying the following
assertions:

(i) T is an extended fuzzy Geraghty contractive type mapping;
(i) There exists zo € X such that zo < Txo,
(iii) T is continuous.

Then T has a fized point, that is, there exists xo € X such that Txo = xo.

2.2 Fixed point results via comparison functions

Definition 2.2. Let (X, M,*,Q) be a non-Archimedean extended fuzzy b-metric space. We say that
T : X — X is an extended-fuzzy comparison contractive mapping if there exist two functions ¢ and
such that:

1 1
1< d(—
M(Tz, Ty, Q7%(t) ~ — ¢(M(w7 y,t)
for all t > 0 and for all comparable elements x,y € X.

—1)

Theorem 2.3. Let (X, =) be a partially ordered set and (X, M,x,2) be a complete extended fuzzy b-
metric space. Suppose that T : X — X be a self-mapping satisfying the following assertions:
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(i) T is an extended fuzzy comparison contractive mapping;
(i) There exists zo € X such that zo < Txo,
(iii) T is continuous.

Then T has a fized point, that is, there exists xo € X such that Txo = xo.

2.3 Fixed point results related to JS-contractions

Theorem 2.4. Let (X,d) be a complete metric space and let T : X — X be a given mapping. Suppose
that there exist 0 € ©g and k € (0,1) such that

z,y€X, d(Tz,Ty)#0 = 0(d(Tz,Ty)) < H(d(x,y))k. (1)
Then T has a unique fixed point.

Remark 2.5. It is clear that f(t) = e’ does not belong to ©q, but it belongs to ©. Other examples are

n ot otet
F(t) = cosht, f(t) = 25, f(t) = L+ In(L+1¢), f(t) = SRS, f(8) = € and f(t) = 2, for
all t > 0.

Theorem 2.6. Let (X, <) be a partially ordered set and (X, M,*,Q) be a complete non-Archimedean
extended fuzzy b-metric space. Suppose that f : X — X be a self-mapping satisfying the following
assertions:
(i) fis an extended-fuzzy JS-contraction type mapping;

(111) There erists xo € X such that xo < fxo,

() fis continuous.

Then f has a fized point.

Example 2.7. Let X =[0,1.2) and (X,d) be an estended b-metric space with d(z,y) = |z — y|? for all

z,y € X and Q(z) = e*® — 1. Then the triple (X, M, *,Q) is an extended fuzzy b-metric space, where

a*b=ab for all a,b € [0,1.2] and M(z,y,t) = m for all z,y € X and for all t > 0.

Example 2.8. Let (X, d) be a metric space. Then the triple (X, M,d) is a extended fuzzy b-metricspace,
where axb = ab for all a,b € [0,1] and M (z,y,t) = m for alle,y € X and for allt > 0.(X, M, *,Q)
is a complete extended fuzzy b-metricspace equipped with the d(x,y) = el*=vl 1 for all x,y € X, where

Qz) =e* —1.
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Abstract
In the past few years, a growing interest has been shown in fuzzy linear programming and currently there
are several methods for solving FFLP. However, due to the limitation of these methods, they cannot be
applied for solving fully fuzzy linear programming (FFLP) with unrestricted fuzzy coefficients and fuzzy
variables. In this paper a new efficient method for FFLP has been proposed, in order to obtain the fuzzy
optimal solution with unrestricted variables and parameters. To show the efficiency of the proposed
method a numerical example have been illustrated.
Keywords: Fully fuzzy linear programming problems, Triangular fuzzy numbers, Ranking function,
Fuzzy optimal solution.
Mathematics Subject Classification (2010): 90C70, 90C05.

1 Introduction

Linear Programming (LP) is one of the most important techniques in operational research. Many real-
world problems can be transformed into a linear programming model. Hence this model is an indispens-
able tool for today’s applications, such as energy, transportation and manufacturing. The fuzzy linear
programming problems in which all the parameters as well as the variables are represented by fuzzy
numbers is known as FFLP problems. FFLP problems can be divided into two categories:

(1) FFLP problems with inequality constraints (2) FFLP problems with equality constraints.

Some authors have proposed different methods for solving FFLP problems with inequality constraints.
In all these methods firstly the FFLP problem is converted into crisp linear programming problem and
then the obtained crisp linear programming problem is solved to find the fuzzy optimal solution of the
FFLP problems. Dehghan et al. (2006) proposed a fuzzy linear programming approach for finding
the exact solution of fully fuzzy linear system (FFLS) of equations. Lotfi et al. (2009) proposed a
method to obtain the approximate solution of FFLP problems. Shamooshaki et al. (2015) using L-R
fuzzy numbers and ranking function established a new scheme for FFLP. Ezzati et al. (2015) using a
new ordering on triangular fuzzy numbers and converting FFLP to a multiobjective linear programming
(MOLP) problem, presented a new method to solve FFLP. To the best of our knowledge, till now there

is no method in the literature to obtain the exact solution of FFLP problems with equality constraints.
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The paper is organized as follows: A review on notions of fuzzy set theory is presented in Section
2, the proposed approach is introduced in Section 3, a numerical exampleis presented in Section 4, and

Section 5 is devoted to conclusion.

2 Preliminaries

In this section, some necessary backgrounds and notions of fuzzy set theory are reviewed.

Definition 2.1. A triangular fuzzy number (TFN), say A, is denoted by A = (a, ar, B) where a, «, and
are the center, left, and right spread of A, respectively. a is a real number and o, f > 0. The membership

function offi is as follows:

w a—a<z<a,
A(x) = otb== a<z<a+p, (1)
0 otherwise.

The set of all TFNs is denoted by T'(R).

The following formulas for addition of two TFNs and multiplication of a TFN by a scaler are drawn
from extension principle of Zadeh (1987).
If A, = (a1, a1, f1) and Ay = (a2, a2, B2) be in T(R) and r € R, then:

A1+A2:(a1 + a2, a1 + az, f1 + B2), (2)

vA — (rai,ran,r81) r >0, 3)
(rai,—rp1, —rai) r<O0.

