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Some Results on Dynamic Rényi Entropy

M. Abbasnejad, N. R. Arghami

Department of Statistics, Ferdowsi University of Mashhad

Abstract: This paper examines the role of Rényi entropy in ordering distribu-
tions and establishes a relation between Rényi entropy ordering of distributions
and a strong ordering known as dispersion ordering. It is also shown that Rényi
entropy of continuous transformations behave similar to variance and Shannon
entropy. Further, we investigate Rényi entropy ordering of location-scale and
shape-scale families. The results are conveniently tabulated in terms of distribu-
tion parameters.
If a system is known to have survived to age t, then Rényi entropy is no longer
useful for measuring the uncertainty about the remaining lifetime of a system.
Asadi et al. (2005) defined dynamic Rényi entropy which measures the uncer-
tainty about the remaining lifetime of a system of age t. We present a bound
for dynamic Rényi entropy of a system in terms of mean residual life function.
Then some conditions are stated under which Rényi entropy of a residual lifetime
distribution is monotone. We give sufficient conditions for a function φ(X) of a
random variable X to have more (less) dynamic Rényi entropy than X itself.

Keywords: Dynamic Rényi Entropy; Life Distributions; Mean Resid-
ual Life Function; Ordering Relations.

1 Introduction

Let X be a continuous random variable with probability density function
f(x). Rényi entropy of order α is defined as (see Rényi, 1961)

Hα(X) = − 1
α− 1

log
∫ +∞

−∞
fα(x)dx α > 0 (α 6= 1)

where

H(X) = lim
α→1

Hα(X) = −
∫ +∞

−∞
f(x) log f(x)dx

is Shannon entropy of X.
Hα(X) is known as the spectrum of Rényi information, when it is considered

1
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as a function of α. For various properties and applications of Hα(X), one
could refer to Rényi (1961), Morales et al. (1977) and Song (2001).

If we think of X as the life time of a new system, then H(X)
or Hα(X) can be useful for measuring the associated uncertainty. But
in many cases, one has information about the current age of the system.
Obviously H(X) and Hα(X) are not suitable in such situations and they
should be modified to take the current age into account. Accordingly,
Ebrahimi (1996) introduced a measure of uncertainty known as residual
entropy, for the residual life distribution. The residual entropy of X is
defined as

H(X, t) = −
∫ +∞

t

f(x)
F̄ (t)

log
f(x)
F̄ (t)

dx.

Where F̄ (x) is the survival function of X. Indeed H(X, t) is Shannon
entropy of the Variable Y = X − t|X > t.
For applications of H(X, t) one may refer to Ebrahimi and Kirmani (1996a-
c), Sankaran and Gupta (1999), Asadi et al. (2000), Di Crescenzo and
Longobardi (2002, 2004) and Belezunce et al. (2004).
Similarly, Asadi et al. (2005) and Abraham and Sankaran (2005) presented
Rényi entropy of residual lifetime (dynamic Rényi entropy) and studied
some properties of it.

The rest of the paper is organized as follows:
In Section 2, we examine the relation between dispersion ordering and Rényi
entropy and variance orderings of random variables. Conditions for trans-
formations of continuous random variables that preserve the equivalence of
variance and Rényi entropy ordering are also presented. In Section 3, we
order some well-known families based on their Rényi entropies. The re-
sults are tabulated in terms of distribution parameters. Finally in Section
4, more properties of dynamic Rényi entropy of a random variable X are
discussed.

2 Rényi entropy ordering of random variables

Let X and Y be two random variables with distribution functions F (x) and
G(y), probability density functions f(x) and g(y) and survival functions

2
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F̄ (x) and Ḡ(y), respectively.

Definition 1 The random variable X is said to be less than or equal to Y

in dispersion ordering, denoted by X
dis≤ Y , if and only if

F−1(v)− F−1(u) ≤ G−1(v)−G−1(u) 0 < u ≤ v < 1,

or equivalently,

g(G−1(u)) ≤ f(F−1(u)) ∀ u ∈ (0, 1).

Definition 2 The random variable X is said to be less than or equal to Y

in Rényi entropy ordering, denoted by X
Re≤ Y , if Hα(X) ≤ Hα(Y ) for all

α > 0.

Definition 3 The random variable X is said to be less than or equal to Y

in variance ordering, denoted by X
V≤ Y , if V (X) ≤ V (Y ).

Theorem 1 If X and Y are two random variables such that X
dis≤ Y , then

X
Re≤ Y .

Proof: First note that the probability integral transformation provides
the following useful representation of Rényi entropy of the random variable
X

Hα(X) = − 1
α− 1

∫ 1

0
fα−1(F−1(u))du.

Since X
dis≤ Y we have
∫ 1

0
[fα−1(F−1(u))− gα−1(G−1(u))]du ≥ 0, ∀ α > 1,

∫ 1

0
[fα−1(F−1(u))− gα−1(G−1(u))]du ≤ 0, ∀ 0 < α < 1.

So by noting that log is an increasing function, the result follows.

The next theorem states some conditions under which variance and
Rényi entropy order similarly when continuous random variables are trans-
formed.

3
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Theorem 2 Let X be a continuous random variable with probability den-
sity function f(x). Let Y = g(X), where g(x) is a function with a contin-
uous derivative g′(x) in the support of f(x) and EY 2 < +∞. If |g′(x)| ≥ 1

for all x in the support of f(x), then X
V≤ Y and X

Re≤ Y .

Proof: X
V≤ Y has been proved by Ebrahimi et al. (1999). Let h(y)

denote probability density function of Y . Then

Hα(Y ) = − 1
α− 1

log
∫ +∞

−∞
hα(y)dy

= − 1
α− 1

log
∫ +∞

−∞
fα(g−1(y))| d

dy
g−1(y)|αdy

= − 1
α− 1

log
∫ +∞

−∞
fα(x)|g′(x)|1−αdx

≥ − 1
α− 1

log
∫ +∞

−∞
fα(x)dx = Hα(X),

and the proof is completed.

Example 1 Let X be a non-negative random variable with an absolutely
distribution function F (x). If Yi = exp θiX, i = 1, 2, where 0 < θ1 < θ2,

then Y1

Re≤ Y2.

It can be easily shown that

Hα(Yi) = log θi − 1
α− 1

log
∫ +∞

0
fα(x)e−(α−1)θixdx.

So

Hα(Y2)−Hα(Y1) = log
θ2

θ1
− 1

α− 1
log

∫ +∞
0 fα(x)e−(α−1)θ2xdx∫ +∞
0 fα(x)e−(α−1)θ1xdx

> 0, ∀ α > 0.

Example 2 Let X be a non-negative random variable with an absolutely
distribution function F (x). If Yi = Xθi

i , i = 1, 2, where 1 < θ1 < θ2, then

Y1

Re≤ Y2.
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We have

Hα(Y2)−Hα(Y1) = log
θ2

θ1
− 1

α− 1
log

∫ +∞
0 fα(x)x−(α−1)(1−θ2)dx∫ +∞
0 fα(x)x−(α−1)(1−θ1)dx

> 0, ∀ α > 0.

3 Rényi entropy and variance of some well-known
distributions

3.1 Location-Scale family

Definition 4 A distribution is said to be in a location-scale family with
location parameter θ and scale parameter β if its density is in the form of

f(x; θ, β) =
1
β

f0(
x− θ

β
).

We can write a random variable X with a distribution in a location-scale
family as X = βZ + θ, where Z has a distribution free from θ and β.
Thus, the variance and Rényi entropy of all location-scale distributions are
independent of the location parameter θ and can be written as

V (X) = β2V (Z), Hα(X) = log β + Hα(Z),

where V (Z) and Hα(Z) are constants independent of θ and β. Thus, within
each location-scale family variance and Rényi entropy are increasing func-
tions of β. Table 1 shows several well-known location-scale families of
distributions with their variance and Rényi entropy.

3.2 shape-scale family

Definition 5 A distribution is said to be in a shape-scale family with shape
parameter θ and scale parameter β if its density is in the form of

f(x; θ, β) =
1
β

f0(
x

β
; θ).

5
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Table 1. Rényi entropy and variance ordering of location-scale distributions.

family and density variance and Rényi entropy orderings

Normal: V (X) = β2 V ↗ β

f(x) = 1√
2πβ

e
− (x−θ)2

2β2 Hα(X) = log β + 1
2

log 2π Hα ↗ β

−∞ < x, θ < +∞, β > 0 + log α
2(α−1)

Extreme value: V (X) = π2β2

6
V ↗ β

f(x) = 1
β
e
− (x−θ)

β
−e
− (x−θ)

β
Hα(X) = log β − 1

α−1
log Γ(α) Hα ↗ β

−∞ < x, θ < +∞, β > 0 + α
α−1

log α

Laplace: V (X) = 2β2 V ↗ β

f(x) = 1
2β

e
− |x−θ|

β Hα(X) = log β + 1
α−1

log α + log 2 Hα ↗ β

−∞ < x, θ < +∞, β > 0

Logistic: V (X) = π2β2

3
V ↗ β

f(x) = 1
β

e
− (x−θ)

β

(1+e
− (x−θ)

β )2
Hα(X) = log β − 1

α−1
log B(α, α) Hα ↗ β

−∞ < x, θ < +∞, β > 0

Uniform: V (X) = β2

12
V ↗ β

f(x) = 1
β

Hα(X) = log β Hα ↗ β

θ − β
2

< x < θ + β
2
, β > 0

Cauchy: variance does not exist Hα ↗ β
f(x) = 1

πβ{1+( x−θ
β

)2} Hα(X) = log β + α
α−1

log π

−∞ < x, θ < +∞, β > 0 − 1
α−1

log B( 1
2
, α− 1

2
), ∀α > 1

2

Levy: variance does not exist Hα ↗ β

f(x) =
√

β
2π

1

(x−θ)
3
2

e
− β

2(x−θ) Hα(X) = log β − log 2

x > θ, β > 0 − 1
α−1

{log
Γ( 3

2 α−1)

Γ( 1
2 )

− ( 3
2
α− 1) log α}

∀α > 3
2
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Ebrahimi et al. (1999).
The variance and Rényi entropy of these distributions are increasing in β,
but for most of these families, variance and Rényi entropy are complicated
functions of θ. The results of Section 2 can be useful for establishing the
orderings. Table 2 shows some shape-scale families with their Rényi en-
tropy and variance.
Shaked (1982) showed that the scaled (β = 1) gamma family has dispersion
ordering with respect to θ, that is, if Xi ∼ Γ(θi, 1), i = 1, 2, where θ1 < θ2,

then X1

dis≤ X2 and so by Theorem 2.1 it follows that X1

V,Re
≤ X2.

If X ∼ Γ(θ, β), then Y = 1
X has an Inverse gamma distribution. Also,

h(x) = 1
x is convex and decreasing. Thus, from Theorem 2.B.5 of Shaked

and Shantikumar (1994) if X1

dis≤ X2, then Y1

dis≥ Y2. So we have Y1

V,Re
≥ Y2.

From Theorem 2.6 of Shaked (1982), it can be shown that the generalized
normal distribution is dispersion ordered in θ. Thus, for generalized normal
family, (V, Hα) ↗ θ.
The orderings for the inverse generalized normal distribution are obtained
similar to inverse gamma. The orderings for the log-normal, Pareto and tri-
angular distribution are obtained easily by taking derivatives. For Weibull
and log-logestic distributions, we get orderings using the relation between
dispersion ordering and variance and Rényi entropy orderings.

Remark 1 Rényi entropy expressions of most of these distributions are
tabulated by Song (2001).

Remark 2 Shannon entropy ordering of most of these distributions have
been given by Ebrahimi et al. (1999).

4 Dynamic Rényi entropy

Let X be non-negative random variable representing the lifetime of a system
and f(x) and F (x) denote the probability density function and distribution
function of X, respectively. Let F̄ (x) = 1 − F (x) be the survival function
with F̄ (0) = 1.

7
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Table 2. Rényi entropy and variance ordering of shape-scale distributions.

family and density variance and Rényi entropy orderings

Exponential: V (X) = β2 (V, Hα) ↗ β

f(x) = 1
β
e
− x

β Hα(X) = log β + 1
α−1

log α

x > 0, β > 0

Gamma: V (X) = θβ2 (V, Hα) ↗ β

f(x) = 1
Γ(θ)βθ xθ−1e

− x
β Hα(X) = log β + 1

α−1
[α log Γ(θ) (V, Hα) ↗ θ

x > 0, θ, β > 0 − log Γ(α(θ − 1) + 1)
+(α(θ − 1) + 1) log α]

Log-Normal: V (X) = β2[e2θ2 − e−θ2
] (V, Hα) ↗ β

f(x) = 1√
2πθx

e
− 1

2θ2 [log x−log β]2
Hα(X) = log β + log θ V ↗ θ

x > 0, θ, β > 0 + log α
2(α−1)

− (α+1)2

2α(α−1)
θ2 + 1

2
log 2π Hα ↘ θ (α > 1)

Hα ↗ θ (α < 1)

Pareto: V (X) = β2

θ(θ−1)2(θ−2)
(θ > 2) (V, Hα) ↗ β

f(x) = θβθ

xθ+1 Hα(X) = log β − α
α−1

log θ (V, Hα) ↘ θ

x > β, θ, β > 0 + 1
α−1

log{(1 + θ)α− 1}

Weibull: V (X) = β2[Γ(1 + 2
θ
)− Γ2(1 + 1

θ
)] (V, Hα) ↗ β

f(x) = θ( x
β
)θ−1e

−( x
β

)θ

Hα(X) = log β − 1
α−1

log Γ(α− α−1
θ

) (V, Hα) ↘ θ

x > 0, θ, β > 0 −α+θ(α−1)
α−1

log α− log θ

Triangular: V (X) = β2(θ2−θ+1)
18

(V, Hα) ↗ β

f(x) = 2
θβ

(x)
β

0 ≤ x ≤ θβ Hα(X) = log β − α
α−1

log 2 V ↘ θ < 1
2

2
(1−θ)β

(1− (x)
β

) θβ ≤ x ≤ β + 1
α−1

log(α + 1) V ↗ θ > 1
2

Inverse Gamma: V (X) = β2

(θ−1)2(θ−2)
(θ > 2) (V, Hα) ↗ β

f(x) = 1
Γ(θ)β

( x
β
)−θ−1e

−( x
β

)−1
Hα(X) = log β + 1

α−1
[α log Γ(θ) (V, Hα) ↘ θ

x > 0, θ, β > 0 − log Γ(α(θ + 1)− 1)
+(α(θ + 1)− 1) log α]

Generalized Normal: V (X) = β2 θ−2Γ2( θ
2 + 1

2 )

2Γ2( θ
2 )

(V, Hα) ↗ β

f(x) = 1
2Γ(θ/2)β

( x
β
)θ−1e

−( x
β

)2
Hα(X) = log β + 1

α−1
[α log Γ( θ

2
) (V, Hα) ↗ θ

x > 0, θ, β > 0 − log Γ(α(θ−1)+1
2

) + (α(θ−1)+1)
2

log α
+(α + 1) log 2]

Inverse Generalized Normal: V (X) = β2[ 1
θ−2

− θΓ2(θ−1)

2Γ2( θ
2 )

] (V, Hα) ↗ β

f(x) = 1
2Γ(θ/2)β

( x
β
)−θ−1e

−( x
β

)−2
Hα(X) = log β + log 2 + 1

α−1
[α log Γ( θ

2
) (V, Hα) ↘ θ

x > 0, θ, β > 0 − log Γ(α(θ+1)−1
2

)

+ (α(θ+1)−1)
2

log α] α > 1
θ+1

Log-logistic: V (X) = β2[Γ(1 + 2
θ
)Γ(1− 2

θ
) (V, Hα) ↗ β

f(x) =
θ
β

( x
β

)θ−1

[1−( x
β

)θ ]2
−Γ2(1 + 1

θ
)Γ2(1− 1

θ
)] (θ > 2) (V, Hα) ↘ θ

Hα(X) = log β − log θ − 1
α−1

log B

[(α− 1)(1 + 1
θ
) + 1, α(1− 1

θ
) + 1

θ
]

8
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Rényi entropy of the residual life density is defined by

Hα(f, t) = − 1
α− 1

log
∫ +∞

t

[
f(x)
F̄ (t)

]α

dx

=
α

α− 1
log F̄ (t)− 1

α− 1
log

∫ +∞

t
fα(x)dx. (1)

In the following theorem we give an upper bound for Hα(f, t) in terms
of mean residual life function (MRL).

Theorem 3 If X is a life time of a system with probability density function
f(x), survival function F̄ (x) and mean residual life function δF (t), then

Hα(f, t) ≤ log α

α− 1
+ log δF (t), ∀ t ≥ 0. (2)

Where δF (t) = E(X − t|X > t) =
∫ +∞
t xf(x)

F̄ (t)
dx− t =

∫ +∞
t F̄ (x)dx

F̄ (t)
.

Proof: Let Yt
d= Y |Y > t and gt(y) be its probability density function.

Then

gt(y) =
d

dy
P (Yt ≤ y) =

d

dy

[
P (Y ≤ y|Y > t)

]
=

d

dy

F (y)
F̄ (t)

=
f(y)
F̄ (t)

If we define Zt = Yt − t, then its probability density function is ht(η) =
gt(η + t) and E(Zt) = δF (t). Thus,

Hα(Zt) = − 1
α− 1

log
∫ +∞

0
hα

t (η)dη = − 1
α− 1

log
∫ +∞

0
gα
t (η + t)dη

= − 1
α− 1

log
∫ +∞

t
gα
t (η)dη = Hα(f, t).

Under assumption δF (t) < ∞, if the support of a random variable is [0,∞),
exponential distribution with mean δF (t) has the maximum entropy. So,

Hα(f, t) = − 1
α− 1

log
∫ +∞

0
hα

t (η)dη ≤ log α

α− 1
+ log δF (t),

and the proof is completed.
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Definition 6 A distribution function F (x) is said to have decreasing (in-
creasing) dynamic Rényi entropy (DDRE (IDRE)) if Hα(f, t) is decreasing
(increasing) in t ≥ 0.

Definition 7 A distribution function F (x) is said to be decreasing (in-
creasing) mean residual life (DMRL (IMRL)) if its mean residual life func-
tion is decreasing (increasing) in t ≥ 0.

Theorem 4 If F is DDRE, then

Hα(f, t) ≤ log α

α− 1
+ log µ,

where µ = δF (0).

Proof: Hα(f, t) is a decreasing function of t. So the result follows easily
by inequality (2).

In the following theorem we identify conditions under which Rényi
entropy of a residual lifetime distribution is monotone.

Theorem 5 (a) If F is DMRL, then it is DDRE.
(b) If F is IDRE, then it is IMRL.

Proof: It is easy to see that

∂

∂t
Hα(f, t) = − α

α− 1
f(t)
F̄ (t)

+
1

α− 1
fα(t)∫ +∞

t fα(x)dx

= − α

α− 1
rF (t) +

1
α− 1

rα
F (t)e(α−1)Hα(f,t)

≤ − α

α− 1
rF (t) +

1
α− 1

rα
F (t)e(α−1)[ log α

α−1
+log δF (t)]

= − α

α− 1
rF (t) +

1
α− 1

rα
F (t)[αδα−1

F (t)]

= − α

α− 1
rF (t)

{− 1 + [rF (t)δF (t)]α−1
}

= − α

α− 1
rF (t)

{− 1 + [1 + δ′F (t)]α−1
}
.
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Where the above inequality comes from inequality (2) and the last equality
holds because rF (t)δF (t) = 1 + δ′F (t). Using above inequality the result
follows.

In many cases of practical interest one would like to know whether
the DDRE (IDRE) property of X is inherited by a transformation of X.
The next theorem provides a partial answer.

Theorem 6 (a) If X is IDRE, and if φ is non-negative, increasing and
convex, then φ(X) is also IDRE.
(b) If X is DDRE, and if φ is non-negative, increasing and concave, then
φ(X) is also DDRE.

Proof: (a) The probability density function of Y = φ(X) is g(y) =
f(φ−1(y))
φ′(φ−1(y))

. Thus,

Hα(g, t) = − 1
α− 1

log
{

1
F̄α(φ−1(t))

∫ +∞

t

fα(φ−1(y))
φ′α(φ−1(y))

dy

}

by taking x = φ−1(t) we have

Hα(g, t) = − 1
α− 1

log

{
1

F̄α(φ−1(t))

∫ +∞

φ−1(t)
fα(x)φ′1−α(x)dx

}
(3)

and

∂

∂t
Hα(g, t) = − α

α− 1

− 1
φ′(t)f(φ−1(t))

F̄ (φ−1(t))

− 1
α− 1

− 1
φ′(t)f

α(φ−1(t))φ′1−α(φ−1(t))
∫ +∞
φ−1(t) fα(x)φ′1−α(x)dx

= − α

α− 1
1

φ′(t)
rF (φ−1(t))

+
1

α− 1
.

1
φ′(t)

rα
F (φ−1(t)).

φ′1−α(φ−1(t))∫ +∞
φ−1(t)

fα(x)
F̄ α(φ−1(t))

φ′1−α(x)dx
,

11
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Let α > 1. φ′(x) is an increasing function because φ(x) is a convex function.
So φ′1−α(x) is a decreasing function, that is,

φ′1−α(x) ≤ φ′1−α(φ−1(t)), ∀ x > φ−1(t).

Hence,

∂

∂t
Hα(g, t) ≥ − α

α− 1
1

φ′(t)
rF (φ−1(t))

+
1

α− 1
.

1
φ′(t)

rα
F (φ−1(t)).

1
∫ +∞
φ−1(t)

[
f(x)

F̄ (φ−1(t))

]α
dx

=
1

φ′(t)

[
− α

α− 1
rF (φ−1(t)) +

1
α− 1

rα
F (φ−1(t))e(α−1)Hα(f,φ−1(t))

]

=
1

φ′(t)
[
H ′

α(f, φ−1(t))
] ≥ 0.

A similar result follows for 0 < α < 1.
(b) The proof is similar to that of (a).

Example 3 Let X have the exponential distribution with failure rate θ.
Then Y = X

1
β (β > 0), has the Weibull distribution with survival function

Ḡ(t) = exp(−θtβ) t > 0. The non-negative increasing function φ(x) =
x

1
β x > 0, β > 0 is convex (concave) if 0 < β < 1 (β > 1). Hence,

Weibull distribution is IDRE (DDRE) if 0 < β < 1 (β > 1).

In the next theorem we give sufficient conditions for a function φ(X)
of a random variable X to have more (less) dynamic Rényi entropy than
X itself.

Theorem 7 (a) If φ is non-negative and increasing on [0,+∞) with φ′(x) ≥
1 for all x ≥ 0 and if F is DDRE, then

Hα(φ(X), t) ≥ Hα(X, t).

(b) If φ is increasing on [0, +∞) with φ(0) = 0 and φ′(x) ≤ 1 for all x ≥ 0
and if F is IDRE, then

Hα(φ(X), t) ≤ Hα(X, t).

12
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Proof: Letting g(x) denote the probability density function of φ(X)
and using (3) we have

Hα(g, t) =
α

α− 1
log F̄α(φ−1(t))− 1

α− 1
log

∫ +∞

φ−1(t)

fα(x)
φ′α−1(x)

dx.

For α > 1, by noting that φ′(x) ≥ 1 it follows that

Hα(g, t) ≥ α

α− 1
log F̄α(φ−1(t))− 1

α− 1
log

∫ +∞

φ−1(t)
fα(x)dx = Hα(f, φ−1(t)),

Also, note that if φ′(x) ≥ 1, x ≥ 0, then φ(x) − φ(0) ≥ x. So that
x ≥ φ−1(x) for non-negative increasing φ. Thus,

Hα(g, t) ≥ Hα(f, φ−1(t)) ≥ Hα(f, t).

We have a similar result for 0 < α < 1.
(b) The proof is similar to that of (a).
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Multistep Forecasting Non-Stationary Time
Series Using Wavelets and Kernel Smoothing
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Abstract: This work deals with forecasting time series using wavelets and kernel
smoothing. A forecasting procedure can be defined by estimating the prediction
equation by direct regression of the process on the non-decimated wavelet coeffi-
cients depending on its past values. In the same context, after the seminal work
of Renaud et al. [7], we study a generalization of the prediction procedure associ-
ating kernel smoothing and wavelets. We then illustrate the proposed procedure
on non-stationary simulated and real data.

Keywords: Forecasting, Non-stationary, Time series, Wavelets, Ker-
nel.

1 Introduction
For fifteen years, wavelets have been used for various purposes in statistics
including denoising, nonparametric function estimation, data compression
as well as process synthesis for example (see [2] and [8]). An interesting
example for time series is given by Dahlhaus et al. considering a time-
varying autoregressive process.

An approach considered by Renaud et al. [7] for time series forecasting
using wavelets, estimates directly the prediction equation by direct regres-
sion of the process on the Haar non-decimated wavelet coefficients depend-
ing on its past values. Starting from this seminal work, [1] propose various
extensions in different directions such as using more regular wavelets or
extrapolating the low frequency component of a possibly non-stationary
signal. In [1], low frequency component is extrapolated by local polyno-
mial fitting. In this paper we propose to examine two new topics: the first
is to usee kernel smoothing for the low-frequency component extrapola-
tion an extension to multi-step prediction. For high frequency components

∗The first author was in part supported by a grant from IPM (No. 86620037)
†Jean-Michel.Poggi@math.u-psud.fr
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given by the details, we use reconstructed versions of the detail coefficients
instead of the original signal. Finally, let us mention that an alternative
method mixing more closely wavelet decomposition and kernel method is
proposed in [3]) in a functional framework and should be considered in a
future work.
This paper is organized as follows. In Section 2 the use of wavelets for
time series forecasting is motivated. In Section 3 we recall some facts
about non-decimated wavelet transform and kernel smoothing. In Section
4, the proposed approach for stationary process is recalled and then it is
adapted to non-stationary series. Finally, the proposed procedure is il-
lustrated on non-stationary simulated and real data. Then the proposed
prediction method is applied for non-stationary data.

2 Why wavelets for time series forecasting?
Let us recall some key arguments for using wavelet decompositions for
forecasting time series.

Wavelet transform decomposes the observed signal in a smooth low
frequency component and a sum of details corresponding to increasing
resolution levels. It turns out that if the observed series is of the form:
Y (t) = f(t) + X(t), where X is a stochastic process and f a deterministic
smooth function. The deterministic part of series (trend or smooth part)
can be estimated, for example, by polynomial fitting of the approximation
coefficients of a suitably chosen decomposition level and the detail coef-
ficients are used for the prediction of the purely stochastic part. Hence
assuming the stationarity of X and a sufficiently regular wavelet, wavelet
transform automatically filters the non-stationary component, instead of
trying to detrend or suppress quasi-periodic smooth components as in the
classical non-stationary ARIMA approach.

Complex multiscale structure of the observed signal can often be sim-
plified using wavelets leading to signals of simpler structure. Wavelet trans-
form produces coefficients which are organized according to two parameters
related to time and scale respectively. The coefficients at a given scale, of
a long memory stochastic signal are of short memory, and then easier to
model.

A given wavelet coefficient depends on the values of the signal only

16



The 9th Iranian Statistical Conference University of Isfahan, August 2008

within an interval centered around the corresponding position and of length
proportional to the associated scale. It follows that if the considered series
is not too far from stationarity, procedures using wavelets are naturally
localized.

3 Preliminary material

For basics on wavelets the reader can refer to [4]. Let us recall some facts
about the non-decimated wavelet transform and kernel smoothing.

3.1 Non-decimated wavelet transform
The so-called discrete wavelet transform (DWT) is often used for estimation
purposes since it is associated to orthogonal or biorthogonal wavelet bases.
But this transform is not translation invariant, i.e. the coefficients of a
translated version of a signal are, in general, not equal to the translated
coefficients of the same signal. So it turns out that, in the time series
context, if we observe one more observation or delete the first value of
the past data, the new discrete wavelet coefficients could be different from
the previous original coefficients. This lack of translation invariance of the
usual discrete wavelet transform (DWT) has both practical and theoretical
consequences: the computations need to be performed again when a new
observation is available and trying to fit a regression model between a future
value of a series and some DWT coefficients depending the past values, is
ill posed since the explanatory variables change with the instant of the last
observed value.

A classical way to circumvent this drawback is to use the non-decimated
wavelet transform (NDWT) (see [5]). The non-decimated detail and ap-
proximation coefficients of (X0, X1, ..., XN−1) are defined for levels j ≥ 1
by:

wj,t =
Lj−1∑

k=0

g̃j,kX(t−k)modN and cj,t =
Lj−1∑

k=0

h̃j,kX(t−k)modN (1)

where {h̃j,k}j,k and {g̃j,k}j,k are the filters corresponding to the NDWT
wavelet and obtained by convolving upsampled versions of h̃, low-pass and
g̃, high-pass filters associated with the orthogonal wavelet, normalized in
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l1 and supposed to be of length L (see [5] p. 169). Starting from the
observations, we can write:

X = AJ +
J∑

j=1

Dj . (2)

where AJ and Dj are suitably chosen reconstructed versions associated
with the NDWT coefficients. In addition, for the Haar wavelet, the recon-
struction step is trivial and then, for any t the following relation holds:
Xt = cJ,t +

∑J
j=1 wj,t.

Let us remark that the NDWT decomposition preserves the total energy
of signal i.e. the l2 norm ‖X‖2 =

∑J
j=1 ‖Wj‖2 + ‖CJ‖2 where X, Wj , CJ

are the wavelet coefficients of level j and the approximation coefficients of
the signal respectively, stored columnwise (see [5], page 169).

3.2 Non-decimated wavelet transform
The NDWT is a redundant transformation. So there is not a unique way
to define an inversion formula. The inverse NDWT can be computed via
an inverse pyramid algorithm (see [5] p. 177) described as follows

cj−1,t =
L−1∑

l=0

h̃lcj,(t+2j−1l)modN +
L−1∑

l=0

g̃lwj,(t+2j−1l)modN (3)

where h̃ and g̃ are the scaling filter and wavelet filter normalized in l1.
The inverse formula (3) involves circular extension but we use for predic-
tion a simple left ‘zero-padding’ extension.

3.3 Kernel Smoothing
Consider the nonparametric extrapolation of a discrete signal, X(t) using
kernel smoothing method. Let us denote the vector of lagged variables
Xn,(r) = (Xn, Xn−1, · · · , Xn−r+1) were r is the number of the past data
used in the estimation. It is well known that the autoregression function f
plays an important role for the extrapolation in time series context:

f(x) = E(Xn+s|Xn,(r) = x)
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for x ∈ Rr and s is extrapolation horizon. The kernel estimator f̂n of f
based on Xn, ..., X2, X1 is defined as follow:

f̂n(x) =
∑

t=r,...,n−s

wn,tXt+s

where weight sequence wn,t for kernel smoothers is defined by:

wn,t =
K((x−Xt,(r)/hn)∑

m=r,...,n−s K((x−Xm,(r)/hn)

and K is the kernel with scale factor hn and called as the bandwidth.
This estimator is called also Nadaraya-Watson. Classical theoretical re-
sults about non parametric kernel-based estimation show that the choice
of kernel function does not strongly influence the asymptotic behavior of
estimator but the choice of bandwidth is crucial. Let us note that when we
use this procedure, we apply it with locally centered versions of the signal
to compute weights and recentered versions for predictions (see [6]).

4 Prediction by regression on wavelet coefficients
4.1 Stationary case: the procedure
Aminghafari and Poggi [1] present an approach to predict XN+1 based
on wavelet coefficients, starting from N observations. In this paper, the
first change is to consider the s-step prediction procedure. The prediction
step can be modified as follows. To predict XN+s, when N observations
X1, ..., XN are given, is of the following form:

X̂N+s =
J∑

j=1

rj∑

k=1

aj,kwj,N−k+1 +
rJ+1∑

k=1

aJ+1,kcJ,N−k+1. (4)

Denoting by Dt the explanatory variables vector and by α the parameter
vector:

Dt = [w1,t, ..., w1,t−2r1 , ..., wJ,t, ..., wJ,t−2JrJ
, cJ,t, ..., cJ,t−2JrJ+1

]T (5)

α = [a1,1, ..., a1,r1 , ..., aJ,1, ..., aJ,rJ
, ..., aJ+1,1, ..., aJ+1,rJ+1

]T (6)
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the prediction equation can be written as X̂N+s = DN
T α. and the pa-

rameter α is estimated by minimizing the empirical mean square prediction
error.

4.2 Stationary case: simulated examples
4.2.1 The considered models
In this section we consider two examples of stationary (see [1] for detailed
definition): a high order AR(14) to experiment longer short-dependence;
and a highly nonlinear model i.e. a generalized thresholded autoregressive
(GTAR).
4.2.2 The experimental framework
For each model, we simulate 50 realizations of time series of size N = 2000
denoted by (xk

1, . . . x
k
N )k=1,...,50. Each realization of size N = 2000 ob-

servations is divided in two groups (standing for the past and the future
respectively) of size n = 1950 (for the past) and N − n = 50 (for the fu-
ture). The observations x1, . . . , xn−s+1 is used to select the explanatory
variables and to estimate α by α̂ in the prediction equation. The observa-
tions xn+1, . . . , xn+N are predicted one by one. Then performance of the
s-step forecasting procedure is evaluated by computing the standard devi-
ation of the prediction errors on the test sample which is an estimate of the
Root Mean Square Prediction Error (RMSE). We compute R̄pred the mean
over the 20 realizations of the RMSE and in addition std(Rpred) measuring
the variability of the performance.

Table 1: MAR and MGTAR: 10-Step Prediction Performance

Wavelet R̄pred std(Rpred)
MAR db2 1.06 0.12
MGTAR db2 1.09 0.14

The performance results for AR and GTAR models are given in Table
1 and are not far from those obtained for s = 1 i.e. R̄pred = 1.02, 1.04 for
MAR and MGTAR respectively (see [1]). This motivate us to formulate our
proposed method for non-stationary procedure in the following section.
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4.3 Non-stationary case: the procedure
Indeed, the prediction procedure sketched previously, is not designed to
handle the time series involving a deterministic trend. Suppose that the
observed time series are of the form Yt = Xt + f(t) when Xt is a purely
stochastic time series and f(t) is a deterministic component. From equation
(2) we can write

Yt = (AJ(X))t + (
J∑

j=1

Dj(X))t + f(t), 1 ≤ t ≤ N (7)

where Aj(X) and Dj(X) are suitably chosen reconstructed versions of ap-
proximation and detail of level j respectively, obtained from the NDWT
coefficients of X. Let us note that we use in this paper the reconstruction
version of detail coefficients obtained by inverse NDWT using zero padding
at the boundary.

So, a procedure for the s-step prediction of a signal contaminated by a
trend can be proposed by extending the previous one:

• Step 1: The term Dt = (
∑J

j=1Dj(X))
t

can be predicted using the
previous procedure since the details are supposed to be free of f for
a convenient wavelet choice. So first perform regression between re-
constructed version of detail coefficients, Dt, and the past wavelet
coefficients {wj,k}k≤t−s. Of course, this step must reject the approxi-
mation coefficients in the prediction equation by taking rJ+1 = 0. Let
us denote by D̂N+s, the prediction of the high frequency stationary
components delivered by this step.

• Step 2: Then, (AJ(X))t + f(t) is estimated by

Zt = Yt −
̂

(
J∑

j=1

Dj(X))t = Yt − D̂t.

This signal can be extrapolated following various deterministic or
stochastic ways. In [1], the local polynomial fitting is used. In the
sequel, we use kernel smoothing procedure (see [6]. Let us denote by
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ẐN+s, the extrapolation of the low frequency components given by
this second step.

• Step 3: Finally, the prediction of the top level time series Y is given
by:

ŶN+s = D̂N+s + ẐN+s.

4.4 Non-stationary case: parameters choice
The Gaussian kernel is used and we focus on the choice of kernel band-
width, h, which is of great importance. We choose an initial value for h
say h0 then we propose to select r, the number of lagged variable used in
the extrapolation, by performing some kind of hold-out procedure on the
past observations. Once r is selected, we select h according to a similar
procedure.

4.5 Non-stationary case: two simulated examples
Let us consider a previously examined stationary model MAR contami-
nated by a seasonality, for example a sinusoidal function. We compare the
following methods:

• Method 1: Procedure especially designed to predict stationary process
without any specific adaptation;

• Method 2: Method proposed in [1] i.e. using polynomial fitting to
extrapolate low frequency components;

• Method 3: Method proposed in this paper using kernel smoothing to
extrapolate low frequency components;

• Method 4: Direct Kernel smoothing without preprocessing (see [6]).

The performance results for MAR +Sin.05t for 1-step and 10-step pre-
diction are given in Table 2 and Table 3 respectively.

In Table 3, the result for method 3 is of good quality and only the
fourth method reaches similar performance. But 1-step prediction using
last method leads to degradation (see Table 2).
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Table 2: MAR + Sin.05t: 1-Step Prediction Performance

Method Wavelet R̄pred stdRpred parameters
Method 1 db2 1.02 .11
Method 2 db2 1.03 .10 15
Method 3 db2 1.04 .11 h=3 r=100
Method 4 1.06 .13 h=3 r=100

Table 3: MAR + Sin.05t: 10-Step Prediction Performance

Method Wavelet R̄pred stdRpred parameters
Method 1 db2 1.28 .17
Method 2 db2 1.16 .14 15
Method 3 db2 1.09 .14 h=3 r=100
Method 4 1.09 .14 h=3 r=100

4.6 Non-stationary case: a real example
The data collected from yearly minimal water levels of Nile River for the
years 654 to 1281 provide a standard benchmark data set. The performance
results using for 1-step prediction: r = 10, h = 70, and for 10-step predic-
tion: r = 500, and h = 5000, are given in Table 4 and Table 5 respectively.

Table 4: Nile: 1-Step Prediction Performance

Method Wavelet Rpred

Method 1 db2 50.09
Method 2 db2 48.50
Method 3 db2 49.4
Method 4 - 52.93

In Table 4, a better prediction performance is reached using method 3.
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Table 5: Nile: 10-Step Prediction Performance

Method Wavelet Rpred

Method 1 db2 1172.7
Method 2 db2 67.03
Method 3 db2 58.1
Method 4 55.01

In Table 5, methods using kernel smoothing overcome others and, as ex-
pected, the worse result is obtained for first method designed for stationary
process.
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Fisher information in record values and their
concomitants under the Gumbel’s bivariate

exponential distribution
Morteza Amini, J. Ahmadi

Department of Statistics, Ferdowsi University of Mashhad

Abstract: Suppose (X, Y ) is distributed as one of the most famous bivariate dis-
tributions, namely Gumbel’s bivariate exponential distribution Type II (GBVE).
We investigate some properties of the Fisher Information (FI) contained in the
sequence of record values and their concomitants ({(Rn, R[n]), n ≥ 1}) about the
unknown parameters of model. Three schemes are considered and in each scheme
one of the parameters of GBVE distribution is assumed to be unknown the Fisher
information about the unknown parameter contained in record values and their
concomitants is investigated. The behavior of information measure with respect
to n and other known parameters is studied. Also, we calculate and tabulate
the relative efficiency of the optimal estimator (i.e. the estimator with a variance
equal to the Crame’r Rao lower bound) of unknown parameter based on the first n

records and their concomitants with respect to the desired estimator on the basis
of a sample of size n of pairs (X, Y ) from the parent distribution.

Keywords: Bivariate distribution; Additivity; Relative efficiency; Farlie-
Gumbel-Morgenstern model; Copula.

1 Introduction

One of the most applicable measures of information which is applied in
many engineering and mathematical problems is the well-known Fisher
information. It also plays an important role in statistical estimation and
inference. In estimation problems this measure is concerned through the in-
formation (Cramér-Rao) inequality and its association with the asymptotic
properties, specially the asymptotic variance of the maximum likelihood es-
timators. The Fisher information contained in X about the parameter θ is
denoted by IX(θ).

Let {(Xi, Yi), i ≥ 1} be a sequence of pair-wise random variables from
a continuous distribution with parameter θ. If observe the record values
of X, then the corresponding Y -value of each record statistic is termed
the concomitant of that record value. The reader is referred to Raqab and
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Ahsanullah (2002) for a general review of concomitants of ordered ran-
dom variables. Amini and Ahmadi (2007) considered the dependence and
correlation parameters to investigate the properties of Fisher information
contained in record values and their concomitants. Amini and Ahmadi
(2008) studied the comparing of Fisher information in record values and
their concomitants with random observations in a general view on param-
eters. Abo-Eleneen and Nagaraja (2002) investigated some properties of
Fisher information in an order statistic and its concomitant. Recently, Abo-
Eleneen (2007) developed the results of Abo-Eleneen and Nagaraja (2002)
for generalized order statistics and its concomitant. Also Abo-Eleneen and
Nagaraga (2008) studied some properties of Fisher information in bivariate
censored samples.

The rest of this paper is organized as follows. Section 2 contains some
preliminaries. In Section 3, we consider GBVE distribution and obtained
the Fisher information contained in record values and their concomitants
in three schemes. In addition the additivity property of Fisher information
is used to calculate Fisher information contained in the sequence of first
n records and their concomitants about θ and compared this information
with that of i.i.d. sample of same size from the parent distribution. We
derived a closed form for the pdf of R[n]. For the case θ = E(Y ) we also
calculate the Fisher information contained in R[n] about θ and compare it
with the desired informations contained in a single Y . Using the results,
we investigate the behavior of the values of Fisher information with respect
to n and other known assumed parameters.

2 Preliminaries

Suppose {(Xi, Yi), i ≥ 1} be a sequence of i.i.d. pair-wise random vari-
ables with the absolutely continuous cumulative distribution function (cdf)
F(X,Y )(x, y; θ) and the corresponding pdf f(X,Y )(x, y; θ). Also fX(x; θ)
and FX(x; θ) denote the marginal pdf and cdf of Xs, respectively and
F̄X(x; θ) = 1−FX(x; θ). The sequence of upper records and their concomi-
tants is defined as follows [(Rn, R[n]) = (XTn , YTn), n ≥ 1], where (T1 = 1)
with probability one and for n ≥ 2 [Tn = min j : j > Tn−1, Xj > XTn−1 .]
The joint pdf of the first n upper records and their concomitants is (See
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Arnold et al., 1998)

f(Rn,R[n])(rn, r[n]) =
n∏

i=1

f(X,Y )(ri, si; θ)/
n−1∏

i=1

[F̄X(ri; θ)], (1)

where (Rn,R[n]) = (R1, . . . , Rn, R[1], . . . , R[n]). Also (Rn, R[n]) has the
joint pdf

fRn,R[n]
(x, y; θ) =

1
(n− 1)!

f(x, y; θ)
[
H̄(x; θ)

]n−1
, (2)

where H̄(x; θ) = − log(F̄X(x; θ)).
In order to obtain the new results in this paper, we need to recall the

following results.

Lemma 1 (Lehmann 1989) Let IX(θ) be the Fisher information about θ
contained in observing X. Suppose θ = z(η) where z(.) is differentiable,
then [I∗X(η) = z′(η)2IX(z(η)), ] where I∗X(η) is the information about η
contained in X.

Theorem 1 (Amini and Ahmadi 2007) If FX is free of θ, then I(Rn,R[n])(θ)
is additive; that is

I(Rn,R[n])(θ) =
n∑

i=1

I(Ri,R[i])(θ). (3)

3 Gumbel’s bivariate exponential distribution

There are two types of Gumbel’s bivariate exponential distribution. Type I
is a sub-family of the class of Farlie-Gumbel-Morgenstern (FGM) bivariate
distribution with joint pdf

fX,Y (x, y; θ) = fX(x)fY (y)[1 + θ(1− 2FX(x))(1− 2FY (y))],−1 < θ < 1,

where θ is the dependence parameter of this copula, such that the marginal
pdf’s of X and Y are kept exponential. Amini and Ahmadi (2007) showed
that the formula of Fisher information contained in record values and their
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concomitants in this class does not depend on the marginal distributions. In
other word this information measure is distribution-free and only depends
on the dependence model of copula. They obtained an explicit formula
for the Fisher information contained in a record value and its concomitant
about θ as

I(Rn,R[n])(θ) =
∞∑

j=0

θ2j

2j + 3

2j+2∑

k=0

(
2j + 2

k

)
(−2)k

(k + 1)n
. (4)

The authors also showed that for n ≥ 1, I(Rn,R[n])(θ) > I(X,Y )(θ). Fur-
thermore I(Rn,R[n])(θ) = I(Rn,R[n])(−θ) and I(Rn,R[n])(θ) increases as |θ| in-
creases.

In this paper, we consider Gumbel’s bivariate exponential distribution
type II (see Johnson and Kotz, 1972, p. 261), with the pdf

f(X,Y )(x, y) =

{
(1 + α x

λ1
)(1 + α y

λ2
)− α

λ1λ2

}
exp

{
− x

λ1
− y

λ2
− αxy

λ1λ2

}
, (5)

where x, y > 0, λ1, λ2 > 0, 0 ≤ α ≤ 1. Our main aim is to investigate the
Fisher information contained in (Rn,R[n]) about each of the parameters of
(5).

3.1 Fisher information about the mean of X
Let λ2 = 1, λ1 = θ−1 and α = a which is a known real number in (0,1).
Then (5) can be rewritten as

f(X,Y )(x, y) = θ {(1 + aθx)(1 + ay)− a} exp {−(θx + y + aθxy)} . (6)

Using Lemma 1, without loss of generality we can investigate the Fisher
information about θ instead of λ1. The following Theorem presents a for-
mula for calculation of the Fisher information contained in a record value
and its concomitant about θ.

Theorem 2 For GBVE distribution with the pdf in (6), we have

θ2I(Rn,R[n])(θ) = n +
1

(n− 1)!

∫ ∞

0
Ja(x)xn−1dx, (7)
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where

Ja(x) =
a3e−xx2

(1 + ax)3

(
2a + 1 + ax

a
+ Ei

(
1 + ax− a

a

)
exp

(
1 + ax− a

a

))

and

Ei(u) =
∫ ∞

u

e−t

t
dt.

Proof Using (8) we have

fRn,R[n]
(x, y; θ) = f(x, y; θ)

xn−1

(n− 1)!
.

So
∂2

∂θ2
log f(Rn,R[n])(x, y) = xn−1

(n−1)!

∂2

∂θ2
log f(X,Y )(x, y)

= −1

θ2

{[
aθx(1 + ay)

(1 + aθx)(1 + ay)− a

]2

+ n

}
.

(8)

Hence

Ja(x) = −θ2

∫ ∞

0

∂2

∂θ2
log f(Rn,R[n])(x, y)f(X,Y )(x, y) dy.

The proof is complete by integration with a change of variable of t =
(1 + aθx)(1 + ay)− a in the integral of the first term of (8). ¤

Table 2 shows the values of θ2I(Rn,R[n])(θ) for n = 3(2)7, 10 and a =
0.1(0.1)0.9 calculated using Maple 11.0. This values increases by increas-
ing n and a. But as it can be observed, the increment of information with
respect to n is more distinct. Indeed the values of θ2I(Rn,R[n])(θ) consist of
an integer part which equals n and the decimal counterpart which equals
the second term of right hand side of (7).

3.2 Fisher information about dependence parameter
Let λ1 = λ2 = 1 and θ = α be the unknown parameter of (5). Hence we
have

f(X,Y )(x, y) = {(1 + θx)(1 + θy)− θ} exp {−(x + y + θxy)} , (9)

The amount of Fisher information contained in a record value and its con-
comitant about θ is given by the next theorem.
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Table 1: The values of θ2I(Rn,R[n])(θ) from GBVE distribution for θ = (E(X))−1.

a
n 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

3 3.065 3.171 3.277 3.376 3.467 3.549 3.624 3.693 3.756
5 5.125 5.288 5.424 5.536 5.628 5.706 5.771 5.828 5.877
7 7.186 7.382 7.527 7.637 7.721 7.788 7.842 7.887 7.925
10 10.268 10.490 10.632 10.729 10.800 10.853 10.895 10.928 10.956

Theorem 3 The Fisher information contained in the nth record value and
its concomitant about the dependence parameter θ for (9) equals

I(Rn,R[n])(θ) =
1

(n− 1)!

∫ ∞

0
kθ(x)xn−1dx,

where

kθ(x) =
−2xe−x

(1 + θx)2
+

1 + θx

θ
e−x

{
θx2

1 + θx
− 2θx

(1 + θx)2
− (1 + θx)

θ

+ exp
{

1 + θx− 1
θ

}
Ei

{
1 + θx− 1

θ

}

×
[(

θx

1 + θx
− 1 + θx

θ

)2

+ 2
1 + θx

θ
− x2

1 + θx
+ 2

]}
.

Proof As in the proof of the last result since we have

∂2

∂θ2
log f(Rn,R[n])(x, y) =

2xy

(1 + θx)(1 + θy)− θ
−

[
x(1 + θy) + y(1 + θx)− 1

(1 + θx)(1 + θy)− θ

]2

.

(10)
So

kθ(x) = −
∫ ∞

0

∂2

∂θ2
log f(Rn,R[n])(x, y)f(X,Y )(x, y) dy

and the result follows by integration with a change of variable of t = (1 +
θx)(1 + θy)− θ in the integral of the second term of (10). ¤

Applying Theorem 1, we calculate the amount of Fisher information
contained in the sequence of first n records and their concomitants about
θ. We define the ratio of the Fisher information contained in (Rn,R[n])
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Table 2: The values of RE(RC,IID) from GBVE distribution about dependence
parameter.

θ
n 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

3 0.9612 1.0605 1.1788 1.2795 1.3547 1.4049 1.4326 1.4388 1.4199
4 0.9792 1.1767 1.3903 1.5656 1.6938 1.7787 1.8262 1.8392 1.8135
5 1.0234 1.3500 1.6811 1.9453 2.1351 2.2597 2.3292 2.3491 2.3148
7 1.1928 1.8678 2.4975 2.9802 3.3180 3.5353 3.6539 3.6864 3.6269
10 1.6568 3.0747 4.3054 5.2141 5.8330 6.2205 6.4243 6.4705 6.3512

about θ to the desired information contained in an i.i.d. sample of size n
as

RE(RC,IID) =
I(Rn,R[n])(θ)

nI(X, Y )
.

This information ratio is also the relative efficiency of the optimal estimator
of θ based on the first n records and concomitants with respect to that of an
i.i.d. sample of the same size. Table 2 contains the values of RE(RC,IID)
for n = 3, 4, 5, 7, 10 and θ = 0.1(0.1)0.9. From these values we observe that
for n ≤ 4 an i.i.d. sample is more informative than first n records and
concomitants while θ = 0.1. But as n and θ increase the sequence of first
n records and concomitants gets more informative than i.i.d. sample. The
values of RE(RC,IID) increases as n increases and also have a maximum
value for θ near 0.8 for considered values of n.

3.3 Fisher information about mean of Y
Let λ2 = θ−1, α = a and λ1 = λ in (5), where a and λ are known values.
So

f(X,Y )(x, y) = λθ {(1 + aλx)(1 + aθy)− a} exp {−λx− θy − aλθxy} ,
(11)

In this subsection, we are interested in the amount of Fisher information
in the nth concomitant about θ in addition to the desired information
contained in both nth record value and its concomitant. Hence, first of all,
we need the marginal pdf of R[n].
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Figure 1: θ2IR[n]
(θ) for different values of a and n.

Lemma 2 For Gumbel’s bivariate exponential distribution with the pdf in
(11), the pdf of R[n] is

fR[n]
(y; θ) = θ

1 + (n− 1)a + aθy

(1 + aθy)n
e−θy. (12)

Proof Using (8) the marginal pdf of R[n] is given by

fR[n]
(y; θ) =

∫ ∞

0
f(x, y)

[H̄(x; θ)](n−1)

(n− 1)!
dx.

So by applying (11) we have

fR[n]
(y; θ) =

1
(n− 1)!

∫ ∞

0
exp{−λx− θy − aλθxy}

×{λθ(1 + aλx)(1 + aθy)− a}(λx)(n−1)dx.

Hence (12) is obtained by integration. ¤ The following result presents a
formula for calculation of IR[n]

(θ).

Theorem 4 For GBVE distribution with the pdf in (11), we have

θ2IR[n]
(θ) = 1 + Ψ1(n, a)−Ψ2(n, a),
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where

Ψ1(n, a) = a2

∫ ∞

0

z2e−z

(1 + (n− 1)a + az)(1 + az)n
dz

and

Ψ2(n, a) = na2

∫ ∞

0

z2(1 + (n− 1)a + az)e−z

(1 + az)n+2
dz.

Proof Using Lemma 2, we get

∂2

∂θ2
log fR[n]

(y; θ) =
1
θ2

{
−1−

[
aθy

1 + (n− 1)a + aθy

]2

+ n

[
aθy

1 + aθy

]2
}

.

So the proof is complete by taking expectation with respect to (12). ¤
Figure 1 shows the values of θ2IR[n]

(θ) for different values of a and n. As
it can be seen from the figure, the amount of information decreases as a
increase. But the behavior of information with respect to n depends on
the value of a. For a lower dependence, the first concomitants and for a
higher dependence the further ones are more informative. Also the values
of θ2IR[n]

(θ) stand for the ratio of IR[n]
(θ) relative to IY (θ) = 1/θ2. As it

can be seen from Figure 1, these values are all less than 1.
In the next result, let for the sake of simplicity, λ = 1.

Theorem 5 For GBVE distribution with the pdf in (11), we have

θ2I(Rn,R[n])(θ) = 1 +
∫ ∞

0
ha(x)

xn−1

(n− 1)!
dx,

where

ha(x) = ae−x(1 + ax)−1(1 + (
1 + ax− a

a
)2 exp(

1 + ax− a

a
)

×Ei(
1 + ax− a

a
)− (

1 + ax− a

a
)).

Proof For this case we have

∂2

∂θ2
log f(Rn,R[n])(x, y) =

−1
θ2

{[
aθy(1 + ax)

(1 + ax)(1 + aθy)− a

]2

+ 1

}
.
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Table 3: The values of RE(RC,IID) from Gumbel’s bivariate exponential distri-
bution for θ = E(Y ).

a
n 0.1 0.3 0.5 0.7 0.9
3 0.9981 0.9807 0.9539 0.9248 0.8958
5 0.9967 0.9687 0.9288 0.8873 0.8472
7 0.9955 0.9607 0.9132 0.8652 0.8196
10 0.9942 0.9526 0.8986 0.8452 0.7957
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Figure 2: θ2IRn|R[n]
(θ) for different values of r and n.

Hence

ha(x) =
∫ ∞

0

[
ay(1 + ax)

(1 + ax)(1 + ay)− a

]2

f(X,Y/θ)(x, y) dy

= ae−x(1 + ax)−1(1 + (
1 + ax− a

a
)2 exp(

1 + ax− a

a
)

× Ei(
1 + ax− a

a
)− (

1 + ax− a

a
)).

¤
Table 3 Shows the values of RE(RC,IID) = I(Rn,R[n])(θ)/nI(X,Y )(θ) for

n = 3(2)7, 10 and a = 0.1(0.2)0.9. As it can be seen from Table 3, the i.i.d.
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sample is more informative than the sequence of record values and their
concomitants. Also these values decrease as n or a increase.

The next corollary formulate the increment of information when we
consider the record value in addition to its concomitant, i.e.

IRn|R[n]
(θ) = I(Rn,R[n])(θ)− IR[n]

(θ).

Corollary 1 The increment of Fisher information about the mean of Y
when we consider the record value in addition to its concomitant in GBVE
distribution can be calculated using the following equality

θ2IRn|R[n]
(θ) = Ψ1(n, a) + Ψ2(n, a) +

∫ ∞

0
ha(x)

xn−1

(n− 1)!
dx.

Figure 2 shows this increment for different values of n and a. As it can be
seen, these values increase for higher dependence. But the behavior of this
increment with respect to n depends on a. Indeed, except for lower values
of a increasing n cause decreasing of information increment.
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Jarque Bera Normality Test and Its Modification
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University

Abstract: Many statistical tests have been proposed to find out whether a sample
is drawn from a normal distribution or not. First we discuss the Jarque-Bera test
(1981) which is based on the Karl Pearson’s measure of skewness and kurtosis,
then we write about problems associated with the JB test and we review modified
JB (MJB) test proposed by Urzua (1996). Consequently, we write about Geary’s
skewness and kurtosis and G test proposed by Cho and Im (2002), Moreover,
we review Fisher’s measures of skewness and kurtosis and introduce a new JB
test (FJB) based upon Fisher’s measures. After that, we discuss about outlier
poroblem and sensitivity of skewness and kurtosis to outlying values, and then, we
review a Robust JB test (RJB) proposed by Gel and Gastwirth (2006). After that,
we review Quantile measures of skewness (Bowley and Kelly) and Quantile measure
of kurtosis (Kq) and two other Quantile measures proposed by Moors (1996), after
all, we introduce two new JB test based on reviewed Quantile measures and finally
we compare the power of all introduced tests via simulation.

Keywords: Normality, Skewness, Kurtosis, Jarque-Bera, Quantile,
Outlier, Robust, Power, Simulation.

1 Introduction

Normality test is important for some theoretical and empirical research and
The validity of several parametric statistical inference procedures depends
on the underlying distributional assumptions. Several parametric statisti-
cal tests assumed to be distribution of data is normal, It is well known that
departures from normality may lead to substantially incorrect statements
in the analysis. Therefore, testing for normality is an important issue. see
for example Bowman and Shenton (1975), Shenton and Bowman (1977),
Jarque and Bera (1980, 1987), D’Agostino and Stephens (1986), Spiegel-
halter (1980), Thode (2002). Jarque-Bera test (JB hereafter) is simple to
compute, and the power has proved comparable to other powerful tests such
as Shapiro-Wilk test (1965) or Shapiro-Francia test (1972) that are compu-
tationally more demanding. See Mardia (1980) for an exhaustive account of
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the various normality tests. Simulation results comparing the power of the
JB tests with other tests were reported by Pearson, D’Agostino and Bow-
man (1977), Jarque and Bera (1987), and Deb and Sefton (1996). The JB
test was uncovered by Jarque and Bera as the Lagrangian multiplier (LM)
test against the Pearson family distributions. Also, Geary (1947) showed
that the third and the fourth sample moments used in the JB statistic are
most sensitive asymptotically in testing for skewness and kurtosis assuming
Gram-Charlier density. Therefore, the JB test shares the nice asymptotic
optimal property against a wide class of non-normal distributions.

The sample skewness and kurtosis statistics are excellent descriptive
and inferential measures for evaluating normality. Any test based on skew-
ness or kurtosis is usually called an omnibus test. An omnibus test is sen-
sitive to various forms of departure from normality. Among the commonly
used tests for normality, the Jarque-Bera (1980) test (JB), D’Agostino’s
(1971) D test, and Pearson’s (1900) χ2 goodness of fit test (χ2 test) are
omnibus tests. Another famous test is Shapiro Wilk test (1965), which is
based on order statistics, or tests based on the distance between the empir-
ical distribution function and the normal cumulative distribution function
such as the Kolmogorov Smirnov, the Cramer von Mises, or the Ander-
son Darling test have been proposed, A test based on L2 distance between
Gaussian and empirical characteristic functions has been introduced by
Epps and Pulley (1983) and developed by Henze and others. For more de-
tails see Mardia (1980), Henze (1997), Epps (1999), and references therein.
For the independent case, the omnibus tests are consistent, but it has been
shown that their finite sample performance can be very poor (see Shapiro,
Wilk, and Chen, 1968).

The most often discussed problem associated with the JB test would
be the slow convergence of the test statistic to its limiting distribution,
which makes the test under-sized even in a reasonably large sample. An-
other problem, which has not drawn much attention in the literature, is
that the JB test has in general a weak power against platykurtic distri-
butions. Although we tend to be more concerned with the situation of
heavy-tailed population in practice, there will be many situations where we
cannot exclude the possibility of short-tailed distribution.

The slow convergence of the JB statistic to its limiting distribution
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would be associated with the estimation of the third and fourth moments:
The average of the cubed and fourth powered normal variables converges
very slowly to a normal distribution. The second problem, the low power
property of the JB test against the platykurtic distributions would be ex-
plained as follows: The sample skewness and kurtosis of the JB statistic
are standardized by the variances under normality, which are usually big-
ger than the actual variances when the distribution is platykurtic. Dividing
by a bigger value than its actual variance makes both the non-centrality
and the variance of the statistic smaller than those of usual noncentral
chi-square distribution. Therefore, the statistic could be clustered below
the critical value to make the power smaller than the size. However, as the
sample size grows and the distribution gets away from the null distribution,
we may expect a rapid increase of power since the variance of the statistic
is small.

The opposite would be true for leptokurtic distributions; the skew-
ness and kurtosis are divided by smaller values than the actual variance.
Therefore, the distribution of the JB statistic would be centered even far-
ther away from the null distribution but with larger variance. We may
expect a good power property especially when the sample size is relatively
small (see Cho and Im, 2002).

In this paper we develop some modified and robust JB normality
tests, we introduce Fisher JB test (FJB) and three Quantile JB test (QJB)
based upon quantiles measures of skewness and kurtosis.

In the following sections we describe details of JB test and the pro-
posed tests, and conduct a Monte Carlo study to compare the tests. We
conclude in the final section.

2 Pearson’s Skewness and Kurtosis

Suppose we have a random sample {x1, x2, ..., xn}, obtained from an inde-
pendent population. The third and fourth moments of a distribution are
called the skewness and kurtosis. For any distribution F with finite central
moments µk (k ≤ 3), write µi = E(X−µ)i, so that σ2 = µi. The pearson’s
skewness is defined as √

β1 =
µ3

µ
3/2
2

(1)
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Skewness describes the asymmetry of a distribution. A symmetric
distribution has zero skewness, an asymmetric distribution with the largest
tail to the right has positive skewness, and a distribution with a longer
left tail has negative skewness. For any distribution F with finite central
moments µk (k ≤ 4), the pearson’s kurtosis is defined as

β2 =
µ4

µ2
2

(2)

There is no agreement on what it really measures. Strictly speaking,
kurtosis measures both peakedness and tail heaviness of a distribution rel-
ative to that of the normal distribution. Consequently, its use is restricted
to symmetric distributions. Finite-sample versions of β1 and β2 will be
denoted by b1 and b2.

Let the j-th central sample moment be

mj =
1
n

n∑

i=1

(xi − x̄)j , for j = 2, 3, . . . (3)

where x̄ is the sample mean. Therefore, σ̂2 = m2. Sample counterparts are
defined by

b
1/2
1 =

m3

m
3/2
2

=
m3

σ̂3
, b2 =

m4

m2
2

=
m4

σ̂4
(4)

3 Simple Jarque Bera

The Jarque-Bera (1980, 1987) Lagrange multiplier test is perhaps the most
commonly used procedure for testing whether a univariate sample of n data
points are drawn from a normal distribution. The test is based on a joint
statistic using skewness and kurtosis coefficients. The JB statistic is

JB = n[
(b1/2

1 )2

6
+

(b2 − 3)2

24
] (5)

If {xi} is normally distributed and iid, then

√
n(b1/2

1 − 0) D−→ N(0, 6) ,
√

n(b2 − 3) D−→ N(0, 24) (6)
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and

Z1 =
√

n(b1/2
1 − 0)√

6
D−→ N(0, 1) , Z2 =

√
n(b2 − 3)√

24
D−→ N(0, 1) (7)

so we have
Z2

1 + Z2
2

D−→ χ2
2 (8)

It is a joint test of the null hypothesis (of normality) that sample skewness
equals 0 and sample kurtosis equals 3 (H0: β1=0 , β2=3). Bera and Jarque
(1981) showed that

JB = n[
(b1/2

1 )2

6
+

(b2 − 3)2

24
] D−→ χ2

1−α,2 (9)

The JB is asymptotically chi-squared distributed with two degrees of
freedom (n ≥ 50) because JB is just the sum of squares of two asymptoti-
cally independent standardized normals, see Bowman and Shenton, 1975).
That means: H0 has to be rejected at level α if JB ≥ χ2

1−α,2. The JB
test is known to have good power properties in testing for normality, it is
clearly easy to compute and it is commonly used for testing normality. One
limitation of the test is that it is designed only for testing normality, while
there exist some test can be applied to test for any types of underlying dis-
tribution. It has been noted that the small-sample tail quantiles of the JB
statistic are quite different from their asymptotic counterparts; e.g. Deb
and Sefton (1996) and Urzua (1996). The use of asymptotic critical values
given even fairly large samples will distort the actual size of the test, and
may lead to incorrect decisions in applied work.

4 Modified Jarque Bera

Simulation studies revealed that the size of the Jarque-Bera test is incor-
rect for small- and moderate-size samples (Poitras, 1992; Durfour, Farhat,
Gardial and Khalaf, 1998; among other). Urzua (1996) introduced a modi-
fication of the JarqueBera test by standardizing the skewness and kurtosis
in the formula of JB appropriately in the following way

MJB = [
(
√

b1)2

var(b1)
+

(b2 −E(b2))2

var(b2)
] (10)
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with

var(b1) =
6(n− 2)(n + 1)
(n + 1)(n + 3)

(11)

E(b2) =
3(n− 1)
(n + 1)

(12)

var(b2) =
24n(n− 2)(n− 3)

(n + 1)2(n + 3)(n + 5)
(13)

Notice, that JB and MJB are asymptotically equivalent, i.e. H0 has
to be rejected at level α if JB ≥ χ2

1−α,2. Moreover, compared with the
Jarque-Bera test, the modified Jarque-Bera test slightly improves the size
performance.

5 Geary’s Skewness and Kurtosis

Define the moments of the product of the sign and the power of (x− µ) ;

sµj = E[sgn(x− µ).(x− µ)j ] , j = 1, 2, ... (14)

where µ is the population mean, and sgn(x−µ) denotes the sign of (x−µ).
When j is odd, sµj = E|x− µ|j . We have, for symmetric distribution of x,
sµj = 0 when j is even. Sample counterparts of sµj is

smj =
1
n

n∑

i=1

[sgn(x− µ).(x− µ)j ] , j = 1, 2, ... (15)

6 G test

Cho and Im (2002) proposed G normality test using lower moments studied
earlier by R.C. Geary (1935, 1936, 1947). G test proposed based on the
first two moments; sµ1 and sµ2. if let

aj =
smj

σ̂j
, j = 1, 2, ... (16)
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the G statistic is

G = n[
(a1 −

√
2
π )2

(1− 3
π )

+
a2

2

(3− 8
π )

] (17)

As we will see, under normality, this G statistic approaches to the chi-square
distribution with two degrees of freedom as the sample size grows.

The two statistics a1 and a2 have been studied, among others, by
Geary (1935, 1936, 1947) and Gastwirth and Owens (1977). For example,
sm1 = 1

n

∑n
i=1 |xi− x̄|. Therefore, a1 is the ratio of the mean deviation and

standard deviation proposed by Geary (1935) as a statistic for normality
test. Under normality a1 converges strongly to the expected value of the

mean deviation of standard normal, which is
√

2
π . Therefore, deviation

of a1 from
√

2
π is viewed as an evidence of non-normality. Geary (1935)

showed that when x is iid normal;

√
n(a1 −

√
2
π

) → N(0, 1− 3
π

) (18)

It is obvious that a2 converges to zero under normality. Geary (1947)
proved that √

na2 → N(0, 3− 8
π

) (19)

Combining the results of (18) and (19), and noting that, as was shown
by Gastwirth and Owens (1977),

√
na1 and

√
na2 are independent asymp-

totically under normality, the G statistic follows the chi-square distribution
with two degrees of freedom in the limit. That means: H0 has to be rejected
at level α if G ≥ χ2

1−α,2.
The power comparison between G and JB depends on the shape of

the distribution under test. However, the JB test suffers an extreme power
deficit when the population distribution has short-tails. The G test has
more stable power against various directions of the deviation from normal-
ity. All in all, it seems that the G test is a good alternative to the JB
test especially when the sample size is moderate to small, unless we have a
strong a priori belief that the population distribution of the sample we put
to a normality test cannot be platykurtic.
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7 Fisher’s Skewness and Kurtosis

Natural estimators of the population skewness (b1/2
2 ) and kurtosis (b2) are

biased. The unbiased estimators of the moments are:

K2 =
n

(n− 1)
·m2 (20)

K3 =
n2

(n− 1)(n− 2)
·m3 (21)

K4 =
n2

(n− 1)(n− 2)(n− 3)
· (n + 1)m4 − 3(n− 1)m2

2 (22)

Measures based on the unbiased estimators of moments (The Fisher’s esti-
mators) are

G1 =
K3

K
3/2
2

=

√
n(n− 1)
n− 2

· g1 (23)

G2 =
K4

K2
2

=
(n− 1)

(n− 2)(n− 3)
· {(n + 1)g2 + 6} (24)

where g1 = b
1/2
1 and g2 = b2 − 3 (see Joanes and Gill, 1998).

The Fisher’s estimators of the population skewness and kurtosis are
used in SAS, SPSS and SPLUS softwares. It’s worthwhile to know that
skewness and kurtosis in MINITAB are calculated by

b1(M) =
m3

s3
= (

n− 1
n

)3/2 · g1 (25)

b2(M) =
m4

s4
− 3 = (

n− 1
n

)2 · g2 − 3 (26)

where s2 = n
n−1 · m2. Notice that, MINITAB kurtosis estimator (b2) is

biased, Joanes and Gill (1998) showed that for normal distribution

Bias(g2) = − 6
n + 1

, Bias(b2) ' − 12
n + 1

(27)

But, in general (Lihua and Ejaz Ahmed, 2008)

var(b2(M)) < var(b2) < var(G2) (28)
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Thus, MINITAB kurtosis estimator is biased but It’s varicance is less than
Fisher’s (G2) and general (b2) kurtosis estimators.

Meanwhile, skewness and kurtosis in EXCEL are calculated by

b1 =
n2

(n− 1)(n− 2)
· m3

s3
(29)

b2 =
n2(n + 1)

(n− 1)(n− 2)(n− 3)
· m4

s4
− 3(n− 1)2

(n− 2)(n− 3)
(30)

8 FJB test

In this section we introduce a new form of JB test which is based upon
fisher’s skewness and kurtosis. As we saw in previous paragraph fisher’s
measure are unbias so we would have more accurate statistic based on
them. So that, The proposed FJB test by using (23) and (24) is:

FJB = n[
G2

1

6
+

(G2)2

24
] (31)

As we know, the sampling distribution of skewness and kurtosis is known
for large sample sizes (n>50). So that, under normality this FJB statistic
approaches to the chi-square distribution with two degrees of freedom as
the sample size grows.

9 Robust Jarque Bera

The classical skewness and kurtosis coefficient have some common disad-
vantages. They both have a zero breakdown value, and so they are very
sensitive to outlying values. One single outlier can make the estimate be-
come very large or small, making it hard to interpret. Another disadvantage
is that they are only defined on distributions having finite moments.

The Robust Jarque-Bera (RJB) is the robust version of the Jarque-Bera
(JB) test of normality. In particular, RJB utilizes the robust standard devi-
ation (namely the Average Absolute Deviation from the Median (MAAD))

46



The 9th Iranian Statistical Conference University of Isfahan, August 2008

to estimate sample kurtosis and skewness. For more details see Gel and
Gastwirth (2006). The RJB statistic is

RJB = n[
(
√

b1)2

6
+

(b2 − 3)2

64
] (32)

with
b
1/2
1 =

m3

j3
, b2 =

m4

j4
(33)

where the unbiased robust estimate of standard deviation (j) is

j =
√

π

2
· 1
n

n∑

i=1

|xi −median(x)| (34)

RJB isn’t asymptotically chi-squared distributed, so for making decision
about normality empirical critical values provided by Monte Carlo simula-
tion are used.

10 Quantile Skewness and Kurtosis

As we know, Disadvantage of Skewness and kurtosis coefficients is sensitiv-
ity to outlier values. But, Robustness is the advantage of Quantile measures
of skewness and kurtosis and they are not very sensitive to outlier values.
We discuss about Quantile measures in below.

An alternative measure of skewness has been proposed by Professor
Bowley. Bowley’s measure is based on quartiles. In a symmetrical distri-
bution first and third quartiles is the same distance even the median as the
first quartile is below it, i.e. Q3−median = median−Q1. If a distribution
is positively skewed, the top 25 percent of the values will tend to be further
from median than the bottom 25 percent, i.e. Q3 will be further from me-
dian than Q1 is from median (Q2) and the reverse for negative skewness.
The Bowley’s measure of Skewness is defined by

SKB =
(Q3 −Q2)− (Q2 −Q1)
(Q3 −Q2) + (Q2 −Q1)

=
Q3 − 2Q2 + Q1

Q3 −Q1
(35)

where, Q1 = F−1(0.25), Q2 = F−1(0.50), Q3 = F−1(0.75). The denomina-
tor is in fact twice the quartile deviation, so that the degree of skewness
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is measured relative to the dispersion of the distribution. The measure is
called the quartile measure of skewness, and the value of the coefficient
obtained varies between ±1. Symmetry is indicated by zero in both Karl
Pearson’s and Bowley’s method. They have in common only the general
form that they are both derived from the difference between two measures
of central tendency expressed as a ratio to measures of variation.

Bowley’s measure disscused above neglects the two extreme quarters of
the data. It would be better for measure to cover the entire data especially
because in measuring skewness, we are often interested in the more extreme
items. Bowley’s measure can be extended by taking any two deciles equidis-
tant from the median or any two percentiles equidistant from the median.
Kelly has suggested the following formula for measuring skewness based
upon the 10th and the 90th percentiles (or the first and ninth deciles):

SKk =
(P90 −Q2)− (Q2 − P10)
(P90 −Q2) + (Q2 − P10)

=
P10 + P90 − 2Q2

P90 − P10
(36)

The Bowley coefficient of skewness has been generalized by Hinkley (1975)

SK3(α) =
F−1(1− α) + F−1(α)− 2F−1(0.5)

F−1(1− α)− F−1(α)
(37)

for any α between 0 and 0.5. Note that the Bowley and Octile coefficients
of skewness are a special case of Hinkley’s coefficient when α = 0.25 and α
= 0.125.

Moors (1988) showed that the conventional measure of kurtosis (g2)
can be interpreted as a measure of the dispersion of a distribution around
the two values µ ± σ. Hence, g2 can be large when probability mass is
concentrated either near the mean m or in the tails of the distributions.
Based on this interpretation, Moors (1988) proposed a robust alternative
to g2

w2 =
F−1(7/8)− F−1(5/8) + F−1(3/8)− F−1(1/8)

F−1(6/8)− F−1(2/8)
(38)

Moors justified this estimator on the ground that the two terms, F−1(7/8)−
F−1(5/8) and F−1(3/8) − F−1(1/8), are large (small) if relatively little
(much) probability mass is concentrated in the neighbourhood of F−1(6/8)
and F−1(2/8), corresponding to large (small) dispersion around µ±σ. The
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denominator is a scaling factor ensuring that the statistic is invariant under
linear transformation. It is easy to calculate that F−1(1/8) = −F−1(7/8) =
−1.15, F−1(2/8) = −F−1(6/8) = −0.68, F−1(3/8) = −F−1(5/8) = −0.32
and F−1(4/8) = 0 for N(0, 1) and therefore the Moors coefficient of kurtosis
is 1.23.

Another Quantile measure of Kurtosis is defined by the ratio of Quartile
Range and Percentile Range

Kq =
Q3−Q1

2

P90 − P10
=

Q3 −Q1

2(P90 − P10)
(39)

For normal observation Kq is equal to 0.263, (see Gupta, 1985).
So that, another robust test based upon Quantiles proposed in Moors

et al. (1996). This test (Moors) fits in the framework of the above gener-
alization by using

w1 =
F−1(0.75) + F−1(0.25)− 2F−1(0.5)

F−1(0.75)− F−1(0.25)
(40)

as a robust measure of skewness and

w2 =
F−1(0.875)− F−1(0.625) + F−1(0.375)− F−1(0.125)

F−1(0.75)− F−1(0.25)
(41)

as a robust measure of kurtosis. By using only quantiles of the data this
test is resistant to 12.5 percent outliers in the data. As far as, w1 ∼ N(0, 2

n)
and w2 ∼ N(1.23, 3

n) for large n, the Moors statistic is defined as below:

W = n[
(w1)2

2
+

(w2 − 1.23)2

3
] (42)

The Moors statistic is asymptotically chi-square distributed with two de-
grees of freedom.

11 Two new robust JB test

Now, we can define our new proposed tests. They are belong to robust
family tests because they are calculated by robust measures of skewness
and kurtosis.
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In this section we introduce two new robust version of JB test by using
quantile skewness and kurtosis measures. As we know, Quantile skewness
and kurtosis for large n (n > 50) are normally distributed, we used a Monte
Carlo simulation with one million replication and we concluded that:

SKB ∼ N(0,
2
n

) , SKk ∼ N(0,
4
n

) and Kq ∼ N(0.263,
0.08
n

) (43)

So that, we can define the first one (QJB1) by using (29), (31) and the
second one (QJB2) by using (30) and (31) as below:

QJB1 = n[
(SKB)2

2
+

(Kq − 0.263)2

0.08
] (44)

QJB2 = n[
(SKk)2

4
+

(Kq − 0.263)2

0.08
] (45)

It’s trivial that two introduced statistic are asymptotically chi-square dis-
tributed with two degrees of freedom and normality has to be rejected at
level α if QJB1 and QJB2 ≥ χ2

1−α,2. Meanwhile, the QJB1 and QJB2

statistic are resistant to 25 and 10 percent outliers in the data.

