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FIGURE 3. Mean residual life function of different approaches based on 6.

Thus we can say that the best approach is the one based on the density

fa(1]6).

4. CONCLUSION

In this paper, we provide two new methods based on densities fy(¢]0)
and £,(¢|0) to consider the performance of reliability function and aging
concepts in fuzzy environment. We investigate these methods carefully
and compare them with Buckley’s approach. An advantage of these new
methods is that all functions are single-valued while the Buckley’s one is
interval-valued. We apply our methods to the situation of exponential life-
time random variable and fuzzy number 6 = (5;3,7). After considering
the graphs of survival, hazard rate and mean residuals life functions, we
observe that the performance of the approach based on density f,(¢|0) is
better than two other methods. Thus we can say that the best methods is the
one based on density f,(¢|).
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Consider Figure 2. It shows the hazard rate functions for 6. As we see, in
this case all three methods tend to classic mode when « (a for the approach
based on f,(|0)) tends to 1. It is obvious that the best approach is a new
method based on density f,(¢|8), Because it is the closest to classic mode
for each value of a.

Finally Figure 3 shows the performance of the mean residual life func-
tions of different approaches based on 6. It is seen that the approach based
on density fy(t|8) fails to perform well in situation of fuzzy environment.
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[ ((exp(—cx)(c®x* 4 2cx+-2)) /x>
—(exp(—x(c— 1+ al))(x*(c — 1+ al)?
+2x(c— 1+ al)+2))/x3
+(c((exp(—x(c =1+ al))(x(c— 1+ al)+1))/x*
—(exp(—ex)(ex-+ 1)) 2)/1
+((exp(—cx)(c2x? +2¢ex+2)) /x°
—(exp(—x(c+u—au))(x*(c+u— ou)?
2x(c4u—au)+2))/x3
—(e({exp(—ex)(cx+ 1))/2* — (exp(—x(c -+ u— )
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(

_|_

—(exp(—x(c—I+al))(x(c—I+al)+1))
o (x]8) = | F(exp(—x(c+u—oau))(x(c+u—ou)+1))) /x>
’ (exp( — cx—ux) ( exp( o) = exp(u) )) / .

+uxexp (ux) — otuxexp( oux)
xp(ailx) —exp(lx)
— (eXp(— alx)exp( — cx) < i—lljcexp(ale;—palxeXp(Zx) ))/lxz

(exp((et — V)ur) — 1)/ (ur2)
—(1—exp(1- o)1) |
—o(exp((a— 1)ut)
e —explir(1 — )))/i
a(x/9) oxp((a— D) — () @17
01— exp((1 - @)i)) /(122)
—a(exp((a—1)ux)

—exp(Ix(1—a)))/x

++T

- (2.16)

< exp(—ct)

exp(—cx)

3. SIMULATION STUDY

In this section, we suppose that the components of the underlying sys-
tem have an exponential distribution. Then, we compare the ageing con-
cepts based on various definitions presented in the previous section using
the simulation study.

Let X be an exponential random variable whose distribution depends on a
fuzzy parameter 6. Our purpose is to compare the ageing concepts based on
various approaches for fuzzy density function of exponential distribution.
Hence, we consider a triangular fuzzy number 6 = (5;3,7) to modeling
the vagueness of 8 and depict survival, hazard rate and mean residual life
functions.

Figure 1 depicts the survival functions of different approaches based on
6. It is seen that the performance of two new approaches is close to each
other. The performance of Buckley’s approach and approach based on
f«(t|@) are depend on the size of o. It is seen that the former is more
sensitive to the value of & than the latter.
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 fresy fa(x|0)dx=1.

Next, we introduce the reliability function and some aging concepts based
on this new definition of fuzzy density function.

According to the equation (2.14), one can obtain the reliability, hazard
rate and mean residual life functions respectively as follow

Sa(l6) = [ falt1®)ds
J5 focita 1(6)£1]0)d0ds
feeé[a].u(e)de
Jocio 1(6)S(x]6)d6
focoin(0)d6
fa(x]6)

me(x|0) = F——mr—

where f(x|0) and S(x|0) are classical density and survival functions, re-
spectively. For the exponential random variable, the above functions are as
follow:

xp(oux) — exp(ux)
<6XP(_C’C_“X) < igxexp(ux)—guxexp(a“x) ))/ux2
(alx) —exp(lx)
(ot SR ) o
Salxl6) = (= D(+w/2) .
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exp(—cx)exp(—ux)(6exp(ux) — 6exp(aux)
—2cxexp(aux) — 2uxexp(aux) + u*x*exp(ux)
+2cxexp(ux) — duxexp(ux) — au2x2exp(ux)
(u’x*)
)

+cuxdexp(ux) + Zauxexp(ux) + au’x*exp (aux)

+4auxexp(aux) 2cux’exp(ux) — azuzxzexp(aux

tacux’exp(ux) — acu’x3exp(ux) 4 acux’exp(aux))

exp(—alx)exp(—cx)(6exp(lx) — 6exp(alx)
—2x%exp(alx) — 2cxexp(alx) — 4lxexp(alx)
+2cxexp(lx) — 2lxexp(lx) — al’>x®exp(Ix)

| —2clx?exp(alx) +4alxexp(lx) + a*I*x*exp(Ix) /(l2 4)
+al’x*exp(alx) — cl’>x3exp(alx) + 2alxexp(alx)
+aclx®*exp(lx) + aclx’exp(alx) + acl’>x>exp(alx))

ha(x]0) = —— ~2.12)

exp( —alx)exp( — cx)(2exp(alx)—2exp(Ix)) T
—lexp( — alx)exp( — cx)(axexp(alx) / (126

—2xexp(alx)+axexp(Ix))

exp( — cx — ux) (2exp(aux) — 2exp(ux))
+ ( —uexp( — cx — ux)(axexp(aux) ) / (12
—2xexp(ux)-+axexp(ux))

exp(—alx)exp(—cx)(x?exp(alx)
1| —ax’exp(alx)) — (exp(—cx — ux)(xexp(ux) / 2

—ax’exp(ux)))

(2exp(—ct) —2exp((1 —a)lt —ct))/(1>13)
IS +exp(—ct)(2—a—aexp((1—a)lt))/(ltz) dr
e e eoatla o
~ +exp(—ct)(2—a—aexp((a—1)ut))/(ut
mqy(x|0) = —+2.13
0= T o) —2expl(1 )i e /(P :
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2.3. The new density-based approach. Under the general assumptions
which mentioned in previous approaches, we define the new density func-
tion for fuzzy random variable as

< Jocoiau(0)f(x]6)d6
falx16) = Jocoiq 1(0)d0

where 11(6) is the membership function of 0 and 0[c] is its or—cut.
It is clear that fi (x| 0) is the weighted average of f(x|8) for the value of
0 in the interval 6[o] and has the following properties

b fa(x|9) Z 07

(2.14)
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The FPDF of the random variable X is defined by

) o Jocaio () f(x|8)d6d
f.(x|0) = J f"l@[ 11L(0)f(x[0)dOdex
Ja feeé[a].u(e)ded(x

, ac0,1),

where () is the membership function of the fuzzy parameter 6 and 0[]
is the corresponding o —cut.
Notice that the above fuzzy density function has the following properties

o fu(x6) >0,
o fics, fulx|6)dx=1.
It is clear that the large value of a makes the proposed FPDF f,(x|0)
more concentrate on the classical density f(x|6).

The following equations, formulate the reliability, hazard rate and mean
residual life functions based on this approach, respectively.

S,(x|6) = /;famé)dz

I3 Jociog (0)£(16)dOdadt _ Ju Jocoial u(@)S(x]G)deoz‘

Ja Jocoro 1(6)d0dox S focsia) 1(8)dOda:
he(xlf) = gﬁ;g;
_ JaJocoi u(0)f (x|0)d0da [ Joepiq 1(8)f (x]0)dOder
703 Jocor () £(110)dOdads [, focgio 14(0)S(x|0)dOdar
m(x|é) _ fsta(ﬂé)dt

S.(x]0)

Note that sometimes we have to solve these integrals numerically, since

the closed form cannot be achieved.
For the exponential random variable we have:

[ [ exp(—alx)exp(— cx)(2exp(alx)—2exp(lx))
—lexp( —alx)exp( — cx)(axexp(alx) / (126)
—2xexp(alx)+axexp(lx))

exp( — cx — ux)(2exp(aux) — 2exp(ux))
— | 4| —uexp(—cx—ux)(axexp(aux) / (W25

—2xexp(ux)+axexp(ux))

exp(—alx)exp(—cx)(x*exp(alx)
+( —ax*exp(alx)) — (exp(—cx — ux) (x*exp(ux) )/x3

5,000) = —axexp(ux))) Do
T [(a= 1D (@+2)(1+u)/6] '
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mx)o] = { /0 wS(t|x)dt|9€é[oc]}
{/Ooo%dﬂe € é[a]}
{/xm %duw € é[a]}. (2.7)

Our purpose is to formulate these indexes based on fuzzy exponential
lifetime data. Let X be an exponential random variable with the following
density function

f(x;0)=0e"%  x>0,6>0.