The multiplication of two TFNs based on extension principle is not necessarily a TFN (Dobois

and Prade 1980). The following approximation for the product of two TFNs A = (a1,01,61) and

Ay = (as, a2, B2) is proposed by Dobois and Prade (1980):

(araz, a1 + azar, a1 B2 + azr) A > O,Az > 0,
A1 ® Ay ~ (a1a2,a2001 — a1B2,a201 — a1a2) A < 0,/12 > 0, (4)
(alaz, —azﬂl — alﬂz, —a20] — a1a2) A1 < O,AQ < 0,

where A; > 0(< 0) means a; — a; > 0(a; + 8i < 0), i = 1,2. Note that, we let 0 = (0,0,0) as a zero

fuzzy number.
Definition 2.2. Sakawa (1993) Let A and B be two fuzzy sets. A is said to be a subset of B, denoted
by A C B, if and only if its membership function is less than or equal to that of B everywhere on X:
ACB& A(x) < B(z) YreX. (5)
Proposition 2.3. Suppose A, B and C are fuzzy numbers. Then
(A+B) e CCA®C+BaC. (6)
The equality holds if A, B,C > 0.

Definition 2.4. A ranking function is a function R : T(R) — R which maps each fuzzy number into
the real line, where a natural order exists. Let A = (a,a, B) be a triangular fuzzy number, then R(A) =
a+ (B - a).

Definition 2.5. : Let A = (a,a, B) and B= (b,7,9) be two triangular fuzzy numbers, then

(i) A< B iff R(A) < R(B),
(ii) A < B iff R(A) < R(B).
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3 Proposed method
Consider the following fully fuzzy linear programming (FFLP) with m constraints and n variables:

Min 3=C®7% (7)

st. A®z=0b, I isunrestricted fuzzy number.

where CT = [¢;]1xn and rank(A,b) = rank(A) = m. Due to the limitation of the existing methods,
these methods cannot be applied for solving above FFLP problem. Here, to overcome the limitations of
the existing methods, a new method is proposed.

Remind that a real number a has infinite representations in the form of a = a’ — a”, where @’ and
a” are nonnegative real numbers. Suppose A = (a,7,0) and Z = (z,a,f,) are two TFNs where Z is
unrestricted. Set & = &’ + 7" in which &’ = (2’,d/,8') and " = (—2",a”,8") where x = 2’ — 2",
a=d +a", =8 +8" 2 >d,z" >p", and a’,d",a/,a",8',8" > 0. By using Proposition 2.3,

approximation (4), and addition (2) we have:

Api=A@@F +7)CAQi +Axi” (8)
- - (az' —ax" 2’y +d'a+2"6 +a"a,2'6 + f'a+ 2"y + B"a) A>0,
A ® :Ll/ Jr A ® x/, = !/ _ " / _ ! " _ 11 ! _ ! " _ " 1 (9)
(ax’ —az" 2’y — Ba+2"6 — 8"a,2'd —d'a+ 2"y — a"a) A <O,
Using (8) the FFLP problem (10) can be written as follows:
Min :=C@# +Coi" (10)
st. A9#F +A®i =b, (11)
Fei =0, (12)
#F>0,,8 <0 (13)

by considering the constraint (12), the relation of subsetting in proposition (2.2) can be held as equality,
since at least one of ¥’ and " is zero. Also, using Definition (2.4), the fuzzy objective function of the
FFLP problem, can be converted into the crisp objective function. To illustrate this procedure, let us

consider the following example.

4 Numerical example
Consider the following FFLP problem

Maz 2= (2,3,1)®& + (3,1,1) ® %,
st (=2,1,2) @1+ (7,1,1) @ F2 = (—17,13,14),
(4,2,2) @ 31 + (—1,1,3) @ F2 = (8,12, 10),

where 1 and T are unrestricted triangular fuzzy numbers.

By using Definition (2.4) the fuzzy objective function of the FFLP problem, can be converted into

the crisp objective function. If set ] = (z1,04,81), 7 = (—27,af,B!) where 71 = #] + #{ and

Ty = (xh, ah, B3), T = (—x5, a4, 85) where Zo = T5 + &5, then by using relation (9) the obtained fuzzy
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linear programming problem can be written as follows:

Mazx z=R[(2z] — 22,3z — 281 + ¥ — 267, x7 — 221 + 32 — 2a7)+
(3xh — 3xh, x5 + 3a + Ty + 3ah, x5 + 385 + x5 + 365 )]
st (—=2x + 227, 27 + 261 + 227 + 267, 271 + 227 + ) + 2af)+
(Twy — Tal, @ + To + @5 + Tag, x5 + T + 2 + TB7) = (—17,13,14),
(4 — 4z, 227 4+ 4oy + 227 + 4oy, 227 + 467 + 27 +487)+
(—ah + x5, 25 + B + 3xy + B2, 325 + ab + 25 + i) = (8,12, 10),

~/ = ~/ ~1
T, ®x"1 =0, To @ Ty =0,

1, Y, 5,35 > 0.
Using the arithmetic operations, Definition (2.4) and definition of zero fuzzy number, the above problem

can be written as follows:

Maz == 5o\~ Sol + 32y — 32§ — 2o — 2ol + 8L+ 2B + 265+ 264 — Jab — 2o,
s.t. — 2 + 22 + Tah — Txy = —17,
ah + 261 + 2z + 267 + ah + Tah + @ + Tay = 13,
2z + 20 + @ + 20 + ah + 7B + ah + 785 = 14,
Aoy — Az —xh + x5 =8,
2z + 4oy + 227 + 4o 4 x5 + By + 3xh + Y = 12,
204 + 41 + 227 + 47 + 3zh + ab + 25 + ab = 10,
h>ah, x> pY, wy>ah, x>,
Hhaf =0, ool +a48 =0 whaf + 278 =0
Wi =0, ool +absl =0 whaf + =B = O
The optimal solution of the crisp programming problem is
zh = 1.5, o4 =0.46, B; = 0.98, ¥ =0, af =0, B =0
25=0, ab=0, B5=0, x5 =2, o = 1.077, By =1.154
Since 1 = ) + #{ and 2 = 5 + ¥4, the fuzzy optimal solution is #; = (1.5,0.46,0.98), T2 =

(—2,1.077,1.154). By putting Z1 and &2 in objective function, the fuzzy optimal value is Z = (—3,7.771, 5.682).