12 Monte Carlo Simulations and Results

This section discusses the Monte Carlo simulations applying for comparing
the power of considered normality tests with 50, 100 and 200 simulated
samples for calculating probability values of considered normality tests,
the simulated samples are from 8 kinds of distributions. The results are
tabulated in below table. Indeed, the values in the table are pvalues of
considered normality tests for assessing normality in simulated data.
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Dist n JB MJB G FJB W QJB1 QJB2 RJB
normal(0,1) 50 0.650 0.529 0.471 0.326 0.378 0.437 0.346 0.342
normal(0,1) 100 0.417 0.612 0.699 0.593 0.524 0.452 0.436 0.640
normal(0,1) 200 0.769 0.790 0.733 0.820 0.539 0.563 0.756 0.656

lgnormal(0,1) 50 0.002 0.049 0.000 0.000 0.016 0.063 0.049 0.000
lgnormal(0,1) 100 0.000 0.000 0.000 0.000 0.028 0.002 0.000 0.000
lgnormal(0,1) 200 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000
gamma(2,3) 50 0.000 0.015 0.020 0.021 0.075 0.057 0.029 0.030
gamma(2,3) 100 0.000 0.000 0.000 0.005 0.011 0.055 0.024 0.000
gamma(2,3) 200 0.000 0.000 0.000 0.000 0.018 0.009 0.001 0.000
cauchy(2,6) 50 0.000 0.000 0.000 0.000 0.009 0.018 0.002 0.000
cauchy(2,6) 100 0.000 0.000 0.000 0.000 0.000 0.013 0.000 0.000
cauchy(2,6) 200 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
uniform(2,4) 50 0.091 0.090 0.013 0.087 0.105 0.063 0.047 0.140
uniform(2,4) 100 0.014 0.011 0.004 0.012 0.095 0.034 0.036 0.065
uniform(2,4) 200 0.002 0.001 0.000 0.000 0.021 0.007 0.000 0.007

beta(1,3) 50 0.042 0.033 0.031 0.039 0.033 0.060 0.017 0.044
beta(1,3) 100 0.001 0.003 0.006 0.004 0.077 0.008 0.011 0.029
beta(1,3) 200 0.000 0.000 0.000 0.000 0.004 0.002 0.000 0.001

binomial(0.6) 50 0.251 0.231 0.081 0.293 0.161 0.038 0.013 0.161
binomial(0.6) 100 0.288 0.120 0.233 0.249 0.298 0.079 0.039 0.049
binomial(0.6) 200 0.423 0.288 0.301 0.251 0.088 0.042 0.026 0.112
geometric(0.3) 50 0.000 0.000 0.001 0.000 0.087 0.041 0.025 0.002
geometric(0.3) 100 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.001
geometric(0.3) 200 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

13 Conclusion

In this paper we discussed several goodness-of-fit tests. The commonly
used Jarque-Bera test of normality was extended to become a goodness-of-
fit test. We noted JB test often fails to lead to a correct actual size, due to
the slow rate of convergence towards the limiting distribution. Moreover,
the test cannot be performed at distributions without finite moments, and
as it is based on moments of the data it is strongly influenced by the
presence of outlying values. Therefore Moors et al. (1996) proposed to
replace the classical skewness and kurtosis coefficient by robust alternatives,
leading to the MOORS test. We conducted a similar approach by using
other quantile measures. The three new proposed tests are FJB, QJB1,
QJB2 and the test statistics are asymptotically χ2 distributed. In order
to examine the size and power of the proposed testing procedures, we have
conducted Monte Carlo simulation and compared the results. We have
found that the sizes of our testing procedure are close to the corresponding
nominal sizes, and that the power of our testing procedures are better than,
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or in some cases as good as, the other competing tests, especially in presence
of outlying values.
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Approximate Estimators for the Scaled Burr XII
Distribution Under Progressive Type-II

Censoring

A. Asgharzadeh, and R. Valiollahi

Department of Statistics, University of Mazandaran

Abstract: For the Burr XII distribution, the maximum likelihood method does
not provide an explicit estimator for the scale parameter based on a progressively
Type-II censored sample. In this paper, we first present a simple method of de-
riving an explicit estimator by approximating the likelihood function. We then
examine through simulations the estimated risk (ER) of this estimator and show
that this estimator is as efficient as the maximum likelihood estimator (MLE). An
approximation based on a noninformative prior for the scale parameter are used
for obtaining the Bayes estimates. Finally, a Monte Carlo simulation are carried
out to compare the performance of the estimates.

Keywords: maximum likelihood estimation, Bayes estimation, Fisher
information, Burr XII distribution, Monte Carlo simulation, Progressive
Type-II censoring.

1 Introduction

The Burr XII distribution was first introduced in the literature by Burr
(1942). This distribution is used in areas of quality control, reliability stud-
ies, duration and failure time modeling. The probability density function
(pdf) and cumulative distribution function (cdf) of the three-parameter
Burr XII ( which we shall simply denote by Burr(c, k, θ)) are given, respec-
tively, by

f(x, θ) =
ck

θ
(
x

θ
)c−1(1 + (

x

θ
)c)−(k+1), x > 0, c > 0, k > 0, θ > 0

(1)

F (x, θ) = 1− (1 + (
x

θ
)c)−k, x > 0 (2)

where c and k are shape parameters and θ is scale parameter.
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Inferences for Burr XII model were discussed by many authors such as
Popadopoulos (1978), Evans and Ragab (1983), Zimmer et al. (1998), Al-
Hussaini and Jaheen (1992, 1994), Al-Hussaini (1992), Ali Mousa (1995)
and Soliman (2005).

In this study, we consider a censoring scheme called progressive Type-
II censoring. Suppose that n independent items, with continuous density
f(x), are put on a life test. Suppose, further, that a censoring scheme
(R1, R2, ..., Rm) is previously fixed such that immediately following the first
failure, X1, R1 surviving items are removed from the experiment at random,
and immediately following the second failure, X2, R2 surviving items are
removed from the experiment at random. This process continues until
at the time of the mth observed failure Xm, the remaining Rm items are
removed from the test. The m ordered observed failure times denoted by

X
(R1,R2,...,Rm)
1:m:n , X

(R1,R2,...,Rm)
2:m:n , ..., X(R1,R2,...,Rm)

m:m:n ,

are called progressive Type II right censored order statistics of size m from
a sample of size n with progressive censoring scheme (R1, R2, ..., Rm). If
the failure times of the n items originally on the test are from a continu-
ous population with cdf F (x) and pdf f(x), the joint probability density
function

X1 = X
(R1,R2,...,Rm)
1:m:n , X2 = X

(R1,R2,...,Rm)
2:m:n , ..., Xm = X(R1,R2,...,Rm)

m:m:n

is given (Balakrishnan and Aggarwala (2000)) by

fX1,X2,...,Xm(x1, x2, ..., xm, θ) = A
m∏

i=1

f(xi, θ)[1− F (xi, θ)]Ri , (3)

where

A = n(n−R1−1)(n−R1−R2−2)...(n−R1−R2− ...−Rm−1−m+1). (4)

In this paper, the maximum likelihood (ML) and approximate max-
imum likelihood (AML) estimates for the scale parameter θ are obtained
based on progressive Type-II censored samples. The approximate Bayes es-
timates of θ are obtained under the squared loss and LINEX loss functions.
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These estimates are compared via a Mont Carlo simulation study. We also
derive an approximate confidence interval based on asymptotic normality
for parameter θ.

2 Point Estimation

In this section, the MLE and AMLE of the scale parameter θ are ob-
tained based on progressively censored samples. The Bayes estimates for θ
do not have explicit forms, so we use an approximation based on Lindley’s
method for finding the Bayes estimates.

2.1 Maximum Likelihood Estimation

Suppose that

X = (X(R1,R2,...,Rm)
1:m:n , X

(R1,R2,...,Rm)
2:m:n , ..., X(R1,R2,...,Rm)

m:m:n )

is a progressively Type-II censored sample from a life test on items whose
life times have Burr (c, k, θ) distribution with density (1) and censoring
scheme (R1, R2, ..., Rm). The likelihood function based on this sample is
given by

L(θ; x) = Aθ−mc
m∏

i=1

ckxc−1
i (1 + (

xi

θ
)c)−(k(Ri+1)+1), (5)

where

x = (x1, x2, ..., xm), xi = x
(R1,R2,...,Rm)
i:m:n , i = 1, 2, ..., m.

The log likelihood function is given by

lnL(θ; x) ∝ −mc ln(θ)− T, (6)

where

T =
m∑

i=1

[
(k(Ri + 1) + 1) ln(1 + (

xi

θ
)c)

]
. (7)
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The ML estimate θ̂ of the parameter θ is the solution of

−m +
m∑

i=1

(k(Ri + 1) + 1)
xc

i

θc + xc
i

= 0. (8)

Some numerical methods such as the Newton-Raphson method are em-
ployed to solve (8).

2.2 Approximate Maximum Likelihood Estimation
The likelihood equation in (8) does not an admit explicit solution for θ.
Consider the random variable Y = (X

θ )c. Then Y has a pareto distribution
with pdf

g(y) = k(1 + y)−(k+1), (9)

and cdf
G(y) = 1− (1 + y)−k (10)

By using (8)and (10), the likelihood equation can be written as have

d

dθ
ln L(θ; x) = nk −

m∑

i=1

[k(Ri + 1) + 1] [1−G(yi)]
1
k . (11)

We approximate the term h(yi) = [1−G(yi)]
1
k by expanding it in a Taylor

series around E(Yi:m:n) = νi:m:n. From Balakrishnan and Sandhu (1995),
it is known that

G(Yi:m:n) d= Ui:m:n,

where Ui:m:n is the i-th progressively Type-II censored order statistic from
the uniform U(0, 1) distribution. We then have

Yi:m:n
d= G−1(Ui:m:n),

νi:m:n = E(Yi:m:n) ≈ G−1(αi:m:n),

where αi:m:n = E(Ui:m:n). From Balakrishnan and Aggarwala (2000), it is
known that

αi:m:n = 1−
m∏

j=m−i+1

j + Rm−j+1 + · · ·+ Rm

j + 1 + Rm−j+1 + · · ·+ Rm
, i = 1, · · · ,m.
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Since, for the pareto distribution, we have

G−1(u) = (1− u)−1/k − 1,

we can approximate νi:m:n by (1 − αi:m:n)−1/k − 1. Now, upon expanding
the function h(yi) around the point νi:m:n and keeping only the first two
terms, we get

h(yi) ≈ h(νi:m:n) + (yi − νi:m:n)h′(νi:m:n)
= γi + δiyi, (12)

where

γi = h(νi:m:n)− νi:m:nh′(νi:m:n) =
2νi:m:n + 1

(1 + νi:m:n)2
, i = 1, · · ·m (13)

and
δi = h′(νi:m:n) = − 1

(1 + νi:m:n)2
, i = 1, · · ·m. (14)

Using the expression in (12), we approximate the likelihood equation in
(11) by

d ln L(θ;x)
dθ

≈ nk −
m∑

i=1

[k(Ri + 1) + 1] (γi + δiyi) = 0,

which can be rewritten as

nk −
m∑

i=1

[k(Ri + 1) + 1] γi −
m∑

i=1

[k(Ri + 1) + 1] δi(
xi

θ
)c = 0. (15)

By solving the equation in (15) for θ, we obtain the approximate MLE of
θ as

θ̂AML =
{ ∑m

i=1 [k(Ri + 1) + 1] δix
c
i

nk −∑m
i=1(k(Ri + 1) + 1)γi

} 1
c

. (16)

The approximate MLE in (16) may provide us with a good starting value
for the iterative solution of the likelihood equation in (8).
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2.3 Bayes Estimation
Now, we consider Bayes estimate of θ under the squared error (SE) and
LINEX loss functions. The LINEX loss function for u = u(θ) can be
expressed as

L(∆) ∝ ea∆ − a∆− 1; a 6= 0

where ∆ = (ũ− u), ũ is an estimate of u. The sign, and magnitude of ‘a‘
represent the direction and degree of symmetry, respectively. (a > 0 means
overestimation is more serious than underestimation, and a < 0 means the
opposite). For ‘a‘ closed to zero, the LINEX loss function is approximately
the squared error loss.

The Bayes estimator (ûBL) of u under the LINEX loss function is

ûBL = −1
a

ln(E(e−au|x)).

We consider the noninformative prior

π(θ) ∝ 1
θ
. (17)

Combining the likelihood function (5) and prior (17) the posterior density
of θ is

π(θ|x) ∝ θ−(mc+1)e−T ,

where T is given by (7).
The Bayes estimator of a function U of the unknown parameter θ, under

squared error loss is the posterior mean

ÛBS = E(U |x) =
∫

U(θ)π(θ|x)dθ∫
π(θ|x)dθ

. (18)

The ratio of integral in equation (18) does not seem to take a closed form
and so we use the following method of approximation.
Lindley‘s procedure: Lindley‘s method has been used by some authors to
obtain Bayes estimators of the parameters of some distributions. See for
example, Sinha (1985) and Soliman (2001). Lindley (1980) developed ap-
proximate procedure for evaluation the posterior expectation of U(θ) as

E(U(θ)|x) =
∫

U(θ)el(θ)+ρ(θ)dθ∫
el(θ)+ρ(θ)dθ

,
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which is the Bayes estimate of U(θ) under squared error loss function, where
ρ(θ) = ln(p(θ)), p(θ) is arbitrary function of θ, and l(θ) is the logarithm of
the likelihood function. For more details see Lindley (1980).

In the one parameter case, Lindley’s approximation form reduces to the
following form:

E(U(θ)|x) = U(θ) +
1
2
[U2 + 2U1ρ1]σ2 +

1
2
l3U1(σ2)2, (19)

where li = di

dθi l(θ), for i = 1, 2, 3, Uj = dj

dθj U(θ), for j = 1, 2, ρ1 =
d
dθρ(θ).
To apply Lindley’s form (19), we first obtain

l1 =
c

θ
(s1 −m), l2 = − c

θ2
(cs2 + s1 −m), l3 =

2c

θ3
(c2s3 + cs2 + s1 −m),

where

s1 =
m∑

i=1

(k(Ri + 1) + 1)
xc

i

θc + xc
i

s2 =
m∑

i=1

(k(Ri + 1) + 1)
(θxi)c

(θc + xc
i )2

s3 =
m∑

i=1

(k(Ri + 1) + 1)
(θ2xi)c

(θc + xc
i )3

.

From prior density(17), we observe that ρ1 = d
dθρ(θ) = −1

θ . Substitution
of the above value in (19), we obtain the Bayes estimate of U(θ) using
Lindley’s method as

ÛB = E(U(θ)|x) = U(θ) + Ψ1U1 + Ψ2U2, (20)

where

Ψ1 =
cθs3

(cs2 + s1 −m)2

Ψ2 =
θ2

2c(cs2 + s1 −m)
.
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All functions of the right-hand side of (20) are to be evaluated at θ̂ML.
Substituting U(θ) = θ in (20) we obtain the Bayes estimate of θ under
squared error loss function given by

θ̂BS = θ + Ψ1. (21)

Substituting U(θ) = e−aθ in (20) we obtain the Bayes estimate of θ under
LINEX loss function given by

θ̂BL = θ − 1
a
ln(a2Ψ2 − aΨ1 + 1). (22)

3 Approximate Confidence Interval

In this section, we derive the observed and expected Fisher information
based on the likelihood as well as the approximate likelihood functions.
These enable the construction of confidence intervals based on pivotal quan-
tities using the limiting normal distribution. From the log-likelihood func-
tion, we obtain

d2 lnL(θ)
dθ2

=
mc

θ2
− c

θ2

m∑

i=1

[k(Ri + 1) + 1]
xc

i

θc + xc
i

− c2

θ2

m∑

i=1

[k(Ri + 1) + 1]
(θxi)c

(θc + xc
i )2

.

From this expression, we obtain the expected Fisher information as

E

[
−d2 ln L(θ)

dθ2

]
= −mc

θ2
+

c

θ2

m∑

i=1

[k(Ri + 1) + 1]E(
xc

i

θc + xc
i

)

+
c2

θ2

m∑

i=1

[k(Ri + 1) + 1]E
[

(θxi)c

(θc + xc
i )2

]
.

Unfortunately, the exact mathematical expressions for the above expecta-
tions are very difficult to obtain. Therefore, we use the following approxi-
mation which is obtained by dropping the expectation operator E

E(
xc

i

θc + xc
i

) ≈ xc
i

θc + xc
i

.
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E(
(θxi)c

(θc + xc
i )2

) ≈ (θxi)c

(θc + xc
i )2

.

Therefor

E

[
−d2 ln L(θ)

dθ2

]
≈ −mc

θ2
+

c

θ2

m∑

i=1

(k(Ri + 1) + 1)
xc

i

θc + xc
i

+
c2

θ2

m∑

i=1

(k(Ri + 1) + 1)
(θxi)c

(θc + xc
i )2

. (23)

Similarly, from approximate likelihood equation, we obtain

E

[
−d2 ln L∗(θ)

dθ2

]
≈ −mc

θ2
+

c

θ2

m∑

i=1

(k(Ri + 1) + 1)γi(1 + cγi)(
xi

θ
)c

+
c

θ2

m∑

i=1

(k(Ri + 1) + 1)δi(1 + 2cγi)(
xi

θ
)2c

+
c2

θ2

m∑

i=1

(k(Ri + 1) + 1)δ2
i (

xi

θ
)3c. (24)

To construct confidence intervals or to conduct tests of hypotheses for the
scale parameter θ, one must construct a pivotal quantity. Since θ̂ and θ̃ are
asymptotically normally distributed with the corresponding variances

var(θ̂) =
1

−E[ d2

dθ2 ln L]
and var(θ̃) =

1
−E[ d2

dθ2 lnL∗]
,

we have the asymptotic distribution of

P1 =
θ̂ − θ√
var(θ̂)

and P2 =
θ̃ − θ√
var(θ̃)

(27)

to be standard normal. Therefore,

(θ̂ − zα/2

√
var(θ̂), θ̂ + zα/2

√
var(θ̂)),

and
(θ̃ − zα/2

√
var(θ̃), θ̃ + zα/2

√
var(θ̃))
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form 100(1−α)% confidence intervals for θ based on the pivotal quantities
P1 and P2, respectively. Here zα/2 is a standard s-normal variate.

4 Monte Carlo Simulation

A simulation study was carried out to compare the performance of the
approximate MLE, MLE and Bayes estimates. Using the algorithm pre-
sented in Balakrishnan and Sanhu (1995), we generated random progres-
sively Type-II censored samples of various sizes and censoring schemes from
BURR XII with (θ = 1). We then computed the approximate MLE and the
MLE of the parameter θ from (8) and (16) respectively. Bayes estimations
was then obtained by using (21) and (22). Table 1 provides the average
values of the estimates and their estimated risk (ER). All the averages were
computed over 5000 simulations. From Table 1, we show that for both small
and large samples the Bayes estimates relative to LINEX loss function have
the smallest estimated risk (ER) as compared with quadratic Bayes esti-
mates or the MLE‘s and AMLE‘s. 2. From Table 1, as the effective sample
m/n decreases, the estimated risk (ER) of estimators increase.
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Table 1
Point Estimates and Estimated Risks (ER) for θ(whenc = 3, k = 2.5)

n m Scheme θ̂ML θ̃ θ̂BS θ̂BL

30 10 (10,80,10) 1.0241 0.9903 1.0271 0.9895
(0.0170) (0.0154) (0.0172) (0.0143)

30 10 (15,80,5) 1.0280 0.9972 1.0346 0.9933
(0.0179) (0.0161) (0.0185) (0.0148)

30 10 (5,80,15) 1.0332 0.9951 0.0320 0.9956
(0.0170) (0.0148) (0.0169) (0.0138)

50 20 (190,30) 1.0342 0.9952 1.0127 0.9954
(0.0086) (0.0069) (0.0073) (0.0067)

50 20 (30,190) 1.0275 0.9936 1.0305 0.9927
(0.0168) (0.0151) (0.0171) (0.0140)

50 20 (15,180,15) 1.0228 0.9974 1.0171 0.9956
(0.0096) (0.0086) (0.0093) (0.0083)

100 50 (490,50) 1.0314 0.9996 1.0064 0.9992
(0.0041) (0.0029) (0.0030) (0.0029)

100 50 (50,490) 1.0713 0.9991 1.0069 0.9968
(0.0122) (0.0040) (0.0041) (0.0039)

100 50 (30,480,20) 1.0249 0.9988 1.0074 0.9981
(0.0046) (0.0038) (0.0039) (0.0037)
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Abstract: Let X be a random variable denoting the lifetime of a system for
which the inactivity time is the conditional random variable (t − X|X < t). In
this paper we introduce the maximum inactivity entropy (MIE) models. The MIE
model is the distribution with the density that maximizes the past entropy for
all t > 0 under some constraints. This model provides an approximation for the
lifetime distribution based on information about reversed hazard function which
corresponds to the past lifetime. However, several well-known distributions are
shown to be MIE under different constraints.

Keywords: Past lifetime distribution, Inactivity time, Reversed haz-
ard function, Partial knowledge.

1 Introduction

In reliability analysis usually one deals with a system for which the lifetime
distribution function is unknown but we may have some information about
the lifetime of the system through the physical characterizations of the sys-
tem. Having said that, we wish to derive a model that best approximates
the corresponding lifetime distribution based on this information. To pro-
duce a model for the lifetime distribution in such a situation, the maximum
entropy (ME) paradigm (Jaynes, 1982) can be employed. In this paradigm,
partial Knowledge about the lifetime distribution function is formulated in
terms of some information constraints.

Let X be a nonnegative random variable representing the lifetime. Sup-
pose that X has the cumulative distribution function (CDF) F , F (x) =
P (X ≤ x), the survival function F̄ = 1 − F , and the probability den-
sity function (PDF) f(.). The entropy (Shannon, 1948) of a nonnegative
continuous random variable X is given by

H(f) = −
∫ ∞

0
f(x) log f(x)dx

= 1−
∫ ∞

0
f(x) log λF (x)dx, (1)
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whereλF (x) = f(x)/F̄ (x) denotes the hazard function of X.
the ME model is the distribution whose PDF f∗(.) maximizes H(f)

subject to some information constraints. The ME procedure in terms of
moment constraints is well-known. Ebrahimi et al. (1996) studied a devel-
oping ME lifetime distribution subject to monotonicity constrains on the
failure rate. Recently Ebrahmi et al. (2008) have studied the multivariate
ME models.

Frequently, in reliability the problem of intrest is the lifetime beyond
an age t. In such caces, the the distribution of intrest for computing un-
certainty and information is the residual distribution with density

ft(x) =

{
f(x)
F̄ (t)

x ≥ t,

0 otherwise.

The entropy of the residual lifetime is given by

H(f ; t) = −
∫ ∞

t
ft(x) log ft(x)dx

= 1− 1
F̄ (t)

∫ ∞

t
f(x) log λF (x)dx, (2)

Ebrahimi (2000) suggested to maximize the residual entropy and de-
rived four lifetime models that maximize residual entropy subject to con-
straints on the growth and curvature of the hazard function. These models
are maximum dynamic entropy (MDE). Asadi et al. (2004) obtained a
result on the relationship between the hazard rate ordering and residual
entropy ordering for distributions with monotone PDFs. Based on this
result they identified classes of distributions in which some well-known dis-
tributions are the MDE models.

Using various results on ME and MDE models, we can find the approx-
imation for the lifetime distribution through information about the hazard
function. It has to be pointed out that hazard rate deals with the residual
lifetime of X. Sometimes, in reliability analysis the problem of interest is
the inactivity time of the system, when the system has failed until time t
(t is the time that the system is inspected for the first time and it is found
to be ’down’). However, we are interested in getting inference on inactivity
random variable. The inactivity time of the system, which we denote by
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X[t] is X[t] = [t − X|X < t]. In such cases, the distribution of interest
for computing uncertainty and information is the past distribution with
density

f[t](x) =

{
f(x)
F (t) 0 < x < t,

0 otherwise.

The entropy of the inactivity time is given by

H(f ; [t]) = −
∫ t

0
f[t](x) log f[t](x)dx

= 1− 1
F (t)

∫ t

0
f(x) log rF (x)dx, (3)

where rF (x) = f(x)/F (x) denotes the reversed hazard function of X.
The present paper aims to explore a variant of maximum dynamic en-

tropy models which is obtained by maximizing the past entropy (3). We
call these models as the maximum inactivity entropy (MIE) models. These
models provide approximations for the lifetime distribution based on infor-
mation about reversed hazard function which corresponds to the inactivity
time X[t]. The paper is organized as follows. In section 2, we provide
a theorem on the relationship between the reversed hazard ordering and
past entropy ordering for distributions with monotone PDFs. Using this
theorem we compare uncertainty between the past lifetimes of parallel and
series systems with the past lifetime of their components. In section 3, we
obtain constraints in terms of differential inequalities and identify the set
of distributions (maximal set) ΩF in which some well-known distributions
maximize the past entropy. Then we tabulate the MIE distributions based
on their PDF and the constraints for the maximal set ΩF . It is also shown
that the mixture of two power distributions is MDI with the given maximal
ΩF .

2 Past entropy ordering

The following theorem has various direct applications and is useful to obtain
the MIE models in the subsequent sections.
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Theorem 1 Let X and Y be two nonnegative continuous random variables
having distribution functions F and G with PDFs f and g and reversed
hazard functions rF and rG respectively. Suppose that rF (t) ≤ rG(t) for all
t > 0. Then

(a) H(f ; [t]) ≤ H(g; [t]) if g(x) is decreasing for all x ≥ 0.

(b) H(f ; [t]) ≥ H(g; [t]) if f(x) is increasing for all x ≥ 0.

Proof: Let X[t] and Y[t] denote the inactivity time with densities f[t] and
g[t] respectively. since rF (t) ≤ rG(t), one can easily show that X[t] ≤st

Y[t],where ≤st stands for stochastic ordering. Also, since g[t](x) is decreasing
in x, we get

Ef[t]
(log g[t](X)) ≥ Eg[t]

(log g[t](X)) (4)

Now consider the discrimination information between the two past distri-
butions:

K(f[t]; g[t]) =
∫ t

0
f[t](x) log

f[t](x)
g[t](x)

dx

= −H(f ; [t])−Ef[t]
(log g[t](X)) ≥ 0.

(5)

Using this and (1) we have

H(f ; [t]) ≤ H(g; [t])

This completes the proof of part (a). To prove part (b), let f(x) be increas-
ing. Using essentially similar arguments as above, we have Ef[t]

(log f[t](X)) ≤
Eg[t]

(log f[t](X)). This inequality and the fact that K(g[t]; f[t]) ≥ 0 gives
the required result.

The following examples give direct applications of theorem 1.

Example 1 (System of components.) Let X1, X2, ..., Xn be independent
and identically distributed (i.i.d) lifetimes of components of a system having
a common PDF f , CDF F, and survival function F̄ .
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(a) The lifetime of a series system with n components is determined by
Y = min(X1, ..., Xn). Let g denote the PDF and G the CDF of Y .
Then rG(x) = θ(x)rF (x), where

θ(x) =
n(F̄ (x))n−1

∑n−1
j=0 (F̄ (x))j

≤ 1

.

In this case, rG(x) ≤ rF (x). Thus, if f(.) is a decreasing function,
Then H(f ; [t]) ≥ H(g; [t]). If g(.) is an increasing function, then
H(f ; [t]) ≤ H(g; [t]).

(b) The lifetime of a parallel system with n components is determined by
Z = max(X1, ..., Xn). Let g denote the PDF and G the CDF of Z. It
can be shown that rG(x) = nrF (x) ≥ rF (x). Thus, if the density f(.)
is an increasing function , then H(f ; [t]) ≥ H(g; [t]). If the density
g(.) is a decreasing function , then H(f ; [t]) ≤ H(g; [t]).

Example 2 (Size-biased variable.) Let X be a nonnegative continuous
random variable with PDF f , CDF F , reversed hazard function rF , and
a finite mean. Then W is said to be a size-biased random variable corre-
sponding to X if its density function is given by

g(w) =
w

E(X)
f(w), w ≥ 0.

The hazard function of W is given by

rG(x) =
x

µ[F ](x)
rF (x), x > 0.

where

µ[F ](t) = E(t−X|X ≤ t) =

{
t−

∫ t
0 F (y)dy

F (t) F (t) > 0
0 F (t) = 0

is the mean past lifetime function. Since, rG(x) ≥ rF (x), we have H(f ; [t]) ≤
H(g; [t]) if g(w) is decreasing in w and H(f ; [t]) ≥ H(g; [t]) if f(x) is in-
creasing in x.
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3 Maximum inactivity entropy distribution

The reversed hazard function uniquely determines the lifetime distribution
and hence its PDF f(.). Thus, we can use the theorem 1 to identify the
set of distributions ΩF = {f(.)} in which f∗(.) is the MIE; i.e. H(f ; [t]) ≤
H(f∗; [t]) for all t > 0. In this section, the differential equations, that
describe the dynamic behavior of reversed hazard function of a distribution,
are used to determine the MIE models because they have more simple closed
form than reversed hazard functions.

For any distribution with a decreasing PDF f∗(.), we can identify a set
of distributions ΩF = {f(.)} such that

rF (t′) = rF ∗(t′) ∃t′ > 0, (6)
r′F (t)
rF (t)

≤ r′F ∗(t)
rF ∗(t)

fort ≥ t′, (7)

r′F (t)
rF (t)

≥ r′F ∗(t)
rF ∗(t)

fort ≤ t′. (8)

Solution of the differential inequalities (5), (8) subject to (6) gives
rF (t) ≤ rF ∗(t) for all t > 0 for distributions in ΩF . Thus by, theorem
1, H(f∗; [t]) ≥ H(f ; [t]). This is a general procedure that can be used to
identify a set of distributions in which a given f∗(.) is the MIE model. For
distributions with increasing PDFs the first inequalities in (5), (8) is re-
versed. The set of distributions ΩF = {f(.)} is referred to as the maximal
set because it consists all distributions that are true in inequality (6), (5),
(8).

For the distributions listed in table 2 the differential inequalities are in
terms of ρ(t), where ρ(t) = h(t)rF (t), h(t) > 0 for all t > 0, because the
constraints in terms of rF (t) are messy and not easily interpretable. Such as
the inequality constraint (5),(8), for any distribution with a decreasing PDF
f∗(.), by theorem 1, the constraint rF (t′) = rF ∗(t′)∃t′ > 0,

ρ′F (t)

ρF (t) ≤
ρ′

F∗ (t)
ρF∗ (t)

for t ≥ t′, ρ′F (t)

ρF (t) ≥
ρ′

F∗ (t)
ρF∗ (t)

for t ≤ t′ gives H(f∗; [t]) ≥ H(f ; [t]).

Tables 1 and 2 display the constraints that define the maximal sets of
distributions ΩF in which some well-known distributions are MIE. In these
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Table 1: Maximum Inactivity entropy distributions.

MIE density and support constraints for maximal set

Uniform,[0, β]:
f∗(x) = 1

β
None

Exponential,[0,∞):

f∗(x) = βe−βx, β > 0





∃t′ > 0 : rF (t′) = rF∗(t
′),

r′F (t)

rF (t)
≤ −(β + rF (t)) fort ≥ t′,

r′F (t)

rF (t)
≥ −(β + rF (t)) fort ≤ t′.

Power,[0, 1]

f∗(x) = αxα−1, α > 0





rF (1) = α
r′F (t)

rF (t)
≥ −1

α
rF (t) for α ≤ 1

r′F (t)
rF (t)

≤ −1
α

rF (t) for α ≥ 1.

Half-Cauchy,[0,∞)

f∗(x) = 2
π(1+x2)





∃t′ > 0 : rF (t′) = rF∗(t
′),

r′F (t)

rF (t)
≤ −(2t arctan t + 1)rF (t) fort ≥ t′,

r′F (t)

rF (t)
≥ −(2t arctan t + 1)rF (t) fort ≤ t′.

Half-logistic,[0,∞)

f∗(x) = β(α+1)eβx

(α+eβx)2
, α, β > 0





∃t′ > 0 : rF (t′) = rF∗(t
′),

r′F (t)

rF (t)
≤ −1

α+1
(eβt + αe−βt)rF (t) fort ≥ t′,

r′F (t)

rF (t)
≥ −1

α+1
(eβt + αe−βt)rF (t) fort ≤ t′.
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Table 2: Maximum Inactivity entropy distributions.

MIE density and support constraints for maximal set

Weibull,[0,∞)

f∗(x) = kα(x + x0)
α−1e−(x+x0)α

,
x0 > 0, 0 < α < 1





∃t′ > 0 : rF (t′) = rF∗(t
′),

ρ′F (t)

ρF (t)
≤ −(t + x0)

α−1(α + ρF (t)) fort ≥ t′,
ρ′F (t)

ρF (t)
≥ −(t + x0)

α−1(α + ρF (t)) fort ≤ t′

for ρF (t) = (x0 + t)1−αrF (t)

Linear failure rate,[0,∞)

f∗(x) = (α + βx)e−(αx+(β/2)x2)

0 < β ≤ α2





∃t′ > 0 : rF (t′) = rF∗(t
′),

ρ′F (t)

ρF (t)
≤ −(1 + ρF (t))(α + βt) fort ≥ t′,

ρ′F (t)

ρF (t)
≥ −(1 + ρF (t))(α + βt) fort ≤ t

for ρF (t) = rF (t)
α+βt

Extreme value,[0,∞)

f∗(x) = αe(β/α)x exp(α2

β
(1− e(β/α)x)),

0 < β ≤ α2





∃t′ > 0 : rF (t′) = rF∗(t
′),

ρ′F (t)

ρF (t)
≤ −(α + ρF (t))e(β/α)t fort ≥ t′,

ρ′F (t)

ρF (t)
≥ −(α + ρF (t))e(β/α)t fort ≤ t′

for ρF (t) = e−(β/α)trF (t)

Generalized Pareto,[0,∞)

f∗(x) = β+1
α

(1 + β
α

x)−1/β−2,
α, β > 0





∃t′ > 0 : rF (t′) = rF∗(t
′),

ρ′F (t)

ρF (t)
≤ − 1

(1+(β/α)t)
(β+1

α
+ ρF (t)) fort ≥ t′,

ρ′F (t)

ρF (t)
≥ − 1

(1+(β/α)t)
(β+1

α
+ ρF (t)) fort ≤ t′,

for ρF (t) = (1 + β
α

t)rF (t)

Pareto(Type II),[0,∞)

f∗(x) = αβα(β + x)−α−1,
α, β > 0





∃t′ > 0 : rF (t′) = rF∗(t
′),

ρ′F (t)

ρF (t)
≤ − 1

(β+t)
(α + ρF (t)) fort ≥ t′,

ρ′F (t)

ρF (t)
≥ − 1

(β+t)
(α + ρF (t)) fort ≤ t′

for ρF (t) = (β + t)rF (t)

Beta,[0, 1]

f∗(x) = β(1− x)β−1, β > 0





ρ′F (t)

β+ρF (t)
≥ −(1− x)β−1(β + ρF (t))

for β ≤ 1, ρF (t) = (1− t)rF (t)

ρ′F (t)

β+ρF (t)
≤ −(1− x)β−1(β + ρF (t))

for β ≥ 1, ρF (t) = (1− t)rF (t)
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tables, the distributions are arranged according to the type of differential
equations (complexity of the inequality constraints) for their maximal sets.
The first constraint ∃t′ > 0 : rF (t′) = rF ∗(t′) says that the maximal set ΩF

consists the distributions which their reversed hazard function plot meets
the reversed hazard function plot of MIE distribution in at least a time
t > 0. For the distribution listed in table 1, constraints are described in
terms of the relative growth of the reversed hazard function, r′F (t)

rF (t) , and in
table 2, constraint for maximal set are described in terms of the relative
growth of ρ(t), ρ′F (t)

ρF (t) .

The list in table 1 begins with the uniform distribution, which its past
entropy is maximum in the set of all distribution with no constraints.

The proof for the exponential distribution is given by the following
theorem.

Theorem 2 The exponential distribution is the MIE model in the set of
distributions ΩF with differentiable PDFs f(.) over the support [0,∞) and
the reversed hazard function rF (t),where

(a) ∃t′ > 0 : rF (t′) = rF ∗(t′),

(b) r′F (t)

rF (t) ≤ −(β + rF (t)) fort ≥ t′,

(c) r′F (t)

rF (t) ≥ −(β + rF (t)) fort ≤ t′.

Proof: from (b) we get

r′F (t)
rF (t)(β + rF (t))

≤ −1 fort ≥ t′.

Multiplying both sides by β and decomposing the fraction, we obtain that

βr′F (t)
rF (t)(β + rF (t))

=
r′F (t)
rF (t)

− r′F (t)
(β + rF (t))

≤ −β. fort ≥ t′

Integrating both sides over [t′, t], t′ > 0 is the time that rF (t′) = rF ∗(t′),
and solving for rF (t) give

rF (t) ≤ β

eβt − 1
= rF ∗(t) fort ≥ t′,
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where rF (t) is the reversed hazard function of F and rF ∗(t) is the reversed
hazard function of exponential with PDF shown in table 1. Using similar
arguments as above for part (c), we get rF (t) ≤ rF ∗(t) for t ≤ t′. Then
rF (t) ≤ rF ∗(t) for t > 0. Since the exponential PDF is decreasing in x, by
Theorem 1, H(f ; [t]) ≤ H(f∗; [t]).
The proof for the other distributions in table 1 is similar.

Table 2 lists the maximal sets for several other distribution that their
constraints are described in terms of the relative growth ρ(t) = h(t)rF (t), h(t) >
0 for all t > 0. The result for the weibull distribution is given by the follow-
ing theorem. The proof for other distributions listed in table 2 essentially
follows the same steps.

Theorem 3 The weibull distribution is the MIE model in the set of distri-
butions ΩF with differentiable PDFs f(.) over the support [0,∞) and the
reversed hazard function rF (t),where

(a) ∃t′ > 0 : rF (t′) = rF ∗(t′)

(b) ρ′F (t)

ρF (t) ≤ −(t + x0)α−1(α + ρF (t)) fort ≥ t′,

(c) ρ′F (t)

ρF (t) ≥ −(t + x0)α−1(α + ρF (t)) fort ≤ t′.

with ρF (t) = (x0 + t)1−αrF (t).

Proof: From the condition (b), we have

ρ′F (t)
ρF (t)(α + ρF (t))

≤ −(t + x0)α−1 fort ≥ t′,

Multiplying both sides by α and decomposing the fraction, we obtain that

αρ′F (t)
ρF (t)(α + ρF (t))

=
ρ′F (t)
ρF (t)

− ρ′F (t)
(α + ρF (t))

≤ −α(t + x0)α−1 fort ≥ t′,

Integrating both sides over [t′, t], t′ > 0 is the time that rF (t′) = rF ∗(t′),
and solving for rF (t) using the fact that ρF (t) = (x0 + t)1−αrF (t) give

rF (t) ≤ α(x + x0)α−1

e(x+x0)α−xα
0 − 1

= rF ∗(t) fort ≥ t′,
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where rF (t) is the reversed hazard function of F and rF ∗(t) is the reversed
hazard function of weibull with PDF shown in table 2. Using similar ar-
guments as above for part (c), we get rF (t) ≤ rF ∗(t) for t ≤ t′. Then
rF (t) ≤ rF ∗(t) for t > 0. Since the weibull PDF is decreasing in x, by
Theorem 1, H(f ; [t]) ≤ H(f∗; [t]).

The next theorem shows the constraints that define the maximal sets
ΩF in which the mixture of two power distributions is a MIE distribution. It
should be noted that the moment constraints that characterize this mixure
model is not available.

Theorem 4 The mixture of two power distributions with PDF f∗(x) =
αβ1x

β1−1 + (1 − α)β2x
β2−1, 0 < x < 1, 0 < α < 1, 0 < β2 < β1 < 1(1 <

β2 < β1), is the MIE model in the set of distributions ΩF with differentiable
PDFs f(.) over the support [0,1] and reversed hazard functions rF (t), where

(a) rF (1) = αβ1 + (1− α)β2, 0 < α < 1, 0 < β2 < β1 < 1(1 < β2 < β1),

(b) β2 < ρF (t) < β1,

(c) tρ′F (t)

ρF (t)−β2
≥ −(ρF (t)− β1)(

tρ′F (t)

ρF (t)−β2
≤ −(ρF (t)− β1)),

with ρF (t) = trF (t).

Proof: from (c) we get ρ′F (t)

(ρF (t)−β2)(β1−ρF (t)) ≥ 1/t. Multiplying both sides
by β1 − β2 and decomposing the fraction, we obtain that

ρ′F (t)
β1 − ρF (t)

+
ρ′F (t)

ρF (t)− β2
≥ (β1 − β2)

t
.

Integrating both sides over [t, 1] using the initial condition (a), and solving
for ρF (t) using the fact that ρF (t) = trF (t) give

rF (t) ≤ αβ1x
β1−1 + (1− α)β2x

β2−1

αxβ1 + (1− α)xβ2
= rF ∗(t),

where rF (t) is the reversed hazard function of F and rF ∗(t) is the reversed
hazard function of mixture of two powers. Since the mixture of two pow-
ers PDF with parameters β1, β2 < 1 is decreasing in x, by Theorem 1,
H(f ; [t]) ≤ H(f∗; [t]).
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Abstract: In this paper after defining the concepts of statistical convergence and
statistical Cauchy on probabilistic normed spaces, we give a characterization for
statistically convergent sequences and some theorems about this kind of conver-
gency.

Keywords: Probabilistic normed space, statistically convergent se-
quences, statistically Cauchy.

1 Introduction

The concept of probabilistic metric spaces introduced in 1942 by Menger [6].
Also the theory of probabilistic normed spaces is an important generaliza-
tion of normed spaces [9]. It is interested to extend statistical convergence
to probabilistic normed spaces. This idea was introduced by Steinhaus [8]
but rapid developments started after the paper of Connor [2] and Fridy [3].

2 Preliminaries

A mapping F : (−∞,∞) → [0, 1] is called a distribution function if it is
nondecreasing and left continuous on (0,∞) with F (0) = 0. The class of
all distribution functions is denoted by ∆+.A Menger space (probabilistic
metric space) is an order pair (X, F ) where X is a nonempty set and F is
a mapping from X × X to ∆+ is denoted by Fpq(.) satisfies the following
conditions:

1) Fpq(x) = 1 for all x > 0 iff p = q ∀ p, q ∈ X,
2) Fpq(x) = Fqp(x) ∀ p, q ∈ X, x ∈ R,
3) If Fpq(t) = 1 , Fqr(s) = 1 then Fpr(t+s) = 1 for p, q, r ∈ X ,x, y ∈ R.

A binary operation T : [0, 1] × [0, 1] → [0, 1] is called a triangular norm
(abbreviated t-norm) if the following conditions are satisfied:
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1) T (a, 1) = a forevery a ∈ [0, 1],
2) T (a, b) = T (b, a) forevery a, b ∈ [0, 1],
3) a ≥ b, c ≥ d ⇒ T (a, c) ≥ T (b, d) a, b, c ∈ [0, 1].
4) T (T (a, b), c) = T (a, T (b, c)).

Definition 1.2(Schweizer and Sklar): A generalized Menger space
is a triple (X, F, T ) where (X,F ) is a probabilistic metric space, T is a
t-norm and the following inequlity hold:

Fpr(x + y) ≥ T (Fpq(x), Fqr(y)) ∀ p, q, r ∈ X, ∀ x, y ≥ 0

Definition 2.2: A triple (X,F, T ) is called a probabilistic normed space
if X is a real vector space,F is a mapping X into ∆+ and T is a t-norm
satisfying the following the following conditions:
1) Fx(0) = 0
2) Fx(t) = 1 ∀t > 0 ⇔ x = 0
3) Fαx(t) = Fx( t

|α|) ∀ α ∈ R− {0}
4) Fx+y(s + t) ≥ T (Fx(s), Fy(t)) ∀ x, y ∈ X, s, t ∈ R+.

Definition 3.2: [1] Let (X,F, T ) be a probabilistic normed space. A
sequence (xn) of elements of X is said to be convergent to ξ ∈ X with
respect to the probabilistic norm F if for every ε > 0 and λ ∈ (0, 1) there
exists a positive integer m0 such that Fxn−ξ(ε) > 1− λ, ∀ n ≥ m0 and
we write F − lim xn = ξ or xn → ξ with respect to F . A sequence (xn) of
elements of X is said to be Cauchy with respect to the probabilistic norm
F if Fxn−xm(ε) > 1− λ, ∀ n,m ≥ m0.

Definition 4.2: [4] Let (X,F, T ) be a probabilistic normed space. A
double sequence x = (xij) of elements of X is said to be convergent to
ξ ∈ X with respect to the probabilistic norm F if for every ε > 0 and λ ∈
(0, 1) there exists a positive integer m0 such that Fxij−ξ(ε) > 1−λ,whenever
i, j ≥ m0 and we write F2 − lim x = ξ or xij → ξ as i, j → ∞ with re-
spect to F . A double sequence x = (xij) of elements of X is said to be
Cauchy with respect to the probabilistic norm F if for every ε > 0 and
λ ∈ (0, 1), there exist m0 and n0 such that Fxij−xkl

(ε) > 1 − λ, for all
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i, k ≥ m0 , j, l ≥ n0.

3 Main Results

The natural density of a subset A of N is denoted by δ(A) and is defined
by

δ(A) = lim
n→∞

1
n
|{k < n : k ∈ A}|

where the vertical bar denotes the cardinality of the respective set. The
natural density may not exist for each set A but the upper density δ always
exists and defined as follows:

δ(A) = lim sup
n

1
n
|{k ≤ n : k}|.

A sequence x = (xn) of numbers is statistically convergent to ξ if

δ({k ∈ N : |xk − ξ| ≥ ε}) = 0

for each ε > 0 and we write st− limx = ξ.

Definition 1.3: Let (X, F, T ) be a probabilistic normed space. A
sequence (xn) of elements of X is said to be statistically convergent [4] to
ξ ∈ X with respect to the probabilistic norm F if for every ε > 0 and
λ ∈ (0, 1) we have

δ({n ∈ N : Fxn−ξ(ε) ≤ 1− λ}) = 0.

or equivalently

lim
n

1
n
|{k ≤ n : Fxn−ξ(ε) ≤ 1− λ}| = 0.

The element ξ is called statistical limit of the sequence(xn) with respect to
the probabilistic norm F and we write stF − lim xn = ξ.

Definition 2.3: A sequence (xn) of elements of X is said to be sta-
tistically Cauchy [4] with respect to the probabilistic norm F if for every
ε > 0 and λ ∈ (0, 1) we have

δ({n ∈ N : Fxn−xm(ε) ≤ 1− λ}) = 0.
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Lemma 1.3: Let (X, F, T ) be a probabilistic normed space. Then for ev-
ery ε > 0 and λ ∈ (0, 1) the following statements are equivalent:
1) stF − lim xn = ξ,
2) δ({n ∈ N : Fxn−ξ(ε) ≤ 1− λ}) = 0,
3) δ({n ∈ N : Fxn−ξ(ε) > 1− λ}) = 1,
4) st− lim Fxn−ξ(ε) = 1.

Theorem 1.3: Let (X,F, T ) be a probabilistic normed space. If a
sequence (xn) is statistically convergent with respect to the probabilistic
norm F , then stF − lim xn = ξ is unique.

Proof: Assume that stF − limx = ξ1 and stF − limx = ξ2. For a given
λ > 0 choose δ ∈ (0, 1) such that T ((1− δ), (1− δ)) > 1−λ. Then for every
ε > 0 define the following sets:

AF,1(δ, ε) = {k ∈ N : Fxk−ξ1(ε) ≤ 1− δ},

AF,2(δ, ε) = {k ∈ N : Fxk−ξ2(ε) ≤ 1− δ}.
Since stF − limx = ξ1, δ{AF,1(δ, ε)} = 0 for all ε > 0. Furthermore,
using stF − limx = ξ2, we get δ{AF,2(δ, ε)} = 0 for all ε > 0. Now
let AF (δ, ε) = AF,1(δ, ε)

⋂
AF,2(δ, ε). Then δ{AF (δ, ε)} = 0 which implies

δ{N−AF (δ, ε)} = 1 . When k ∈ N−AF (δ, ε) then we have

Fξ1−ξ2(ε) ≥ Fxk−ξ1(
ε

2
) ∗ Fxk−ξ2(

ε

2
) > (1− δ) ∗ (1− δ)

Since (1− δ) ∗ (1− δ) > 1− λ therefore

Fξ1−ξ2(ε) > 1− λ

Since λ > 0 and by the last relation Fξ1−ξ2(ε) = 1 for each ε > 0 we obtain
ξ1 = ξ2 and stF − limit is unique.

Theorem 2.3: Let (X,F, T ) be a probabilistic normed space. If
F − lim xn = ξ, then stF − lim xn = ξ.
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proof: for all λ ∈ (0, 1) and ε > 0, there is a number j ∈ N such that
Fxk−ξ(ε) ≤ 1 − δ} for every n > j, therefore the set {n ∈ N : Fxn−ξ(ε) >
1−λ} has at most finitely many terms. Since every finite subset has density
zero,δ({n ∈ N : Fxn−ξ(ε) > 1− λ}) = 0.

Theorem 3.3: Let (X, F, T ) be a probabilistic normed space. Then
stF−lim xn = ξ if and only if there exists an increasing index sequence K =
{kn}n∈N of natural numbers such that δ{K} = 1 and F − limn∈ K xn = ξ,
i.e., F − limn xkn = ξ.

The statistical convergence of double sequences can be defined as follows:

Definition 3.3:[5] Let A ⊂ N × N be a two dimensional of positive
integers and A(n,m) be the numbers of (i, j) in A such that i ≤ n and
j ≤ m. The two dimensional natural density is the lower asymptotic den-
sity of set A is defined as

δ2(A) = lim inf
n,m

A(n,m)
nm

When the sequence A(n,m)
nm has a limit in Pringsheim′s sense [7] then A

has a double natural density and is defined as

δ2(A) = lim
n,m

A(n,m)
nm

Definition 4.3: A real double sequence x = (xi,j) is said to be statistically
convergent to number ξ if for every ε > 0 the set

{(i, j), i ≤ n, j ≤ m : |xi,j − ξ| ≥ ε}

has double natural density zero and we write st2 − limi,j xi,j = ξ.

Definition 5.3: A real double sequence x = xi,j is said to be statisti-
cally Cauchy if for every ε > 0 there exist n = n0(ε) and m = m0(ε) such
that for all i, k ≥ n0, j, l ≥ m0 the set

{(i, j), i ≤ n, j ≤ m : |xij − xkl| ≥ ε}
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has double natural density zero.

Definition 6.3: Let (X, F, T ) be a probabilistic normed space. A real
double sequence x = (xi,j) is said to be statistically convergent to number
ξ ∈ X with respect to the probabilistic normed F if for every ε > 0 and
λ ∈ (0, 1),

A = {(i, j), i ≤ n, j ≤ m : Fxi,j−ξ(ε) ≤ 1− λ}
has double natural density zero, that is, if A(n, m) become the numbers of
(i, j) in A

lim
n,m

A(n,m)
nm

= 0.

In this case we writes stF2−limi,j xi,j = ξ where ξ is called to be stF2−limit,
and the set of all statistically convergent double sequences with respect to
probabilistic norm F by stF2 .

Lemma 2.3: Let (X,F, T ) be a probabilistic normed space.Then for
every ε > 0 and λ ∈ (0, 1) the following statements are equivalent:
1) stF2 − limi,j xi,j = ξ,
2) δ2({(i, j), i ≤ n, j ≤ m : Fxi,j−ξ(ε) ≤ 1− λ}) = 0,
3) δ2({(i, j), i ≤ n, j ≤ m : Fxi,j−ξ(ε) > 1− λ}) = 1,
4) st2 − lim Fxi,j−ξ(ε) = 1.

Proof: By Definition 6.3 the first three statement are equivalent. We
will show 2,4 are equivalent.By Definition we have
{(i, j), i ≤ n, j ≤ m : |Fxi,j−ξ(ε)− 1| ≥ λ} =
{(i, j), i ≤ n, j ≤ m : Fxi,j−ξ(ε) ≥ 1+λ}∪{(i, j), i ≤ n, j ≤ m : Fxi,j−ξ(ε) ≤
1− λ}
it follows 2,4 are equivalent.

Theorem 4.3: Let (X,F, T ) be a probabilistic normed space. If a
double sequence x = (xij) is statistically convergent with respect to the
probabilistic norm F , then stF2 − limit is unique.

Proof: Assume that stF2 − lim x = ξ1 and stF2 − limx = ξ2. For a
given λ > 0 choose δ ∈ (0, 1) such that T ((1 − δ), (1 − δ)) > 1 − λ. Then
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for every ε > 0 define the following sets:

AF,1(δ, ε) = {(i, j) ∈ N ×N : Fxij−ξ1(ε) ≤ 1− δ},

AF,2(δ, ε) = {(i, j) ∈ N ×N : Fxij−ξ2(ε) ≤ 1− δ}.
Since stF2 − lim x = ξ1, δ2{AF,1(δ, ε)} = 0 for all ε > 0. Furthermore,
using stF2 − limx = ξ2, we get δ2{AF,2(δ, ε)} = 0 for all ε > 0. Now
let AF (δ, ε) = AF,1(δ, ε)

⋂
AF,2(δ, ε). Then δ2{AF (δ, ε)} = 0 which implies

δ2{N× N−AF (δ, ε)} = 1 . When (i, j) ∈ N× N−AF (δ, ε) then we have

Fξ1−ξ2(ε) ≥ Fxij−ξ1(
ε

2
) ∗ Fxij−ξ2(

ε

2
) > (1− δ) ∗ (1− δ)

Since (1− δ) ∗ (1− δ) > 1− λ therefore

Fξ1−ξ2(ε) > 1− λ

Since λ > 0 and by the last relation Fξ1−ξ2(ε) = 1 for each ε > 0 we obtain
ξ1 = ξ2 and stF − limit is unique.

Theorem 2.3: Let (X, F, T ) be a probabilistic normed space. If for a
double sequence x = (xi,j), F2 − lim x = ξ, then stF2 − lim x = ξ.

proof: for all λ ∈ (0, 1) and ε > 0, there is a number k ∈ N such
that Fxij−ξ(ε) ≤ 1 − δ} for every i > k and j > k, therefore the set
{(i, j) ∈ N × N : Fxij−ξ(ε) ≤ 1 − λ} has at most finitely many terms.
Since every finite subset has double density zero then ,δ2({(i, j) ∈ N× N :
Fxi,j−ξ(ε) ≤ 1− λ}) = 0.
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Abstract: We analyze a single server queue with Poisson input, two heteroge-
neous services in which the second service is optional and the second phase of
service has many cases. The first phase of service is essential for all customers,
but with probability γ a tagged customers chose second phase or with probability
1− γ leave the system. After completion of first phase or second phase of service,
the server either goes for a vacation with probability θ(0 ≤ θ ≤ 1), or may con-
tinue to serve the next unit with probability 1 − θ, if any. Otherwise, it remains
in the system until a customer arrives. In this paper we derive the steady- state
equations, and PGF’s of the system is obtained. By using them the mean queue
size of the system at the departure epoch is obtained as a classical generalization
of Pollaczek-Khinchine formula for M/G/1 queueing system. Finally, by using
Little’s formulas we have obtained other measures of system and some extended
systems.

Keywords: M/G/1 Queue, Two phase of heterogeneous service, Bernoulli
vacation, Mean queue size, Mean response time.

1 Introduction

For the first time the concept of Bernoulli vacation were studied by Keil-
son and Servi [4,5]. They introduced the concept of modified service time
which has a main rule in systems with general service and vacation time.
Recently Madan [7],Madan and Choudhury [8] studied the M/G/1 queue-
ing system with two phase of heterogeneous services so that the first phase
of service followed by second phase of service under a Bernoulli vacation
schedule. An MX/G/1 queue system with an additional service channel
were analyzed by Choudhury [1]. Furthermore a similar work can be found
in [9] . Considerable efforts have been devoted in this model by Servi[10],
Takagi[11] and Doshi[2].

In many applications such as hospital services, production systems,
bank services ,computer and communication networks; there is two phase
of services such that the first phase is essential for all customers, but as
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soon as the essential services completed, it may leave the system or may
immediately go for the second phase of service. We assume that the second
phase of service has two optional cases, where customers may choose one
of them with certain probability, however these cases are extended to k
cases easily. This approach is explained in section 5 of this paper. Also in
this system for overhauling or maintenance of the system, or serving other
customers, or fatigue of the server or for other reasons not mentioned here
, the server may go to vacation.

In this paper we analyze a single server queue with Piosson input, two
phase of heterogeneous service which second phase has optional cases and
Bernoulli vacation for server. In section 2 we deal with the mathematical
model and definitions. Steady-State conditions and generating functions
are discussed in section 3.

Mean queue size and mean response time are computed in section 4
where in section 5 a general case and some special cases are investigated.

2 Mathematical model and definitions

We consider a queueing system such that:
i) Customers arrive at the system one by one in a Poisson stream with
mean rate λ > 0.
ii)The server provides two phases of heterogeneous service in succession.
The service discipline is assumed to be on the basis of first come, first
served(FCFS). The first phase of service is essential for all customers, but
as soon as the essential service with probability γ(0 ≤ γ ≤ 1) is completed,
a tagged customer leaves the system, or moves for second phase with prob-
ability 1 − γ. The second phase has two cases(alternative) where server
choose first and second case with probability of p1 and p2 respectively such
that p1 + p2 = 1.
The service times for two phases are independent random variables, where
we denote them by B1, B2. Their Laplace-Stieltjes transform (LST)are
B∗

1(s), B∗
2(s) where we assume they have finite moments E(Bl

i) for l1 and
i=1,2. Also for second phase of service the random variables S1 and S2

denote the service time of first and second case, respectively.Their corre-
sponding LST are shown as S∗1(s) and S∗2(s) respectively. Also we assume
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that the E(Sl
i) is finite for l ≥ 1 and i = 1, 2. In the other word

B2 = p1S1 + p2S2

and
B∗

2(s) = p1S
∗
1(s) + p2S

∗
2(s) (1)

iii)With probability of (1 − γ), as soon as the first phase of a customer
complete or the second phase complete, the server may go for a vacation of
random length V with probability θ(0 ≤ θ ≤ 1) or it may continue to serve
the next customer, if any, with probability (1− θ), otherwise it remains in
the system and waits for a new arrival.We denote V (x), V ∗(s) and E(V l) for
distribution function (DF),LST and l′th finite moment of V , respectively
where l ≥ 1.
iv)The random variables B1, B2, V and also S1, S2 are all independent.

Definition 0.1 The modified service time or the time required by a
customer to complete the service cycle is given by

B =

{
B0 + V with probability θ

B0 with probability (1− θ)
(2)

then the LST B∗(s) of B is given by

B∗(s) = θB∗
0(s)V ∗(s) + (1− θ)B∗

0(s) (3)

where

B0 =

{
B1 + B2 with probability γ

B1 with probability (1− γ)
(4)

and
B∗

0(s) = γB∗
1(s)B∗

2(s) + (1− γ)B∗
1(s) (5)

andB∗
2(s) is given by (1). Also

E(B) = −dB∗(s)
ds

|s=0= E(B0) + θE(V ) (6)
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where

E(B0) = −dB∗
0(s)
ds

|s=0 = E(B1) + γE(B2)

= E(B1) + γ[p1E(S1) + p2E(S2)]
(7)

and

E(B2) =
(−1)2d2B∗(s)

ds2
|s=0= E(B2

0) + 2θE(B0)E(V ) + θ E(V 2) (8)

where

E(B2
0) =

(−1)2d2B∗
0(s)

ds2
|s=0= E(B2

1) + 2γE(B1)E(B2) + γ E(B2
2) (9)

Further we assume for i = 1, 2; Bi(0) = 0, Bi(∞) = 1 and Bi(x) are
continuous at x = 0 , so that

µi(x)dx =
dBi(x)

1−Bi(x)
(10)

are the first order differential equation(hazard rate functions) of Bi .Also
V (0) = 0, V (∞) = 1 and V (x) is continuous at x = 0 , so that

ν(x)dx =
dV (x)

1− V (x)
(11)

is hazard rate function of V.

We assume NQ(t) to be the queue size at time ’t’ and the supplementary
variables as follows are defined :

B0
1(t)[B0

2(t)] ≡ the elapsed first [second] phase of service at time ’t’
V 0(t) ≡ the elapsed vacation time at time ’t’

Now let us introduce the following random variables :

Y (t) =





0 if the server is idle at time ’t’,
1[2] if the server is busy with first[second] phase of service,

at time ’t’,
3 if the server is on vacation at time ’t’.

(12)
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From this we have a bivariate Markov process {NQ(t), L(t)} where L(t) = 0
if Y (t) = 0 ; L(t) = B0

i (t) if Y (t) = i for i = 1, 2 and L(t) = V 0(t) if
Y (t) = 3 .Now for i = 1, 2 the following probabilities defined as

Qn(x, t) = Prob[NQ(t) = n,L(t) = V 0(t);x < V 0(t)x + dx] x >
0, n0
Pi,n(x, t) = Prob[NQ(t) = n,L(t) = B0

i (t);x < B0
i (t)x + dx] x > 0, n0

and

R0(t) = Prob[NQ(t) = 0, L(t) = 0]

Now the analysis of the limiting behaviour of this queueing process at
a random epoch can be performed with the help of Kolmogorov forward
equations, provided the following limits exist and independent of initial
state :

R0 = limt→∞R0(t)
Pi,n(x)dx = limt→∞ Pi,n(x, t)dx i = 1, 2 x > 0, n0

Qn(x)dx = limt−→∞Qn(x, t)dx x > 0, n > 0

Now for i = 1, 2 the PGF of this probabilities are defined as follow:

Pi(x, z) =
∞∑

n=0

znPi,n(x) |z|1, x > 0 (13)

Pi(0, z) =
∞∑

n=0

znPi,n(0) |z|1 (14)

Also

Q(x, z) =
∞∑

n=0

znQn(x) |z|1, x > 0 (15)

Q(0, z) =
∞∑

n=0

znQn(0) (16)

3 Steady-state probability generating function
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From kolmogorov forward equations , for i = 1, 2 the steady-state condi-
tions can be written as follow

d

dx
Pi,n(x) + [λ + µi(x)]Pi,n(x) = λPi,n−1(x) n ≥ 0, x > 0 (17)

and
d

dx
Qn(x) + [λ + ν(x)]Qn(x) = λQn−1(x) n ≥ 0, x > 0 (18)

also

λR0 = (1− θ)(1− γ)
∫ +∞

0
µ1(x)P1,0(x)dx + (1− θ)

×
∫ +∞

0
µ2(x)P2,0(x)dx +

∫ +∞

0
ν(x)Q0(x)dx (19)

we set P1,−1(x) = 0 , P2,−1(x) = 0 and Q−1(x) = 0 in (17), (18) and (19)
.

These set of equations are to be solved under the following boundary
conditions at x = 0

P1,0(0) = λR0 + (1− θ)(1− γ)
∫ +∞

0
µ1(x)P1,1(x)dx + (1− θ)

×
∫ +∞

0
µ2(x)P2,1(x)dx +

∫ +∞

0
ν(x)Q1(x)dx (20)

and for n > 0

P1,n(0) = (1− θ)(1− γ)
∫ +∞

0
µ1(x)P1,n+1(x)dx + (1− θ)

∫ +∞

0
µ2(x)P2,n+1(x)dx +

∫ +∞

0
ν(x)Qn+1(x)dx (21)

P2,n(0) = γ

∫ +∞

0
µ1(x)P1,n(x)dx, n0 (22)

also

Qn(0) = (1− γ)θ
∫ +∞

0
µ1(x)P1,n(x)dx + θ

∫ +∞

0
µ2(x)P2,n(x)dx, n0

(23)
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Finally the normalizing condition is

R0 +
2∑

i=1

∞∑

n=0

∫ +∞

o
Pi,n(x)dx +

∞∑

n=0

∫ +∞

0
Qn(x)dx = 1 (24)

Lemma 0.2 For i = 1, 2 from (17) we have

Pi(x, z) = Pi(0, z)[1−Bi(x)]e−λ(1−z)x x > 0 (25)

and from (18)

Q(x, z) = Q(0, z)[1− V (x)]e−λ(1−z)x x > 0 (26)

Proposition 0.3 If for i=1,2

B∗
i (λ− λz) =

∫ +∞

0
e−λ(1−z)xdBi(x) (27)

V ∗(λ− λz) =
∫ +∞

0
e−λ(1−z)xdV (x) (28)

are the z-transform of Bi and V respectively ,then by multiplying (21) in zn

and summation from n = 1 to +∞, adding (20) to result and using (19)
we have :

zP1(0, z) = λR0(z − 1) + (1− θ)(1− γ)P1(0, z)B∗
1(λ− λz)

+(1− θ)P2(0, z)B∗
2(λ− λz) + Q(0, z)V ∗(λ− λz) (29)

Proposition 0.4 By multiplying (22) in zn and summation on n = 1
to +∞ we have:

P2(0, z) = γP1(0, z)B∗
1(λ− λz) (30)

similarly from (23)

Q(0, z) = (1− γ)θP1(0, z)B∗
1(λ− λz) + θP2(0, z)B∗

2(λ− λz) (31)

In the rest of this section for simplifying we omit (λ− λz).
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Corollary 0.5 I) By substitute P2(0, z) and Q(0, z) from (30), (31)
in (24) we have

P1(0, z) =
λR0(z − 1)

z − {(1− γ)[(1− θ) + θV ∗]B∗
1 + γ[(1− θ) + θV ∗]B∗

1B∗
2}

(32)

Since

P1(z) =
∫ +∞
0 P1(x, z)dx

hence from (25) for i = 1 , using (32) and integration by part we have

P1(z) =
R0(1−B∗

1)
{(1− γ)[(1− θ) + θV ∗]B∗

1 + γ[(1− θ) + θV ∗]B∗
1B∗

2} − z
(33)

Similarly from (25) for i = 2, (30) and (33) we have

P2(z) =
∫ +∞

0
P2(x, z)dx

∫ +∞

0
P2(0, z)[1−B2(x)]e−λ(1−z)xdx

=
∫ +∞

0
γP1(0, z)B∗

1 [1−B2(x)]e−λ(1−z)xdx

=
R0γB∗

1(1−B∗
2)

{(1− γ)[(1− θ) + θV ∗]B∗
1 + γ[(1− θ) + θV ∗]B∗

1B∗
2} − z

(34)

Finally from (26),(31) and with the same method we have

Q(z) =
∫ +∞

0
Q(x, z)dx =

R0θB
∗
1 [1− γ(1−B∗

2)][1− V ∗]
{(1− γ)[(1− θ) + θV ∗]B∗

1 + γ[(1− θ) + θV ∗]B∗
1B∗

2} − z
(35)

Remark 0.6 The unknown constant R0 can be determined by using
normalizing condition (24) which is

R0 + P1(1) + P2(1) + Q(1) = 1 (36)

from (33),(34) and (35) by using L’Hopital rule we have
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P1(1) = λE(B1)
1−λ[E(B1)+γE(B2)+θE(V )]

P2(1) = γλE(B2)
1−λ[E(B1)+γE(B2)+θE(V )]

Q(1) = λθE(V )
1−λ[E(B1)+γE(B2)+θE(V )]

hence by substituting in (36) and simplifying we have R0 = 1− ρ where

ρ = λ[E(B1) + γE(B2) + θE(V )] (37)

R0 is the steady-state probability that the server is idle but available
in the system, hence ρ < 1 can be the stability condition under which the
steady state solution exist.

Corollary 0.7 From (33),(34) and (35) the PGF of the queue size
distribution at a random epoch is

P (z) = P1(z) + P2(z) + Q(z)

= (1− ρ){1−B∗
1(1− γ)− γB∗

1B∗
2 + [γθB∗

1B∗
2 + (1− γ)θB∗

1 ](1− V ∗)
{(1− γ)[(1− θ) + θV ∗]B∗

1 + γ[(1− θ) + θV ∗]B∗
1B∗

2} − z
}

(38)

and PGF of the queue size distribution at departure epoch(e.g see [3]) is

PQ(z) = R0 + zP (z)

= (1− ρ)
(z − 1){(1− γ)[(1− θ) + θV ∗]B∗

1 + γ[(1− θ) + θV ∗]B∗
1B∗

2}
z − {(1− γ)[(1− θ) + θV ∗]B∗

1 + γ[(1− θ) + θV ∗]B∗
1B∗

2}
(39)

if choose

G(z) = {(1− γ)[(1− θ) + θV ∗]B∗
1 + γ[(1− θ) + θV ∗]B∗

1B∗
2} (40)

then
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PQ(z) = (1− ρ)
(z − 1)G(z)
z −G(z)

(41)

which has familiar form by comparing with same formula in M/G/1 queue.

4 Mean queue size and other measures of system

Let LQ be the mean number of customers in the queue (i.e mean queue
size), then we have

LQ =
dPQ(z)

dz
|z=1 (42)

Proposition 0.8 From (42) , using (39)and (37) we have

LQ = ρ +
λ2[E(B2

1) + γE(B2
2) + 2γE(B1)E(B2)]

2(1− ρ)
(43)

+
λ2[θE(V 2) + 2θE(B1)E(V ) + 2γθE(B2)E(V )]

2(1− ρ)
(44)

which by using (6),(7),(8) and (9) a brief form is

LQ = ρ +
λ2E(B2)
2(1− ρ)

(45)

The formula (44) is interesting because is like as M/G/1′s formula for LQ

; i.e Pollaczek-Khinchin formula.
Now for computing the mean response time of a test customer in this

model , we use the approach of Kleinrock [6].Let W ∗
Q(s) be the LST of DF

of waiting time of a tagged customer in this model.Then we have

W ∗
Q(λ− λz)B∗(λ− λz) = PQ(z) (46)

where B∗ is defined in (3).
If WR denote the time interval from arrival time to the time when a tagged
customer leaves the system after of completion service completion; i.e wait-
ing time plus service time, then

W ∗
R(s) = W ∗

Q(s)B∗(s) (47)
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and mean response time of a tagged customer is

E(WR) = −dW ∗
R(s)
ds

|s=0 (48)

By substituting from (45) in (46) we have

W ∗
R(s) = PQ(1− s

λ
) (49)

by using (39) and from (47) we have

E(WR) =
1
λ

LQ (50)

Also the average system size is L = LQ + ρ where ρ is in (37).

5 General and Particular cases
5.1 General case

In this note we assume that the second phase of service has two cases where
a tagged customer choose one of them with probability pi(i = 1, 2).
We can generalized this to k cases that a tagged customer can choose the
case i with probability pi for i = 1, 2, ..., k and p1 + p2 + ...pk = 1. In this
version only B∗

2(s) is changed .For i = 1, 2, ..., k if Si denote that the service
time of i′th case and S∗i (s) its LST, then

B∗
2(s) =

k∑

i=1

piS
∗
i (s) (51)

and

E(B2) =
k∑

i=1

piE(Si) , E(B2
2) =

k∑

i=1

piE(S2
i ) (52)

5.2 Particular case
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I)If θ → 0; i.e there is no vacation in the system , then from (39) we have

PQ(z) = (1− ρ)
(z − 1){(1− γ)B∗

1 + γB∗
1B∗

2}
z − {(1− γ)B∗

1 + γB∗
1B∗

2}
(53)

where
ρ = λ[E(B1) + γE(B2)] (54)

and

LQ = ρ +
λ2[E(B2

1) + γE(B2
2) + 2γE(B1)E(B2)]

2(1− ρ)
(55)

II)If γ → 1 ; i.e a tagged customer surely accept the second phase of service
, then from (39) we have

PQ(z) = (1− ρ)
(z − 1)[(1− θ) + θV ∗]B∗

1B∗
2

z − [(1− θ) + θV ∗]B∗
1B∗

2

(56)

where
ρ = λ[E(B1) + E(B2) + θE(V )] (57)

and

LQ = ρ +
λ2[E(B2

1) + E(B2
2) + 2E(B1)E(B2)]

2(1− ρ)
(58)

+
λ2[2θ[E(B1) + E(B2)]E(V ) + θE(V 2)]

2(1− ρ)
(59)

which is the result of [8] if we set p1 = 1 and p2 = 0.
III) If γ → 0 ; i.e there isn’t second phase , or we have M/G/1 system with
vacation , then from (39)

PQ(z) = (1− ρ)
(z − 1)[(1− θ) + θV ∗]B∗

1

z − [(1− θ) + θV ∗]B∗
1

(60)

where
ρ = λ[E(B1) + θE(V )] (61)

and

LQ = ρ +
λ2[E(B2

1) + 2θE(B1)E(V ) + θE(V 2)]
2(1− ρ)

(62)
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Also if θ → 0,then we have the classical M/G/1 queue and from (53)

PQ(z) = (1− ρ)
(z − 1)B∗

1

z −B∗
1

(63)

where ρ = λE(B1), and

LQ = ρ +
λ2E(B2

1)
2(1− ρ)

(64)

which is the Pollaczek-Khinchine familiar formula.
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State Dependence and Feedback Effects in
Individual Poverty Histories

Martin Biewen‡

Department of Economics, University of Mainz, Mainz, 55128,
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Abstract: This paper argues that the strict exogeneity assumption which is
usually invoked in econometric models of state dependence is inappropriate in
the context of poverty dynamics. The reason is that poverty may have feed-
back effects to important determinants of contemporaneous poverty status such
as employment status and household composition. The paper compares different
conventional models of state dependence and proposes a model that incorporates
feedback effects.

Keywords: Poverty persistence, Dynamic Binary Response Models,
Correlated Random Effects, Initital Conditions, Strict Exogeneity.

1 Introduction

For policy purposes, it is of considerable interest whether there are state de-
pendence effects of poverty, i.e. whether experiencing poverty in one period
increases the risk of being poor in future periods (’poverty trap’). In order
to rule out spurious state dependence effects (individuals who were poor in
past periods because of unfavourable characteristics are more likely to be
poor in future periods if the underlying characteristics do not change) state
dependence effects are usually investigated using dynamic binary response
models with observed and unobserved heterogeneity. However, most of
these models are based on the assumption of strict exogeneity, which rules
out feedback effects from the dependent variable (here the poverty sta-
tus) on the explanatory variables. This paper argues that strict exogeneity
of explanatory variables is violated in the poverty context, as important
variables determining contemporaneous poverty risk, in particular employ-
ment status and household composition, are likely to be influenced by past
poverty outcomes. Using an idea due to Wooldridge (2000), the paper pro-
poses a model that explicitly allows for feedback effects from past poverty

‡biewen@uni-mainz.de
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status to some of the variables that determine contemporaneous poverty
risk. Based on data from the German Socio-Economic Panel (GSOEP),
estimates from this model are contrasted to estimates from conventional
dynamic binary response models based on the strict exogeneity assumption
(dynamic correlated random-effects probit and fixed-effects logit models)
as well as to estimates from a pooled model. The results suggest that
there are indeed feedback effects and that failure to take them into account
leads to biased estimates of the state dependence effect. Correctly taking
into account feedback effects, and controlling for observed and unobserved
heterogeneity, the results suggest state dependence effects of over 30 per-
centage points.

2 Econometric models
2.1 distributions
The first approach to modelling state dependence in individual poverty
status considered here is a dynamic random effects probit model (see e.g.
Wooldridge (2002)). If the dummy variable yit denotes poverty status of
individual i = 1 . . . N in period t = 1 . . . T then

yit = 1 {θ1yit−1 + θ2zit + ci + eit ≥ 0} (1)

(1 {·} is the indicator function) describes the evolution of poverty condi-
tional on i’s poverty status in the previous period, a vector of exogenous
variables zit and two unobservables ci and eit. The state dependent effect
is the effect of past poverty yit−1 on current poverty yit. The unobservables
ci may be related to the observables and the initial condition yi0 through

ci = α0 + α1yi0 + α2z̄i + α3yi0z̄i + ai, (2)

where z̄i = T−1
∑T

t=1 zit denotes the time-average of the observed variables
zit and ai ∼ N (0, σ2

a). The idiosyncratic errors eit are assumed to be
standard normally distributed.