It is easy to show that based on this density the survival, hazard rate and
mean residual life functions are respectively obtain as follow

S(;0)=e,  h(x;6) =6,  m(x6)=g.

In order to model the ambiguity of the parameter 6 in the underlying prob-
lem we use the triangular fuzzy number 8 = (c;/,u). It is obvious that

d[a] = [93,93] —fetl(a—1),c—ul@—1)], Vaelol]

Now, using the relations (2.5-2.7), we will able to obtain the survival, hazard
rate and mean residual life functions based on Buckley’s approach.

In the case of survival function, since S(x;0) is a decreasing function in
term of 6, the a—cuts of survival function are given by

S]] = [exp(— (c—u(a—1))x),exp(—(c+(a—1))x)]  (28)

Similarly, the oc—cuts of the hazard rate and mean residual life functions
are obtained respectively as follow,

hlo) = [c+1(ax—1),c —u(ax—1)], (2.9)
1 1

(x)[or] = c—u(a—1) c+1l(a—1)

(2.10)

2.2. The Saeidi et al.’s approach. Recently, Saeidi et al. [10] introduced
a fuzzy density function in fuzzy environment where the parameter of the
distribution was replaced with a fuzzy number. In the following, we recall
this approach briefly.

For every 6 € ©, we consider a weighted function, say p(0), for the
probability density function f(x|8) and define the desired fuzzy probability
density function (FPDF), denoted by f,(x|0).
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where

f(x)y =min{f(x|6)]0 €8]},
2.2)

f(x)4 = max {f(x|9) |6 € é[a]} )
Now, we can obtain the probability of any arbitrary value in the interval

[c,d],c > 0 based on Equation 2.1. If we denote this probability by Plc,d),
then the a-cuts of Plc,d| are defined as (for all 0 < ot < 1)

Plella) = { [ ri)axo € 01l | = pu(@)pala], @
where

d <
it =min{ [*(x0)aso < 6lal |
c
24)
d ~
m(a) = max{/ f(x|0)dx|6 € 9[06]}.
.
Then, using relations (2.3-2.4), we can obtain the survival, hazard rate
and mean residual life functions as the important ageing concepts. To this

end, first we compute the ox—cuts of these indexes respectively as (for all
0<a<

S(x)[a] =[min{/:f(z|9)dt|e € é[a]}, (2.5)
i

max{/;f(t|9)dt|6€é[a]

h)lod] = AEEOP(X<X <xeAx|X > x)[]
B . S(x) —S(x+Ax)
- i = s

B —S5'(x) ~ S ~
= {‘“m|9€9WH—{S@ﬂQEQWU, (2.6)

|6 € 6o}

units
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[8] defined the fuzzy reliability and its characteristics for the double-state
probability model of object based on the fuzzy probability distribution and
its properties. Jamkhaneh [5] considered the problem of the evaluation of
system reliability, in which the lifetimes of components are described using
a fuzzy exponential distribution. Also, Jamkhaneh and Nozari [7] proposed
a new method for analyzing the fuzzy system reliability of a parallel-series
and series-parallel systems using fuzzy confidence interval, where the re-
liability of each component of each system is unknown. Garg et al. [2]
investigated the reliability analysis of industrial systems by using vague
lambda-tau methodology in which information related to system compo-
nents is uncertain and imprecise in nature. Jamkhaneh [6] proposed a gen-
eral procedure to construct the reliability characteristics and its a-cut set,
when the parameters are fuzzy. Pak et al. [9] presented a Bayesian approach
to estimate the parameter and reliability function of Rayleigh distribution
from fuzzy lifetime data.

Since the exponential distribution plays an important role in the reliabil-
ity of a system, we need to extend the classical methods for the uncertainty
situation. However, there are many different definitions of the exponential
random variable in the uncertainty situation which led to various discus-
sions about the ageing concepts in this situation. In this paper, we propose
a new procedure to construct the reliability characteristics of lifetime ran-
dom variable, when the parameter is fuzzy.

2. AGING CONCEPTS

In this section we want to present the formula (maybe closed or opened
form) for some aging concepts such as survival, hazard rate and mean resid-
ual life functions based on various approaches in definition of density func-
tion of fuzzy exponential distribution.

Thorough this section we suppose that X is a random variable with sup-
port Sy = {x€R: f(x|0) > 0,0 € @}, where f(x;0) is the density func-
tion of X and ® is the parameter space.

2.1. Buckley’s approach. Suppose that due to some conditions in study of
underlying problems, we are not able to record the parameter 0 precisely.
In such situations we use the fuzzy set theory and formulate 6 as a fuzzy
number 6.

Based on the Buckley’s approach, if we assume that 0isa fuzzy number,
then the fuzzy density function is also a fuzzy number with the following
o —cuts

F@le] = [ f(. F(0)s) @1
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ABSTRACT. Ageing concepts are important in reliability engineering.
In this paper, we consider the ageing concepts of exponential lifetime
random variable in the fuzzy environment. To this end, we consider two
density functions which are based on the fuzzy parameter. Using these
density functions, we define the survival, the hazard rate and the mean
residual life functions.

1. INTRODUCTION

The lifetimes of a component are usually assumed to be random variables
with the probability distributions that have crisp parameters. Also, in clas-
sical reliability theory, the parameters of lifetime distributions assumed as
an exact quantity. However, in the real world, there are situations in which
the parameters of the distribution cannot record precisely due to machine er-
rors, experiment, personal judgment or estimation. During the past decades,
different approaches and theories have been proposed for treating impreci-
sion and uncertainty, among which the fuzzy set theory is a key one. In the
following, we review the main studies on fuzzy reliability in an attempt to
display the motivation for this paper.

Buckley [1] introduced fuzzy exponential density using the o-cuts of pa-
rameters. Guo et al. [3, 4] investigated random fuzzy variable modeling
on repairable system and proposed a credibility hazard concept associated
with fuzzy lifetimes based on the conditional distribution of a fuzzy vari-
able under Liu’s non-classical credibility measure theory. Yao et al. [11]
considered the reliability of serial system and the reliability of parallel sys-
tem using triangular fuzzy numbers based on statistical data. KarpiSek et al.

Key words and phrases. Reliability engineering, exponential lifetime, Fuzzy parameter,
Survival function, Hazard rate function, Mean residual life function.
* speaker.
40
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e For fixed n, ¢, It is observed that as r increases, AV’s and MSE’s
of the E-Bayesian estimation, and the Bayesian estimation is
decreases.

3.2. Application with real data set. In this subsection, using a
real data set to illustrate the use of the estimation methods proposed
in this paper. This data set consists of 63 records of the strengths
of 1.5 ¢m glass fibres by an Institute of Physics in the UK which has
been reported in Smith and Naylor (1987). The data are: 0.55, 0.74,
0.77, 0.81, 0.84, 0.93, 1.04, 1.11, 1.13, 1.24, 1.25, 1.27, 1.28, 1.29, 1.30,
1.36, 1.39, 1.42, 1.48, 1.48, 1.49, 1.49, 1.50, 1.50, 1.51, 1.52, 1.53, 1.54,
1.55, 1.55, 1.58, 1.59, 1.60, 1.61, 1.61, 1.61, 1.61, 1.62, 1.62, 1.63, 1.64,
1.66, 1.66, 1.66, 1.67, 1.68, 1.68, 1.69, 1.70, 1.70, 1.73, 1.76, 1.76, 1.77,
1.78, 1.81, 1.82, 1.84, 1.84, 1.89, 2.00, 2.01, 2.24. To compute the
Bayesian estimation, E-Bayesian estimation, and hierarchical Bayesian
estimation, since we do not have any prior information, we assumed
that a = b = 0.001. For = 3.5, ¢ = 2, r = 20, the Bayesian and
E-Bayesian estimations become 0.02601762, 0.01601762, respectively.
The figures of estimations of the probability density function (1) for
the estimation methods are depicted in Figure 1. This represents the
superiority of the E-Bayesian estimation toward Bayesian estimation.