Conclusion

In the past few years, a growing interest has been shown in fuzzy linear programming and currently there
are several methods for solving FFLP. However, most of them has not discussed the solving FFLP with
unrestricted fuzzy coefficients and fuzzy variables. In this paper a new efficient method for FFLP has
been proposed, in order to obtain the fuzzy optimal solution with unrestricted variables and parameters.

To show the efficiency of the proposed method a numerical example have been illustrated.

References

Dehghan M., Hashemi B. and Ghatee M. (2006), Computational methods for solving fully fuzzy linear
systems, Appl. Math. Comput. 179, 328-343.



Solving fully fuzzy linear programming problems with unrestricted variables 56

Ezzati R., Khorram E. and Enayati R. (2015), A new algorithm to solve fully fuzzy linear programming
problems using the MOLP problem, Appl. Math. Modell. 39, 3183-3193.

Lotfi F.H., Allahviranloo T., Jondabeha M.A. and Alizadeh L. (2009), Solving a fully fuzzy linear
programming using lexicography method and fuzzy approximate solution, Appl. Math. Modell. 33,
3151-3156.

Saberi Najafi H., Edalatpanah S.A. and Dutta H. (2016), A nonlinear model for fully fuzzy linear
programming with fully unrestricted variables and parameters, Alexandria Engineering Journal 55,
2589-2595.

Sakawa M. (1993), Fuzzy Sets and Interactive Multiobjective Optimization, Plenum Press, New York.

Shamooshaki M.M., Hosseinzadeh A. and Edalatpanah S.A. (2015), A new method for solving fully
fuzzy linear programming problems by using the lexicography method, Appl. Comput. Math. 4, 1-3.



£ _ th . 5 =
EH ISC 9" National Seminar on o
T Fuzzy Statistics and Probability

Evaluation of incidence rate of cancer based on index
of prevalence obesity by using fuzzy-multivariate

adaptive regression splines

Mina Rezaei*!, S. Mahmoud Taheri?, Mahshid Namdari®, Roshanak Alimohammadi*

!Department of Mathematics Sciences, Alzahra University
28chool of Engineering Science, College of Engineering, University of Tehran
30ral Health Department, School of Dentistry, Shahid Beheshti University of Medical Sciences

4Department of Mathematics Sciences, Alzahra University

Abstract

Using the Multivariate Adaptive Regression Splines (MARS) technique, a fuzzy regression model for
imprecise reponse and crisp explanatory variables is studied. The investigated fuzzy regression model
is applied to a certain health index based on some real data. The accuracy of the method is compared
with two well-known fuzzy regression models, namely, the fuzzy least absolutes model and the fuzzy
least squares model. The comparison results reveal that the MARS fuzzy model performs better than
the other models. This comparison is done based on two goodness of fit criteria.

Keywords: Fuzzy regression, Similarity measure, Incidence rate of cancer, Prevalence obesity.

Mathematics Subject Classification (2010): 62A86.

1 Introduction

In real studies, especially in medical ones, we usually face to vague data. In such situations the data
are measured non-crisp or they are reported non-crisp. In these cases, an alternative suitable method to
analysis the data is to use fuzzy modeling (see e.g. Namdari et al. (2014)).

In the present work, the fuzzy MARS model is explained, and then the application of such a model
to find the relationship between a certain medical characteristic and incidence rate of cancer is studied.

In Section 2, we expain why and when using MARS is effective. The investigated model is described
in Section 3. In Section 4, the criterion that are used to evaluate the model are reviwed. The fuzzy
MARS method is employed for modeling a relationship between index of prevalence obesity and incidence
rate of cancer in Section 5. A comparison study is presented in Section 6. In Section 7, forecasting for a

new case is explained.

*Speaker: mn.rezaee7@gmail.com

57



MARS fuzzy

58

2 Why MARS?

The multivariate adaptive regression splines (MARS) is an adaptive non parametric piecewise regression
approach that makes no assumptions about the functional relationship between the response variables
and explanatory variables. It is an appropriate technique for modeling a data set, especially when the
range of data is large and the relationship between variables is nonlinear, see Friedman (1991). MARS
is a flexible regression technique that uses a modified recursive partitioning strategy to simplify high
dimensional problems, into smaller yet highly accurate models. Chachi et al. (2016) introduced a novel
approach which combine the MARS technique and fuzzy regression methods in order to analyse the
fuzzy data for which a large data set or when relationship between the response variables (which is not
crisp) and explanatory variables is nonlinear. As it is, the fuzzy least squares and fuzzy least absulotes
approaches are two most studied paradigms in the parametric modelling of imprecise data well-known.
While these methods are relatively easy to develpe and interpret, they have a limited flexibility and
work well only when the true linear underlying relationship is close to the pre-specified approximated
function in the model. In practical studies, however, these methods are not suitable and give misleading
results while the true underlying relationship in nonlinear. To overcome the weaknesses of the parametric
modelling approaches, non-parametric models are developed locally over specific subregions of the data,
i.e. the dataset is searched for the optimum number of subregions and then a simple function is optimally
fit to the realizations in each subregion. Such methods are able to approximate the underlying nonlinear
relationship between a target variable and a set of explanatory variables as well as possible.

Unlike better known linear regression techniques, MARS does not assume coefficients are stable across
the entire range of each variable and instead uses splines to fit piecewise continuous functions to model
responses. This is very useful when it is suspected that model inputs have varying optima across different
levels of the model inputs. MARS is highly sensitive to both sample size and design of experiment type,
see Hastie et al. (2009).

The main objective of this paper is to employ the MARS technique to construct a fuzzy regression
model for crisp input- fuzzy output data, and then to study such a model in a medical problem based

on a real world dataset.