In order to estimate the model by conditional maximum-likelihood meth-
ods, one has to make the crucial assumption that

P (yit = 1|zi, yit−1, yit−2, . . . , yi0, ci) = P (yit = 1|zit, yit−1, ci) (3)

(strict exogeneity of zi, where zi summarizes the exogenous information
(zi1, . . . , ziT )). This assumption means that conditional on poverty status
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in the previous period and conditional on the unobserved individual-specific
characteristics ci, poverty in period t must not be related to the value of the
explanatory variables in past or in future periods. This requires in particu-
lar that there must not be any feedback from poverty in period t to future
values of the explanatory variables. In the given context, this is likely to
be unrealistic, as experiencing poverty in one period may possibly influence
employment decisions or household composition in future periods. The ran-
dom effects model can be estimated under the strict exogeneity assumption
by using numerical integration methods described in Butler/Moffit (1982).
For more details on the random effects model and the models described in
the following sections, see Biewen (2008).

2.2 Fixed effects estimation
One drawback of the correlated random effects model of the preceding sec-
tion is that it assumes a rather specific relationship between the explanatory
variables zi and the unobserved effect ci. Although this relationship does
not necessarily have to be specified as above, i.e. as a linear function of the
time averages z̄i (this is usually done to save degrees of freedom), it could
be restrictive in the given context. In order to avoid this restriction, a fixed
effects logit approach can be employed (see Honoré/Kyriazidou (2000)).

For the dynamic fixed effects logit model, it is assumed that

yit = 1 {θ1yit−1 + θ2zit + ci + eit ≥ 0} (4)

as before, but with

P (yit = 1|zi, yit−1, ci) = P (yit = 1|zit, yit−1, ci)

=
exp (θ1yit−1 + θ2zit + ci)

1 + exp (θ1yit−1 + θ2zit + ci)
. (5)

The first equation in (5) is the strict exogeneity assumption again, while the
second equation implies that the eit’s follow an i.i.d. logistic distribution,
independent of zi, ci and yi0. In addition, it is assumed that the initial
observation yi0 has an arbitrary probability distribution given zi and ci

P (yi0 = 1|zi, ci) = p0 (zi, ci) . (6)

104



The 9th Iranian Statistical Conference University of Isfahan, August 2008

Honoré/Kyriazidou (2000) showed how a sophisticated conditioning scheme
can be used to estimate this model.

2.3 Pooled estimation
Both the random effects and the fixed effects approach are based on the
strict exogeneity assumption, which may be questionable in the given con-
text. A simple but inefficient alternative that avoids the strict exogeneity
assumption is a pooled estimator (see e.g Wooldridge (2002)). Let

yit = 1 {θ1yit−1 + θ2zit + ci + eit ≥ 0} (7)

with

ci = α0 + α1yi0 + α2z̄i + α3yi0z̄i + ai, (8)

and eit ∼ N (0, 1), ai ∼ N (0, σ2
a) as in the random effects model. The

pooled approach uses a simple probit model applied to the pooled observa-
tions, ignoring the panel structure of the data.

2.4 A Model with feedback effects

The aim of this section is to develop an econometric model which explicitly
allows for feedback effects from poverty status to future employment deci-
sions and household composition. Let yit denote individual poverty status
as before, and let wit and vit indicate whether individual i is employed
and whether he (the empirical analysis will focus on prime-age men only)
is living together with other persons. This will be a partner and possi-
bly children in most cases. Then, under assumptions analogous to those
made in the case of the random effects probit model, the joint density
of yi1, . . . , yiT , wi1, . . . , wiT , vi1, . . . , viT given exogenous variables zi, initial
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values yi0, wi0, vi0 and an individual-specific effect ci can be written as

f (yi1, . . . , yiT , wi1, . . . , wiT , vi1, . . . , viT |zi, yi0, wi0, vi0, ci, θ, γ, β)

=
T∏

t=1

f (yit|zit, wit, vit, yit−1, wit−1, vit−1, ci, θ)

·g (wit, vit|zit, yit−1, wit−1, vit−1, ci, γ, β)

=
T∏

t=1

Φ((2yit − 1)(θ1zit + θ2wit + θ3vit

+θ4yit−1 + θ5wit−1 + θ6vit−1 + ci).
·Φ2 [(2wit − 1)(γ1zit + γ2yit−1 + γ3wit−1 + γ4vit−1 + γ5ci),
.(2vit − 1)(β1zit + β2yit−1 + β3wit−1 + β4vit−1 + β5ci)

.(2wit − 1)(2vit − 1)ρ], (9)

where Φ2[·, ·, ρ] denotes the cumulative distribution function of a bivariate
standard normal distribution with correlation coefficient ρ. The individual-
specific effect now also includes the influence of the initial values of employ-
ment status and living arrangements, i.e.

ci = α0+α1yi0+α2wi0+α3vi0+α4z̄i+α5yi0z̄i+α6wi0z̄i+α7vi0z̄i+ai. (10)

The model endogenizes employment status wit and household compo-
sition vit in the form of a bivariate probit model upon the outcomes of
which poverty status is conditioned. Note that the additional equations for
employment status (9) and household composition (9) also include lagged
poverty experience, capturing possible feedback effects from poverty to em-
ployment status and to whether the individual lives alone. Such feedback
effects may reflect detrimental effects of poverty on the morale of the in-
dividual, leading to lower employment probabilities, or on the stability
of marriages or cohabitative relationships, increasing the probability of a
household split.

3 Empirical results

The empirical analysis in this section is based on a balanced sample taken
from the German Socio-Economic Panel (GSOEP). All estimates make use

106



The 9th Iranian Statistical Conference University of Isfahan, August 2008

of longitudinal sample weights in order to take account of unequal proba-
bility sampling and panel attrition (for a detailed description of the data
used here, see Biewen (2008)). Table 1 shows the estimates for the random
effects model, the fixed effects model and the pooled model. All three mod-
els suggest highly significant state dependence effects. However, the pooled
estimate (which is robust to violations of the strict exogeneity assumption)
is different from the random effect estimate (which uses the strict exogene-
ity assumption). Because of the unmodelled error variance, the fixed effects
estimates cannot be directly compared to those of the other two methods.
However the relative magnitudes of the estimates seem similar to those in
random effects model.

Table 2 shows the estimates of the model with feedback. Column 1 of
the table displays the coefficients for the poverty equation. The results also
suggest a sizeable and significant state dependence effect, the magnitude
of which even exceeded that of employment. There are also strong and
significant poverty-reducing effects of employment and of living together
with others, which are of a similar magnitude as in the other models. The
effects for the other variables show very similar patterns as in the previous
models. Columns 2 and 3 show the equations for employment status and
household composition. The fact that lagged poverty significantly reduces
the employment probability of a given period constitutes a clear violation
of the strict exogeneity assumption. In addition, the results in the third
column show a significant feedback effect of poverty on household compo-
sition, providing another violation of the strict exogeneity assumption.

It is interesting to express these effects in differences of percentage
points. Table 3 presents the most interesting estimates expressed as average
partial effects. According to the random effects estimates, being poor in-
creased the poverty risk in the next period by roughly 10 percentage points,
holding everything else constant. By contrast, the pooled model estimated
this effect as approximately 28 percentage points. The pooled estimate was
very similar to the estimate from the feedback model, which resulted in 31
percentage points. The fact that the pooled model and the model with
feedback yielded very similar results and that these results were different
from those of the potentially misspecified random effects model provide an-
other indication that the random effects estimates might be biased. Note
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that, due to the unmodelled relationship between the explanatory variables
and the unobserved individual-specific effect, no direct estimate of the mag-
nitude of state dependence is available for the fixed effects logit model.

4 Conclusion

This paper highlighted the role of the strict exogeneity assumption in
estimating dynamic binary response models with unobserved heterogeneity
in the context of poverty dynamics. The results show that explanatory
variables in a dynamic poverty model are not strictly exogenous and that
feedback effects from past poverty status to future values of these explana-
tory variables should be explicitly modeled.

Tables
Table 1. Single equation dynamic binary response models for individual poverty status

(standard errors in parentheses)

random effectsa fixed effectsb pooled modelc

lagged poverty status .6946757 (.077607) 1.594907 (.1836328) 1.470528 (.0732569)
employed -.8350687 (.0785319) -1.525076 (.3676939) -.8661508 (.0864569)
living w. others -.3014123 (.067902) -.5946901 (.430487) -.3207881 (.059306)
26 - 35 years -.0120356 (.2566974) .3904746 (1.047917) .024477 (.2773118)
36 - 45 years -.2133647 (.173677) -.6725629 (.8102958) -.1818307 (.1794543)
46 - 55 years -.1204192 (.1188686) -1.061619 (.6591849) -.1022485 (.1212862)

Initial conditions, correlated part of random effect (time averages), and interactions
poverty status in 2000 1.038701 (.1649636) .625276 (.1371623)
poverty 2000 × employed -.482127 (.2123242) -.3348532 (.1856247)
poverty 2000 × disability -.3205893 (.2242235) -.3099992 (.1925815)
employed × disability .7727144 (.2600542) .6448195 (.2170425)
university × East Germany -.4025646 (.1880236) -.376984 (.1639195)
employed -.5877584 (.1493492) -.3992091 (.1420373)
university -.2863257 (.1228917) -.2297788 (.1102328)

Abitur or Lehred -.1111345 (.0970825) -.0855922 (.0830449)
26 - 35 years .429217 (.2791804) .338345 (.2963396)
36 - 45 years .7174684 (.2201027) .6213021 (.2181563)
46 - 55 years .5334242 (.164469) .4731471 (.1589938)
disability -.4243889 (.1704368) -.3545088 (.1421246)
non-German nationality .5023872 (.132991) .4488087 (.109134)
North Germany .1557889 (.1091984) .1124901 (.0959621)
Middle Germany .2733224 (.1323344) .2399854 (.1122583)
South Germany -.0272791 (.1098548) -.022885 (.0978533)
Berlin Germany .1464195 (.1581653) .1261594 (.1428351)
East Germany .6134964 (.1000315) .518853 (.0878258)
constant -.9848526 (.1607587) -1.096977 (.140579)

Source: GSOEP, 2000 - 2006, balanced sample of 3952 prime-aged men (26 to 65 years), longitud. weighted
a Coefficients were rescaled by (1 + σ̂2

a)−1/2 to ensure comparability with pooled model.
The estimate of σa was σ̂a = .8098921 with estimated standard error .0682928.
b Honoré/Kyriazidou (2000)
c Standard errors account for clustering of observations at individual level
d High-school degree and/or vocational training
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Table 2. Model of poverty status with endogenous employment status,
endogenous household composition, and feedback effects (standard errors in parentheses)

poverty status employed living w. others
lagged poverty status 1.62686 (.0794945) -.6662807 (.0948899) -.5848139 (.1088997)
employed -1.498639 (.0807484)
lagged employment status 1.914135 (.1223355) -.4540126 (.1120635)
living w. others -.7894862 (.0848741)
living w. others, lagged -.5243237 (.1306013) 3.130104 (.1035554)
university degree 1.65258 (.3829242) .6417651 (.2047935)
Abitur or Lehrea .6966695 (.2192367) .2394706 (.1373028)
26 - 35 years -.0269727 (.1798619) .3181698 (.2432962) -.6049053 (.1685352)
36 - 45 years -.0590165 (.1405056) .223066 (.1889031) -.6094557 (.1428444)
46 - 55 years .0417365 (.0954722) .3614941 (.0925828) -.3502511 (.0957454)
disability -.3568577 (.1152455) -.0062215 (.1001874)
non-German nationality -.5916449 (.2224929) .2401081 (.1530035)
North Germany .0118745 (.1802855) -.01512 (.1436889)
Middle Germany -.3096945 (.1877033) -.2293624 (.1519916)
South Germany .1269503 (.195484) -.0535384 (.1346134)
Berlin Germany -.0583541 (.2640176) -.2982236 (.2029335)
East Germany -.7315598 (.2580738) -.4860962 (.1351701)
regional unemployment rate -.0280906 (.0158297)
linear time trend -.0550824 (.0191758)

Initial conditions, correlated part of random effect (time averages), and interactions
poverty status in 2000 .2705542 (.1078242)
employed in 2000 .4600827 (.0757733)
living w. others in 2000 .3912583 (.0769544)
poverty 2000 × employed 2000 -.2889731 (.0950686)
employed 2000 × university -.2087634 (.0805644)
employed 2000 × disability .2075472 (.0944432)
university degree -.3490871 (.1286945)
Abitur or Lehrea -.1995001 (.0802878)
26 - 35 years .4882873 (.1619074)
36 - 45 years .4266077 (.1336338)
46 - 55 years .2955451 (.081639)
disability -.2428803 (.0914465)
non-German nationality .3836259 (.1191499)
North Germany .0422811 ( .099706)
Middle Germany .1779878 (.1187321)
South Germany -.0475139 (.0929573)
Berlin Germany .142626 (.1331886)
East Germany .3841361 (.0955914)
constant -1.06556 (.1883359)
σa .259985 (.0324312)
correlation coefficient ρ -.25773 (.064024)
loading factor γ5 -1.722195 (.4193814)
loading factor β5 1.183929 ( .2009223)

Source: GSOEP, 2000 - 2006, balanced sample of 3952 prime-aged men (26 to 65 years), longitudinally weighted

a High-school degree and/or vocational training

Table 3. State dependence and feedback effects
(average partial effects, pooled sample 2001 - 2006)
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poverty status employed living w. others
Random effects probit
lagged poverty status .09927558a

Fixed effects logit
lagged poverty status - b

Pooled probit
lagged poverty status .27835979a

Model with feedback effects
lagged poverty status .31217871a -.09332394a -.05082249a

employed -.23509029a

lagged employment status .33005296a -.03193042a

living w. others -.08998a

living w. others, lagged -.05506463a .80162281a

Source: GSOEP, 2000 - 2006, balanced sample of 3952 prime-aged men
(26 to 65 years), longitudinally weighted
a Underlying coefficient statistically significant at the 5 percent level
b Average partial effect cannot be calculated
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The Bayesian Testing for Weighted Distributions
R. Chinipardaz§, and S. M. R. Alavi

Department of Statistics, University of Shahid Chamran

Abstract: This paper is concerned with the bayesian testing in weighted dis-
tributions. When the observations are subjected to a weight function the testing
problem may be changed dramatically. In this paper bayes factor for weighted
distributions is obtained for two competition hypotheses when the hypotheses are
simple against simple, one sided and simple against two-sided hypotheses. Some
common weight functions are examined for calculating the bayes factor in testing
the parameter of exponential distribution and compared with unweighted version
of the bayes factor. The lower bound of bayes factor when the prior distribution
is belonged to a reasonable class of distributions for weighted distributions are
derived and are compared with classical bayes factor.

Keywords:Weighted distributions; Bayesian analysis; Significance test-
ing.

1 Introduction

Suppose that the real-valued random variable X is distributed to the den-
sity function f(x | θ); θ ∈ Θ where Θ is some finite or infinite interval in
R1.
Now, consider X = x is recorded or entered in the sample with a weight
function, w(x, β). In this case x is not an observation on random variable X,
but on the weighted version of random variable X, Xw having a probability
density function, fw(x | θ) given by

fw(x | θ) =
w(x, β)f(x | θ)
Eθ[w(X,β)]

(1)

where Eθ[w(X, β)] =
∫
R w(x, β)f(x | θ)dx is normalizing factor. The weight

function, w(x, β), is required to be nonnegative and

0 < Eθ[w(X,β)] < ∞
for all θ ∈ Θ. fw(x | θ) is said to be weighted density function.

§Invited speaker
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The weighted distributions have been used as a tool in the selection of
appropriate models for data sampled without a proper frame. Such situa-
tions are found in many fields. For example in publication biased the higher
significance studied have been greater chance of being published (Iyengar
and Greenhouse, 1988, Silliman, 1987). In Meta analysis one interests to
study of the results of statistical analysis for the propose of drawing gen-
eral calculasions (see Glass, 1976, Fleiss, 1993). Such other examples can
be found in Oil Discovery (West, 1996) and Line Transact Sampling. More
examples are also given in Patil (2002).
The concept of weighted distributions was originally introduced by Fisher
(1934) to the study of effect of methods of ascertainment upon estimation
of frequencies. However, it was Rao (1965, 1985) who presented a unified
theory of weighted distributions. Patil and Taillie (1987) calculated the
Fisher information for certain exponential family of weighted distributions
(see also Bayarri and DeGroot, 1978a, 1978b and Bayarri et al, 1987).
In all last four references the Fisher information derived from Xw with
the derived from X. The weighted distributions have also been studied
in bayesian analysis. For the finite population models West (1994, 1996)
considered known or parametric forms of w(x, β). The parametric forms
of w(x, β) have also been investigated and employed for selection models
in infinite population models by Bayarri end DeGroot (1987, 1988, 1989,
1990, 1992)
The robustness of posterior probabilities is investigated by Bayarri and
Berger (1998). They considered two nonparametric classes of w(x, β); the
class of bounded functions from above and below by two weighted func-
tions and the class with additional condition that w(x, β) be nondecreasing
function.
The problem of comparison between two bayes factors in different mod-
els also considered by Lorose and Dey (1996, 1998). The comparison was
between bayes factors derived from weighted distributions and unweighted
distributions.

This study is devoted to bayesian testing problem in weighted distribu-
tions. Motivation of the study is that the information provided by bayesian
analysis might be different for the weighted distributions with respect to
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unweighted distributions. The bayes factor is considered as a criteria for
supporting data from one hypothesis from other competing hypotheses.
Another criteria which can also be used is the posterior probability of the
hypothesis is true. However, bayes factors are usually preferred because
they are independent from prior distributions which are based on subjec-
tive approach.

This paper includes five sections; in section two the bayesian analysis
for weighted random variables are discussed. In section three we derive
bayesian testing in weighted random variables for simple against simple hy-
potheses, one-sided against one-sided hypotheses and point null hypotheses
against two-sided hypotheses. The bayes factor in weighted version of X
is obtained and compared with bayes factor in unweighted case. Section
four is devoted to exponential distribution. The theory based on section
three followed for this distribution using some common weighted functions.
Finally, in section five lower bound of weighted bayes factor, when the prior
distribution is belonged to a class of distributions, is derived and compared
with unweighted bayes factor.

2 Bayesian analysis on weighted distributions

Suppose that f(x |θ) is the probability density function of X and w(x, β)
is a weighted function which is supposed to be independent of θ with
Eθ[w(X, β)] < ∞. The weighted density function in given in (1). Now,
let the prior distribution of θ on Θ is g(θ). The weighted posterior distri-
bution of θ conditional on x is

πw(θ |x) =
fw(x |θ)g(θ)∫

Θ fw(x |θ)g(θ)dθ
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Replacing fw(x, β) from (1) is

πw(θ |x) =
fw(x |θ)g(θ)∫

Θ fw(x |θ)g(θ)dθ

=
w(x, β)f(x |θ)g(θ)

Eθ[w(X,β)]

/∫

Θ

w(x, β)f(x |θ)
Eθ[w(X, β)]

g(θ)dθ

=
f(x |θ)g(θ)

Eθ[w(X, β)]
∫
Θ f(x |θ)E−1

θ [w(X, β)]g(θ)dθ
. (2)

or

πw(θ |x) =
fw(x |θ)g(θ)

mw(x)
(3)

where

mw(x) =
∫

Θ
fw(x|θ)g(θ)dθ (4)

=
∫

Θ

w(x, β)f(x|θ)
Eθ[w(X,β)]

g(θ)dθ

is the weighted marginal distribution of the data.
As an example consider exponential distribution

f(x|θ) = θe−θx θ > 0, x ≥ 0 (5)

One candidate for prior distribution is

πλ(θ) = λe−λθ, λ > 0. (6)

Now, suppose that the weight function is length biased function, w(x, β) =
x,

πw(θ|x) =
θe−θxλe−λθ

Eθ[X]
∫∞
0

θe−θx

Eθ[X]λe−λθdθ
(7)

=
θ2e−θ(x+λ)

∫∞
0 θ2e−θ(x+λ)dθ

=
(x + λ)3

2
θ2e−θ(x+λ) = Γ(3,x+λ)(θ).
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It is easy to show that the unweighted posterior distribution, π(θ|x) is
Γ(2,x+λ)(θ). Using the ratio πw(θ|x)

π(θ|x) =
(

x+λ
2

)
θ shows that posterior proba-

bility of θ given the data is larger than unweighted version if (x + λ) > 2
θ

and is smaller for (x + λ) < 2
θ .

3 Bayesian Testing in Weighted Distributions

Suppose x is an observed value from a population with probability density
function f(x|θ), θ ∈ Θ ⊆ R. We wand to test H0 : θ ∈ Θ0 against H1 : θ ∈
Θ1 where Θ0 ∩ Θ1 = ∅ and Θ0 ∪ Θ1 = Θ. In general of bayesian testing,
the prior distribution, g(θ), is defined as

g(θ) =
{

π0g0(θ), θ ∈ Θ0

(1− π0)g1(θ), θ ∈ Θ1

where π0 and (1− π0) are the prior probabilities of H0 and H1 to be true,
respectively. g0(θ) and g1(θ) describe how the prior mass is spread out over
the two hypotheses. Now, define the weighted marginal function of Θj as

mw
j (x) =

∫

Θj

fw(x | θ)gj(θ)dθ

=
∫

Θj

w(x, β)f(x | θ)
Eθ[w(X,β)]

gj(θ)dθ.

Now, consider the testing H0 : θ = θ0 against H1 : θ = θ1. In this case the
prior distribution is

g(θ) =
{

π0, θ = θ0

(1− π0), θ = θ1

and the posterior probability of H0 being true is given by

πw(H0 |x) =
π0f

w(x | θ0)
π0fw(x | θ0) + (1− π0)fw(x | θ1)

=
π0

f(x | θ0)
Eθ0

[w(X,β)]

π0
f(x | θ0)

Eθ0
[w(X,β)] + (1− π0)

f(x | θ1)
Eθ1

[w(X,β)]

=
[
1 +

1− π0

π0

f(x | θ1)
f(x | θ0)

(
Eθ0 [(w(X,β))]
Eθ1 [(w(X,β))]

)]−1
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and with the similar way

πw(H1 |x) =
(1− π0)fw(x | θ1)

π0fw(x | θ0) + (1− π0)fw(x | θ1)

=
[
1 +

π0

1− π0

f(x | θ0)
f(x | θ1)

(
Eθ1 [w(X,β)]
Eθ0 [w(X,β)]

)]−1

and therefore the weighted Bayes factor in favour of H0 can be obtained as

Bw
01 =

πw(H0 |x)/πw(H1 |x)
π0/(1− π0)

=
f(x | θ0)
f(x | θ1)

(
Eθ1 [w(X, β)]
Eθ0 [w(X, β)]

)

= B01

(
Eθ1 [w(X, β)]
Eθ0 [w(X, β)]

)

where B01 is the unweighted bayes factor in favour of H0 with respect to H1.

For Bayesian testing of H0 : θ = θ0 against H1 : θ 6= θ0 it is denoted
0 < π0 < 1 as the probability of H0 : θ = θ0 and 1− π0 as the probability
of H1 : θ 6= θ0 and it is supposed the mass on H1 is spread out according
to the density g1(θ). Following this

πw(H0 |x) =
π0f

w(x | θ0)
π0fw(x | θ0) + (1− π0)

∫
θ 6=θ0

fw(x | θ)g1(θ)d θ

=
π0f

w(x | θ0)
π0fw(x | θ0) + (1− π0)mw

1 (x)

=
[
1 +

1− π0

π0

Eθ0 [w(X,β)]mw
1 (x)

f(x | θ0)

]−1

where mw
1 (x) =

∫
θ 6=θ0

w(x,β)f(x | θ)
Eθ[w(X,β)] g1(θ)dθ. πw(H1 |x) can be obtained as

πw(H1 |x) =
[
1 +

π0

1− π0

f(x | θ0)
Eθ0 [w(X, β)]mw

1 (x)

]−1

.

116



The 9th Iranian Statistical Conference University of Isfahan, August 2008

Therefore,

Bw
01(x) =

f(x | θ0)

Eθ0 [w(X, β)]
∫
θ 6=θ0

f(x | θ)
Eθ[w(X,β)]g1(θ)dθ

= B01

∫
θ 6=θ0

f(x| θ)g1(θ)dθ

Eθ0 [w(X,β)]
∫
θ 6=θ0

f(x | θ)
Eθ[w(X,β)]g1(θ)dθ

= B01
m1(x)

Eθ0 [w(X,β)]
∫
θ 6=θ0

f(x | θ)
Eθ[w(X,β)]g1(θ)dθ

.

For testing the hypothesis H0 : θ ≤ θ0 against H1 : θ > θ0 the prior
distribution is given in

g(θ) =
{

π0g0(θ), θ ≤ θ0

(1− π0)g1(θ), θ > θ0

Therefore,

Pw(θ ≤ θ0|x) =
∫

θ≤θ0

πw(θ|x)dθ

=
π0

∫
θ≤θ0

fw(x | θ)g0(θ)dθ

π0

∫
θ≤θ0

fw(x | θ)g0(θ)dθ + (1− π0)
∫
θ>θ0

fw(x | θ)g1(θ)dθ

=
π0m

w
0 (x)

π0mw
0 (x) + (1− π0)mw

1 (x)

and the weighted Bayes factor is given by

Bw
01(x) =

mw
0 (x)

mw
1 (x)

=

∫
θ≤θ0

fw(x | θ)g0(θ)dθ∫
θ>θ0

fw(x | θ)g1(θ)dθ

=

∫
θ≤θ0

f(x | θ)
Eθ[w(X,β)]g0(θ)dθ

∫
θ>θ0

f(x | θ)
Eθ[w(X,β)]g1(θ)dθ

4 Testing for exponential distribution
4.1 Simple against simple hypothesis
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Table 1: The weighted bayes factor for H0 : θ = θ0 against H1 : θ = θ1 in
exponential distribution for various weight function π0 = 1

2

Weight function w(x, β) Weighted bayes factor The supporting
rate of H0 Bw

01 > B01

Unweighted c
(

θ0
θ1

)
e(θ1−θ0)x - 1

Size biased x
(

θ0
θ1

)
B01

θ0
θ1

θ0 > θ1

Length biased xr
(

θ0
θ1

)r

B01

(
θ0
θ1

)r

θ0 > θ1

Exponential eτx θ0−τ
θ1−τ

(
θ0
θ1

)r−2

B01
θ1(θ0−τ)
θ0(θ1−τ)

θ0 < θ1

Set Selection(I) X > a ea(θ0−θ1)B01 ea(θ0−θ1) θ0 > θ1

Set Selection(II) X < b 1−e−bθ1

1−e−bθ0
B01

1−e−bθ1

1−e−bθ0
θ0 < θ1

Set Selection(III) c < X < d e−cθ1−e−dθ1

e−cθ0−e−dθ0
B01

e−cθ1−e−dθ1

e−cθ0−e−dθ0
always

As an example consider the exponential distribution with the parameter θ.
To test H0 : θ = θ0 against H1 : θ = θ1(say,θ1 < θ0) with size biased weight
function, w(x, β) = xr,

Bw
01 = B01

(
Eθ1 [w(X, β)]
Eθ0 [w(X, β)]

)

=
(

θ0

θ1

)r+1

e(θ1−θ0)x =
(

θ0

θ1

)r

B01

H0(H1) is more supported than H1(H0) when x is observed in weighting
form in comparison with original form. The rate of supporting of H0 is(

θ0
θ1

)r
. It is depend on the parameter of weight function and the parame-

ters given in H0 and H1. Table (1) shows the weighted bayes factor under
some common weight functions with π0 = 1

2 comparing with unweighted
bayes factor. The forth column of table shows the supporting rate of H0

when the weighted version of X is used superseding of X.

4.2 Simple against two-sided hypothesis
Consider H0 : θ = θ0 against H1 : θ 6= θ0. If the prior distribution consider
to be the improper distribution given by g(θ) = 1 we have the unweighted
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Table 2: The weighted bayes factor for H0 : θ = θ0 against H1 : θ 6= θ0 in
exponential distribution for various weight function π0 = 1

2 and g(θ) = 1

Weight function w(x, β) Weighted bayes factor The supporting
rate of H0 Bw

01 > B01 if

Unweighted c x2
Γ(2) θ0e−θ0x - 1

Length biased x (xθ0)B01 xθ0 xθ0 > 1

Size biased xr (xθ0)r

Γ(r+2) B01
(xθ0)r

Γ(r+2) xθ0 > Γ−r(r + 2)

Exponential eτx (θ0 − τ)x2e−x(θ0−τ)
(
1− τ

θ0

)
eτx x > 1

τ
ln

(
θ0

θ0−τ

)

Set Selection(a) X > a (x− a)2θ0e−θ0(x−a) − −
Set Selection(b) X < b

θ0e−θ0x

(1−e−θ0b)
∑∞

j=0
1

(bj+x)2
− −

Set Selection(c) c < X < d
θ0e−θ0x

(e−θ0a−e−θ0b)
∫∞
0

θe−θx

e−θa−e−θb
dθ

− -

Bayes factor is

B01 =
f(x|θ0)∫

θ 6=θ0
f(x|θ)dθ

=
θ0e

−θ0x

∫
θ 6=θ0

θe−θxdθ
=

x2

Γ(2)
θ0e

−θ0x.

Now consider, as an example, w(x, β) = xr

Bw
01(x) =

θ0e
−θ0x

Eθ0 [Xr]
∫
θ 6=θ0

θe−θx

Eθ[Xr]g(θ)dθ

=
θr+1
0 e−θ0x

∫
θ 6=θ0

θr+1θ−θxdθ
=

(xθ0)r

Γ(r + 2)
B01

Again we consider six common weight functions. The results of weighted
Bayes factor are given in table (2)

5 Lower bound on weighted bayes factor

One important problem in point null hypothesis testing H0 : θ = θ0 against
two-sided H1 : θ 6= θ0 is to look at the lower bound of the Bayes factor
or to the posterior probability of H0 be true when the prior distribution is
belonged to a reasonable class of distributions. Different classes of prior dis-
tributions can be suggested depending the probability density function and
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parameter space, Θ (see Berger and Sellke, 1987 and Berger and Delam-
pady, 1987 for some suggestions). In this section the class of all reasonable
prior distributions is considered. Define GA as

GA = {g(θ); g(θ) is all reasonable distributions}.

To derive the infg∈GA
Bw

01(x) for weighted distribution we have

inf
g∈GA

Bw
01 = inf

g∈GA

fw(x | θ0)
mw

1 (x)
= inf

g∈GA

fw(x | θ0)

Eθ0 [w(X, β)]
∫
Θ

f(x | θ)
Eθ[w(X,β)]g(θ)dθ

=
f(x | θ0)

Eθ0 [w(X, β)] supg∈GA

∫ f(x | θ)
Eθ[w(X,β)]g(θ)dθ

(8)

Now suppose that we wand to test H0 : θ = θ0 against H1 : θ 6= θ0 in
exponential distribution, i.e.

f(x|θ) = θe−θx θ > 0, x ≥ 0

If w(x, β) = xr then

inf
π∈GA

Bw
01(x) =

θr+1
0 e−θ0x

supθ>0 θr+1e−θx

=
( xθ0

r + 1
)r+1

e−θ0x+r+1

If w(x, β) = eτx then

inf
g∈GA

Bw
01(x) =

θ0e
−θ0x

θ0
θ0−τ supθ>τ (θ − τ)e−θx

= x(θ0 − τ)e−θ0x+r+1

if w(x, β) = I[a,∞) then

inf
g∈GA

Bw
01(x) =

θ0e
−θ0x

e−aθ0 supθ>a

{
θe−θ(x−a)

}

=
θ0e

−θ0(x−a)

supθ>a e−θ(x−a)
= θ0(x− a)e−θ0(x−a)+1

120



The 9th Iranian Statistical Conference University of Isfahan, August 2008

if w(x, β) = I[0,b] then

inf
g∈GA

Bw
01(x) =

θ0e
−θ0x

(
1− e−aθ0

)
supθ>0 [θe−θx(1− e−θb)−1]

=
θ0e

−θ0x

(
1− e−θ0b

)
[
θ̂e−θ̂x

(
1− e−θ̂b

)−1
]

where θ̂ is satisfied in

θ̂ = x + 1− (1− e−θ̂b)−1

if w(x, β) = I[a,b](x) then

inf
g∈GA

(H0 |x) =
θ0e

−θ0x

(
e−aθ0 − e−bθ0

)
supa<θ<b

θe−θx

e−θa−e−θb

=
θ0e

−θ0x

(
e−aθ0 − e−bθ0

)
θ̂e−θ̂x

e−θ̂a−e−θ̂b

where θ̂ is satisfied in

θ̂ =

[
x− be−θ̂b − ae−θ̂a

e−θ̂b − e−θ̂a

]−1

.

All the results can be derived using (3) and considering the fact that for
this class

sup
g∈GA

∫
f(x | θ)

Eθ[w(X, β)]
g(θ)dθ =

θ̂e−θ̂x

Eθ̂[w(X, β)]

where θ̂(x) = argθ∈Θ sup
{

f(x|θ)
Eθ[w(X,β)]

}
.
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A Bayesian approach for analyzing influential
factors on unemployment status using a random
coefficient transitional binary logistic model with

non-monotone missing pattern
S. Eftekhari Mahabadi, and M. Ganjali

Department of Statistics, Shahid Beheshti University

Abstract: A transitional binary logistic model with random coefficients is pro-
posed to model the unemployment statues of household members in two seasons
of spring and summer. Data correspond to the labor force survey performed by
Statistical Center of Iran in 1385. This model is introduced to take into account
two kinds of correlation in the data; one due to the longitudinal nature of the
study, that will be considered using a transitional model, and the other due to the
assumed correlation between responses of members of the same household which
is taken into account by introducing random coefficients into the model. In these
data some kind of non-monotone missing pattern occurs that is considered in the
proposed model using the breakdown of the joint distribution of the response vari-
ables. A Bayesian approach toward estimating model parameters and the Gibbs
sampling method to perform parameter estimation and data augmentation is used.
Results of using this model are compared with those of three other transitional
models, two of which exclude incomplete cases and include the so-called correla-
tion between household members’ responses or not and a model for available data
without random coefficients. It is shown that the earlier model gains more inter-
pretability and precision due to consideration of all aspects of the collected data.

Keywords:Clustered Longitudinal Binary Data; Gibbs Sampling; Non-
Monotone Missing Pattern; Transitional Binary Logistic Model; Unemploy-
ment Statues.

1 Introduction

In a panel or longitudinal study, each subject is measured at several oc-
casions. Sometimes there exist clusters of subjects in each period due to
some kinds of initial relationship between subjects at each time, for exam-
ple subjects that are members of the same family may indicate a cluster.
In such clustered longitudinal studies, Yijt indicates the response variable
for the jth member (j = 1, . . . , ni) of the ith (i = 1, . . . , K) cluster at time

125



S. Eftekhari Mahabadi, M. Ganjali A Bayesian approach for analyzing · · ·

t (t = 1, . . . , T ). We use ni for the number of elements in the ith cluster
to allow for variation of cluster sizes in the study as it seems reasonable if
we assume households as clusters. In these kinds of studies there exist two
aspects of correlation that must be taken into account in the model; one is
the correlation between responses of a subject in different occasions, and
the other is due to clustering that results in correlated responses for sub-
jects in the same cluster at each time period. We use random coefficients to
allow for the clustering correlation in the model. Different models can be
used to take into account the correlation between responses raised due to
the longitudinal nature of the study. One possibility is marginal modeling,
a second possibility is random effects modeling. The third approach would
be to use Markov (transition) models (see Kaciroti et al., 2006). In such
longitudinal studies mentioned above, often some of the subjects do not
respond in some occasions which cause for missing responses. There are
often two kinds of missing pattern considered for longitudinal studies; one
is the monotone pattern that is most common in medical surveys and is
caused by subject’s dropout before the study is completed, and the other
is the non-monotone or general pattern that occurs when some of the sub-
jects withdraw from the study at some occasion and return to the study
again at some other occasion. Rubin (1976) and Little and Rubin (2002),
made important distinctions between the various types of missing mecha-
nisms for each of the above mentioned patterns such as missing completely
at random (MAR), missing at random (MAR) and not missing at random
(NMAR). From a likelihood point of view MCAR and MAR are ignorable
but NMAR is non-ignorable. In this article a Markov transition model with
random coefficients for binary response variables is proposed. Moreover, we
consider a general non-monotone missing data pattern with a MAR mech-
anism. Also we will introduce prior distributions for all model parameters
in order to take advantage of using a Bayesian approach.

In the next Section, the attributes of the data belonging to the
labor force survey are discussed. In Section 3, the random coefficient tran-
sitional binary logistic model is presented. In this section we also give the
likelihood function and the posterior distribution of the model parameters.
In Section 4 we discuss the appropriate model for labor force data and
its computational approach using Gibbs sampling method. We also give
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the parameter estimates for the proposed model and a comparison of this
model with three other models with different missing and random effect
considerations. In Section 5 we give a brief conclusion.

2 Labor force survey data

The data used in this paper are related to the unemployment statues of
household members in two seasons of spring and summer in 1385. The
information about 224691 people who were present in the study for at least
one season is available. Among the sampling units, 9237 people refuse to
fill the questionnaire and we omit them from the study because they only
form four percent of the whole sample. Therefore there are 215454 sub-
jects remained in the study. We first remove inactive part of the spring
sample from the study that results in 130344 economically active people in
the study. Again, among these we omit the ones who were active in spring
but became inactive in summer that leads to 83144 subjects in the whole
sample. At last, we remove 13 people from the resulting sample due to
incomplete covariates that leads into a sample of 83131 economically active
people that includes 51791 households. Due to the special rotating method
of sampling in this survey, the sample is divided into three parts. There are
31153 people in the sample who are present only in the first season, 29890
people who are included in the survey only in the second season and 22088
numbers of them were present in both seasons. Variables used through the
analysis process are The binary variable indicating unemployment statues
(employed and unemployed) as the response variable and covariates includ-
ing Gender, Age, Highest educational qualification, Number of people living
in the Household, Marital statues and living area. All the above variables
are considered as categorical with the exception of age that is a continuous
variable.

3 Random coefficient transitional binary logistic
model

Let Yijt denotes binary response variable of a clustered longitudinal study in
T periods. Also let Xijt be the set of all covariates in the study those which
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can be regarded as time varying. We assume a continuous latent variable
Uijt related to the binary response of Yijt with the following mechanism for
i = 1, ...,K; j = 1, ..., ni; t = 1, ..., T :

Yijt = 0 ⇔ Uijt ≤ α0t (1)

Where α0t for t = 1, . . . , T are cut point parameters. Also We consider
following transition model with random coefficients for the latent variable:

Uijt = −X ′
ijtβt − γtyij,t−1 − bit + εijt (2)

εijt
iid∼ F ; bi = (bi1, bi2, ..., biT ) iid∼ MV N(0,Σb); bit⊥εijt

In which yij0 = 0 for all i and j, and we assume Σb as a diagonal ma-
trix with diagonal elements (τ1, ..., τT ). Using the above model Uijt is
independent of Uij,t−1 given Yij,t−1 as a consequence of transitional na-
ture of the model. Also random effects bit are introduced to account
for the correlation due to clustering. We can consider the binary re-
sponse of Yijt as a Bernoulli distributed variable with success probability
πijt = Pr(Yijt = 1|Xijt, yij,t−1, bit) which according to the relation between
Yijt and Uijt, given in equation (1) and the proposed model in (2) can be
regarded as:

πijt = F (α0t + X ′
ijtβt + γtyij,t−1 + bit) (3)

Applying Different distribution functions, F, lead to different models. In
our application, We especially use the logistic distribution that leads into
a binary logistic model with success probability of

πijt =
eα0t+X′

ijβt+γyij,t−1+bit

1 + eα0t+X′
ijβt+γyij,t−1+bit

. (4)

3.1 Likelihood and posterior function

In order to obtain the likelihood function for the set of model parameters
Θ = {α0t, βt, γt, τt; t = 1, ..., T} using the model proposed in the previous
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section, we have:

L(Θ|Y1, ..., YT ) =
K∏

i=1

T∏

t=1

×
∫

bi

ni∏

j=1

f(Yijt|Yij,t−1, Xijt, α0t, βt, γt, bit, τt)φ1,...,T (bi)dbi.

In which f(Yijt|Yij,t−1, Xijt, α0t, βt, γt, bit, τt) is the Bernoulli density with
corresponding success probability πijt and also φ1,...,T (.) is the multivariate
normal density with mean 0 and covariance matrix Σb. To complete the
model specification, a diffuse prior distribution for Θ, p(θ), is assumed
where for t = 1, . . . , T , (α0t, βt, γt) have independent diffuse normal priors
with mean 0 and some large variance and τt follows a diffuse inverse gamma
distribution. The primary inferential quantity of interest is (α0t, βt, γt; t =
1, .., T ). Obviously other parameters (τt, bit; t = 1, ..., T ; i = 1, ..., K) are
also of interest. Given the complexity of the model, inference based on the
complete data needs to be based on simulation techniques. For example
Gibbs sampling or Markov Chain Monte Carlo (MCMC) methods can be
used to construct inferences based on values drawn from the joint posterior
density,

P (Θ, b|Y1, . . . , YT , X) ∝ L(Θ|Y1, . . . , YT , X)P (Θ)

When there are missing values in Y = (Y1, . . . , YT ), and missing data mech-
anism is ignorable (MAR), the Gibbs sampling for the complete data model
can be easily modified. We include missing values in Y in the Gibbs sam-
pling steps simply by drawing values from its conditional predictive distri-
bution, given the observed values and the current draw of parameters that
will be discussed more in the next sections.

4 Model and results for labor force plan data

In labor force plan data we assume the unemployment statues of house-
hold members as the binary response variable of interest. These data only
contains two seasons, hence we have T = 2. Also we consider X as the
matrix of all covariates introduced in Section 2. We consider πijt as the
employment probability conditional on model covariates, previous response
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and random effects as defined in equation (3). Similar to model in (4), we
assume a transitional binary logistic model with random effects distributed
as mentioned in (2) for the response variable. For the complete data we
have the likelihood as (5) but considering the missing data problem with a
non-monotone pattern which occurred in the labor force plan data, we have
to compute the appropriate likelihood function. The missing mechanism in
these data based on the design doesn’t depend on the missed part of the
response variable so that, it has a MAR mechanism. Hence the likelihood
function for these data should be viewed in three parts. First part consists
of households who were present in both seasons:

L(1)(Θ|Y1obs, Y2obs, X) =
∏

i∈I1

∫

bi2

∫

bi1

ni∏

j=1

[πyij1

ij1 (1− πij1)1−yij1

×π
yij2

ij2 (1− πij2)1−yij2 ]φ1,2(bi1, bi2)dbi1dbi2.

Where I1 is the set of all households who were present in both seasons and
Θ is the set of all parameters. For the second part of the likelihood, there
are some households that were only present in the first season with the
corresponding set I2:

L(2)(Θ1|Y1obs, X1) =
∏

i∈I2

∫

bi1

ni∏

j=1

[πyij1

ij1 (1− πij1)1−yij1 ]ϕ1(bi1)dbi1.

where Θ1 = (α01, β1, τ1). Here it is obvious that there is no need to consider
the remaining vector of parameters {Θ−Θ1} due to the transitional nature
of the model and that the missing mechanism is MAR. The third part
consists of households who only their summer response is observed with all
individuals belonging to I3:

L(3)(Θ|Y2obs, X) =
∏

i∈I3

ni∏

j=1

1∑

yij1=0

{
∫

bi2

∫

bi1

[πyij1

ij1 (1− πij1)
1−yij1

×π
yij2

ij2 (1− πij2)1−yij2 ]φ1,2(bi1, bi2)dbi1dbi2}.

We have used the marginal distribution of the second response by summing
over two possible outcomes of the first season to be able to find conditional
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probabilities of the second response. From a frequentist point of view,
product of all individuals’ likelihood might be used to obtain parameter es-
timates using optimizing functions available in softwares S-Plus or R. How-
ever, considering independent diffuse normal priors for (α01, α02, β

′
1, β

′
2, γ)

with mean 0 and variance 1.0 × 106 and independent diffuse gamma pri-
ors for (1/τ1, 1/τ2) with shape parameter 0.001 and scale parameter 0.001,
can be used to base inference on the resulting posterior distribution based
on the product of the above three parts of the model likelihood. We will
use Gibbs sampling along with the above decomposition to account for the
missing problem as will be explained in the next section.

4.1 Computations based on Gibbs sampling
A posterior distribution of Θ is interactable; hence the inferential statistics
on the parameters of interest can be constructed based on values drawn
from the joint posterior distribution, P (Θ, b|Y1, Y2, X) obtained using Gibbs
sampling. WinBUGS software (Spiegelhalter et al. 2003) will be used
to implement the draws and derive inferences on parameters of interest.
For the complete data inferences, Gibbs sampling (Gelfand and Smith,
1990) involves iteratively drawing from the known conditional distributions.
Draws from P (β, γ, b, τ |Y, X) where β = (β1, β2), b = (b1, b2) and τ =
(τ1, τ2), are generated by Gibss sampling based on the following conditioned
distributions:

(i)[β1, b1, τ1|X, Y1] (ii)[β2, γ, b2, τ2|Y1, Y2, X]
(i.1) [β1|b1, τ1, X, Y1] (ii.1) [β2|γ, b2, τ2, Y1, Y2, X]
(i.2) [b1|β1, τ1, X, Y1] (ii.2) [γ|β2, b2, τ2, Y1, Y2, X]
(i.3) [τ1|b1, β1, X, Y1] (ii.3) [b2|β2, γ, τ2, Y1, Y2, X]

(ii.4) [τ2|b2, β2, γ, Y1, Y2, X]

In practical problems, however, not all of the conditional distributions are
known or have closed form. In such cases, rejection sampling, adaptive
rejection sampling, the Metropolis algorithm, or the Metropolis-Hastings
algorithm are commonly used for drawing values from the distributions.

For inferences Under ignorable missing data mechanism for the
response variables in both seasons (non-monotone pattern) with disjoint
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parameter spaces in spring and summer, inferences can be made by draw-
ing values from P (β, b, τ |Yobs, X) which is equivalent to drawing from
P (β, b, τ, Ymiss|Yobs, X). These draws are obtained using Gibbs sampling
based on the data augmentation algorithm (Tanner and Wong, 1987) im-
plemented in the following conditional distributions:

(i)[Y1,miss|β1, b1, τ1, X] (i′)[Y2,miss|β1, b1, τ1, Y1, X]
(ii)[β1, b1, τ1|Y1, X] (ii′)[β2, γ, b2, τ2|Y1, Y2, X]

(i.1) [β1|b1, τ1, Y1, X] (ii′.1) [β2|γ, b2, τ2, Y1, Y2, X]
(i.2) [b1|β1, τ1, Y1, X] (ii′.2) [γ|β2, b2, τ2, Y1, Y2, X]
(i.3) [τ1|b1, β1, Y1, X] (ii′.3) [b2|β2, γ, τ2, Y1, Y2, X]

(ii′.4) [τ2|b2, β2, γ, Y1, Y2, X]

The four blocks (i), (ii), (i′) and (ii′) represent an outer Gibbs sam-
pling, from which draws from P (β, b, τ, Ymiss|Yobs, X) are obtained. Be-
cause drawing directly from blocks (ii) and (ii′) is not feasible, an inner
Gibbs sampling, as described for complete cases, was implemented within
each block. Blocks (i) and (i′) are consisted of the I-step in data augmen-
tation, with missing data generated to create a complete data set.

4.2 Results for labor force plan data
In this section, four different transitional models will be compared. The
first two models only consider complete cases (22088 individuals who were
present in both seasons) whereas the other two models work with all avail-
able cases. Model (I) does not assume any random effect parameters but
the second model (Model (II)) includes random effects, due to household
clustering. Both models are of the form (3) in Section 3, but excluding
bit for Model (I). Model (III) and Model (IV) are assumed to be transi-
tional models for the available cases with non-monotone missing pattern
as discussed in the previous section. Model (III) does not include random
effect parameters but Model (IV) takes into account the existing correla-
tion within household members by including random coefficients (similar to
the model proposed in Section 3). Using Bayesian approach, we have per-
formed the iterative Gibbs sampling procedure in 5000 iterations, ignoring
the first 1000 iterations as burn-in, we obtain inferences about the model
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According to the results of using complete cases given in Table (1), in both
seasons, employment odds of the active part of population increases as the
age grows for both models (I) and (II) with an stronger effect in Model (II),
fixing all other model covariates. In spring, men’s odds of employment is
1.002 times women’s in Model (I) and it increases to 1.039 for Model (II)
and this odds ratio is 1.176 for Model (I) in summer and 1.249 for Model
(II). In Model (I), Employment odds of married people are 2.775 times than
that of singles in spring and this odds ratio increases to 2.519 in summer.
Model (II) indicates a higher employment odds ratio of 3.414 and 3.296
for married people respectively in spring and summer. People with master
degree or PhD have odds of employment 2.504 times than that of illiterate
in spring according to Model (I) which increases to 3.215 in Model (II).
This odds ratio decreases to 0.417 in Model (I) and 0.475 in Model (II)
for summer. In spring, employment odds of households having 1 member
is 1.846 times than that of having at least 4 members and this odds ratio
reduces to 1.531 for summer based on Model (I) and these odds ratios are
2.003 and 1.84 for model (II). It is noteworthy that employment odds of
people belonging to rural households is 2.096 times than that of people in
urban households in spring and 1.864 times in summer for Model (I) and
these odds ratios increase in Model (II). Also the summer employment odds
of people who were employed in spring is 15.487 times than that of others
that were unemployed in spring based on Model (I) and this odds ratio
increases to 42.777 in Model (II). The overall comparison of Model (I) and
Model (II) indicates that the parameter effects are more stronger when the
random coefficients are included in the model and that the variance of both
random effects in summer and spring are highly significant in Model (II).
Hence, for complete data, consideration of the existing correlation between
household members by random effects has made the effects more obvious.

Table (2) summarizes the results for models fitted to all available cases
with the assumption of MAR mechanism. The magnitude of influence of
parameters are nearly the same as Model (I) and Model (II) but these two
models gain more precision due to consideration of available observations
and the use of data augmentation procedure to consider the special missing
pattern of the data. In comparison with the complete data models, theses
two model leads to significant effects for all covariates except for some of
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the levels in multilevel covariates. It is also apparent that the significance
of the effect of all covariates except for some of their levels are obtained
in comparison with models for complete data. Also the effect of spring
outcome on the employment statues in summer has been decreased in com-
parison with Model (I) and Model (II) due to data augmentation. In Model
(IV) the parameter effects are more stronger than Model (III).

According to the deviance information criterion (DIC; Spiegelhalter
et al., 2002) calculated for all 4 models (see Table (1) and (2)), consideration
of random effect parameters has reduced DIC in both complete and avail-
able data models. Also, comparing Table (1) results with its corresponding
results in Table (2) illustrates that using data augmentation method to-
ward available data analysis and including random effects as in Model (IV)
have reduced variance of parameter estimates and increased their significant
level due to consideration of the potential correlation between household
members, hence yielding more precision for analyzing these data. Hence,
we would suggest Model (IV) as the best for the employment probability
prediction and inference in these data.

5 Conclusion
We use a transition logistic model with random coefficients for longitudinal
binary response with MAR non-monotone missing pattern. The model is
so flexible to be used with different distributions for the measurement error
of the latent variable model. This model provides the ability to model not
only monotone missing (dropout) but also non-monotone missing data for
two period longitudinal studies. Gibbs sampling is used to obtain Bayesian
parameter estimation and data augmentation. For labor force data (Sta-
tistical Center of Iran, 1385) we find a random effect transitional model
as the best available. We obtain that the response variable in summer is
dependent on the spring response and that the correlation due to being a
member of the same household is strongly significant. For further work the
model can be extended to be used for longitudinal ordinal responses with
non-ignorable missing mechanism.
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The asymptotic properties of some discrete
distributions generated by standard skewed stable

laws

Davood Farbod, and Karen V. Gasparian

Department of Mathematics, Yerevan State University, Yerevan, 375025,
ARMENIA

Abstract: There are some well-known frequency distributions in bioinformatics
having properties like stable densities. It is of interest to construct such frequency
distributions. In the present article the large-sample distributions of the Maximum
Likelihood Estimates (M.L.E) of the index and skewness parameters for some
discrete distributions generated by skewed stable densities are studied. It is shown
the existence, strong consistency, asymptotic normality and asymptotic efficiency
of that.

Keywords:Asymptotic properties; M.L.E; Regularity conditions; Sta-
ble Laws.

1 Introduction

A basic subject of any statistical inference in bioinformatics is characteri-
zation of the distributions of object frequencies for a population so-called
frequency distributions. Several common statistical facts on frequency dis-
tributions have been discovered (see Jeong et al. (2000), Kuznetsov (2003)
and Rzhetsky and Gomez (2001)). From the mathematical point of view
these are: skewness; regular variation at infinity; continuity by parameters;
unimodality, etc. For more details on this, we refer to Astola and Danielian
(2006).

In bioinformatics some frequency distributions are widely used.
But the variety of such systems requires to generate new ones that sat-
isfy the empirical facts above. Taking into consideration statistical facts,
new frequency distributions so-called Stable Laws are suggested. The Sta-
ble Laws are a rich class of probability distributions that allow skewness,
heavy tails and have many intriguing mathematical properties.
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Any stable distribution requires four parameters to describe: an
index exponent α ∈ (0, 2], a skewness parameter β ∈ [−1, 1], a scale pa-
rameter γ > 0 and a location parameter δ ∈ <, (see, for example, Nolan
(2007) and Zolotarev (1986)). There are several equivalent definitions of
stable distributions in Nolan (2007). One of them is as follows:

Definition 1.1 A random variable X is said to have a stable distribu-
tion if for X1 and X2 independent copies of X and any positive numbers
A and B, there exists positive number C and real number D such that

AX1 + BX2
d= CX + D,

where Cα = Aα+Bα, for a unique α ∈ (0, 2]. (The symbol d= means equality
in distribution).

In this article we suppose that

Θ = {θ = (α, β) : 0 < ε ≤ α < 1 or 1 < α < 2, 0 < β < 1},
(ε is some small constant) (1)

and D is an arbitrary open subset of Θ whose closure D is also con-
tained in Θ.

Now, we construct the following discrete distribution

p(x, θ) = c−1
θ s(x, θ) x = 0, 1, 2, ... with cθ =

∞∑

y=0

s(y; θ), (2)

where s(x; θ) is the density of Standard Stable Laws which has the follow-
ing well-known forms (see Astola and Danielian (2006), Feller (1971) and
Zolotarev (1986)):

For 0 < α < 1 and x > 0

s(x; θ) =
1
π

∞∑

k=1

Γ(kα + 1)
k!

(−1)k−1x−αk−1 sin[
πkα(1 + β)

2
]. (3)
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It is necessary to notice that (3), for 1 < α < 2, is as an asymptotic
expansion when x −→ +∞. For more details on this, see, for example,
Zolotarev (1986).

For x = 0 and 0 < α ≤ 2, α 6= 1,

s(0; θ) =
1
π

Γ(1 +
1
α

) cos(
π

2
β

K(α)
α

), (4)

where K(α) = α− 1 + sign(1− α).

2 The asymptotic properties of the M.L.E

Let Xn = (X1, X2, ..., Xn) be a finite sample from p(x; θ), θ ∈ Θ, and
xn = (x1, x2, ..., xn) be the realization of Xn, and suppose θ̂n is the M.L.E
of θ. Our purpose is to demonstrate the strong consistency, asymptotic
normality and asymptotic efficiency of the M.L.E of the parameter θ. To
prove this statement, in accordance with the following theorem (see Du-
Mouchel (1973), Borovkov (1998) and Lehmann (1983)) it is sufficient to
show that the family p(x, θ), θ ∈ Θ, satisfies the regularity conditions 1-5.

Theorem 1 Let Θ be as in (1) and θ0 ∈ D be the true value of θ. Under
satisfying the regularity conditions 1-5, the M.L.E θ̂n is:

(i) with probability 1, the unique solution of the likelihood equation
∂L(xn;θ)

∂θ = 0 in the region |θ̂n − θ0| < η, where η is some positive num-
ber independent of α0, L(xn; θ) =

∏n
i=1 p(xi; θ);

(ii) strongly consistent, asymptotically normal and asymptotically effi-
cient, i.e. as n −→∞ then

√
n(θ̂n − θ0)

d→ N(0, I−1(θ0)), where I(θ0) is a
Fisher’s information matrix.

For proving of this theorem, we refer the reader to Borovkov (1998) and
Lehmann (1983).

3 Statement and proving of the regularity condi-
tions
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Condition 1. The function p(x; θ) is continuous of θ for θ ∈ Θ, and has
continuous partial derivatives of first and second order with respect to θ for
θ ∈ D.

Condition 2. For all θ ∈ Θ and for all θ0 ∈ D (θ0 6= θ), the condition∑∞
x=0 |p(x; θ)− p(x; θ0)| > 0 is met.

The proofs of Conditions 1 and 2 are obvious.

Condition 3. For all θ0 ∈ D,

Eθ0 [ sup
θ∈Θ−D

ln
L(Xn; θ)
L(Xn; θ0)

] < ∞.

Proof: Assume that, without loss of generality, x1 = 0 and xi 6= 0 (i =
2, 3, ...). We have

L(xn; θ) =
s(0; θ)

cθ
×

n∏

i=2

s(xi; θ)
cθ

.

Let us consider, for 1 < α < 2, β = 2−α. For all (α, β) ∈ {Θ−D}, L(xn; θ)
is bounded uniformly except for the cases (α, β) −→ (2, 0) or (α, β) −→
(1, 1).

If (α, β) −→ (2, 0), then

L(xn; θ) −→ 0.

If (α, β) −→ (1, 1), then for n fixed it can be shown that L(xn; θ) is finite,
which completes the proof of Condition 3.

Condition 4. Let A(x; θ) = Aij(x; θ), i, j = 1, 2, be the matrix of second
order derivatives Aij(x; θ) = ∂2 ln p(x;θ)

∂θi∂θj
, θ1 = α, θ2 = β. Then for θ ∈ D,

each element of |A(x; θ)| is majorized by a function B(x), for which

∞∑

x=0

B(x)p(x; θ) < ∞. (5)
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Proof: Since D is a compact set and A(x, θ) is continuous with respect to
θ, for x fixed and θ ∈ D, the elements of matrix |A(x; θ)| are restricted by
a function B(x), which is itself bounded in any closed interval including x.
It remains to investigate the behavior of B(x) as x −→ +∞.
Let us assume

pθ(x; θ) =
∂

∂θ
(
s(x; θ)

cθ
), pθθ(x; θ) =

∂2

∂θ2
(
s(x; θ)

cθ
) (6)

Moreover, we have

sα(x; θ) = 1
π

∑∞
k=1

Γ′(kα+1)
(k−1)! (−1)k−1x−αk−1 sin(πkα(1+β)

2 )

+ 1
π

∑∞
k=1

Γ(kα+1)
(k−1)! (−1)k−1x−αk−1[π(1+β)

2 cos(πkα(1+β)
2 )

− (lnx) sin(πkα(1+β)
2 )],

(7)

sαα(x; θ) = 1
π

∑∞
k=1

Γ′′(kα+1)
(k−1)! k(−1)k−1x−αk−1 sin(πkα(1+β)

2 )

+ 2
π

∑∞
k=1

Γ′(kα+1)
(k−1)! k(−1)k−1x−αk−1[π(1+β)

2 cos(πkα(1+β)
2 )]

−(lnx) sin(πkα(1+β)
2 ) + 1

π

∑∞
k=1

Γ(kα+1)
(k−1)! k(−1)k−1x−αk−1[

(ln2 x− π2(1+β)2

4 ) sin(πkα(1+β)
2 )− π(1 + β)(lnx) cos(πkα(1+β)

2 )],

(8)

and

sβ(x; θ) =
α

2

∞∑

k=1

Γ(kα + 1)
(k − 1)!

(−1)k−1x−αk−1 cos(
πkα(1 + β)

2
), (9)

sββ(x; θ) =
πα2

4

∞∑

k=1

Γ(kα + 1)
(k − 1)!

k(−1)kx−αk−1 sin(
πkα(1 + β)

2
). (10)

Now, using (6)-(10) and doing some relatively tedious calculations we ob-
tain B(x) = O(ln2x), x −→ +∞.
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Due to the value of B(x) as x −→ +∞, it is easy to see that (5) is met.
The condition 4 is proved.

Condition 5. For each θ ∈ D, the Fisher’s information matrix I(θ) =
‖Iij(θ)‖, Iij(θ) = Eθ[

∂ ln p(X;θ)
∂θi

.∂ ln p(X;θ)
∂θj

] is nonsingular and is continuous
with respect to θ.

Proof: We have

I(θ) =
(

I11(θ) I12(θ)
I21(θ) I22(θ)

)
.

For proving that I(θ) is nonsingular it suffices to show that

[cov(
∂ ln p(X1; θ)

∂α
.
∂ ln p(X1; θ)

∂β
)]2 < var(

∂ ln p(X1; θ)
∂α

)var(
∂ ln p(X1; θ)

∂β
).

This is equivalent to saying that

∂ ln p(X1; θ)
∂α

6= b
∂ ln p(X1; θ)

∂β
(b is some positive constant). (11)

The proof of (11) with the help of (7) and (9) is not difficult.

In addition, it is readily seen that the continuity condition of I(θ) holds.
The Condition 5 is established.

Now, the following theorem based on theorem 2.1 is proved:

Theorem 2 When sampling from p(x, θ), the M.L.E θ̂n for θ ∈ Θ based
on the first n observations is strongly consistent, asymptotically normal and
asymptotically efficient if θ0 (the true value of θ) is in the interior of the
parameter space Θ.
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Abstract: This paper presents time-censored (type I) and failure-censored (type
II) step-stress accelerated life test (SSALT) for exponential and Weibull distributed
time to failure data. Model for SSALT data analysis and the cumulative expo-
sure model (CE model) are presented. For the exponentially distributed SSALT
data, maximum likelihood estimation method (MLE) is used for parameter estima-
tion. The transformed least squares approach for Type II exponentially distributed
SSALT data analysis is discussed. We also propose the analysis of Type I censored
Weibull data.

Keywords: Accelerated life test; step-stress; time-censored; failure
censored; maximum likelihood estimation.

1 Introduction

Reliability and maintainability are important components in engineering
design. Their growth has been motivated by several factors, which include
the increased complexity and sophistication of systems, public awareness
and insistence on product quality. Reliability is defined as the probability
that a given component or system will perform its required function without
failure for a given period of time, when used under stated operating condi-
tions. In other words, reliability is the probability that a given system will
perform as anticipated. Accurate prediction and control of reliability plays
an important role in preventive maintenance scheduling, warranty condi-
tions and periods. Manufacturing systems that can economically design
and market products that meet their customers’ reliability expectations
have a strong competitive advantage in today’s marketplace.

An integrated product test program may consist of several types of
tests, each having different objectives, such as functional or operational
tests, environmental stress testing, reliability qualification tests, reliabil-
ity life testing, safety testing, and reliability growth testing. The primary
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objective of reliability life testing is to obtain information concerning fail-
ures in order to quantify reliability, to determine whether reliability and
safety goals are being met, and to improve product reliability. One of the
most important reliability testing is accelerated life testing. Accelerated
life testing (ALT) consists of a variety of test methods for shortening the
life of products or hastening the degradation of their performance by accel-
erating failures of highly reliable products. Accelerated life testing is often
performed to quickly obtain information on the life distribution or prod-
uct reliability under normal operating conditions. Specimens are tested at
higher-than-operating levels of stress (e.g., temperature, voltage, pressure,
vibration, and cycling rate) to induce early failure. Failure information is
then extrapolated to normal operating conditions, based on an assumed
life-stress relationship. Such testing could save much time and money.

In the traditional life data analysis, times-to-failure data (of a product,
system or component) obtained under normal operating conditions are an-
alyzed in order to quantify the life characteristics of the product, system
or component, and to make predictions about products performance. In
many situations, and for many reasons, it may be difficult or even impossi-
ble to obtain such a life data. The long life times of today’s products, the
small time period between design and release and the challenges in testing
products that are used continuously under normal operating conditions are
among the difficulties. Therefore, in order to observe products failures for
analyzing their failure modes and understanding their life characteristics
in a short time, accelerated life tests (ALT) are developed. Through ALT,
stress levels which cause product failure are increased and life data for the
product under accelerated stress conditions are captured. ALT approach
is suitable for products or component that are used on a continuous time
basis, such as tires, toasters, heaters, light bulbs.

In general, the accelerated life testing can be divided into two cate-
gories: qualitative accelerated testing such as: HALT, HASS, torture tests,
shake and bake tests, and quantitative measures in accelerated life testing.
Quantitative accelerated life testing (QALT) consists of tests designed to
quantify the life characteristics of the product, component or system under
normal use conditions and thereby provide reliability information. Relia-
bility information includes the prediction of mean life and reliability of the
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product under normal use conditions, and projected returns and warranty
costs. QALT can be classified as constant stress, step stress, continuously
increasing stress, and etc. These types of loads are classified according to
the time dependency of the stress variables.

In step-stress accelerated life test (SSALT), the stress applied to the
test product is increased in a specified discrete sequence. Test units are
initially placed on a specified low stress, and then at a pre-determined
time, the stress is changed to a higher level. Simple step-stress tests, which
use 2 test-levels, have been widely studied.

In recent years, the studies of step-stress accelerated life testing de-
sign and analysis have attracted many interests and efforts. Nelson (1980)
described step-stress accelerated life testing and proposed the cumulative
exposure model (CE model) for data analysis. The model assumes that
the remaining life of specimens depends only on the current cumulative
fraction failed and current stress — regardless of how the fraction is accu-
mulated. Miller and Nelson (1983) first presented optimum simple SSALT
plans for the case where test units have exponentially distributed life and
all units run to failure. Bai, Kim and Lee (1989) extended the results of
Miller & Nelson (1983) to the case where a prescribed censoring time is
involved. Bai and Kim (1993) proposed an optimum simple SSALT for the
Weibull distribution under Type I censoring. Khamis and Higgins (1996)
considered quadratic stress-life relationship and derived the optimum 3-step
SSALT for the exponentially distributed time-censored data. Yeo and Tang
(1999), Tang (2003) derived an optimal simple SSALT, where not only the
optimum hold time under low stress but also the optimum low stress level
is determined by taking into consideration the target acceleration factor.
Xiong (1998), Xiong and Milliken (1999) explored an optimum plan for
simple failure-step SSALT, when the stress change time is an order statis-
tic from the exponential lifetime under the low-stress model. Teng and
Yeo (2002) proposed transformed least squares approach for the data anal-
ysis of failure-censored step-stress accelerated life tests with exponentially
distributed failure time. Khamis and Higgins (1998) proposed a time trans-
formation of the exponential CE model for analyzing Weibull SSALT data.
Alhadeed and Yang (2002) and Fard and Li (2004) obtained the optimal
design for the simple SSALT using the Khamis-Higgins model (K-H model)
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with Weibull distribution assumption for complete data and censored data.
Li and Fard (2007) presented the optimal SSALT model considering differ-
ent stress change times for two stress variables and censored Weibull failure
data.

In this paper, we discuss the data analysis for both time-censored and
failure-censored SSALT with exponential data or Weibull data. In the fol-
lowing section we present the steps for analysis of QALT data: choosing
the appropriate life distribution and selecting the proper life-stress models.
Section 3 shows the basic model for SSALT data analysis, the cumulative
exposure model (CE model). Figures and mathematical expressions are
both used to illustrate the CE model. Section 4 presents the analysis for
Type I censored exponentially distributed SSALT data, where the proce-
dure is given and MLE method is used for parameter estimation. In section
5, we discuss the transformed least squares approach for Type II censored
exponentially distributed SSALT data analysis. In section 6, we proposed
the analysis for Type I censored Weibull data. K-H model is assumed and
the MLE method is used.

2 Life Distribution and Life-Stress Models

Analysis of QALT data consists of an underlying life distribution that de-
scribes the product at different stress levels and a life-stress relationship
(or model) that quantifies the manner in which the life istribution changes
across different stress levels.

The first step in performing a QALT data analysis is to choose an ap-
propriate life distribution. The assumed underlying life distribution can
be any life distribution. The most commonly used life distributions are
exponential, Weibull, and lognormal probability density functions. The ex-
ponential distribution has been widely used in the past because of its sim-
plicity, which may not be appropriate in many applications. The Weibull
and lognormal distributions, which require more involved calculations, are
more appropriate in most cases.

After selecting an appropriate underlying distribution, the second step
is to select a life-stress model. Figure 1 shows the relationship between
applied stress and the life. The curve shows that at higher stress level
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less time is required to for a failure occurrence and as the stress is re-
duced product life becomes longer. This relationship between stress and
life provides an effective means for accelerating the test. Commonly used
stress-life relationships are Arrhenius Relationship, Eyring Relationship,
Inverse Power Law Relationship, and Temperature-Humidity Relationship,
Temperature-Non thermal Relationship, General Log-Linear Relationship,
and Proportional Hazards Model.

Figure 1: Relationship between Stress and Life
Table 1 lists some commonly used life-stress relationships.
Table 1: Commonly Used Life-Stress Relationship

Relationship Model
Arrhenius Relationship ln (L (V )) = ln (C) + B

V

Eyring Relationship L (V ) = 1
V e−(A−B

V )

Inverse Power Law Rela-
tionship

ln (L) = − ln (K) −
n ln (V )

Temperature-Humidity
Relationship

ln (L (V, U)) = ln (A) +
φ
V + b

U

Temperature-Non ther-
mal Relationship

ln (L (U, V )) = ln (C) −
n ln (U) + B

V

General Log-Linear Re-
lationship

ln (L) = α0 + α1X1 +
α2X2 + . . . + αnXn

Proportional Hazards
Model

λ (t; X) = λ0 (t) ·
eα1x1+α2x2+···+αmxm

Where L represents a quantifiable life measure, V, U, Xi ’s are the stress
variables, λ is the failure rate, and A,B,C, K, n, φ, b, αi are unknown pa-
rameters.

3 SSALT Data Analysis Model

In a SSALT, the data are usually obtained from the step-stress cumulative
distribution function (Cdf). However, we are usually interested in the life
distribution under constant stress. To analyze the data from SSALT, a
model is needed to relate the distribution under step-stress to the distribu-
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tion under constant stress. Nelson (1980) defined one such model, called
cumulative exposure model (CE model). The model assumes that the re-
maining life of specimens depend only on the current cumulative fraction
failed and current stress — regardless of how the fraction accumulated.
Moreover, if held at the current stress, survivors will fail according to the
Cdf of stress, but starting at the previously accumulated fraction failed.

Figure 2 describes the CE model, with a three step SSALT (a), and the
three Cdf’s for the constant stresses V1, V2, V3 (b). It shows that the test
units first follow the Cdf for V1 up to the first hold time t1. When the
stress increased from V1 to V2, the unfailed units continue along the Cdf
for V2, starting at the accumulated fraction failed. Similar derivation can
be obtained when the stress increases from V2 to V3. Figure 1-c shows the
Cdf of the step-stress ALT, which includes the segments of the Cdf’s for
the constant stresses.

Figure 2: Cumulative exposure model
The CE model for k-step SSALT can be expressed as follows:

F0 (t) =





F1 (t) 0 ≤ t ≤ t1
F2 (t− t1 + s1) t1 ≤ t ≤ t2
F3 (t− t2 + s2) t2 ≤ t ≤ t3
...

...
Fk (t− tk−1 + sk−1) tk−1 ≤ t ≤ tk

(1)

where s0 = t0 = 0; and si(i > 0) is the solution of:

Fi+1 (si) = Fi (ti − ti−1 + si−1) , for i = 1, . . . , k − 1.

4 Analysis for Type I Censored Exponential Data

Test Procedure: 1) n units are initially placed on lower stress S1, and run
until timeτ(also called hold time), when the stress is increased to S2 and
the test is continued until all units fail or until a predetermined censoring
time T, whichever comes first.

2) ni failures are observed at time tij,j = 1, 2, . . . ni while testing at
stress Si, i = 1, 2, and nc units are censored.

150



The 9th Iranian Statistical Conference University of Isfahan, August 2008

Basic Assumptions:
1) For any level of stress, the life of test units is exponentially dis-

tributed.
2) The mean life θi of a test unit at stress Si is a log-linear function of

stress. That is,

log (θi) = α0 + α1Si (2)

where α0 and α1 (< 0) are unknown parameters depending on the nature
of the product and the method of test.

3. A cumulative exposure model holds.
From the assumptions of CE model and exponentially distributed life,

the Cdf of a test unit under simple SSALT is:

G (t) = 1−




exp
(
− t

θ1

)
for 0 ≤ t ≤ τ

exp
(
− t−τ

θ2
− τ

θ1

)
for τ ≤ t ≤ ∞

(3)

Thus the likelihood function from observations tij, i = 1, 2,j = 1, 2, . . . ni,
is presented as follows:

L (θ1, θ2) =
n1∏

j=1

[
1
θ1
· exp

(
− t1,j

θ1

)]

·
n2∏

j=1

[
1
θ2
· exp

(
− t2,j − τ

θ2
− τ

θ1

)]
·

nc∏

j=1

exp
(
− τ

θ1
− T − τ

θ2

)
(4)

where nc = n− n1 − n2. The log likelihood function is then:

log L (θ1, θ2) = −
(

n1 log θ1 + n2 log θ2 +
U1

θ1
+

U2

θ2

)
(5)

where U1 =
∑n1

j=1 t1,j+(n2 + nc)·τ and U2 =
∑n2

j=1 (t2,j − τ)+nc (T − τ).
Then the maximum likelihood estimator is obtained by differentiating

the log likelihood function. The result is: θ̂1 = U1
n1

, θ̂2 = U2
n2

and log θ̂0 =

log θ̂1−x1·log θ̂2

1−x1
=

log
(

U1
n1
−x1·log

(
U2
n2

))

1−x1
, where xi = Si−S0

S2−S0
for i = 0, 1, 2..
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5 Analysis for Type II Censored Exponential
Data

Here we consider an m-step failure censored SSALT. All n test units are
initially placed at lowest stress x1 and run until n1 failure occurs. At t1,n1 ,
the stress is changed to x2. The test is continued, and the stress changes at
times ti,ni . The test is terminated after nm units have failed at stress level
xm. Based on the assumptions of exponentially distributed failure time
and the log-linear life-stress relationship, Teng and Yeo (2002) proposed a
transformed least squares approach (TLS) for the data analysis of failure-
censored SSALT. This approach is based on two lemmas. Proofs of those
two lemmas can be found in probability and statistics book.

Lemma 1 : Let t(1), t(2), . . . , t(n) be order statistics derived from a sam-
ple of n exponential observations with mean θ. Let t(0) = 0; then for
i = 1, . . . , n, Zi = (n− i + 1) · (t(i) − t(i−1)

)
are s-independent exponential

random variable with mean θ.
Lemma 2 : Let Z have an exponential distribution with mean θ. Then

log (Z) has an extreme value distribution with location parameter log (θ)
and scale parameter 1. The mean and variance of log (Z) are: log (θ) −
0.5772 and 1.2832, respectively.

The observed failure time ti,j from the failure-censored SSALT are or-
dered statistics from n exponential observations with mean θ. Let t1,0 =
0, ti,0 = ti−1,ni−1 for i = 2, . . . , m. Then the transformed time differ-

ence between two consecutive failures Zi,j =
(
n−

(∑i−1
k=1 nk + j

)
+ 1

)
·

(ti,j − ti,j−1) are statistically independent and exponentially distributed
with mean θi by Lemma 1. Then the log (Zi,j) are therefore extreme value
random variable with mean log (θi)− 0.5772 and variance 1.2832.

If define a random variable Wi,j = log (Zi,j) + 0.5772, the regression
model becomes Wi,j = α0+α1 ·xi+εi,j , where εi,j are independent extreme
value random variable with mean 0 and variance 1.2832.

By least squares estimation, the TLSE of α0, α1 satisfy

[
n

∑
i ni · xi∑

i ni · xi
∑

i ni · x2
i

]
×

[
α0

α1

]
=

[ ∑
i,j Wi,j∑

i,j xi ·Wi,j

]
(6)
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Hence
[

α̂0

α̂1

]
=

[
n

∑
i ni · xi∑

i ni · xi
∑

i ni · x2
i

]−1

·
[ ∑

i,j Wi,j∑
i,j xi ·Wi,j

]

And log
(
θ̂0

)
= α̂0 + α̂1 ·x0 is the TLS estimator of the log of mean life

under normal operating condition.