4. CONCLUSION

In this study, assuming the scalar parameter of the Gompertz distri-
bution, E-Bayesian estimation of the scalar parameter under the Type
IT censoring theme was estimated based on fuzzy data with entropy loss
function . Then, the Bayesian estimation and E-Bayesian estimation
of the scalar parameter of the Gompertz distribution were compared
using Monte Carlo simulation. According to the simulation results,
the performance of the E-Bayesian estimation is better than that of
the Bayesian estimation.

REFERENCES

Akbari M.G. and Rezaei, A. (2007), An uniformly minimum variance
unbiased point estimator using fuzzy observations, Austrian Journal
of Statistics 36(4), 307-317.
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X =(X1, -, X,).

1
X:me—gmu+m}
Each sample of Type II censoring X produced in the third step is
considered based on the fuzzy system of Pak et al. (2013) using the
membership functions below as a fuzzy sample.

1 x<0/25 LS 0/25<m <05
pa (@)= St 0/25<w<0/5 , pa(a) =4 YR 0/5<2<0/75

0 otherwise 0 otherwise

TR 0/5<a<0/75 T 0/T5<ae<
na(r)=9q 3 O/B5<a<1l , pale)=q HEEE 1<a<1/25

0 otherwise 0 otherwise

T 1<z<1/25 e 1/ <a<1)5
pas () = Mt 125 <2 <15, pp(r) = MRS 1/5<a<1/T5

0 otherwise 0 otherwise

“"(;/—12/55 1/5 < <1/75 v—1/75  1/T5<z <2
pz. () = 3/_—22 1/75 <z <2 , pag(z) =< 1 x> 2

0 otherwise 0 otherwise

Then, the Bayesian estimation and E-Bayesian of o were estimated
using Equations (9) and (12). Steps one to three have been irritated
5000 times, and the average estimation and its mean square error were
estimated and arc listed in Tables 1 and 2. Bayesian and E-Bayesian
estimates under the entropy loss function is obtained for g = 1.5 and
c = 2,3, respectively. Based on tabulated AV and MSE values, the
following conclusions can be drawn from tables.

e The performance of the E-Bayesian estimate of o under entropy
loss function is better than that of Bayesian estimation.
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TABLE 2. Average value (AV) and mean squared error
(MSE) of the estimates of « for different values (n,r) and
for k=3,8=15c=3. .

AV(GBay)  MSE(dpay) AV(GpBay) MSE(dEBay) |

ESE

15
15
30
30
30
50
50
50
50
100
100
100

10
12
10
15
20
10
20
30
40
50
60
70

4.573056530
2.8398496160
1.192765392
1.166947805
0.6335722291
2.469167685
1.099723789
0.8200900988
0.6362921359
0.2742540597
0.1417788911
0.0311398726

0.929173595
0.0277216463
0.148180635
0.037062827
0.0019095332
0.020121812
0.015358997
0.0040901482
0.0001031463
0.0001415297
0.0000706252
0.000013259

0.537226004
0.3110839795
0.776088361
0.647970905
0.5005767668
0.7616584046
0.6753051414
0.634591078
0.618655267
0.5070088125
0.4704479375
0.4217555098

0.001031632
0.0004513654
0.006127616
0.005298104
0.0007222743
0.001170893
0.0007423666
0.000433503
0.0000313089
0.0004308803
0.0000380383
0.0000355755

FRay

FIGURE 1. Chart probability density function estimation (1) of
the E-Bayesian and Bayesian estimations

produced using the equation below where U is a continuous
uniform distribution in (0,1). The produced samples are as



7th Seminar on Fuzzy Statistics and Probability, University of Birjand

34

where, §;; and w3 are given in Equation (10).

3. NUMERICAL EXPERIMENTS

In this section, a numerical example and a Monte Carlo simulation

are presented to illustrate all the estimation methods described in the

preceding section.

TABLE 1. Average value (AV) and mean squared error
(MSE) of the estimates of « for different values (n,r) and
fork=2,6=15,c=2..

ESE

AV (& pay)

MSE(&Bay)

AV(&EBay)

MSE(455ay) |

15
15
30
30
30

50
50
50
50
100
100
100

10
12
10
15
20

10
20
30
40
50
60
70

2.6389378049
2.2661401333
2.2661401333
0.7508841703
0.328158153

1.322396833
1.1534889558
1.120731833
1.101337432
0.7382615092
0.6412450135
0.329805321

0.0250533562
0.0206590198
0.0256590198
0.0034023036
0.001921408

0.027452528

0.025642566

0.014820756
0.0056261865
0.0010873003
0.0008641202
0.0000936334

0.8156070685
0.6192788289
0.6192788289
0.5355348355
0.437947491

0.7329893974
0.635105685
0.591014427
0.589955301

0.6977080349

0.4456518854
0.406811289

0.0009260138
0.0006851135
0.0009214633
0.0006851135

0.000162547

0.002953747
0.001747692
0.001224725
0.0009782932
0.0003964154
0.0002043431
0.0000726658

3.1. Simulation Study. In this subsection, the Bayesian estimation,

and FE-Bayesian of parameter a are compared with each other.The

simulation steps are shown below.

e b is produced per specific ¢ and using the prior distribution of
mb)=10<b<ec
e « is produced using b estimated in the first step and using Equa-

tion (5).

e Using the « estimated in the second step and per specific £,

the samples of Type II censoring with different (n,r) of Gom-

pertz distribution with a possibility density function (1) are
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where,
_d([h(a)] _ P[] ) dv(e)
M= M T T e T g
~dPuw(a) [ dPw(a) -
YT 0 o1 = [_ d?« }

Given that h(a) = « using Equation (8), the Bayesian estimation of
is as follows:

. 2\ ~F
@Bay(b) = Ugay(b) — <a—k + Ma—(lsw) + bk‘511a_(k+1) _ M)

2 2
(9)
where, 611 and ws are:
-1
IJJJ _ []JJ
o = < 32 Z (J9)2 ) '
om 1 B(J + I, Js — 21{(Jg)2>
wy =— + — — (10)
o B Z ( ()’

where,
. 0 5 0
I$=/O (7 = 1) ¥ 5 iy (), Jf=/0 By (a)dr, i =1,2,3

Definition 2.1. If the Bayesian estimation of parameter 0 is éBay(b)
and the prior distribution of b is w1 (b), the E-bayesian estimation of pa-
rameter 0 that is the mathematical expectation of éBay(b) and 1s shown
by éEBay defined as follows:

05 Bay = / 0pay (D)1 (b)db, b e A (11)
A

According to Equations (9) and (11) and the distribution of b, the
E-Bayesian estimation of « is defined as follows:

1

c 52y~
&EBay :%/ (a—k’ + Ma—(kﬁ-?) + bk(sll(l_(k-‘rl) . ku}?}(ﬁll)) db
0

k1
_ 1 —k K(E+1)011 (i) —kar) Rws(811)?\ T
= C(k; — 1)511 { < + 5 o + ckdi1a 9

(12)

k=1
_ (a—k + k(k + 1)51_1a‘(k+2) _ kw3(511)2> : }
2 2
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(2011) showed that the most appropriate distribution of b is uniform
distribution. Therefore, in this study, the distribution of b was m(b)
as continuous uniform distribution at (0, ¢), and in this case, Equation
(4) is converted as follows:

m(a|b) = be b (5)

According to Equations (3) and (5), the prior distribution of providing
fuzzy data is as follows:

(n—r) (eﬁm(T) —1)
—a| ———F——~ +B(n—r)myy
ae

(n—r) (eﬁm(r) —1)
— 5| +B(n—r)m(,,

u(@)

(6)

m(alx) =

_
foae

u(a)do

where, u(a) = [[j_, (fooc eﬁme_%eﬁmufj(x)dx). The Bayesian estima-
tion of any function of «, such as h(«), under the entropy loss function
is as follows:

0o, (0) = { Bus(h(a)) 7} F (7)

(n—r) ((:Bm(ﬂ —1)
O snerymen

=

f0°°<h<a>>—kane_a[
(n—7) (eﬁm(r) _1)

—a [ 5 } +B(n—r)m,y
IS are u(a)da

u(a)do

In general, it is not possible to calculate it. Therefore, the Lindley
(1980) approximation is used to calculate it. Assume:

w(a) =Inl(X,a) +In7w(b) = L() + v(«)

where,

L(a) =nlna—« + B(n —r)my + Inu(a)

(n—r) (eﬁm(ﬂ - 1)
B

and v(a) = Inb — ba. So, Equation (7) is converted as follows.