3 The investigated method

For estimating a fuzzy response variable § = (y, d) using a set of explanatory variable x, the best model
is the one with minimum total error in predicting the centre value and the spread value of fuzzy reponse
variable. To find a relationship between a reponse variable, y, and an explanatory variable, z, it may
be apparent that for different ranges of x, different linear relationships occure. In these cases, a single
linear model may not provide an adequate description. The MARS technique is a form of regression that
allows multiple linear (or nonlinear) models to be fitted to the data for different ranges of z, see Hastie
et al. (2009). Therfore in this section, we present a new method to estimate the fuzzy response variable
by mean of the idea introduced in Chachi et al. (2016):

a) modelling the centres of the response variable via a MARS model on the explanatory variables; and

b) simultaneously modelling the transformation of the spreads of the response throught another MARS

model, as follows
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M

y=BoBo(x)+ Y BmBm(x) (1)

m=1

M

G(8) =v0Bo(®) + > YmBm(x)

m=1

In which G : (0,00) — R is an invertible function.

In this method, we do not impose a non negativity condition to the estimation problem to avoid
negative estimated spreads, but we use an alternative method proposed by Ferraro et al. (2010) to
remove the non-negativity condition. In this method, we propose a transformation of the spread of
the response through MARS model. Indeed, using this method, the spread of the response variable is

obtained as:

which is always non-negative. A common approach consists in transforming the spread by mean of
the natural logarithmic transformation. i.e. G(t) = In(t). We will use this approach in the numerical
example to transform the spread into real variables without the restriction of non-negativity.

Now, by applying the earth package in software R, we can estimate the coefficient (o, 81, ..., B and

Y05 V15 e Vi

4 Evaluation Methods

In this study, we use two well known criteria to evaluate the obtained fuzzy regression models. These
criteria are the common indices for evaluating the gooness-of-fit of fuzzy regression models used by many
authors (Chachi and Taheri , 2013; Hojati et al. , 2005; Kelkinnama and Taheri , 2012).

4.1 Mean of relative errors (MRE)

This criterion initially introduced by Kim and Bishu (1998), is defined as MRE = X 3" | E(§i, 7:),

where
E(§i, 5:) / M d (3)
S i(z

This index is the ratio of the total difference between the estimated and observed membership values of

response variable to the total observed membership values of response variable.

4.2 Mean of similarity measures (MSM)

This index is defined based on the similarity of fuzzy numbers as MSM = S, yz) in which

n

S(i, i) =

(4)

The MSM is between 0 and 1. More closer to 1, better model. The MRE could be any amount more
than 0. When the amount is closer to 0, shows that the model estimates data well. For unifing ranges

of criteria, we use a quantity G = 1+JV+RE instead of MRE.
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5 Application in modeling a relationship between index of

prevalence of obesity and incidence rate of cancer

Health is one of the most impotant issues that has been always discussed. As we know, health has lots
of aspects so providing health is so hard and challenging for goverments. Certainly for a good planning,
having reliable information is necessary. Due to importance of statistics and medical information, a
priority of Ministry of Health and Medicine is improving statistics and informations, so Ministry of
Health and Medicine published a report in 1390. The report is collections of data about illnesses and
health in envoirement and their analysis. Main reason of collecting data is describing priorities indexes
health in country about illnesses and envoiroment health which is partitioned provinces and medical
sciences universities from 1385 to 1390. In this paper we want to describe the relationship between
index of prevalence of obesity and incidence rate of cancer in 30 province of Iran. The methodology
is based on ecological studies. The units of observation in an ecologic study are usually geographically
defined populations (such as countries or regions within a country) or the same geographically defined
population at different points in time, see Szklo and Nieto (2019). Values of index of prevalence obesity
is crisp, but due to some limitations in experimental envoiroment values of incidence rate of cancer is

considered triangular fuzzy numbers, shown in Table 1. We want to model the relationship between

Table 1: Crisp input values of index of prevalence obesity and fuzzy output values of incidence rate of cancer

in each province in Iran (year 1388)

’ province ‘ Xi i = (y,6)i ‘
Azarbayjane sharghi | 15.63  (295.22,71.12)p
Azarbayjane gharbi | 18.09  (222.34,59.67)r

Ardebil 18.59  (223.21,63.76)1
Esfehan 14.68  (313.60,77.54)r
Hormozgan 18.00  (331.35,88.79)r
Hamedan 8.21  (158.76,31.54)r
Yazd 14.31  (177.14,43.30)1

incidence rate of cancer as the fuzzy dependent variable (§ = (y,d)r) and index of prevalence obesity
as the crisp independent variable (z). The scatterplot of centres of incidence rate of cancer in terms of
index of prevalence obesity and the estimated MARS model is shown in Figure 1. In this figure, a single
linear model may not provide an adequate description. Therefore, we applied the MARS-fuzzy model to
analyse the data. We also examine the fuzzy least absolutes and fuzzy least squares regression models

for the data. The fuzzy regression models are obtained as follows.

Fuzzy least squares regression model Celmins (1987)

7 = (136.01 4 6.01x,21.78 + 2.152) (5)

Fuzzy least absulotes regression model Kelkinnama and Taheri (2012)

g = (127.79,8.16)r @ (6.31,2.84)rx (6)
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Figure 1: Scatter plot of centres of incidence rate of cancer in terms of index of prevalence obesity .

Fuzzy MARS model Chachi et al. (2016)

In the MARS method to estimate the fuzzy response variable there is no need to consider the non-
negativity of the observed values of z. In this method, we transformed the spreads by means of the
logarithmic transformation. Therefore, by applying the proposed procedure, the centres and spreads of

fuzzy response variable are estimated as ngARs = (9, 5)T, where:

9 =375.70 — 18.12max (0, — 11.5) — 26.78max(0,17.33 — z) (7)

6 = exp{58.99 — 12.33max(0,11.5 — z)} (8)

6 Comparison study

To compare the performances of the three fuzzy regression models, the indices MSM and G (MRE) are
adopted to calculate the errors and similarities in estimating the the observed responses. The results are
shown in Table 2. As a comparison between models, The MSM of MARS model is 0.21, which is bigger

Table 2: Comparison between fuzzy least-squares regression model, fuzzy least-absulotes model and fuzzy
MARS.