6 Analysis for Type I Censored Weibull Data

The assumption of exponentially distributed life times has limited the appli-
cation of the above results. Although Weibull distribution is more flexible,
the computation complexity of the SSALT model with Weibull distribution
has hindered the further research and application. To overcome such dif-
ficulty, Khamis and Higgins (1998) proposed a time transformation of the
exponential CE model for analyzing Weibull SSALT data. The K-H model
for a simple SSALT is:

G (t) = 1−




exp
(
− tδ

θ1

)
0 ≤ t ≤ τ

exp
(
− tδ−τδ

θ2
− τδ

θ1

)
τ ≤ t ≤ ∞

(7)

where δ is the shape parameter, and θi is the scale parameter.
This time-transformation enables the reliability engineer to use known

results for multiple-step, multiple-stress models that have been developed
for the exponential step-stress model when δ is known. Alhadeed and Yang
(2002) considered the case where δ is unknown, and proposed the MLE
and the optimal test design using the K-H model, based on the assumption
of complete data. Here, we consider Type I censored Weibull data, and
present the parameter estimate using MLE method.
Let y = log (t), σ = 1/δ, ui = log (θi) = β0+β1Si, and Ci = (log (τ)− ui) /σ,
for i = 0, 1, 2. Then (6) becomes:

G (y) =
{

1− exp
(− exp

(y−u1

σ

))
, −∞ < y < log (τ)

1− exp
(− exp

(y−u2

σ

)
+ exp (C2)− exp (C1)

)
, log (τ) ≤ y < ∞

(8)
The log likelihood function for the time censored Weibull data Yij , i = 1, 2,
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j = 1, 2, . . . , ni is:

log [L (u1, u2, σ)] = − (n1 + n2) log (σ)

+
2∑

i=1

ni∑

j=1

(
yij − ui

σ
− exp

(
yij − ui

σ

))

+ (n2 + nc) (exp (C2)− exp (C1))− nc exp (CT ) (9)

where CT = log(T )−u2

σ . The MLE for u1, u2, σ can be obtained by differen-
tiating the log-likelihood function.

∂ log [L (u1, u2, σ)]
∂u1

=

− 1
σ


n1 −

n1∑

j=1

exp
(

y1j − u1

σ

)
− (n2 + nc) exp (C1)


 = 0;

∂ log [L (u1, u2, σ)]
∂u2

=

− 1
σ


n2 −

n2∑

j=1

exp
(

y2j − u2

σ

)
+ (n2 + nc) exp (C2)− nc exp (CT )




= 0; (10)

∂ log [L (u1, u2, σ)]
∂σ

=

− 1
σ

[
(n1 + n2) +

∑2
i=1

∑ni
j=1

(
yij−ui

σ

(
1− exp

(
yij−ui

σ

)))
+

(n2 + nc) (C2 exp (C2)− C1 exp (C1))− ncCT exp (CT )

]
= 0;

The MLE of log of the life with R reliability of the Weibull distribution
at normal operating condition is:

ŶR (S0) = log
(
θ̂0

)
+ UR · σ̂ =

û1 − xû2

1− x
+ UR · σ̂

where x = S1−S0
S2−S0

, and UR = log (− log (R)).
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Abstract: In this paper a bisexual Galton-Watson branching process is intro-
duced. For certain class of processes {Zn} extinction probability is studied when
initially population size (Z0) has a different value. Monte Carlo method is pur-
posed to calculate the extinction probability .

Keywords: Bisexual Galton-Watson process, extinction probability,
simulation, Monte Carlo method.

1 Introduction

The bisexual Galton-Watson branching process initially introduced by Da-
ley [3]: Successive generations n=0,1,2,... of an evolutionary process consist
of Fn females and Mn males forming Zn = L(Fn,Mn) mating units, where
L(x, y) is a non-negative integer-valued function which is non-decreasing
in both x, y ∈ N . These mating units reproduce the next generation inde-
pendently through the same offspring probability distribution (pn) in each
generation. Each offspring is female with probability α(0 < α < 1). Da-
ley [3] argues that {Zn} is markov chain with the non-negative integers as
states. He also obtained a necessary and sufficient condition to extinction
with probability one. Hull [5], Bruss [2] and Alsmeyer and Rosler [1] obtain
extinction probability for some class of this process.

Usually the calculus of extinction probability is so difficult. In this
paper Monte Carlo method is purposed to calculate the extinction proba-
bility. For certain class of this processes extinction probability is studied
when initially population size (Z0) has a different value. In section 2 the
bisexual Galton-Watson branching process is introduced. In section 3 the
extinction probability is estimated and for certain class these processes are
simulated.
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2 The bisexual Galton-Watson branching process

In this section the bisexual Galton-Watson branching process is introduced.
A bisexual Galton-Watson branching process can be described as fol-

lows:
Let {(Fn,i,Mn,i);n = 0, 1, 2, ..., i = 1, 2, ...} be a family of integer-

value, independent and identically distributed bivariate random variables,
the mating function L : Z+×Z+ → Z+ is a function with following charac-
teristics, monotonic non-decreasing in each argument and integer valued for
integer-valued arguments and such that L(x, y) ≤ xy. We define processes
{Zn}n and {(Fn,Mn)}n by the iterative relation:

Z0 = N ≥ 1, (Fn+1,Mn+1) =
Zn∑

i=1

(Fn,i,Mn,i), Zn+1 = L(Fn+1,Mn+1),

for n = 0, 1, 2, ... and N is a positive integer, with the empty sum the result
is (0, 0).

In this model, Fn,i,Mn,i represent the number of females and males
produced by ith mating unit in the nth generation, respectively. Fn and Mn

are the number of females and males in the nth generation, respectively,
which form, Zn = L(Fn,Mn) mating unit. These mating units reproduce
the next generation independently through the same offspring probability
distribution in each generation. Daley [4] argues that {Zn}, {(Fn,Mn)}
are markov chain with the non-negative integers as states. The state has
stationary one step transition probabilities and 0 and (0, 0) states are ab-
sorbing. Let Tn,i = Fn,i +Mn,i for i = 1, 2, ..., Zn, the term Tn,i denotes the
total number of offspring produced by the ith mating unit in the nth gener-
ation. {Tn,i}n,i are integer-valued, independent and identically distributed
random variables, each offspring is female with probability α(0 < α < 1)
or male with probability (1− α).

The bisexual Galton-Watson branching process are identified by the
following four parameters:

1) The number of mating units in the initial generation, (Z0).
2) The mating function (L).
3) The offspring probability low ({pn}∞n=0).
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4) The probability that any individual offspring will be female (α).

A branching process is said superadditive when its mating function
L is superadditive i.e. for any x1, x2, y1, y2 in Z+:

L(x1 + x2, y1 + y2) ≥ L(x1, y1) + L(x2, y2).

The extinction probability define as a following:

qj = lim
n→∞P (Zn = 0 | Z0 = j)

Let rk = k−1E(Zn+1|Zn = k), k = 1, 2, ... (mean growth rates) Dalley
[4] shows:

r = lim
k→∞

rk = sup
k>0

rk

exists and moreover

qj = 1 , j = 1, 2, ... ⇔ r ≤ 1.

3 Estimation of extinction probability

In this section an estimator for extinction probability is introduced and for
certain class these processes are simulated and extinctions probability are
estimated.

Define random variable (Xn,j), when Z0 = j as a following:

Xn,j = I{Zn=0}.

Xn,j has the Bernolli(1, qj) distribution and an estimator for the extinction
probability is given by:

q̂j =
∑n

i=1 Xi,j

n
.

This estimator is a UMVU estimator (Lehmann [6]).
Here Monte Carlo simulation of this process is purposed to estimate

qj .
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To estimate qj we should identified four parameters of this process then
in each generation for each mating unit we simulate the number of offspring
(m). Since number of female in each mating unit has the Bernolli(m,α) we
can simulate number of female and male in each mating unit (Fn,i,Mn,i)
and finally we can obtain number of female and male in nth generation
(Fn,Mn). Then we use mating function (L) and obtain number of mating
unit in nth generation (Zn+1).

Example 1 A bisexual Galton-Watson branching process with four fol-
lowing parameters is considered:

Z0 = j , P (Tn,i = 1) = 1 , L(x, y) =
{

x + y + 1 x ≥ 1, y ≥ 1,
0 x = 0, y = 0.

Also each offspring is female with probability α. This implies Zn+1 = 0
or Zn+1 = Zn + 1 moreover, Zn > 0 iff Xn ≥ 1, Yn ≥ 1. Then we can
obtain:

qj = lim
n→∞P (Zn = 0 | Z0 = j)

= 1− lim
n→∞P (Zn > 0 | Z0 = j)

= 1− lim
n→∞P (Zn > 0 | Zn−1 > 0)P (Zn−1 > 0 | Z0 = j)

= 1− lim
n→∞

n∏

i=1

P (Zi > 0 | Zi−1 > 0)

= 1− lim
n→∞

n∏

i=1

(1− P (Xi = 0 or Yi = 0 | Zi−1 = Z0 + i− 1)).

When α = 0.5 we have

qj = 1− lim
n→∞

n∏

i=1

(1− (0.5)Z0+i−2).

For different value of Z0 we calculate qj , also we simulate q̂j and com-
pare qj and q̂j in table 1.

The results for 300000 simulations are reasonable.
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Z0 = j q̂j |q̂j − qj | Z0 = j q̂j |q̂j − qj |
3 0.422217 7.2381× 10−5 9 7.7187× 10−3 7.3428× 10−5

4 0.229687 2.1091× 10−4 10 3.775× 10−3 1.2617× 10−4

5 0.119884 4.0152× 10−5 11 1.7906× 10−3 1.6123× 10−4

6 0.060212 9.9700× 10−4 12 8.5× 10−4 1.2624× 10−4

7 0.030926 2.4156× 10−4 13 4.7187× 10−4 1.6327× 10−5

8 0.015906 3.6245× 10−4 14 0 2.4412× 10−4

Table 1: Comparison of the qj and q̂j (300000 simulations).

Example 2 A bisexual Galton-Watson branching process with four fol-
lowing parameters is considered:

Z0 = j , P (Tn,i = 1) = 1 , L(x, y) =
{

x + y + 1 x ≥ 2, y ≥ 2,
0 x < 2, y < 2.

Also each offspring is female with probability α. This implies Zn+1 = 0 or
Zn+1 = Zn + 1 moreover, Zn > 0 iff Xn ≥ 2, Yn ≥ 2. Then we can obtain:

qj = lim
n→∞P (Zn = 0 | Z0 = j)

= 1− lim
n→∞

n∏

i=1

(1− P (Xi ≤ 1 or Yi ≤ 1 | Zi−1 = Z0 + i− 1)).

When α = 0.5 we have:

qj = 1− lim
n→∞

n∏

i=1

(1− (0.5)Z0+i−2(Z0 + j)).

For different value of Z0 we calculate qj , also we simulate q̂j and com-
pare qj and q̂j in table 2.
The results for 300000 simulations are reasonable.
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Abstract: In this work based on a realization of an inhomogeneous Poisson pro-
cess whose intensity function depends on a real unknown parameter, we consider
a simple null hypothesis against a composite one sided alternative. Under certain
regularity conditions we obtain the power loss of the score test which measures
its performance with respect to the Neyman-Pearson test. We present also the
second order approximation of the power of the score test under the close (con-
tiguous) alternatives which permits the numerical calculations. This improves the
first order classical representation of the power. The results are applied to several
important models.

Keywords: Hypotheses testing, inhomogeneous Poisson process, power
loss, second order efficiency.

1 Introduction

The spatial Poisson process is widely used in many fields. The diverse choice
of intensity function makes it a suitable model for many real phenomena.
Estimation theory for spatial Poisson process was extensively developed (see
[3] and [10] and the references therein). For the problem of goodness of fit
testing with the simple basic hypothesis and a nonparametric alternative see
[9]. One can refer to [4] and [2] where a simple Poissonian null hypothesis is
tested against a large classes of alternatives of the type of stationary point
processes. The present work is devoted to a parametric hypotheses testing
problem in which we study the third order asymptotic behavior of the
score test when the parameter is one dimensional. For a multidimensional
parameter, the second order asymptotic properties of the Rao score test is
studied in [7].
Let X(n) be an inhomogeneous Poisson process observed on some increasing
subsets An, n = 1, 2, . . . of d dimensional Euclidian space Rd with intensity
function S (ϑ, x) , x ∈ An depending on one-dimensional parameter ϑ ∈
Θ. In this work X(n) represents an inhomogeneous Poisson process or a
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realization of the process. Let
{

(n)
ϑ , ϑ ∈ Θ

}
denote the parametric family

of distributions of the random element X(n). Based on X(n) we want to
test the hypotheses,

H0 : ϑ = ϑ0

H1 : ϑ > ϑ0,

where ϑ0 is a given value in the parameter space Θ. Let us fix some α ∈
(0, 1) and define the class K′α of (sequence of) tests of asymptotic level 1−α
(size α), i.e.,

K′α =
{

φn : lim
n→∞ ϑ0φn

(
X(n)

)
= α

}
.

It is well known that if n → ∞ for any given value ϑ of the alternative
the power of any reasonable (consistent) test tends to 1 ( see [1]). In order
to compare different tests we use the Pitman’s approach (see [11]) where
instead of a fixed alternative ϑ we consider a sequence of so-called local
alternatives (close or contiguous alternatives) which converges to ϑ0 with a
certain rate and hence it is difficult to distinguish between the null hypoth-
esis and alternative. More precisely, let {ϕn} be a sequence of nonnegative
numbers which converges to zero with such a rate that the likelihood ratio

Zn(u) =
d(n)

ϑu

d(n)
ϑ0

(
X(n)

)
=

= exp
{∫

An

ln
S(ϑu, x)
S(ϑ0, x)

X(n)(dx)−
∫

An

[S(ϑu, x)− S(ϑ0, x)] dx

}
.

has a nondegenerate limit for any u > 0 with ϑu = ϑ0 + ϕnu ∈ Θ. Here for
the function f(·) defined on An the stochastic integral w.r.t. the Poisson
process X(n) is defined by

∫

An

f(x) X(n)(dx) =
∑

xi∈An

f(xi),

where {xi} are the events (random points) of the Poisson process. By the
Neyman-Pearson lemma the most powerful test for H0 : ϑ = ϑ0 against
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the local alternative Hu : ϑ = ϑ0 + ϕnu with u > 0, is given by

φ̃n

(
X(n)

)
=

{
1, if Λn(u) > bn(u)
0, if Λn(u) < bn(u)

where Λn(u) = lnZn(u) and the constant bn(u) together with the contribu-
tion of the randomized part provide the size ϑ0 φ̃n

(
X(n)

)
= α. The power

of φ̃n as a function of u is called the envelope power function . For any fixed
n it is the supremum of the power at the local alternative ϑu = ϑ0 + ϕnu
over all the tests at level 1 − α. Notice that φ̃n is not a test for the main
hypotheses H0 and H1, because it depends on the parameter u. Let us
introduce the score statistic,

∆n (ϑ0) = ϕn

∫

An

Ṡ (ϑ0, x)
S (ϑ0, x)

π(n) (dx) , ϕ−2
n = In(ϑ0) =

∫

An

Ṡ (ϑ0, x)2

S (ϑ0, x)
dx,

where the normalizing factor ϕn is the inverse square root of the Fisher in-
formation In(ϑ0) at the point ϑ0. Above π(n) (dx) = X(n) (dx)−S (ϑ0, x) dx
is the centered Poisson process and Ṡ (ϑ, x) denotes the derivative of S (ϑ, x)
with respect to ϑ. Based on ∆n (ϑ0) we introduce the Rao score test

φ̄n

(
X(n)

)
=

{
1, if ∆n (ϑ0) > zα

0, if ∆n (ϑ0) ≤ zα

where zα is 1−α quantile of standard Gaussian law, i.e., {ζ > zα} = α and
ζ ∼ N (0, 1). It is well known that if the family

{
(n)
ϑ , ϑ ∈ Θ

}
of distributions

is locally asymptotically normal (LAN) at the point ϑ0, then the test φ̄n ∈
K′α is locally asymptotically uniformly most powerful (LAUMP) (or first
order efficient), i.e., for any K > 0

sup
0≤u≤K

ϑu φ̃n

(
X(n)

)
−ϑu φ̄n

(
X(n)

)
= o(1)

as n →∞ (see [14]). Moreover the power function of φ̄n at ϑu admits the
representation

ϑu φ̄n

(
X(n)

)
= {ζ > zα − u}+ o (1) (1)
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for any u > 0, where ζ ∼ N (0, 1). For n large, hence the power of
φ̄n approximates the envelope power function up to order o(1). In this
work we obtain a refinement of (1) which is given in (4). For a family{

(n)
ϑ , ϑ ∈ Θ

}
of distributions related to a Poisson process with intensity

functions {S (ϑ, ·) , ϑ ∈ Θ}, the conditions of LAN when ϑ is a multidimen-
sional parameter are obtained by Yu. A. Kutoyants, [10]. The first order
efficiency of φ̄n follows from the LAN representation which implies in turn
the asymptotic normalities of ∆n(ϑ0) and Λn(u) under both H0 and Hu.
Therefore the refinement of the central limit theorem by taking into account
one term after the Gaussian term improves the situation. This can be done
by the help of the Edgeworth type expansion of the distribution function of
the stochastic integral ∆n(ϑ0) and Λn(u) under H0 and Hu. Under certain
regularity conditions related to second order asymptotic properties of the
family

{
(n)
ϑ , ϑ ∈ Θ

}
, we can construct a second order efficient test, i.e., a

test φ∗n such that for any K > 0,

sup
0≤u≤K

ϑu φ̃n

(
X(n)

)
−ϑu φ∗n

(
X(n)

)
= O(ε2

n), (2)

for some sequence εn → 0 (see [6]). Furthermore the probability of the
first type error of φ∗n is given by ϑ0φ

∗
n

(
X(n)

)
= α + O(ε2

n). From (2) it
follows that the power function of φ∗n (generally a second order efficient test)
approximates the envelope power function up to order O(ε2

n) and hence it
works as good as φ̃n up to this order. Second order efficiency of φ∗n is related
to the fact that the first and second terms in the Edgeworth expansions of
the distribution functions of ∆n(ϑ0) and Λn(u) under the local alternative
are equal up to order O(ε2

n). Hence to measure the performance of a second
order efficient test (here φ∗n), it is natural to consider the power loss of φ∗n
with respect to the most powerful test φ̃n, which is defined by

r(u) = lim
n→∞ ε−2

n

(
ϑu φ̃n

(
X(n)

)
−ϑu φ∗n

(
X(n)

))
, (3)

for u > 0. To achieve this the three terms in the Edgeworth expansions of
the distribution functions need to be taken into account. The main object
of this work is to obtain the power loss of the score test φ∗n related to an
inhomogeneous Poisson process and to give the explicit representation of
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r(u). For the power loss results for the tests based on L, R and U statistics
in the i.i.d. case, see [1], chapter 3.
The importance of Edgeworth expansions and asymptotic expansions of
estimators and test statistics are well known in statistics ([8], [12], [13]).
They provide better approximations for a moderate volume of observations
than those obtained by the central limit theorem. On the other hand, to
compare first order efficient statistical procedures, it is necessary to con-
sider higher order terms. As under certain regularity conditions first order
efficiency implies second order efficiency ([13]), then in order to measure the
performance of a statistical procedure (an estimator or a statistical test)
third order properties of the statistical problem are needed.

2 Edgeworth Type Expansion

The main tool used in this work is based on the Edgeworth type expan-
sion. Hence in this section we present the conditions under which the
distribution function Fn(y) =(n)

ϑ {In(f) < y} , of the stochastic integral
In(f) =

∫
An

fn (x) π(n)(dx), admits an Edgeworth type expansion for two
terms after the Gaussian term, where π(n) (dx) = X(n) (dx)− S(ϑ, x) dx is
the centered Poisson process. We suppose that

∫
An

fn(x)2 S(ϑ, x) dx = 1.
The expansion is obtained under the following two conditions:

B1. There exists a sequence of real numbers εn → 0, as n → ∞ and
constants Cr > 0, r = 3, 4, 5, such that

∫

An

fn(x)r S(ϑ, x) dx ≤ Cr εr−2
n .

B2. There exist constants γ ≥ 5/2 and c0 > 0 satisfying the inequality
C3
3! c0 + C4

4! c2
0 + C5

5! c3
0 − 1

2 < 0 such that for all large n we have

inf
c0ε−1

n
2

<t<
ε−2
n
2

∫

An

sin2 (tfn(x)) S(ϑ, x) dx ≥ γ ln ε−1
n .

Let us introduce the cumulants

γr,n =
∫

An

fn(x)r S(ϑ, x) dx, r = 3, 4
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and the Hermit polynomials:

H2(y) = y2 − 1, H3(y) = y3 − 3y, H5(y) = y5 − 10y3 + 15y.

Theorem 0.9 Let the conditions B1, B2 be fulfilled, then uniformly in
y ∈ R

Fn(y) = N (y)− γ3,n

3!
H2(y) n(y)− γ4,n

4!
H3(y) n(y)

−γ2
3,n

72
H5(y) n(y) + O(ε3

n),

for all n large. Here N (y) and n(y) denote the distribution and density
functions of the standard Gaussian law, respectively.

Note that γr,n = O(εr−2
n ), r = 3, 4 by B1.

Proof: See [5], Page 36. The proof is a slight modification of a general
theorem given by Kutoyants, where the expansion is obtained by the powers
of εn up to order εk

n, k = 1, 2, ... (see ([10]), page 131).

Corollary 0.10 Let 0 < α < 1 be given and the conditions B1−B2 be
fulfilled. Then the equation Fn(y) = 1−α + O(ε3

n) has a solution y = cn,α,

cn,α = zα +
γ3,n

6
H2(zα) +

γ4,n

24
H3(zα) +

γ2
3,n

72
H5(zα),

where zα is 1−α quantile of standard Gaussian law, i.e., {ζ > zα} = α and
ζ ∼ N (0, 1).

See [5], page 40 for proof.

3 Second Order Efficiency and Power Loss

Let β (u, φn) denote the power of a test φn at the local alternative ϑu =
ϑ0 + ϕnu, i.e.,

β (u, φn) =ϑu φn(X(n)).

Below S(j)(ϑ, x) denotes the jth derivative of S(ϑ, x) with respect to ϑ. We
write Ṡ(ϑ, x) and S̈(ϑ, x) for the first and second derivatives, respectively.
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Under certain regularity conditions slightly weaker than D1 − D3 pre-
sented below, the score test

φ∗n
(
X(n)

)
=

{
1, if ∆n (ϑ0) > cn

0, if ∆n (ϑ0) ≤ cn,

based on

∆n (ϑ0) = ϕn

∫

An

Ṡ (ϑ0, x)
S (ϑ0, x)

π(n) (dx)

with

cn = zα − γ3,n

6
(
1− z2

α

)
, γ3,n = ϕ3

n

∫

An

Ṡ (ϑ0, x)3

S (ϑ0, x)2
dx

is second order efficient, i.e., for any K > 0 it satisfies

sup
0≤u≤K

β (u, φ∗n)− β(u, φ̃n) = O(ε2
n),

where the sequence εn → 0 as n →∞. For proof see [6], Theorem 6.
Now we obtain the explicit representation of the power of φ∗n (up to order
O(ε2

n)) under the local alternative ϑu = ϑ0+ϕn u, for u > 0. By Edgeworth
type expansion under the local alternative the power of φ∗n under the local
alternative admits the following representation

β (u, φ∗n) = N
(

mn(u)− cn

ηn

)
− γ3,n(u)

6
(1− (u− zα)2) n(u− zα) + O(ε2

n)

where

mn(u) =ϑu ∆n (ϑ0) = ϕn

∫

An

Ṡ (ϑ0, x)
S (ϑ0, x)

(S (ϑu, x)− S (ϑ0, x)) dx,

η2
n =ϑu (∆n(ϑ0)−mn(u))2 = ϕ2

n

∫

An

Ṡ (ϑ0, x)2

S (ϑ0, x)2
S (ϑu, x) dx,

γ3,n(u) =
ϕ3

n

η3
n

∫

An

Ṡ (ϑ0, x)3

S (ϑ0, x)3
S (ϑu, x) dx.

Now using the Taylor expansion

S(ϑu, x) = S(ϑ0, x) + ϕnuṠ(ϑ0, x) +
ϕ2

n u2

2
S̈(ϑ0, x) +

ϕ3
n u3

3!
S(3)(ϑn, x),
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we obtain the following representation

β (u, φ∗n) = N (u− zα) + Qn(u) n(u− zα) + O(ε2
n), (4)

for any u > 0, where the polynomial (in u)

Qn(u) =
u(zα − 2u)

6
γ3,n +

ϕ3
n u2

2

∫

An

Ṡ(ϑ0, x) S̈(ϑ0, x)
S(ϑ0, x)

dx,

is of order O(εn). The equation (4), refines the first order representation
(1). Notice also that the the second order efficiency of φ∗n implies that we
have the same representation for the power of φ̃n. As the power function of
a second order efficient test agrees with that of the most powerful test up
to order O(ε2

n), hence it is natural to consider the power loss of φ∗n, which
is defined for any u > 0 by

r(u) = lim
n→∞ ε−2

n

(
β(u, φ̃n)− β (u, φ∗n)

)
.

We consider the following conditions:

D1. The intensity function S(ϑ, x) is four times differentiable with respect
to ϑ in a right neighborhood of ϑ0.

D2. The conditions B1 and B2 are satisfied for the stochastic integrals
∆n(ϑ0) and Λn(u) under H0 and Hu with some sequence εn → 0,

D3. There exists some functions fj(x), j = 0, ..., 4, x ∈ An not depending
on ϑ such that S(ϑ, x) ≥ f0(x), S(j)(ϑ, x) ≤ fj(x), j = 0, ..., 4 for all
x ∈ An and all ϑ in a right neighborhood of ϑ0. We suppose also that

ϕk
n

∫

An

f1(x)k

f0(x)k−1
dx = O(εk−2

n ), k = 2, 3, 4

ϕ2j
n

∫

An

fj(x)2

f0(x)
dx = O(ε2j−2

n ), j = 2, 3, 4.

Example 1. Let X(n) be a realization of a Poisson process on the set
An = [ 0, n] with positive intensity function S(ϑ, x) = ϑS(x)+λ (amplitude
parameter) or S(ϑ, x) = S(ϑ+x)+λ (phase parameter), where S(·) is a four
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times differentiable periodic function and λ > 0 (dark current) is a known
constant. In both cases the condition D3 is satisfied with ϕn ∼ C n−1/2

for some C > 0 and εn = n−1/2. For the frequency modulation model
S(ϑ, x) = S(ϑx) + λ we have ϕn ∼ C n−3/2 and εn = n−1/2.

Let us denote as Jn the quantity:

Jn = ϕ4
n

∫

An

(
Ṡ2 − SS̈

)2

S3
dx−


ϕ3

n

∫

An

Ṡ
(
Ṡ2 − SS̈

)

S3
dx




2

, (5)

where we used the abbreviations S = S (ϑ0, x) , Ṡ = Ṡ (ϑ0, x) , S̈ = S̈ (ϑ0, x).
Note that Jn = O(ε2

n), by D3. We have the following theorem:

Theorem 0.11 Let the conditions D1−D3 be fulfilled. Then the power
loss of φ∗n with respect to the most powerful test φ̃n is equal to

r(u) =
u3 n(u− zα)

8
lim

n→∞
(
ε−2
n Jn

)
,

for any u > 0.

Proof: We sketch the main points of the proof and omit the details. By
D2 we can write the following third order expansions:

β (u, φ∗n) = N (an) + γ3,n(u)
3! H2(an) n(an)− γ4,n(u)

4! H3(an) n(an)−
−γ2

3,n(u)

72 H5(an) n(an) + O(ε3
n)

β(u, φ̃n) = N (An) +
γ′3,n(u)

3! H2(An) n(An)− γ′4,n(u)

4! H3(An) n(An)−
−γ′3,n(u)2

72 H5(An) n(An) + O(ε3
n),

where an = η−1
n (mn(u)− cn) , An = σn(u)−1 (µn(u)− bn(u)) . Here µn(u) =ϑu

Λn(u), σ2
n(u) =ϑu (Λn(u)− µn(u))2 and

γr,n(u) =
ϕr

n

ηr
n

∫

An

Ṡ (ϑ0, x)r

S (ϑ0, x)r S (ϑu, x) dx, r = 3, 4

γ′r,n(u) =
1

σn(u)r

∫

An

(
ln

S (ϑu, x)
S (ϑ0, x)

)r

S (ϑu, x) dx, r = 3, 4.
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For simplicity we introduce the notations:

I(r0, r1, r2) =
∫

An

Ṡ (ϑ0, x)r1 S̈ (ϑ0, x)r2

S (ϑ0, x)r0
dx

for nonnegative integers r0, r1, r2. Using the Taylor expansions of S (ϑu, x)
and ln S(ϑu,x)

S(ϑ0,x) , we get

An − an = u3

8 ϕ4
n I(1, 0, 2)− 2u3−2u2zα−u(1−z2

α)
4 ϕ4

n I(2, 2, 1) +
9u3−12u2zα−6u(1−z2

α)
24 ϕ4

n I(3, 4, 0) + 9u3−6u2zα+2u(1−z2
α)

24 ϕ6
n I2(2, 3, 0)

+6u3−6u2zα−3u(1−z2
α)

12 ϕ6
n I(2, 3, 0) I(1, 1, 1)− u3

8 ϕ6
n I(1, 1, 1)2 + O(ε3

n)

and

γ′3,n (u)− γ3,n (u) = 3u
2 ϕ4

n I(2, 2, 1) + 3u
2 ϕ6

n I(2, 3, 0)2 − 3u
2 ϕ4

n I(3, 4, 0)−
−3u

2 ϕ6
n I(2, 3, 0) I(1, 1, 1) + O(ε3

n).

On the other hand one can show that

γ4,n(u) = γ4,n + O(ε3
n), γ3,n(u)2 = γ2

3,n + O(ε3
n)

γ′4,n(u) = γ4,n + O(ε3
n), γ′3,n(u)2 = γ2

3,n + O(ε3
n).

Combining these results we obtain for any u > 0

β(u, φ̃n)− β (u, φ∗n) =
u3 n(∆)

8
Sn + O(ε3

n)

where ∆ = u− zα and

Sn = ϕ4
n ( I(1, 0, 2)− 2 I(2, 2, 1) + I(3, 4, 0))− ϕ6

n (I(2, 3, 0)− I(1, 1, 1))2 .

By substituting I(r1, r2, r3) it can be shown that Sn is equal to Jn, see (2).
Now we have

ε−2
n

(
β(u, φ̃n)− β (u, φ∗n)

)
=

u3 n(∆)
8

ε−2
n Jn + O(εn),

which completes the proof of the theorem.
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Example 2. (Frequency parameter) In this example we consider a strongly
inhomogeneous case with a nonclassical rate n−3/2 (instead of n−1/2 in the
i.i.d. case). Suppose that we observe a realization X(n) of a Poisson process
on the set An = [ 0, n], n = 1, 2, · · · with periodic intensity function

S(ϑ, x) = esin(ϑ x), ϑ > 0.

We consider the hypothesis H0 : ϑ = ϑ0 against the one sided alternative
H1 : ϑ > ϑ0. The conditions D1 − D3 are satisfied (see [6], pp. 205-207)
with εn = n−1/2 and ϕn ∼ C n−3/2 where

C−2 =
1

3 τ

∫ τ

0
cos2(ϑ0 x) esin(ϑ0 x) dx, τ =

2π

ϑ0
.

Now one can show easily that

lim
n→∞

(
ε−2
n Jn

)
=

C4

5 τ

∫ τ

0
sin2(ϑ0 x) esin(ϑ0 x) dx

and hence the power loss is equal to

r(u) =
9 τ u3 n(u− zα)

40

∫ τ
0 sin2(ϑ0 x) esin(ϑ0 x) dx

(∫ τ
0 cos2(ϑ0 x) esin(ϑ0 x) dx

)2 ,

for any u > 0.
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Detection of Outliers and Leverage points and
Robust Regression Analysis of Iranian Urban

Household Income and Expenditure Data
M. Ganjali¶, and S. Eftekhari Mahabadi

Department of Statistics, Shahid Beheshti University

Abstract: In application of regression models some steps are very essential to
be considered for analyzing large data sets. These include (a) examination of the
overall shape of the data for the need of a transformation on the response of in-
terest (b) checking on the important features, including symmetry and departures
from the assumption of the homogeneity for the response’s variance (c) investi-
gating or detecting observations that have abnormal distances from other values,
outliers or strange observations, these often contain valuable information about
the process under investigation or the data gathering and recording process. After
all of these, before considering the possible elimination of outliers, one should try
to understand why they appeared and then try to use approaches that weigh the
effect of these observations down in the analysis. Robust regression is an impor-
tant tool for analyzing data that are contaminated with outliers. It can be used
to detect outliers and to provide robust results in the presence of outliers. This
paper provide an overview of robust regression methods to illustrate their appli-
cation toward fitting regression models. We shall use the most commonly robust
regression techniques including M estimation, LTS estimation, S estimation and
MM estimation for the urban household income and expenditure data collected,
by Statistical Center of Iran (including 14175 households) in 1385. For these data
for the first time some robust regression models will be compared using normal
curvature of the likelihood displacement.

Keywords: Breakdown point; Outlier; Influential point; Likelihood
Displacement; Robust Regression; Household Income and Expenditure.

1 Introduction

Regression analysis is an important statistical tool that is routinely applied
in most sciences. Mostly some desired assumptions are made on the regres-
sion structure to ease the model formulation and computation. Some of the

¶Invited speaker
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commonly proposed assumptions are normality of the response variable and
homogeneity of the response’s variance. It is often the case that we need
to use some kind of response transformation to gain normality assumption
before modelling the data (Box and Cox, 1964). Also the variance homo-
geneity should be checked out before going through analysis. One useful
approach might be looking at the variation of response in the different levels
of model covariates (Cook and Weisberg, 1983).

Out of many possible regression techniques for fitting, the least
squares (LS) method has been generally adopted because of tradition and
ease of computation. However, there is presently a widespread awareness
of the dangers posed by the occurrence of outliers (Rousseeuw and Leroy,
1987). Outliers occur very frequently in real data, and they often go un-
noticed because now a days much data is processed by computers, without
careful monitoring. Not only can the response variable be outlying, but
also the explanatory part can be, leading to so-called leverage points. Both
of these, outliers and leverage points may totally spoil an ordinary LS anal-
ysis. Often, such influential points remain hidden to the user, because they
do not always show up in the usual LS residual plots.

To be protected against outliers and leverage points, there are two
useful procedures, one the regression diagnostics (see Cook, 1977 and 1979;
Blesley et al., 1980) and the other robust regression (see Huber, 1973 and
1981; Rousseeuw, 1984; Rousseeuw and Yohai, 1984). They both have the
same goal but they proceed in the opposite order. In regression diagnostics
context, one first fit a regression model then search for potential outliers
to refit the model with the resulting good data while in robust regression,
a model appropriate for the majority of the data is fitted and then those
observations with large residuals from the robust model are detected as
outliers.

We can also consider local influence yet another procedure to access
sensitivity of the model fitting through different model assumptions which
might be conducted through omitting or down weighing suspicious points
to see if they are outlier or influential using influence graph. In this paper a
new approach for using normal curvature of the likelihood displacement as
a comparison tool between different robust regressions, will be presented.
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In the next Section we will briefly describe Iranian Urban House-
hold Income and Expenditure data. As the first step toward regression
analysis we will check for the appropriate transformation and the homo-
geneity assumption of the response variable of interest. In Section 3, dif-
ferent methods for robust regression analysis and also the local influence
approach for model diagnostics are given. In section 4 robust regression re-
sults for our data and their comparison with the LS estimates are discussed.
A comparison of some robust regression methods using normal curvature
is also presented. In Section 5 we give a brief conclusion.

2 Iranian Urban Household Income and Expen-
diture Data

The data consist of Iranian urban household Income and Expenditure sur-
vey which is conducted by Statistical Center of Iran in 1385 as a survey
based on complex random sampling with a high sample size that includes a
great amount of information about households. These data consist of 14175
urban households in the sample. The response variable of interest in the
present application is the household total expenditure which has a mean
of 64815383 Rials and standard error of 58278416. Since we wish to fit a
regression model for this response variable, its wide range indicates a neces-
sary investigation for the appropriate Box-Cox transformation. Figure (1)
displays the profile log likelihood against different values of λ (the appro-
priate power for the transformation). It is apparent that the log likelihood
as a function of λ is maximized around λ = 0 which is also included in
the 95% confidence interval. Hence, the logarithmic transformation which
corresponds to λ = 0 in Box-Cox transformation seems to be adequate.
So, the logarithm of total household expenditure as the regression response
variable Y (mean=17.705 and Standard deviation= 0.744) would be used.
The set of covariates considered in this study are some characteristics of the
head of household including Age as a continuous variable (mean=46.115,
Standard deviation=14.597), Gender, Literacy status, Employment status,
Marital status and some attributes of the household such as Home posses-
sion and Family size. Explanatory categorical variables, their levels and
percentage of each level of each variable are presented in Table (1). Box
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called explanatory or independent variables for the i th individual. Also
ei is the error term which is assumed to be normally distributed with zero
mean and some unknown variance σ2.

4 Robust Regression

The most popular regression estimates date back to Gauss and Legendre
(see Plackett, 1972 and Stigler, 1981 for some historical discussions) which
corresponds to minimizing sum of squared residuals r2

i as

min
β̂

n∑

i=1

r2
i , where ri = yi − ŷi

hence yielding the ordinary LS estimates. The reason for popularity of this
method is the easy and fast computation process that can be performed
using some matrix algebra even without use of computers (as it was around
1800). This procedure seems optimal when the error distribution is assumed
as normal (see the citation in Huber, 1972 and Le Cam, 1986). Later, some
people began to realize that real data usually do not satisfy the classical
assumptions which may affect the regression results substantially (see, e.g,
Student, 1927; Pearson, 1931; Box, 1953 and Tukey, 1960). Two kinds of
strange points can be occurred which have a great influence on LS regression
analysis, one that is strange in the y direction (outlier) and the other which
is strange in the x direction (leverage). Diagnostic measures are certain
quantities computed from the data with the purpose of revealing influential
points, after which these outliers can be removed or corrected, followed by
an LS analysis on the remaining cases (see Atkinson, 1987).

The other approach to face outliers is robust regression, which tries
to obtain estimators that are not highly affected by outliers which make
use of estimators with high breakdown point (for definition vide, Hodges,
1976; Hample, 1971; Donoho and Huber, 1983). For the LS method the
breakdown point is equal to 1

n , which means that one outlier is sufficient
to disturb the behavior of T .

Edgeworth (1887) introduced L1 regression which minimizes sum
of absolute residuals. The next step in this direction was the use of M
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estimators (Huber, 1973 and 1981) which is based on replacing the squared
residuals by another less rapidly increasing function ρ(ri) which is symmet-
ric with a unique minimum at zero, yielding

min
β̂

n∑

i=1

ρ(ri).

Differentiating this expression with respect to β and using standrized resid-
uals reduces the above expression to the solution of

n∑

i=1

ψ(ri/σ̂)xi = 0

where σ̂ must be estimated simultaneously. Different ψ functions can be
used in this method such as Huber-type ψ function (Huber, 1964) defined
as

ψ(t) =
{

t if |t| < b
bsgn(t) if |t| ≥ b

where b is a constant that according to the above definition, the standard-
ized residuals more than that in absolute value will be considered as b in
the summation (to protect against outliers). Hample (1974) defined a func-
tion that protects the fit even more strongly against outlying observations
which is called a three redescending M estimator. Although M estimation
is not robust with respect to leverage points (the break down value is 0), it
is still used extensively in analyzing data for which it can be assumed that
the contamination is mainly in the response direction.

Least Trimmed Squares (LTS) estimation is a high breakdown value
method introduced by Rousseeuw (1984), given by

min
β̂

h∑

i=1

(r2)i:n

where (r2)1:n ≤ . . . ≤ (r2)n:n are the ordered squared residuals and h is
defined in the range n

2 + 1 ≤ h ≤ 3n+p+1
4 . This formula is very similar to

LS, the only difference being that the largest squared residuals are not used
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in the summation, thereby allowing the fit to stay away from the outliers.
The breakdown point for LTS estimates attain n−h

n and for h = [n
2 ]+ [p+1

2 ],
this method reaches the maximal possible value for the breakdown point

( [n−p
2

+1]

n ). While the LTS criterion is easily described, the mechanics of
fitting the LTS estimator are complicated (see, for example, Rousseeuw
and Leroy, 1987) and there is no simple formula for the standard errors of
coefficients.

S estimation is a high breakdown value method introduced by
Rousseeuw and Yohai (1984). It has a higher statistical efficiency than LTS
estimation with the same breakdown value. The S estimator is defined by
minimization of the dispersion of the residuals:

min
β̂

S(r1(β), . . . , rn(β))

with final scale estimate σ̂ = S(r1(β̂), . . . , rn(β̂)) where the dispersion
S(r1(β), . . . , r2(β)) is the solution of

1
n

n∑

i=1

ρ(
ri

s
) = K (1)

where K is often put equal to Eφ[ρ], where φ is the standard normal density.
The function ρ must satisfy the following conditions:

(1) ρ is symmetric and continuously differentiable, and ρ(0) = 0.
(2) There exist c > 0 such that ρ is strictly increasing on [0, c] and

constant on [c,∞).
If there happen to be more than one solution to (1), then put s(r1, . . . , rn)

equal to the supremum of the set of solutions; this means S(r1, . . . , rn) =
sup{s; 1/n

∑
ρ( ri

s ) = K}. If there exist no solution to (2), then put
S(r1, . . . , rn) = 0. This estimator is called an S estimator because it is
derived from a scale statistic in an implicit way. Because of condition (2),
ψ(t) = ρ′(t) will always be zero for certain values of t on, so ψ is redescend-
ing. one possibility for ψ is Tukey’s biweight function defined as

ψ(t) =
{

t(1− (t/c)2)2 if |t| < c
0 if |t| ≥ c
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or the hyperbolic tangent. It can be shown that the breakdown point of
S estimators is 50% when having an extra condition on the ρ function,

k
ρ(c) = 1

2 which can be easily fulfilled. In the case of biweight function, it is
achieved by taking c = 1.547 (see Rousseeuw and Leroy, 1987).

Yohai (1985) introduced a new improvement toward higher effi-
ciency for high breakdown estimators like LTS which combines high break-
down value estimation and M estimation. He called this new class MM
estimators. Yohai’s estimators are defined in three stages. In the first
stage, a high breakdown estimate β∗ is calculated, such as LTS. Then, an
M estimate of scale sn with 50% breakdown is computed on the residuals
ri(β∗) from the robust fit. Finally, the MM estimator β̂ is defined as any
solution of

n∑

i=1

ψ(ri(β)/sn)xi = 0

which satisfies S(β) ≤ S(β∗), where S(β) =
∑n

i=1 ρ(ri(β)/sn), The func-
tion ρ must satisfy the same conditions stated above for S estimators. This
implies that ψ = ρ′ has to be properly redescending. some possibilities are
three part redescenders, Tukey’s biweight, or the hyperbolic tangent. The
trick is that this ρ may be quite different from that of scale estimator sn

of the second stage, because the first and the second stage must achieve
the high breakdown point whereas the third stage is allowed to aim for a
high efficiency. Indeed, Yohai showed that MM estimators inherit the 50%
breakdown point of the first stage and that they also possess the exact
fit property. Moreover, he proved that MM estimators are highly efficient
when the errors are normally distributed. It has both the high breakdown
property and a higher statistical efficiency than S estimation.

4.1 Local Influence
Statistical conclusions can be viewed as the end result of synthesis of the
relevant information provided by the observed data and the prior informa-
tion provided by the model which is usually a plausible, but necessarily
imprecise, description of the actual process that generated the data. The
discussions presented by Cook (1986) are based on the informal notion
that important conclusions should not depend critically on the hypothe-
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sized model or unusual aspects of the data. If a minor modification of
an approximate description seriously influences key results of an analysis,
there is surely cause for concern. On the other hand, if such modifications
are found to be unimportant, the sample is robust with respect to the in-
duced perturbations and our ignorance of the precise model will do no harm
(Barnard, 1980). So, an assessment of the influence of minor perturbations
of the model is important (vide, Cook, 1986).

Generally, one introduces perturbations into the model through the
q× 1 vector ω which is restricted to some open subset Ω of Rq. Let L(θ|ω)
denote the log-likelihood corresponding to the perturbed model for a given
ω in Ω. For a given set of observed data, where θ is a p×1 vector of unknown
parameters, we assume that there is an ω0 in Ω such that L(θ) = L(θ|ω0)
for all θ. Finally, Let θ̂ and θ̂ω denote the maximum likelihood estimators
under L(θ) and L(θ|ω). To assess the influence of varying ω throughout Ω,
the likelihood displacement defined as:

LD(ω) = 2[L(θ̂)− L(θ̂ω)],

is considered. An obvious way to see if perturbations of the model influence
key results of the analysis is to compare the results derived from the original
and perturbed models using an influence graph which is a geometric surface
formed by the values of the (q + 1)× 1 vector

α(ω) = (ω,LD(ω))′

as ω varies through Ω. To characterize the behaviour of an influence graph
around ω0, geometric normal curvature is used. Some direction lq×1 ∈ Rq

(||l|| = 1) is chosen to see the normal curvature Cl at ω0 in the direction of
l. The expression for Cl will reduce to

Cl = 2|lT ∆T (L′′)−1∆l|

where ∆ is a p× q matrix with elements

∆ij =
∂2L(θ|ω)
∂θi∂ωj

|{θ=θ̂, ω=ω0}
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and −L′′ is the observed information matrix for the postulated model
(ω = ω0). There are several ways in which Cl might be used to study
α(ω) in practice, two possible options are Cmax = maxlCl and Cmin =
minlCl which correspond to maximum and minimum absolute eigenvalues
of ∆T (L′′)−1∆ (Cook, 1986).

5 Results for Expenditure Data

Results of using LS, M, LTS, S, MM methods toward model fitting for
data described in Section 2, are presented in Table (2) (computations are
performed in software R.2.6.1). The M regression used in obtaining these
results is based on the Huber function with b = 1.345. For the LTS, h =
[n
2 ] + [p+1

2 ] which attains 50% breakdown value as stated in Section 3.1.
Tukey’s biweight function with c = 4.685 is used in the S regression. The
presented MM regression uses a specific set of options which ensures that
the estimator has a high breakdown point. The initial set of coefficients
and the final scale are selected by an S estimator based on Tukey’s biweight
function with c = 1.547 this gives (for n >> p) breakdown point 0.5 and
The final estimator is an M-estimator with Tukey’s biweight (c=4.685) and
fixed scale that will also inherit this breakdown point since 4.685 > 1.547.

The parameter estimations indicate the significant effect of all model
covariates but head of household’s Gender in LS, M and MM regression.
The parameter estimates are generally increased in the corresponding mag-
nitude in all robust methods comparing with LS results.

M and MM regression use weighted observations corresponding to the
ψ function used in their method for data analysis (strange observations
will be given lower weights). Figure (2) displays the corresponding weights
in M and MM regression for all observations. The minimum weight for
M regression is 0.272 and around 82% of observations are assigned weight
1. The minimum weight in MM method is zero which is for observation
number 10087 and also there are 47 observations which are weighted less
than 0.27. As Figure (2) shows, M regression assigns weights of more
than 0.8 to about 90 percent of observations while MM regression assigns
it for about 86 percent of the observations. This makes clear the higher
breakdown point achieved by using MM regression due to lower weights
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Abstract: The purpose of this article is to find a Bayesian approach for test-
ing the independence of two continuous random variables. The joint distribution
function is assumed to be a mixture of Farlie-Gumbel-Morgenstern distributions.
We specify appropriate prior distributions for the unknown parameters. Our test
procedure is based on a logarithmic score utility function. We reject the hypothe-
sis for which the corresponding posterior predictive density has the smaller utility.
An example is given to illustrate the approach.

Keywords: Dirichlet process; Farlie-Gumbel-Morgenstern distri-
bution; Gibbs sampler; Logarithmic score utility function; Posterior
predictive density.

1 Introduction

We are concerned with testing the independence of two continuous
random variables versus the hypothesis of dependence. There are a
number of nonparametric tests of independence. For example, Hoeffd-
ing (1948) and Blum et al. (1961) proposed some of these tests based
on functionals of the discrepancy between the empirical joint distri-
bution function and the product of its associated marginals. Several
authors applied kernel type density estimates to set up the tests of
independence. (See Rosenblatt (1975), Robinson (1991), Rosenblatt
and Whalen (1992) and Ahmad and Li (1997).) Among the authors,
Zheng (1997) first defined a functional of the discrepancy between the
conditional and marginal densities and then proposed a test procedure
based on its kernel type estimate.

In this article, we take a Bayesian predictive approach. In Section
2, we consider a Bayesian semiparametric model in which the joint
distribution function is written as a scale mixture of Farlie-Gumbel-
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Morgenstern (FGM) distributions. (The FGM family of bivariate dis-
tribution functions is defined as follows:

K(x, y|α) = K1(x)K2(y){1 + α(1−K1(x))(1−K2(y))}, (1)

where K1(.) and K2(.) are univariate distribution functions and α is
an association parameter. It can be shown that K1(.) and K2(.) are
the marginal distribution functions of K(., .|α) for any α. In fact, the
FGM formula represents a method for constructing a bivariate dis-
tribution function with specified marginals. See Morgenstern (1956),
Gumbel (1960), Farlie (1960), and Johnson and Kotz (1975, 1977).)
The mixing distribution is assumed to have a Dirichlet process prior.
An appropriate prior distribution is also assigned to the association
parameter. We describe how to use a Gibbs sampler method to gen-
erate a sample from the posterior distribution of this parameter. In
section 3, we present our test procedure. The hypothesis of inde-
pendence and the alternative correspond to specific Bayesian models.
So we are concerned with selecting a suitable model. Predictive ap-
proaches to model selection have been discussed by several authors.
(See Geisser and Eddy (1979), Gutierrez-Pena and Walker (2001), San
Martini and Spezzaferri (1984), Gelfand et al. (1992), Gelfand (1995),
Gelfand and Ghosh (1998), and Laud and Ibrahim (1995).) Using a
logarithmic score utility function, we measure the utility of the poste-
rior predictive density from each of these models. We naturally prefer
the model for which the corresponding posterior predictive density has
the larger utility. We also extend the method of Gelfand and Kottas
(2002) to approximate the predictive densities. Section 4 gives a nu-
merical example of this approach.

2 A Bayesian semiparametric model

Suppose that the random variables X and Y have the joint distribution
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function

F (x, y|α,G1, G2) =

∫ +∞

−∞

∫ +∞

−∞
K1(x|θ)K2(y|η){1 + α(1−K1(x|θ))

×(1−K2(y|η))}G1(dθ)G2(dη), (2)

where G1( .) and G2( .) are unknown distribution functions, 0 <
α < 1 is unknown association parameter and K1(.|θ) and K2(.|η) are
two parametric families of distributions, respectively, indexed by θ and
η. It can be shown that the joint probability density function of X
and Y is as follows:

f(x, y|α, G1, G2) =

∫ +∞

−∞

∫ +∞

−∞
k1(x|θ)k2(y|η){1 + α(1− 2K1(x|θ))
×(1− 2K2(y|η))}G1(dθ)G2(dη),

where k1(.|θ) and k2(.|η) are the probability density functions, re-
spectively, associated with K1(.|θ) and K2(.|η). Then, the marginal
probability density functions of X and Y , respectively, are given by

f(x|G1) =

∫ +∞

−∞
k1(x|θ) G1(dθ) (3)

, and

f(y|G2) =

∫ +∞

−∞
k2(y|η) G2(dη). (4)

It can be shown that the random variables X and Y are indepen-
dent if and only if α = 0. Let G(θ, η) = G1(θ)G2(η). We assume a
Dirichlet process prior for G, that is, G ∈ DP (cG0), where G0(θ, η) =
G01(θ)G02(η), G01 and G02 are specified distribution functions and
c > 0 is a precision parameter. It follows that G1 ∈ DP (cG01) and
G2 ∈ DP (cG02). Hence, (3) and (4) corresponds to two mixture of
Dirichlet process models. We also consider the following prior distri-
bution for α: {

α|α 6= 0 ∼ π(.)
P (α = 0) = p0

, (5)
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where π(.) is a specified density function and 0 < p0 < 1. (Our prior
belief about the hypothesis H0 : α = 0 is reflected byp0.)

Suppose that D = {(X1, Y1), ..., (Xn, Yn)} is a random sample from
(2). Following Mukhopadhyay and Gelfand (1997), we obtain a sample
from the posterior distribution of α. For this purpose, we restate the
model as follows. Consider latent (θi, ηi) associated with (Xi, Yi), for
i = 1, ..., nand suppose that

(Xi, Yi)|θ, η, α, G1, G2 ∼ k1(xi|θi)k2(yi|ηi)

×{1 + α(1− 2K1(xi|θi))(1− 2K2(yi|ηi))}; (6)

for i = 1, ..., n, where θ = (θ1, ..., θn) and η = (η1, ..., ηn). Given α, G1

and G2, the random vectors θ and η are assumed to be independent.
We further suppose that

θ1, ..., θn|α, G1, G2
i.i.d.∼ G1(.) (7)

and

η1, ..., ηn|α,G1, G2
i.i.d.∼ G2(.). (8)

Then, (X1, Y1), ..., (Xn, Yn) are i.i.d. random vectors from (2). In what
follows, we use the bracket notation of Gelfand and Smith (1990) to
write the distribution of random variables. For example the prior and
posterior distribution of α are, respectively, denoted by [α] and [α|D].

It can be shown that

[α|θ, η, D] ∝
n∏

i=1

{1 + α(1− 2K1(xi|θ))(1− 2K2(yi|η))}[α], (9)

[θi|α , {θj; j 6= i}, η, D] ∝ qi0g01(.) k1(xi| . )

{1 + α(1− 2K1(xi|.))(1− 2K2(yi|ηi))}+
n∑

j = 1
j 6= i

qijδθj
(.) ; (10)
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and

[ηi|α , θ, {ηj; j 6= i}, D] ∝ q
′
i0g02(.) k2(yi| . )

{1 + α(1− 2K1(xi|θi))(1− 2K2(yi|.))}+
n∑

j = 1
j 6= i

q
′
ijδηj

(.) ; (11)

where, g01(.) and g02(.) are, respectively, the densities associated with
G01(.) and G02(.),

qi0 ∝ c(

∫
g01(θ)k1(xi|θ){1 + α(1− 2K1(xi|θ))(1− 2K2(yi|ηi))}dθ)−1,

(12)

q
′
i0 ∝ c(

∫
g02(η)k2(yi|η){1 + α(1− 2K1(xi|θi))(1− 2K2(yi|η))}dη)−1,

(13)

qij ∝ k1(xi|θj){1 + α(1− 2K1(xi|θj))(1− 2K2(yi|ηi))}, (14)

and

q
′
ij ∝ k2(yi|ηj){1 + α(1− 2K1(xi|θi))(1− 2K2(yi|ηj))}, (15)

subject to
∑

j 6=i qij = 1 and
∑

j 6=i q
′
ij = 1. Using the conditional

distributions (9), (10) and (11), a Gibbs sampler can be implemented
to provide a sample, α1, ..., αm; from the posterior [α|D]. The Bayes
estimate of α, with respect to the squared error loss function, is given
by

α̂ =
1

m

m∑
i=1

αi. (16)

3 Test of independence
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Here, we propose a method for testing H0 : α = 0 versus H1 : α 6= 0.
The hypothesis H0corresponds to the following Bayesian nonparamet-
ric model:

M0 = {f(x, y|0, G1, G2), G1 ∈ DP (cG01), G2 ∈ DP (cG02)}. (17)

Note that the parameter α has the prior density π(.) when H1 is
true. So the Bayesian semiparametric model

M1 = {f(x, y|α,G1, G2), α 6= 0, α ∼ π(.),

G1 ∈ DP (cG01), G2 ∈ DP (cG02)}, (18)

corresponds to the hypothesis H1. According to (5), the prior proba-
bilities of the models M0 and M1 are p0 and 1− p0, respectively.

Now, the problem of testing hypotheses can be viewed as a model
selection problem, in which there are only two possible Bayesian mod-
els. Gutierrez-Pena and Walker (2001) suggest a Bayesian predictive
approach, based on a logarithmic score utility function, for selecting
a suitable model from a finite set of specified parametric models. Let
f(x, y|D) be the Bayes estimate of (2) where G1 ∈ DP (cG01), G2 ∈
DP (cG02), and α is distributed according to (5) and let fi(x, y|D) be
the posterior predictive density under the model Mi, for i = 0, 1. Our
approach is also based on the following posterior expected logarithmic
score utility

U(Mi) =

∫ +∞

−∞

∫ +∞

−∞
log{fi(x, y|D)}f(x, y|D)dxdy, i = 0, 1. (19)

We reject the hypothesis of independence if and only if

U(M0) < U(M1). (20)

Here, we explain how to approximate the posterior predictive densi-
ties f(x, y|D), f0(x, y|D), and f1(x, y|D). We first suppose that α has
the prior distribution (5) and the random distributions G1 and G2

have Dirichlet process priors. Based on the conditional distributions
(9), (10) and (11), we use a Gibbs sampler to draw a sample point
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(α∗, θ∗1, ..., θ
∗
n, η

∗
1, ..., η

∗
n) from the posterior [α, θ1, ..., θn, η1, ..., ηn|D].

Define

G∗
01(.) = (c + n)−1(cG01(.) +

n∑
i=1

δθ∗i (.)) (21)

and

G∗
02(.) = (c + n)−1(cG02(.) +

n∑
i=1

δη∗i (.)), (22)

where δa is a degenerate distribution at a. Suppose that θ
′
1, ..., θ

′
l is a

sample from

G∗
1(.) =

∞∑
j=1

wjδθj
(.), (23)

and η
′
1, ..., η

′
l is a sample from

G∗
2(.) =

∞∑
j=1

w
′
jδηj

(.), (24)

where

w1 = z1, w
′
1 = z

′
1, wj = zj(1− zj−1)...(1− z1),

w
′
j = z

′
j(1− z

′
j−1)...(1− z

′
1), j = 2, 3, ..., (25)

{Zj, j = 1, 2, ...} and {Z ′
j, j = 1, 2, ...} are i.i.d. from Beta(1, c + n),

and {θj, j = 1, 2, ...} and {ηj, j = 1, 2, ...} are i.i.d. from (21) and
(22), respectively. For sufficiently large l,

1

l2

l∑
i=1

l∑
j=1

k1(x0|θ′i)k2(y0|η′j){1 + α∗(1− 2K1(x0|θ′i))(1− 2K2(y0|η′j))}

(26)
is a realization from [f(x0, y0|α,G1, G2)|D]. (See Gelfand and Kottas
(2002) for further details.) So we can generate a sample from this
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posterior and approximate f(x0, y0|D) by the sample mean. This ap-
proach is also applicable to approximate f0(x0, y0|D) and f1(x0, y0|D)
if we take appropriate prior distributions for α. For example, we use
the method to obtain f0(x0, y0|D) when α is assumed to have a de-
generate distribution at zero.

4 Example

Here we work with the bird data given in Johnson and Wichern (1988,
page 208). The variables are X =tail length (in millimeters) and
Y =wing length (in millimeters). They were measured for a sample
of n = 45 female hook-billed kites.

We consider the Bayesian model, given in section 2, where K1(x|θ) =
Φ(x − θ), K2(y|η) = Φ(y − η), c = 1, p0 = 0.5, π(.) is the density
function associated with the uniform distribution on the unit inter-
val and g01(.) and g02(.) are the density functions associated with
the uniform distribution on the interval (−a, a). ( a is taken to be
sufficiently large.) We have α̂ = 0.707, U(M0) ≈ −2980.076 and
U(M1) ≈ −384.1688. Since U(M0) < U(M1), the hypothesis of inde-
pendence is rejected and we conclude that X and Y are dependent.
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Abstract: Study of agreement between two comparable sets of measurements
is needed in many areas of scientific investigations. There is an impressive lit-
erature on the topic - covering both the qualitative and quantitative features of
study variables. To ascertain the extent of agreement between two quantitative
measurements X and Y , coverage probability (CP) is defined as the probability of
(X, Y ) falling into a strip along the direction of ”X = Y ” of an arbitrarily specified
tolerable width 2d but symmetric with respect to X and Y . For a given d, the
higher CP value is, the better agreement it indicates. In this paper we address
two problems. The first one is assessing and testing the agreement in terms of
coverage probability for more than two raters or methods. The second one is to
provide simultaneous lower confidence limit for coverage probability among three
or more raters.

Keywords: Target, Measurement, Deviation, Tolerable Limits,
Coverage Probability, Bivariate Normal Distribution, Multivariate Tech-
niques.

1 Introduction

Assessment of agreement between two sets of measurements is called
for in many areas of scientific investigations. Examples include assay
or instrument validation, process or method comparisons, statistical
process control and IBE (Individual Bio-Equivalence), etc. The clas-
sic example occurs when two or more raters evaluate the experimental
units in a study and we need to find out how well these raters agree.
Here raters could be experts or specialists or could even relate to two
or more distinct methods of measuring the same response variable.

‖Invited speaker
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We contemplate on a situation wherein we have available a reference
gold standard against which several competitors are to be compared
with respect to their performance as judged by the CP. We also ad-
dress the problem of judging the performance of the competitors in
the absence of any prescribed gold standard. We deal with situations
involving continuous measurements only.

Cohen’s Kappa (1960) and weighted Kappa (1968) are the most pop-
ular indices for measuring agreement when the responses are nomi-
nal. Weighted Kappa statistic has been proposed by Landis and Koch
(1977) which is appropriate for assessing agreement when the cate-
gories of response are ordinal. We will not deal with such data in this
article.

Lin (1989) introduced Concordance Correlation Coefficient (CCC) for
measuring agreement which is more appropriate when the data are
measured on a continuous scale. A weighted CCC was proposed by
Chinchilli, Martel, Kumanyika and Lloyd (1996) for repeated measure-
ment designs and a generalized CCC for continuous and categorical
data was introduced by King and Chinchilli (2001). Lin (2000) also in-
troduced Total Deviation Index (TDI) for measuring individual agree-
ment with applications in lab performance and bio-equivalence. Lin,
Hedayat, Sinha and Yang (2002) (henceforth abbreviated as LHSY
(2002)) proposed methods for checking the agreement in terms of cov-
erage probability (CP) when the two measurements are quantitative
in nature. LHSY (2002), Lou (2006), and Lin, Hedayat and Wu (2007)
serve as the key references to our work.

2 Concept and Use of Coverage Probability

Broadly speaking, we would say the observations and the target val-
ues possess good agreement if a large proportion of observations are
within a predetermined and acceptable boundary from the respective
target values. To achieve the agreement between target value (X) and
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observation (Y ), the concept of coverage probability (CP) was intro-
duced by LHSY(2002) and it is defined as the probability of (X,Y )
falling into a strip along the direction of ”X = Y ” of an arbitrarily
specified width 2d but symmetric with respect to X and Y . For a
given d, the higher CP value is, the better agreement it indicates. A
widely acceptable criterion is that the observation has good agreement
with the target value if CP is at least 90% for give d value.

Following LHSY(2002), we start with the definition of CP given by

CP (d) = Pr(|Y −X| < d) = Pr(
−d− µD

σD

<
Y −X − µD

σD

<
d− µD

σD

)

(1)
In the above, D = Y − X, µD = µy − µx is the mean of D and
σ2

D = σ2
y + σ2

x − 2ρσyσx is the variance of D.

At this stage, we will assume bivariate normal (BVN) distribution of
(Y,X). This is usually achieved in practice by suitable transformations
of the data underlying the variables X and Y . Log-transformation is
often a guiding factor giving good results. LHSY(2002) discussed the
problem of estimation of and inference on CP based on n paired sample
observations (yi, xi), 1 ≤ i ≤ n, drawn from a bivariate normal distri-
bution. In terms of Φ(.),

CP (d) = Φ(
d− µD

σD

)− Φ(
−d− µD

σD

). (2)

The estimates of µD and σ2
D are µ̂D = MD = MY − MX , S2

D =
n

n−1
(S2

x + S2
y − 2Sxy), where MY = y =

∑
yi

n
, MX = x =

∑
xi

n
,

S2
x =

∑
(xi−x)2

n
, S2

y =
∑

(yi−y)2

n
, and Sxy =

∑
(xi−x)(yi−y)

n
.

It is well known that under BVN distribution of X and Y, MD and
S2

D are independent. LHSY (2002) estimated CP (d) as
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ĈP (d) = Φ(
d−MD

SD

)− Φ(
−d−MD

SD

). (3)

and further computed large sample approximation to Var(ĈP (d)) as

V ar(ĈP (d)) ≈ 1

n
([φ(

d− µD

σD

)− φ(
−d− µD

σD

)]2

+
1

2
[
d− µD

σD

φ(
d− µD

σD

) +
d + µD

σD

φ(
−d− µD

σD

)]2). (4)

Consequently, the plug-in estimator of Var(ĈPd) is

̂
V ar(ĈPd) ≈ 1

n
([φ(

d−MD

SD

)− φ(
−d−MD

SD

)]2

+
1

2
[
d−MD

SD

φ(
d−MD

SD

) +
d + MD

SD

φ(
−d−MD

SD

)]2).

As observed in LHSY (2002), because CP is bounded by 0 and 1,
it is better to use the logit transformation for inference on the CP. Let

ζ = ln( ĈP

1−ĈP
). Its asymptotic mean is ln( CP

1−CP
), and its asymptotic

variance is V ar(ĈP )

ĈP
2
(1−ĈP )2

.

3 Coverage Probability Involving Gold Standard
vs Its Competitors

LHSY(2002) have discussed the problem of evaluating agreement via
coverage probability where there are two rater groups. However, in
practice, we may have more than two rater groups. For example, we
may have multiple sites for testing new medical devices, or multiple
readings at one site. Here we want to address two problems. The
first one is assessing and testing the agreement in terms of coverage
probability for more than two rater groups or methods. The second
one is to provide the simultaneous lower confidence limit for coverage
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probability among three or more rater groups. The key reference to
this work is an unpublished doctoral dissertation (Lou (2006)).

There are two typical cases that can arise in practice. Case 1 is
gold standard versus treatment rater groups. In this case, we will fo-
cus on the coverage probability involving each treatment method and
the gold standard. Case 2 is more general where the K (≥ 2) rater
groups are equally important. So our interest will be in all the pair-
wise coverage probability. We will discuss case 1 here and deal with
case 2 in next section.

We will introduce tests for equality of coverage probability in Sec-
tion 3.1, discuss the problem of specification of simultaneous lower
limit in Section 3.2 and then present tests for minimum assurance
level of CP in Section 3.3.

Before concluding this section, we present some general expressions
and results which will be used in the sequel. We will assume joint nor-
mality of all the raters’ measurements.

For two rater groups Xi and Xj,

CPij(d) = Pr(|Xi −Xj| < d) = Pr(
−d− µDij

σDij

<
Xi −Xj − µDij

σDij

<
d− µDij

σDij

), (5)

where Dij = Xi − Xj, µDij
= µXi

− µXj
= µi − µj is the mean

of Dij and σ2
Dij

= σ2
Xi

+ σ2
Xj
− 2ρijσXi

σXj
= σ2

i + σ2
j − 2ρijσiσj is the

variance of Dij.

Refer to (2.3), (2.4) and (2.5) for ĈPij(d), Var(ĈPij(d)) and
̂

V ar(ĈPij(d)).

For three rater groups Xi, Xj, Xk given d, the covariance of ĈPij, ĈPik

is
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COVij,ik = 1
nσDij

σDik

[σ2
i − ρijσiσj − ρikσiσk + ρjkσjσk]∗

{[φ(
dij−µDij

σDij
)− φ(

−dij−µDij

σDij
)][φ(

dik−µDik

σDik

)− φ(
−dik−µDik

σDik

)]

+ 1
2σDij

σDik

(σ2
i − ρijσiσj − ρikσiσk + ρjkσjσk)∗

[
dij−µDij

σDij
φ(

dij−µDij

σDij
) +

dij+µDij

σDij
φ(

−dij−µDij

σDij
)]∗

[
dik−µDik

σDik

φ(
dik−µDik

σDik

) +
dik+µDik

σDik

φ(
−dik−µDik

σDik

)]}
(6)

where
σ2

Dij
= σ2

i + σ2
j − 2ρijσiσj, σ2

Dik
= σ2

i + σ2
k − 2ρikσiσk, σ

2
Djk

=

σ2
j +σ2

k−2ρjkσjσk, µDij
= µi−µj, µDik

= µi−µk, µDjk
= µj−µk.

The proofs of all technical results are given in Lou (2006) and are
readily available.

Consequently, the correlation coefficient ρij,ik is:

ρij,ik =
COVij,ik√

V ar(CPij),
√

V ar(CPik)
. (7)

The estimate of the covariance between ĈPij, ĈPik can be taken
to be

ĈOVij,ik = 1
nSDij

SDik

[S2
i − rijSiSj − rikSiSk + rjkSjSk]∗

{[φ(
dij−MDij

SDij
)− φ(

−dij−MDij

SDij
)][φ(

dik−MDik

SDik

)− φ(
−dik−MDik

SDik

)]

+ 1
2SDij

SDik

(S2
i − rijSiSj − rikSiSk + rjkSjSk)∗

[
dij−MDij

SDij
φ(

dij−MDij

SDij
) +

dij+MDij

SDij
φ(

−dij−MDij

SDij
)]∗

[
dik−MDik

SDik

φ(
dik−MDik

SDik

) +
dik+MDik

SDik

φ(
−dik−MDik

SDik

)]}
where S2

Dij
= S2

i + S2
j − 2rijSiSj, S2

Dik
= S2

i + S2
k − 2rikSiSk, S

2
Djk

=

S2
j +S2

k−2rjkSjSk, MDij
= Mi−Mj, MDik

= Mi−Mk, MDjk
=
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Mj −Mk.

3.1 Testing Equality of Coverage Probability Involving Gold
Standard vs Treatments
In practice, we desire to test whether the coverage probability between
the gold standard and each treatment group is the same for all treat-
ment groups. Here we assume group 0 to represent the gold standard
and groups 1 to K to represent the treatment groups.

Our null hypothesis is:

H0 :





CP01 = CP02

CP01 = CP03

CP01 = CP04 H1 : not H0

· · ·
CP01 = CP0K

This is a (K − 1)- dimensional hypothesis. We implicitly assume
that all the CP’s are judged with reference to a fixed and specified d,
say d0. Further, all through our analysis, we use large sample normal
approximation to estimate CP.

Assume under H0, CP01 = CP02 = · · · = CP0K = θ and let

η′ = [ĈP01, ĈP02, · · ·, ĈP0K ]. Under null hypothesis, η follows asymp-
totic multivariate normal distribution N(θ1,W ). W is the variance-

covariance matrix of η, where wgg = var(ĈP0g) and wgg′ = COV (ĈP0g,

ĈP0g′), 1 ≤g≤ K.

We know under H0, θ∗ =
η′Ŵ−11

1′Ŵ−11
is BLUE of θ. Further, θ∗ fol-

lows N(θ, 1
1′W−11

) under H0. Thus Q = η′(Ŵ−1 − Ŵ−111′Ŵ−1

1′Ŵ−11
)η has

an approximate chi-square distribution with (K-1) degrees of freedom
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under H0. Here Ŵ is the plug-in estimate of W. For given d0, with
significance level of α, we reject H0 when Q > χ2

(K−1)(α). For a proof,

refer to Rao (1973).

For simplicity, we will use CPg as an abbreviation for CP0g, 1 ≤
g ≤ K in the next section.

3.2 Simultaneous Lower Confidence Limit for All CP’s

For two or more new treatment groups and one gold standard, we
want to find out the simultaneous lower confidence limit for all cover-
age probabilities between new treatment groups and the gold standard.
In other words, for the K pairs of coverage probability, we try to find
the value of Li such that Pr(CP1 ≥ L1, CP2 ≥ L2, · · ·, CPg ≥ Lg,
· · ·, CPK ≥ LK) ≥ (1− α).

Let Zg = ĈPg−CPg√
V AR(ĈPg)

and Z ′ = [Z1, Z2, ..., ZK ]. Z follows asymp-

totic multivariate normal distribution N(0, Λ). Λ is the variance-

covariance matrix of Z, where Λgg = 1 and Λgg′ =
COV (ĈPg ,ĈPg′ )√

V AR(ĈPg)V AR(ĈPg′ )
.

We start by solving for z such that Pr(Z1 ≤ z, Z2 ≤ z, · · ·, Zg ≤ z,
· · ·, ZK ≤ z) = (1−α). Then, using the above expressions for Z1, Z2,
..., ZK , we obtain the simultaneous lower confidence limits for CPg,
g=1,2,...,K as

Lg = ĈPg − z

√
̂

V AR(ĈPg), 1 ≤ g ≤ K. (8)

Table 1 lists the values of z for some selected values of the corre-
lation coefficient ρ for K=2. These are calculated by software SAS
(version 8 or higher).
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Table 1: Values of z with changes of ρ for K=2

ρ
α 0 0.1 0.5 0.7 0.8 0.9 0.95 0.99 1
0.01 2.5751 2.5739 2.5574 2.5322 2.5092 2.4689 2.4347 2.379 2.3263
0.05 1.9545 1.951 1.917 1.8773 1.8460 1.7976 1.7581 1.6987 1.6449
0.10 1.6322 1.6257 1.5770 1.5287 1.4935 1.4396 1.3980 1.3359 1.2815

For α=0.05, from Table 1, z=1.7976. i.e., Pr(Z1 ≤ 1.7976, Z2 ≤
1.7976) ≥ 95%.

Thus the simultaneous 95% confidence lower limits for CP1 and
CP2 are:

L1 = ĈP1 − 1.7976

√
̂

V AR(ĈP1)

L2 = ĈP2 − 1.7976

√
̂

V AR(ĈP2)

3.3 Testing Minimum Assurance Level of CP for All Groups
In practice, we may desire to have minimum assurance level of CP
(such as 90% for many medical device cases) based on previous stud-
ies and we wish to test whether CP maintains the minimum assurance
level for each treatment group against the gold standard.

We formulate the null hypothesis as
H0: CPg ≥ Pg ∀ g, vs H1: CPg < Pg, for at least one, g=1,2,..., K

When there is only one new treatment, this is a simple one sided
test. For more than one new treatment groups, we will use the simul-
taneous lower confidence limits approach to accomplish the above test.

Remark: Normally, we may choose the same value of d for each test
treatment and consequently, the same value of Pg, say P0 for all i.

With given d and α, we can use (3.4) to estimate the simultaneous
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lower confidence limit for all the CPg’s as discussed in Section 3.2.
With the significance level of α, we will reject H0 if any of Lg ≤ P0,
1 ≤ g ≤ K.
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Db-optimal Design for Rank-Order Nested Logit
Models in discrete choice experiment
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Abstract: It has been explored in a classical discrete choice experiment, the re-
spondent is asked to choose an alternative with the highest utility among alterna-
tives in choice set. But in a rank-order discrete choice experiment, the respondent
is asked to rank a number of alternatives instead of preferred one.

Also it has been showed that Db -optimal criterion in rank-order MNL model
is greater than the Db-optimal criterion of classical MNL model, which has been
based on determinant of the information matrix.

We know that MNL model, when the assumption IIA is hold, is useful to
analyes; otherwise it is better to use the other logit models like NMNL model to
analyes data which are relaxed from IIA assumption.

In this paper, we study the information matrix of rank-order NMNL model
and Db-optimal design for that in discrete choice experiment.

Keywords: Conjoint analysis ,discrete Choice Experiment,
Db-Optimality, Rank-Order nested multinomial logit model.

1 Introduction
A discrete choice experiment measures the importance of the features
of a good or service in making a purchase decision. This is achieved
by asking each respond to choose his/her preferred alternative from a
number of choice set. A Rank-Order conjoint experiment measures the
importance of the features of a good or service by asking the respond
to rank a certain number of alternatives within the choice sets. Data
from a Rank-Order experiment can be analyzed by the rank-ordered
exploded Logit (MNL, NMNL, ...) models (Begg et al. , 1981,
Hausman and Ruud, 1987).

Vermulen , Goos and Vandebroek have proposed to use the D-
optimality criterion which focuses on the accuracy of the estimates of
the rank-ordered multinomial logit (MNL) model its parameters.

And in this paper we study to use the D- optimality criterion to
estimate rank-ordered Nested Multinomial logit (NMNL) model its

211



H. Jafari Db-optimal Design for Rank-Order Nested Logit Models· · ·

parameters. The central question is then whether the corresponding
Bayesian Db-optimal ranking design results in significantly more pre-
cise estimates and predictions than commonly used design strategies
in marketing.

In the next section, we review the rank-ordered multinomial logit
model, then in section 3 we obtain the information matrix related to
rank-ordered Nested multinomial logit model and we define a special
class of design and obtaining Db-optimal design for it and at the end
we come to conclusion.

2 Db-optimal Design in the Rank-Ordered MNL
Model

The rank of an alternative is determined by its utility. The utility of
alternative j in choice set s experienced by respondent i is modeled as

Usij =
K∑

k=1

Lk−1∑

`=1

Xsijk`

︸ ︷︷ ︸
XT

sij

βk` + εsij





i = 1, 2, ..., I(individuals)
j = 1, 2, ..., J(alternatives)
s = 1, 2, ..., S(choice set)

(1)

Where, XT
ij is the characteristics of attributes(there are K attributes

each of them with Lk;∀k = 1, 2, ..., K levels) related to alternative
j(Main-effects model) which is chosen by individual i and β = (βT

1 , βT
2

, ..., βT
K) is p(=

∑K
k=1(Lk − 1))-dimensional vector of parameters and

εsij denote the stochastic component of utility function which have
i.i.d Extreme Value distribution type II (Gumbel).