N Xh(a)] *ew@da |
Ugay(b) = {fO [jgc )e]w(a)da ! }
0

Bl

e

1 1
= ([h(a)]_k -+ §h11(511 + U1h1511 + 5’[1)3(511)271,1)

(®)
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with the membership function of pz (21),- -, ps (2,). Let the maxi-
mum value of the means of these fuzzy numbers be m,). The lifetime
of n — r surviving units, which are removed from the test after the r*
failure, can be encoded as fuzzy numbers x, 1, 2,59, -, 2, with the
membership functions

0 T < m)

Ha; =

1 T > My
The fuzzy datax = (%1, - -+ , Z,) is thus the vector of observed lifetimes.
Then, using Zadchs definition of the probability of a fuzzy event (Zadch

(1986)), the corresponding observed-data likelihood function can be
obtained as

T 0o
na (n—r)a _Bm. a Bz
I(%,a) = e Pmn e e 5 © o [H </ P 5 /My(@dm)]
1 0
(3)

where, u(a) = [[;_, (fooo eﬁ*”e_%eﬁxﬂfj(aj)da:).

In this paper, E-Bayesian estimation under the entropy loss functions
is described in Section 2. A numerical example and a Monte Carlo
simulation are presented in Section 3 for illustrative purposes. Section
4 is the conclusions.

2. ESTIMATING THE E-BAYESIAN OF o« PARAMETER

Assume the prior distribution of « is the Gamma distribution of
density function as follows:
ba
I'(a)

According to Han (1997), the super parameters of a and b are such

a® e o> 0,a,b>0 (4)

m(ala,b) =

that m(ala,b) decreases to a, according to the following equation:
dr(ala,b) b 2eb

doe ['(a) ((a

where, b > 0 and 0 < a < 1. Berger (1985) showed that increasing b

resulted in reducing the efficiency of the Bayesian estimator of a.. Thus,

—1) —ba)

this super-parameter b should be bounded from top as 0 < b < ¢. Han
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Definition 1.1. If X is a reference set,then a fuzzy set of A is shoun
in using the membership function of pz(x) — [0,1] in which per x in
X show pz(x) membership degree of x in A.

Definition 1.2. Fuzzy set of A in reference set of X is normal when
and only when Sup,expz(x) = 1.

Definition 1.3. The fuzzy set of A in the reference set of X is con-
vex, when and if per x,y € X and \ € [0, 1] the following equation is
established:

pa(Ae+ (1= Ny) = {pa(@), naly)}
Definition 1.4. Assuming L : Rt — [0,1] and R : RT™ — [0,1] are
two continuous functions with the following specifications:
(—z) = L(x),
(0) = R(0) =1
lim L(z) = lim R(z) =1

r—00 Tr—00

L R(—z) = R(z)
L

and L and R in [0, 00) is subtractive, then the fuzzy number of M is
a kind of LR when and if the following equation is established:

L(%) r<m,a>0

pir(z) =

R(%) r>m,5>0

where, m is the average of the fuzzy number of M, o and 3 are the
left and right bounds. Also, the fuzzy number of LR type is shown by
M = (m,a, ).

Suppose that n independent units are placed on a life test with the cor-
responding lifetimes X7, X5, -+, X,,. It is assumed that these variables
are independent and identically distributed with a probability density
function (1). Prior to the experiment, a number r < n is determined,
and the experiment is terminated after the r* failure. Now, consider
the problem where under the Type II censoring scheme, failure times
are not precisely observed and only partial information about them is
available in the form of fuzzy numbers #; = (m, oy, ;)1 = 1,2, |r
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estimate its parameters

flz;a,B) = Ozeﬁ””e_%(em_l)7 x>0,0,8>0 (1)

F(z;a,p)=1- e_%(eﬁm_l), x>0,0,8>0 (2)

using E-Bayesian underType II censoring schemes and based on fuzzy
data using entropy loss function as below:

~\ k N
L(é,e)cx<g> —kln<g>—1, k0

E- Bayesian method was introduced by Han (1997). Recently, E-
Bayesian and hierarchical Bayesian methods have been used by Han
(2006, 2009) to estimate exponential estimation parameter and bi-
nomial distribution ratio, by Jaheen and Okasha (2011) for Type 12
reliability function distribution parameter estimation based onType II
progressive censoring samples, and Wang and Chen (2012) to estimate
Pascal distribution parameters.
Censoring is a common issue in lifetime experiments and reliability
studies; the experimenter may not always obtain complete information
on failure times for all experimental units. Data obtained from such ex-
periments is called censored data. One of the most common censoring
schemes is Type II (failure) censoring, where the life testing experiment
is terminated upon the r*(ris pre-fixed) failure. The Type II censor-
ing theme has been the concern of many authors, some of which, like
Singh and Kumar (2007) used it for the Bayesian estimation of ex-
ponential distribution parameters, Illiopoulos and Balakrishnan (2011)
used it in Laplace distribution, and Kundu and Ragab (2012) used it
for Bayesian inference in the Weibull distribution.
Some authors have used fuzzy sets in theory estimation. Akbari and
Rezaei (2007) proposed a new method for estimating fuzzy spot for
uniformly minimum variance. Pak et al. (2013) conducted wide stud-
ies on inferential procedures for lifetime distributions based on fuzzy

numbers. Here, some definitions are reviewed.



7™ Seminar on Fuzzy

33 /'ISJE’U/LT:C" J‘:ﬂ"

&
Lz WE T s Y

.

Statistics and Probability

N olfislo

University of Birjand

May 3 & 4, 2017 - Birjand

ESTIMATING E-BAYESIAN OF SCALAR PARAMETER
OF GOMPERTZ DISTRIBUTION UNDER TYPE II
CENSORING SCHEMES BASED ON FUZZY DATA

SHAHRAM YAGHOOBZADEH SHAHRASTANTI*

Department of Statistics, Payame Noor University, Tehran, Iran
yagoubzade@gmail.com

ABSTRACT. In this study, the E-Bayesian of the scalar parameter
of a Gompertz distribution under Type II censoring schemes were
estimated based on fuzzy data under the entropy loss function and
using Lindley approximation and the efficiency of the proposed
method was compared with the Bayesian estimator using Monte
Carlo simulation.

1. INTRODUCTION

The Gompertz distribution,introduced Gompertz (1825), plays an
important role in modeling human survival and mortality times (Gavrilov
and Govrilova (1991)). It is also applied in various sciences such as
biology (Economos (1982)), survival analysis (Johnson et al. (1995))
and marketing (Bemmaor ang Glady (2012)). Therefore, estimating
its parameters is recommended. Of course, various ways to estimate
the distribution parameters of Gompertz has been studied by various
authors, including Al-Hussaini et al. (2000), and Wu et al. (2003).
In this paper, the probability density function and cumulative distri-
bution function of the Gompertz distribution is considered in order to

Key words and phrases. FE-Bayesian Estimation, Gompertz Distribution, Type
IT Censoring Schemes, Fuzzy Data.

*speaker.
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FIGURE 4. Stable response of state x, y and z.
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A2 XT[(Ay + BiK)) P+ P(A) + B K1) X + X% XT[(4y + By Ky) P+
P(Ay + ByEKy)X + MMXT[(A; + BiKy + Ay + BoyKy) P + P(A; +
BiKs + Ay + BoK1)]X. Where V(z) = XTPX and P = PT > 0.
When three matrix inequalities (A; + BlKl)TP + P(A; + B1K4) <0,
(Ay + ByKy) P+P(Ay+ByK,) < 0and (41 + B Ky + Ay + BoK,)' P+
P(A1+ B Ky+ Ay+ By K5 ) < 0 hold simultaneously, we have V($) < 0.
In order to calculate K; , three linear matrix inequalities QA7 +
AQ+ B M, 4+ M BT <0, QA" + A,Q + Bo M, + Mo By' < 0 and
QA1 4+ A)" + (A + Ay)Q + By My + BoM, + My" By T + M,TB,T < 0
are formed. Where Q = P71, M; = K;Q, i=1,2. The following matri-
1.2584 —0.1146 0.0831

ces can be obtained easily. Q = | —0.1146 0.2652 —0.2358|, M; =
0.0831 —0.2358 1.3051
—135.3970 27.7985 48.3870 49.9288 43.4965 —51.4616
—32.2396  9.7374 24.6706|, My = |11.3584 —32.777  77.1689 |,
—51.8636 17.3183 46.8141 56.9448 —41.5603  100.06
—101.0472 118.9440 64.9994 56.6889 179.0131 —10.6903
Ky = | —22.7181 53.6075 30.0356|, [{y = | —1.6409 —85.3432 43.8097
—35.7896 102.2277 58.9184 33.1524 —90.6468 58.1758

When time ¢t = 100s, u = (A K7 + M\ K3)X starts to control the poly-
nomial system and all state variables will converge rapidly to the origin
shown as Fig(4).