Model G MSM

Fuzzy least-squares regression 0.01 0.11
Fuzzy least-absulotes regression | 0.08  0.02
MARS-fuzzy regression 0.37 0.21

than those of 0.02 and 0.11, calculated from the least squares and least absulotes models, respectively.
This means that the MARS model fits the majority of the data better than the other two models. Also,
The G of the MARS model is 0.37, which in bigger than those of 0.08 and 0.01. Based on this criteria,
the MARS model fits the data better than two other models.
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7 Forecasting for a new case

The above models can also be adopted for forecasting the associated response for a specific value of
a independent variable. For example, suppose that for a new case, we observe x=11.84 for the index
of prevalence obesity, and we want to forecast the associated amount of incidence rate of cancer. By
substituting this value into the models, the estimated responses based on the LS model, the LA models
and the MARS model are obtained as follows:

Vis = (241.51,109.58) 7

Yia = (385.42,124.17) 1
Varars = (222.51,104.83) 1

This means that, according to the LS model, the predicted value of incidence rate of cancer would be
about 241.51 with a spread value of 109.58, according to the LA model, the predicted value of incidence
rate of cancer would be about 385.42 with a spread value of 124.14, according to the MARS model, the

predicted value of incidence rate of cancer would be about 222.51 with a spread value of 104.83.

Conclusion

A fuzzy regression method for modelling crisp input-fuzzy output data has been reviewed based on MARS
technique. Such a model was applied to health index studies to estimate incidence rate of cancer based
on index of prevalence obesity. The MARS fuzzy model seems to be able to provide suffieciently accurate
results at least for for the solved numerical example in this paper. More numerical studies are needed to

have a better evaluation of fuzzy MARS method.

References
Celmins A. (1987), Least squares model fitting to fuzzy vector data, Fuzzy Sets and Systems 23, 245-269.

Chachi J. and Taheri S.M. (2013), A least-absulotes regression model for imprecise response based on
the generalized Hausdroff-metric, Journal of Uncertain Systems 7, 265-276.

Chachi J., Taheri, S.M. and Pazhand H.R. (2016), Suspended load estimation usind L1-fuzzy regression,
L2-fuzzy regression and MARS-fuzzy regression models, Hydrological Sciences Journal 61, 1489-1502.

Ferraro M.B., Coppi R., Gonzilez Rodriguez G. and Colubi A. (2010), A linear regression model for
imprecise response, International Journal of Approrimate Reasoning 51, 759-770.

Friedman J. (1991), Multivariate adaptive regression splines, The Annals of Statistics 19, 1-16.

Hastie T., Tibshirani R. and Friedman J. (2009), The Elements of Statistical Learning, Second Edition,
Springer, New York.

Hojati M., Bector C.R. and Smimou K. (2005), A simple method for computation of fuzzy linear regres-
sion, Furopean Journal of Operational Research 166, 172-184.

https://behdasht.gov.ir/uploads/291-1041-simayei-salamat.pdf.

Kelkinnama M. and Taheri S.M. (2012), Fuzzy least-absulotes regression using shape preserving opera-
tions, Information Sciences 214, 105-120.



63 M. Rezaei, S.M. Taheri, M. Namdari, R. Alimohammadi

Kim B. and Bishu R.R. (1998), Evaluation of fuzzy linear regression models by comparing membership
functions, Fuzzy Sets and Systems 100, 343-352.

Namdari M., Abadi A., Taheri, S.M., Rezaei M., Kalantari N. and Omidvar N. (2014), Effect of folic
acid on appetite in children: Ordinal logistic and fuzzy logistic regression, Nutrition 30, 274-278.

Szklo M. and Nieto J. (2019), Epidemiology Beyond the Basics, Fourth Edition, Jones & Bartlett Learn-
ing.



i _. th . 5 =
Eﬂ ISC 9" National Seminar on o
— Fuzzy Statistics and Probability

Bayesian confidence limits of a process capability index

for discrete processes

M. Salehi Sarvestani*, A. Parchami, M. Mashinchi,

Department of Statistics, Faculty of Mathematics and Computer,

Shahid Bahonar University of Kerman, Kerman, Iran

Abstract
Process capability indices provide numerical measures to compare the output of a process to Clients
expectations. However, most of the existing researches have used traditional distribution frequency
method by using a single sample due to assess process capability. An alternative to this approach is
to use the Bayesian method. In this paper, we utilize a Bayesian approach based on subsamples to
check process capability via capability index Cpc. As a new suggestion, we used the informative gamma
prior distribution and the characteristics of sufficient statistic of the parameter to drive the posterior
distribution. Finally, we derive a Bayesian confidence limit for the index Cp..
Keywords: Bayesian Confidence Bound, Posterior Probability, Process Capability Indices.
Mathematics Subject Classification (2010): 60E05, 62F15, 62N10.

1 Introduction

The vast majority of the process capability indices that have been considered are associated only with
processes that can be described through some continuous and, in particular, normally distributed char-
acteristics. The most widely used such indices Cp, Cpir, Cpm and Cpmi or their generalizations for non-
normal processes, suggested by Clements Clements (1989), Pearn and Kotz Pearn and Kotz (1994),
and Pearn and Chen Pearn and Chen (1995). Often, however, one is faced with processes described by
a characteristic whose values are discrete. Therefore, in such cases none of these indices can be used. To
our knowledge, the only indices suggested so far whose assessment is meaningful regardless of whether
the studied process is discrete or continuous are those suggested by Yeh and Bhattacharya Yeh and
Bhattacharya (1998), Borges and Ho Borges and Ho (2001), and Perakis and Xekalaki Perakis and
Xekalaki (2002).

A very common example of a process that can be described through a discrete-valued characteristic is the
number of defects per produced unit by an industry. In this case, it is obvious that small process values
are desirable. In some other cases, however, large values may be desirable. In what follows, we consider
only discrete processes with unilateral tolerances (i.e. processes connected with just one specification
limit, lower (L) or upper (U) )7 since in practice, discrete processes with bilateral tolerances are only
rarely considered. Of course, extending the results obtained below to the case of bilateral tolerances is

possible but tedious and requires a much more complicated analysis.