Now, if Y(1), Y(2), ..., Y(J) denote the Rank-alternatives of choice set
then Y(1) = j means that alternative j has the first rank (Rj = 1
, R denote the rank of alternative) which it has the highest utility
and Y(2) = j′ means that alternative j′ has the second rank (Rj′ = 2)
which its utility is less than the utility of j and greater than remain
alternatives and so on.

Simplicity, we suppose that there are three alternatives in choice
set that those are denoted by 1, 2, 3 Then the information matrix of
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rank-order MNL models is obtained follow (Vermulen et al.)

MR(MNL)(β|C) = MMNL(β|C)+
3∑

j=1

P (Y(1) = j)×MMNL(β|C(j)) (2)

with

MMNL(β|C) = XT (P − ppT

︸ ︷︷ ︸
D

)X

MMNL(β|C(j)) = XT
(j)(P(j) − p(j)p

T
(j)︸ ︷︷ ︸

D(j)

)X(j)

where

• MMNL(β|C):The information matrix of a discrete choice exper-
iment by choice set with size three( Sandor and Wedel ,2001)

• C(j) denotes a choice set without alternative j = 1, 2, 3.

• p(j): is a 2-dimensional vector containing the probabilities of
ranking alternative j′ second (j’=1,2,3 and j′ 6= j), given that
j was ranked first.

• P(j): is a diagonal matrix with the elements of p(j) on its diago-
nal.

• X(j): is the (2×K) design matrix containing all attribute levels
of the profiles in choice set , except those the first-ranked profile
j.

Similarity to discrete Choice Experiment (Sandor and Wedel (2001,2005)
and Kessels et al. (2006a)), in this situation (Rank-Oreder MNL )
it is used the Bayesian approach to obtain Db-optimal criterion where
the Bayesian version of the Db-error is given by

Db − error = Eβ[{det(MR(MNL)(β|C))}− 1
p ]

=
∫
<p{det(MR(MNL)(β|C))}− 1

p π(β)dβ
(3)
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Since there is no analytical way to compute the integral(3), it has to be
approximated by using of Monte-Carlo technique. The design which
minimizes the average of Db-error over all draws based on β with size
R(β(1), β(2), ..., β(R)) is called the Bayesian Db-optimal ranking design,
means that

Db ' 1

R

R∑
r=1

{det(MR(MNL)(β
(r)|C))}− 1

p (4)

Now, we suppose that there are L1×L2×...×LK possible alternatives(L1, L2

, ..., LK are the levels of K attributes) , then there will be

S =

(
L1 × L2 × ...× LK

3

)
choice sets each of them include three al-

ternatives.
Note: In most non-Bayesian linear problem an upper bound on

the number of support points in an optimal design is available, see
Pukelsheim ( 1993,pp. 188-189). The D-optimality criterion in linear
models typically leads to an optimal number of support points that is
the same as the number of unknown parameters and the design takes
an equal number of observations at each point(Silvey ,1980,pp.42 ).

The bound also applies to most local optimality criteria and Bayesian
criteria for linear models(see, Chernoff,1972,pp.27 ). In contrast for
nonlinear models there is no such bound available on the number of
support points.

Chaloner and Larntz(1986, 1989) have given the first examples of
how the number of support points in an optimal Bayesian design in-
creases as the prior distribution becomes more dispersed. They found
that for prior distributions that have supported over a very small re-
gion the Bayesian optimal designs are almost the same as the locally
optimal design and they have the same number of support points as the
number unknown parameters. For more dispersed prior distributions
there are more support points. This is a useful feature for a design as,
if there are more support points than unknown parameters, the model
assumptions can be checked with data from the experiment. In locally
D-optimal designs for various non-linear models follow Caratheodory
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theorem that for p-parameter nonlinear model, the number of sup-

port points is between p and p(p+1)
2

. When we search for a D-optimal
design, we only need to search for the optimal design in the class of

design measures with number of support points between p and p(p+1)
2

for which the information matrices are nonsingular.
Therefore, according to the number of parameters,p, we are con-

sidering N =

(
S
p′

)
, discrete choice experiment (design) each of them

with p′ support points as follows

ξn =

{
Cn1 Cn2 · · · Cnp′

wn1 wn2 · · · wnp′

}
∈ Ξn; n = 1, 2, ..., N (5)

where p ≤ p′ ≤ p(p+1)
2

. In this situation the information matrix of
design (9) is as follow

MR(MNL)(β|ξn) =

p′∑
s=1

wnsMR(MNL)(β|Cns) (6)

where,

p′∑
s=1

wns = 1; 0 ≤ wns ≤ 1 : ∀s = 1, 2, ..., p′&n = 1, 2, ..., N

thus ,if
Db(ξ

∗
n) = min

ξn∈Ξn

Db(ξn); n = 1, 2, ..., N

where

Db(ξ
∗
n) =

1

R

R∑
r=1

det
{ ∑p′

s=1 w∗
nsMR(MNL)(β

(r)|Cns)
}− 1

p′
(7)

then

ξ∗n =

{
Cn1 Cn2 · · · Cnp′

w∗
n1 w∗

n2 · · · w∗
np′

}
(8)
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is Db-optimal in Ξn; n = 1, 2, ..., N .
In this situation and based on (8) there are N optimal design for

spacial classes (5), thus it can be told the most suitable design is a
design corresponding to

min
n

Db(ξ
∗
n)

3 D-Optimal Design for Rank-Order Nested Multi-
nomial Logit models

Simplicity, we suppose that there are a nested logit models with two
nests and three alternatives that one of them have two alternatives
and another nest has just one alternative. To obtain the log-likelihood
function, we are considering the following notations to denote alter-
natives and nests which include them in a choice set

(j, m), (j′,m′), (j′′,m′′)

Then, we consider the combinations of them as (j,m)(j′,m′)(j′′,m′′);
(j, j′, j′′ = 1, 2, 3(j 6= j′ 6= j′′) , m,m′m′′ = I, II) means that alterna-
tive j in nest m has the first rank (R(j,m) = 1), alternative j′ in nest
m′ has the second rank (R(j′,m′) = 2) and alternative j′′ in nest m′′

has the third rank (R(j′′,m′′) = 3) with the following assumptions

P (j,m) =

{
P (j|m)× P (m) if j ∈ m

0 o.w

and so on.

In this situation we define the following variables to denote obser-
vations

Y((j,m)(j′,m′)(j′′,m′′)) =

{
1 if Y(1) = j, Y(2) = j′ and Y(3) = j′′

0 o.w

Now, according to above definitions and log-likelihood function , the
information matrix is calculated as follow
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MR(NMNL)(θ|C) = MNMNL(θ|C)+
II∑

m=I

3∑
j=1

P (Y(1) = j, M = m)×G(j, j′, j′′)

(9)
with

G(j, j′, j′′) =
∑II

m′,m′′=I

3∑

j′,j′′=1︸ ︷︷ ︸
j′ 6=j′′

P ((Y(1) = j′,M ′ = m′)|(Y(2) = j,M =

m))

×−∂2Ln(P ((Y(1) = j′,M ′ = m′)|(Y(2) = j, M = m)))

∂θ∂θT

where

P (Y(1) = j|M = m) =





exp(
xT

j β

λm
)

exp(
xT

j
β

λm
)+exp(

xT
j′β

λm
)

if m = {j, j′}

1 if m = {j}
(10)

P (M = m) =





[exp(
xT

j β

λm
)+exp(

xT
j′β

λm
)]λm

[exp(
xT

j
β

λm
)+exp(

xT
j′β

λm
)]λm+exp(xT

j′′β)

if m = {j, j′}
exp(xT

j β)

[exp(
xT

j′β
λm′

)+exp(
xT

j′′β
λm′

)]λm′+exp(xT
j β)

if m = {j}
(11)

P ((Y(2) = j′)|(Y(1) = j),M ′ = m′) =





1 if m′ = {j, j′}
exp(

xT
j′β

λm′
)

exp(
xT

j′β
λm′

)+exp(
xT

j′′β
λm′

)

if m′ = {j′, j′′}

1 if m′ = {j′}
(12)
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P (M ′ = m′|(Y(1) = j)) =





exp(xT
j′β)

exp(xT
j′β)+exp(xT

j′′β)
if m′ = {j, j′}

1 if m′ = {j′, j′′}
exp(xT

j′β)

exp(xT
j′β)+exp(xT

j′′β)
if m′ = {j′}

(13)

where j, j′, j′′ = 1, 2, 3; (j 6= j′ 6= j′′) and m,m′,m′′ = I, II.

(A special case): we suppose that there are two nests where
one nest includes two alternatives 1,2 and another nest consists just
alternative 3,(Table2)

First nest(I) Second nest(II)
1 , 2 3

Table2:

By noting to (9) MR(NMNL)(θ|C) for this special case can be rewritten
follow

MR(NMNL)(θ|C) =

(
(XT DX) (XT Π)
(ΠT X) c

)

+P (Y(1) = 1,M = I)

(
XT

(1)D(1)X(1) 0

0 0

)

+P (Y(1) = 2,M = I)

(
(XT

(2)D(2)X(2) 0

0 0

)

+P (Y(1) = 3, M = II)P ((Y(2) = 1,M ′ = I)|(Y(1) = 3,M =
II))× A

+P (Y(1) = 3, M = II)P ((Y(2) = 2,M ′ = I)|(Y(1) = 3,M =
II))×B

To obtain the matrices in the second, the third , the fourth and
the fifth rows of equation (above) it is used of Goos et al., 2007.

where
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A=

(
(XT

(3)D
[1]
(3)X(3)) (XT

(3)Π
[1]
(3))

(Π
[1]T
(3) X(3)) c

[1]
(3)

)

B=

(
(XT

(3)D
[2]
(3)X(3)) (XT

(3)Π
[2]
(3))

(Π
[2]T
(3) X(3)) c

[2]
(3)

)

XT
(j)D(j)X(j): Calculating without considering alternative j = 1, 2, 3.

(XT
(3)D

[1]
(3)X(3)): Calculating when alternative 1 has the second rank.

(XT
(3)D

[2]
(3)X(3)): Calculating when alternative 2 has the second rank.

Totally, we suppose that there is a NMNL model with two nests
which one of them have J1 alternatives and another nest have J2 al-
ternatives(Table 3)

nest(I) nest(II)
1, 2 , ..., J1 J1 + 1, J1 + 2, ... , J1 + J2

Table 3: two nest with J1 and J2 alternatives,respectively.

According to the dimension of parameters, β (p-dimensional)) and
λ (2-dimensional) there are a (p + 2)-dimensional vector parameters.
Therefore, based on the number of alternatives in each nest, there will
be

S =

(
J1

1

)
×

(
J2

2

)
+

(
J1

2

)
×

(
J2

1

)
+

(
J1

3

)
×

(
J2

0

)
+

(
J1

0

)
×

(
J2

3

)

choice sets, each of them have three alternatives. Then, it can be

made N =

(
S
p′′

)
discrete choice experiments (design) that each of

them include p′′ support points as follow

ξn =

{
Cn1 Cn2 · · · Cn(p′′

wn1 wn2 · · · wn(p′′)

}
∈ Ξn; n = 1, 2, ..., N (14)
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where p ≤ p′′ ≤ (p+2)(p+3)
2

. Similarity to rank-order MNL model, the
information matrix corresponding to ξn is calculated with

M(θ|ξn) =

p′′∑
s=1

wnsMR(NMNL)(θ|Cns)

based on Db-optimal criterion

Db(ξn) ' 1

R

R∑
r=1

det
{ ∑p′′

s=1 wnsMR(NMNL)(θ
(r)|Cns)

}− 1
p+2

if
Db(ξ

∗
n) = min

ξn∈Ξn

Db(ξn); n = 1, 2, ..., N (15)

then

ξ∗n =

{
Cn1 Cn2 · · · Cn(p′′)
w∗

n1 w∗
n2 · · · w∗

n(p′′)

}

are Db-optimal design in Ξn; n = 1, 2, ..., N and by noting to (15) a
design corresponding to

min
n

Db(ξ
∗
n)

is the most suitable design.

4 Conclusion

In a rank-order choice experiment, the respondent is asked to rank
a number of alternatives in each choice set. This way of performing
a conjoint experiment offers the important advantage that extra in-
formation is extracted about the preferences of the respondent which
results in better estimated part-worths , dissimilarity parameters and
better predicted probabilities.
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Abstract: In the first half of the lecture we give a short introduction to the theory
of Combinatorial Search (called also group testing). This includes the model with
lies. In the traditional model with lie, the answer to the question ”is x ∈ A?” can
be wrong (say once during the whole search) independently of x and A. In the
second half of the lecture we show a new model in which the answer can be wrong
only for some elements x. Solutions for both the adaptive and non-adaptive cases
are given.

Keywords: combinatorial search, search with lies, group testing.

1 Introduction
1.1 Introductory examples

1. When soldiers, infected by syphilis were searched, during World
War II, Dorfman [4] realized that one does not have to check the blood
sample of every single soldier to find the infected ones. Instead, one
can pour together (group) several samples, check them together. If
the result is negative, we can claim that none of them is infected,
one can continue the search without them. On the other hand, if the
result of the test is positive, this set of samples (group) has to be
subdivided and searched by parts. In this way the number of tests
can be remarkable reduced.

2. When Alfréd Rényi, the famous Hungarian mathematician got
his first car in Hungary in the early nineteen sixties, the level of car
repair was not very high there. When the car broke down by some
electric problem, he had to find the source of error, himself. He ”had
to develop” a theory. It is practically impossible to check each part
one by one. However, if one tries to operate a part of the car, and it

††Invited speaker
‡‡Email: ohkatona@renyi.hu
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works, one can suppose that the defective part is not there. Again,
tests are performed on a subset of element and the (single) defective
element should be found.

3. Chemical analysis. A solution contains one metal. It should be
determined by using chemical tests, say adding some other chemicals
and checking the changes in color. Then, again, we want to find one
unknown element of a set (of all metals) and test a subset (of metals
changing the color of the solution).

4. Criminal investigation. Given a crime, we have a set S of possi-
ble perpetrators. The real perpetrator, x ∈ S should be found. Each
evidence restricts x to be in a set A ⊂ S. For instance if a witness
says that the perpetrator is bold then we know x ∈ A, where A is the
set of bold ones among the possible perpetrators.

1.2 The model of Combinatorial Search
The above examples can be mathematically formulated in the follow-
ing way. Let X be a finite set and ⊂ 2X a family of its subsets. x is
an unknown element of X, our aim is to find this element by asking
questions of type “is x ∈ F?” where F is chosen from the family .
There are two very different ways of choosing the F s. The choice of
the next “question set” might or might not depend on the previous
answers.

Adaptive search. If the answer for the starting question “is x ∈ F?”
is “no” then the next question is “is x ∈ F (0)?” otherwise “is x ∈
F (1)?”. Similarly, the third question is denoted by F (00), F (01), F (10)
or F (11) depending on the previous answers. In general, let ε1, ε2, . . . , εr

be a 0,1 sequence. Suppose that the answer for the question “is
x ∈ F?” is ε1, the answer for the next question “is x ∈ F (ε1)?” is
ε2, and so on, the answer for the question “is x ∈ F (ε1, ε2, . . . , εr−1)?”
is εr. Now two different situations may occur. Either the knowledge
of all these answers determines x or not. In the previous case the
search is finished with r questions, in the latter case a new question
is asked: “is x ∈ F (ε1, ε2, . . . , εr)?”. The procedure can be illustrated
by a binary rooted tree with set-labels on its vertices. The label of
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the root of the tree is F , the labels of its children are F (0), F (1).
In general, if the collected knowledge after answering the question “is
x ∈ F (ε1, ε2, . . . , εr−1)?” (the answer is εr) determines x, then the ver-
tex labelled with {x} = F (ε1, ε2, . . . , εr) is a leaf of the tree, otherwise
the children of the vertex labelled with F (ε1, ε2, . . . , εr−1) are labeled
with F (ε1, ε2, . . . , εr−1, 0) and F (ε1, ε2, . . . , εr−1, 1), respectively. The
search is moving on the tree from the root towards a leaf. The length
of the search is the number of questions needed to arrive to a unique
x, in other words the length of the path (measured by the number of
vertices) leading to a given leaf. This depends on x.

This binary rooted tree solving the given problem can be called
an algorithm and will be denoted by A = A(). The number of steps
(questions) using A is A(x) if the unknown element is x. The length
of the algorithm is

`(A) = max
x∈X

A(x)

(worst case). The complexity of the problem is

c() = min `(A)

where the min is taken for all algorithms solving .
Sometimes the length of the algorithm is defined as the average of

the values A(x). Both the worst case and the average have practical
significance, but the worst case is mathematically treatable easier.
This is why most mathematical results use the worst case for defining
the length of the algorithm.

Non-adaptive search. Here the choice of the next question cannot
depend on the previous answers. That is, the question sets F1, F2, . . . , F` ∈
are given in advance. The answers for the questions “is x ∈ Fi(1 ≤
`)?” must determine the unknown element x. It is easy to see that
this happens iff for any given pair x, y ∈ X, x 6= y one of the Fis sep-
arates x from y, that is either x ∈ Fi, y 6∈ Fi or x 6∈ Fi, y ∈ Fi holds.
Such a subfamily of is called a separating system. The length of the
“algorithm” here is trivially `, independently on x. The non-adaptive
complexity of the problem is

n() = min `
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where the minimum is taken for all separating subfamilies F1, F2, . . . , F` ∈.
Although in the latter case “only” families of subsets are considered

and in the adaptive case a more complicated structure, very often it is
more difficult to determine n() than c(). An example is when consists
of all sets of size ≤ k [7].

log n ≤ c() ≤ n().

The lower bound is called the information theoretical lower bound,
the log denotes the one of basis 2 thorough the paper.

Let us give one more example for illustration from computer sci-
ence. Given distinct integers z1, . . . , zm, find their natural order by
pairwise comparisons “is zi < zj?”. This problem can be easily in-
cluded into our model described above. Let X be the set of all per-
mutations of the given integers, that is, of the numbers 1, . . . , m. The
goal is to find one unknown element of this set X of n = m! elements.
A question set is the set of permutations where zi has a position before
zj. (Its size is m!/2.) Proposition 1 can be used: log m! ≤ c holds
for the adaptive complexity of this problem. By the Stirling formula
log m! is approximately m log m + c1m. On the other hand there is
an easy algorithm with length m log m + c2m. The true value of the
coefficient of m is unknown. The non-adaptive problem here is trivial.
One has to compare every pair zi, zj, since the two permutations where
zi is the first, zj is the second and the one where zj is the first, zi is the
second cannot be separated otherwise. The non-adaptive complexity
is

(
m
2

)
.

1.3 Variants
There are many variants of the search problems described by the model
above. For instance, when the number of unknown elements is not one.
E.g. there are typically more than just one infected soldier in the first
example. However there must be restrictions either on the maximum
number of the unknowns, or on their structure. These problems can
be often transformed to fit our model by changing X and suitably.
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Another variant is when is replaced by functions f defined on X.
Then the questions of type “is x is F?” are replaced by questions of
form “what is f(x)?”. In the third example, e.g. the chemical test
might have several different results (color is unchanged, becomes red,
becomes blue). The basic model is obtained back if the range of f is
{0, 1}, that is the function is 1 on F and 0 on F .

There is a variant between the adaptive and non-adaptive case.
Namely when the number of ”rounds” is limited. E.g. the search with
two rounds consist a set of questions (subsets) in the first round, then
depending on the list of answers another set of questions can be asked.
The unknown element has to be found after this. The complexity of
the algorithm in this case is the number of questions in the first round
+ the largest number of questions in the second round.

The ”approximate search” does not aim to find the unknown ele-
ment exactly, only a member of the family of ”neighborhoods” con-
taining the searched element. (See [11].)

For practical motivations, other variants and a large number of
nice results see the ancient (rather obsolete) survey [8] and the mono-
graphs [2], [1], [5].

1.4 Search with lies: Rényi-Ulam game
However the model “with liar” is really different. Then the answers
are unreliable: the answer for the question “is x ∈ F?” can be wrong.
Typically it is supposed that the number of wrong answers is bounded
by a constant. However the result should be exact, no probabilistic.
That is, we want to find the unknown element precisely. This problem
was independently proposed by Rényi [10] and Ulam [12]. There are
many results along these lines, too. See for instance one paper of the
speaker [9] in which the sizes of the question sets and the number of
possible lies are bounded from above. Two good surveys are written
by Hill [6] and Deppe [3].

2 Our model
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In the models Search with Lies briefly introduced in subsection 1.4
every question has the same chance to be incorrectly answered. In
other words, the occurence of a lie does not depend on the relationship
of the question set A and the unknown element x. In our present model
this is not true. For a given question there are certain unknowns
x triggering the possibility of a false answer. If the unknown x is
different from these then the answer must be correct. Let us show
some examples continuing our examples in the previous section.

Chemical analysis. The outcome of the chemical test might sen-
sitively depend on a parameter we cannot well control or sense. But
only in the case of certain metals. For ”good” metals the result of the
test is correct, for the ”bad” metals however it might be wrong.

Criminal investigation. The officer asks the witness if the perpe-
trator is bold. The witness might lie only if it is in his/her interest:
the perpetrator is his/her relative or friend.

In the first section a question A divided S into two parts: into
A and A. If the answer was ”yes” we learned that x ∈ A, if it was
”no” then the conclusion was x ∈ A. Here a question is a partition
of S into three classes: (A,L, B). If x ∈ A then the answer is ”yes”
(or 1), if x ∈ B then the answer is ”no” (or 0), finally if x ∈ L then
the answer can be either ”yes” or ”no”. In other words, if the answer
”yes” is obtained then we know that x ∈ A ∪ L while in the case of
”no” answer the conclusion is x ∈ B ∪ L.

The obvious problem is what the fastest algorithm using such ques-
tions is. If there is no limitation on the choice of these 3-partitions,
then the easy answer is that only partitions with L = ∅ should be
used and we are back to the old, trivial model. Therefore a natural
assumption is that every L is large, that is, |L| ≥ k holds for every
partition we can use.

The adaptive case will be solved in Section 3 by exhibiting the the
best algorithm. The non-adaptive case is more difficult. In Section 4
we reduce the problem to a graph theoretical problem: a nearly per-
fect matching should be found which satisfies the additional condition
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that the number of edges in the matching is the same in all directions.

3 The adaptive search

start with the description of an algorithm. The starting question is
an arbitrary partition (A,L, B) satisfying |L| = k, |A| = dn−k

2
e, |B| =

bn−k
2
c. After obtaining the answer the unknown x will be restricted

either to A ∪ L or to B ∪ L where |A ∪ L| = dn+k
2
e ,|B ∪ L| = bn+k

2
c.

Suppose that x is already limited to a set Z ⊂ S at a certain
stage of the search. The next step of the algorithm will be determined
distinguishing two cases depending on the size of Z. However in both
cases the new L is chosen to minimize |Z∩L| since the incorrect answer
in L is not interesting outside of Z.

1. |Z| ≤ n−k. Choose an L of size k to be disjoint to Z. Divide Z

into two parts U and V of sizes
⌈
|Z|
2

⌉
and

⌊
|Z|
2

⌋
, respectively. Let the

next question (A,L, B) in the algorithm be defined by A = U,B =
V ∪ (S − Z − L).

2. |Z| > n − k. Choose L of size k in the following way: S −
Z ⊂ L. Divide Z − L into two parts A and B of sizes

⌈
|Z−L|

2

⌉
and⌊

|Z−L|
2

⌋
, respectively. Let the next question (A,L, B) in the algorithm

be defined.
After receiving the answer to this last question the unknown ele-

ment x is restricted to a set Z ′ of size either
⌈
|Z|
2

⌉
or

⌊
|Z|
2

⌋
in the first

case and of size either dn−k
2
e or bn−k

2
c in the second case. (Observe

that all these four values are less than |Z|.)
The algorithm stops when |Z| becomes 1.

Theorem 1 This algorithm is the fastest additive search.

4 The non-adaptive search

In this case the ”algorithm” consists of a series of questions

(A1, L1, B1), (A2, L2, B2), . . . , (Am, Lm, Bm) (4.1)
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such that the answers to these questions uniquely determine x in all
cases. Take two distinct elements x, y ∈ S. If

either x ∈ Ai, y ∈ Bi or x ∈ Bi, y ∈ Ai (4.2)

holds for the question (Ai, Li, Bi) we say that this question really sep-
arates x and y. If (4.2) holds then the answer to this question will be
different when x is the unknown element and when it is y. In other
words this question distinguishes x and y. On the other hand, if both
x and y are in Ai (Bi) then the answer to the question is the same in
the two cases (when x is the unknown or it is y). Finally, if one or
both x and y are in Li then we might obtain the same answer in the
two cases, this question does not necessarily distinguishes x and y.

One can see form this that the answers to the set of questions
(4.1) uniquely determine the unknown x iff (4.2) holds for every pair
x, y ∈ S. We say in this case that (4.1) is a really separating set of
questions. Our goal is to minimize m under the conditions that (4.1)
is really separating and |Li| ≥ k, for given n, k. Let this minimum be
denoted by N(n, k).

It is useful to consider the ”characteristic matrix” of the set of ques-
tions. The characteristic vector associated with the question (A,L, B)
is a vector containing 1, ∗, and 0 in the jth coordinate if the jth ele-
ment of S is in A,L,B, respectively. Let the m × n question-matrix
Q have the characteristic vector associated with (Ai, Li, Bi) in its ith
row. Condition (4.2) is equivalent to the condition that for any pair
of distinct columns of Q there is a row where the entries are 0, 1 or
1, 0 in the crossing points of this row and the two given columns.
We say that that such a matrix is ∗-less separating. In these terms
N(n, k) is the minimum number of rows in an m×n, ∗-less separating
0,∗,1-matrix containing at least k stars in each row.

It is not hard to prove the following two lemmas.

Lemma 1 If Q is an m×n, ∗-less separating 0,∗,1-matrix containing
at least k stars in each row then

2km ≤ 2m (4.3)
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holds.

Lemma 2 If Q is an m×n, ∗-less separating 0,∗,1-matrix containing
at least k stars in each row then

n + km ≤ 2m (4.4)

holds.

It is somewhat surprising that these two easy conditions (Lemmas
4.1and 4.2) are sufficient for the existence of a good Q.

Theorem 2 (3 ≤ m) A Q m× n, ∗-less separating 0,∗,1-matrix con-
taining at least k stars in each row exists if and only if both (4.3) and
(4.4) hold.

Sketching why we need here a graph construction. We only have
to construct a matrix satisfying the conditions if the inequalities (4.3)
and (4.4) hold. The matrix will contain one or zero ∗s in every column,
and exactly k ∗s in every row. The 0,1 columns of the matrix will be
considered as points of the m-dimensional cube Bm. (Here Bm =
(V,E) is a graph where V consists of all 0,1 sequences of length m
and two such vertices are adjacent if the sequence differ in exactly one
position.) A column containing one ∗ can be considered as a pair of
points, namely the points corresponding to the two columns obtained
by replacing the ∗ by a 0 and a 1. These points are adjacent in Bm

therefore the column containing exactly one ∗ can be considered as
an edge of Bm. This edge has a direction, namely the index of the
position of the ∗. It is obvious that two such edges cannot have a
common point, otherwise the two columns would not be different by
all substitutions. This shows that our matrix generates a matching in
Bm. Since we want to have exactly k ∗s in every row, the number of
edges in the desired matching should be the same in every direction.

A subgraph (in our case a matching) of Bm is called balanced if the
number of edges in every direction is the same. We showed how these
concepts came into the picture. Let us now formulate our main tool
what is needed to prove Theorem 4.3.
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Theorem 3 Bm(m ≥ 3) contains a balanced matching with

⌊
2m−1

m

⌋
(4.5)

edges in every direction.

The construction proving Theorem 4.3, using Theorem 4.4. Sup-
pose that (4.3) and (4.4) hold. Start with the balanced matching in
Theorem 4.4. By (4.3) k cannot exceed (4.5). Keep only k edges of the
matching in each direction. If e is an edge of the matching in direction
i then take a a corresponding column in Q having a ∗ in the ith row,
its other 0,1 entries are the joint coordinates of the two endpoints of
e. In this way we obtained an m × km ∗-less separating matrix. We
need to add n− km 0,1 columns (without a ∗) keeping the property.
The existing km columns exclude 2km columns, what are obtained by
replacing the ∗s by 0 or 1. There are 2m − 2km other 0,1 columns for
our disposal. However n − km ≤ 2m − 2km follows from (4.4), the
construction of Q can be completed.
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Abstract: This article is concerned with the analysis of correlated count data.
A class of model in which the correlation between the counts is presented by
correlated unobserved heterogeneity components. A Hierarchical Bayesian analysis
is used for estimation of the parameters. A Gibbs sampling algorithm is suggested
for find posterior densities of parameters. The proposed method is applied to CBC
data.

Keywords: Bivariate count data, Poisson-Lognormal distribu-
tion, Hierarchical model, Metropolis-Hasting algorithm, WBC, RBC.

1 Introduction

Multivariate count data appear in a wide range of fields like epidemi-
ology (e.g. different types of a disease), marketing (e.g. purchases of
different products) and environ metrics (e.g. different kinds of plan-
tation etc) among others, where incidences of several related events
are counted. While the Poisson distribution has played a prominent
role in modeling univariate count data, its multivariate counterpart
has been rarely used in practice mainly due to computational diffi-
culties in inferential procedures. The use of a multivariate normal
model as an approximation to the multivariate Poisson model can be
misleading, especially if the counts are small and there are many zero
counts.

The multivariate Poisson distribution, while the most important
among discrete multivariate distributions, has several shortcomings
for its application. The main drawback of the multivariate Poisson
model is the complicated form of the joint probability function. This
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has led to the use of a simplified model with just one common covari-
ance term for all pairs of variables (Tsionas(1999,2000), Karlis(2003)).
In addition, the multivariate Poisson model assumes positive correla-
tion between variables, an assumption that is not realistic for several
applications. Finally, the marginal mean and variance of each variable
coincide and, thus, this model is not appropriate for overdispersed data
sets. Mixed multivariate Poisson models, using some mixing distribu-
tion for the parameters as, for instance, multivariate negative bino-
mial models, can solve the problem of overdispersion. Another way to
overcome the problem of overdispersion is to include stochastic error
term in the model to allow for unexplained randomness in the poisson
regression model. Simultaneous equation models and count analyses
have been applied independently numerous times and there are only
few analyses of correlated count data (Ibrahim J.,et al(2000),Chib
and Winkelmann (2001)). When hypotheses of plausible interrela-
tionships between count variables can be developed from theory and
prior knowledge, a more directed approach, such as multivariate re-
gression count models, is appropriate. There are several techniques
that introduce correlations into multivariate Poisson models. One of
the best known techniques employs a stochastic component that shares
the specification of the count variables through either multivariate re-
duction techniques (Karlis(2003)) or the method of mixtures (Jung
and Winkelmann(1993), Munkin and Trivedi(1999)). However, the
use of an identical component restricts the effects of the factors to be
the same across categories. Furthermore, this approach permits only
positive correlations between two variables. A more general method
allows for separate stochastic components that are correlated for each
count variable. The mixing distribution in this context can be either
a discrete distribution with several support points (finite mixture) or
a parametric continuous distribution (continuous mixture). The finite
mixture approach can flexibly accommodate extreme and/or strongly
asymmetric departures from the Poisson model (Alfo and Trovato
(2004)). However, finite mixture models may inadequately represent
the full extent of heterogeneity and it is difficult to estimate them with
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more than a half dozen or so mass points. Allenby and Rossi(1999)
discuss and provide empirical evidence of the shortcomings of the fi-
nite mixture. An alternative parametric specification for the mixing
distribution is the use of multivariate normal distribution, which leads
to a multivariate Poisson lognormal model that can be estimated by
either simulated maximum likelihood (Munkin and Trivedi(1999)) or
MCMC method (Chib and Winkelmann(2001)). However, the sim-
ulated maximum likelihood method makes it difficult to extend the
model beyond the case of a few outcomes, which may limit the scope
of data mining applications. In contrast, Bayesian inference using the
MCMC method can efficiently accommodate high-dimensional count
data while still allowing the model to maintain a general correlation
structure. Ma and Kockelmann(2006) used Gibbs sampling as well
as Metropolis-Hasting algorithms, within a MCMC simulated frame-
work. They used single prior model in their study. In our study, we
follow their work and used the MCMC method for Estimation with
a hierarchical model. The rest of the article is organized as follows:
In Section 2 we present the basic model and some special cases and
extensions. The fitting algorithm is developed in Section 3, while Sec-
tion 4 gives real data example.

2 The Model

This section briefly reviews bivariate count models related to the main
models of this paper. Suppose that we observe yij, i = 1, 2, . . . , nj, j =
1, 2 denote the value of counts for individual i and outcome j. let
yi = (yi1, yi2) denote the vector of counts for individual i over the
different outcomes. Interest is in a class of models where observations
are uncorrelated across individuals but correlated over outcomes:

cov(yi1, yi2)

{
= 0 for i 6= k
6= 0 for i = k, j 6= l.

yij may be assumed to be distributed as a poisson random variables
with the mean rate parameter λij That is (yij|xij, bij) ∼ poisson(λij)
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where λij is specified as:

λij = exp(x′ijβj + bij) (1)

xij represents a k × 1 explanatory variable vector and βj is a k × 1
vector of corresponding parameters, including an intercept term β0.
We model the dependence between y1 , y2 by means of correlated

unobserved heterogeneity components bi1 , bi2 and assume that
−→
bi =

(bi1, bi2) is distributed as a bivariate normal random variable and use a
general variance-covariance structure to accommodate the correlation

among the bij‘s. That is
−→
bi ∼ N2(0, Σ) ; where Σ is an unrestricted

covariance matrix. The model specification in above equations implies
that λi follows a bivariate lognormal distribution and yi follows a bi-
variate Poisson-lognormal distribution.

2.1 Likelihood Function
The probability density function for count vector yi is given by

f(yi1, yi2|xi, βj,Σ) =

∫ 2∏
i=1

f(yij|βj, bij)φj(
−→
bi |0, Σ)d

−→
bi (2)

Given Σ, the multiple integrals cannot be solved in a closed form.
Therefore, the MCMC method under the Bayesian framework can be
used to compute the integrals.

In this article we use a hierarchical Bayesian analysis of bivariate
poisson log normal models. The hierarchical model can be written in
two levels. At level I, Supposed that the parameters (β, Σ) indepen-
dently have the prior distributions:

β ∼ Nk(ββ, V −1
β ) (3)

Σ−1 ∼ Wishart(υΣ, VΣ) (4)
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And in the 2nd level, supposed:

ββ ∼ Nk(β0, Sigβ) (5)

V −1
β ∼ Wishart(υ0β

, R0) (6)

V −1
Σ ∼ Wishart(υ0Σ

, Σ0), (7)

where (β0, Sigβ, υ0β
, υ0Σ

, Σ0, R0) are known parameters. In this ap-
proach, we suppose β0 and Sigβ are independent. Figure 1 shows the
model in the form of a direct acyclic graph (DAG).

2.2 Posterior Distribution
Since, the marginal distribution cannot be algebraically implemented
in closed form, given the observations, the joint posterior distribution
of the parameters is obtained by combining (2), (3), (4), (5), (6), and
(7) via Bayes’ theorem. So, we have:

π(βj, ββ, Vβ,
−→
bi , Σ|yi, X) ∝ L(βj,

−→
bi |yi, X)P (βj, ββ, Vβ,

−→
bi , Σ, yi)

∝ L(βj,
−→
bi |yi)P (

−→
bi |Σ)p(Σ−1|υΣ, VΣ)g(v−1

Σ )P (βj|ββ, Vβ, )g(ββ)g(v−1
β )

∝
n∏

i=1

2∏
j=1

exp
(
− exp(x′ijβj + bij)

)(
exp(x′ijβj + bij)

)yij

×
n∏

i=1

exp(−1/2b′iΣ
−1bi)|Σ−1|1/2.|Sigβ|−1/2

×
|Σ−1|υΣ−2

2 exp
(
− 1/2tr(V −1

Σ Σ−1)
)

|VΣ|
υΣ
2

×
|V −1

Σ |
υ0Σ

−2

2 exp
(
− 1/2tr(V −1

Σ Σ−1
0 )

)

|Σ0|
υ0Σ

2

×
2∏

j=1

|Vβ|−1/2exp
(
− 1/2(βj − ββ)′V −1

β (βj − ββ)
)
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×exp
(
− 1/2(ββ − β0)

′Sigβ−1(ββ − β0)
)

×|V −1
β |

υ0β
−2

2 .
exp

(
− 1/2tr(R−1

0 V −1
β )

)

|R0|
υ0β
2

(8)

3 Gibbs sampler for hierarchical model

Gibbs sampler for hierarchical model Since the posterior distribution is
intractable, we seek a Markov Chain that has the posterior as its long
run distribution. Sampling from this Markov Chain after an adequate
burn-in period will enable us to approximate a sample from the pos-
terior distribution (Gilks Richardson and Spiegelhalter (1996)). The
conditional distributions are determined using a graphical modeling
approach (Borgelt and Kruse(2002)). Using this approach in a hier-
archical model, the conditional distribution of one node given all the
other nodes is proportional to the product of the prior distribution of
the node and the conditional distribution of all its direct child nodes
and co-parent nodes. Due to the conjugate property, the complete
conditional distribution of the parameters is given in two sections:

Section I; has the closed form:

Σ−1|b ∼ Wishart
(
(υΣ + n), (V −1

Σ +
n∑

i=1

b′ibi)
−1

)

V −1
β |β ∼ Wishart

(
(υ0β

+ 2),

(
R−1

0 +
2∑

j=1

[
(βj − ββ)′(βj − ββ)

])−1
)

V −1
Σ |Σ ∼ Wishart

(
(υ0Σ

+ υΣ),

(
Σ−1 + Σ−1

0

)−1
)

Section II; has not a known closed form which makes direct in-
ferences almost impossible. MCMC methods are techniques that have
been developed to resolve this kind of problem.
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Draws from this conditional density can be obtained by devel-
oping an M-H algorithm by using proposal densities as follow:

q(
−→
bi |yi, βj, Σ) = N2

{[
Σ−1−→bi +

[
yi − exp(xiβj +

−→
bi )

]
,

[
Σ−1 + diag(exp(xiβj +

−→
bi ))

]−1
}

q(βj|yi, X,
−→
bi , Σ) = Nk

{[
−V −1

β (βj−β0j)+
n∑

i=1

(yij−exp(x′ijβj+bij))xij

]
,

[
V −1

β0j
+

n∑
i=1

(exp(x′ijβj + bij))xijx
′
ij

]−1
}

q(ββ|βj, Vβ) = Nk

{[ 2∑
j=1

β′jV
−1
β + β′0Sigβ−1 + β′β(−V −1

β − 1/2Sigβ−1)
]
,

[
V −1

ββ
+ 1/2Sigβ−1)

]−1
}

4 Real Data
4.1 Data Description
A total of 203 children who had 6-12 years old, BMI>95 percentile
for age and sex, and attended health examination of their volition
from 2006 to 2007 at Sedighe Tahere Hospital were enrolled in this
study. During the physical examination, body weight (kg) and height
(m) of subjects were measured for computing body mass index (BMI).
Plasma total triglyceride (TG), cholesterol, and HDL were measured
by enzymatic method using a chemistry analyzer at the central lab-
oratory of the hospital. Total WBC, RBC, and platelet counts were
computed by means of an auto analyzer.

Metabolic syndrome (MS) is characterized by obesity, im-
paired glucose tolerance (or type 2 diabetes), hypertension, low high-
density lipoprotein (HDL) cholesterol levels, and/or hypertriglyceridemia.
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This syndrome is now recognized as one of the most common disor-
ders worldwide. In addition, there is growing evidence that MS is
associated with an increased risk of cardiovascular disease and is now
considered as the secondary target for treatment of coronary heart dis-
ease. Insulin resistance and/or hyperinsulinemia has been shown in
some studies to correlate with white blood cell (WBC) or red blood cell
(RBC) counts. In fact, several epidemiological studies have already
noted a relationship between some components of MS, such as lipid
abnormalities and high blood pressure, and WBC, or RBC counts.
The aim of the present study is to investigate the association between
various hematological parameters with components of MS.

WBC and RBC are the main two outcomes and likely to af-
fect each other. So, their relationship needs to be analyzed with a
simultaneous equation model. A bivariate poisson regression model is
plausible due to the correlation. In this study, the influence of several
factors on the WBC and RBC were investigated simultaneously. These
factors were: age, BMI, gender, Cholesterol, LDL, HDL, Triglyceride
(TG), FBS, waist, hip. Table 1, contains descriptive statistics for
the CBC count data. There is a clear indication of extra poisson vari-
ation in the data since the variances are much greater than the means.

4.2 Model Estimation
The bivariate poisson regression model was estimated using a hier-
archical Bayesian approach. The starting values for β came from the
method of maximum likelihood estimation (MLE). The starting values

for Σ are I2 =

[
1 0
0 1

]
.

A Gibbs sampler and M-H algorithm were performed with
Winbugs version 1.4.3 (an open-source statistical computing environ-
ment described at http://www.mrc-bsu.cam.ac.uk/bugs). The prior
distribution for the estimation are defined by the hyper parameters
ββ = (0, 0, . . . , 0)′, β0 = (0, 0, . . . , 0)′, V −1

β = I22, Sigβ = 1.0E−6×I22,

R−1
0 = 0.01× I22 and V −1

Σ = 0.01× I2.

In line with the proposed model, a Bayesian analysis was car-
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Table 1. Summary statistics of variables

Dependent Variable
Mean ±SD

Count of WBC 12.36± 17

Count of RBC 5.47± 4.51

Independent Variable
Mean ±SD

Age 9.20± 2.62

BMI 23.41± 3.97

Gender 1.52± 0.50

FBS 87.42± 8.75

Cholesterol 182.08 ±29.62

LDL 110.54± 27.55

HDL 46.49 ±8.97

TG 132.29 84.20

Waist 89.80± 77.66

Hip 90.58± 11.24

ried out using the Gibbs sampler. Our final inferences were based
upon single long runs of length 100,000, after convergence was moni-
tored through the use of graphical aids and the convergence diagnostic
of Gelman and Rubin (16) by a chain with 50,000 iterations.

4.2 Results
Table 2 gives several summary measures of the posterior distribution.
In addition to the posterior mean and standard error, we also display
the 2.5th and 97.5th percentile of the marginal posterior distribution
or 95% High Posterior Density (HPD) regions for parameters in the
model. Figure 1 shows the marginal posterior distributions for
parameters in the proposed model. The estimate for a mostly all of
the parameters except for the Gender and TG appear to be bimodal;
this suggest the model is uncertain and certainly model is necessary.

Parameter estimation shown in Table 2 suggests that however,
the statement of the children and hormonal parameters play important
roles in predicting the count of WBC, only the cholesterol and LDL
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Table 2. Posterior summary for parameters based on the MCMC simulation
output from purposed model

Variable definition Mean Std.Err. 95% HPD regions
Lower Upper

Response variable: WBC
Constant 1.673 0.0690 0.645 2.770

Age -0.018 0.0020 0.001 0.024
BMI 0.063 0.0020 0.034 0.100

Gender 0.187 0.0080 0.031 0.360
HDL 0.018 0.0015 0.006 0.030
TG 0.002 0.0001 0.001 0.003

Waist 0.002 0.0005 0.000 0.003
Hip -0.025 0.0008 -0.039 -0.015

Response variable: RBC
Constant 1.851 0.0436 1.136 2.662

Cholesterol -0.006 0.0002 -0.010 -0.002
LDL 0.007 0.0002 0.003 0.012

among hormonal parameters are predictors for predicting the RBC
rate. For example, holding all other factors fixed, more WBC are
expected on increasing BMI, HDL, TG, Waist and decreasing the age
of the children. Furthermore, girls have more WBC counts than boys
in children between 6-12 years old.

In addition fitted model showed increasing the LDL and de-
creasing the cholesterol tend to increase the rate of RBC.

Based on the average parameter estimates of the bivariate
poisson lognormal regression model, Table 3 provides estimates of
percentage changes in the hematological parameters as a function of
various statement details. For example, 1-year increases in (average)
the age (from 9 to 10 years) is predicted to result in 1.8% fewer WBC
count.

Table 3. Expected percentage changes in the count of WBC and
RBC corresponding to changes in variables
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variables Changes In variable Percentage changes in two outcomes
WBC RBC

Age 1 (years) -1.8% ——–
BMI 2 (kg/m2) 12.6% ——–

Gender 1/0 18.7% ——–
HDL 2 3.6% ——–
LDL 2 ——– 1.4%

Cholesterol 2 ——– -1.2%
TG 2 0.4% ——–

Waist 5 1.0% ——–
Hip 2 12.5% ——–
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Inference Bayesian Nonparametric of densities
under constrains of form

S. Khazaei

CEREMADE, Universit Paris Dauphine, 75016 Paris

Abstract: Recent advance in statistical computing have generated renewed in-
terest in nonparametric inference. In this paper we propose to study and build
bayesian nonparametric methods for estimating densities under form constrains.
In particular, we determine general conditions on the good asymptotic properties
for posterior distributions.

Keywords: Nonparametric Bayesian inference, Consistency, en-
tropy, Kullback Leibler, k-monotone density, kernel mixture.

1 Introduction

In this paper we study the estimation problem of a monotone non
increasing density. This is a well known problem, see for instance Bal-
abdaoui and Wellner (2004) for a review on the subject. In particular
it has application in fiability or as a preliminary analyses in a survival
estimation problem. Decreasing densities onR+ have a mixture repre-
sentation which allows for likelihood based inference. There is a vast
litterature on maximum likelihood estimation of such densities, see
for instance Balabdaoui (2006) for a review. Given the mixture repre-
sentation Bayesian methods are also appropriate for their estimation.
Here we study the asymptotic properties of Bayesian nonparametric
estimators of a decreasing density.Non parametric Bayesian procedures
presents a paradox. On the one hand they do not require precise in-
formation of the shape of the parameter (function), on the other hand,
they require the construction of a distribution on an infinite dimen-
sional space, which cannot be done in a purely subjective way. As
argued by Diaconis and Freedman(1986), these nonparametric meth-
ods are a little value if they don’t lead to consistent posterior distri-
butions. Many different types of priors have been used in the littera-
ture on Bayesian nonparametric estimation of densities; priors based
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on mixture models are particularly popular. For instance, Ferguson
(1983) and Lo (1984) have introduced Dirichlet mixtures, Petrone,
S and Wasserman, L.(2002) has studied the properties of Bernstein
polynomials, Robert and Rousseau (2003) and Rousseau (2007, 2008)
have obtained consistency and rates of convergence for mixtures of
Betas, Perron and Mengersen (2001) and McVinish et al. have stud-
ied mixtures of triangulars and more generally Wu and Ghosal (2008)
have studied approximating properties of general mixture models.In
this paper we use the mixture representation of constraint densities,
namely the k-monotone densities to construct Bayesian estimators in
these models. More specifically we focus on decreasing densities on
R+. There is a theorem that implies a density on R+ is positive if
and only if it can be written as a mixture of uniform densities densities
U(0, θ) in the form

fP (x) =

∫
k(x, θ)dP (θ) =

∫
1

θ
I(0,θ)(x)dP (θ) (1)

where P is the mixing distribution. Let F be the set of decreasing
densities on R+, we construct a prior on F by determining a prior on
the mixing distribution P living on R+.

In Section 2 we give general results to obtain weak and strong con-
sistency of the posterior distribution and in Section 3 we apply these
results to the spectial case of Dirichlet mixtures.

2 Concicteny properties of the posterior distri-
bution

Let Π be a probability on M, the set of probability distributions on
R+. We denote by fP the decreasing density with mixing distribution
P :

fP (x) =

∫ ∞

0

I[0,θ[(x)

y
dP (θ).

Let X1, ..., Xn be n independent and identically distributed obser-
vations from a distribution having a decreasing density f with respect
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to lebegue measure. Then the posterior probability of any measurable
set A of F is given by

Π(A|X1, ..., Xn) =

∫
A

∏n
i=1 fP (Xi)dΠ(dfP )∫

F
∏n

i=1 fP (Xi)dΠ(P )
.

In this Section we consider two types of consistency : the weak and
the strong consistency of the posterior.

Recall the two following definitions:

Definition 1 A prior Π is said to be weakly consistence at f0 if with
P0-probabilty 1

Π(U |x1, ..., Xn) → 1

for all weak neighborhood U of f0.

Definition 2 A prior Π is said to be strongly consistence at f0 if with
P0-probabilty 1

Π(U |X1, ..., Xn) → 1

for all strong neighborhood U of f0.

Recall also that we say that f ∈ F is in the support of Π for some
topology if the prior mass of any neighbourhood of f (with respect
to the same topology) is positive. For any f0 ∈ F , we denote the

Kullback- Leibler neighborhood
{

fP ∈ F : F0 log f0

fP
< ε

}
by Kε(f0),

where F0g =
∫

f0(x)g(x)dx for all integrable function g. Thus f0 is in
the K-L support of Π if Π(Kε(f0)) > 0 for all ε > 0.

To obtain weak consistency it is enough to prove that f0 is in the
K-L support of Π, i.e.

∀ε > 0 Π(P ; K(f0, fP ) < ε) > 0

Appendix Theorem 3.1.
Yuefeng, Wu and S.Ghosal (2008) obtained a very several results on
weak consistency for decreasing densities . They proved that if∫

f0(x)|logf0(x)dx| < ∞ and if the weak support of Π is M, then
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the posterior is weakly consistent.However the condition on the weak
support of Π is very strong and quit difficult to prove. As an example
consider a very natural prior puts mass on finite mixture of uniform
densities in the form

dP (θ) =
K∑

j=1

Pjδ(θj), dΠ(P ) = P (k)dΠk,1(P1, ..., PK)dΠk,2(θ1, ..., θK)

where K ∼ P , and given K, P1, ..., Pk ∼ Πk,1 and θ1, ..., θk ∼ Πk,2.
Πk,1 is absolut continuous with respect to Lebesge on {P1, ..., Pk :
Pi ≥ 0,

∑
Pi = 1} Then if f0(x) > 0 for all x ∈ R+ and decreasing

Π(P : K(f0, fP = ∞) = 1

Because if dP (θ) =
∑K

j=1 Pjδ(θj), 0 < θ1 < ... < θk then for all x >

θk fP (x) = 0. This implies that such a prior does not have M
as a weak support, However it is much easier to prove that Π(P :
K(f0, fP = ∞) = 1 then supp(Π) ⊂M.
In this paper we propose a new set of condition on Π to obtain weak
and strong consistency under a stronger condition on f0. To obtain
strong consistency (L1- Hellinger distance), in addition to the K-L
support condition we need a condition on the entropy of the support
of Π.

Definition 3 Let G ⊂ F , for δ > 0, the L1-metric entropy J(δ,G) is
defined as the logarithm of the minimum of all k such that there exist
f1, f2, ..., fk in Lµ with the property

G ⊂
k⋃

i=1

{f : ‖f − fi‖ < δ} .

Theorem 1 Let Π be a prior on M which puts positive mass on any
weak neigborhood of P0. Suppose ∃0 < L < ∞ such that P0[0, L] = 1,
that f0 is continuous on [0, L[and that f0(L) > 0 then the posterior
distribution is weakly consistent at f0.
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Proof: By the Theorem 2.2 it is enough to show that f0 is in the
K-L support of Π. We have

K(f0, fP ) =

∫ ∞

0

f0(x) log
f0(x)

fP (x)
dx,

and for any 0 < τ0 < L then

K(f0, fP ) ≤
∫ τ0

0

f0(x)(log f0(x)− log fP (x))dx

+

∫ ∞

τ0

f0(x) |log f0(x)− log fP (x)| dx

= I1 + I2

First consider I1:
case1: Let ∀t > 0 there exists x ∈ [0, t[ such that f0(x) > f0(t).

By the lemma(3.1) in Appendix, let ε > 0 and τ < τ0 be such
that f0(τ) ≥ f0(τ0) + ε, then for all x ∈ [0, τ ]

fP (x)− f0(x)

f0(x)
> −c

where c = f0(0)−f0(τ0)
f0(0)

and P ∈ U(ε,τ) and U(ε,τ) is defined by

U(ε,τ) = {P ∈M : |fP (τ)− f0(τ)| < ε}. Then

− log (
fP (x)− f0(x)

f0(x)
+ 1) ≤ − log (1− c) = m.

Then ∀τ ≤ τ0

I1 =

∫ τ0

0

f0 log

(
f0(x)

fP (x)

)
dx =

∫ τ0

0

−f0(x) log

(
fP (x)− f0(x)

f0(x)
+ 1

)
dx

≤ mF0(τ0) = F0(τ0) log

(
f0(0)

f0(τ0)

)
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Since log
(

f0(0)
f0(τ0))

)
is bounded for τ0 close to 0, we can choose τ0 such

that
F0([0, τ0]) ≤ ε

2m
then ∫ τ0

0

f0(x) log
f0(x)

fP (x)
dx ≤ ε

2
.

case2: There exists t0 > 0 such that for all x ∈ [0, t[ such that
f0(x) = f0(t0). If ε < f0(0)/2 and P ∈ U(ε,t0) then for all τ ≤ t0

fP (τ) ≥ fP (t0) > f0(τ)− ε = f0(0)− ε

Therefore, let A = {x, fP (x) ≤ f0(x)},
∫ τ0

0

f0 log
f0(x)

fP (x)
dx =

∫ τ0

0

f0(x) log (
f0(x)− fP (x)

fP (x)
+ 1)dx

≤
∫ τ0

0

f0(x)(
f0(x)− fP (x)

fP (x)
)IA(x)dx

≤ f0(0)

f0(0)− ε

∫ τ0

0

(f0(x)− fP (x))IA(x)dx

≤ εf0(0)

f0(0)− ε
τ0 =

ε

2

if τ0 ≤ f0−ε
2f0

. We consider I2.

I2 =

∫ L

τ0

f0(x) log
f0(x)

fP (x)
dx =

∫ L

τ0

f0(x) log (
f0(x)− fP (x)

fP (x)
+ 1)dx

≤
∫ L

τ0

f0(x)(
f0(x)− fP (x)

fP (x)
)IA(x)dx

=
N∑

j=1

∫ sj+1

sj

f0(x)(
f0(x)− fP (x)

fP (x)
)IA(x)dx

=
N∑

j=1

∫ sj+1

sj

IA(x)
f0(x)

fP (x)
(f0(x)− fP (x))dx
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where A = {x|f0(x) ≥ fP (x)} and τ0 = s1 < ... < sN+1 = L. Now for
every x ∈ (sj, sj+1)

f0(x)− fP (x) = f0(x)− f0(sj+1) + f0(sj+1)− fP (x)

≤ f0(sj)− f0(sj+1) + f0(sj+1)− fP (sj+1).

Define Iε′ (x) =
{
y : |f0(x)− f0(y)| < ε

′
f0(x)

}
, by continuity of f0,

since ∀x ∈ [0, L], f0(x) > 0, Iε
′ (x) is open and by compactness on

[0, L] ∃s1, ..., sN+1 so that ∀x ∈ [τ0, L] ∃j ∈ {1, ..., N + 1} such
that x ∈ Iε′ (sj). Define

E =
N⋂

j=1

U(ε
′
f0(sj+1),sj)

Then for every P ∈ E and ∀x ∈ [sj, sj+1]

f0(x)− fP (x) < ε
′
f0(sj+1)

and

fP (x) > fP (sj+1) > f0(sj+1)− ε
′
f0(sj+1) = (1− ε

′
)f0(sj+1)

and

f0(x)

fP (x)
= 1 +

f0(x)− fP (x)

fP (x)
≤ 1 +

ε
′
f0(sj+1)

fP (x)
<

1

1− ε′
.

Hence

∫ L

τ0

f0(x) log
f0(x)

fP (x)
dx ≤

N∑
j=1

∫ sj+1

sj

IA(x)
f0(x)

fP (x)
ε
′
f0(x)dx

≤
N∑

j=1

∫ sj+1

sj

IA(x)
ε
′

1− ε′
f0(x)dx

≤ ε
′

1− ε′
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where ε
′
< 1. If we define ε

′
= ε

2+ε
then

∫ L

τ0

f0(x) log
f0(x)

fP (x)
dx ≤ ε

2
.

Now we consider the case where f0(L) = 0.

Theorem 2 Let f0(x) is continuous and decreasing on R+ such that
∃L > 0 with f0(L) = 0. Define E(L,δ) = {P : fP (L) > δ} for δ ∈]0, 1[.
If ∀0 < τ1 < τ2 < ... < τJ < L, ∀ε > 0 there exists D > 0 such that

Π(Ẽ) = Π

(
J⋂

j=1

U(ε,τj)

⋂
E(L,εD)

)
> 0

then f0 is in the KL-support of Π and the posterior is weakly consistent
at f0.

Proof:
Let P ∈ Ẽ and P0[0, L] = 1 then similarly to before

K(f0, fP ) =

∫ L

0

f0(x) log
f0(x)

fP (x)
dx

=

∫ τ0

0

f0(x) log
f0(x)

fP (x)
dx +

∫ τJ+1

τ0

f0(x) log
f0(x)

fP (x)
dx

+

∫ L

τJ+1

f0(x) log
f0(x)

fP (x)
dx

= I1 + I2 + I3.

The first part I1 is dealt in the same way as in the Proof of Theorem
1 and can be bounded by ε/3 by choosing τ0 small enough.

We now use the uniform continuity of f0 on [0, L]. Let ε > 0, set
τJ = inf{x, f0(x) = ε}, then there exist τ0 < τ1 < ... < τJ−1 < τJ such
that ∀j ≤ J − 1, ∀τj ≤ x ≤ τj+1, |f0(x) − f0(τj+1| ≤ ε2. Then for all
P satisfying

|f0(τj)− fP (τj)| ≤ εf0(τj), j = 1, ..., τJ
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I2 =

∫ τJ+1

τ1

f0(x) log
f0(x)

fP (x)
dx

≤ 1

fP (τJ)

J∑
j=1

∫ τj+1

τj

f0(x)(f0(x)− fP (x))IA(x)dx

≤ 1

fP (τJ)

J∑
j=1

(f0(x)− f0(τj+1) + f0(τj+1)− fP (τj+1))

∫ τj+1

τj

f0(x)dx

≤ 1

fP (τJ)

J∑
j=1

[f0(τj)− f0(τj+1) + f0(τj+1)− fP (τj+1)]

∫ τj+1

τj

f0(x)dx

≤ 1

fP (τJ)

J∑
j=1

(ε + |f0(τj+1)− fP (τj+1)|)
∫ τj+1

τj

f0(x)dx

≤ ε2

fP (τJ)

≤ ε2

f0(τJ)(1− ε)
≤ ε(1− ε)−1.

We now consider I3. For all P satisfying fP (L) ≥ εD with D > 0

I3 =

∫ L

τJ

f0(x) log

(
f0(x)

fP (x)

)
dx

≤
∫ L

τJ

f0(x)| log f0(x)|dx−D log(ε)ε(L− τJ)

≤ −(D + 1) log(ε)ε(L− τJ)

Since as ε goes to zero, ε log(ε) goes to zero and since for all ε > 0

Π({P ; |fP (τj)− f0(τj)| ≤ ε, j = 1, ..., J ; fP (L) ≥ εD}) > 0

for some D > 0 , this achieves the Proof of Theorem 3
The following Theorem gives the conditions to obtain strong con-

sistency of the posterior.
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Theorem 3 If Π be a prior on F and Π(Kε(f0)) > 0 for all ε > 0. If
n ∈ N , ∀ε > 0∃r > 0 such that Π {P : fP (0) > Mn} ≤ e−nr, where
Mn < enε, then the posterior distribution is strongly consistent at f0

in the L1 distance.

Proof: The Proof is based on Barron et all. ’s (1999) result.
We only need to contrôl the upper bracketing entropy of a sequence
of sieves (Fn)n∈N ⊂ F such that π(F c

n) ≤ e−nr for some r > 0. Recall
that the bracketing entropy is defined as the logarithm of the minimum
of upper brackets fj satisfying ∀fP ∈ Fn,∃j such that fP ≤ fj with∫ 1

0
fj(x)dµ(x) ≤ 1 + δ.

Define Fn = {P : fP (0) ≤ Mn}. By the Lemma 3.2 in the Appendix

∀ε > 0 H(ε,Fn) ≤ c log Mn

ε
≤ c log enε

ε
= nc

and

Π(F c
n) = Π {fP : fP (0) > Mn} ≤ e−nr

So the posterior is strongly consistent.

2.1 Aplication to Dirichlet Priors
In this section we prove that a Dirichlet Prior on M satisfies the
assumptions of Theorems 1 and 3. Assume that the prior Π is a
Dirichlet prior with base measure α on R+ having positive density
with respect to Lebesgue measure. We need to prove that there exists
D > 0 small enough such that if

E(τ1, ..., τJ , ε) =

{
P :

∣∣∣∣∣
∫ ∞

τj

1

θ
d(P − P0)(θ)

∣∣∣∣∣ < ε, j = 1, ..., J

}

∩{
P : fP (L) > εD

}

then for all ε > 0, Π(E(τ1, ..., τJ , δ)) > 0 for all 0 < τ1 <, ..., τJ < ∞
and j = 1, ..., J . Choose point 0 < a1 < a2 < ... < aK < L such that

a−1
j − a−1

j+1 < ε/3, j = 1, ..., K
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, with a1 < τ1 and aK > τJ and P0[aK , L] + P0[0, a1] ≤ ε. Set wj =
(aj, aj+1] for j = 1, ..., K, then α(wj) > 0 and α(w1

⋃
w2

⋃
...

⋃
wK+1) <

α(R+),

(P (w1), ..., P (wK), 1−
K∑

j=1

P (wj)) ∼ D(α(w1), ..., α(wK+1), α(wK+1))

where wK = [aK , 2L]. Since 0 < a1 < a2 < ... < aK < L, P0(wj) > 0
for all j > 0, let

P ∈ E ′(ε′, ε) = {P ∈M; |P (wj)− P0(wj)| ≤ ε′P0(wj)(τj ∧ 1)/3, ∀j
≤ K,P ([L, 2L]) ≥ εD},

then for all j ≤ J ,∣∣∣∣∣
∫ ∞

τj

1

θ
d(P − P0)

∣∣∣∣∣ ≤
∣∣∣∣∣
∫ aK

τj

1

θ
d(P − P0)

∣∣∣∣∣ +

∣∣∣∣
∫ ∞

aK

1

θ
d(P − P0)(θ)

∣∣∣∣

≤
∑

l,al>τj

|a−1
l−1 − a−1

l |(P (wl−1) + P0(wl−1)|

+τ−1
j

∑

l,al>τj

|P (wl)− P0(wl)|
∣∣∣∣
∫ L

aK

1

θ
d(P − P0)(θ)

∣∣∣∣ +

∫ ∞

L

dP (θ)

≤ 2ε/3 +

∣∣∣∣
∫ L

aK

1

θ
d(P − P0)(θ)

∣∣∣∣ +

∫ ∞

L

dP (θ)

≤ 2ε/3 + a−1
K [ε + P [aK ,∞[]

Since

P [aK ,∞[= 1− P [0, aK [≤ 1− P0[a0, aK [+ε ≤ P0[0, a0] + P0[aK , L] ≤ ε

the above term is bounded by Cε, for some constant C > 0 indepen-
dent of ε. We also have that if P ([L, 2L]) ≥ εD fP (L) ≥ εD/(2L)
therefore E ′(ε′, ε) ⊂ E(τ1, ..., τJ , ε) for ε′ = ε/C. We also have that E ′

contains

{P ; P0(wj)(1− ε/C) ≤ P (wj) ≤ P0(wj)(1− ε/4C), j = 1, ..., K;

P ([L, 2L[) ≥ ε2},
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for ε small enough, which has positive probability under a Dirichlet
prior with base measure α having positive density. This proves that
under a Dirichlet prior the posterior is weakly consistent as soon as
there exists L > 0 such that f0(L) = 0.

We now study the strong consistency. Assume that the base mea-
sure satisfies

∫ ∞

0

α(θ)

θ
dθ < ∞. (2)

Now, let Mn = enε

Π {fP : fP (x) ≥ Mn} ≤ Π {fP : fP (0) ≥ enε}
≤ e−nεEΠ[fP (0)]

= e−nε

∫ ∞

0

1

θ
α(θ)d(θ)

≤ Ce−nε

for some C > 0 where the second inequality follows from Markov in-
equality and the last inequality follows from condition (2) on α.

3 Appendix

Lemma 1 Let ε > 0 and τ0 > 0 and f0 , fP be continuous and
decreasing function on R+ such that, f0(τ0) > 0 and assume there
exists τ ∈ [0, τ0[ such that f0(τ) ≥ f0(τ0) + ε. Let

U(ε,τ) = {P ∈M : |fP (τ)− f0(τ)| < ε}
then ∀0 < c < 1 where c ≥ f0(0)−f0(τ0)

f0(0)
and ∀P ∈ U(ε,τ) and x ≤ τ

fP (x) > (1− c)f0(x)

Proof: Let τ ∈ [0, τ0] then f0(τ) ≥ f0(τ0)+ ε, now if P ∈ U(ε,τ) then

fP (τ) > f0(τ)− ε ≥ f0(τ0) =
f0(τ0)

f0(0)
f0(0).
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If consider c = f0(0)−f0(τ0)
f0(0)

then fP (τ) > (1− c)f0(0), and hence for
any x ≤ τ

fP (x) > (1− c)f0(0) > (1− c)f0(x)

Theorem 4 (schwartz(1965)) Let Π be a prior on M. If f0 is in the
K-L support of Π, then the posterior is weakly consistent at f0.

Theorem 5 Let Π be a prior on Lµ. Suppose f0 ∈ Lµ is in the K-L-
Support of Π and let U = {f : ‖f − fi‖ < δ}. If for each ε > 0, there

is a δ < ε
4
, c1, c2 > 0, β < ε2

8
and Fn ⊂ Lµ such that, for all n

large
1. Π(F c

n) < c1e
−nc2

2. J(δ,Fn) < nβ
then the posterior is strongly consistent at f0.
(S.GHOSAL,and all(1999)).

Lemma 2 suppose FM ⊂ Lµ is the family of decreasing densities f
on [0, 1] such that f ≤ M , and Π(FM) < 1 for all M > 0 then exist a
c > 0 such that J(ε,FM) < cε−1.Groenboom P.(1986).
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Exact likelihood equations for multivariate
symmetric Kotz-type autoregressions

Z. Khodadadi, and B. Tarami

Islamic Azad University-Tehran Science & Research Branch, Yasoj
university

Abstract: Family of the Kotz-type distribution have been found to be very useful
in construction models when the usual normality assumption cannot be applicable
for a data. The multivariate symmetric Kotz-type distribution provides a viable
framework for modeling time-series data, it includes the multinormal and power
exponential as special cases. For multivariate symmetric Kotz-type autoregressive
models, we derive the exact likelihood equations for the model parameters, they
are related to the Yule-Walker equations and involve simple function of the data.
The maximum likelihood estimator are obtained by alternately solving two linear
systems and illustrated using the simulation data.

Keywords:Causality; covariance function; innovation distribu-
tion; stationary process; Yule-Walker equations; Kotz-type distribu-
tion.

1 Introduction

Kotz-type distribution in the class of the elliptical distributions can
be interpreted as being generated by the Weibull or Type III extreme
value distribution. It includes two important distribution, multivari-
ate normal and power exponential as special cases. Since 1990, there
has been a surge of activity relating to the symmetric Kotz-type distri-
bution. It has attracted applications in area such as Bayesian statis-
tics, ecology, mathematical finance, shape theory and signal process-
ing.

Consider a stationary stochastic processes {Xt} defined by its
autoregressive model

Xt =

p∑

k=1

φkXt−k + εt, t = 0,±1,±2, . . . , (1)
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where ε,
ts are uncorrelated white noise with E(εt) = 0 and V ar(εt) =

σ2 ( [2], [3], [14]). It is said to be weakly (strongly) causal if [3] its
future innovations and past observations are uncorrelated (indepen-
dent). In this case, the parameters σ2, φ1, . . . , φp and the autocovari-
ance function {γk} satisfy the well-known Yule-Walker equations

γ0 =

p∑
j=1

φjγj + σ2,

γi =

p∑
j=1

φjγj−i, p ≥ i ≥ 1.

(2)

Its parameters can be estimated by replacing the γ́ks by their estima-
tors:

γ̂k =
1

n

n−k∑
t=1

xtxt+k, k = 0, 1, . . . , p.

Letting {εt} be identically independent distributed with a
density function f(·), one may find the maximum likelihood esti-
mators ( [10], [14], [16], [17]) of the model parameters σ2 and
φ = (φ1, . . . , φp)

′
. The derivatives of the likelihood function with

respect to the covariance parameters of X = (X1, . . . , Xn)
′

is diffi-
cult to obtain, the MLE is usually found using numerical nonlinear
optimization routines [3]. However Miller (1995) and Tarami and
Pourahmadi (2003) have obtained the exact Likelihood equations for
independent Gaussian and uncorrelated multivariate t-distribution in-
novations, respectively.

In this article, we extend their works to the uncorrelated Kotz-
type distribution. Roughly speaking, we study AR processes whose
observed sample X = (X1, . . . , Xn)

′
, n > 1 is distributed as

f(x|θ) =
sΓ(n

2
)

π
n
2 Γ(2N+n−2

2s
)

a
2N+n−2

2s |Σ|− 1
2 QN−1 exp

[−aQs
]
, (3)
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where θ = (σ2, φ1, . . . , φn) are the model parameters, Σ is the scaling
matrix and
Q = x′Σ−1x. We obtain the simple exact likelihood equation

∂Q

∂θ
=

[−2a−
1
s

n

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)

(
(N − 1)Q−1 − asQs−1

)]−1
EN(

∂Q

∂θ
).

(4)

This paper devoted in 4 sections. In section 2 presents theorem
on exact likelihood equations of autoregressive models. A simulation
method for solving the maximum likelihood equations of AR(2) is of-
fered in the section 3. Finally in section 4 we prove the theorem and
corollary.

2 Kotz-type distrinution

A random vector X is said to be distributed as a symmetric Kotz-type
( [4], p.76) and write X ∼ KTDn(µ, Σ, N, a, s), if it has a density
generator

gn(u) = Cn,N uN−1 exp (−aus), a, s > 0, 2N + n > 2, (5)

where

Cn,N =
sΓ(n

2
)

π
n
2 Γ(2N+n−2

2s
)

a
2N+n−2

2s ,

and Γ(·) is the gamma function. thus, its density is given by

Cn,N |Σ|− 1
2

[
(x− µ)′Σ−1(x− µ)

]N−1
exp

[−a[(x− µ)′Σ−1(x− µ)]s
]
.

(6)
Note that for N = 1, s = 1 and a = 1

2
, this reduces to the multivariate

normal distribution and when N = 1, a = 1
2

it is a multivariate power
exponential distribution ( [5], [8]).

If X ∼ KTDn(µ, Σ, N, a, s), then it has a stochastic represen-
tation ( [4], p.9) as

X
d
= µ + R A′ U(k) (7)
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where U(k) is uniformly distributed on the unit sphere of Rk and is
independent of R > 0, Σ = A′ A and k = rank(Σ). The density of R
is given by ( [4], p. 35),

fR(r) =
2s

Γ(2N+n−2
2s

)
a

2N+n−2
2s r2N+n−3 exp (−ar2s), r > 0, (8)

If E(R2) < ∞, then

E(X) = µ, Cov(X) =
E(R2)

rank(Σ)
Σ, (9)

in which, for a weakly causal stationary autoregressive model rank(Σ) =
n and R is defined in (2.3) and from (2.4)

E(R2) =
2s a

2N+n−2
2s

Γ(2N+n−2
2s

)

∫ ∞

0

r2N+n−1 exp (−ar2s)dr = a−
1
s

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)
.

(10)

Symmetric Kotz-type distribution retain most of the attract
properties of the multivariate normal distribution. For example, if X
and its parameters are partitioned as
( [4], p. 45)

X =

(
X(1)

X(2)

)
, µ =

(
µ(1)

µ(2)

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

with dimensions n1 and n2, respectively, then

X(i) ∼ KTDni
(µ(i), Σii, N, a, s), i = 1, 2.

If B is some k × n matrix of rank k ≤ n and b is in Rk then

BX + b ∼ KTDk(Aµ + b, AΣA′, N, a, s).
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3 Exact maximum likelihood equations

In this section we deal with centered data and focus solely on exact
maximum likelihood equations of AR(p) models (1.10). The following
theorem is the main part of this article.

Theorem 6 Let x = (x1, . . . , xn)
′
be n observations from a stationary

AR(p) model with Kotz -type distribution, then

(I) The exact likelihood equation for θ is

∂Q

∂θ
=

[−2lN
(
(N − 1)Q−1 − asQs−1

)]−1
EN(

∂Q

∂θ
), (11)

where

lN =
a−

1
s

n

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)
. (12)

(II) For a weakly causal stationary autoregressive model with symmet-
ric Kotz-type distribution, its parameters and the autocovariances
satisfy

Di0 =

p∑
j=1

φj

[
Dij +

1

nlN

(2(N − 1) + n

2as

) 1
s

j γj−i

]
,

D00 =

p∑
j=1

φj

[
Dj0 + jγj

1

nlN

(2(N − 1) + n

2as

) 1
s
]

(13)

+ σ2l−1
N

(2(N − 1) + n

2as

) 1
s
. (14)

The proof is postponed to section 5.

Corollary 1. For a weakly causal stationary symmetric multivariate
power exponential distribution autoregressive model, its parameters

263



Z. Khodadadi, and B. Tarami Exact likelihood equations for multivariate· · ·

and the autocovariances satisfy

Di0 =

p∑
j=1

φj

[
Dij +

1

n l1

(n

s

) 1
s

j γj−i

]
,

D00 =

p∑
j=1

φj

[
Dj0 + jγj

1

n l1

(n

s

) 1
s
]

+
(n

s

) 1
s

l−1
1 σ2,

these equations with s=1 reduces to the likelihood equations of Gaus-
sian model,

Di0 =

p∑
j=1

φj

[
Dij + j γj−i

]
,

D00 =

p∑
j=1

φj

[
Dj0 + jγj

]
+ n σ2,

which have been obtained by Miller(1995).

Since this paper has extended the previous works to more
general distribution , we follow their procedure to find the maximum
likelihood estimators.

Step 1: compute the (p + 1)× (p + 1) matrix D = (Dij)
p
i,j=0.

Step 2: Using D and the current estimates of γ = (γ0, γ1, . . . , γp)
′
,

solve (3.3)-(3.4) for θ = (σ2, φ1, . . . , φp)
′
.

Step 3: Use the Yule-Walker equations to obtain updated estimates
of γ given the current estimates of θ.

Step 4: Iterate steps 2-3 until convergence.

4 Simulation
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In this section, we provide a method to generate autoregressive time
series data with Kotz Type distribution. For generating random vari-
able with a symmetric Kotz-type distribution, first we generate ran-
dom variable with density fR(r) and from (2.3) obtain the required
numbers. From ( [4], p. 76) the density of U = R2 is given

fU(u) =
s a

2N+n−2
2s

Γ(2N+n−2
2s

)
uN+ 2N+n−2

2 exp(−aus), a > 0.

Set T = U s, then the density of T is

fT (t) =
a

2N+n−2
2s

Γ(2N+n−2
2s

)
t

2N+n−2
2s

−1 exp(−at), t > 0,

which is distributed as gamma (2N+n−2
2s

, a). Since the parameters of
gamma distribution must be positive, the conditions of 2N + n > 2,
a > 0 are essential. Now, by generating random numbers from fT (t)

and using R = 2s
√

T , we can generate from fR(r). Next, we use the
above method to generate n = 150 uncorrelated innovations from the
Kotz-type distribution i.e,

ε ∼ KTD150(0, Σ, g150),

where

Cov(ε) = 0.05 I150 =
a−

1
s

150

Γ(2N+150
2s

)

Γ(2N+148
2s

)
Σ.

These innovations are then used to simulate from the AR(2) model

Xt = 1.03 + 1.30Xt−1 − 0.72Xt−2 + εt.

To highlight the role of the parameters N and s of the multi-
variate Kotz-type distribution, we have solved (3.3)-(3.4) for several
values of (N, a, s), by using iterative algorithm (step 1-4). The esti-
mated values of φ1, φ2, σ2

s and σ2
N are reported in Table I. In which

σ2
s and σ2

N are values of σ2 for given s and N . It is evident that N, s
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have very little impact on the estimates of φ1, φ2, σ2
s and σ2

N . Clearly,
larger value of N and s corresponds to more heavy-tailed distributions
and hence to larger innovations variances.