CONCLUSION

In this paper, we consider Liu-Chen model with a parameter . Bifur-
cation is discussed simply by employing several numerical simulations
on the main parameters. Moreover, the system can be converted into
a T-S fuzzy model and a T-S fuzzy control approach is utilized to sta-
bilize the system. Finally, numerical simulations show the effectiveness
of the designed T-S fuzzy controller.
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FIGURE 3. Bifurcation of state x and y with the variation of
parameter u.

-2 =578 17.89 -2 3548 —12.74
A= 2589 7.78 8 | , A= |526 —33.48 8
—-15.78 —=7.89 =2 2548 12.74 -2

A controlled T-S fuzzy system is described as follows.

IF yis F; THEN X = A, X + Biu

IF y is F, THEN X = A, X + Byu

1 -1 -2 -1 0 1
where By= |0 2 —1|,By=|1 1 0 |.andu=(MNK+
-1 0 1 -2 0 -1

Ao K3)X is a T-S fuzzy controller. The closed-loop system is X =
[)\21(Al+BlK1)+)\22(A2+BQK2)+>\1>\2(A1+BlK2+A2+B2K1)]X The
derivative of a Lyapunov function V(X ) to time V(X) = 2XTPX =
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FIGURE 2. Waveform plot of system (1) with u = —2.

T -2 10 0 0o 2 -1
where X = |y|,A = |18 -8 8| and B = [-1 -2 0
z 0o 0 =2 2 1 0

State variable y is bounded. The boundary of y can be estimated
simply and precisely within a simulation time interval t € [0,200] .

The range of y is obtained as y € [my,mg| .where m; = —7.89 and
mo = 12.74. Two membership functions are taken as \; = u,
Mg — My
Moo= 27" That A+ de=1and 0 <\ < 1, i=1,2.
Mo — 1My

Matrices A; and A, are obtained simultaneously.
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FIGURE 1. Projection of the attractor in x-y, x-z and y-z planes
with p = —2.

rules by analyzing the feature of nonlinearities. These nonlinearities
are relevant to a common state variable y . Therefore, a T-S fuzzy
model is constructed as follows.

IF yis F; THEN X = A, X

IF yis F, THEN X = A, X
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i = px + 10y + 29> — yz
y =18z — 8y + 8z — wy — 2y? (1)
= —2z+2zy+y?

The system (1) is described as another form in view of the existence of
a common variable in all nonlinear terms

X = (A+ By)X (2)
x w10 0 0o 2 -1
where X = |y|,A = |18 =8 8| and B = [-1 -2 0
z 0 0 -2 2 1 0

Projections of the attractor in three coordinate planes are shown in
Fig(1) and Fig(2).

Fig(1) shows the orbit is around the critical point But it can not be
absorbed and Fig(2) shows the critical point is not stable.

Due to the Stephen Wiggins (2003), Bifurcation diagrams of two
state variables x and y with the variation of parameter y a are shown
respectively in Fig(3). Fig(3) shows that With the passage of = —2,
changes to the number of critical points. Figures showed that The
system has Bifurcation in u = —2 at origin.

3. T-S FuzzZy MODEL AND CONTROL OF THE SYSTEM

In this section, we describe the fuzzy logic controller design of system
with using T-S fuzzy model. The stability analysis of the fuzzy logic
controller system is carried out using Barbashin-Krasovskii theorem.
The system can be converted into a T-S fuzzy model with two simple
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of some limit cycles emerging from bifurcation, optimizing the system
performance near a bifurcation point, or a combination of some of these
objectives.Chen (2003) has collected examples of Bifurcation control.

The T. Takagi and M. Sugeno (1985) proposed a fuzzy model that
described by fuzzy IF-THEN rules which represent local linear input-
output relations of a nonlinear system. The main feature of a Takagi-
Sugeno fuzzy model is to express the local dynamics of each fuzzy
implication rule. by a linear system model. The overall fuzzy model
of the system is achieved by fuzzy blending of the linear system mod-
els. The readers will find that many nonlinear dynamic systems can be
represented by Takagi-Sugeno fuzzy models. In fact, it is proved that
Takagi-Sugeno fuzzy models are universal approximators. Wang et al
(2001) in Their book gives a comprehensive treatment of model-based
fuzzy control systems. The central subject of that book is a systematic
framework for the stability and design of nonlinear fuzzy control sys-
tems. Building on the so-called Takagi-Sugeno fuzzy model, a number
of most important issues in fuzzy control systems are addressed. These
include stability analysis, systematic design procedures, incorporation
of performance specifications, robustness, optimality, numerical imple-
mentations, and last but not the least, applications. Ahmad Taher
Azar (2016) has presented a fuzzy logic controller design of a chaotic
system using TS fuzzy model. The stability analysis of the fuzzy logic
controller system has been carried out using Barbashin-Krasovskii the-
orem.

The organization of this paper is as follows. Analysis of bifurcation
in Liu-Chen model are concluded in Section 2. In Sectiond, T-S fuzzy
model of the system is calculated. and a controller for stabilizing the
system introduced.

2. EXISTENCE BIFURCATION IN L1Uu-CHEN MODEL

In this section, we describe the Liu-Chen system (Liu and Chen
(2004)) and its qualitative properties. The Liu-Chen system is de-
scribed by the 3-D dynamics
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CONTROL OF BIFURCATION WITH
TAKAGI-SUGENO FUZZY LOGIC
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L Department of Mathematics, Faculty of Mathematics and Statistics,
University of Birjand
m.darvishi@birjand. ac.ir

2 Department of Mathematics, Faculty of Mathematics and Statistics,
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ABSTRACT. paper, a fuzzy logic control using fuzzy sets and fuzzy
logic for the control of bifurcation has been proposed. In more
detail, this work presents a fuzzy logic controller design of a sys-
tem using Takagi-Sugeno fuzzy model. The stability analysis of
the fuzzy logic controller system is carried out using Barbashin-
Krasovskii theorem. For the proposed fuzzy logic control, the Liu-
Chen four-scroll system was used. Finally, the simulation results
of the proposed control method present the effectiveness of this
method.

1. INTRODUCTION

Bifurcation control refers to the task of designing a controller that
can modify the bifurcating properties of a given nonlinear system,so
as to achieve some desirable dynamical behaviors. Typical bifurcation
control objectives include delaying the onset of an inherent bifurcation,
introducing a new bifurcation at a preferable parameter value, chang-
ing the parameter value of an existing bifurcation point,modifying the
shape or type of a bifurcation chain, stabilizing a bifurcated solution
or branch, monitoring the multiplicity, amplitude, and/or frequency

Key words and phrases.  Takagi-Sugeno fuzzy logic, Control , Bifurcation ,
Stability.

*speaker.
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TABLE 2. Comparison between fuzzy regression models
g’w and gLS
Models MSM MAE, MAF,

Yu 0.50  11.09  0.99
ULs 0.28  16.02 1.37

the proposed method are 11.09 and 0.99 which are clearly smaller than
those of 16.02 and 1.37, respectively, calculated from the LS method.
Therefore, like to the conclusion taken by the scatter plot criteria, it
can be concluded the estimated weighted fuzzy regression model y,, fits
much better than the estimated least-squares fuzzy regression model
Y1 to the data set.

4. CONCLUSION

The existence of outliers in a set of experimental data can cause in-
correct interpretation of the fuzzy linear regression results. The present
investigation focused on this problem in a fuzzy regression model for
the crisp input and fuzzy output data type and proposed weighted
approach to handle the outlier problem. In this regard, a weighted ro-
bust fuzzy regression analysis have been developed as an improvement
to least-squares estimation in the presence of outliers and to provide us
information about what a valid observation is and whether this should
be thrown out or down-weighted. The advantages of the proposed ap-
proach in contrast with least-squares estimation were compared and
discussed in the presence of outliers. This approach not only can de-
tect abnormal values, it can also reduce the impact of these points on
the estimation problem by down-weighting them.
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FIGURE 2. The estimated LS model for the data set in Table 1

the presence of a single outlier, irrespective of which element (centers
and/or spreads of the response variable, and/or explanatory variable)
of the generated data set is contaminated. The robust weighted fit
does not suffer from any combination of the given aspects of outliers
because such points are down weighted.

3.3. Goodness-of-fit criteria. We employ three criteria known as
Mean of Similarity Measures (M SM) and Mean of Absolutes Errors
(MAFE; and M AE,) which have been widely used for evaluation of
fuzzy regression models [2, 3, 4]. These criteria are defined as follows:
ven = L fmln{yi(t)7?ii(t)}dt,
N3 fmax{gji(t), y;(t)} dt

1 « ~ =
vag, = 05 [0 -5l
f|yz |dt
MAFE, = :
i Z fyz

To compare the performances of fuzzy regression models Ew and ELS,
the criteria MSM, MAE; and MAFE, are adopted to calculate the
accuracy of the models in estimating the observed responses. The cor-
responding values of these criteria are listed in Table 2 which are almost
the same for the two models jw and ELS. By these results, the M SM
value for model ij is 0.50, which is greater than 0.28, the M .SM value
for model ELS. On the other hand, the M AFE; and MAFE, values for
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FIGURE 1. The estimated weighted fuzzy regression model for
the data set in Table 1

optimal weight values are obtained for these points which are w;; =
0.01, w2 = 0.01 and w6 = 0.007.