*Speaker: salehimohammad991@gmail.com
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As already mentioned, Perakis and Xekalaki (2002) proposed a new index, which can be used regardless
of whether the examined process is discrete or continuous. This index is defined as

1—po

1—-p’

where p and po denote the proportion of conformance (yield) and the minimum allowable proportion of

Cpe =

conformance of the examined process, respectively. As is well known, the term proportion of conformance
refers to the probability of producing within the so-called specification area, i.e. the interval determined
by L and U. If the tolerance are unilateral, then the value op p is given by P(X > L), if only L has
been set, and by P(X < U), if only U has been assigned. According to Perakis and Xekalaki (2002),
the value 0.9973 is a plausible choice for po, since this probability is usually regarded as sufficiently large
in statistical process control. However, different choices of po can be made, according to the nature of
the process examined. In the sequel, the value 0.9973 is chosen. Nevertheless, the analysis given in the
sequel can be readily modified for any other choice of pg. The properties of Cp. in the case where the
distribution of the process studied is normal or exponential are investigated thoroughly by Perakis and
Xekalaki (2002).

2 The index C). for Poisson processes

As already mentioned, one of the advantages of the index Cp. is that its assessment is possible even if
the examined process is discrete. In this section, the properties of C). are examined in the case where
the studied process is described by a Poisson-distributed characteristic with some parameter 6 > 0. In
order to avoid confusion, the following notation is adopted: if only the value of U has been set, the index
is denoted by Cpeu, while if only the value of L has been set, the index is denoted by Cpe. Thus, the

index Cpeu is defined as

0.0027
C cu — )
P 1—p
where p = P(X < U) and the index Cp is defined by
0.0027
C cl — B
pcl 1-p

with p = P(X > L). Note that the values U and L are assumed to lie outside the specification area.
The probability p that is involved in the denominator of the index Cpey is equal to the sum

U-1 _
e %9

z!
z=0

Note that p is the cumulative distribution function of the Poisson distribution with parameter § > 0

evaluated at U — 1. According to page 196 Johnson et al. (2005) we have

p = P(X<U-1)
= P(X§U>20)

where x2;; denotes the Chi-square distribution with 2U degrees of freedom. Using this property, the

index Cpeycan be written as

_ _ 0.0027
Cree = o3y <an)

Similarly, one may observe that the value of p that appears in the denominator of the index Cpc; can be

written in the form
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p = 1-P(X<L)

= 1-P(X511) > 20)

= P(X3p41) < 20)
and thus

Cpor = 0.0027 .

P(xg(L+1)>29)

It would be interesting to remark that by their definition, the indices, Cpcu and Cpe are rerelated
directly to the proportion of conformance of the process. This rather interesting property constitutes,

undoubtedly, an appealing feature lacked by all the most frequently used process capability indices, such
as Cp, Cpk, Cpm, and Cpmk.

3 Bayesian approach for capability estimation

We can say that defining or choosing the prior distribution for the parameters is the most challengeable
step in Bayesian inference. Throughout the papers Pearn and Wu (2005), Wu and Pearn (2006), Wu
and Pearn (2005) in order to utilize their newmethod, Pearn and Wu usually supposed that there is
no information about the parameter(s) and used non-informative reference prior h(u,o) = 1/0 which
minimize the effect of prior information on posterior distribution. However, in real world, all of those
manufacturers who want to have an effective presence in the free market have to perform a quality
control system on their production lines. Hence, the first step for them is monitoring process stability
with regular and fixed sampling plan which costs considerable time and money. As a sensible act, one
should try to use these prior samples information as much as possible in order to choose an informative

prior distribution which improves the validity of inference.

3.1 Why informative Gamma prior?

Bayesian inference is a dynamic inferential process which updates our information about the under in-
vestigation parameter. Main point of Bayesian analysis and its most important difference with frequency
approach is the selection of a prior model for behavior of the parameter based on prior information.
Choosing an informative prior for parameter does not mean that we want to select a complete model
to reflect the whole properties of the parameter because such a prior does not exist. We just try to use
a valuable prior information about the parameter to choose a suitable model for it, one with the most
similarity to our parameter which reflects the parameters characteristics as much as possible. Hence, as
the first step in Bayesian inference, we should accept the challenge of finding a suitable model for our
parameter. Actually, what we call non-informative priors were introduced by Jeffreys around 200 years
after Bayes theory introduction in order to convince that group of criticizer who claimed that Bayesian
approach is a Subjective method and should not be considered as a scientific one. Berger (1985), Robert
(2007). Non-informative priors are made to minimize the effect of our prior information on our inference,
and it is common to utilize them to introduce a new Bayesian approach (like something that Pearn and
Wu did), but in real world, we are allowed to start our Bayesian inference with a non-informative prior
just when there is not any reliable information about the parameter. This is a rare situation which
happens at the start point of an industrial process only. Otherwise, using non-informative prior will be

in opposition with the philosophy of Bayesian inference, and the final results of our inference will be a
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frequency conclusion just under the name of Bayesian. We should try to utilize informative prior and
analyze different aspects of this usage in order to bring our theoretical knowledge to practical cases.
Therefore, in this paper, we try to bring the valuable results of Pearn and Wus paper to the conditions
of real world.

Also, one of the most common procedures for choosing prior distribution is comparing the parameters
attributes with known distributions (like normal, uniform, gamma and etc.) and choosing one of them
which have the most compatibility Robert (2007). Moreover, mean of a manufacturing process has been
regarded as one of the most important factor in quality control, which its real value is always unknown.
Since unknown m is a location parameter and varies along real numbers axis, choosing gamma distribu-
tion as its model can seem logical.

Our under investigation parameter is the overall mean of the population. A major assumption is the
poisson distribution for every member of this population in an industrial process. Hence, selecting gamma
distribution as the prior for this overall mean makes sense, and that is another reason for why we use

gamma prior in capability testing.

3.2 Posterior probability of process capability

Considering the above discussion in subsection 3.1, we will assume the following assumptions for the rest

of this paper:

1. The process is statistically stable and under control.
2. The process is Poisson P(¢) with unknown mean.
3. Based on the prior information, the unknown parameter of the Poisson model has Gamma

distribution I'(«, 3), where o and 8 are constants.