TABLE I
MLE FOR THE AR(2) MODELS FITTED TO THE SIMULATED DATA UNDER

KOTZ-TYPE DISTRIBUTION

(N, a)=(1, 0.5)

s φ1 φ2 σ2
s

1 1.26356 -0.66588 0.04828

5 1.26351 -0.66583 0.04847

15 1.35132 -0.81263 0.04953

25 1.33829 -0.80111 0.05265

(a, s)=(0.5, 1)

N φ1 φ2 σ2
N

1 1.2635645 -0.6658808 0.04828

5 1.2635649 -0.6658810 0.04833

20 1.2635643 -0.6658806 0.04846

60 1.2635649 -0.6658811 0.04867

95 1.2635646 -0.6658808 0.04878

5 Proof

Proof of Theorem 1.
(I) Since the log-likelihood function for θ = (σ2, φ1, . . . , φp) is

l(θ|x) = −1

2
ln |Σ|+ ln Cn,N + (N − 1) ln Q− aQs. (15)

Differentiating (5.1) with respect to θ gives

∂

∂θ
l(θ|x) = −1

2

∂

∂θ
ln |Σ|+ [

(N − 1)Q−1 − asQs−1
] ∂Q

∂θ
. (16)

But (1.3) is a density function and its integral over the support of X
is equal to one. Thus

|Σ|− 1
2 =

[∫
Cn,NQN−1 exp (−aQs)dx

]−1
.
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Taking derivatives of logarithms of two sides with respect to θ gives

−1

2

∂

∂θ
ln |Σ| = E

[
(N − 1)Q−1 ∂Q

∂θ
− asQs−1 ∂Q

∂θ

]
. (17)

Substituting from (5.3) into (5.2) gives

E
[
(N−1)Q−1∂Q

∂θ
−asQs−1∂Q

∂θ

]
= (N−1)Q−1∂Q

∂θ
−asQs−1∂Q

∂θ
. (18)

With assumption 2(N − 1) + n > 2, 2(N + s− 1) + n > 2

(N − 1) EN

[
Q−1∂Q

∂θ

]− asEN

[
Qs−1∂Q

∂θ

]
=

(N − 1)

∫
∂Q

∂θ
Cn,N |Σ|− 1

2 Q(N−1)−1 exp(−aQs)dx

−as

∫
∂Q

∂θ
Cn,N |Σ|− 1

2 Q(N+s−1)−1 exp(−aQs)dx

= k1 EN−1

[∂Q

∂θ

]− k2EN+s−1

[∂Q

∂θ

]
,

where

EN∗(
∂Q

∂θ
) =

∫
∂Q

∂θ
fX(x; N∗, a, s) dx,

fX(x; N∗, a, s) defined in (1.3), and

k1 = (N − 1)a
1
s

Γ(2N+n−4
2s

)

Γ(2N+n−2
2s

)
,

k2 =
2N + n− 4

2

k1

N − 1
.

Now from (2.5) and (2.6), for a weakly causal stationary symmetric
Kotz-type distribution autoregressive model

Cov(X) = a−
1
s

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)

Σ

n
= lNΣ, (19)
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hence

Em(XiXj) = lm (Σ)ij,

where Σij is the (ij)-th element of Σ, then

Em(XiXj) =
lm
lm′

Em′ (XiXj).

Therefore

E
[
(N − 1)Q−1∂Q

∂θ
− asQs−1∂Q

∂θ

]
=

[
k1

lN−1

lN
− k2

lN+s−1

lN

]
EN

[∂Q

∂θ

]

= −na
1
s

2

Γ(2N+n−2
2s

)

Γ(2N+n
2s

)
EN

[∂Q

∂θ

]
,

(20)

and from (5.4) and (5.6), we get to the required result(3.1).

(II) The entries of Σ−1 for autoregressive models are known to be a
quadratic function of its coefficients ( [2], p. 198), hence

Q = x′Σ−1x =
E(R2)

nσ2
· φ̃

′
D φ̃, (21)

where R defined in (2.3) and φ̃ = (−1, φ1, . . . , φp)
′
, D is a (p + 1)×

(p + 1) symmetric matrix with entries

Dij =

n−j∑

k=i+1

xkxk+j−i, i, j = 0, 1, . . . , p,

set S(x, φ) = φ̃
′
Dφ̃, then

S(x, φ) = D00 − 2

p∑
i=1

φiDi0 +

p∑
i=1

p∑
j=1

φiφjDij, (22)
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and from (5.7), (5.8) and (2.6) we obtain

∂Q

∂φi

=
−2 a−

1
s

nσ2

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)

[
Di0 −

p∑
j=1

φjDij

]
, i = 1, . . . , p. (23)

Since

E(Dij) = (n− j − i)γj−i, (24)

it follows from (5.9), (5.10) and Yule-Walker equations (1.2) that

E
[∂Q

∂φi

]
=
−2 a−

1
s

nσ2

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)

p∑
j=1

jφjγj−i. (25)

Similarly, from (5.7) and (2.6)

∂Q

∂σ2
=
−a−

1
s

nσ4

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)
S(x,φ), (26)

then using (1.2) and (5.12) we have

E
[ ∂Q

∂σ2

]
=
−a−

1
s

σ2

Γ(2N+n
2s

)

Γ(2N+n−2
2s

)
. (27)

From (5.7) and (2.6)

Q = σ−2 lN S(x, φ), (28)

and from (5.12), (5.13), (3.1) for σ2 as the first entry of θ

S(x,φ) =
[−2lN

(
(N − 1)Q−1 − asQs−1

)]−1
nσ2, (29)

and from (5.14), (5.15)

Q =
(2(N − 1) + n

2as

) 1
s

, (30)
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and now from (3.1), (5.14) and (5.16) for φi as the second entry of θ
we have

∂S(x, φ)

∂φi

=
1

nLN

(2(N − 1) + n

2as

) 1
s

EN(
∂S(x, φ)

∂φi

). (31)

Now, from (5.9) and (5.11) gives (3.3).
By using Yule-Walker equations(1.2), (5.8), (5.16) and (3.3)

σ2
(2(N − 1) + n

2as

) 1
s

l−1
N = D00 −

p∑
j=1

φjDj0

−
p∑

j=1

1

nlN

(2(N − 1) + n

2as

) 1
s

· j · φj γj

which gives (3.4).

Proof of Corollary 1.
In (3.3) and (3.4), take N = 1 and a = 1

2
.
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Recurrence relations for distributions of skew-t
and a linear combination of order statistics from

bivariate-t

M. Khosravi, A. Jamalizadeh

Department of Statistics, Shahid Bahonar University of Kerman

Abstract:In this paper, we derive recurrence relations for the cdf of a skew-t
distribution and also the distribution of a linear combination of order statistics
arising from a bivariate-t distribution. These recurrence relation are over ν, the
degrees of freedom, and starting from the results for ν = 1 and 2, they will allow
for the recursive evaluation of the distribution function from any other value of ν.

Keywords: Skew-normal distribution, skew-t distribution, order
statistics, bivariate-t distribution, recursive evaluation.

1 Introduction

A random variable Zλ is said to have a skew-normal distribution with
parameter λ ∈ R, denoted by Zλ ∼ SN(λ) if its pdf is [see Azza-
lini(1985)]

ϕ(z; λ) = 2ϕ(z)Φ(λz), z ∈ R, (1)

where ϕ(·) and Φ(·) are the standard normal pdf and cdf, respec-
tively.This distribution has been studied quite extensively in the lit-
erature by several authors including Azzalini (1986), Henze (1986),
Azzalini and Dalla (1996), and Arnold and Beaver (2002). A compre-
hensive survey of various developments on this skew-normal distribu-
tion and its multivariate form is due to Azzalini (2005).

Azzalini and Capitanio (2003) presented a multivariate skew-
t distribution through a multivariate skew-normal distribution. In
this work, we consider the univariate case of these multivariate skew-t
distributions. Specifically, we say that a random variable Wν,λ has a

skew-t distribution with parameters ν > 0 (degrees of freedom) and
λ ∈ R, denoted by Wν,λ ∼ St(ν, λ), if
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Wν,λ
d
= V − 1

2 Zλ, (2)

where Zλ ∼ SN(λ) independently of V ∼ X2
(ν)

ν
. Let us denote the pdf

and the cdf of Wν,λ ∼ St(ν, λ) by g(t; ν, λ) and G(t; ν, λ) ,respectively;
further, in the special when the shape parameter λ = 0, we shall
denote them by g(t; ν) and G(t; ν), which incidentally are the pdf and
cdf of the usual Student-t distribution with ν degrees of freedom.

For the general skew-t distribution, it is known from Azzalini
and Capitanio (2003) that

g(t; ν, λ) = 2g(t; ν)G

(
λt

√
1 + ν

t2 + ν
; ν + 1

)
, t, λ ∈ R. (3)

Recently, Behboodian et al. (2006) discussed some properties of
this distribution in the special case when ν = 1 termed as the skew-
cauchy distribution, and specifically derived explicit expressions for its
pdf,cdf, and quantiles.

In section 2, we first present an integration formula for the
cdf of Wν,λ ∼ St(ν, λ) and then use it to derive a recurrence relation
for the cdf G(t; ν, λ). Next, in section 3, we consider order statistics
arising from a bivariate-t distribution and show that the cdf of a linear
combination of these order statistics is a mixture of skew-t distribu-
tions, and then use this fact to present a recurrence relation for the
cdf of this linear combination of order statistics.These recurrence rela-
tions are over ν, the degrees of freedom, and starting from the results
for ν = 1 and 2, they will allow for the recursive evaluation of the cdf
for any other value of ν.

2 Recurrence relation for Cdf of Skew-t

From Eq. (2) we readily have integration form for the cdf G(t; ν, λ) as

G(t; ν, λ) = P (V − 1
2 Zλ ≤ t) = P (Zλ ≤ tV

1
2 ) = E

[
Φ(tV

1
2 ; λ)

]
, (4)

273



M. Khosravi, A. Jamalizadeh Recurrence relations for distributions of · · ·

where Φ(·, λ) denotes the cdf of SN(λ) and V ∼ X2
(ν)

ν
, as before. Now

upon substituting the density function of V =
X2

(ν)

ν
in Eq. (4), we

obtain integrtion formula for the cdf G(t; ν, λ) as

G(t; ν, λ) =
2(ν

2
)

ν
2

Γ(ν
2
)

∫ ∞

0

xν−1e−
ν
2
x2

Φ(tx; λ)dx. (5)

Theorem 1 If ν > 1
2

and t ∈ R , then

G(t; 2ν + 1, λ) = G

(√
2ν − 1

2ν + 1
t; 2ν − 1, λ

)
+

Γ(ν)(2ν + 1)ν− 1
2√

πΓ(2ν+1
2

)

× t

(2ν + 1 + t2)ν
G

( √
2νλt√

2ν + 1 + t2
; 2ν

)
, (6)

where G(t; ν) is the cdf of Wν ∼ tν.

Proof : From the integration formula in Eq. (5) we first of all
have

G(t; 2ν + 1, λ) =
2(2ν+1

2
)

2ν+1
2

Γ(2ν+1
2

)

∫ ∞

0

x2νe−
2ν+1

2
x2

Φ(tx; λ)dx.

Upon integrating by parts now, we obtain

G(t; 2ν + 1, λ) = G

(√
2ν − 1

2ν + 1
t; 2ν − 1, λ

)

+

(
2ν+1

2

)ν− 1
2

Γ(2ν+1
2

)

∫ ∞

0

x2ν−1e−
2ν+1

2
x2

{
∂

∂x
Φ(tx; λ)

}
dx

= G

(√
2ν − 1

2ν + 1
t; 2ν − 1, λ

)

+

(
2ν+1

2

)ν− 1
2

Γ
(

2ν+1
2

) t

∫ ∞

0

x2ν−1e−
2ν+1

2
x2

ϕ(tx; λ)dx.
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By using the fact that ϕ(tx; λ) = 2Φ(λtx)ϕ(tx) and changing vari-
ables, we get

G (t; 2ν + 1, λ) = G

(√
2ν − 1

2ν + 1
t; 2ν − 1, λ

)
+

Γ(ν)(2ν + 1)ν− 1
2√

πΓ(2ν+1
2

)

× t

(2ν + 1 + t2)ν

2νν

Γ(ν)

∫ ∞

0

x2ν−1e−νx2

Φ

( √
2νλtx√

2ν + 1 + t2

)
dx

= G

(√
2ν − 1

2ν + 1
t; 2ν − 1, λ

)
+

Γ(ν)(2ν + 1)ν− 1
2√

πΓ(2ν+1
2

)

× t

(2ν + 1 + t2)ν
G

( √
2νλt√

2ν + 1 + t2
; 2ν

)
,

where the last equality follows from Eq. (5) with λ = 0.

Remark 1 It is important to mention that the recurrence formula in
Eq. (6) is valid for any real ν > 1

2
, i.e., for integral and non-integral

values of ν.

Remark 2 In the special case when λ = 0, Theorem 1 yields a recur-

rence relation for the cdf of the usual student’s-tν distribution as

G(t; 2ν + 1) = G

(√
2ν − 1

2ν + 1
t; 2ν − 1

)

+
Γ(ν)(2ν + 1)ν− 1

2

2
√

πΓ(2ν+1
2

)
× t

(2ν + 1 + t2)ν
(7)

for t ∈ R and ν > 1
2
.

The relation in (7) holds for integral as well as non-integral values
of ν (see Remark 1 above). Now, by using the known expressions of

G(t; 1) =
1

2
+

1

π
tan−1(t) and G(t; 2) =

1

2

(
1 +

t√
2 + t2

)
, (8)
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the relation in (7) can be recursively used to produce expression for
other integer values of ν; for example, we obtain

G(t; 3) = G

(
t√
3
; 1

)
+

√
3t

π(3 + t2)
=

1

2
+

1

π
tan−1

(
t√
3

)
+

√
3t

π(3 + t2)
,(9)

G(t; 4) =
1

2
+

t3 + 6t

2(4 + t2)
3
2

. (10)

As a matter of fact, the recurrence relation in (7) can be used to
produce the expressions

G(t; ν) =
1

2
+

1

π
tan−1(

t√
ν
) +

1

2
√

π

ν−1
2∑

i=1

Γ(i) νi− 1
2

Γ(i + 1
2
)

t

(ν + t2)i

for odd values of ν, and

G(t; ν) =
1

2
+

1

2
√

π

ν
2∑

i=1

Γ(i− 1
2
) νi−1

Γ(i)

t

(ν + t2)i− 1
2

for even values of ν; see Janson, Kotz and Balakrishnan (1995) for
general results of this form.

For the skew-Cauchy distribution, Behboodian et al. (2006)

derived an explicit expression for the cdf G(t; 1, λ) as

G(t; 1, λ) =
1

π

{
tan−1(t) + cos−1

(
λ√

(1 + λ2)(1 + t2)

)}
. (11)

Also, from Eq.(5), upon carrying out the integration, we can derive
an explicit expression for the cdf G(t; 2, λ) as

G(t; 2, λ) =
1

2
− 1

π
tan−1(λ) +

t√
2 + t2

{
1

2
+

1

π
tan−1

(
λt√

2 + t2

)}
.(12)
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Now, upon setting ν = 1, 3
2
, ... in the recurrence relation in (6),

and using the expressions of G(t; 1, λ), G(t; 2, λ) in (11) and (12), re-
spectively,and the expressions of G(t; 1), G(t; 2), G(t; 3) and G(t; 4)
presented in Eqs. (8) - (10) we can derive explicit expressions for
G(t; 3, λ), G(t; 4, λ), and so on, in a simple recursive manner. For ex-
ample, we obtain in this manner

G(t; 3, λ) = G

(
t√
3
; 1, λ

)
+

2
√

3t

π(3 + t2)
G

( √
2λt√

3 + t2
; 2

)

=
1

π

{
tan−1(

t√
3
) + cos−1

( √
3λ√

(1 + λ2)(3 + t2)

)}

+

√
3t

π(3 + t2)

(
1 +

λt√
3 + (1 + λ2)t2

)

=
1

π

{
tan−1(

t√
3
) + cos−1

( √
3λ√

(1 + λ2)(3 + t2)

)
+

√
3t

(3 + t2)

}

+
1

π

{ √
3λt2

(3 + t2)
√

3 + (1 + λ2)t2

}
,

and

G(t; 4, λ) = G

(
t√
2
; 2, λ

)
+

2t

(4 + t2)
3
2

G

( √
3λt√

4 + t2
; 3

)

=
1

2
− 1

π
tan−1(λ) +

t√
4 + t2

{
1

2
+

1

π
tan−1

(
λt√

4 + t2

)}

+
2t

(4 + t2)
3
2

{
1

2
+

1

π
tan−1

(
λt√

4 + t2

)
+

λt
√

4 + t2

π[4 + (1 + λ2)t2]

}

=
1

2
− 1

π
tan−1(λ) +

t√
4 + t2

(
6 + t2

4 + t2

){
1

2
+

1

π
tan−1

(
λt√

4 + t2

)}

+
2λt2

π(4 + t2)[4 + (1 + λ2)t2]
.
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Of course, we can proceed similarly to derive explicit expressions for
G(t; 5, λ), G(t; 6, λ), and so on.

3 Recurrence Relation for Cdf of Linear Combi-
nation of order Statistics from a Bivariate-t

A random vector U = (U1, U2)
T has a bivariate student’s-t dis-

trivution with ν degrees of freedom and parameters µ = (µ1, µ2)
T

and Σ =

(
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

)
, where σ1, σ2 > 0 and |ρ| < 1, if its

density function is

f(u; ν, µ,Σ) =
1

2π |Σ| 12

(
1 +

(u− µ)′Σ−1(u− µ)

ν

)− ν+2
2

, u ε R2,

see Fang et al. (1990). We shall use the notation U = (U1, U2)
T ∼

t2(ν, µ,Σ) for the bivariate student’s-t distribution. Then the follow-
ing lemma is well-known[see Fang et al (1990) for example].

Lemma 1 If U = (U1, U2)
T ∼ t2(ν,0,Σ), then

U
d
= V − 1

2X,

where, X = (X1, X2)
T ∼ N2(0,Σ) and V ∼ X2

(ν)

ν
independently of X.

In this section we consider a linear function of order statistics
arising from the bivariate student’s-t distribution and show that its
cdf is in fact a mixture of skew-t distributions. We will then use this
result to derive a recurrence relation for the cdf of this linear function
of order statistics. For this purpose, let Y = a1X(1) + a2X(2) and

Y ∗ = a1U(1) + a2U(2), where
(
X(1), X(2)

)T
and (U(1), U(2))

T are the

order statistics from X = (X1, X2)
T ∼ N2(0,Σ) and U = (U1, U2)

T ∼
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t2(ν,0,Σ), respectively. Let us further denote the cdfs of Y and Y ∗

by F (t;Σ) and F ∗(t;Σ), respectively.
We first present the following result, due to Genc (2006), which

will be used in the subsequent derivations.

Lemma 2 The cdf of Y , when a1 + a2 6= 0, is the mixture

F (t;Σ) =
1

2

{
Φ

(
t√
ξ1

; λ1

)
+ Φ

(
t√
ξ2

; λ2

)}
,

where Φ (·; λ), denotes the cdf of SN(λ) as before, and

ξ1 = a2
1σ

2
1 + 2ρa1a2σ1σ2 + a2

2σ
2
2,

ξ2 = a2
2σ

2
1 + 2ρa1a2σ1σ2 + a2

1σ
2
2,

λ1 =
a2σ

2
2 − a1σ

2
1 − ρσ1σ2(a2 − a1)

|a2 + a1|σ1σ2

√
1− ρ2

,

and

λ2 =
a2σ

2
1 − a1σ

2
2 − ρσ1σ2(a1 − a2)

|a2 + a1|σ1σ2

√
1− ρ2

.

Upon using the result in Lemma 2, we now derive the distri-
bution of Y ∗ as presented in the following theorem.

Theorem 2 The cdf of Y ∗, when a1 + a2 6= 0, is the mixture

F ∗(t; ν,Σ) =
1

2

{
G

(
t√
ξ1

; ν, λ1

)
+ G

(
t√
ξ2

; ν, λ2

)}
, (13)

where G(·; ν, λ) is the cdf of St(ν, λ) as before, and ξ1,ξ2, λ1 and λ2

are all as given in lemma 2.

Proof : We first observe that

Y ∗ d
= V − 1

2 Y , (14)
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where V ∼ X2
(ν)

ν
and is independent of Y. Now, upon using Eq. (14)

along with lemma 2, we obtain

F ∗(t; ν,Σ) = P (Y ∗ ≤ t) = P (V − 1
2 Y ≤ t) = E

[
F (tV

1
2 ;Σ)

]

=
1

2

{
E

[
Φ

(
tV − 1

2√
ξ1

; λ1

)]
+ E

[
Φ

(
tV − 1

2√
ξ2

; λ2

)]}
.

The result in Eq. (13) then readily follows by (4).
Upon using Theorem 2 in conjunction with Theorem 1, we can

present readily a recurrence relation for the cdf F ∗(t; ν,Σ) as given
in the following theorem.

Theorem 3 For t ∈ R and ν > 1
2
, we have

F ∗(t; 2ν + 1,Σ) = F ∗(

√
2ν − 1

2ν + 1
t; 2ν − 1,Σ) +

Γ(ν)(2ν + 1)ν− 1
2

2
√

πΓ(2ν+1
2

)

× { ξ
ν− 1

2
1 t

[(2ν + 1)ξ1 + t2]ν
G

( √
2νλ1t√

(2ν + 1)ξ1 + t2
; 2ν

)

+
ξ

ν− 1
2

2 t

[(2ν + 1)ξ2 + t2]ν
G

( √
2νλ2t√

(2ν + 1)ξ2 + t2
; 2ν

)
}, (15)

where G(t; ν) is the cdf of Students-t distribution with ν degrees of
freedom as before.

Proof : In the expression of the cdf of Y ∗ in Theorem 2, if we
use the recurrence relation in Eq. (6), we easily obtain the recurrence
relation in (15).

Remark 3 By setting ν = 1, 3
2
, 2, 5

2
, ... in Theorem 2 and upon us-

ing F ∗(t; 1, Σ) and F ∗(t; 2, Σ) from Theorem 2 and the expressions
of G(t; 1, λ) and G(t; 2, λ) in Eqs. (11) and (12), we can easily obtain
explicit expressions F ∗(t; 3, Σ) , F ∗(t; 4, Σ), and so on.
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Regression model diagnostics under long memory
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(This talk is based on joint work done with Hongwen Guo and
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Abstract: We shall discuss the two testing problems pertaining to regression
modeling in the presence of long memory in the errors. One is to fit a paramet-
ric model to the regression function in heteroscedastic set up and when design
variable has long memory. The second problem is to test a sub-hypothesis in ho-
moscedastic multiple linear regression models. For the first problem a test based
on a certain marked empirical process will be presented. For the second problem
likelihood ratio type test based on the minimized Whittle quadratic form is an-
alyzed. Asymptotic null distribution of this statistic is shown to be a chi-square
distribution when design variables are random having short or long memory but
have zero mean. Additionally, the estimators of the slope parameters obtained
by minimizing the Whittle dispersion is seen to be n1/2-consistent for all values
of the long memory parameters of the design and error processes. In the case of
non-random design, asymptotic distribution of the proposed test statistic is like a
weighted chi-square and n1/2-consistency of the minimizing slope parameter esti-
mators no longer holds.

1 Introduction

Fitting a parametric family of functions to the regression function is a
classical problem in statistics. Under the assumption of independence
and/or Gaussian errors numerous tests are available in literature for
this problem: cf. Hart (1997) and Li (2004). But their behavior under
long memory design and/or errors has not been investigated carefully
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to date. In this talk we shall discuss behavior of a generic stochas-
tic process under long memory on which tests for fitting a regression
model can be based. In addition, we shall also discuss tests of a
subhypothesis in linear regression model when errors have long mem-
ory and design are random possibly having long memory and when
design variables are non random. Let X, Y be r.v.’s, with X repre-
senting a design variable, and Y the response variable having finite
second moment; µ(x) := E(Y |X = x) denote the regression function
and σ2(x) := E{(Y − µ(x))2|X = x}. Let R̄ := [−∞,∞], Ω ⊂ Rq

and m(x, b) be a function from R× Ω to R. Consider the hypothesis
H : µ(x) = m(x, β), for some β ∈ Rq, ∀x, vs. H is not true. A process
that is found useful in testing for H is

Vn(x, b) :=
n∑

i=1

[Yi −m(Xi, b)]I(Xi ≤ x), x ∈ R̄, b ∈ Ω.

This process is an extension of the partial sum process used in the one
sample setup to make inference about mean to the current regression
setup. von Neuman (1941) used this process for testing the hypothesis
of no effect of the design, i.e. for testing µ(x) ≡ c, a constant, for all
x.

In 1990’s, several authors found that lack-of-fit tests based on this
process for regression and autoregressive model fitting have desirable
level and power properties against a broad class of alternatives; see,
e.g., An and Cheng (1991), Stute (1997), Stute, Thies and Zhu (1998;
AS), Koul and Stute (1999), Stute and Zhu (2002), Koul (2002),
Khmaladze and Koul (2004) and Koul (2006).

Let σ2(x) := E[(Y − m(X, β)2)|X = x]. Observe that under H,
EVn(x, β) ≡ 0, and if ei = Yi −m(Xi, β) are i.i.d., then

Cov(Vn(x, β), Vn(y, β)) = nE{e2I(X ≤ x ∧ y)}
= nE[σ2(X)I(X ≤ x ∧ y)].

Suppose also that the errors are homoscedastic, i.e., σ2(x) ≡ τ 2, a pos-
itive constant. Then this covariance is the same as that of τB(G(x)),
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where B is the standard Brownian motion on [0,∞) and G is the d.f.
of X.

If additionally, β̂ is n1/2-consistent linear estimator of β under H,
and m is differentiable w.r.t. b with its differential ṁ(x, β) satisfying
E‖ṁ(X, β)‖2 < ∞, and Σ := Eṁ(X, β)ṁ(X, β)′ positive definite,
then Stute (1997) and Stute, Thies and Zhu (1998) (STZ) proved that

under H, n−1/2Vn(x, β̂) =⇒ WG, in the Skorokhod space D(R̄) with
uniform metric, where WG is a mean zero continuous Gaussian process
having the covariance function

τ 2[G(x ∧ y)− E[ṁ(X, β)I(X ≤ x)]′Σ−1E[ṁ(X, β)I(X ≤ y)].

Thus asymptotic null distribution of n−1/2Vn(x, β̂), x ∈ R̄ depends on
the model being fitted.

In STZ a transformation of n−1/2Vn(x, β̂) is shown to converge
weakly to a time transformed Brownian motion so that its limiting
distribution is known, and hence any test based on a continuous func-
tion of this transformation will be asymptotically distribution free. An
analog of this result in an autoregressive set up appears in Koul and
Stute (1999). An extension to the case of higher dimension design and
some other geometric aspects are discussed in Khmaladze and Koul
(2004). Koul (2000) and Koul, Stute and Li (2005) discuss the case of
fitting a non-smooth regression/autoregressive function.

2 Lack-of-fit testing under Long memory

A discrete time strictly stationary stochastic process with finite second
moment is said to have long memory if its auto-covariances tend to
zero in a hyperbolic fashion as the lag increases to infinity. Long
memory processes arise in numerous physical and social sciences. See
Baillie (1996), Beran (1992, 1994), Dehling, Mikosch and Sorenson
(2002), and Doukhan, Oppenheimer and Taqqu (2003), for more on
these processes. Regression models with long memory in design and
errors are found useful in economics and finance when observing high
frequency data where spot returns are regressed on forward premiums.
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See e.g., Booth, Kaen and Koves (1982), Cheung (1993), Lo (1991)
among others. It is hence of interest to analyze the process Vn when
both design and error processes have long memory.

To keep exposition relatively transparent, we shall consider a spe-
cial case of H. Let rj, j = 1, · · · , q, be some known functions of X,
r′ := (r1, · · · , rq). Assume

E‖r(X)‖2 < ∞, A := Er(X)r(X)′ > 0.

Consider the problem of testing H0 : µ(x) = β′r(x), for some β ∈
Rq, ∀x ∈ R, against the alternative H0 is not true, based on the
observations (Xi, Yi), i = 1, · · · , n on (X, Y ).

We are interested in investigating the large sample behavior of
Vn(x, β̂) under H0 when

Yi = β′r(Xi) + σ(Xi)ui, ui :=
∞∑

j=0

bjηi−j, i ∈ Z := {0,±1, · · · };

bj ∼ Cj−(1−d), j →∞, 0 < d <
1

2
;

for some a < ∞, bj+1 ≤ bj(1 + j−1a), for all sufficiently large j.

Here, ηj are standardized i.i.d. r.v.’s, independent of the Xi-process
and the constant C is such that

∑∞
j=0 b2

j = 1. Under this set up,

σ2(x) = Var(Y |X = x), x ∈ R, and Eσ2(X) < ∞. For example, ui

=FARIMA (0, d, 0), 0 < d < 1/2, model satisfies the above conditions

where bj = Γ(j + d)
/

Γ(j + 1)Γ(d).

We assume {Xi} to be a Gaussian process with mean µ, auto-
covariance function satisfying

γX(k) := Cov(X0, Xk) ∼ GXδ(d1)k
−(1−2d1), k →∞,

for some 0 < d1 < 1/2, GX > 0,

where δ(a) := 2Γ(1−2a) cos(π(1/2−a)), 0 < a < 1/2. It is also known
that for some Gu > 0, the spectral densities fu and the auto-covariance
function γu of the u process satisfy fu(λ) ∼ Guλ

−2d, as λ → 0+, and
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γu(k) ∼ Guθ(H)k−(1−2d), as k → ∞. Because
∑∞

k=1 |γX(k)| = ∞ =∑∞
k=1 |γu(k)|, both, X- and u- processes, have long memory. The

dependence between a current observation and the one at a distant
future is persistent.

In the presence of long memory in design and/or errors and when
σ(x) ≡ τ , the above Vn process has been studied in Koul, Baillie and
Sugailis (2004).

Now, let ψ2
1 := Guθ(d)/(d + 1/2)(2d), Z be a N(0, 1) r.v.,

A = E{r(X)r(X)′}, and let

Jσ(x) := E[σ(X)I(X ≤ x)]− E(σ(X)r(X))′A−1E[r(X)I(X ≤ x)].

We also recall a result from Davydov (1970): n−1/2−d
∑n

i=1 ui →D ψ1Z.
This result is used to prove the following theorem in Guo and Koul
(2008).

Theorem 7 Under the above set up, under H0 and when β̂ is the

LSE,

sup
x∈R̄

|n−HVn(x, β̂)− Jσ(x)n−1/2−d

n∑
i=1

ui| = op(1). (H0).

Hence, under H0, n−1/2−dVn(x, β̂) =⇒ Jσ(x)ψ1Z, in D(R̄), and uni-

form metric.

Unlike in the i.i.d. set up, the above limiting process is degener-
ate, i.e., there is a separation of the randomness and the functional
behavior in the limit. On the one hand this makes life a bit simpler
as only the normal distribution tables are used to implement the test.
But on the other hand, in order to implement the tests based on this
process we must have consistent estimators of σ(x) and Gu and log(n)-
consistent estimator of d. To construct these estimators, let K be a
density function on [−1, 1], b = bn be sequence of positive numbers, φ
denote the N(0, 1) density, Kb(x) ≡ K(x/b)/b, Kbi(x) := Kb(x−Xi),
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êi := Yi − β̂′r(Xi), and define

Λ̂−i(x) :=
( 1

n− 1

n∑

t6=i

Kbt(x)ẽ2
t

)1/2

, vi(x) :=
Λ̂−i(x)

φ1/2(x)
, i = 1, · · · , n,

An :=
1

n

n∑
i=1

r(Xi)r(Xi)
′, αn(x) :=

1

n

n∑
i=1

r(Xi)I(Xi ≤ x)

Think of vi(x) as an estimator of σ(x). It is used to define an estimator
of Jσ(x):

nĴn(x) =
n∑

i=1

vi(Xi)I(Xi ≤ x)−
n∑

i=1

r(Xi)
′vi(Xi)A

−1
n αn(x).

Lemma 3 Suppose the above set up and H0 hold with µ = 0, γ = 1

and the function σ has continuous first derivative. In addition, suppose

b → 0, n2h−2 = O(b), E‖r(2X)‖2 < ∞, Eσ2k(X)r4
j (X) < ∞, for

j = 1, · · · , q, k = 0, 1, and Eσ2(X)φ1/2(X) < ∞.

Then, under H0, supx∈R̄ |Ĵn(x)− Jσ(x)| = op(1).

Next, we describe estimators of Gu, d in the above set up under
H0. For a process ξj, 1 ≤ j ≤ n, let wξ(λ) := (2πn)−1/2

∑n
i=1 ξje

ijλ,
Iξ(λ) := |wξ(λ)|2, λ ∈ [−π, π], denote its discrete Fourier transform
and periodogram, respectively, where i := (−1)1/2. Fix 1/2 < a1 <
a2 < 1. With λj := 2πj/n and an integer m ∈ [1, n/2), for a1 ≤ α ≤
a2, let

Q(α) :=
1

m

m∑
j=1

λ2α−1
j Iê(λj), R(α) := log Q(α)− (2α− 1)

m∑
j=1

log λj.

Local Whittle estimators of Gu and d: Ĝu = Q(d̂), d̂ = argminα∈[a1,a2]

R(α).

The log(n) consistency of an analog of d̂ and consistency of an

analog of Ĝu in nonparametric homoscedastic regression models with
Xi = i/n, i = 1, · · · , n is proved in Robinson (1997). Using his
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methodology of proof the analogues of these results under the current
set up are proved in Guo and Koul (2007). Let ψ̂1 := Ĝuθ(d̂)/(d̂ +

1/2)(2d̂).
A consequence of all these results is that if supx |Jσ(x)| 6= 0, the

test that rejects H0, whenever,

Dn :=
1

nd̂ψ̂1 supx |Ĵn(x)| sup
x
|Vn(x, β̂)| ≥ zα/2,

is of the asymptotic size α. Here zα is the 100(1 − α)% percentile of
the N(0, 1) d.f.

In the simple linear regression model with non-zero intercept, i.e.,
when r(x) = (1, x)′, Jσ(x) ≡ 0 if and only if σ(x) is constant in x. In
the case of a polynomial regression through the origin, supx |Jσ(x)| 6= 0
and the above test is applicable when fitting a heteroscedastic poly-
nomial.

2.1 Application to a foreign exchange data set
We shall apply the above proposed test to fit a simple linear regres-
sion model with heteroscedastic errors to some currency exchange rate
data. The data are noon buying rates in New York for cable transfers
payable in foreign currencies. We use the currency exchange rates of
the United Kingdom Pounds (UK£) vs. US$ and the Switzerland
Franc (SZF) vs. US$ from January 4, 1971 to December 2, 2005 ob-
tained from
www.federalreserve.gov/releases/H10/hist/. We first deleted missing
values and obtain 437 monthly observations. The symbols X= dlUK
and Y = dlSZ stand for differenced log exchange rate of UK£ vs. US$
and SZF vs. US$, respectively. We obtain

X̄ = −0.0001775461, sX = 0.001701488; Ȳ = −0.00004525129,

sY = 0.001246904.

The local Whittle estimates of d1 and d are d̂1 = .1610273 and
d̂ = .2147475. In computing these estimates we used m = [n/8] =
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54. These estimates point to the presence of long memory in these
processes.

Comparing the X-process with a simulated fractional Gaussian
noise with d̂ = 0.1610273 and n = 437, Figure 1 suggests that the
marginal distribution of X is Gaussian.

Next, we regress Y on X, using the normal density kernel regression
function estimator and a simple linear regression model. Both of these
estimates are depicted in Figure 2.

They display a negative association between X and Y . The es-
timated linear equation: Ŷ = −0.000118775 − 0.4141107 X, with a
residual standard error of 0.00102992.

Figure 3 plots σ̂(x), where with ϕn(x) := s−1φ((x− X̄)/s),

σ̂2(x) :=
1

nϕn(x)

n∑
i=1

Kbi(x)ê2
i , K(x) = .5(1 + cos(xπ))I(|x| ≤ 1).

The estimators of d based on ε̂ = Y − β̂X and û = (Y − β̂X)/σ̂(X)
are equal to 0.1046235 and 0.1246576, respectively. This again sug-
gests the presence of long memory in the error process.

Finally, to check if the regression of Y on X is simple linear, we ob-
tain Dn = 0.4137897 with the asymptotic p-value 66%. As expected,
this test fails to reject the null hypothesis that there exists a linear
relationship between these two processes.

3 Testing a sub-hypothesis

A classical problem in statistics is to see whether among a given set
of predictor variables a subset of variables is significant or not for
predicting a response variable. In the regression set up a way to do this
is by first stipulating a linear regression model and then testing for the
absence of some of these covariates by testing that the corresponding
slope parameters are zero. This is so called the problem of testing a
sub-hypothesis in linear regression set up.

Let n, p and k be known positive integers with k ≤ p; X i1(X i2), 1 ≤
i ≤ n, be k× 1 ((p− k)× 1) random vectors and Yi, 1 ≤ i ≤ n denote
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Figure 1: QQ-plot of dlUK.

QQ-plot of dlUK and simulated FGN(H_X)
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Figure 2: Kernel estimation of r(x).
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Figure 3: Kernel estimation of σ(x).
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the response variables. Consider the regression model where for some
β1 ∈ Rk and β2 ∈ Rp−k,

Yi = β′1X i1 + β′2X i2 + εi, i = 1, · · · , n. (1)

The problem of interest is to test H0 : β2 = 0, vs. H1 : β2 6= 0.

In the case of independent homoscedastic errors {εi} and when
the design variables are either non-random or random and i.i.d., this
problem is well studied in the literature: Rao (1985), Hart (1997) and
references therein. A classical testing procedure is the likelihood ratio
test when errors are Gaussian or the analysis of variance type tests
via the least square theory which are asymptotically valid without
the Gaussianity assumption. Here we shall investigate large sample
behavior of an analog of the quasi-likelihood ratio type test for H0

when errors form a LMMA process and covariates are random having
long and/or short memory, independent of the errors.

Let Θ be an open and relatively compact subset of Rq, q ≥ 1. The
process {εi, i ∈ Z} is given by said to form a parametric long memory
moving average if for some functions α : Θ 7→ (0, 1) and c : Θ 7→ R,

εi :=
∑

s∈Z
ai−s(ϑ)ζs, t ∈ Z, ai(ϑ) ∼ c(ϑ)iα(ϑ)/2−1 (i →∞). (2)

Here ζj, j ∈ Z, are standardized i.i.d r.v.’s having finite fourth mo-
ment. Let

â(u; ϑ) := (2π)−1
∑

t∈Z
a(t; ϑ)e−itu, f(u; ϑ) := 2π |â(u; ϑ)|2, u ∈ Π,

bj(ϑ) :=

∫

Π

ei jub̂(u; ϑ)du, j ∈ Z, ϑ ∈ Θ.

291



H. L. Koul Research of this author partly supported by the NSF · · ·

Let X ′
i := (X ′

i1,X
′
i2), β′ := (β′1, β

′
2) and define

Λn(ϑ, β) :=
n∑

t,s=1

bt−s(ϑ)(Yt −X ′
tβ)(Ys −X ′

sβ),

(θ̂n, β̂n) := argmin(ϑ,β)∈Θ×RpΛn(ϑ, β),

Λn1(ϑ, β1) :=
n∑

t,s=1

bt−s(ϑ)(Yt −X ′
t1β1)(Ys −X ′

s1β1),

(θ̂n1, β̂n1) := argmin(ϑ,β1)∈Θ×RkΛn1(ϑ, β1).

Analog of the likelihood ratio test for H0 would be based on

Qn := −2[Λn(θ̂n, β̂n)− Λn1(θ̂n1, β̂n1)].

Strictly speaking, in the case of Gaussian errors the exact likelihood
ratio test would have the elements of the inverse of the covariance
matrix as weights in the quadratic forms Λn’s instead of {bt−s(ϑ)}.
The above quadratic forms are their Whittle approximations.

Assumptions about f : In the sequel, θ, β0 denote the true values of
ϑ, β, respectively, and Θ0 denotes an arbitrarily small neighborhood
of θ. For any twice differentiable function h(ϑ) let

∇ϑh(ϑ) := (∂h(ϑ)/∂ϑi)i=1,··· ,q;
∇2

ϑϑh(ϑ) := (∂2h(ϑ)/∂ϑi∂ϑj)i=1,··· ,q; j=1,...,q.

Write

∇2
ββh(θ, β0)

for ∇2
ββh(ϑ, β)|ϑ=θ,β=β0 , ∇2

ϑβh(ϑ, β0) for ∇2
ϑβh(ϑ, β)|β=β0 , etc.

Consider the following assumptions on f :

(a.1) f(u; ϑ), u ∈ Π, determines ϑ uniquely and∫ π

−π
log f(u; ϑ)du = 0, ϑ ∈ Θ0.

(a.2)
∫
Π

log f(u; ϑ)du is twice differentiable under the sign of inte-
gral.
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Furthermore, there exist a function α from Θ to (0, 1) that is con-
tinuous at θ and a constant C < ∞ satisfying the following conditions
(a.3)-(a.6).

(a.3) f(u, ϑ) is continuous at all (u, ϑ), u 6= 0, ϑ ∈ Θ0, f−1 is
continuous on Π×Θ0 and

f(u; ϑ) ≤ C|u|−α(ϑ), ∀ (u, ϑ) ∈ Π×Θ0.

(a.4) ∇ϑf
−1 and ∇2

ϑϑf
−1 are continuous on Π×Θ0 and

|∇ϑf
−1(u; ϑ)| ≤ C|u|α(ϑ),

|∇2
ϑϑf

−1(u; ϑ)| ≤ C|u|α(ϑ)/2, ∀ (u, ϑ) ∈ Π×Θ0.

(a.5) |∇ϑ(∂f−1(u; ϑ)/∂u)| ≤ C|u|α(ϑ)−1, ∀ (u, ϑ) ∈ Π×Θ0.

(a.6) f−1(u; ϑ) ≤ C|u|α(ϑ)/2, ∀ (u, ϑ) ∈ Π×Θ0.

Conditions (a.1)-(a.5) are similar to those used in Fox and Taqqu
(1986), Dahlhaus (1989), Giraitis and Surgailis (1990), and Koul and
Surgailis (2000). The condition (a.6) is new.

Assumptions about random X: Write X ′
i = (Xi,1, Xi,2, · · · , Xi,p).

We assume

Xi,k =

p∑
j=1

∑

s∈Z
Bkj(i− s)ξs,j, i ∈ Z;

∑

s∈Z
B2

kj(s) < ∞, (3)

k, j = 1, 2, . . . , p.

Here, ξs := (ξs,1, · · · , ξs,p)
′, s ∈ Z are i.i.d. standardized r.v.’s, and

independent of ζs, s ∈ Z, implying the independence of designs and
errors in (1). The model (4) includes both the short memory (in
particular, i.i.d.) and the long memory random designs, but it does
not allow for a non-zero intercept parameter in (1).

Let g(u) be the p× p matrix-valued spectral density of X,

V (ϑ) :=

∫

Π

g(u)f−1(u; ϑ)du, W (ϑ) :=

∫

Π

f(u; ϑ)∇2
ϑϑf

−1(u; ϑ)du.
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Write

g(u) =

(
g11(u) g12(u)
g12(u)′ g22(u)

)
, V (ϑ) =

(
V11(ϑ) V12(ϑ)
V12(ϑ)′ V22(ϑ)

)
,

where g12(u) and g22(u) are matrix-valued (cross-)spectral densities of
X i1 and X i2 having dimensions k×p and (p−k)×(p−k), respectively.
Recall

Qn := −2[Λn(θ̂n, β̂n)− Λn1(θ̂n1, β̂n1)].

Theorem 1 Assume the model (1), (a.1) - (a.6), (4) hold and V (θ)
is positive definite. Then, under H0, (2π)Qn →D χ2

p−k.

The proof of the above theorem is facilitated by the following
lemma which is proved in Koul and Surgailis (2008a). Let Zθ and Zβ

denote two independent random vectors with Zθ (Zβ) havingNd(0, 16π3W (θ))
(Np(0, 8π

3V (θ))) distribution. Then (Z ′
θ, Z

′
β)′ has Nd+p(0, Γ) distribu-

tion where

Γ :=
(

16π3W (θ) 0
0 8π3V (θ)

)
.

We also need to define

Λn0(ϑ) := Λn(ϑ, β0) :=
n∑

t,s=1

bt−s(ϑ)εtεs,

Znθ := n−1/2∇ϑΛn0(θ), Tn(ϑ) :=
n∑

t,s=1

bt−s(ϑ)εtXs,

Znβ := n−1/2Tn(θ), Tn1(ϑ) :=
n∑

t,s=1

bt−s(ϑ)εtXs1,

∗ Znβ1 := n−1/2Tn1(θ).
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Lemma 4 Under the conditions of Theorem 8,

Λn(θ̂n, β̂n) = Λn(θ, β0)− 1

2
Z ′

nθ(2πW (θ))−1Znθ − (4)

Z ′
nβ(2πV (θ))−1Znβ + op(1),

Λn1(θ̂n, β̂n1) = Λn1(θ, b01)− 1

2
Z ′

nθ(2πW (θ))−1Znθ (5)

−Z ′
nβ1(2πV11(θ))

−1Znβ1 + op(1). (H0)

(Z ′
nθ, Z

′
nβ) →D (Z ′

θ, Z
′
β), n1/2‖θ̂n − θ‖ (6)

+n1/2‖β̂n − β0‖ = Op(1).

Sketch of the Proof of Theorem 8. Since, under H0, Λn(θ, β0) =
Λn1(θ, β01), (5) and (6) yield

Qn = 2[Z ′
nβ(2πV (θ))−1Znβ − Z ′

nβ1(2πV11(θ))
−1Znβ1] + op(1).

Hence (6) implies

Qn →D Q := 2[Z ′
β(2πV (θ))−1Zβ − Z ′

β1(2πV11(θ))
−1Zβ1],

where Zβ1 is the vector of the first k components of Zβ. Now the
claim follows from the following fact. Let Z ∼ Np(0, Σ) where Σ
is a positive definite covariance matrix, and let Z1 denote its first k
components with covariance matrix Σ11. Then, the distribution of
Z ′Σ−1Z − Z ′

1Σ
−1
11 Z1 is χ2

p−k. See, e.g., Rao (1985). Contents of this
section are from Koul and Surgailis (2008a).

4 Non-random X

Here the results are different. We shall assume X i = V (i/n), 1 ≤
i ≤ n, where V (i)′ = (V1(i), · · · , Vp(i)) is a vector of p continuously
differentiable real-valued functions on [0, 1] and linearly independent in
L2[0, 1]. Let V 1(i)

′ = (V1(i), . . . , Vk(i)), V 2(i)
′ = (Vk+1(i), . . . , Vp(i)).

Then V (i) = (V 1(i)
′, V 2(i)

′)′. We also need to modify assumption
(a.3) on f :
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(a.3′) f(u, ϑ) is continuous at all (u, ϑ), u 6= 0, ϑ ∈ Θ0, f−1 is
continuous on Π×Θ0 and

f(u; ϑ) ∼ C(ϑ)|u|−α(ϑ), (u → 0, ϑ ∈ Θ0).

In (a.3), f(u; ϑ) ≤ C(ϑ)|u|−α(ϑ).
Next, define

Znβ := n−(1−α)/2

n∑
t,s=1

bt−s(θ)εtV (s/n), V̂ (x) :=

∫ 1

0

eixtV (i)dt,

x ∈ R,

RV (ϑ) :=
1

C(ϑ)

∫

R
|x|αV̂ (x)V̂ (x)

′
dx,

ΓV :=
1

C(θ)

∫

R3

|x1|α|x2|α|y|−α × (ei(y−x1) − 1)(ei(y−x2) − 1)

(y − x1)(y − x2)

V̂ (x1)V̂ (x2)
′
dx1dx2dy,

Also, let Znβ1, RV 1(ϑ), ΓV 1 be defined as above with V and V̂ re-

placed by V 1 and V̂ 1(x) :=
∫ 1

0
eixtV 1(t)dt. Let Q := 2[Z ′

βR−1
V Zβ −

Z ′
β1R

−1
V 1Zβ1].

Theorem 8 Under (1), (a.1), (a.2), (a.3′) - (a.5), and under H0,

Qn →D Q.

The distribution of this Q is not a chi-square. The proof of this result
is given in Koul and Surgailis (2008b).
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Bayesian Model Selection for ARCH Models
Using Iterated Importance Sampling
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Abstract: We propose a full Bayesian analysis of ARCH models with unknown
order. The order will be considered just as any other parameter in the model.
This will allow to perform simultaneously the model choice and the parameter
estimation.
For the implementation we use Population Monte Carlo algorithm. This method
is introduced by Cappé et al. (2004). Our results are illustrated by a simulation.
The simulated results for a special ARCH model with a known order show that
estimation of order and parameters are good.

1 Introduction

The first model that provides a systematic framework for volatility
modeling is the ARCH model of Engle (1982). Many extensions and
applications of this class of models were proposed in the literature.
Bollorslev (1986) put forward the generalized ARCH (GARCH) with
combines parsimony in the parameters and flexibility in the lag struc-
ture of the conditional variance. Analyzing financial and economic
time series data with ARCH and GARCH models has become very
common in empirical research, with a huge literature having been
established; see, for example, the review article of Bollerslev et al.
(1992). Despite both the attractiveness and complexity of these mod-
els, the Bayesian community has not yet broadly utilized the recent ad-
vances in statistical computation to effect a practical statistical anal-
ysis ”package”. Geweke (1988, 1989) was first given a Bayesian treat-
ment of the ARCH models. The method is based on Monte Carlo in-
tegration with importance sampling. Kliebergen and Van Dijk (1993)
and Bauwens and Lubrano (1998) gave a Bayesian treatment of ARCH
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model and some extensions from a computational point view. Vron-
tos et al. (2000) used reversible-jump to choose between a GARCH
and EGARCH model selection in these models. We use iterated im-
portance sampling for model choice for ARCH models. Celeux et al.
(2006) used this method for missing data problems. We propose to use
a Population Monte Carlo (hereafter abbrivated as PMC) algorithm.
This method is introduced by Cappé et al. (2004). This kind of al-
gorithms is based on importance sampling, sharing its unbiasedness
properties, but introducing a temporal dimensions in the selection of
the importance function. In this way, an adaptive perspective can be
achieved at little cost, for a potentially large gain in efficiency. The
results will be showed by a simulation. The remainder of the paper
is organized as follows. In Section 2 we present in some detail the
ARCH model and some of its properties. Monte Carlo integration
with importance sampling and PMC with the details for model choice
are illustrated in Section 3. In Section 4, we illustrate our results
through a simulation of an ARCH process with known order. Section
5 conclude the paper with some remarks.

2 ARCH models

In this section, we present the model, the basic assumptions and the
notation used through the paper.
The variance of returns on assets tends to change over time. One way
of modeling this feature of the data is to let the conditional variance
be a function of the squares of previous observations and past vari-
ances. This leads to the autoregressive conditional heteroscedasticity
(ARCH) based models developed by Engle (1982). One of the key
ideas behind the whole family of ARCH models is that models that
make use of recent available information will be able to forecast bet-
ter than other models that do not take into account this information.
This is one of the reasons why these models benefit particularly from
focusing on establishing the difference between conditional and uncon-
ditional moments. Conventional econometrics models do not allow for
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a conditional variance whose values depend on past information, so
volatility clustering is not a phenomenon that can be understood with
the aid of these traditional models. The basic idea of ARCH models is
that the asset return yt are dependent but serially uncorrelated, and
the dependence of yt can be described by a simple quadratic function
of its lagged values. Due to all the reasons explained above, a new
type of processes, called ARCH processes, were developed by Engle
in an attempt to create a model in which the recent past would give
information about the one-period forecast variance. The main charac-
teristics of ARCH process are that they have a zero mean, a constant
unconditional variance and, most importantly, they have non-constant
variances conditional on the past. In order to model a variance that is
not constant over time, a phenomenon also known as heteroscedastic-
ity, the approach given by Engle was to propose the following model

yt = σtεt, (1)

σ2
t = α0 + α1y

2
t−1 (2)

where εt ∼ iid(0, 1) (white noise with unit variance), and σt is a
positive, time-varying function of Ψt−1, which is the information set
available at time t − 1. In practice, εt is often assumed to follow the
standard normal or a standardized Student-t distribution. The model
defined by equations (1) and (2) is known as an ”Autoregressive Con-
ditional Heteroscedasticity” model. The variance function described
by equation (2) can be generalized in order to include information that
goes further back than only one period, in this case we obtain

σ2
t = h(yt−1, yt−2, ..., yt−p, α), (3)

where p is called the order of the ARCH process, and α is a vector of
unknown parameters. Thus, the first model presented, as described by
equations (1) and (2) is the first order ARCH process, where the vector
of unknown parameters is α = [α0, α1]. The variance function, equa-
tion (3) can be written in its most general form as σ2

t = h(Ψt−1, α).
In particular, Engle (1982) suggested that one possible way of param-
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eterizing σ2
t is:

σ2
t = α0 +

p∑
i=1

αiy
2
t−i (4)

= α0 + α(L)y2
t ,

where α0 > 0 and αi ≥ 0 and L is the lag operator. Equation (4)
expresses σ2

t as a linear function of p-past squared values the process,
a reason why this process is known as the linear p-order ARCH model
(ARCH(p)). As it can easily be observed, this process is a straightfor-
ward continuation of the more simple process described by equations
(1) and (2), i.e. the ARCH(1) process. The mean of an ARCH process,
yt, described by equations (1) and (3), is zero as well as all its autoco-
variances. The unconditional variance will be given by E(y2

t ) = E(σ2
t ),

and yt will be covariance stationary for the function h and the values
α where the variance is independent of t. The covariance stationary
conditions for a pth-order ARCH process are given by (Engle, 1982,
page 993):
“Theorem 2: The pth-order linear ARCH processes, with α0 > 0,
α1, ..., αp ≥ 0, is covariance stationary if, and only if, the associated
characteristic equation has all roots outside the unit circle the station-
ary variance is given by

E(y2
t ) =

α0

(1−∑p
j=1 αj)

.

Defining υt ≡ y2
t − σ2

t , the ARCH(p) model can be re-written as

y2
t = α0 + α(L)y2

t + υt (5)

(Notice that σ2
t = E(y2

t |Ψt−1)). Since E(υt|Ψt−1) = 0, the model cor-
responds to an AR(p) model for the squared innovations, y2

t . Then,
the process is covariance stationary if and only if the sum of the pos-
itive autoregressive parameters is less than one, ie.

α1 + α2 + ... + αp < 1. (6)
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Even though yt’s are serially uncorrelated they are clearly not inde-
pendent through time. In accordance with the stylized facts for assets
returns {yt} discussed above, there is a tendency for large (small) ab-
solute values of the process to be followed by other large (small) values
of unpredictable sign. Equation (6) is sufficient condition for strict sta-
tionary and ergodicity of yt, see Milhøj (1985). But this condition is
not necessary for strict stationary. The necessary and sufficient condi-
tion for the strict stationary was established by Bougerol and Picard
(1992) in terms of the top Lyapunov exponent.

2.1 Population Monte Carlo
Method of importance sampling (IS) is based on an importance func-
tion. This algorithm uses an approximation to the posterior density
by generating random draws from a function called the importance
function. It would be more accurate to call it ”weighted sampling”.
The method of IS is used to evaluate

Ef [h(X)] =

∫

X

h(x)f(x)dx, (7)

based on generating a sample X1, X2, ..., Xm from a given distribution
g and approximating

Ef [h(X)] ≈ 1

m

m∑
j=1

f(Xj)

g(Xj)
h(Xj). (8)

This method is based on the alternative representation,

Ef [h(X)] =

∫

X

h(x)
f(x)

g(x)
g(x)dx. (9)

The estimator (11) converges to (10) for the same reason that the
regular Monte Carlo estimator does, whatever the choice of the dis-
tribution, (as long as Supp(g) ⊃ Supp(f)). The crux of the method
is to find a good importance function. An alternative to (11) which
addresses the finite variance issue, and generally yields a more stable

303



Fazlollah Lak Bayesian Model Selection for ARCH Models · · ·

estimator, is to use

∑m
j=1

h(xj)f(xj)

g(xj)∑m
j=1

f(xj)

g(xj)

. (10)

By Strong Law of Large Numbers, this estimator also converge to
Ef [h(X)], Robert and Casella (2004).
The PMC algorithm can be described in a very general framework: it
is indeed possible to consider different proposal distributions at each

iteration and for each particle with this algorithm. That is, the Z
(t)
i ’s

can be simulated from distributions git that may depend on past sam-

ples, Z
(t)
i ∼ git(z), independently of each other (conditional on the

past samples). Thus, each simulated point Z
(t)
i is allocated an impor-

tance weight

ρ
(t)
i =

π(z
(t)
i )

git(z
(t)
i )

, i = 1, 2, ..., n,

and approximation of the form

It =
1

n

n∑
i=1

ρ
(t)
i h(z

(t)
i )

are then unbiased estimators of Eπ[h(Z)] =
∫

Z
h(z)π(z)dz, even when

the importance distribution git depends on the entire past of the ex-
periment. We can propose the following algorithm, which is validated
by the same principles as regular importance sampling.

Algorithm: Population Monte Carlo
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For t=1,2,...,T
1.For i=1,2,...,n,
(i) Select the generating distribution git(·).
(ii) Generate Z̃

(t)
i ∼ git(z).

(iii) Compute ρ
(t)
i = π(z̃

(t)
i )

git(z̃
(t)
i )

.

2.Normalize the ρ
(t)
i ’s with replacement, using the weights ρ

(t)
i ,

to create the sample (Z(t)
1 , Z

(t)
2 , ..., Z

(t)
n ).

3 Model Choice

It is often difficult to have even a vague idea about the order of the
model that generated the data. Assume that we have a countable set
M of competing models for a given set of data y. Let model m ∈ M
have a vector θm ∈ Θm of unknown parameters, the dimension of
which may vary from model to model. The posterior probability of
model m is given by

π(m|y) =
π(m)

∫
Θm

π(y|m, θm)π(θm|m)dθm∑
m∈M π(m)

∫
Θm

π(y|m, θm)π(θm|m)dθm

(11)

where π(y|m, θm) is the likelihood given the model m, the parameter
vector θm, π(m) is the prior probability for model m, and π(θm|m) is
the prior of the parameter vector θm given the model m. Inferences
about the model selection problem may be done using the Bayes factor
(BF) of model mi against model mj given by

BF =
π(mi|y)π(mj)

π(mj|y)π(mi)

=

∫
Θmi

π(y|mi, θmi
)π(θmi

|mi)dθmi∫
Θmj

π(y|mj, θmj
)π(θmj

|mj)dθmj

. (12)

Kass and Raftery (1995) gave a series of arguments that make Bayes
factors appealing when compared with other model selection strate-
gies such as the Akaike information criterion (AIC) or the Bayes in-
formation creterion (BIC). Bayes factors, however, require evalution

305



Fazlollah Lak Bayesian Model Selection for ARCH Models · · ·

of the integrals in the numerator and denominator of (9), which are
the marginal densities π(y|mi) and π(y|mi). These integrals are, in
general, difficult to calculate; Kass and Raftery (1995) provided an
extensive description and comparison of available numerical strate-
gies. Green (1995) introduced a reversible-jump MCMC strategy for
generating from the joint posterior π(m, θm|y), based on the standard
Metropolis-Hastings approach. The reversible-jump MCMC was also
applied by Richardson and Green (1997) for an analysis of univariate
normal mixtures. During reversible-jump MCMC sampling, the con-
structed Markov chain moves within and between models so that the
limiting proportion of visits to a given model is the required π(m|y)
in (8). We propose an alternative to Reversible Jump by extending
the PMC method to variable dimension models. In the following sub-
sections, we explain the PMC method and its extension.

4 Model Choice using PMC

In any bayesian model, it is necessary to elicitate the prior distribu-
tions on the parameters. In any variable dimension model, usually
the priors are proposed following a natural hierarchy in which the in-
dex of the model is at the top and the other parameters have a prior
conditional on the index value. We used

π(α0:p, p) = π(p)π(α0)π(α1:p | p).

Generally, the most natural choice for the prior on p is a uniform
distribution over 1, . . . , pmax, where pmax is an arbitrary integer. It
is however possible to think about other possibilities. For example,
for the problem at hand, we can propose a multinomial on 1, . . . , pmax

with probabilities proportional to Γ(p). It is difficult to think about
a relation between p and α0, so the prior for this parameter can be,
as usual in the literature, an Inverse Gamma with parameters a and
b, indipendently of p. Finally, in order to have a non-informative
but flexible prior on (α1, . . . , αp | p), we choose a prior related to the
Dirichlet distribution. While this distribution requires that α1:p lie on
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the symplex, we need that
∑p

i=1 αi < 1. So we can consider

π(α1:p | p, γ) =

∫ 1

0

fD(α1, . . . , αp, αp+1 | γ)dαp+1.

Setting γ = αp+1, we have that this prior is equal to Γ(p) for each α1:p.
This can justify the second prior on p. The posterior distribution has
not a known form, and we cannot exploit calculations analytically.
In this paper, we use a PMC algorithm to obtain a sample from the
joint posterior distribution on (p, α0:p), in this way obtaining simulta-
neously the model choice and the estimation of the parameters.
A reasonable choice often made while using PMC is to mimic a Metropolis-
within-Gibbs, exploiting this way the efficiency of the full conditional
distributions, whereas they are available, and to use a random walk
for the other moves. In case of multimodality of the posterior, this
kind of algorithms can escape from local moves better than other algo-
rithms. In this case, we have not any full conditional, so all the moves
but the one on the order p are based on a random walk. In order to
reach an “automatic” tuning of the scale of the random walk, we make
use of a D-kernel algorithm , see Douc et al. (2007). For each com-
ponent of the parameter vector, we will propose D different proposal
distributions, and, in particular, D normals with different variances.
The algorithm will learn, across iterations, about the optimal mixing
proportions of proposals to be used.
The proposal for the order p is a mixture that gives an aribitrary
probability ρ to p(t+1) = p(t) and (1 − ρ)/(pmax − 1) to each other
possible order. Given the order, α0:p(t) are updated by a truncated
normal centered on their last value and variances depending on the
choosen kernel. In the case in which p(t+1) < p(t), the new parameters

are generated from a uniform distribution over (
∑p(t−1)

i=1 pi, 1).

5 A Simulation Study

In this section, we show our method is used in practice. We simulate
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y1, y2, ..., yn from an ARCH(3) model,

yt ∼ N(0, σ2
t ), σ2

t = α0 + α1y
2
t−1 + α2y

2
t−2 + α3y

2
t−3.

To see the effect of sample size, we use two cases: length of time series
equal to 500 and 1000. We ran the program size of particle equal to
20000 and learning equal to 5. The whole experiment was repeated
10 times. We chose α0 = 0.5, α1 = 0.1, α2 = 0.3, α3 = 0.1, a = 0.01
and b = 0.01 and pmax = 10. Table 1 gives the posterior density of
the order, p, and Table 2 gives Bayesian estimation of the parameters
of α0, α1, α2 and α3, resulting from 10 replications and for different
sample sizes.

Table 1: The posterior density of p (the order of the ARCH model) for
different sample sizes and for 10 replications.

p n=500 n=1000
1 0.0000 0.00000
2 0.0116 0.00107
3 0.8782 0.98820
4 0.0874 0.00953
5 0.0202 0.00089
6 0.0011 0.00031
7 0.0005 0.00000
8 0.0010 0.00000
9 0.0000 0.00000
10 0.0000 0.00000

The mode of the posterior density of p has been used as the estimator
of the order of the model. We present the results for estimation of the
order of the model for different sample sizes in Table 1. As seen in
Table 1, this method correctly captures the order of the model. Al-
though the results are good for the sample size 500, but it performs
much better for sample size 1000 or more. Table 2, gives the average
value of the posterior means of the parameters for 10 replications. It is
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observed that irrespective of sample size of the process, the estimates
of the parameters are good. However, the sample size has an apprecia-
ble effect. The larger the sample size the better and more reasonable
results.

Table 2: The means of posterior distribution of α0, α1, α2 and α3.

True Value n=500 n=1000
α0 = 0.5 0.4783(0.0114)a 0.4922(0.0124)
α1 = 0.1 0.0264(0.0034) 0.03890(0.0038)
α2 = 0.3 0.3442(0.0246) 0.3273(0.0132)
α3 = 0.1 0.1548(0.0134) 0.1203(0.0153)

a the numbers inside the parantheses show the standard deviations of
the mean of estimators.

6 Concluding Remarks

In this paper, we presented the iterated importance sampling for
ARCH model, especially for determinate their order. We also ap-
plied this method to conduct the Bayesian inference, using samples of
the parameters obtained by iterated importance sampling.
The results show that we can estimate the order and the values of the
model parameters by this method very well. This method can be used
for estimation of the order and parameters of an ARCH time series
with length of at least 500.
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A.P.O. Rules are Asymptotically Non-Deficient
for Estimation under Linex Loss Function

Eisa Mahmoudi

Department of Statistics, Yazd University

Abstract:The problem considered is sequential estimation of the mean of a fam-
ily of transformed chi-square distributions with linex loss function for estimation
error and a cost c > 0 for each of an i.i.d. sequence of potential observations
X1, X2, · · · . A Bayesian approach is adopted, and natural conjugate prior dis-
tributions are assumed. For this problem, the asymptotically pointwise optimal
(A.P.O.) procedure continues sampling until the posterior variance of the mean of
this family of distributions is less than c(n0 +n), where n is the sample size and n0

is the fictitous sample size implicit in the conjugate prior distribution. Here the
A.P.O. rule is shown to be asymptotically non-deficient, under strong regularity
conditions: that is, the difference between the Bayes risk of the A.P.O. rule and
the Bayes risk of the optimal procedure is of smaller order of magnitude than c,

the cost of a single observation, as c −→ 0.

Keywords: A.P.O. rule, Bayes sequential estimation, Linex loss
function, Non-deficiency, Transformed chi-square distributions.

1 Introduction

In some estimation problems, use of symmetric loss functions may
be inappropriate, as has been recognized in the literature, see, for
example, Ferguson (1967), Zellner and Geisel (1968), Aitchison and
Dunsmore (1975), Varian (1975), and Berger (1980). That is, a given
positive error may be more serious than a given negative error of the
same magnitude or vice versa. The authors mentioned above, expect
for Varian, have considered asymmetric linear loss functions. Varian
introduced a very useful asymmetric linex loss function that rises ap-
proximately exponentially on one side of zero and approximately lin-
early on the other side in his applied study of real estate assessment.
Underassessment results in an approximately linear loss of revenue
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whereas overassessment often results in appeals with attendant, sub-
stantial litigation and other cost, see Varian (1975) for details. Also, in
dam construction an underestimate of the peak water level is usually
much more serious than an overestimate. It is clear that finding Bayes
stopping rules is a formidable task expect in those special case where
the Bayes rules reduce to a fixed-sample rules. For example Chat-
topadhyay (1998,2000), considered the sequential estimation using an
asymmetric loss function and Takada (2000) treated the sequential es-
timation of normal mean under linex loss function. This paper consid-
ers Bayes sequential estimation in a family of transformed chi-square
distributions under a gamma prior distribution.

Suppose, on the basis of the sample with size n and fixed cost
c > 0 for each unit, the posterior risk is given by

Ln(c) = Yn + cn, (1)

where {Yn; n ≥ 1} is a sequence of random variables defined on a prob-
ability space (Ω, Λ, P ), where Yn is Λ −measurable, P (Yn > 0) = 1

and Yn
a.s−→ 0 as n −→∞.

Definition 1 The stopping rule τ = τc is called a Bayes stopping rule
if

E(Lτ (c)) = min
S

E(LS(c)),

where S is any stopping rule.

Bickel and Yahav (1967, 1968) proposed asymptotically pointwise op-
timal (A.P.O.) rule to the minimization problem. A more general
property of A.P.O. rules was proved by Woodroofe (1981). He define
asymptotic non-deficiency of A.P.O. rule in sense that

E(LT (c))− ρ(c) = o(c) as c −→ 0, (2)

where ρ(c) = E(Lτ (c)), is an A.P.O. rule. More details can be seen in
Ghosh et al. (1997).
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Varian (1975) proposed a useful asymmetric loss function,
known as linex loss function which may be given by

L(θ, θ̂) = exp(a(θ̂ − θ))− a(θ̂ − θ)− 1, (3)

where a 6= 0. This loss function is useful when an overestimation is
more serious than an underestimation (a > 0), or vice-versa (a < 0).
Takada (2001) studied Bayes sequential estimation of the poisson
mean under linex loss function. He shows that an A.P.O. rule is
asymptotically non-deficient in the sense of Woodroofe (1981).

In this paper, Bayes sequential estimation in a subclass of the
exponential family, that is called the family of transformed chi-square
distributions, has been obtained. The plan of the article is as follows.
In Section 2, the family of transformed chi-square distributions is de-
fined. In Section 3, the A.P.O. rule is presented. Section 4 is devoted
to proving asymptotic non-deficiency of the A.P.O.

2 A subclass of the scale parameter exponential
family

Let X1, X2, ... be a sequence of independent and identically distributed
random variable from a one-parameter exponential family

f(x; η) = ea(x)b(η)+c(η)+h(x). (4)

Theorem 1 (Rahman and Gupta (1993)) In a family (4), the func-
tion −2a(X)b(η) has Gamma( j

2
, 2) distribution if and only if

2ć(η)b(η)

b′(η)
= j, (5)

where j is positive and free from η. In case j is an integer, −2a(X)b(η)
follows a central chi-square distribution with j degrees of freedom.

Definition 2 The one-parameter exponential family of form (4) sat-
isfying (5) is called the family of transformed chi-square distribution,
provided j is a positive integer.
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For example the Gamma(α, 1/λ) distribution with known α belongs
to this family with

a(X) = X, b(λ) = −λ, c(λ) = α ln λ, −2a(X)b(λ) = 2λX, j = 2α,

and the Lognormal(0, σ2)-distribution belongs to this family with

a(X) =
1

2
(ln X)2, b(σ) = − 1

σ2
, c(σ) = − ln σ,

− 2a(X)b(σ) =
(ln X)2

σ2
, j = 1.

Using the condition (5), the family of distribution (4) reduces to

f(x; θ) = c(x)θve−θa(x), (6)

where c(x) = eh(x)+k1 , θ = −b(η) > 0 and v = j
2

> 0. Also note that

−2a(X)b(η) = 2θa(X) has Gamma(v, 1
2
)-distribution or a(X)Gamma(v, 1

θ
).

Now, if X1, X2, ..., Xn be a sample of size n from distribution (6), then
the joint density of X1, X2, ..., Xn is given by

f(x; θ) = c(x, n)θnve−θ
∑n

i=1 a(xi), θ > 0 (7)

where c(x, n) =
∏n

i=1 c(xi), Sn(X) =
∑n

i=1 a(Xi)Gamma(nv, 1
θ
).

3 A.P.O. rule

Suppose {Yn; n ≥ 1} be a sequence of random variables on probability

space (Ω, Λ, P ) such that p(Yn > 0) = 1 and Yn
a.s−→ 0 as n → ∞.

Define

Ln(c) = Yn + nc for c > 0.

Then a stopping rule T = Tc is said to be P.O. if P
(

LT (c)
LS(c)

≤ 1
)

=

1,for any other stopping rule S. Bickel and Yahav (1967) named the
stopping rule T = Tc as A.P.O. if

lim
c→0

LT (c)

LS(c)
≤ 1, a.s.
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for any other stopping rule S. Obviously, T is an A.P.O. rule iff

lim
c→0

LT (c)

Lτ (c)
= 1, a.s.

where Lτ (c) = minS LS(c) and τ is the Bayes stopping rule. Also,
a stopping rule T = Tc is said to be asymptotic optimal (A.O.) if

limc→0
E(LT (c))
E(LS(c))

≤ 1.

Theorem 2 (Bickel and Yahav 1967) If P (Yn > 0) = 1 and for some

β (> 0), we have nβYn
a.s−→ V as n →∞, where V is positive random

variable, then

T = Tc = inf

{
n ≥ 1;

Yn

n
≤ c

β

}

is A.P.O. Further, if supn≥1 E(nβYn) < ∞, then the stopping rule Tc

is A.O.

We study the above definitions and Theorems based on the family
of transformed chi-square distribution. The posterior distribution of
θ given x, under the conjugate prior Gamma(α, β) distribution is

π(θ|x) =

(
1+βSn

β

)(nv+α)

Γ(nv + α)
θ(nv+α)−1e−θ( 1+βSn

β ) θ > 0.

The Bayes estimation of θ under prior π and sample vector x =
(x1, ..., xn) is

δπ
BL = −1

a
log E(e−aθ|X). (8)

Therfore, using (3), the Bayes estimator of θ is δπ
BL = (nv+α)

a
log(1 +

aβ
1+βSn

), where Sn =
∑n

i=1 a(Xi). From the definition of Ln(c), we have

Yn = E (L (θ, δπ
BL) |X) = −aE (δπ

BL − θ|X)

=
{
log E

(
e−aθ|X)

+ aE (θ|X)
}

,
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and hence

Ln(c) = − (nv + α) log(1+
aβ

1 + βSn

)+a (nv + α)
β

1 + βSn

+cn = Yn+cn,

where

Yn = − (nv + α) log(1 +
aβ

1 + βSn

) + a (nv + α)
β

1 + βSn

.

Obviously, P (Yn > 0) = 1. Using the extension log(1+x) =
∑∞

n=0 (−1)n

xn+1

n+1
, we obtain

nYn = a2

2( 1
nβ

+Sn
n )

2

×
[(

v + α
n

)− (
v
n

+ α
n2

)
a

3
2(

1
nβ

+Sn
n )

+
(

v
n2 + α

n3

)
a2

2( 1
nβ

+Sn
n )

2 − ...

]

= a2

2( 1
nβ

+Sn
n )

2 {v + o(1)} = a2v

2( 1
nβ

+Sn
n )

2 .

By using the SLLN, 1
n
Sn

a.s−→ E(a(Xi)) = v
θ

and hence
(

1
nβ

+ Sn

n

)2

a.s−→ v2

θ2 , using this facts we have

nYn
a.s−→ a2θ2

2v
as n −→∞.

Therefore, if we suppose V = a2θ2

2v
, from Theorem 3.1 the stopping

rule

Tc = inf

{
n ≥ 1;

Yn

n
≤ c

}
(9)

is an A.P.O. rule. But since

E(nYn) =
a2

2v
E(θ2|X) =

a2

2v
αβ2 (α + 1) < ∞, ∀ n = 1, 2, ...

then supn≥1 E(nYn) < ∞ , hence Theorem 3.1 implies that an A.P.O.
rule T = Tc is A.O., so that

lim
c−→0

E(LT (c))

E(Lτ (c))
= 1. (10)
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Example 1 Suppose X1, ..., Xn be a random sample from Gamma(α, β)
distribution (α known), with a(X) = X , θ = 1

β
and v = α. Therefore,

nYn
a.s−→ a2

2αβ2 as n −→∞ and

Tc = inf



n ≥ 1;

a2

2n2α
∧
β

2 ≤ c



 = inf



n ≥ 1; n ≥ (2c)−

1
2

√
αa2

−
Xn



 .

4 Asymptotic non-deficiency

In this section we show the asymptotic non-deficiency of the A.P.O.
rule T = Tc in (9). First we consider the asymptotic expansion of
E(LT (c)) as c −→ 0. From (1) we have

Ln(c) = Zn

n
+ cn = 2

√
c
√

Zn + n−1
(√

Zn − n
√

c
)2

, (11)

where {Zn; n ≥ 1} is a sequence of random variables, such that Zn =
nYn.
If we suppose that Un = E(θ2|X) then

Zn =
a2

2v
Un. (12)

Suppose that Vn = E(θ|X) and Wn = Un− V 2
n , hence

√
Un = Vn +

Wn√
Un + Vn

. (13)

It follows from (11), (12) and (13) that for any stopping rule S = Sc

E(LS(c) = 2
√

cE(
√

ZS) + E

{
S−1

(√
ZS − S

√
c
)2

}

= 2
√

a2c
1√
2v

E

{
VS +

WS√
US + VS

}
+ E

{
S−1

(√
ZS − S

√
c
)2

}

=
√

2a2c
1√
v
E(VS) +

√
2a2c√
v

E

{
WS√

US + VS

}

+E

{
S−1

(√
ZS − S

√
c
)2

}
, (14)
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and obviously
E(VS) = E(θ) = αβ. (15)

Lemma 1 Suppose that α > 2. If S = Sc be any stopping rule such
that there exists a constant k, with

√
cS ≥ k

√
ZS, for small c (16)

and √
cS

p−→
√

V as c −→ 0, (17)

then

lim
c−→0

√
2a2

√
cv

E

{
WS√

US + VS

}
=

1

4β2(α− 1)(α− 2)
. (18)

Lemma 2 If T = Tc be the A.P.O. rule then

E

{
T−1

(√
ZT − T

√
c
)2

}
= o(c) as c −→ 0.