Now, in the sequel, in order to provide a comparative study and
to investigate the performance of the weighted fuzzy regression model
in the presence of outliers a least-squares fuzzy regression model will
be considered (called as LS method). In the LS method all of the
observations have the same weight w; = 1 for ¢ = 1,...,16 in the itera-
tively reweighted algorithm. Indeed, for the LS method the iteratively
reweighted algorithm is an algorithm with fixed values of w; = 1 for
1 =1,...,16. Now, by applying the LLS method to the given data set
the following least-squares fuzzy regression model is obtained

Uos = (21.37+33.692 + 1.472° exp{1.16 + 1.53 2 — 0.36 22},
exp{1.24 + 1.192 — 0.192°})

The above model is shown in Fig. 2.

3.2. Scatter plot criteria. D’Urso et al. [7] stated that the methods
to detect the presence of outliers relayed on graphical representation
and/or analytical procedures. Figures 1 and 2 show the robust weighted
and the least-squares fuzzy regression model fits superposed on the
scatter plot of the data set considered in Table 1. By analyzing these
figures it can be concluded that the least-squares fit is pulled away
from the main body of the data by the outlier points. It is clear that
the LS-based fuzzy regression model is heavily affected by the presence
of outliers in the spreads and/or in the centers of the output. But
the weighted fuzzy regression model performance is not affected by
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TABLE 1. Data set

i (2, 7:) i (74, 7)

1 (0.0;(11.5,3,25)r) 9 (1.6;(84,15,16)7)

2 (0.2;(24.8,45,4)r) 10 (1.8; (82,15, 16)7)

3 (0.4(40,6,7)r) 11 (2.0;(33,3,5)r)

4 (0.6,(452,7. 7)) 12 (2.2;(150,80,30)7)
5 (0.8;(49.1,9,9)7) 13 (2.4;(103.1,16,17)7)
6 (1.0:(70,11,12)7) 14 (2.6:(111,17,19)7)
7 (1.2;(70.9,12,12)7) 15 (2.8;(109.1,17,19)7)
8 (1.4:(20.1,14.15)7) 16 (3.0: (160,8,30)7)

3. OUTLIER DETECTION

This section will exhibit the capability of detecting and down-weighting
outliers by the proposed approach and demonstrate how outliers can
grossly deteriorate the least-squares estimators of a fuzzy regression
model by considering scatter plot criterion and three goodness-of-fit
criteria.

3.1. INlustrative example. Consider the data set given in Table 1
which comes from Zeng et al. [14]. The data set consist of crisp input
variable z and triangular fuzzy output variable y = (y,l,r)r. Suppose
the theoretic model between variables x and ¥ is

(y,9(1), h(r)) = Bo ® (51 ® ) ®d (52 ® a?).

We will take g(-) = h(-) = Ln(-) in the solved numerical example. By
applying the proposed approach to the given data set in Table 1, the
following weighted fuzzy regression model is obtained

o~

Uy = (15.03+54.90x — 7.272% exp{1.20 + 1.45x — 0.32 2%},
exp{1.15 + 1.54 2 — 0.33 2*})

The above model is shown in Fig. 1, where in which the horizontal
axis represents the value of the independent variable x and the vertical
axis represents the value of the components of triangular fuzzy number,
i.e. the upper value (y + r), the center value (y) and the lower value
(y — 1) of the triangular fuzzy number y = (y,[,7)7. As shown in
Fig. 1, the proposed estimation procedure can determine the optimal
weight of any observation which are obtained and shown for each point
in Fig. 1. From the results given in Fig. 1 it is clear that the 7;; =
(33,3,5), 712 = (150,80,30) and 15 = (160,8,30) are detected as
outliers. According to the estimation procedure the smallest estimated
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as follows
(y,9(0),h(r)) = Bo® (br@T1) D ... D (B @ wp)
= (Bo,00,00) & ((B1,01,601) @) B ...
o B ((Bry Ok, Or) ® xp)
= (Bo+ B+ ...+ Brar, 00 + or|zr| + .o+ ow|m],
where g : RT — R and h : Rt — R are invertible functions. In this
model we do not face the non-negativity constraints of the spreads of
the response variable because of introducing the invertible functions
g and h [0]. Indeed, using this method, the estimated fuzzy response
variable is obtained as the following model

7= @17
— (Bo+ Pras 4+ Brri, g H{Bo + 51|z | + ..+ Grlzal},
h™H0o + 01|21 | + ... + Oz P g,
Theorem 2.1. In the problem of estimating the fuzzy parameter ,@ n
following model

(4, 9(1), h(r)) = Bo ® (Br @ 11) & ... & (B @ ),

the weighted least-squares estimator of B 1s obtained by minimizing the
following objective function

B o= Y wD? ((ol).hr)).ho® Brom)o...o (Bow)
:z k 2 k 2
= sz (%-Z%‘mﬁj) +a <g(li)—2|ﬂfij|0j>
k 2
+e2 <h(7’z’) -> |37z‘:i|9j> ] :

In the above objective function w; > 0 (1 = 1,...,n) is the weight of
the ith residual and must be optimally determined and the constants ¢y

and cy are defined as c; = fol LY a)da, and co = fol R~ (a)da.

Computing parameter estimates and optimal weights in Theorem
2.1 use a method called iteratively reweighted least-squares. which is
ran in the software MATLAB [10]. The computing procedure is called
iterative because the weights are determined based on the residuals
which are changing from iteration to iteration.
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are fuzzy (imprecise or vague) [9]. Outliers could be arisen in a fuzzy
regression framework with respect to [7]:

e one or more crisp explanatory variables X;

the centers and/or the spreads of the fuzzy dependent variable
Y;

the fuzzy regression model (but not with respect to X and y);
both X and centers of y (but not with respect to the model);
a combination of the above aspects.

However, in the literature, few approaches are based on using above
definition of outliers [3, (]. Therefore, the main problem which will
be investigated in this paper is to provide a suitable robust estimation
method to deal with fuzzy data contaminated by the various typolo-
gies of outliers described by D’Urso et al. [7]. To this end, a new
weighted technique, named as weighted least-squares fuzzy regression,
is proposed and applied to establish predictive models in a fuzzy do-
main. The main idea of the estimation problem is based on detecting
and down-weighting unusual data. Because, a data point should not
be removed simply because it is an outlier, but it is important to know
how these points affect the model fit. Finally, the results of the nu-
merical examples show that weighted approach is able to neutralize
and/or smooth the disruptive effects of possible crisp/fuzzy outliers in
the estimation process.

The rest of the paper is organized as follows. In the next section
the main idea of the paper is explained. Section 3 reports illustrative
examples to demonstrate the effectiveness method with the estimates
of the regression coefficients of the proposed model in the presence of
outliers. In Section 4, some final remarks conclude the paper.

2. A WEIGHTED APPROACH TO FUZZY REGRESSION

Suppose the data set consists of n observations on a response fuzzy-
valued variable y and k explanatory real-valued variables

_ k+1 _ .
x; = [Tio, Ti1, Tiz, -, ) ER, 2o =1, i=1,...,n,
as follows
(y17m1)7"'7(yn7mn)7

where ¥; = (yi, li, 7)) Lr (i = 1,...,n) determines the fuzzy observed of
the dependent variable. The relationship between y and @ is formulated



7™ Seminar on Fuzzy

U fb‘_ﬁ;’ l;/Lﬁ%’q‘:}‘(

Fy
A2 WP (s WY

Statistics and Probability R AT

University of Bijand &

May 3 & 4, 2017 - Birjand

A WEIGHTED LEAST-SQUARES APPROACH FOR
THE DETECTION AND DOWN-WEIGHTING OF
OUTLIERS FOR FUZZY REGRESSIONS

JALAL CHACHI*

Department of Mathematics, Statistics and Computer Sciences, Semnan
University
jchachi@semnan.ac.ir

ABSTRACT. Recent years have seen a surge of interest in extend-
ing conventional least-squares fuzzy regression models to robust
fuzzy regression model. In this study a weighted fuzzy regres-
sion model is proposed dealing with crisp inputs and fuzzy output.
The weighted fuzzy regression model is identified by the strategy
of optimizing a weighted target function. Some experiments are
designed to show its performance in the presence of different kinds
of outliers in the data set. The experimental results suggest that
the proposed model is capable of dealing with the data set contam-
inated by outliers and has high prediction accuracy. The proposed
fuzzy regression method is capable of determining the weigh of the
outlying data points.