Theorem 3.1. Suppose that the process is under statistical control and it is Poisson with unknown mean
0. Considering prior distribution I'(a, 8) for unknown parameter 0 and squared error loss function, a

100(1 — «)% Bayesian lower confidence limit for Cpey is given by

0.0027

P(X§U<BX§A(Q:),1—Q)

I

and 100(1 — a)% lower confidence limit for Cpe; is given by

0.0027
I_P(XE(L+1)<BX§A(@,O¢)
1
where A = nZ + a, B(z) = 1 and X?,’l_a denotes the 1 — a quantile of the Chi-square distribution
n+ —

with v degrees of freedom.

4 Simulation

In order to test the performance of the observed lower confidence limit for the index Cpe, and Cpe a
simulation study was conducted. In the conducted simulation study 50 random samples were generated
from the Poisson distribution for various values of the parameter 6 and we assumed that L =5, U = 20

and 6 ~ I'(1,1). The below table summarizes the obtained results.
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Cpeu Bayesian lower bound for Cpeu Chpel Bayesian lower bound for Cpe
10.67449 2.21681 0.01411868 0.01268588
9 2.55693 1.194904 0.02333813 0.01589968
10 | 0.781625 0.3362839 0.04024687 0.02853576
11 | 0.290652 0.1195389 0.07196198 0.05457955
12 | 0.1268811 0.09578708 0.1327366 0.06448502

As we can see our approach works well for all the studied cases, especially for larger values of the

parameter 6 and it seems to be quite close to true value of the index Cpey and Cp.

Conclusion

In this article, under squared error loss function, we found a Bayesian lower confidence bound for the
index Cpc where the studied process is described by a Poisson distribution with some parameter 6 and
assuming prior distribution I'(a, 8) for 6. The obtained results offer a useful approach for measuring
capabilities of the processes that are described by this assumptions. The study of Cp. under different

distributional assumptions would be an interesting issue for further research.
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Abstract
This paper addresses a generalized form of minimum cost flow problems in which demands and supplies
are triangular fuzzy numbers. This problem admits a fuzzy flow on arcs of the network due to fuzzy
demands and supplies. Under a special lexicographic order, a successive shortest path algorithm is
introduced to solve the problem.

Keywords: Minimum cost flow problem, fuzzy demands, fuzzy supplies, fuzzy flow.

1 Introduction

One of most well-known problems in the operation research field is minimum cost flow problem. It is to
send a flow of minimum cost from sources to sinks in a given network. The problem contains two groups
of constraints: balanced constraints and bound constraints. The balanced constraints guarantee that the
entering flow to a node is equal to its leaving flow. The bound constraints state that flow along an arc
cannot exceed the arc’s capacity. The special versions of the minimum cost flow problem play a central
role in the theory and applications of network flows. (see Ahuja et al. (1993) for more study).

In this paper, a generalized form of minimum cost flow problems is investigated in which nodes’ de-
mands/supplies are vague and ambiguous. The problem is interested by some authors (see Ghatee and
Hashemi (2008, 2009)). The general idea is to convert the problem into a crisp one by using ranking
functions and then to solve the crisp problem to obtain an optimal fuzzy flow. This paper presents an
efficient algorithm to be capable of solving the problem without converting it into a crisp problem. This
maintains the fuzzy essence of the problem.

It is assumed that they can be determined by triangular fuzzy numbers. Let s and ¢ be respectively
the source and sink nodes. Nodes not belonging to the set {s,t} are called transshipment nodes. It
is remarkable that there may be more than one source and one sink in practice. Fortunately, one can
transform this situation to the case with only one source and one sink by introducing a super source and
a super sink, see Ahuja et al. (1993). Without loss of the generality, we assume that the demand of ¢
is equal to the supply of s. Obviously, if not, one can add a dummy node of zero costs to the network

to satisfy the assumption. Suppose that b = (b, b2, b*) is triangular fuzzy demand and supply of nodes

*Speaker: javadtayyebi@birjandut.ac.ir
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s and t where b' < b < b3, Since b is a fuzzy number, it follows that flows (decision variables) are also
fuzzy (see Mahdavi-Amiri and Nasseri (2007); Nasseri et al. (2010) for more study on fuzzy variables).
Assume that Z;; = (:r}j, x?j,xfj) is triangular fuzzy flow along arc (¢,7). One can simply formulate

the problem as follows:

min Z = Z CijTij (1a)

(i,5)€A
s.t. Z fij = Z .i‘ji +B 1= S, (1b)
J:(i,5)€A J:(5,9) €A
Yo Fytb= Y & =t (1c)
j:(i,7)€EA j:(j,i)€EA
Z Tij = Z Tjs Vi € V\{s,t}, (1d)
ji:(i,5)€EA j:(4,i)EA
0 < iy <y, (le)

in which G(V, A) is the underlying graph, ¢;; and ;; = (uij, us;, uj;) are respectively the cost and the
capacity associated with arc (4, j). Since the problem (1) contains fuzzy values in its objective value and
its constraints, it is required to define the notions of the equality and the inequality. Here, we mean that
two triangular fuzzy numbers @ = (a', a®, @) and b= (b*,b%,b*) are equal together if and only if a’ = b’

for i = 1,2,3. We use a lexicographic order to compare fuzzy numbers @ and b in the following manner:

S

N

<biffa=bora" <b'or(a' =0b" and a*® < b°) or (2)
1 2

b' and o® = b* and o® < b°).

—

a

2 Proposed algorithm

Our proposed algorithm is a generalization of the well-known successive shortest path algorithm.