Proof: Using Lemma 4 of Woodroofe (1981) it’s enough to show
that

E

(
sup
n≥1

Y ∗
n

)
< ∞ and Y ∗

n
a.s−→ 0 as n −→∞,

where

Y ∗
n =





n
(√

Zn−1

Zn
− 1

)2 √
Zn−1

Zn
≥ 1

0
√

Zn−1

Zn
< 1

but we have

Zn−1

Zn

=
(n− 1)2v + (n− 1)α

n2v + nα

(
1 + βSn

1 + βSn−1

)2
1 + o(1)

1 + o(1)
,

hence√
Zn−1

Zn
≤

(
1+βSn

1+βSn−1

)
(1 + o(1)) = (1+βSn−1+βa(Xn))

(1+βSn−1)
(1 + o(1))

= 1 + a(Xn)

( 1
β

+Sn−1)
(1 + o(1)) ,
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therefore √
Zn−1

Zn

− 1 ≤ a(Xn)

( 1
β

+ Sn−1)
(1 + o(1))

thus, we will have

n

(√
Zn−1

Zn

− 1

)2

≤ n

(
a(Xn)

( 1
β

+ Sn−1)

)2

(1 + o(1)) .

Since n

(
a(Xn)

( 1
β

+Sn−1)

)2
a.s−→ 0 as n −→ ∞, therefore Y ∗

n
a.s−→ 0 as

n −→∞ and E
(
supn≥1 Y ∗

n

)
< ∞.

Theorem 3 Suppose that α > 2. If T = Tc be the A.P.O. rule then

E (LT (c)) =

√
2a2αβ√

v

√
c +

1

4β2 (α− 1) (α− 2)
c + o(c) as c −→ 0.

(19)

Proof: From the Theorem 2.1 of Bickel and Yahav (1967)

√
cTc

a.s−→
√

V as c −→ 0,

hence from (9) the conditions (16) and (17) in Lemma 4.1 are satisfied.
By substituting the results of Lemma 4.1 and 4.2 with (15) into (14)
the relation (20) is satisfied.

Example 2 In Example 3.2. with a random sample from Gamma(α, β)
distribution (α known), we have

E (LT (c)) =
√

2αa2β
√

c +
1

4β2 (α− 1) (α− 2)
c + o(c) as c −→ 0,

where

Tc = inf



n ≥ 1; n ≥ (2c)−

1
2

√
αa2

−
Xn



 .
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Lemma 3 The Bayes stopping rule τ = τc satisfies (16) and (17).

Proof: Since τ is the Bayes stopping rule on the set {τ = n} we
must have

E (Ln+1(c)|X) ≥ Ln(c).

But Ln(c) = Zn

n
+ cn, where Zn = a2v

2( 1
nβ

+Sn
n )

2 = a2n2β2v

2(1+βSn)2
(1 + o(1)) =

k′n2

(1+βSn)2
, then we have

Zn

n
+ cn ≤ E

{[
k∗(n + 1)(

(1 + βSn+1)
2) + c(n + 1)

]
|X

}
,

or
Zn

n
≤ k∗(n + 1)E

{[
1

(1+βSn+βa(Xn+1))2

]
|X

}
+ c

≤ k∗(n + 1)E
{[

1
(1+βSn)2

]
|X

}
+ c,

but
1

(1 + βSn)2
=

k′n2

Zn

,

and hence
Zn

n
≤ k∗(n + 1)

k′n2
Zn.

Therefore we have

Zn

(
n− k∗(n + 1)

k′

)
≤ cn2.

It is easy to show that Dn = n − k∗(n+1)
k′ = 1 + o(1) as n −→ ∞.

Therefore (16) for τ = τc is satisfied. Note that

E

{
Zτ√
cτ

+
√

cτ − 2
√

Zτ

}
=

ρ(c)√
c
− 2E

(√
Zτ

)
, (20)

where ρ(c) = E (Lτ (c)).
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It follows from (9) and (20) that

ρ(c)√
c

p−→
√

2a2αβ√
v

as c −→ 0. (21)

Since √
Zτ

a.s−→
√

V as c −→ 0, (22)

and
√

Zτ is uniformly integrable then

2E(
√

Zτ )
a.e−→ 2E(

√
V ) =

√
2a2αβ√

v
as c −→ 0. (23)

Substituting (22) and (23) into (21) we have

E

{
Zτ√
cτ

+
√

cτ − 2
√

Zτ

}
−→ 0 as c −→ 0, (24)

which means that

Zτ√
cτ

+
√

cτ − 2
√

Zτ
p−→ 0 as c −→ 0.

Since the inside of relation (25) is non-negative, using (23) we have√
cτ

p−→ √
V as c −→ 0, and hence the relation (15) for {τ = τn} is

satisfied.

Theorem 4 Suppose that α > 2. If T = Tc be the A.P.O. rule, then

E (LT (c))− ρ(c) = o(c) as c −→ 0.

Proof: Let τ = τc be the Bayes stopping rule. Then

ρ(c) ≥
√

2a2

√
v

√
cE (Vτ ) +

√
2a2

√
v

√
cE

{
Wτ√

Uτ + Vτ

}
.

On the basis of Lemma 4.1 and 4.3 with (15) we will have

ρ(c) ≥
√

2a2

√
v

√
cαβ +

√
2a2

√
v

c
1

4β2 (α− 1) (α− 2)
,
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i.e.
ρ(c) ≥ E (LT (c))− o(c),

or
E (LT (c))− ρ(c) ≤ o(c).

On the other hand, E (LT (c))− ρ(c) ≥ o(c). Therefore,

E (LT (c))− ρ(c) = o(c) as c −→ 0,

and the proof is completed.
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Abstract: In this paper we consider the generalized estimating equations (GEEs)
approach in fitting models for randomized clinical trials. This estimation approach,
which is popular in handling correlated response data, uses some working corre-
lation structure to result consistent and asymptotically normal estimates of the
regression coefficient. We describe an application of using the GEEs with a clinical
trial data set involving categorical response variable, to help end-users appreciate
the substance of the approach. In this study, it is of interest to relate the con-
versions of DMFS index in the three settings (fluoride gum, fluoride mouth rinse
wash and a control group) for both males and females characteristics. We also
set the baseline DMFS measure as a covariate. The incidence rates of carries are
compared by Poisson regression models which use a log-link function to estimate
the odds of achieving alleviation for comparing explanatory factors including of
treatments. We use the quasi-likelihood criterion to select the optimum corre-
lation matrix form. Results show that three groups reach statistical significance
and that there is significant differences between times follow-up and interaction
between time and treatments, but there is no difference between genders. Further-
more, a study of the contrast between the groups, known as the effect size, was
carried out, although it was not prespecified in the trial conventions. According to
one documental threshold, the odds ratio was calculated. In all follow-up sessions
the odds ratio was lower than one, which indicated that Fluoride gum showed
greater efficacy than Fluoride rinse.

Keywords: Longitudinal data, Poisson regression model, working
correlation structure, correlated measurements.

1 Introduction
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Longitudinal data present statistical problems of interest in clinical tri-
als and epidemiologic studies. In analyzing these data, the usual model
assumptions may not be valid and thus advanced estimation methods
are needed. This problem arises, particularly, when different count
measurements are taken from the same patient, after receiving several
treatments. In fitting the repeated measurement outcomes, traditional
statistical analyses have often concentrated on univariate approaches.
Examples include; the mean of response, the last on-treatment ob-
servation, or the analysis of variance which are inadequate in many
models fitting. These analyses, while simple to perform and interpret,
do not consider the effects of time events (Diggle et al., 2002). They
also ignore incorporating the correlation structure of responses. This
leads to incorrect fitting of the regression model and to decreasing in
the efficiency of parameter estimates (Fitzmaurice and Laird, 1995;
Zorn, 2001).

Currently, advanced estimation approaches, which use the whole
dataset in the estimation process, provide more comprehensive tools
in fitting many complex models. These approaches have the potential
to increase the efficiency of the statistical analyses for many dependent
responses including binary and categorical longitudinal data. One of
these approaches, the generalized estimating equations (GEEs) intro-
duced by Liang and Zeger (1986) facilitates analysis of data collected
in longitudinal or repeated measures designs. The GEE permits spec-
ification of a working correlation matrix that accounts for the form
of within-subject correlation of many different responses. Thus, GEE
estimates more efficient and unbiased regression parameters (Emond
et al., 1997). The GEE has received extensive applications in medical
and life sciences, such as epidemiology, biology and medical sciences
(see e.g., Ballinger, 2004). An extensive literature on the properties
and the limitations of using GEE is given by Hardin and Hilbe (2003).

In this paper, we briefly review GEE methodology, and then con-
sider a dental clinical trial. The outcome measurements are taken for
each subject at seven follow-up times. The primary of interest is to
illustrate the existence of dependence between outcomes on several
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covariates. The trial was a single blind, randomized, controlled, two-
year caries clinical trial. In order to obtain a 95% confidence interval, a
65% difference between the groups, with an expected range of 2.23-7.2
local DMFS (Decay, Missing and Filling Surface) data, and a mini-
mum sample size of 22 subjects in each group was required. Allowing
for an expected annual dropped-out rate of 10% (23.5% increase in
sample size for a 2-year follow-up), a minimal recruitment was set
at 28 subjects per group (84 in total). Volunteers were recruited in
Isfahan-Iran ranging from 13-15 year-old students. With respect to
the high caries rates, this region is suitable for caries clinical trials. A
randomization list was drawn up and the enrolled participants were
randomly assigned to the three comparison groups (fluoride gum, flu-
oride mouth rinse, and a control group). In this study, of interest was
to relate the conversions of DMFS index in the three setting groups
for both males and females. We also set the baseline DMFS measure
as a covariate. The incidence rates of caries were computed by fitting
a Poisson regression model.

The organization of paper is as follows. In Section 2, we briefly
review GEE methodology and highlight some limitations of using this
approach. Section 3 introduces the longitudinal dataset in details. In
Section 4, we propose a Poisson regression model for the dental clinical
trial data and consider parameter estimation using the GEE approach
together with various working correlation matrices. Section 5 is left
for recommendations.

2 The GEE Approach

The generalized estimating equations approach provides a method of
fitting a marginal model in which a mean function and a covariance
structure are specified, but a full likelihood is not required. Specifi-
cally, the GEE considers a known function of the marginal mean of
responses as a linear function of covariates. This offers a method
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to obtain consistent estimates of regression parameters together with
their standard errors under suitable regularity conditions (Zeigler et
al., 1998). The necessary condition includes the correct specification
of the mean structure, otherwise the GEE leads to inconsistency in the
model parameter estimates (Crouchley and Davies, 2001) and hence,
subsequent inferences may be invalid.

Let the vector Yi = (Yi1,Yi2, · · · ,Yi,ni
)T, for i = 1, 2, · · · , k,

denote the ni repeated measurements on individual i, and XT
i =

(Xi1,Xi2, · · · ,Xi,ni
) be a P × ni matrix of covariates, where XT

it =(
Xit1 ,Xit2 , · · · ,Xitp

)
is the vector of covariates corresponding to Yit,

for t = 1, 2, · · · , ni.
Assume that µit = E (Yit|Xit) and Ri (α) is a positive definite ma-

trix that describes well the association structure. Suppose that the
working correlation matrix Ri (α) is fully specified by an unknown
variance-components vector α of order s. The working variance- co-
variance matrix of Yi is given by

Vi = A
1
2
i Ri (α)A

1
2
i φ (1)

where Ai = diag {V (µit)}, V (µit) is a variance function, after
having adjusted for the effects of covariates and φ is a scale parameter.
It is shown that the correct choice of Ri (α) will lead to more efficient
estimates of β (Pan and Connett, 2002).

Suppose that µit is specified correctly, the GEEs analogous to the
score function are

S (β) =
k∑

i=1

DT
i V−1

i (yi − µi) = 0, (2)

where Di = diag {∂µi/∂β} is a ni × p matrix of mean derivatives,
Vi is a ni×ni matrix of weights in (1), and yi−µi is a ni×1 vector of
centered observations. This equation is identical to the regular score
function when the distribution of Y belongs to the exponential family
and the observations for each subject are independent. The statement
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DT
i V−1

i (yi − µi) in (1) is equivalent to the estimating function sug-
gested by Wedderburn (1974) except that the values of Vi in (1) are
functions of α and β. That is, an additional set of parameters α is
introduced in (2) in order to account for the correlation of measure-
ments. These parameters may consistently be estimated by a set of

estimating equations and are functions of β̂ and φ̂, by noting that the
estimation of depends on assumptions made on the correlation struc-
ture of responses. For estimating the working correlation matrix the
method of moments is usually used. The choice of Ri (α) has been
discussed for example by Liang and Zeger in some detail.

The GEE estimate of β is obtained by iterating between solutions
of equation (2). This requires the use of numerical methods, such as
Fisher’s scoring algorithm, iterative weighted least squares, or quasi-
Newton algorithms. We need also to specify the link function and the
correlation structure. For example, if the responses are count then
we may choose a log link and then examine the effects of overdisper-
sion problem. Furthermore, in using GEE an important step is to
correctly specify the form of correlation matrix. There are several
options to select this form and depends on the nature of the data col-
lected. The aim of selecting a correct form of the working correlation
structure is to estimate β more efficiently (Hardin and Hilbe, 2003).
For the longitudinal and panel data which cross sectional observa-
tions are correlated over time points, an autoregressive structure, or
a compound-symmetry for equally correlated measurements may be
selected in order to incorporate the within-subject correlations.

3 Data description

The trial was a single blind randomized control trial, based on a two-
year caries clinical experiment. In order to obtain a 95% confidence
interval (at the two sided 5% level), a 65% statistical difference be-
tween the groups together with an expected range of 2.23-7.2 local
DMFS, and a minimum sample size of 22 subjects in each group was
required. Allowing for an expected annual drop-out rate of 10% (23.5%
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increase in sample size for a 2-year Follow-up 18), a minimal recruit-
ment was set at 28 subjects per group (84 in total). Volunteers were
recruited in Isfahan-Iran from a collection of 13 to15 year-old stu-
dents. With respect to the high caries rates, this region is a good
site for caries clinical trials. 20 Subjects brush their tooth at least
once a day with fluoridated toothpaste. A randomization list was
drawn up by a statistician and given to the independent pharmacists.
Subsequently, he randomly assigned the enrolled participants to three
comparison groups (fluoride gum, fluoride mouth rinse and concurrent
control group).

At base-line and annual cutoffs, each participant attended in an
oral health education session. Participants were supplied with fluoride
gum, and each piece contained 0.25 mg fluoride. Gums were chewed for
about 20 minutes twice per day (just after waking up and right before
bedtime). In order to get an even fluoride distribution in the oral
cavity we advised subjects about the importance of using both sides
of the dentition during of chewing. A group of six designated as the ’In
mouth rinse’ group were asked to rinse with 5 ml of 0.2% natural NaF
(fluoride mouth wash, Shahre Daru Laboratories Co., Tehran, Iran)
solution for 60 seconds once a week lastly. The control group received
only the dental examinations and oral hygiene education sessions.

The subjects tooth health status was determined by DMFS index
and using the World Health Organization (WHO) (see e.g. Ismail,
2004) criteria for detection of dental caries. Safety procedures to pre-
vent injury and cross-infection were followed. Dental examinations
were carried out at the time of randomization (base-line) and at 3-
month intervals for two years by one trained, experienced dentist un-
aware of the trial convention. Therefore, the measurements were made
over eight different stages during the two-year period.

4 Analysis of the dental clinical trial

The main interest in our study is to relate the differences in DMFS in-
dex with the three setting groups for both males and females. We set
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the baseline DMFS measure as a covariate; using the three experimen-
tal treatments and follow up times as a dummy variable. Estimated
marginal means of DMFS scores in three trial groups are shown in
Figure 1.

Figure 1: Marginal means of DMFS on fallow up examination in different treatments.
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We then fit a mixed-effects Poisson regression model with the log
link function to obtain log odds of achieving alleviation. The GEE
method with various working correlation structures is used to take
account the dependence nature of DMFS scores. We use the procedure
GENMOD in SAS version 9.1 (SAS Institute Inc., Cary, NC, USA).
The incidence rates of caries and estimated marginal means of DMFS
scores in three trial groups are shown in Table 1.

In order to compare the correlation matrices the quasi-likelihood
criterion (QIC), a modified version of Akaike’s information criterion,
is used. A smaller QIC value represents a better fitting model (Pan,
2001). We observe that AR(1) and equal correlation (r=0.6319) have
the minimum QIC between all of the correlation structures with val-
ues 203.936 and 203.725, respectively. Results are given in Table 1.
The regression estimates and z-statistics did not significantly change
for two structures. This finding agrees with Liang and Zeger (1986)
theory that z-statistics are robust to the misspecification of correlation
structures, provided that a correct link function is applied. The scaled
deviance is nearly 1 showing that there is no overdispersion problem.
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covariate Estimate S.E %95 confidence interval Z p-value 

M
a

in
 E

f
fe

c
t 

constant 5670/0 1688/0 2363/0 8978/0 36/3 0008/0 

Treatment 1
* 

3970/0 1020/0 1971/0 5969/0 89/3 0001/0<

Treatment 2
* 

1034/0 0992/0 0911 /0 - 2979/0 04/1 2976/0 

Time1 3246/0 0810/0 1658/0 4835/0 01/4 0001/0<

Time2 2670/0 0771/0 1158/0 4182/0 46/3 0005/0 

Time3 2018/0 0608/0 0826/0 3210/0 32/3 0009/0 

Time4 1611/0 0522/0 0589/0 2634/0 09/3 0020/0 

Time5 1026/0 0320/0 0398/0 1653/0 20/3 0014/0 

Time6 0001/0 0024/0 0046 /0- 0048/0 03/0 9728/0 

Sex 0172 /0-  0416/0 0968 /0- 0643/0 41/0-  6794/0 

Base-line 1407/0 0247/0 0924/0 1890/0 71/5 0001/0<

I
n

tr
a
c
tio

n
s
 

Treatment 1 * time 1 4427 /0-  1088/0 6559 /0- 2294/0-  07/4-  0001/0<

Treatment 1 * time 2 3523 /0-  0952/0 5388 /0 - 1657/0-  70/3-  0002/0 

Treatment 1 * time 3 3033 /0-  0795/0 4592 /0 - 1475/0-  81/3-  0001/0 

Treatment 1 * time 4 2210 /0-  0652/0 3489 /0 - 0932/0-  39/3-  0007/0 

Treatment 1 * time 5 1448 /0-  0408/0 2248 /0 - 0648/0-  55/3-  0004/0 

Treatment 1 * time 6 0250 /0-  0131/0 507/0- 0006/0 91/1-  0558/0 

Treatment 2 * time 1 1495 /0-  1028/0 3510 /0 - 0521/0 45/1-  1462/0 

Treatment 2 * time 2 1161/0-  0954/0 3031 /0 - 0709/0 22/1-  2235/0 

Treatment 2 * time 3 0712 /0-  0753/0 2189 /0 - 0764/0 95/0-  3445/0 

Treatment 2 * time 4 0607/0-  0643/0 1867 /0- 0654/0 94/0-  3454/0 

Treatment 2 * time 5 0607/0-  0393/0 1377 /0 - 0163/0 55/1-  1221/0 

Treatment 2 * time 6 0215/0 0162/0 0103 /0 - 0533/0 32/1 0008/0 

Treatment 1: Control group 
Treatment 2: Consumers of fluoride mouth rinse 

Table 1. Results of the GEE estimation for AR(1) structure.
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Results of Table 1 show that three groups reach statistical signif-
icance (p¡0.05). Difference between the F-gum group, F-rinse group
and control group reach statistical significance. Subgroup analyses
show a statistically significant difference between genders. Also, the
interaction between fallow up times and control group, and also be-
tween F-rinse group and last fallow up time (p¡0.05) are significant.
Nevertheless, the difference between efficacy of F-gum and F-rinse
is not significance. Furthermore, we study the contrast between the
groups, known as the effect size. It was not pre-specified in the trial
convention. The DMFT of 15 years-old Iranian students, according
to WHO oral health country/area profile 36 was assumed as thresh-
old and odds ratio was calculated (Table 2). In all follow-up sessions,
the odds ratios are lower than one, indicating that F-gum has greater
efficacy than F-rinse.

FFoollllooww uupp

eexxaammiinnaattiioonn
OOddddss rraattiioo PP--vvaalluuee 9955%% CCoonnffiiddeennccee

iinntteerrvvaall

11 00..000000 00..556622 ((00..115599,, 22..119911))

22 00..000000 00..117777 ((00..004466,, 11..449911))

33 00..335500 00..229911 ((00..005533,, 11..885544))

44 00..008844 00..005566 ((00..000000,, 11..004466))

55 00..110099 00..111199 ((00..000000,, 11..449988))

66 00..114455 00..223344 ((00..000000,, 22..336600))

77 00..115533 00..224499 ((00..000000,, 22..446600))

Table 2. Results of contrast between the efficacy of F-gum and F-rinse.

5 Recommendations

For practical use, some recommendations are needed to decide whether
the GEE approach for longitudinal data analysis should be used. In
general, the GEE method is used if the mean of responses conditional
on covariates is correctly specified. Otherwise, misspecification may
yield inconsistent estimates of the model parameters. Furthermore,
the incorrect choice of correlation structure leads to inefficiency of the
GEE estimation. However, this issue has not been investigated in
detail and remains open. The recommendation is to consider various
association structures in the GEE estimation process and select the
best fitted model using suitable some selection criteria. In this paper,
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we used GEE in analyzing a data set came from a dental clinical
trial and the quasi-likelihood criterion to select the best form of the
correlation matrix. We find that the AR(1) correlation structure is
best fitted to the data. Furthermore, results show that in all follow-
up sessions fluoride gum has greater efficacy than fluoride rinse.
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A Modified Process for Modeling Wireless
Communication Networks
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Abstract: Extended Alternating Fractal Renewal Process (EAFRP) proposed for
modeling the self-similar and impulsive traffic of high-speed networks. It yields
traffic is long-range dependence in the both single and multi-user case. In this
paper we propose a modification of the EAFRP model that is motivated by the
distinctive two-slope appearance of the log-log complementary distribution(or sur-
vival) function(LLCD) of real traffic data. We here takes into account the fact
that the network has a limit R on the total traffic rate. In addition each user’s
traffic rate is often independently limited to a value L which is significantly lower
than the network’s limit (L < R). In the rate-limited EAFRP model, reality
is captured by modeling the transmission rate during the On states by a cut-off
Pareto random variable. We show that this model achieves a closer approximation
of the observed reality than the EAFRP model.

Keywords: Wireless network traffic; Selfsimilarity; Heavy-tailness;
Alternating fractal renewal process.

1 Introduction

As the popularity of multimedia services grows at an unprecedented
rate, the need of higher speed data access is becoming imperative. Ex-
tensive studies involving high-definition network measurements indi-
cate that data traffic in high-speed communication networks exhibits
self-similar and impulsive characteristics [1], [2], [3]. Self-similarity
implies a non-trivial structure for traffic, which can be exploited for
data analysis. Recently, there have been some works suggesting that
wireless traffic may also exhibit self-similarity. It is true that recent
advances in wireless networks can enable high speeds, and it is also
true that both wireless and wireline users need to access the same
multimedia applications.
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A stochastic process is impulsive if its marginal distribution is heavy-
tailed. The main characteristic of a random variable obeying a heavy-
tailed distribution is that it exhibits extreme variability, i.e. it fluc-
tuates far away from its mean value with non-negligible probability.
Statistical modeling of traffic is very important in network engineering,
and a substantial body of literature has been devoted to it. However,
models developed for traditional teletraffic no longer apply to data
traffic.

In high-speed networks, the packets are communicated in a packet
train fashion; furthermore, the length of the packet train is heavy-tail
distributed. This observation led to the well-known On/Off model [2],
also called Alternating Fractal Renewal Process (AFRP) [4]. While
the AFRP model provides insight on the causes of self-similarity of
traffic, its Gaussian aggregated results is inconsistent with real traf-
fic data, which depart greatly from Gaussianity. An extension of the
AFRP, namely the EAFRP, that captures heavy-tailness as well as
self-similarity of traffic has been proposed in [5]. Based on the On/Off
model, a single source destination active pair alternates between two
states: the On, during which, there is data flow between source and
destination, along either way, and the Off, which is the quiet dura-
tion. Both the On and Off durations are heavy-tailed distributed. The
self-similar characteristics of the AFRP have been attributed to the
heavy-tail properties of the On/Off states durations. It was shown that
the cumulative superposition of infinite AFRPs is fractional Brownian
motion, the only Gaussian process with stationary increments that is
self-similar [6].

In this paper, we propose a modification of the EAFRP model
that enables a closer match to real traffic. The modification is mo-
tivated by the distinctive two-slope appearance of the log-log com-
plementary distribution (or survival) function (LLCD) of real traffic
data, and the nature of the true bounds on the user transmission
rates in real networks. Limits on the senders and the receivers TCP
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window sizes, TCP congestion avoidance strategies, and bandwidth
bottlenecks within the end-systems are among many of the reasons
that lead to an independent limit on each individual users transmis-
sion rate [7]. In reality, therefore, if R is the peak rate of the link on
to which traffic from multiple users is multiplexed, the sum of the user
transmission rates is bounded by R and each users transmission rate
is bounded by an even smaller quantity, L(L < R). In our modified
EAFRP model, i.e. the rate-limited EAFRP, we capture this reality
by modeling the transmission rate during the On states by a cut-off
Pareto random variable, while the On/Off durations are distributed
as in the EAFRP model. We show that the existence of these two rate
limits, L and R, results in the distinctive two slope behavior of the
LLCD of the overall traffic, a fact that has not been explained so far
by existing models.

2 Mathematical preliminaries

In this chapter, we formulate technical backgrounds of long-range de-
pendence, self-similarity, heavy-tail distributions and AFRP model.

Definition 1 Long-range dependence

Let {Xk}k∈Z be a discrete-time stationary stochastic process with finite
second-order statistics. Denote µ = E{Xk} and σ2 = E{(Xk − µ)2}
then {Xk} is a long-range dependence process, if

lim
l→∞

r(l)

l2H−2
= c (1)

where the correlation of {Xk} is denoted as

r(l) =
E{(Xk − µ)(Xk + 1− µ)}

σ2

and the coefficient H is reffered to as the Hurst parameter and 1/2 <
H < 1; c is a positive constant.
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For a long-range dependence process, the hyperbolic decay of r(l) =
cl−β(0 < β < 1), and β = 2− 2H, results in a non-summable correla-
tion i.e. ∞∑

i=−∞
r(l) = ∞ (2)

For processes which might not have second-order statistics, a struc-
ture measure different than the autocorrelation is needed. We use the
quantity defined in [3] as

I(ρ1, ρ2; τ) = − ln E{ej[ρ1x(t+τ)+ρ2x(t)]}+ln E{ejρ1x(t+τ)}+ln E{ejρ2x(t)}
(3)

We say that the stationary process X(t) is long-range dependent in a
generalized sense if

lim
τ→∞

−I(1,−1; τ)

τβ−1
= c (4)

Definition 2 Self-similarity

The real-valued process X(t)(t ∈ R), is self-similar with index H > 0,
if for all a > 0 and t ≥ 0, all finite dimensional distributions of
a−HX(at) are identical to the finite dimensional distributions of X(t),
i.e.

a−HX(at)
d
= X(t) (5)

where
d
= represents equality for all finite dimensional distributions.

The index H is referred to as the Hurst parameter of the self-similar
process X(t).

Note that, the time-scaled long-range dependent process maintains sim-
ilarity to the original process, thus indicating a relationship between
long-range dependence and self-similarity. When we say traffic is self-
similar, we mean it is long-range dependence in the sense that the
autocorrelation function has hyperbolically decaying tail.

Definition 3 Heavy-tail distributions
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A random variable X is heavy-tailed distributed with index α if

P (X ≥ x) ∼ px−αL(x) and P (X ≤ −x) ∼ qx−αL(x), x →∞ (6)

where 0 < α < 2; p, q ≥ 0 with p+q = 1; L(x) is a slowly varying func-
tion such that L(x) is positive for large x and limx→∞ L(tx)/L(x) = 1
for any positive b.

For heavy-tail distributions, m − th order statistics exist if m < α.
Thus heavy-tail distributions have infinite second-order statistics and
can have infinite mean if α < 1.

An example of important subclass of distributios with regulary varying
tail is the Pareto distribution, which has a survival function of

F (x; α, K) = P (X ≥ x) =

{
(K

x
)α x ≥ K,

1 x < K,

where K is positive constant and 0 < α < 2 and especially the mean
exists if 1 < α < 2. We will be using a variation of the Pareto
distribution, namely the cut-off Pareto, defined in terms of density
function equals:

fL(x; α, K) = f(x; α, K)(1− u(x− L)) + (
K

L
)αδ(x− L) (7)

Where f(.) and F (.) denote the Pareto density function and Pareto
distribution respectively, u(.) is the unit step function and δ(.) is the
Dirac function.

Definition 4 AFRP model

The Altenating Fractal Renewal Process(AFRP), proposed in [2] for
modeling of network traffic, is a process that alternates between two
states, 0 or 1. The time {Xn, n ∈ Z}, spent in state 1, is a ran-
dom variable with probability density function f1(t), and the time
{Yn, n ∈ Z}, spent in state 0, is a random variable with probability
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density function f0(t), where Xn, Yn are independent, and both Pareto
distributed,

fi(t) = O(t−(αi+1)), where i = 0, 1 and αi ∈ (1, 2) (8)

Generally speaking, f0(t) = f1(t) = 0 for t < 0, and the associated
dwell mean times µ1 := E[Xn] and µ0 := E[Yn] are finite. The expected
value of the AFRP process V (t) is µ1/µ0 + µ1. The power spectral
density of AFRP equals [8]:

S(ω) = E{V (t)}δ(ω/2π) +
2ω−2

µ0 + µ1

Re{ [1−Q0(−jω)][1−Q1(−jω)]

1−Q0(−jω)Q1(−jω)
}

(9)
where Q0(−jω), Q1(−jω) are Fourier transforms of f0(t) and f1(t)
respectively.

3 The proposed model

The EAFRP model was proposed in [5] as an extension to the AFRP
[8]. It yields traffic that is impulsive and long-range dependent in
the generalized codifference sense at both single and multi-user case.
However, for mathematical tractability, it relies on the assumption of
infinite bandwidth be available during the On state, an assumption
that is not met in a real network. When used to synthesize traffic,
although it matches well a significant portion of the log-log comple-
mentary distribution (LLCD), it does not capture the distinctive two-
slope appearance of the LLCD. This traffic behavior, although never
commented on, can also be seen in the figures of [9] ,[1] and other
papers.

Proposition 0.12 Let us consider an On/Off process, s(t), de-
fined as:

(A1) The On periods {Xn, n ∈ Z} and the Off periods {Yn, n ∈ Z} are
i.i.d independent of each other with distributions F1 = F (x; α1, K1)
and F0 = F (x; α0, K0), with α0, α1 > 1, thus have finite means
µ1 and µ0 respectively;
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(A2) The rates during the On states are random variables cut-off Pareto
distributed with probability density function fL(x; α,K), and in-
dependent of Xn, Yn.

Then s(t) is distributed according to:

fs(x) =
µ0

µ1 + µ0

δ(x) +
µ1

µ1 + µ0

fL(x; α, K) (10)

Proof: s(t), can be expressed as s(t) = A(t)V (t) where V (t) is
an AFRP, and A(t) corresponds the transmission rate, distributed
according to assumption (A2). The probability density function of
s(t) is fs(x) = P [V (t) = 0]δ(x) + P [V (t) = 1]fL(x) where δ(x) is
the Dirac function, taking value of 1 at x = 0 point only. Since
P [V (t) = 1] = 1 − P [V (t) = 0] = µ1

µ1+µ0
forx > 0, fs(x) is a scaled

version of fL(x). Thus s(t) is a cut-off Pareto, exhibiting a power-law
survival function for values less that L.¤

Let us now consider M independent i.i.d. On/Off process,
si(t); i = 1, . . . , M , each si(t) constructed according to assumptions
(A1),(A2). Let us form the process S(t) as the superposition of the
si(t); i = 1, . . . , M , followed by a thresholding operation with thresh-
old R. In the following we will provide some insight on the form of
the pdf and the LLCD of the process S(t).

For simplicity, let us first consider the case where M = 2. The
pdf of S(t) will be:

fS(x) = (fs(x) ∗ fs(x))(1− u(x−R)) (11)

where fs(x) denotes the pdf of each si(t) given on (10), and ’*’ denotes
convolution.

It is simple to extend the above result to any M . Still in that
case the LLCD will exhibit a linear trend over the interval [MK; L],
followed by a Gaussian-type decay, i.e. the tail decays with the man-
ner corresponding to a Gaussian process in LLCD. As expected by the
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Central Limit Theorem, as M increases, the resulting process will be-
come Gaussian. This is in agreement by the discussion above, since for
M very large, the linear segment will occur over increasingly smaller
range and will eventually disappear. Of course, the larger the L, the
larger M it will take for the result to become Gaussian.
Since it is hard to derive the pdf of the superposition S(t) in closed
form, we approximate it over the interval [MK; R] by the following
mixture:

fS(x) ∼ (
KA2

R
)
αA2

δ(x−R) + f(x; A1, K1)[1− u(x− L)]

+f(x; A2, K2)[u(x− L)− u(x−R)] (12)

where A1 = α if the {si(t), i = 1, . . . ,M} are i.i.d otherwise, A1 =
min{α1, . . . , αM} and K1 = KM if the {si(t), i = 1, . . . , M} are i.i.d

otherwise, K1 =
∑M

i=1 Ki. α2 can be any positive value and

KA2 = exp{ 1

αA2

ln[K
αA1
A1

L(αA2
−αA1

)]} (13)

Proposition 0.13 The process defined through (A1),(A2) , and
also the supposition of M such processes are long-range dependent.

Proof: Due to the cut-off nature of fL(x), the proposed model
will have finite moments. Therefore, long-range dependence is here
examined in terms of its covariance. The joint characteristic function
of an On/Off process with arbitrarily distributed On durations can
be found in [5]. Based on that expression, the covariance of s(t) can
be found as the second-order derivative of the characteristic function,
φs(s1, s2; τ), evaluated as 0.

The overall traffic S(t) is the supperposition of M independent
and identical distributed as proposed process sm(t), (m = 1, 2, . . . , M),

i.e. S(t) =
∑M

m=1 Sm(t) then,

φS(s1, s2; τ) =
M∏

m=1

φsm(s1, s2; τ) (14)
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The covariance function of S(t) equals:

cS(τ) = −∂2φS(s1, s2; τ)

∂s1∂s2

|s1=0,s2=0 =
M∑

m=1

{−∂2φSm(s1, s2; τ)

∂s1∂s2

}|s1=0,s2=0

×
M∏

n=1,n6=m

{φSn(s1, s2; τ)}|s1=0,s2=0

It can be easily derived that:

cS(τ) ∼ McM−1
ρ1

cρ2τ
M(1−αi) (15)

where αi = min(α1, α0).

In the proof of Proposition 2, we assume that ML < R. If
ML > R, there is a non-zero probability of traffic congestion at the
multiplexing point. The total transmitted traffic rate, in the pres-
ence of congestion, is not a mere supposition of the processes that
describe the transmission rates of individual users, and therefore, it is
not clear that it will still be long-range dependent. While a detailed
queuing-theoretic analysis is necessary to obtain the characteristics of
the process that describes the total traffic in the presence of such con-
gestion, initial results in [10] obtained through simulation suggest that
at least the degree of long-range dependence in the total traffic will
reduce in comparison to that of the process describing the individual
user transmission rates.

To provide some insight on the queuing characteristics of traf-
fic synthesized by the proposed model, we assume that the total net-
work traffic can be represented by a single On/Off process defined as
in (A1) and (A2). Let Q(t), t ≥ 0 denote the buffer content at time
t, and let

Q(∞)
d
= lim

t→∞
Q(t) (16)
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where
d
= represent equality in distribution. It can be shown that sta-

tionary queue length Q(∞) is heavy-tail distributed with tail index
α1 − 1.

4 Conclusion

We have presented a constructive model for high-speed network traf-
fic that achieves a close approximation to real traffic than previously
known constructive models. The modeling of traffic generated by a
single user was performed along the lines of the EAFRP [5], with the
primary difference being the introduction of a maximum rate limit (L).

The total traffic rate through the network also experiences a limit
(R) in real networks. We have shown that the existence of these two
limits, L and R, lead to a total traffic whose LLCD and autocorrela-
tion match those of real traffic very closely. In particular, this provides
insight for the first time into the two-slope appearance of the LLCD
of real traffic. We have further shown that the supposition of the pro-
posed rate-limited EAFRP processes is long-range dependent. Thus,
our model preserves the long-range dependence of the total traffic in
the traffic in the absence of congestion. The correlation structure of
the total traffic when ML > R, i.e. when there is a non-zero proba-
bility of congestion, remains to be investigated.

The proposed model has finite variance and thus, as the num-
ber of users increases, the total traffic will eventually become Gaussian.
This is consistent with what can be observed in data that are collected
at gateways. However, we were able to show that as L increases, it
will take a larger number of users for the traffic to become Gaussian.
This implies that in modern networks, when L is large, the traffic will
be non-Gaussian. In that case, the proposed model can be a useful
tool in making certain design choices in the network infrastructure.
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1 Introduction

We shall consider a discrete time q-variate second order moving aver-
age of order one (MA(1)) process (xn)n∈Z, Z the set of integers, and
provide its forward moving average representation.
In the univariate case the situation is rather straight forward. Forward
moving average representation, whenever exists, assume correspond-
ingly the same coefficients as the backward one; due to the facts that
the spectral density is even and admits a spectral factorization with
commutative spectral factors. In the multivariate case neither the
spectral density matrix is necessarily even and nor the spectral fac-
tors are commutative. As we shall show in this article the situation in
the multivariate case, in general, is different.

Indeed the forward MA coefficients come from the right Wiener
and Masani spectral factorization, called here the right W-M spectral
factorization. Soltani and Mohammadpour (2006) provided a method
to establish the right factorization from the left factorization. There
are extensive works on the analytical and numerical derivations of the
left W-M spectral factorization; Wiener and Masani (1957, 1958), Tuel
(1968), Miamee (1988), Bini, Fiorentino, Gemignani and Meini (2003)
among others.

Forward MA representations, in the univariate case, have been
applied for different purposes in time series and some other fields.
Simultaneous consideration of the left and right W-M spectral fac-
tors has appeared to be necessary and promising in certain areas of
multivariate time series. This issue is brought into sight by Findley
(1991), following Hannan and Diestler (1988, page 270), in providing
the multivariate generalization of the Baxter’s inequality and rate of
convergence of finite predictors. Cheng and Pourahmadi (1993) proved
that certain smoothness properties of the spectral density are inher-
ited by its spectral factors. The works of Pourahmadi (1992, 2001)
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and Soltani and Yaghmaee (2001) illustrate benefits of links between
forward and backward MA representations in interpolation using fi-
nite or infinite future values.

2 Preliminaries

Let (xn)n∈Z be a q-variate second order process. Each xn is a column

vector whose components x
(1)
n , · · · , x

(q)
n are complex random variables,

possessing the second moment, E|x(j)
n |2 < ∞, n ∈ Z, j = 1, · · · , q.

Following Wiener and Masani (1957, 1958), the time domain of the
(xn)n∈Z consists of certain complex q-variate random vectors generated
by (xn)n∈Z equipped with the Gramian (x,y), which is indeed the
covariance matrix, and the trace ((x,y)) = τ (x,y) , the trace of the
covariance matrix.

Let (L2, (( , )) ) denote the Hilbert space of all centered q-variate
random vectors x. Let (xn)+∞

−∞ be a centered sequence in L2, then

(xn)+∞
−∞ is said to be stationary if for each m, n, (xm,xn) depends only

on m−n. We refer to a centered stationary sequence (xn)+∞
−∞ in L2 as

a centered q-variate second order stationary stochastic process (q-ssp),
we drop the terms “centered” and “second order” whenever there is
no ambiguity.

It is known that a q-ssp (xn)n∈Z admits the following spectral rep-
resentation

xn =

2π∫

0

e−inxdΛ(x), (2.1)

where

Λ(A) = E(A)x0, A ⊂ [0, 2π),

and E(θ) is the spectral resolution of the shift operator of the process
x, Wiener and Masani (1957, page 140). It is also well known that
every q-ssp (xn) possesses one and only one spectral distribution ma-
trix function (spectral distribution matrix in short), i.e., a σ-additive
(under the trace norm) matrix function F on Borel sets of [0, 2π) for
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which F(A) = (Λ(A),Λ(A)) and F(A) is nonnegative definite for ev-
ery A ⊂ [0, 2π). If F is absolutely continuous with respect to the
Lebesgue measure, then its derivative F′ will be called the spectral
density matrix function (spectral density matrix in short). For almost
all θ ∈ [0, 2π), F′ is Hemitian, i.e., F′ = F′∗, and nonnegative definite.

We define a vector-valued function associated with a matrix and
closely related to the Kronecker product. For a matrix A ∈Fm×n,
write

A =[A∗1,A∗2, . . . ,A∗n],

where A∗j∈Fm, j = 1, 2, . . . , n. Then the vector




A∗1
A∗2

...
A∗n


 ∈ Fmn

is said to be the vec-function of A and is written vec(A). It is the
vector formed by stacking the column of A into one log vector. Note
that the vec-function is linear and has the property that

vec(AXB) = (BT⊗A)vecX,

where A ∈Fm×m, X ∈Fn×n, B ∈Fm×n and ⊗ denotes the Kronecker
product.

3 Forward Moving Average Representation

In this section we establish a new approach for obtaining the forward
MA representation for multivariate MA(1) processes by the right fac-
torization of the spectral density.

A q-ssp (xn) is said to be moving average if

xn =
∞∑

k=−∞
Akun−k, for every n ∈ Z, (3.1)
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where (un)n∈Z is a q-ssp for which (um,un) = δmnU, U 6= 0. Let us
bring the following theorem from Wiener and Masani (1957, Theorem
7.7) concerning moving average processes. The theorem as appeared
in the cited reference has parts (a) and (b); part (c) is added here for
the purpose of this work.

Theorem 3.1. (a) The moving average process (xn), given by
(3.1) has an absolutely continuous spectral distribution F such that

F′(eiθ) = Φ(eiθ)Φ∗(eiθ), Φ(eiθ) =
∞∑

k=−∞
AkU

1
2 eikθ, a.e. θ.

(b) If for this process, Ak = 0 for k < 0, then

xn =
n∑

k=−∞
Akun−k, Φ(eiθ) =

∞∑

k=0

AkU
1
2 eikθ,

and either 4Φ+ (Φ+ is the analytic extension of Φ to the open unit
disc) vanishes identically, or log4F′ is absolutely integrable, w.r.t.
the Lebesgue measure, on {|z| = 1} and

log4(A0UA∗
0) =

1

2π

∫ 2π

0

log4{F′(eiθ)}dθ,

where 4 stands for the determinant of matrix.
(c) If for this process, Ak = 0 for k > 0, then

xn =
+∞∑

k=0

A−kun+k, Φ(eiθ) =
∞∑

k=0

A−kU
1
2 e−ikθ,

and the rest of the conclusion of (b) is fulfilled.

We refer to the process in (b) as “backward” moving average, and
to the process in (c) as “forward” moving average. Clearly a non-
trivial moving average can not be backward and forward with respect
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to the same orthogonal process. But if it is, with respect to orthogonal
processes (un) and (vn) respectively, then it will follow from Theorem
3.1 that

F′(eiθ) = Φ(eiθ)Φ∗(eiθ), Φ(eiθ) =
+∞∑

k=0

Φke
ikθ, a.e. θ, (3.2)

and

F′(eiθ) = Ψ(eiθ)Ψ∗(eiθ), Ψ(eiθ) =
+∞∑

k=0

Ψke
−ikθ, a.e. θ. (3.3)

where Φk = AkU
1
2 and Ψk = A−kV

1
2 ; (vm,vn) = δmnV, V 6= 0.

Upon deriving the spectral factors Φ and Ψ, the orthonormal pro-
cesses u = (uk)

+∞
−∞ and v = (vk)

+∞
−∞ are constructed through

un =

2π∫

0

e−inxdβ(x), β(A) =

∫

A

Φ−1(θ)E(dθ)x0, A ⊂ [0, 2π), (3.4)

and

vn =

2π∫

0

e−inθdγ(θ), γ(A) =

∫

A

Ψ−1(θ)E(dθ)x0, A ⊂ [0, 2π), (3.5)

where E(θ) is the spectral resolution of the shift operator of the process
x, Wiener and Masani (1957, page 140). Furthermore we deduce that

(un,vm) =

2π∫

0

e−i(n−m)θΦ−1(θ)F′(θ)Ψ−1(θ)∗ = (Ψ−1Φ)∗n−m. (3.6)

Theorem 3.2. Assume GΛ is a matrix valued function

GΛ(θ) = I−Λeiθ −Λ∗e−iθ. (3.7)
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(a) G
Λ

can be factorized as

GΛ(θ) = ΦΛ(θ)Φ∗
Λ(θ), (3.8)

where
ΦΛ(θ) = (I + AA∗)−

1
2 (I−Aeiθ), (3.9)

and A is subject to

Λ = (I + AA∗)−
1
2 A (I + AA∗)−

1
2 . (3.10)

In addition if

4 (I + AA∗) = exp{− 1

2π

∫ 2π

0

log4(GΛ(θ))dθ, (3.11)

then (3.8) is a left factorization for GΛ.
(b) If (3.8) is a left factorization for GΛ, then

GΛ(θ) = ΨΛ(θ)Ψ∗
Λ(θ), (3.12)

where
ΨΛ(θ) = (I + BB∗)−

1
2 (I−Be−iθ), (3.13)

and B is subject to

Λ∗= (I + BB∗)−
1
2 B (I + BB∗)−

1
2 , (3.14)

will be a right factorization for GΛ;
consequently 4 (I + AA∗) = 4 (I + BB∗).

Proof. (a) The factorization (3.8) can be verified directly. This
factorization is indeed a left factorization according to Wiener and
Masani (1957, Theorem 7.13) if

4{ΦΛ+(0)}−2 = 4
(
(I + AA∗)−

1
2

)−2

= 4 (I + AA∗)

= exp{− 1

2π

∫ 2π

0

log4(GΛ(θ))dθ}.

352



The 9th Iranian Statistical Conference University of Isfahan, August 2008

(b) Note that GΛ(−θ) = GΛ∗(θ), and apply Theorem 3.3 in Soltani
and Mohammadpour (2005). Consequently (3.12) will be a right an-
alytic factorization for G

Λ
. Moreover since

∫ 2π

0

log4(GΛ(−θ))dθ =

∫ 2π

0

log4(GΛ(θ))dθ,

and
ΨΛ(−θ) |θ=0= ΨΛ(θ) |θ=0= ΨΛ(0),

then from Soltani and Mohammadpour(2005, Theorem 3.3) and Wiener
and Masani (1957, Theorem 7.13)

4{ΦΛ+(0)}2 = 4{ΨΛ+(0)}2;

giving that 4 (I + AA∗) = 4 (I + BB∗) .¤

Theorem 3.3. Let (xn)n∈Z be a q-variate MA(1) process

xn = un −Θun−1,

where (un)n∈Z is the orthogonal processes defined by (3.4) and
4(I−Θz) 6= 0, for |z| ≤ 1.
Then the right analytic factorization of F′(θ) can be obtained as

F′(θ) = Ψ(θ)Ψ∗(θ), (3.15)

where
Ψ(θ) = (I + ΘΘ∗)

1
2 (I + BB∗)−

1
2 (I−Be−iθ), (3.16)

and the matrix B is subject to

(I + ΘΘ∗)−
1
2 Θ∗ (I + ΘΘ∗)−

1
2 = (I + BB∗)−

1
2 B (I + BB∗)−

1
2 .
(3.17)

Proof. The left analytic factorization of the spectral density F′(θ),

F′(θ) = I + ΘΘ∗ −Θeiθ −Θ∗e−iθ.
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is
F′(θ) = Φ(θ)Φ∗(θ),

where
Φ(θ) = (I−Θeiθ).

Now the spectral density F′(θ) can be written as

F′(θ) = (I + ΘΘ∗)
1
2 G(θ) (I + ΘΘ∗)

1
2 ,

where
G(θ) = I−Λeiθ −Λ∗e−iθ,

and
Λ = (I + ΘΘ∗)−

1
2 Θ (I + ΘΘ∗)−

1
2 .

Now by applying Theorem 3.2,

G(−θ) = ΨG(θ)Ψ∗
G(θ),

where
ΨG(θ) = (I + BB∗)−

1
2 (I−Beiθ),

and
Λ∗= (I + BB∗)−

1
2 B (I + BB∗)−

1
2 .

Thus B is subject to

(I + ΘΘ∗)−
1
2 Θ∗ (I + ΘΘ∗)−

1
2 = (I + BB∗)−

1
2 B (I + BB∗)−

1
2 .
(3.18)

Therefore

F′(−θ) = (I + ΘΘ∗)
1
2 G(−θ) (I + ΘΘ∗)

1
2

= (I + ΘΘ∗)
1
2 (I + BB∗)−

1
2 (I−Beiθ)

(I−B∗e−iθ) (I + BB∗)−
1
2 (I + ΘΘ∗)

1
2 ,

and the right analytic factorization of F′(θ) is

Ψ(θ) = (I + ΘΘ∗)
1
2 (I + BB∗)−

1
2 (I−Be−iθ).¤
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Theorem 3.3. Let X and Y be the matrices that satisfies

[
I⊗ I (Θ∗ ⊗Θ∗)

] [
vec(X)
vec(Y)

]
= vec(I + ΘΘ∗). (3.19)

Then the matrix B in (3.16) is given by

B = C−1Θ∗C−1∗, (3.20)

where X = CC∗, Y = C−1∗C−1 and X = Y−1.

Proof. To find B satisfy (3.17), let us try B = C−1Θ∗C−1∗. Then
from (3.15)

F′(θ) = Ψ(θ)Ψ∗(θ)

where
Ψ(θ) = C(I−C−1Θ∗C−1∗e−iθ).

Thus

F′(θ) = C
(
I + (C−1Θ∗C−1∗)(C−1Θ∗C−1∗)∗

−C−1Θ∗C−1∗e−iθ −C−1ΘC−1∗eiθ
)
C∗

= CC∗ +
(
Θ∗C−1∗) (

C−1Θ
)−Θ∗e−iθ −Θeiθ,

and C is subject to

CC∗ +
(
C−1Θ

)∗ (
C−1Θ

)
= I + ΘΘ∗. (3.21)

But

CC∗+
(
C−1Θ

)∗ (
C−1Θ

)
=

(
C +

(
C−1Θ

)∗) (
C +

(
C−1Θ

)∗)∗−Θ−Θ∗,

so
(
C +

(
C−1Θ

)∗) (
C +

(
C−1Θ

)∗)∗
= I + ΘΘ∗ + Θ + Θ∗

= (I + Θ) (I + Θ)∗ . (3.22)
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Now by applying Remark 3.1, (3.21) can be written as

(I⊗ I) vec(X) + (Θ∗ ⊗Θ∗)vec(Y) =vec(I + ΘΘ∗),

or

[
I⊗ I (Θ∗ ⊗Θ∗)

] [
vec(X)
vec(Y)

]
= vec(I + ΘΘ∗), (3.23)

where X = CC∗ and Y = (CC∗)−1. By solving this equation and de-
composing Y as C−1∗C−1, the matrix C−1 will be found that satis-
fies(3.21). Consequently B can be deduced from (3.20) that satisfies
(3.18). ¤

4 Numerical Evaluations

The Theorem 3.3 provides a practical method to derive the right ana-
lytic factorization from the left analytic factorization. In this section
we put this result into practise by solving (3.23) numerically.
A computer program is written in S-plus. The input of the program
is the matrix Θ, the MA(1) coefficient, and the output is the matrix
B in (3.20), from which the right analytic factorization can be easily
deduced by (3.16).

Example 3.1. Consider the bivariate series defined by

x(1)
n = u(1)

n ,

x(2)
n = φu

(1)
n−1 + u(2)

n ,

where φ > 0 and (un) is an orthogonal sequence in L2 with (un,un) =
σ2I, n ∈ Z.
The bivariate (xn) is indeed MA(1) process,

xn = un + Θun−1,

where Θ =

[
0 0
φ 0

]
, (un) is an orthogonal sequence which admits

the spectral representation (3.4).

356



The 9th Iranian Statistical Conference University of Isfahan, August 2008

So the spectral density of xn is given by

F′(θ) = (I + Θeiθ)(I + Θeiθ)∗

and the left analytic factorization is

Φ(θ) = I + Θeiθ.

Now the right factorization of the spectral density obtains by applying
(3.22) and (3.16) as

Ψ(θ) =

[
1√

1+φ2
0

0
√

1 + φ2

]
+

[
0 φ√

1+φ2

0 0

]
e−iθ.

Thus (xn) admits the forward MA representation

xn = Ψ0vn + Ψ1vn+1,

where (vn) is an orthogonal sequence in L2, with (vn,vn) = σ2I,
n ∈ Z, admitting the spectral representation (3.5), and

Ψ0 =

[
1√

1+φ2
0

0
√

1 + φ2

]
, Ψ1 =

[
0 φ√

1+φ2

0 0

]
.

Clearly Φ0 6= Ψ0, Φ1 6= Ψ1.
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Efficient Adaptive Sampling Designs for Assessing
Marine Life Stacks
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Department of Mathematical Science, Isfahan University of
Technology

Abstract: Marine life populations often form large, widely scattered schools with
few species in between. For rare species of Marine life may form small groups that
are hard to find. Applying standard sampling methods such as simple random
sampling of plots to such a population could yield little information, with most of
the plots being empty. Adaptive sampling designs can reasonably deal with this
problem. They are based on the simple idea that when some fishes are located
on a sample plot, more plots in the vicinity of the sample plot are added to the
sample. The hope is to find more fishes. Adaptive allocation sampling is a class
of adaptive sampling which has been used in marine life study in recent years. We
first review successful adaptive sampling designs applied in marine studies. We
then introduce a simple adaptive sampling design. In a simulation study, we show
that this sampling design is an efficient sampling design for fish populations.

Keywords: Sampling design; Clump fish population; Abundance
estimation.

1 Introduction

During last two decades, adaptive sampling designs have been drawn
researchers attention in fishery industry. Adaptive samplings (Thomp-
son and Seber 1996) are appealing because they mimic how biologists
would like to collect data - at least more so than most statistical
sampling techniques (Sparre and Venema 1992). When adaptively
sampling, biologists search for a species of interest at predetermined
locations, and if the species is found then searching continues nearby.
Additional appeal of adaptive samplings is attributed to its statistical
properties. In general, we may categorize adaptive samplings used
in fisheries studies into classes 1) adaptive cluster samplings and 2)
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adaptive allocation samplings. Salehi (2001 [a] and [b]) reviewed and
developed density estimators for adaptive cluster samplings which is
mote applicable to fish populations. Most recent review is done by
Seber and Salehi (2004) in the biostatistics encyclopedia on this sub-
ject. In this paper, we focus on those adaptive allocation samplings
which are shown to be useful in Marine and fishery studies. We also
introduce a new adaptive allocation sampling design, called Complete
Adaptive Allocation Sampling (CAAS). Using a simulation study, we
show that it can be an efficient sampling design for fish populations.

In section 2, we review development of an adaptive allocation sam-
pling, called two-phase adaptive stratified sampling introduced by
(Francis, 1984). In section 3, two-stage sequential sampling (Salehi
and Smith, 2005), which is an adaptive allocation sampling, will be
reviewed. In section 4, Complete allocation stratified sampling will
be introduced and its properties will assess with simulating a rockfish
population.

2 Two-phase adaptive stratified random sampling

Stratified random sampling is one the more commonly used methods
for estimating density and other characteristics of a biological popu-
lation within a defined geographical area (Cochran 1977:Chapter 5;
Thompson 2002:Chapter 11). With this method the total area is di-
vided into a number of discrete sub-areas or strata such that within
each of these strata the variable Y of interest (e.g., the number of
individuals per square meter) is expected to be relatively constant in
comparison with the variation that exists over the entire area. A sim-
ple random sample is then taken from each stratum and the mean or
total of Y is estimated for that part of the population. An unbiased
estimator of the overall population mean of X then is obtained by
averaging the means for the individual strata, weighting them by the
areas involved. An unbiased estimator of the overall population total
is simply the sum of the estimates for the different strata.

The motivation for using stratified sampling is that if Y has a
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small variance within each of the strata then the stratum means and
totals will be estimated accurately even with small samples. Hence
the population means and total of Y also will be estimated accurately-
Stratified sampling is therefore a tool for eliminating effects of some of
the population variation in Y from the estimation of the population
parameters.

If enough is known about the characteristics of a population, the
sample allocation to strata can be optimized. Suppose that there are
H strata, with Nh sample units in stratum h, and with the standard
deviation of Y equal to σh for these units. Also, let nh denote the
sample size in stratum h, and n =

∑H
h=1 nh denote the total sample

size in all strata. Then it is well known (Sparre and Venema, 1992;
page 207) that the variance of the estimator of the population mean or
total of Y is minimized for a fixed total sample size when the sample
size in stratum h is set at

nh =
nhσh∑H

h=1 nhσh

. (1)

When estimating the density of an animal or plant population the
stratification employed often will be based on habitat characteristics
that are thought to be associated with the presence of the organism.
At other times strata may simply be geographical areas because de-
tailed habitat information is not available or the habitat associations
of the organism are not well understood. In either case, the practical
utility of equation (1) will be limited because only rough guesses will
be available for the within-stratum standard deviations of Y .

It is often the case that all that can be done is to assume that the
standard deviation will be low in areas with a low density of fishes
and high in areas with a high density of fishes. The sample then is
allocated to strata based on guessed relative mean densities and the
assumption that standard deviations are, for example, proportional to
the mean densities. In practice, therefore, the sample allocation to
strata may be far from optimal, even with a good stratification of the
geographical area with respect to the variable Y .
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To overcome this problem in the context of fisheries stock assess-
ment, Francis (1981) suggested a two-phase approach to sampling,
with a similar scheme offered independently by Jolly and Hampton
(1990). Francis proposed that a first-phase, stratified random sample
should be taken using the best available information for the choice of
strata and the allocation of the sample, based on equation (1). Then,
using the results obtained from the first phase, a second sample should
be taken to increase the number of sample units in those strata where
this is expected to be most effective for reducing the variance of the es-
timator of the population mean or total. The idea, therefore, is to use
the information obtained from the first-phase sample to compensate
in the second phase for any shortcomings in the sample allocation.

Francis (1984) was concerned only with the estimation of one fish
species in one fishery. However, his two-phase adaptive sampling
method is easily generalized for use in situations where there are sev-
eral populations to be estimated at several different locations. Manly
et al. (2002) described the following example, involved the need to
estimate abundance of three species of shellfish at 11 beaches around
Auckland, New Zealand.

In this case a limited amount of sampling effort was available,
and there was a need, as far as possible, to get good estimates of
shellfish numbers for all three species on all 11 beaches. To achieve this
objective, the first phase of sampling consisted of taking 75 transect
samples from each of the 11 beaches with an appropriate stratification
for each beach based on local knowledge. At the second phase another
145 transects were sampled. These were allocated out to the strata
within beaches in such a way that the average of the coefficients of
variation (CV) over 20% reduced as much as possible for the estimates
required from the study (the population size for each of the shellfish
species for each of the beaches where the species was present).

As proposed by Francis (1984) for one population at one location
the first phase of the two-phase, adaptive stratified sampling design
involves taking a conventional random stratified sample of size nI from
the population, with the sample sizes in the different strata chosen to
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approximate the optimal allocation of equation (1), based on whatever
prior knowledge is available. From the first phase data, the variances
in the different strata can be estimated; these are assumed to be good
approximations for the true variances. These variances are used to
determine how best to allocate the second-phase sample of size nII to
the strata.

In choosing the fraction of the total sample to allocate to the first
phase of the survey there must be a compromise between having large
enough to give good estimates of variance and having nI large enough
to make effective use of the information from the first phase. As a rule
of thumb, allocating 75 % of the units to the first phase and 25 % to
the second phase seems reasonable (Francis 1984).

At the second phase the sample nII units are allocated out one by
one to the strata. The first unit is allocated to the stratum where
its use will give the largest reduction in the variance of the estimated
population total or mean. The second unit is allocated to the stra-
tum where its use will give the largest reduction in the variance of
the estimated total or mean, given the allocation of the first extra
unit, and so on. The process of adding units continues until all nII

units have been allocated. No actual sampling is carried out dur-
ing this second-phase allocation exercise, so the variances assumed for
the strata remain equal to the estimates from the first-phase sample
throughout the allocation process. Following the allocation, the extra
second-phase sampling proceeds. The data then are analyzed as if
they came from a conventional stratified random sample with a total
size of nI = nII .

Treating the results of a two-phase stratified sample as a conven-
tional stratified sample leads to a negative bias in the estimators of
population mean and total. However/ this generally seems quite small
in comparison with the standard error (Francis 1984, 1991; Jolly and
Hampton 1990, 1991). As demonstrated by Brown (1999), the two-
phase design generally has better properties than the alternative adap-
tive cluster sampling method that was proposed by Thompson (1990),
except for very highly clustered populations. Francis (1984) considered
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two algorithms for two-phase sampling. The first involved estimating
within-stratum variances with their sample values in the usual way
and the second involved assuming that the within-stratum variances
are proportional to the squares of the means for these strata. The sec-
ond algorithm seems to be appropriate for fisheries stock assessment,
but only the first algorithm is considered by Manly et. al. (2002)
because of its more general applicability for populations in which the
assumption that the variance is proportional to the mean squared may
not be reasonable.

With Francis’ original sampling design, there was only one obser-
vation on each sample unit, where this might typically be the popu-
lation density per unit area for a single species. Manly et.al. (2002)
generalized it to the case in which each sample unit provides K > 1
observations, where K is number of species. For example, these ob-
servations might be the densities per unit area of the S species present
in the region. The species then would represent several populations.

As a further generalization it can be assumed that the populations
of interest occur at L different locations and that there is the need to
estimate the mean or the total for each population at each location.
For example, with the Auckland area shellfish study mentioned earlier,
there were L = 11 beaches (the locations), at each of which there was
one or more of the K = 3 species of shellfish (the populations). It
was the individual beaches that were stratified with the same strata
applying for each of the shellfish species.

Manly et al, (2002) carried out a simulation study to examine the
proper- ties of the generalized two-phase adaptive stratified sampling
design. This was based on real data from stratified surveys carried
out in the past for the New Zealand Ministry of Fisheries. Ten model
populations were set up using quadrat counts along transects from the
past surveys, to represent 10, different locations. The quadrat counts
were put in order based on their geographic locations within strata
and then bootstrap resampled with replacement to produce new sets
of data. There were two or three shellfish species recorded for each of
the model populations namely pipis, cockles, and wedge shells. The
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densities varied considerably among strata within locations and among
locations. They concluded:

• The estimated CV varied considerably for the estimation of dif-
ferent abundances, but the mean estimated CV was not very
sensitive to the optimization criterion used.

• The situation for the CV s actually obtained for estimation was
similar to that for the estimated CV s in the sense that the dif-
ferent criteria produced about the same results, which suggested
that the criterion used was not critical.

• Percentage biases were relatively small (less than 5%) in general
unless the corresponding CV s were large.

• For CV s that were not too large (i.e., about 25% or less), the
estimated CV s were nearly equal to the true CV s on average, but
for situations where the true CV was large, there was a definite
tendency for the estimated CV to be too low.

• In comparison to stratified sampling with proportional alloca-
tion, the two-phase sampling process reduced the highest CV s
and increased the lowest CV s (which is what was expected to
happen).

Two-phase adaptive stratified random sampling is a useful design
for situations in which the density of a plant or animal population
is likely to vary with defined strata based on the habitat or general
geographical areas but it is not possible to know in advance of sam-
pling where the high densities are likely to occur. Except with very
clustered populations/ it is likely to give better estimation than the
alternative adaptive sampling method of Thompson (1990), which is
usually applied to rare populations. Two-phase adaptive stratified
random sampling often will be easier to use than this alternative be-
cause there is no need to make the correct choices for sampling pa-
rameters like the trigger level for further sampling. The generalized
version of two-phase adaptive sampling has proven to be particularly
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useful for surveys in which one needs to estimate population sizes for
multiple species at multiple locations at the same time.

3 Two Stage sequential sampling

A neighborhood-free adaptive allocation sampling design, called two-
stage sequential sampling (TSS) was introduced by (Salehi and Smith,
2005). It has been shown to perform well on a variety of populations
compared to conventional and neighborhood-based adaptive cluster
sampling designs. In the TSS design, an initial sample of secondary
units (n1) is selected within a sample of primary units. A condition is
evaluated independently within each primary unit. If the condition is
met then an additional sample of secondary units (n2) is selected, but
sampling stops there regardless of observations in the n2 units. So,
under the TSS design the final sample size is restricted to be no more
than n1 + n2 in each primary unit.

They applied the TSS to three freshwater mussels populations on a
section of riffle habitat in the Cacapon River near Capon Bridge, WV,
USA. The river section was approximately rectangular and measured
approximately 40 m wide (bank to bank) by 90 m long. Density of
freshwater mussels is difficult to estimate well because of their ten-
dency to be rare and clustered at some spatial scales (Strayer and
Smith 2003). Smith et al. (2003) applied adaptive cluster sampling to
low-density populations of freshwater mussels and found that adap-
tive cluster sampling increased observations of individuals and rare
species. However, they also found that sampling of edge units greatly
increased effort with little or no gain in efficiency in density estimates
(See also Salehi; 1999). Thus, an adaptive sampling procedure that
reduces or eliminates sampling of edge units would be of great inter-
est for freshwater mussel population assessments. The three species,
Elliptio complanata, E. fisheriana, and Lampsilis cariosa exhibited
different spatial distributions. The E.complanata population was not
rare, but it was relatively clustered. The E. fisheriana population was
relatively rare and clustered. The L. cariosa population was rare, but
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not clustered. Application of two-stage sequential sampling to these
populations demonstrated design performance over a range of spatial
distributions. Two-stage sequential sampling was more efficient for
E. fisheriana population, which is a not only rare but also clustered
population.

Two-stage sampling is a general case of stratified sampling. When-
ever all Primary Sampling Units (PSU’s) are selected in the first
stage the two-stage sampling become stratified sampling (See Cachran,
1977). Salehi and Smith (2002) concluded when a rare and clustered
population is partitioned into PSU’s such that there is one cluster
per PSU and the PSU is roughly the size of the cluster, some PSU’s
will be without the rare event and some will have the majority of the
rare events. Hence, the variance within PSU’s will be less than the
variance between PSU’s. For such a population, stratified sampling is
an efficient design (two-stage sampling with all PSU’s being selected).
This was true for the E. fisheriana population where greatest efficiency
was found when all PSU’s were selected at the first-stage (Stratified
sampling).

Sampling freshwater mussels is expensive and labor intensive es-
pecially in deep water where SCUBA diving is required (Strayer and
Smith 2003). In rivers, SCUBA divers must work close to an anchored
boat for safety, and repositioning the boat is time consuming. Thus,
it is practical to sample in stages by first selecting a primary unit to
position the boat and then selecting secondary units for collection of
freshwater mussels. If we want to estimate population size of a rare
species, then the amount of habitat is an appropriate way to gauge
the partitioning of the study area into PSU’s. If species distribution
is known to be restricted to a small fraction of a site and auxiliary
information is available, a stratified sampling could be designed to
confine rare units to a few strata (Kalton and Anderson 1986, Christ-
man 2000). However, if species distribution is unknown or relevant
auxiliary information is not in the sampling frame, then two-stage
sequential sampling can still be an efficient sampling design by par-
titioning the population in a haphazard fashion for rare and highly
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clustered populations.

4 Complete Allocation Stratified Sampling

In this section, we develop a new adaptive allocation based on simple
idea of ”keep fishing whenever you catch a fish in a region”. Consider
a population of N nits is partitioned into H strata and there is Nh plots
in stratum h (h = 1, · · · , H). Let yhi is the numbers of species in unit
i from stratum h. In step 1 a simple random sample of size is taken
without replacement from stratum h, The selected plots are observed.
If we observe any species in stratum h all units in this stratum are
selected. Otherwise, no more plots are selected from stratum h. Since
no specie is observed in latter strata we can ignore them without losing
any information. Let πh be the probability that whole stratum h is
selected. Suppose that mh is the number of nonempty units in stratum
h. We now have

πh = 1−
(

Nh−mh

nh

)
(

Nh

nh

)

Therefore the Horvitz-Thompson estimator of the total number of
species, say T in the area is

T̂HT =

γ∑

h=1

y∗h
πh

(2)

Where y∗h is the sum of the yhi for the hth stratum, γand is the
number of strata for which at least one species is observed in the first
wave of sampling.

Its variance is given by

V ar(T̂HT ) =
H∑

h=1

(1− πh)y
∗
h

πh

(3)
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0 0 0 0 0 0 0 0 126 176 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 741 1585 814 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 714 6643 232 251 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 67 395 1963 303 101 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 59 303 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1132 3153 67 0 0 0 0 0 0 0 0 0 0 0

252 457 243 0 63 271 1949 5411 1179 29 0 0 0 0 0 0 0 0 0 0
1995 4594 1089 82 0 148 240 641 258 0 0 0 0 0 0 0 0 0 0 0
1629 3191 567 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5501 664
543 390 0 0 0 0 0 0 0 0 0 0 0 0 0 0 146 217 2773 1338
452 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5581 4166 2842
0 0 0 0 0 0 0 0 263 261 1593 156 0 0 0 0 0 7 635 639
0 0 0 0 0 0 0 0 135 3238 6065 812 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 67 658 2425 261 0 0 0 0 0 0 0 0

Figure 1: A simulated population of a high-density rockfish population. The
numbers in the units is the number of rockfishes.

An unbiased variance estimator is given by

V̂ ar(T̂HT ) =

γ∑

h=1

(1− πh)y
∗
h

π2
h

(4)

To evaluate the precision of (3), we use a simulated population
given in Figure (1) which is adopted from Su and Quinn II (2003).
It was modeled for rockfish population in the Gulf of Alaska. Catch
statistics and trawl surveys showed that many rockfish are aggregated
in their distribution in this region. This fish population has N = 400
units. Figure (1) shows the abundance in each plot.

We partition the population into equal stratum sizes ofNh = 2×2,
2× 4, 4× 2, 2× 5, 5× 2, 4× 5, 5× 4and calculate the variances and
the relative efficiencies of T̂ to simple random sample and stratified
sampling with equal sample sizes. The relative efficiencies are given
by

EffSRS(T̂ ) =
V ar(T̂SRS)

V ar(T̂ )
, EffST (T̂ ) =

V ar(T̂ST )

V ar(T̂ )
,

Where V ar(T̂SRS) and V ar(T̂ST ) are variances of estimators of sim-
ple random sample and stratified sampling with equal sample sizes.
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Since the sample size for Complete Allocation Stratified Sampling
(CAST) is random we should calculate effective sample sizes, say ν
, which is expected sample size

E(n) =
N∑

i=1

πi =
H∑

H=1

Nhπh = ν

We then compute the variance of simple random sample of size ν,

V ar(T̂SRS) = N2(1− ν

N
)
s2

ν

and the variance of stratified sample of sizes of ν/H from each stratum,

V ar(T̂ST ) =
H∑

h=1

N2
h(1− ν

HNh

)
s2

h

ν

.
The results are given in Table 1 (A), (B), (C), (D), (E), (F), (G),

(H) for strata sizes of Nh = 2 × 2, 2 × 4, 4 × 2, 2 × 5, 5 × 2, 4 × 5,
5× 4 respectively.

The results show that we gain in efficiency for 46 out of 49 cases.
The gain in efficiencies were up to stunning 3076% and 3293% over
Stratified sample and Simple Random sample, respectively. This was
for nh=10 and stratum size of 5× 4 . The efficiencies increase as the
nh’s increase. The gain in efficiencies for nh = 10 and stratum size of
are 950% and 1058% which is much smaller than that for stratum size
. We can therefore say the gain in efficiency heavily depends on the
shape of strata rather than their sizes.
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Table 1: The Relative efficiencies of Complete Allocation Stratified Sampling
(CAST) in respect to Simple Random Sample (SRS) and Stratified Sample for

Rockfish simulated population given by Su and Quinn II (2003).

nh E[n] V ar[τ̂HT ] V ar[τ̂ST ] V ar[τ̂SRS ] Effst[τ̂ ] Effsrs[τ̂ ]
(H)
1 76.0000 1612697594 1104446489 1180102338 0.6848441 0.7317567
2 128.1053 600409513 549853621 587519223 0.9157976 0.9785308
3 165.7193 291307078 366249206 391337696 1.2572616 1.3433855
4 194.1548 155090665 274666617 293481595 1.7710068 1.8923228
5 216.5686 85437522 219427640 234458685 2.5682819 2.7442122
6 234.9510 47203966 181990597 194457161 3.8554091 4.1195090
7 250.6228 25612464 154410548 164987848 6.0287268 6.4417015
8 264.4896 13422648 132732444 141824769 9.8886929 10.5660797
9 277.1793 6692079 114795243 122658848 17.1538984 18.3289601
10 289.1248 3128242 99348743 106154246 31.7586513 33.9341553
(G)
1 77.0000 1319424855 1032306937 1161181345 0.7823916 0.8800663
2 122.5263 442366200 557300553 626874607 1.2598172 1.4170943
3 152.6491 197409368 398764226 448546420 2.0199863 2.2721638
4 175.3437 102621640 315301248 354663826 3.0724636 3.4560335
5 194.4182 60656250 260222432 292708905 4.2901174 4.8257007
6 211.6249 39981526 219055370 246402500 5.4789147 6.1629089
7 227.7469 28468612 186127954 209364386 6.5380059 7.3542183
8 243.1338 21168590 158774685 178596303 7.5004847 8.4368540
9 257.9511 16019237 135518233 152436488 8.4597181 9.5158392
10 272.2908 12134882 115421374 129830713 9.5115366 10.6989679
(F)
1 80.0000 889869022 966360565 1107256514 1.085958 1.244292
2 124.0000 278139841 537732895 616134673 1.933318 2.215197
3 155.0286 117709245 381753386 437413258 3.243189 3.716048
4 180.5451 55877671 293656069 336471300 5.255338 6.021570
5 203.0769 27117863 234269228 268425822 8.638927 9.898487
6 223.7183 12793773 190364082 218119279 14.879432 17.048863
7 243.1063 5739103 155915226 178647759 27.167178 31.128169
8 261.6615 2441268 127726867 146349520 52.319894 59.948166

(E)
1 91.0000 588874065 822143812 939951272 1.396128 1.596184
2 149.1111 161559072 407382273 465757304 2.521569 2.882892
3 192.9167 53419988 259899894 297141732 4.865218 5.562370
4 229.3810 17364858 180094673 205900980 10.371215 11.857337
5 261.6667 5271549 127999757 146341227 24.281244 27.760576

(D)
1 92.0000 626776100 778305582 926725561 1.241760 1.478559
2 150.8889 169428595 383816017 457008304 2.265356 2.697350
3 193.7500 59364421 247479655 294673105 4.168821 4.963800
4 228.9524 24816093 173683725 206804565 6.998834 8.333486
5 260.3968 12076002 124636965 148404771 10.321046 12.289231

(C)
1 99.0000 439252500 686476038 841626795 1.562828 1.916043
2 160.2857 116793127 337670547 413987618 2.891185 3.544623
3 208.5714 38880235 207226849 254062282 5.329876 6.534484
4 250.8571 12827083 134236329 164575143 10.465070 12.830286

(B)
1 102.0000 186477781.2 632637580 808731474 3.392563 4.336878
2 157.4286 26664315.8 333652962 426524855 12.513089 15.99609
3 202.1429 3822859.0 211949417 270945278 55.442646 70.87503
4 243.2000 766444.3 139611561 178472267 182.154875 232.8574

(A)
1 143.0000 40739896 345405722 497491126 8.478316 12.21140
2 234.6667 7669009 135407107 195028136 17.656402 25.43068
3 319.0000 178257 48800782 70288227 273.766425 394.30837
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Notes Due to Lorenz Curve and Lorenz Ordering
in View of Weighted Distributions
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Abstract: The Lorenz curve is an important tool for analysis the size distri-
bution of income and wealth. An income distribution F is preferred to an in-
come distribution G in the sense of Lorenz order (generalized Lorenz order), if
its Lorenz curve (generalized Lorenz curve), is nowhere below the Lorenz curve
(generalized Lorenz curve), of G. Let ÃL denote the set of all non-negative ran-
dom variables with finite and positive means, for X ∈ ÃL with distribution FX

and quantile function F−1
X (u) = {x : FX(u) ≤ u}, u ∈ [0, 1], the Lorenz curve

is given by LX(p) = 1
E(X)

∫ p

0
F−1

X (u)du, p ∈ [0, 1]. The most widely used alter-
native to the Lorenz order is the generalized Lorenz order that we need define,
generalized Lorenz curve (GLX(.)), where GLX(p) = E(X)LX(p). The concepts
such as Lorenz partial order, generalized Lorenz partial order, dilation order and
second-order absolute Lorenz order are reviewed and discussed as seen in (Ramos
and Sordo 2003). In Bartoszewicz and Skolimowska (2006) used representation in
view of weighted distributions by the Lorenz curve via the idea of Jain et al (1989)
that the length biased distribution is closely related to the Lorenz curve. In view
of the weighted distributions :
(i) It is shown that how to derive and determine Characterization results related
to Lorenz ordering, generalized Lorenz ordering, dilation order, and second-order
absolute Lorenz order for the cases that weights are increasing or decreasing func-
tions is obtained. For special cases such as, probability weighted moments, order
statistics, proportional hazard rate, reversed proportional hazard rate, general-
ized version of records, upper and lower records, truncated distributions, renewal
equilibrium distributions, hazard rate and reversed hazard rate are some simple
weights that the above ordering aspects obtained in this paper.
(ii Increasing proportional likelihood ratio (IPLR) or decreasing proportional like-
lihood ratio (DPLR) properties are sufficient conditions for the Lorenz ordering

Corresponding author, email: gmb1334@yahoo.com
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of truncated distributions and their connection with a few cases to weighted dis-
tribution is obtained. Preservation of IFRA (DFRA) and NBW (NWU) classes
under weighting is discussed in Bartoszewicz and Skolimowska (2006), some of the
results applied for special cases of weights. Also, their results applied in view of
the generalized Lorenz curves.