1. INTRODUCTION

Robust regression analysis have been developed as an improvement
to least-squares estimation in the presence of outliers and to provide
us useful information about what a valid observation is and whether
this should be thrown out or down-weighted [1, 12, 13]. The primary
purpose of robust regression analysis is to fit a model which represents
the information in the majority of the data. However, a single outlier
affects both on parameters estimates and on the fit of the model to the
majority of the data [5, &, 11]. Therefore, an assessment of potential
outliers is important in any analysis especially for formalizing a regres-
sion model in a fuzzy domain, in which model parameters and/or data

Key words and phrases. Fuzzy outlier, Fuzzy regression, Weighted least squares.
*speaker.
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We use an interactive algorithm to compute a-efficient strategy of the
game for Player I so as he/she is satisfied with corresponding security
levels.

Generally, in comparison with the existing approachs (Bigdeli and Has-
sanpour (2016), Bigdeli et al. (2016)), the proposed method has the
following advantages:

(1) This method solves multiobjective matrix game with fuzzy trian-
gular payoffs.

(2) It does not require any defuzzification.

(3) Players are satisfied with the obtained solution.

(4) The proposed approach requires less computational effort.

(5) It does not require any special order to compare interval inequali-
ties.

4. CONCLUSION

In this paper, a method to find a-efficient strategies and security
levels in zero-sum multiobjective game with fuzzy payoffs is presented.
It is assumed that fuzzy payoffs are triangular fuzzy numbers which
can be presented by their a-cuts. The problem is converted to multi-
objective game with interval payoffs. The solutions of this problem are
obtained by solving two multiobjective linear programming problems.
Then, we use an interactive algorithm for computing a-efficient strat-
egy that player is satisfied with corresponding security level. The main
advantage of this method is that it does not require any defuzzification
and players are satisfied with the obtained solution.
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TABLE 1. The mixed strategies and a-security levels for

different values of « in the Example.

o | ok, k| @)y = [@0), @D).] [ @), = [05),. @5),]
0 | 0.7916667 | 0.2083333 [155.2083,166.3934] [123.9583,136.311]
0.1 | 0.7914573 | 0.2085427 [155.7927,165.8317] [124.5616,135.6584]
0.2 | 0.7912458 | 0.2087542 [156.3771,165.2557] [125.1650,135.0100]
0.3 | 0.7910321 | 0.2089679 [156.9615,164.7258] [125.7686,134.3662]
0.4 | 0.7908163 | 0.2091837 [157.5459,164.1818] [126.3724,133.7273]
0.5 | 0.7905983 | 0.2094017 [158.1303,163.6441] [126.9765,133.0932]
0.6 | 0.7903780 | 0.2096220 [158.7148,163.1126] [127.5808,132.4642]
0.7 | 0.7901554 | 0.2098446 [159.2992,162.5876] [128.1852,131.8402]
0.8 | 0.7899306 | 0.2100694 [159.8837,162.0692) [128.7899,131.2215]
0.9 | 0.7897033 | 0.2102967 [160.4682,161.5575] [129.3949,130.6080]
1 0.7894737 | 0.2105263 [161.0526,161.0526] [130,130]

any a-cut of a triangular fuzzy number is directly obtained from its
1-cut and 0-cut, hence the security levels of Player I are

01 = (), @H),, @), = (155.2083, 161.0526, 166.3934),
Ty = ((0)g, (1), (v11),) = (123.9583,130,136.3115).

3.1. Computational result comparsion. In this paper, fuzzy mul-
tiobjective matrix game problem led to the two problems with up-
per and lower bounds of interval objectives. The obtained security
levels for Player I are v, = (155.2083,161.0526, 166.3934) and 0, =
(123.9583, 130, 13 6.3115). To solve presented example in section 3 by
the method Bigdeli and Hassanpour (2016), security levels for Player I
(155.2083,161.0526, 164.6667) and 0, = (123.9583, 130, 136.0417).
Note that the solution of the problem in approach of this paper is close

are v; =

to the solution that is reported in method Bigdeli and Hassanpour
(2016) (assigned weights by Player I is supposed in both of methodes
are equal). The a-efficient strategies of Player I in the method of
this paper obtained of solving problem (17) and solutions are close to
the obtained a-efficient strategies of method Bigdeli and Hassanpour
(2016) for each a € [0, 1]. Observe that, these methods present sev-
eral strategies for Player I because the fuzzy values are constructed by
a-cuts corresponding to different strategies. Decision analyst have to

choose one strategy among these strategies to present it to Player I.
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where (),), = [(UkL)lv (UkR)ﬂ and (2y,), = [(UkL)o» (UkR)o]-

Fuzzy value v, can be expressed as follows:

o= | (@)= U (alogi + (1 = a)u, oy + (1 — a)j]
ael0,1] a€l0,1]

which directly implies that the membership function of v, is

p, () = max {alavy + (1 - a)oh < v < oo + (1 - a)uj )

i
TV l < m
vt —vl U ST <Yy
J— _ m
=41 ) r=uvy
Y= m r
22_221 Qk <z S yk

Therefore, the fuzzy value v, with payoffs of triangular fuzzy numbers
P

is just the triangular fuzzy number v, = (vl v 7). Also, Y M0, is
k=1

a triangular fuzzy number.

According to the fact that Player I is cautious, we recommend him
to use the obtained strategy by solving the problem (17). This method
present several strategies for Player 1. Decision analyst have to choose
one strategy among these strategies to present it to Player I. In this
case, we use the presented interactive algorithm in Bigdeli and Hassan-
pour (2016) to choose a strategy preferred by Players.

3. NUMERICAL EXAMPLE

Consider the presented example in Bigdeli and Hassanpour (2016)
where payoff matrices are

i [ (175,180,190) (150, 156, 158) |
"1 (80,90,100)  (175,180,190) |

i [ (125,130,135) (120,130, 135) |
>~ | (120,130, 140) (150, 160, 170)

To find a-efficient strategies and a-cut of security levels of Player I, we
solve the two problems (16) and (17) for different value of a € [0, 1]
(suppose A\; = 0.5, Ay = 0.5). The obtained solutions using the simplex
method of linear programming are presented in Table 1. Noting that
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problems, respectively:

p
max > Ap(v"")
k=1

s.t. i (azl]R)aq: > (v'F)

a

(16)

and

(17)
> (QZ-L)an >@Ph), j=1,...,n

=1
m
Z €Tr; — 1
i=1

Theorem 2.1. Let v,k = 1,...,p be the fuzzy set defined through
vFR) 1l € [0,1] } where

the following family of ordinary sets:{ [(W*),, (
("), and (™)

(16) and (17) respectively. Then v, is a fuzzy number.

. are the obtained solutions of solving the problems

kR

ki (x,y), for each a,, we have (v*) , <

Proof. Since min v*'(z < min v
a )
yey yey

(v*f) . We prove the nesting, i.e, we prove that if « < o', then
(%), (") ] C [(v*F),, (W), ]. Tt is easy to verify that (vf), <
(vE),, and (vf), < (vf),, for each a,a’ € [0,1] with o < o'. This
guarantees that the intervals [(vf),, (vr),] are nested and cosequently,

they can be used to construct a fuzzy number. O

Remark 2.2. Note that any a-cut (04)a of the fuzzy value U, with
payoffs of triangular fuzzy numbers can be obtained as

(Oh)o = (Ty); + (1 — ) (Ty) = [avf + (1 — a)uy, avf + (1 — a)u}]
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The problem (13) is equivalent to the following problem which have a
finite number of constraints (Bigdeli and Hassanpour (2016)).

max ((le)ou o (QpR)a)
m
st > (&}f)a:ciz(ym)a j=1,...,n
i=1
m 14
Ry ;> (PR j=1,...,n (14)
— ] o o
7,7711
Z Xr; = 1
i=1
>0 i=1,....m

If Player I regard the problem (11) as pessimistic. It means that Player
[ supposes that Player II will choose strategy y € Y such that minimize
v*(x,y),k =1,...,p, then Player I should chooses x so as to maximize
kL(z,y), k = 1,...,p. Thus we can obtain left extreme points
of a-cuts of security levels and corresponding a-efficient strategies to
multiobjective game problem by solving the following multiobjective

linear programming problem:

min v

(15)

INNgE
—
R
i)
N
~—
8
v
<
3
=~
~—
<
|
\‘I—‘
S

8
Il
—_

s
I
—

To solve the problems (14) and (15), we use weighted sum method with

P
A€ AN = {/\ € Rp ‘/\ >0,> =1 } Thus, we have the following
k=1
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similar process can be easily introduced for Player II. For a given value
of o, Player I has to choose = such that the a-security levels of the game
are maximized. Hence, Player I faces with the following multiobjective
mathematical programming problem

maxgex V() (10)
or equivalently,
max (mlnyEY v (33 y) ) minyGY Ugl (1;7 y))
s.t. Z T, = 1 (11)
z; >0 izl,...,m.