At first, the algorithm sets #;; = (0,0,0) for every (i,j) € A. Based on the lexicographic order, the
priority of the first component of fuzzy numbers is greater than the others. So, the algorithm focuses
sending flow with respect to first components in the first phase. For this reason, it first finds a shortest
path from s to ¢ and then sends a maximum possible flow along it. The maximum value sent along path

P is (f1, f1, f1) where f1 = min{bi,min@,j)ep ullj} To construct the corresponding residual network,
1
iJ
with cost —c;; and capacity (f1, f1, f1) for every (i,j) € P. Finally, the supply of s (the demand of ¢) is
updated to (b' — f1,b* — f1,b% — f1). The procedure is repeated until b' = 0. Then, the algorithm begins

the second phase.

it changes capacity of every (i,7) € P to (uj; — f1,u?j — fl,u?j — f1). Moreover, it adds an arc (j,1)

In the second phase, the algorithm corrects the second and third components of arc capacities in the

following manner:

o if x%j = u}j, then u?j and u?j are not changed;

e 1 1 2
o if x;; < wuyj, then uj; = u?j = +o00.

These changes guarantee that bound constraints are satisfied in the lexicographic order. Then, the
algorithm finds a shortest path P from s to ¢ in the residual network. It sends (0, f2, f2) units of flow
along P and update the residual network where fo = min{b? ming jyep ufj} Sending flow along shortest
paths is repeated until b2 = 0. Then, the third phase begins.

In the second phase, the algorithm corrects the third component of arc capacities in the following manner:
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o if w?j = u;;, then uj; are not changed;

o if w?j < uj;, then uf’j = +o00.

Then, it finds a shortest path from s to ¢ in the residual network and it sends (0,0, f3) units of flow
along it where f3 = min{b3,min<i7j>€p uf’J} The algorithm repeats this procedure until b*> = 0. It is
notable that the algorithm may terminate in each phase since there is no path from s to ¢ in the residual
network for sending flow along it. In this situation, the problem is infeasible because it cannot satisfy

the demand of ¢t. Let us illustrate the algorithm by an example.

Example 2.1. This ezample contains a source s and a sink t with fuzzy demand and supply (3,5,9)
(see Figure 1.a for observing complete data). Figure 1.b, 1.c and 1.d respectively show the first, second
and third phases of the algorithm. Fuzzy flows are highlighted by blue color. The optimal value is
F=1x(2,3,4)+2x (1,2,5)+ 1 x (1,1,2) + 1 x (3,4,6) + 2 x (0,1,3) = (8,14, 28).

Let us now state the complexity of the algorithm. Since the algorithm sends at least one unit of flow
from s to t in each iteration, it follows that the number of iterations is at most equal to . On the
other hand, the algorithm finds a shortest path with respect to nonnegative arc costs in each iteration.
So its worst-case complexity is O(b*S(|V], |A|)) in which S(|V],|A]) is the complexity of finding a short-
est path in a network containing |V| nodes as well as |A| arcs. For instance, if one uses the well-known

dijkstra algorithm which has the complexity O(]V'|?), then our proposed algorithm runs in O(b%|V|?) time.
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Figure 1: (a)An instance of the problem. (b) The first phase of the algorithm. (c¢) The second phase of the
algorithm. (d) The third phase of the algorithm.
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Income inequality indices for fuzzy data

Zahra Behdani®

Department of Statistics Behbahan Khatam Alanbia University of Technology, Behbahan,

Iran

Abstract: Income inequality indices are used by social scientists to measure the distribu-
tion of income and economic inequality among the participants in a particular economy;,
such as that of a specific country or of the world in general. But in some cases the
concept of inequality is vague and thus cannot be measured as an exact concept. There-
fore, fuzzy set theory provides naturally a useful tool for such positions. In this paper,
we introduce the income inequality indices for fuzzy random variables. Some examples
illustrating the computation of the fuzzy inequality index are also considered.
Keywords: Income inequality, Fuzzy number, Lorenz curve, Gini index.

Mathematics Subject Classification (2010): 62P20, 62ES86.

!Speaker: zbehdani@yahoo.com

78



= = th . . -
Eﬂ ISC 9" National Seminar on >
—— Fuzzy Statistics and Probability ==

An overview of insurance risk model in random fuzzy

environment

Sara Ghasemalipour”, Behrouz Fathi-Vajargah

Department of Statistics, Faculty of Mathematical Sciences, University of Guilan, Iran

Abstract: In this paper, we introduce the insurance risk model in random fuzzy variable
environment. We consider a new insurance risk model in which both the claim amount
and premium are assumed to be random fuzzy variables. Some new theorems are stated
and proved.

Keywords: Insurance risk model, Renewal process, Fuzzy variable.
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Fuzzy linear regression models with fuzzy metric

R. Ghasemi®, M.R. Rabiei, A. Nezakati

Faculty of Mathematical Sciences, Shahrood University of Technology, Shahrood, Iran

Abstract: In this paper, we introduce and study the concept of fuzzy metric space
for fuzzy sets in the sense of George and Veeramani and define the fuzzy normed space
by using the definition of Saadati and Vaezpour. Also, we obtain the estimation of
the regression model parameters by using this metric (fuzzy metric for fuzzy set), while
the dependent variable and coefficients are triangular fuzzy numbers. The method is
constructed on the basis of maximizing the fuzzy metric between observed and estimated
spread values.

Keywords: Fuzzy metric space, Fuzzy normed space, Regression model parameters.
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On the non-parametric multivariate control charts in fuzzy

environment

B. Sadeghpour Gildeh, Z. Abbasi Ganji

Department of Statistics, Faculty of Mathematical Sciences, Ferdowsi University of Mashhad,

Mashhad, Iran

Abstract: Multivariate control chats are generally used in situations where the simulta-
neous monitoring or control of two or more related quality characteristics is necessary. In
most processes in the real world, distribution of the process characteristics are unknown
or at least unnormal, so the non-parametric or distribution-free charts are desirable.
Most non-parametric statistical process-control techniques depend on ranks. In this sur-
vey, we apply the fuzzy set theory to deal with the circumstances that the values of each
characteristic are presented in linguistic form, so we propose non-parametric multivariate
control charts based on sign and Wilcoxon signed-rank tests. The performance of the
proposed charts is investigated in a simulation study. Numerical examples are used to
demonstrate the effectiveness and performance of the proposed charts.

Keywords: Multivariate control charts, Non-parametric tests, Fuzzy logic.
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