According to the problem (11) for given «, let Player I regard the
problem (11) as optimistic. It means that Player I supposes that Player
IT will choose strategy y € Y so as to minimize v*%(z,y),k =1,...,p,

then Player I should chooses x so as to maximize min v5%(x, ),
k=1,...,p,ie.,
1R .. pR
ma,x(;rg}r}v (z,y),... i vy (z,y))
s.t. Z x; =1 (12)

;>0 i=1,...,m.

By introducing the auxiliary variables (v'%),, ..., (vP®),, the above
problem can be rewritten as

max ((%1122# (UPR)a)
s.t. 21 > wi(a) )ayjzf(le)a Vyev
j=li=1
33 13
> xi(éfyﬁ)aijI(pr)a Yyeyv (13)

.
ngEN
8 ~
h ﬂ.

I

—

>0 i=1,....,m.

ST
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game with interval payoffs. For each a € [0, 1], the a-cuts of trian-
gular fuzzy numbers a;; are the intervals (a;) = [(af")_, (@) | =
[aaf}m +(1- Oz)afj7 aaf]m + (1 - a)af]?"].

~k

For a fixed value of a, we denote by A* = [(aiii)a]’ the matrix con-

taining a-cut of the elements of individual matrix A* for k =1,...,p.
Assume that we have a fixed value of a. Choosing x € X and y € Y
by Players I and II, respectively, implies that the expected payoff in
level a (a-level expected payoff) of the game is

va(a:,y) = xTAay = [Ui(&:, y)a ce ,Ui(l‘,y)]
where A, = [AL ... AP] and

'Uozk(x7 y) - LI?TzZliy = xT[(ELf])a]y
= [2T(@kF) y,2T(@k") yl k=1,....p.

Player I (the maximizer) has to find the maximum outcome against any

(5)

strategy of Player II (the minimizer). Thus, for each strategy x € X
of Player I, the security levels in level « (a-security levels) of Player
I are interval payoffs which can be guaranteed against any response
of Player II. Therefore, the a-security levels for Players I and II with
respect to k-th objective function are defined as follows, respectively:

(Kk)a(x) = mingey v¥(z,y) k=1,...,p, (6)

(Vk)a(y) = InaXgzex Ué(l}y) k= L...,p. (7)

For a strategy x € X and a given value of «, the k-th a-security level
of Player I is given by (6), which is a linear programming problem with
interval objective function. The a-security levels are p-tuples denoted
by

V(@) = (g (2), .., (VP),(2)), (8)

Va(y) = (VD)o @), -, (V7)o (9) - (9)

The above concept allows us to analyze multiobjective matrix games
with fuzzy payoffs under the rationale of worst case behavior of the
opponent. Here, we state solution process of game for Player I. A
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The game defined by (2) is called a two-person zero-sum game with
fuzzy payoffs. In this paper, the fuzzy payoffs are considered to be
triangular fuzzy numbers a;; = (af;, al}, af;).

For the matrix game A with payoffs of triangular fuzzy numbers, the

expected payoff for Player I is computed as

~ m n B
el Ay =3 3 dymiy; =

Z—l] 1
(Z Z az]xlyﬁ Z Z aZj xly]’ Z Z az]xly]>
i=1j= i=1j= i=1j=

which is a triangular fuzzy number.
Due to the fact that the matrix game A with payoffs of triangular fuzzy
numbers is zero-sum, the expected payoff for Player II is obtained as

xT(-A ) EZ — QLY =

’L—lj
= (231 Z a’z]xlyﬁ Z Z az]xlyﬁ Z Z GZJnyJ)
1=1j= i=1j=1 i=1j=

which is a triangular fuzzy number too. Thus, in general, Player I's
gain floor and Player IT’s loss ceiling should be triangular fuzzy number.
Assume that each player has p objectives. The following multiple fuzzy
payoff matrices represent a multiobjective two-person zero-sum game
with fuzzy payoffs:

~1 ~1 ~p ~P
aypy  --- Gy, ayy - G,
Al=1 A I AP = | :
~1 ~1 ~p ~D
A1 -+ Omp U1 - Omn

where AF is the payoff matrix of the game with respect to the k-th
objective function, for £ = 1,...,p. The mixed strategy spaces for
Players I and II are as follows, respectively

X={:UE]R’"L|Z:E,L-=1,:1:¢207i=1,...,m} (3)
i—1
V= {yGR”IZyJ—lyPOJ—l = (4)
=
Let each aj; be a triangular fuzzy number as (a;],a;”, al). We use

the concept of a-cut to convert the game with fuzzy payoffs to a
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for players. First, we recall some definitions of fuzzy sets.

Let X denote a universal set. A fuzzy subset A of X is defined by its
membership function p; : X — [0,1], which assigns to each element
x € X areal number u(z) in the interval [0,1]. The value of p;(x)
at 2 represents the grade of membership of z in A. The support of
the fuzzy set A on X, denoted by supp(A), is the set of points « in
X at which p;(z) is positive. The a-cut of the fuzzy set A is de-
fined as ordinary set A, = {x|uz(z) > a},a € (0,1], and for a = 0,
A, = closure {z |p;(x) > 0}. Tt plays an important role in the con-
struction of a fuzzy set by a series of ordinary sets. Using the concept

of a-cut, the fuzzy set A can be represented by A = L[%) ]afla, where
agc|0,1

aA, denotes the algebraic product of a scalar o with the a-cut A,.
A triangular fuzzy number A = (a!,a™, a") is a special fuzzy number,
whose membership function is given by

(x—a)/(a™ —a") d <z <a™

1 r=am
alz) = 1
Ha(®) (a" —z)/(a" —a™) a™ <z <d W
0 otherwise,

where a” is the mean of A, and ! and a” are the left and right end
points of support fl, respectively.
For any triangular fuzzy number A = (al,a™, a"), it is easily derived

from (1) that A, = [ak,af] = aA; + (1 — a)A,.

2. TWO-PERSON ZERO-SUM GAME WITH FUZZY PAYOFFS

Consider two players I and II with the set of pure strategies I =
{1,2...,m} and J = {1,2...,n}, respectively. When Player I chooses
a pure strategy ¢+ € I and Player II chooses a pure strategy j € J, let
a;; be a fuzzy payoff for Player I and —a;; be a fuzzy payoff for Player
IT which are assumed to be fuzzy numbers. The two-person zero-sum
fuzzy game can be represented by the fuzzy payoff matrix

&11 len
A= |+ ] (2)

Q1 -« Qmn
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AN APPROACH TO SOLVE MULTIOBJECTIVE
MATRIX GAMES WITH FUZZY PAYOFFS

HAMID BIGDELI* AND HASSAN HASSANPOUR

L2 Department of Mathematics, Faculty of Mathematical Science and
Statistics, University of Birjand
h.bigdeli@birjand.ac.ir

ABSTRACT. In this paper, an approach is proposed to compute a-
efficient strategies and security levels of the players in two-person
zero-sum multiobjective game with fuzzy payoffs. It is assumed
that fuzzy payoffs are triangular fuzzy numbers. A pair of linear
programming models are formulated to obtain the left and right
end points of the value of the matrix game in level a. It is shown
that the security levels for players are triangular fuzzy numbers.
Validity and applicability of the method is illustrated with a prac-

tical example.

1. INTRODUCTION

In noncooperative fuzzy games, ambiguity for a player’s choice of a
strategy, vagueness of preference for a payoff and imprecision of pay-
off representation are represented by fuzzy sets. Different works are
made by several authors in multiobjective matrix games in fuzzy en-
vironment (for example see Bigdeli and Hassanpour (2016), Bigdeli
et al. (2016), Nishizaki (2001) and in single-objective problems see
Bector and chandra (2005)). In this paper, we consider the case of
fuzzy matrix games with multiple payoffs in which players’ payoffs are
expressed as fuzzy numbers and players’ pure and mixed strategies are
crisp. The presented method computes a satisfactory strategy of game

Key words and phrases. Fuzzy multiobjective game, Interval multiobjective
programming, Satisficing a-efficient strategy, Security level.

*speaker.
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