Keywords: Weighted Distribution, Lorenz Curve, Lorenz Order-
ing, Generalized Lorenz Ordering, IFRA, DFRA, NBU, NWU, Prob-
ability
Weighted Moments, Dispersion Ordering.

1 Introduction

100 years ago, in June 1905, a short article titled ” Methods
of measuring the concentration of wealth”published in JASA, propos-
ing a simple method. It is called the Lorenz curve for visualizing
distribution of income or wealth with respect to inequality or con-
centration. After this, huge of publications is obtained and reveal
that the Lorenz curve is an important tool for analysis the size of
the income and wealth. Among the applications of the Lorenz curve
we will concentrate on Lorenz ordering and generalized Lorenz order
and its connection with economics. Arnold (1987) proposed a class of
Lorenz curve ordered with respect to indexing parameter and Sarabia
et al (1999) proposed a family of Lorenz curve that can be ordered
in a large number of cases. Kleiber (2003) surveyed selected applica-
tions of the Lorenz curve and related stochastic order in economics
and econometrics with a bias towards problems in statistical distri-
bution theory. These include characterizations of income distribution
in terms of families of inequality measures, Lorenz ordering of multi
parameter distributions in terms of their parameters, probability in-
equalities for distributions of quadratic forms. Based on the Lorenz
ordering, if two distribution functions have associated Lorenz curves
which do not intersect, then they can be ordered without ambigu-
ity in terms of welfare functions which are symmetric, increasing and
quasi-concave. Shorrocks (1983) and Kakwani (1984) introduced gen-
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eralized Lorenz curves and generalized Lorenz ordering for the case
that the Lorenz curves are intersected. Thistle (1989) showed that a
distribution is uniquely determined by its generalized Lorenz curve. It
is well-known from Atkinson (1970), Shorrocks (1983) and Kakwani
(1984) that the generalized Lorenz ordering allow important judg-
ments concerning economics welfare.
In this paper, we study the relationship between the weighted distri-
butions and the parent distributions in the context of Lorenz curve,
generalized Lorenz curve, Lorenz ordering, generalized Lorenz order-
ing.These relationship depends on the nature of the weighted function
and give rise to interesting connections.

2 Weighted Distributions

On considering weighted function w(x, β) which is a non-negative
function with parameter β represent a family of distributions with

pdf, gw(x, β, θ) = w(x,β)f(x,θ)
E[w(X,β)]

, which is called a weighted version of

distribution. Let X be a random variable with pdf f(x) and w(x)
be a non-negative function with E(w(X)) 6= 0 < ∞, Rao (1965) de-
fined the weighted distribution of X with the weight function w(.)

as a distribution having gw(x) = w(x)f(x)
E(w(X))

. The weighted distribution

with w(x) = xk, k positive integer, is called the length-sized biased
of order k distribution. If E(X) < ∞, we have for distribution

f̂(x) = xf(x)
E(X)

, x > 0, as the length biased or sized biased distribu-

tion associated with F such that F̂ (x) =
∫ x
0 tf(t)dt

E(X)
. The results due

to many aspects of statistical inference can be generalized based on
various weights. Known aging properties of life distributions can be
obtained via weighting distributions that can be seen in Jian et al
(1989). Order statistics, record value, residual lifetime of a station-
ary renewal process, selection samples, hazard rate, reversed hazard
rate, proportional hazard model, reversed proportional hazard model,
Lorenz curve and probability weighted moments are some special cases
of weighted families. Bartoszewicz and Skolimowska (2006) studied re-
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lation of weighted distribution with classes of life distribution and used
a representation of weighted distributions by Lorenz curve to obtain
some results concerning their relation with life distributions.

• The weight w(x) = elxxi[F (x)]j[F (x)]k is one that implies many
famous weights. If (i = j = k = 0), (l = j = k = 0), (i = l =
0, k = n − j), (i = l = k = 0) and (i = j = l = 0), then w(.) is
moment generating function, moments, order statistics, reversed
proportional hazard and proportional hazard respectively.

• The weight w(x) = [− ln F (x)]j[− ln F (x)]k is another weight
that (j = 0) and (k = 0) implies upper record and lower record
respectively.

• Let A(x) = E[w(X)/X > x], then, G(x) = 1
E(w(X))

F (x)A(x).

3 Lorenz Curve for Weighted Distributions

Let ÃL denote the set of all non-negative random variables with
finite and positive means. For X ∈ ÃL with distribution FX and quan-
tile function F−1

X (u) = {x : FX(u) ≤ u}, u ∈ [0, 1], the Lorenz curve is
given by

LX(p) =
1

E(X)

∫ p

0

F−1
X (u)du, p ∈ [0, 1].

It is increasing, convex, continuous on p ∈ [0, 1] with L(0) = 0 and
L(1) = 1. Also, LX(p) ≤ p, LX(p) = 1 − LX(p) and any function
possessing these properties is the Lorenz curve of a certain statistical
distribution (Thomp son 1976). It is also worth noting that the Lorenz
curve itself may be considered as an cdf on unit interval. The Zenga

curve is given by ZX(p) = 1 − F−1(p)

F−1
1 (p)

, p ∈ [0, 1], where F−1
1 (p) =

inf{x : F1(x) ≥ p} and F1(x) = 1
E(X)

∫ x

0
tf(t)dt. The concentration

curve takes values from point (0, 1) to (1, 0)but does not have the
behaviour of the Lorenz curve. The Lorenz curve and Zenga curve
provided partial ordering. Here, we are interested to Lorenz ordering
but in the cases that the Lorenz curves intersected, we need to use
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generalized lorenz order. It is defined in terms of generalized Lorenz
curve , GLX(u) where

GLX(p) = E(X)LX(p) =

∫ p

0

F−1
X (u)du, p ∈ [0, 1].

Generalized Lorenz curves are non-decreasing, continuous and con-
vex with GLX(0) = 0 and GLX(1) = E(X). A distribution is uniquely
determined by its generalized Lorenz curve.

• AX(p) =
∫ p

0
[F−1(t) − E(X)]dt, 0 ≤ p ≤ 1 is called the absolute

Lorenz curve, and is used in economics to compare income dis-
tributions. It is decreasing for 0 ≤ p ≤ F (E(X)) and increasing
for F (E(X)) < p ≤ 1 and it takes values AX(0) = AX(1) = 0,
and is convex function with respect to p.

It is interesting to note that the length-biased distribution ( as a
weighted distributions) is rather closely related to the Lorenz curve
which is used in economics to illustrate income distributions. Con-
nections due to Lorenz curves and with weighted distributions is dis-
cussed in this part. For special weights some remarks are noticeable.
Let U = w(X) and LU be its Lorenz curve, on assuming U ∼ h(x),
and X ∼ f(x), Bartoszewicz and Skolimowska (2006) proved that, let
w be a monotone left continuous and increasing [decreasing] function,
then Gw(x) = LU(F (x)) [Gw(x) = LU(F (x))].

Theorem 1 Let w be a monotone left continuous and increasing [de-
creasing] function, then Gw(x) = 1

E(w(X))
GLU(F (x)) [Gw(x)

= 1
E(w(X))

GLU(F (x))], where GLU is the generalized Lorenz curve.

Proof : We have, GLU(p) =
∫ H−1(p)

0
th(t)dt and H(x) = P (X ≤

w−1(x)) = F (w−1(x)). So, GLU(F (x)) = E(w(X))
∫ x

0
w(t)f(t)dt, and

easy verify the results.

• For w(x) = elxxi[F (x)]j[F (x)]k, when

1

r(x)
[l +

i

x
] + j

r(x)

r̃(x)
> (<)k, ∀x > 0, (1)
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then Gw(x) = LU(F (x)) (Gw(x) = LU(F (x))), where r(.) and
r̃(.) are hazard rate and reversed hazard rate respectively. So for
k ≤ 0 and various positive values l, i and j, Gw(x) = LU(F (x))
and for weighted such as proportional hazard rate and reversed
hazard rate, Gw(x) = LU(F (x)).

• For w(x) = [− ln F (x)]j[− ln F (x)]k, if n
F (x)

ln F (x) > (<) m
F (x)

ln F (x),

∀x > 0, then, w(.) is increasing (decreasing) respectively that im-
plies Gw(x) = LU(F (x)) (Gw(x) = LU(F (x))). Note that m = 0
(lower record) and n = 0 (upper record) are weights that are
decreasing and increasing respectively. We can have the results
for generalized Lorenz curve and weighted distribution also via
the same arguments.

• On noting that the hazard rate of the weighted distribution and
reversed hazard rate of the weighted distribution with increasing

(decreasing) weights are equal to w(x)rF (x)
E(w(X))

F (x)

LU (F (x))
(w(x)r̃F (x)

E(w(X))
F (x)

LU (F (x))
)

and w(x)rF (x)
E(w(X))

F (x)
LU (F (x))

(w(x)r̃F (x)
E(w(X))

F (x)

LU (F (x))
) respectively. We can find

the increasing (decreasing) cases for the second terms in the
above statements based on Lorenz curve and also, generalized
Lorenz curve.

4 Lorenz Ordering for Weighted Distributions

The star shaped order was introduced by Barlow and Proschan
(1975) to compare continuous life distributions. The convex order
which requires the continuity of the distributions and have linked with
star shaped order.

Definition 1 For X,Y ∈ ÃL we say that X has a star shaped distribu-
tion with respect to Y and write X ≤∗ Y , if the ratio of inverse distri-
bution functions F−1

Y (v)/F−1
X (v) is an increasing function in v ∈ (0, 1).

For the continuous variates X,Y ∈ ÃL we say that X is convex ordered
with respect to Y (in symbols: X ≤c Y ), if the function F−1

Y (FX(x))
is convex on the support of X.
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Definition 2 The Lorenz partial order, ≤L on ÃL is defined by

X ≤L Y ⇐⇒ LX(u) ≥ LY (u),∀u ∈ [0, 1].

Lorenz partial order is invariant with respect to scale transformation.
X is stochastically smaller than Y (X ≤st Y ) if F (x) ≥ G(x) for ∀x >
0 where F and G are distribution function of X and Y respectively.

For reasons of mathematical tractability, both the convex and the star
shaped ordering can sometimes be used to verify the Lorenz ordering
which they imply. The relations between the three partial orderings
are presented in the next theorem.

Theorem 2 Suppose that X, Y ∈ ÃL are continuous. If X ≤c Y , then
X ≤∗ Y and also, X ≥Z Y . Moreover, X ≤∗ Y implies X ≤L Y .

Proof : The proof of the first part is apparent from Arnold (1987,
pp. 77-78) or Barlow and Proschan (1975, p. 107), While the second
part is shown in Arnold (1987, p. 78) or Moothathu (1991).

Theorem 3 Let g : <+ → <+ be continuous function satisfying :

g(x) > 0 for all x > 0, g(x) is non-decreasing on [0,∞) and g(x)
x

is
non-decreasing on (0,∞). If g(X) ∈ ÃL, then, g(X) ≤L X.

• For random variables X1 and X2 where Xi ∼ GB2(ai, bi, pi, qi), i =
1, 2 Wilfling (1990, 1996) found that X1 ≥L X2 ⇒ a1p1 ≤
a2p2, a1q1 ≤ a2q2 where (a1 ≤ a2, p1 ≤ p2, q1 ≤ q2).

• A complete characterization of the Lorenz ordering with in the
generalized beta family of distribution includes some of the re-
sults due to Lorenz ordering and generalized Lorenz ordering for
a big class of distributions.

• The Zenga curve provide a partial ordering between random vari-
ables. The Zenga partial order, ≤Z on ÃL is defined by X ≤Z

Y ⇐⇒ ZX(u) ≥ ZY (u),∀u ∈ [0, 1].
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Definition 3 We say the random variable Y is more dispersed than
X in the dilation sense if E(φ(X − E(X)) ≤ E(φ(Y − E(y)) for all
convex φ that is denoted by X ≤dil Y (Ramos 2003).

Theorem 4 Let X and Y be random variables with respective finite
means E(X) and E(Y ) and let the corresponding be F and G, respec-
tively. Then, X ≤dil Y if and only if AX(p) ≥ AY (p),∀p ∈ [0, 1].

• Extension of the Theorem 4, when random variable Y be a
weighted distribution of X with weight w, under most of them,
does not lead to a simple and nice form.

• Let X be a non-negative continuous random variable with den-
sity f , it will be increasing proportional likelihood ratio ( IPLR)

if f(λx)
f(x)

is increasing in x for any positive constant λ < 1. It

will be said decreasing proportional likelihood ratio (DPLR) if
f(λx)
f(x)

is decreasing in x for any positive constant λ < 1, that

is defined in Ramos and Sordo Diaz (2001). IPLR and DPLR
properties are sufficient conditions for the Lorenz ordering of
truncated distributions and their connection with a few cases to
weighted distribution is specially weights that concentrated on
them and some special cases of them is interesting.

• The equilibrium distribution corresponding to F and G are Fe

and Ge defined by Fe(x) = 1
µF

∫ x

0
F (t)dt and Ge(x) 1

µG

∫ x

0
G(t)dt.

F is said to be more harmonic new better than used in expecta-
tion (HNBUE) than G (F ≤HNBUE G) if and only if F e(xµF ) ≤
Ge(xµG). G is said to be more dispersived than F (F ≤disp G)
if G−1F (x) − x is increasing in x. Note that, if µF ≤ µG, then,
F ≤HNBUE G implies Fe ≤disp Ge which is discussed in Kochar
(1989).

Theorem 5 F ≤HNBUE G if and only if X ≤L Y .

Theorem 6 Let X,Y ∈ ÃL, X ≤st Y , U = w(X) ≤L V = w(Y ) and
w be monotone left continuous. If w is increasing (decreasing), then,
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X̂w ≤st (≥st)Ŷw where X̂w and Ŷw are weighted version of the random
variables X and Y with the weight w respectively.

Proof: We have via the assumption, F (x) ≥ G(x) and LU(p) ≥
LV (p), p ∈ (0, 1). Thus, via increasing (decreasing) w concludes that

F̂w(x) = LU(F (x))

≥ LV (F (x)) ≥ LV (G(x)) = Ĝw(x) which is X̂w ≤st (≥st)Ŷw.

5 Generalized Lorenz Order for Weighted Distri-
butions

The Lorenz curve is only a partial order, so what does one do if
two Lorenz curves intersect? The most widely used alternative to the
Lorenz order is the generalized Lorenz order due to Shorrocks (1983).
If F and G have equal means, the Lorenz curve of distribution F is
nowhere below the Lorenz curve of distribution G, then F is preferred
to G. If the generalized Lorenz curve of F is nowhere below the
generalized Lorenz curve of G, then, F is preferred to G if means µF

and µG are different. So we have the following definition :

Definition 4 The generalized Lorenz partial order, ≤GL on ÃL is de-
fined by

X ≤GL Y ⇐⇒ E(X)LX(u) ≤ E(Y )LY (u),∀u ∈ [0, 1].

Let F and G be two distribution function of random variable X and
Y respectively, then F (x) ≤ G(x),∀x ∈ <+ ⇒ F ≥FSD G and∫ x

0
F (t)dt ≤ ∫ x

0
G(t)dt, ∀x ∈ <+ ⇔ F ≥SSD G where FSD and SSD

are ”First-order stochastic dominance” and ”second-order stochastic
dominance” respectively.

• It can be shown that how to determine the relation between the
the parameters of the two generalized beta, generalized gamma
families (including many income distributions as special cases)
and some characterization notes in view of generalized Lorenz
ordering in place of Lorenz ordering.
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Definition 5 Let X and Y be two random variables with absolute
Lorenz curves AX(t) and AY (t) respectively. We say that X is smaller

than Y in the second-order absolute Lorenz order if
∫ 1

p
AX(t)dt ≥∫ 1

p
AY (t)dt, ∀p ∈ [0, 1].

• Note that the dilation order implies second-order absolute Lorenz
order.

• F ≥FSD G if and only if GLF (p) − GLG(p) is increasing in p.
For example, let f(x) ∼ G(α, λ), α, λ > 0, we know that F ≥L G
if and only if α ≥ β. λ ≥ ν and α

λ
≥ β

ν
implies F ≥SSD G ⇔

F ≥GL G. λ ≤ ν and α ≥ β implies F ≥FSD G.

Theorem 7 Let X, Y ∈ ÃL, X ≤st Y , U = w(X) ≤GL V = w(Y ),
E(U) ≤ E(V ) and w be monotone left continuous. If w is increasing

(decreasing), then, X̂w ≤st (≥st)Ŷw where X̂w and Ŷw are weighted
version of the random variables X and Y with the weight w respec-
tively.

Proof: We have via the assumption, F (x) ≥ G(x) and E(U)LU(p) ≥
E(V )LV (p), p ∈ (0, 1). Thus, via increasing w concludes that F̂w(x) =

E(U)GLU(F (x)) ≥ E(V ) GLV (F (x)) ≥ E(V )GLV (G(x)) = Ĝw(x)

which is X̂w ≤st Ŷw. w(.) decreasing leads to X̂w ≥st Ŷw via the same
arguments.

6 IFRA (DFRA) and NBU (NWU) Classes Con-
nected to Lorenz Curve and Weighted Distribu-
tions

Various representation is obtained in Bartoszewicz and Skolimowska
(2006), that is connected to Lorenz curve and weighted distribution.
We will mention them here with some comments. Let F be an ab-
solutely continuous with F (0) = 0 and SF be an interval. F is in-
creasing failure rate in average (IFRA) iff xrF (x) ≥ ∫ x

0
rF (t)dt, x ∈

SF . F is decreasing failure rate in average (DFRA) iff xrF (x) ≤
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∫ x

0
rF (t)dt, x ∈ SF . A distribution F is said to be NBU (NWU) if

F (x + y) ≤ (≥)F (x)F (y) for all x, y, x + y ∈ [0,∞). It is well known
that IFRA ⊂ NBU and DFRA ⊂ NWU .
The following theorems obtained in Bartoszewicz and Skolimowska
(2006) in view of Lorenz curve and we mentioned them via the similar
arguments in view of Generalized Lorenz curve. We have the follow-
ing theorems in view of generalized lorenz curve on using F is IFRA
(DFRA) and

h(t) =
w(t)F̂ (t)

E(U)[1− F̂w(t)]
, (2)

is increasing (decreasing), then F̂w is IFRA (DFRA).

Theorem 8 Let F (0) = 0 and w be decreasing left continuous for
which existence of the expected value of w. If [GLU(p)]α ≤ (≥)[E(U)]α−1GLU(pα),

for every α ∈ (0, 1) and p ∈ [0, 1], and F is IFRA, then F̂w is IFRA
(DFRA).

The next theorems are concerning the preservation of NBU and NWU
classes in connection with generalized Lorenz curve on noting that if h
that is defined in (2) is increasing (decreasing) and F is NBU (NWU),

then F̂w is NBU (NWU).

Theorem 9 Let F be absolutely continuous, if F is IFRA (NBU) and

w(x)F (x) is increasing, then F̂w is IFRA (NBU). Let w be decreasing

left continuous. If F is DFRA (NWU) and w(x)

GLU F̂ (x)
is decreasing, then

F̂w is DFRA (NWU).

Theorem 10 Let F (0) = 0 and F be NBU (NWU). Let w be in-
creasing (decreasing) left continuous for which existence of the ex-
pected value of w. If GLU(pq) ≤ (≥)[E(U)]GLU(p)GLU(q), for every

p, q ∈ [0, 1]. Then F̂w is NBU (NWU).

7 Conclusions
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In this paper, notes due to Lorenz and generalized Lorenz curve
is discussed in view of weighted distributions and their order is derived
in view of Bartoszewicz and Skolimowska (2006) based on weighted
version. Properties of these two order found via two general form
weights that some special cases of them are very famous and important
at least in reliability. Characterization results is also obtained via the
above arguments.
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Methods for Estimating Special Variations in
Rotating Panel Surveys
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Wollongong, NSW 2522, Australia

Abstract: In this paper, after a short introduction to rotating panel surveys, two
different methods for estimating the mean differences between two time epochs are
introduced in these especial form of sample surveys. The first estimation method
uses a linear additive model with independent errors while the the dynamic version
of the Rao-Graham estimator will be used in the second method, as a composite
estimator. These methods of estimation will be compared to each other through a
simulation study based on hypothetical data. The direct estimation procedure will
be added in this study to be compared with the other estimation methods. The
results show that the estimation under the linear additive model with independent
errors is the best one in all cases and have the least mean square error. As
correlation increases, the efficiency rises for all three methods of estimation in
this empirical study.

Keywords: Rotating Panel survey, Linear Additive Model, Com-
posite Estimation, Simulation.

1 Introduction

Sampling design is a key device for efficient estimation and other forms
of inference about a large population when the resources available do
not permit collecting the relevant information from every member of
the population. In many statistical systems, some surveys are known
as repeated surveys. Such surveys -which are repeated continuously
over regular time periods,- can reveal trends and fluctuations over
time. These surveys are often performed in one of the following types:

• Survey of the independent Units: This method chooses sep-
arate samples from the population under consideration in each
time section.
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• Panel Survey: In this method, a “fixed” sample is pursued
over the time. In other terms, we refer to a fixed sample in
different time sections.

• Rotating Panel survey: This survey method is a combination
form of the other methods which has been mentioned above. In
this method, the sample individuals neither change entirely over
the time nor do they stay entirely the same; however a part of the
sample is repeated according to a pattern known as the “rotation
pattern”.

Many types of rotation designs are actually used in many surveys,
and estimating the variation is one the most important factors to eval-
uate the survey plan and the errors in the final results. In the rotating
panel surveys, there are some overlapping units in each time period
and some new ones, simultaneously. It is not easy to compute the vari-
ance for different trend estimations because of these overlappings. In
this paper, two procedures for estimating this key factor are presented.
In section 2, we present a linear additive model with independent er-
rors which has been introduced by Iachan and Jones (1987). The
Rao-Graham(1964) composite estimator has been reviewed in section
3. Finally, an empirical analysis has been proposed to compare the
estimation methods, numerically.

2 Linear Additive Model with Independent Er-
rors

In this section, a rotating panel survey design will be presented. This
design will be used in the following estimation procedures. A conve-
nient representation of this design is given by the incidence matrix N,
which has elements nij; i= 1, . . . , t & j= 1, . . . , b . In this matrix, b
is the number of blocks and t is the numbers of sample periods. The
element nij = 1, if group j is interviewed in period i, and is zero, oth-
erwise. To define the mentioned matrix, it is important to consider
some construction as below:
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1. Setting of the first r entries of the first row equal to 1 and the
rest to 0. Note that, “r” is the number of units which will be
interviewed in each period of rotating panel survey.

{
n1j = 1; i= 1, . . . , r
n1j = 0; i= r+1, . . . , b

2. Constructing the second row of mentioned matrix by shifting
all entries in the first row, s places right in a cyclical manner.
Note that, “s” is the shift parameter from one sample period to
another.

3. Constructing the following rows in exactly the same way from
their directly proceeding rows.

4. Eventually, row 1 will be occur in the (t+1)th row. This last
row is discarded to leave an incidence matrix with t rows and b
columns.

There is an example of this matrix in table (1) for a rotating panel
survey with parameters b=9, r=5, s=3, & t=3.

Table (1): Incidence matrix for b=9, r=5, s=3, & t=3.

1 1 1 1 1 0 0 0 0
0 0 0 1 1 1 1 1 0
1 1 0 0 0 0 1 1 1

The class considered here is a subclass of cyclic designs (see John
et al. (1972)). In some statistical articles, it is common to use a linear
additive model to study the parameters in a rotation design. Iachan
and Jones (1987) introduced a linear model for characteristic, Y . A
simple analysis of variance which can be used to describe the response
Y in the mentioned linear model is given by:

Y = A




µ
α
β


 + ε (1)
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where the vector Y rt , consists the different values of Yij; i= 1, . . . , t
& j= 1, . . . , b. and the vector ε , consists the different values of εij.
Matrix A and the vectors α and β is given by:

α =




α1
...
αt


 β =




β1
...
βt


 A =




1r 1r 0 . . . 0 D(1)

1r 0 1r . . . 0 D(2)

...
...

...
...

...
1r 0 0 . . . 1r D(t)




(2)
where,
Yij : the observed value of characteristic for group j in period i,
µ : the overall mean,
αi : the effect of period i,
βj : the effect of group j, and
εij : the independent random residuals with mean zero and variance
σ2.

It will be noted that, 1r is a vector with r elements equal to 1 and

D(k) is a r×b matrix with the elements of d
(k)
ij which are defined as

below.



d
(k)
jj = 1 if j = (k − 1)s + i ≤ b ; i= 1, . . . , r

d
(k)
(j−b)(j−b) = 1 if j = (k − 1)s + i > b ; i= 1, . . . , r

d
(k)
ij = 0 for other values of i and j

(3)
Using least square method for estimation, we have:




µ̂
α̂

β̂


 = (A′A)−A′Y (4)

As (ÁA) is not an invertible matrix, Moore-Penrose inverse is used in
the formula and the symbol (ÁA)− shows this Moore-Penrose inverse
for (ÁA). Assuming α̂i − α̂i−d, as an estimator for αi − αi−d ; d =
1, . . . , [ t

2
] , the variance for this estimator is given by:

V ar(α̂i − α̂i−d) = νd σ2 (5)
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where νd should be computed from the covariance matrix of the vector
containing the estimated parameters.

V ar




µ̂
α̂

β̂


 = σ2(A′A)− (6)

It will be noted that the mentioned estimators in (4) are the best
unbiased linear estimators. Iachan and Jones (1987), computed the
value of νd for some kinds of rotation design and sorted their results
in a referable table.

3 Composite Estimator

It is well known that, while looking for an optimal estimator of a pa-
rameter in repeated surveys with the same time spacing, using the
observations not only from the present edition of the survey (occa-
sion) but also from previous occasions may significantly improve the
quality of estimation. A typical solution is provided by the composite
estimator introduced by Rao and Graham (1964) which, by definition
makes use only of the last composite estimator and the observations
from the present occasion and the last most recent occasion from the
past. More precisely Rao-Graham Estimator (RGE) on hth occasion,
µ̂h , is given by:

µ̂h = Q(µ̂h−1 + Ȳ
(h)
h−1,h − Ȳ

(h−1)
h−1,h ) + (1−Q)Ȳh (7)

where µ̂h−1 is the RGE on (h−1)th occasion, Ȳ
(h)
h−1,h is the sample mean

for the units common to both (h−1)th and hth occasions calculated for

the hth occasion, Ȳ
(h−1)
h−1,h is the sample mean for the units common to

both (h−1)th and hth occasions calculated for the (h−1)th occasion,
and Q ε [0, 1) is the sample mean for all the units on hth occasion and
is a numerical parameter which does not depend on h.

Finding the best optimal value for Q, needs some complicated nu-
merical computations. Rao and Graham presented a table for these
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optimal values. Although we can find a good value for Q in this ta-
ble, it is not simple to estimate the variance for changes between two
periods. Additionally, the composite estimator, as proposed by Rao
and Graham, suffers from certain disadvantages. It is designed for a
stable situation in the sense that its basic parameter is kept constant
on all occasions, and it is restricted only to a certain family of rota-
tion designs. Ciepiela and et al. (2005) proposed a dynamic version
of the Rao-Graham estimator without any restrictions on the rotation
pattern. Mathematically, the algorithm which they have developed,
is much simpler than the classical composite estimator. The dynamic
version of RGE has the form:

µ̂∗h = Qh(µ̂
∗
h−1 + Ȳ

(h)
h−1,h − Ȳ

(h−1)
h−1,h ) + (1−Qh)Ȳh ; h = 2, 3, . . . (8)

while µ̂∗1 = Ȳ1 , where all the symbols are introduced in (7) except of
Qh which plays the role of the former Q. Let us point out that they do
not impose any priori restrictions on the range of (Qh ) (observe that
in Rao and Graham (1964) the restriction on the range of Q made it
possible to pass to the limit with h −→ ∞ in the expression for the
variance of µ̂h ).

Ciepiela et al. (2005) offered a new way to choose in a dynamic
way, i.e. on each occasion h ≥ 2, the value Qh which minimizes the
variance of µ̂∗h. In this way, Yij is assumed to be the observed value for
the j th unit in the ith occasion of sampling in the following formulas:

E(Yij) = µi ; i = 1, 2, . . . & j = 1, 2, . . . (9)

{
Corr(Yij, Ylk) = 0 if j 6= k ; i, j, k, l = 1, 2, . . .
Corr(Yij, Y(i+k)j) = ρk if k = 0, 1, . . . ; j = 1, 2, . . .

(10)
V ar(Yij) = σ2 ; i = 1, 2, . . . , j = 1, 2, . . . (11)

The rotation scheme is described by the rotation matrix R = (rij),
where rij = 1, if the j th unit is in the sample on the ith occasion,
otherwise rij = 0. There is absolutely no restriction on the rotation
pattern. By ni we denote the sample size on the ith occasion, and mi
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denotes the size of overlap between samples on the (i − 1)th and ith
occasions.

Denote also for k = 2, 3, . . .

{
Qi ×Qi−1 × . . .×Qk for i = 1, 2, . . . , k
1 for i = k + 1

(12)

Then, they defined the weights which would be responsible for the
form of quadratic functions (Fk) to be minimized.

W 1
ij = 1

n1
for i = 1, 2, . . . & j = 1, 2, . . .

and for any i = 1, . . . , k > 1, and any j = 1, 2, . . .

W
(k)
ij = rij[Dik(

r(i−1)j

mi

− 1

ni

) + D(i+1)k(
1

ni

− r(i+1)j

mi+1

)]

for i = 1, . . . , k & j = 1, 2, . . . (13)

where in the last expression they adopted the rule that r(k+1)j = r0j =
0.

According to the main result of Ciepiela et al. (2005) researches, in
the model described above, the optimal value of Qh which minimizes
the variance of µ̂∗h, h ≥ 1, is given by:

Qh =
Ch −Bh

Ah − 2Bh + Ch

; h ≥ 1 (14)
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with C1 = B1 & Ah − 2Bh + Ch > 0, where for h ≥ 2:

Ah = σ2
∑

j

[ h−1∑
i=1

(W
(h−1)
ij )2rij + 2

∑

1≤i1≤i2≤h−1

W
(h−1)
i1j W

(h−1)
i2j ri1jri2jρ

i2−i1
]
+

2
(1− ρ)σ2

mh

[
1−

∑
j

h−1∑
i=1

W
(h−1)
ij r(h−1)jrhjrijρ

h−1−i
]

Bh =
σ2

nh

[
1− ρ +

∑
j

h−1∑
i=1

W
(h−1)
ij rijrhjρ

h−i
]

Ch =
σ2

nh
(15)

then,

µ̂∗h =
h∑

i=1

∑
j

W
(h)
ij rijYij (16)

Now we can use an unbiased estimator µ̂∗(h+k) − µ̂∗h for estimating

the changes in the mean value between the hth and (h+k)th occasions
(µ(h+k) − µh). Ciepiela and et al. (2005) also estimated the variance
for this estimator. Note that, the variance for the composite estimator
in the hth occasion is given by:

V ar(µ̂∗h) = Q2
hAh + 2Q2(1−Qh)Bh + (1−Qh)

2Ch (17)

If the real values for variance of the hth occasion (σ2) and the
correlation between two different occasions (ρ) will be unknown in
dynamic RGE, we should estimate them as below:

σ̂2 =
1

t

t∑

h=1

S2
h & ρ̂ =

1

t

t∑

h=1

ρ̂h (18)
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where S2
h is the sample variance for the hth occasion and ρ̂h is the

correlation between the joint sample units for the hth and (h + 1)th
occasions.

4 Simulation
An experimental appraisal of the two methods of estimation which are
presented above will be illustrated in this chapter. The direct estima-
tion procedure will be added to this study in order to be compared
with the other mentioned estimation methods. To do this, we sup-
pose that the purpose of the survey is to estimate the variations of the
characteristic “X” in a society whose population size is 200,000. It
will be noted that the mentioned variations are studied through two
sequential time sections in this empirical study.

In the population, the ith individual has two values Xi1 and Xi2;
the former shows the value of variable X for the first time section and
the latter shows it for the second time section. To justify repeated
survey, the distribution of the variable X is considered to be different
in two sequential time sections and the data from these sections are
assumed to be correlated. Now, suppose that the aim of a survey is

to estimate X̄1− X̄2 whose unbiased estimator is ˆ̄X1− ˆ̄X2. Note that,
ˆ̄X1 and ˆ̄X2 denote the sample means.

To also examine the effect of different overlap rates in the assess-
ment, sampling in this case is performed in 5 different conditions (over-
laps of 25%, 20%, 30%, 40%, & 50%). For example, in the rotating
panel survey with an overlap of 10%, only 10% of the values of the
samples in the second time section are chosen from the samples of
the first section. Since the efficiency of the three estimation methods
is expected to be influenced by the correlation between the time sec-
tions, our simulation is repeated with four different correlations, 0.25,
0.4, 0.6 and 0.8, in order to examine the effect of different correlation
coefficients on the efficiency. The statistical population behaves as it
follows in these four conditions:
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1: X1 ∼ N(1000, 100) X2 ∼ N(1950, 570) rX1,X2 = 0.2
2: X1 ∼ N(1000, 100) X2 ∼ N(1650, 295) rX1,X2 = 0.4
3: X1 ∼ N(1000, 100) X2 ∼ N(2000, 250) rX1,X2 = 0.6
4: X1 ∼ N(1000, 100) X2 ∼ N(1600, 190) rX1,X2 = 0.8

The mean squared error is used in different survey methods to
quantify the amount by which the estimators differ from the true
value of the quantity being estimated. The purpose is to estimate
the variations in the average means of the two sections.

MSE =

1000∑
i=1

(θ̂i − θ)2

1000

(19)

where:

θ̂i = ˆ̄X2i − ˆ̄X1i

θ = X̄2 − X̄1





950 forcase (1)
650 forcase (2)

1000 forcase (3)
600 forcase (4)

In order to perform the experimental assessment, 1000 samples is
selected in each case of sampling. Table (2), (3) & (4) present the
mean squared error values for all cases based on the equations above.

Table (2): The value of MSE for all cases of simulation in direct estimation

Correlation
0.2 0.4 0.6 0.8

10% overlapping 566 158 118 71
20% overlapping 555 153 115 67
30% overlapping 517 147 111 60
40% overlapping 516 146 103 55
50% overlapping 512 145 98 49

Table (3): The value of MSE for all cases of simulation in the composite
estimation
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Correlation
0.2 0.4 0.6 0.8

10% overlapping 490 134 99 58
20% overlapping 472 128 95 55
30% overlapping 436 119 89 48
40% overlapping 425 117 82 43
50% overlapping 418 115 77 38

Table (4): The value of MSE for all cases of simulation in the estimation
based on the linear additive model

Correlation
0.2 0.4 0.6 0.8

10% overlapping 483 128 91 51
20% overlapping 473 122 88 47
30% overlapping 456 108 80 42
40% overlapping 445 98 71 37
50% overlapping 439 91 60 28

As it is presented in the tables above, the estimation based on the
linear additive model is the most efficient method in all cases and have
the least mean square error. The composite estimators are at the next
step, and finally the direct estimation method has the largest mean
square errors, in all cases. Additionally, as the correlation increases,
the efficiency rises for all three methods of estimation.
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Abstract: In This paper we construct stochastic Runge–Kutta (SRK) methods
with strong order 1 for strong solutions of Stratonovich stochastic differential equa-
tions (SDEs). Three SRK methods are constructed in this paper. They are an
explicit two–stage method, an explicit three–stage method with minimum princi-
pal error coefficients and an implicit three–stage method with minimum principal
error coefficients. Numerical results with two test problems of our methods and
Burrage method and Platen method will be compared.

Keywords: Stochastic differential equations; Strong approxima-
tion; Runge–Kutta methods.

1 Introduction

Consider the scalar autonomous Itô SDE given by

dy(t) = g0(y(t)) dt + g1(y(t)) dW (t) , y(t0) = y0, t ∈ [t0, T ], (1)

where g0 is called the drift coefficient, g1 is called the diffusion coeffi-
cient, and W (t) is a standard Wiener process. In [5] we have analysed
an estimate of the absolute error for SDE (1) by path–wise approxi-
mations. Moreover order conditions for coefficients of a class of SRK
methods with strong order 1 for the SDE problem (1) is obtained (see
[6]), especially explicit two–stage and three–stage SRK methods of
this class with minimum principal error coefficients are constructed.
For the SDE problem (1) the associated Stratonovich SDE given by

dy(t) = ḡ0(y(t)) dt + g1(y(t)) odW (t) , y(t0) = y0, (2)

where

ḡ0(y) = g0(y)− 1

2
g′1(y) g1(y).
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In other words two different SDE (1) and (2), under different rules of
calculus, have the same solution. There are many different methods
to solve these kinds of differential equations (see, for example, [1]). In
this paper we will present three new classes of methods for solving (2).
The organization of this paper is as follows: In the next section the
rooted tree analysis of strong schemes for SDEs with a scalar Wiener
process is introduced. In section three the new classes of explicit and
implicit SRK methods for SDEs is constructed. Also we show that 1–
norm of principal error coefficients our three–stage SRK methods are
less than the 1–norm of principal error coefficients Platen and Burrage
methods. In continuation the fixed–point iteration algorithm is used to
improve of our implicit method. Finally some numerical results which
show the efficiency of our methods will be presented in the last section.

2 Stochastic Runge–Kutta methods

Consider the scalar autonomous Stratonovich SDE given by

dy(t) = g0(y(t)) dt+g1(y(t)) odW (t) , y(t0) = y0, t ∈ [t0, T ]. (3)

General form of s–stage SRK methods for solving SDE (3) given by





Yi = yn +
s∑

j=1

Z
(0)
ij g0(Yj) +

s∑
j=1

Z
(1)
ij g1(Yj), i = 1, 2, . . . , s

yn+1 = yn +
s∑

j=1

z
(0)
j g0(Yj) +

s∑
j=1

z
(1)
j g1(Yj),

(4)
which can be represented in tableau form :

Z(0) Z(1)

z(0)T z(1)T
,

where Z(k) = (Z
(k)
ij )

s×s
and z(k)T = (z

(k)
1 , . . . , z

(k)
s ) for k = 0, 1. This

class of methods was introduced by Burrage and Burrage (see [1]).
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Let τk (k = 0, 1) be the tree with one vertex with colour k. Then
other trees can be built up recursively by defining a new tree t which
is formed by joining trees t1, . . . , tm to a new root τk as t = [t1, . . . , tm]k.
Let T denote the set of all rooted trees with colour k (k = 0, 1) then
the Stratonovich Taylor expansion for the exact solution of the SDE
given by (3) is (see [2])

y(t) =
∑
t∈T

γ(t)

ρ(t)!
J(t)α(t)F (t)(y0), (5)

where J(t) and F (t) are used to represents the J–integral and the
elementary differential associated with tree t and ρ(t) and σ(t) are
used to represent the number of vertices and the symmetry of t. Here
α(t) represents the number of possible different monotonic labellings
associated with tree t. Let a(t) = z(k)Φ(t) where Φ defined recursively
by

Φ(t) =

{
e, t = τk,

(Z(k)Φ(t1)) ∗ (Z(k)Φ(t2)) ∗ . . . ∗ (Z(k)Φ(tm)), t = [t1, . . . , tm]k.

with ∗ denoting the component–by component product (see [2]), then
Stratonovich Taylor series expansion the numerical method by (4),
given by (see [2])

Y (t) =
∑
t∈T

γ(t)

ρ(t)!
a(t)α(t)F (t)(y0). (6)

From (5) and (6) local truncation error over one step with an exact
initial value can be written

L1 ≡ y(t)− Y (t) =
∑
t∈T ?

e(t) F (t)(y0),

where for tree t term e(t) =
γ(t)

ρ(t)!
(J(t)− a(t))α(t) is the coefficient of

local truncation error.
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3 SRK methods with strong order 1.0

For solving the Stratonovich SDE (3), a class of SRK methods given
by (4) can also be characterized by

Z(0) = hA, z(0)T = hαT , Z(1) = J1B, z(1)T = J1γ
T (7)

where A = (aij) and B = (bij) are s× s real matrices and αT = (α1, . . . , αs)
and γT = (γ1, γ2, . . . , γs) are row s–dimensional vectors. If the matri-
ces A and B are strictly lower triangular, then the method (7) is said
to be explicit, otherwise it is implicit. The convergence Theorem in
[2] shows that the SRK method of the form (7) will converge to the
exact solution of SDE (3) with strong order 1.0 if the local truncation
error satisfies

(E(y(t)− Y (t))2)
1
2 = O(h1.5), E(y(t)− Y (t)) = O(h2). (8)

Hence a SRK method of the form (7) will satisfy the mean–square
condition in (8) if

E(h− hαT e)2 = 0, E(J1 − J1γ
T e)2 = 0, E(J11 − J1

2γT Be)2 = 0
(9)

Note that conditions (9) arise from trees τ0, τ1 and [τ1]1 (see [1]).
These conditions are equivalent to

αT e = 1, γT e = 1, γT Be =
1

2
(10)

On the other hand, the method will satisfy mean condition in (8) if:





E(J10 − J1hαT Be) = 0

E(J01 − J1hγT Ae) = 0

E(J111 − J1
3γT B(Be)) = 0

E(J111 − 1

2
J1

3γT (Be)2) = 0.

(11)
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Note that conditions (11) arise from trees [τ1]0, [τ0]1, [[τ1]1]1 and
[τ1, τ1]1 (see [1] for further details). It can be shown that the mean
conditions (11) are all satisfied and hence a SRK method of the form
given in (7) will be of strong order 1.0 if the order conditions (10) are
satisfied. In order to construct a class of explicit SRK methods of the
form (7) with s = 2, we try to find a method of coefficients:

0 0 0 0
ha21 0 J1b21 0
hα1 hα2 J1γ1 J1γ2

(12)

which complies with the conditions in (10). We have six unknowns and
there are three equations to be satisfied. We choose the deterministic
part coefficients of (12) the modified Euler method (see [3]). This
ensure that our method works well in the case of small stochastic
influence. From (10) it is seen that we can assume B = A and γ = α,
consequently we have the following method that is called ‘EM1’ and
is presented by the tableau:

0 0 0 0
1

2
h 0

1

2
J1 0

0 h 0 J1

As there are six parameters to be determined, additional conditions
can be considered, for example, the conditions for minimum principal
error coefficients, namely the terms corresponding to h1.5 have mini-
mum coefficients. The mean square of the principal error coefficients
are give by





(
1

3
− αT Be + (αT Be)

2
)h3,

(
1

3
− γT Ae + (γT Ae)

2
)h3,

(
1

36
− 1

3
γT B(Be) + (γT B(Be))2)15h3,

(
1

9
− 2

3
γT (Be)2 + (γT (Be)2)2)

15

4
h3,
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which can be derived from (11). These principal error coefficients are
minimized if (see [1])

αT Be =
1

2
, , γT Ae =

1

2
, γT B(Be) =

1

6
, γT (Be)2 =

1

3
, (13)

and so principal error coefficients respectively are given by

1

12
h3,

1

12
h3, 0, 0.

Note that the ‘EM1’ method has principal error coefficients

1

12
h3,

1

12
h3,

5

12
h3,

5

192
h3

and the Burrage method (see [1]) is presented by the tableau:

0 0 0 0
2

3
h 0

2

3
J1 0

1

4
h

3

4
h

1

4
J1

3

4
J1

which has minimum principal error coefficients

1

12
h3,

1

12
h3,

5

12
h3, 0.

Also the Platen method (see [1]) is

0 0 0 0
h 0 J1 0

h 0
1

2
J1

1

2
J1

and has principal error coefficients

1

3
h3,

1

3
h3,

5

12
h3,

1

36
h3.
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With the restriction of s = 2, it was seen that γT B(Be) = 0, but if
s = 3 then γT B(Be) = 0 is not zero and in order to have the minimum

principal error it must be take its minimum value which is
1

6
. In order

to construct a class of explicit SRK methods of the form (7) with
s = 3, we consider the matrices A and B and the row vectors αT and
γT with the following forms:

A =




0 0 0
a21 0 0
a31 a32 0


 , B =




0 0 0
b21 0 0
b31 b32 0


 ,

αT =
(

α1 , α2 , α3

)
, γT =

(
γ1 , γ2 , γ3

)
.

Hence by equations (10) and (13), we have the following system of
seven equations with twelve unknowns:





α1 + α2 + α3 = 1
γ1 + γ2 + γ3 = 1

γ2b21 + γ3(b31 + b32) =
1

2

α2b21 + α3(b31 + b32) =
1

2

γ2a21 + γ3(a31 + a32) =
1

2

γ3b32b21 =
1

6

γ2b21
2 + γ3(b31 + b32)

2 =
1

3
.

(14)

In order to reduce the free parameters, we choose the deterministic
components of SRK method in (4) the three–stage explicit Runge–
Kutta method of order 3 (see [3]). From equations (14) it is seen that
we can assume B = A and γ = α, consequently we have the follow-
ing three–stage explicit SRK method with minimum principal error
coefficients, that is presented by the tableau:
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0 0 0 0 0 0
2

3
h 0 0

2

3
J1 0 0

−h h 0 −J1 J1 0

0
3

4
h

1

4
h 0

3

4
J1

1

4
J1

where is called ‘EM2’, and has principal error coefficients:

1

12
h3,

1

12
h3, 0, 0.

Now we will generalize the above explicit SRK method to implicit
method for SDEs. In the implicit case with s = 3, we will use the
matrices:

A =




a11 0 0
a21 a22 0
a31 a32 a33


 , B =




b11 0 0
b21 b22 0
b31 b32 b33


 ,

which using conditions (10) and (13) we will have the following system
of seven equations with eighteen unknowns:





α1 + α2 + α3 = 1
γ1 + γ2 + γ3 = 1

γ1b11 + γ2(b21 + b22) + γ3(b31 + b32 + b33) =
1

2

α1b11 + α2(b21 + b22) + α3(b31 + b32 + b33) =
1

2

γ1a11 + γ2(a21 + a22) + γ3(a31 + a32 + a33) =
1

2
γ1b11

2 + γ2(b21b11 + b22(b21 + b22)) + γ3(b31b11 + b32(b21 + b22)
+b33(b31 + b32 + b33)) = 1

6

γ1b
2
11 + γ2(b21 + b22)

2 + γ3(b31 + b32 + b33)
2 =

1

3
.

Again we choose the deterministic part coefficients of (4) the Lobatto
III method that is a three–stage implicit Runge–Kutta method of order
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4 (see [3]). Consequently with assuming B = A and γ = α a family
of three–stage implicit SRK methods with minimum principal error
coefficients can be presented by the tableau:

0 0 0 0 0 0
1

4
h

1

4
h 0

1

4
J1

1

4
J1 0

0 h 0 0 J1 0
1

6
h

2

3
h

1

6
h

1

6
J1

2

3
J1

1

6
J1

where is referred to ‘IM ’, and has principal error coefficients:

1

12
h3,

1

12
h3, 0, 0.

If we use the 1–norm to estimate the contribution of all error terms
to the principal error term then Table 1 presents these values for
methods ‘Platen’ , ‘EM1’ , ‘Burrage’ , ‘EM2’ and ‘IM ’. We ob-

Platen EM1 Burrage EM2 IM

‖principal error‖1 1.1111 0.6094 0.5833 0.1667 0.1667

Table 1: Norm of Principal Error Coefficients

serve, in Table 1, that the 1–norm principal error coefficients ‘EM2’
and ‘IM ’ methods are less than the 1–norm of principal error coef-
ficients ‘Platen’ , ‘EM1’ and ‘Burrage’ methods. Also the differ-
ence between the 1–norm of principal error coefficients the ‘EM1’ and
‘Burrage’ methods is very small, and this amount is better than the
‘Platen’ method. In order to improve the results of employing the
‘IM ’ method at each step, the stage–variable Y2 will be solved by the
fixed–point iteration scheme with starting value for this variable comes

from the ‘EM2’ method. Since J1 ∼ N(0, h), so J1 =
√

hRn where
Rn ∼ N(0, 1). Hence for the stage–variable Y2 in the ‘IM ’ method let

G(Y2) ≡ yn +
1

4
h(g0(yn) + g0(Y2)) +

1

4

√
hRn(g1(yn) + g1(Y2)),
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and therefore the fixed–point iteration for solving Y2 is given by

Y2
[s+1] = G(Y2

[s]), s = 0, 1, 2, . . .

with stopping criteria

|Y [s+1]
2 − Y

[s]
2 | < ε , (15)

where ε is a positive known tolerance number. Consequently the stage–
variable Y3 is given by

Y3 = yn + hg0(Y2
[s+1]) +

√
hRng1(Y2

[s+1]),

such that Y
[s+1]
2 satisfy condition (15). Finally yn+1 for the ‘IM ’

method will be evaluated by

yn+1 = yn + h(
1

6
g0(yn) +

2

3
g0(Y2

[s+1]) +
1

6
g0(Y3))

+
√

hRn(
1

6
g1(yn) +

2

3
g1(Y2

[s+1]) +
1

6
g1(Y3)),

where Y
[s+1]
2 satisfies condition (15).

4 Numerical results and conclusion

In this section, numerical results from the implementation of five meth-
ods are presented. These methods are ‘Platen’ , ‘EM1’ , ‘Burrage’
, ‘EM2’ and ‘IM ’. The above methods will be implemented in fixed
stepsize mode on two different problems. In order to simulate the
Gaussian variable J1 with distribution N(0, h) we have taken pseudo–
random numbers generated by “randn” in MATLAB 7.0. When these
methods are simulated, the same sequence of random numbers for the
Wiener increment J1 are used for the stepsize under consideration.
For each problem it is necessary to simulate many trajectories of the
Wiener process and we take, 1000, where K stands for the number
of different realizations of the Wiener process. The implementation

407



M. Namjoo, A. R. Soheili Runge–Kutta Methods For Numerical Solution· · ·

determines the average error for each stepsize at the end point of the
interval [0, T ] is defined by

AE =
1

K

K∑
i=1

| y(i)
N − y(i)(tN) |,

where y
(i)
N is the approximation solution and y(i)(tN) is the exact so-

lution of SDE at tN = T in the i–th path of the Wiener process.
The results appear in Tables 2, 3, 4 and 5. In all Tables the column
6 determines the average error for ‘IM ’ method, while at each step
starting value for the stage–variable Y2 come from the ‘EM2’ method
with ε = 0.0001.
Test Problem 1. Consider

{
dy = −a2y(1− y2)dt + a(1− y2)dW (t) = a(1− y2)odW (t), t ∈ [0, 1]
y(0) = 0.

The exact solution of this equation is (see [4])

y(t) = tan h(aW (t) + arctan h(y0)).

This problem is purely stochastic and was solved numerically twice,
with two choices of parameters a = 2 and a = 1.

h P laten Burrage EM1 EM2 IM
1
25 0.23379 0.17543 0.14732 0.90772e–1 0.49411e–2
1
50 0.11910 0.87367e–1 0.72644e–1 0.27840e–1 0.10981e–2
1

100 0.61476e–1 0.45824e–1 0.38650e–1 0.10742e–1 0.34410e–3
1

200 0.33242e–1 0.25185e–1 0.21597e–1 0.46055e–2 0.11119e–3
1

400 0.15803e–1 0.11847e–1 0.10035e–1 0.19898e–2 0.39186e–4

Table 2: Global errors for test Problem 1, with a = 2, K = 1000 and
ε = 0.0001.

Test Problem 2. Consider
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h P laten Burrage EM1 EM2 IM
1
25 0.24542e–1 0.13005e–1 0.95001e–2 0.55887e–2 0.11868e–3
1
50 0.11982e–1 0.64091e–2 0.48965e–2 0.21210e–2 0.31872e–4
1

100 0.63255e–2 0.34932e–2 0.26472e–2 0.96237e–3 0.92418e–5
1

200 0.32726e–2 0.17777e–2 0.13249e–2 0.45166e–3 0.33780e–5
1

400 0.15283e–2 0.81432e–3 0.60395e–3 0.22187e–3 0.32333e–5

Table 3: Global errors for test Problem 1, with a = 1, K = 1000 and
ε = 0.0001.





dy = −(α + β2y)(1− y2)dt + β(1− y2)dW (t)
= −α(1− y2)dt + β(1− y2)odW (t), t ∈ [0, 1]

y(0) = 0.

For this problem, the solution is known to be (see [4])

y(t) =
(1 + y0) exp(−2αt + 2βW (t)) + y0 − 1

(1 + y0) exp(−2αt + 2βW (t)) + 1− y0

.

This problem be solved with two different values of parameters where
α = 1 and β = 2, 0.01. In the first case, one has that the stochastic
part is significant, whereas it is much smaller in the second case.

h P laten Burrage EM1 EM2 IM
1
25 0.19910 0.15513 0.13032 0.75505e–1 0.40515e–2
1
50 0.10342 0.78391e–1 0.65485e–1 0.24255e–1 0.10537e–2
1

100 0.54342e–1 0.42437e–1 0.36003e–1 0.94268e–2 0.31865e–3
1

200 0.29818e–1 0.23167e–1 0.19813e–1 0.41433e–2 0.98992e–4
1

400 0.13516e–1 0.10575e–1 0.90643e–2 0.17987e–2 0.40232e–4

Table 4: Global errors for test Problem 2, with α = 1, β = 2, K = 1000
and ε = 0.0001.
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h P laten Burrage EM1 EM2 IM
1
25 0.73817e–2 0.11148e–3 0.66508e–4 0.23513e–5 0.23346e–6
1
50 0.36668e–2 0.27635e–4 0.16562e–4 0.28906e–6 0.28717e–7
1

100 0.18273e–2 0.69352e–5 0.41577e–5 0.36640e–7 0.36196e–8
1

200 0.91215e–3 0.17761e–5 0.10659e–5 0.48004e–8 0.47420e–9
1

400 0.45571e–3 0.46845e–6 0.28133e–6 0.66410e–9 0.48845e–10

Table 5: Global errors for test Problem 2, with α = 1, β = 0.01, K = 1000
and ε = 0.0001.

With comparing the results in Tables 2, 3, 4 and 5, we conclude that
the ‘IM ’ and ‘EM2’ methods are more accurate than the ‘Platen’ ,
‘Burrage’ and ‘EM1’ methods, as the error values for ‘IM ’ method
is less than ‘EM2’ method. Moreover for two–stage SRK methods
the ‘EM1’ method is more effective ‘Platen’ and ‘Burrage’ methods.
On the other hand for problems in which the deterministic term dom-
inate (test problem 2 with β = 0.01) the improvement the ‘Burrage’
, ‘EM1’ , ‘EM2’ and ‘IM ’ methods becomes noticeable as the step-
size is reduced. This is because the deterministic component of the
‘Burrage’ and ‘EM1’ methods are the second order Runge–Kutta
methods, while the deterministic component ‘EM2’ and ‘IM ’ meth-
ods are the third and fourth order Runge–Kutta methods, respectively.
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On using wavelet thresholding for independent
component analysis

Vahid Nassiri, and Mina Aminghafari

Department of Statistics, Faculty of Mathematics and Computer
Science, Amirkabir University of Technology (Tehran Polytechnic)

Abstract: A novel wavelet-based algorithm for the noisy independent compo-
nent analysis (ICA) problem is proposed. We show that in special situations the
classical solutions of the noisy ICA are failed or may be inadequate. This new
approach combines separate results to achieve better performance and overcome
the shortcomings of the classical noisy ICA solution.

Keywords: ICA, BSS, wavelets, thresholding, α-stable family of
distributions.

1 Introduction

Independent component analysis (ICA) is a recently developed and
powerful multivariate statistical method which is a solution for blind
source separation (BSS) problem. A simple description of BSS prob-
lem is a cocktail party. Consider two people are speaking simulta-
neously in a room. There are two microphones in different locations
which record two signals. Obviously each of these signals is a mix-
ture of the signals emitted by each person. In a linear approach, it is
common to express this as linear equations as follows:

X1 = a11S1 + a12S2

X2 = a21S1 + a22S2

in matrix notation one can writes X = AS, where A is a square
invertible mixing matrix. Now the problem is finding S, just with
knowing X. This is why it is called blind; Since we have nothing
more than an observed sample. If A is known, the problem is a simple
linear system of equations, but in real world A is unknown. In order
to solve this problem by ICA, we assume that Sis (i = 1, . . . , k) are
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independent. This assumption is logical in many cases. ICA tries to
find such an A which Sis are as independent as possible.

Wavelets are useful mathematical tools which have been widely
used in statistics recent years. For a complete review of statistical
applications of wavelets see e.g. Abramovich et al. (2000).

There are several methods have constructed separately which use
wavelets or solve the ICA problem, see e.g. Hyvärinen et al. (2001)
or Mallat (1999). In this paper we try to combine them such that, by
some aspects, the result is better than the other similar techniques.

This paper is organized as follows. In Section 2 we look more pre-
cisely at ICA problem and review some of its classical solutions. In
Section 3 some preliminary remarks are formulated about two tech-
nical issues: the wavelets and α-stable family of distributions. Sec-
tion 4 dedicates to study the shortcomings of the techniques which
are discussed in the previous sections. In this section some solutions
for overcoming these shortcomings will be proposed. In Section 5 we
introduce our new algorithm which combines separate techniques to
achieve better results. Finally in Section 6 some conclusions are pro-
vided.

2 Independent component analysis and its clas-
sical solutions

The main problem of ICA is discussed in previous section. In fact the
key factor to solve the ICA problem is using the statistical properties
of the sources which we wish to find them blindly. A logical statistical
property which can be considered is the independence. The ICA model
is considered as follows:

X = AS (1)

and one wants to find such a W = A−1 which WX are as indepen-
dent as possible. The main classical approaches to solve ICA are
1.Maximizing the non-Gaussianity, 2.Minimizing the mutual informa-
tion and 3.Using the InfoMax principle.

A known restriction in ICA is that the source signals cannot come
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from normal distribution. The reason is obvious, since in many situa-
tions the assumption is that A in (1) is orthogonal (similarly in PCA)
and one knows uncorrelatedness and independence are the same in
the Gaussian distribution. Comon (1994) used this statistical fact to
find W . In this approach some measures of non-Gaussianity such as
kurtosis are applied.

The two last methods give the same results. Mutual information
is a measure of the information that members of a set of random
variables have on the other random variables in the set. Therefore,
when the mutual information be minimized the members of a set of
random variables has the least information on each other and this
means independence. Instead of mutual information, an equivalence
quantity which can be used is the entropy.

Assume that H(X) denotes the entropy of X.

H(X) = −
∫ ∞

−∞
log{fX(x)}fX(x)dx = E(log fX(x))

Using entropy, I(X1, . . . , Xn), the mutual information between n ran-
dom variables (Xi, i = 1, . . . , n) defined as follows:

I(X1, . . . , Xn) =
n∑

i=1

H(Xi)−H(X1, . . . , Xn)

Therefore, it is obvious that minimizing the mutual information is the
same as maximizing the entropy H(X1, . . . , Xn).

Now we study the entropy of a linear transformation. Consider an
invertible transformation of the random vector (X1, . . . , Xn).

Y = MX

where M is a linear filter. It is easy to show that:

H(Y ) = H(X) + log | det M | (2)

Now remember the ICA problem. As we mentioned maximum en-
tropy means independence. Consider M as the de-mixing matrix in
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(1). Therefore, by maximizing (2) with respect to W (i.e. the de-
mixing matrix) the independent sources can be achieved. There are
some standard numerical methods exist for this purpose. One of the
most famous ones is the gradient descend. Bell and Sejnowsky (1995)
used the InfoMax principle.

3 Wavelets and α-stable family of distributions

The definitions of wavelets is different according to how the multires-
olution analysis defined. For the sake of convenience we set our defi-
nitions here. In addition we need α-stable distributions in our work.
Therefore, definitions about this family will present in this section.

3.1 Wavelets

Let φ be a function of L2(R) such that the family of translates
{φ(. − k), k ∈ Z} is an orthogonal system; let Vj ⊂ L2(R) be the
subspace spanned by {φjk = 2j/2φ(2j. − k), k ∈ Z}. By definition,
the sequence of spaces (Vj), j ∈ Z, is called a multiresolution analysis
(MRA) of L2(R) if Vj ⊂ Vj+1 and

⋃
j≥0 Vj is dense in L2(R). φ is

called the father wavelet or the scaling function.
Let (Vj)j∈Z be a multiresolution analysis of L2(R), with Vj spanned

by {φjk = 2j/2φ(2j.−k), k ∈ Z}. Define Wj as the complement of Vj in
Vj+1, and let the family {ψjk, k ∈ Z} be a basis for Wj, with ψjk(x) =
2j/2ψ(2jx − k). Let αjk(f) = 〈f, φjk〉 and βjk(f) = 〈f, ψjk〉. Where
〈a, b〉 denotes the inner product of a and b. A function f ∈ L2(R)
admits a wavelet expansion on (Vj)j∈Z if the series

∑

k

αj0k(f)φj0k +
∞∑

j=j0

∑

k

βjk(f)ψjk

is convergent to f in L2(R) for every j0 ∈ N. ψ is called the mother
wavelet.

The definition of a multiresolution analysis on L2(Rd) follows the
same pattern. i.e. an MRA in dimension one induces an associated
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MRA in dimension d, using the following tensorial product, see Meyer
(1997).

Define V d
j as the tensorial product of d copies of Vj. The increasing

sequence (V d
j )j∈Z defines a multiresolution analysis of L2(Rd)): for

(i1, . . . , id) ∈ {0, 1}d and (i1, . . . , id) 6= (0, . . . , 0), define:

Ψ(x)i1,...,id =
n∏

l=1

ψ(il)(xl)

with ψ(0) = φ, ψ(1) = ψ. So that φ appears at least once in the product
Φ(x). For (i1, . . . , id) = (0, . . . , 0), define Φ(x) =

∏d
l=1 φ(xl). Define

W d
j as the orthogonal complement of V d

j in V d
j+1.

A function f admits a wavelet expansion with respect to the basis
(Φ, Ψ) if the series

∑

k∈Zd

αj0k(f)Φj0k +
∞∑

j=j0

∑

k∈Zd

βjk(f)Ψjk

is convergent to f in L2(Rd).
In connection with function approximation, wavelets can be viewed

as falling in the category of orthogonal series methods, or also in the
category of kernel-based methods. The approximation at level j of a
function f that admits a multiresolution expansion is the orthogonal
projet Pjf of f onto Vj ⊂ L2(R) defined by:

(Pjf)(x) =
∑

k∈Zd

αjkΦjk(x)

3.2 α-stable distributions
Stable distributions have a long history in the subject of probability.
They form a subset of the class of so-called infinite divisible distri-
butions, a class of characteristic functions at the heart of generalized
central limit theory. Roughly speaking, the stable distributions are
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those which are closed under the formation of linear combinations,
i.e. linear mixtures of stable distributions result in distribution of the
same type.

Closed form expressions do not exist in general for stable density
and distribution function. Therefore, they are usually defined via the
characteristic function.

Definition 1 A real random variable X has stable distribution with
characteristic exponent α, if its characteristic function can be written
as follows:

Φ(t) = exp{−I(t) + iµt}
where

I(t) =





γα|t|α
(
1− iβsgn(t) tan(πα

2
)
)
, α 6= 1,

γ |t|
(
1 + iβ 2

π
sgn(t) ln |t|

)
, α = 1,

(3)

and sgn(u) = −1, 0, or 1 if u <, =, or > 0, respectively.

Now we define a stable random vector.

Definition 2 A real random vector X has stable distribution with
characteristic exponent α, if a finite measure Γ exists on the unit
sphere SM of RM such that the characteristic function can be writ-
ten as follows:

Φ(t) = exp{−I(t) + itT µ}
where

I(t) =

∫

SM

ψα(tTs)dΓ(s)

and

ψα(u) =




|u|α

(
1− isgn(u) tan(πα

2
)
)
, α 6= 1,

|u|
(
1 + i 2

π
sgn(u) ln |u|

)
, α = 1,

(4)

The measure Γ is called the spectral measure of the random vector X,
and µ is called the shift vector.
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The spectral measure is a real function and the spectral representa-
tion (Γ, µ) is unique. For a reference on stable distributions, see e.g.
Samorodnitsky and Taqqu (1994).

4 Two main shortcomings of the classical ICA
solutions and how to overcome

In this section we describe two main shortcomings of the classical ICA
solutions and propose some methods which can overcome these short-
comings.

4.1 Noisy ICA: classical and proposed overcoming methods

Consider (1) again. In the real world what always exists is some
kind of noise. There are many resources can be considered for the
noise, such as measuring devices, situation or experimenter conditions
and more. Existing of the noise is true also for the ICA model, so one
should use noisy version of ICA, as follows:

X = AS + ε (5)

where ε is an additive noise and Var(ε) = Σε.
There are various methods have proposed to extracting the original

signal from the noise. A useful and commonly recent used technique
is using wavelets. Projecting on Vj (by father wavelet or φ) and Wj

(by mother wavelet or ψ) enables one to analyze the time domain
and spectral domain simultaneously. This ability with using wavelet
thresholding are great for de-noising task, since low-pass and high-
pass filters allow one to extract original signal and the noise at an
appropriate level. Before this interesting property of wavelets, the
main reason which make them very useful is their local behavior.

Some authors used wavelets to solve the noisy ICA problem. But
their method ignores many valuable information which lies in the de-
pendence structure of Xis, where Σε is not diagonal. Since they use
wavelet denoising on each column (Xi) separately. If the data are un-
correlated, this method may be suitable. But, in the case of ICA, the
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variables are surely dependent and the target is finding the indepen-
dent components. Therefore, this procedure for denoising failed to use
for ICA.

Aminghafari et al. (2006) proposed a new algorithm which con-
sider the correlation between variables. Precisely they introduced a
multivariate denoising method which is using wavelet transform and
principal component analysis (PCA) together.

The general denoising procedure introduced by Aminghafari et al.
(2006) is as follows:

Step 1 Perform the wavelet transform at level J of each column of
X.

Step 2 Define Σ̂ε the estimator of the noise covariance matrix as
Σ̂ε = MCD(D1) and compute V such that Σ̂ε = V ΛV T where
V T is the transpose of V and Λ = diag(λi). Apply to each detail
after change of basis (namely DjV ), the p-univariate threshold-

ing strategies using the threshold ti =
√

2λi log(n) for the i-th
column of DjV .

Step 3 Reconstruct the denoised matric from the simplified detail
and approximation matrices, by changing of basis using V T and
inverting the wavelet transform.

Step 4 Perform a final PCA of the denoised matrix obtained at step
4.

The MCD which is denoted in Step 2 is the minimum covariance de-
terminant estimator which introduced by Rousseeuw (1984). It is a
generalized version of the robust minimum variance estimators. Note
that in multivariate statistics an index of variance is the determi-
nant of the covariance matrix. MCD looks for the h-subset (typically
h = 0.75n) of data with the smallest determinant of its covariance
matrix. More recently, Rosseeuw and Van Driessen (1999) introduced
a fast version of MCD which allows fast computation of this estimator.

There are useful remarks can be find in Aminghafari et al. (2006)
about how to select the appropriate principal components or the de-
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composition level J .

4.2 Stable rules are breaking the rules
In many ICA solutions the approach in nonparametric, i.e. there is no
condition on the distribution of the source signals. But, some times
these conditions are necessary.

The α-stable distributions were discussed in previous section. Now
we present a main theorem which stands at the end of some theorems
and results and shows that for the case of stable sources many of the
classical ICA solutions are failed to use. For more on this topic and
proof of the theorems see Der (2003).

Theorem 1 Let S be a vector of n independent random variables
drawn from a stable symmetric class (β = 0). Let X = AS, where
A is a real matrix. If h(x1, . . . , xn) is a function of only the marginal
distributions of X, then h(X(A)) is a constant.

Above theorem shows that any contrast extremising any property of
the marginal distributions of the mixtures (e.g. negentropy or kurto-
sis) is constant for stable symmetric sources.

According to the Theorem 1 where the sources are stable, we need
an alternative method which find the ICs directly via the joint and
marginal distributions of mixtures.

By the assumption of ICA, f , the density function of source signals
S, is completely factorizable in a product of marginal distributions
f 1, . . . , fd. Using the model in the Equation (1) the density function
of mixed signal can be obtained as:

fA(x) = | det(A−1)|f(A−1x) = | det B|f 1(b1x) . . . fd(bdx)

where bl is the l-th row of the matrix B = A−1.
A more logical and simple contrast for independence introduced by

Rosenblatt (1975) as follows:

C(fA) = ||fA − f ∗1A . . . f ∗dA ||22 (6)

with f ∗lA is the marginal of the multivariate density fA in dimension l.
He used this contrast to construct a test for independence.
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Consider the following theorem.

Theorem 2 Let f ∈ Rd and its marginal distributions f 1, . . . , fd ∈ R.
C(f) = 0 if and only if f = f 1 . . . fd.

Proof: Let C(f) = 0 then the joint density is equal to product of
its marginal distributions, i.e. f = f 1 . . . fd. The sufficiency can be
proved by the same way.

Using the contrast in (6) one should estimate d + 1 density func-
tions: one multivariate density and d univariate densities. After this
step by using optimization methods, one should find such an A which
minimizes the contrast in (6). We denote the estimated B by W , i.e.
W is a logical candidate for the inverse of the A.

Barbedor (2007) used wavelet density estimators to find W . In the
next section we Introduce an algorithm which extends his method for
the noisy ICA.

5 New wavelet-based ICA solution

Wavelets are recently developed tools for probability density functions
estimating. Consider the noise-free ICA model in (1). By Theorem 2,
it suffices to find such a W which minimize the contrast in (6). For
this purpose first the density functions should be estimated.

For density estimation using wavelets a perfect and complete ref-
erence is the work of Donoho et al. (1996).

The linear wavelet estimator of the Rosenblatt’s contrast is as fol-
lows:

Ĉj =
∑

k1,...,kd

(αjk − αjk1,...,jdd)2

where the parameters αjk and αjk1,...,jdd can be estimated as follows:

α̂jk1,...,jdd =
1

n

n∑
i=1

φjk1(X1
i ) . . . φjkd(Xd

i )
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α̂jkl =
1

n

n∑
i=1

φjkl(X l
i)

The following lemma allows us to center the design matrix, as it is
usual in the ICA methods.

Lemma 1 Using centered X (i.e. X − E[X]) does not change the
matrix A.

Proof: X = AS ⇒ X − E[X] = AS − E[AS] = AS − AE[S] =
A(S − E[S)].

Now we present the new algorithm for solving noisy ICA by wavelet
thresholding.

Step 1 Center the design matrix X. Call it X̃ = X − E[X].

Step 2 Find the denoised X̃ based on the 4-steps procedure described
in (4.1). Call it X̌.

Step 3 Choosing an initial W , e.g. the identity matrix.

Step 4 Finding WX̌ and computing the contrast in (6) for this ma-
trix.

Step 5 Iterating steps 4 and 5 based on an appropriate minimizing
procedure till the best W obtained. Call it Ŵ .

Step 6 Finding Ŵ X̌ as an estimation for the independent compo-
nents.

6 Conclusions

In this article first we show that the denoising techniques which are
used in noisy version of ICA are very poor, since of the surely depen-
dence between observed signals. Also it has shown that for the case of
stable distributions the classical ICA solutions are failed to use. In or-
der to overcome these shortcomings we combine separately developed
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techniques and obtained useful results to achieve a better solution for
the ICA problem. This new algorithm can be applied wherever.

For future research we plan to use better thresholding rules and
find some applicable ways for choosing the best resolution level J .
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Periodically correlated time series and their
spectra
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Abstract: In this article, we briefly review the spectral analysis problem, and
introduce a technique for the spectral estimation in the both context of univariate
and multivariate stationary time series. Then, we consider periodically correlated
(cyclostationary) time series, their spectra and also the estimation of these spec-
tra using the mentioned technique. The method of estimation is illustrated with
simulated and real time series.

Keywords: Spectral density function; Multivariate time series;
stationary vector time series.

1 Introduction

Spectral analysis considers the problem of determining the distribu-
tion of total power over frequency, and the spectral estimation prob-
lem tries to estimate this distribution from a finite record of a data
sequence, by means of either nonparametric or parametric techniques.
Spectral analysis have widespread applications in various fields, in-
cluding: economics, meteorology, astronomy, geology, radar and sonar
systems, medicine, seismology, control systems and hydrology. In this
paper, we briefly review the spectral analysis problem, and introduce
a technique in the spectral estimation in both context of univariate
and multivariate stationary time series. Then, we consider periodi-
cally correlated time series, their spectra and also the estimation of
these spectra. We use the well known relation between the spectral
density matrix of a periodically correlated time series and a station-
ary vector time series (Gladyshev, 1961). The method of estimation
is illustrated with simulated and real time series.

Invited speaker
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2 The spectrum of a stationary time series

Let {Xt} be a discrete parameter, zero mean and real stationary time
series and let E |Xt|2 < ∞, t ∈ Z, where Z stands for all integers.
Suppose R(τ) = E(XτXt+τ ), τ ∈ Z, is the autocovariance function of

Xt satisfying
∞∑

τ=−∞
|R(τ)| < ∞. The power spectral density function

of {Xt} is defined by

h(ω) =
1

2π

∞∑
τ=−∞

R(τ)e−iωτ , −∞ < ω < ∞.

In the multivariate case, we suppose {Xt, t ∈ Z} is a zero mean vec-
tor, discrete-parameter and second order T-dimensional stationary
series with Xt(j), j = 0, ..., T − 1, as its jth element and R(τ) =
E(Xt+τX

′
t), τ ∈ Z, be the autocovariance matrix of Xt . We as-

sume that the series has an absolutely continuous spectrum and let
h(ω) = [hjk(ω)]j,k=0,1,...,T−1, denote its spectral density matrix, i.e.,

h(ω) =
1

2π

∞∑
τ=−∞

R(τ)e−iωτ , 0 ≤ ω ≤ 2π.

3 The methods of estimation of the spectrum

A common and natural spectral estimator is based on a function called
periodogram of data set {X1, X2, ..., Xn}, which is defined by

In(ω) :=
1

n

∣∣∣∣∣
n∑

t=1

Xte
−itω

∣∣∣∣∣

2

.

It can be shown that In(ω) is asymptotically unbiased estimator of
2πh(ω). But a critical disadvantage of the periodogram as an estimate
of the power spectrum h(ω) is that for each ω ∈ [0, π], and ε > 0,
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P (|In(ω)− 2πh(ω)| > ε) → p > 0,

as n →∞. This means In(ω) is not a consistent estimator of 2πh(ω).
So for a process with a continuous spectrum, the periodogram provides
a poor estimate and needs to be modified (smoothing periodogram).

In some cases, the classical methods (using periodogram) for esti-
mating the spectrum (specially when the sample size is small) have not
enough precision and they are not able to distinguish two strong peaks
from each other. Two particular estimates (which are called high reso-
lution estimators) for solving this problem are given by Capon (1969)
and Pisarenko (1972), and these are widely used in signal processing
problems.

Subba Rao and Gabr (1989) considered the function,

hn(ω) =
1

2πn

n∑
t=1

n∑
s=1

R(t− s) exp(−i(t− s)ω),

which is asymptotically equivalent to estimating h(ω) (and called
hn(ω) the ”truncated spectral density function”). They showed that
hn(ω) can be written as

hn(ωl) =
1

4π



λn,0An,0(ωl) +

(n−1)/2∑
j=1

(λn,2j + λn,2j−1)An,2j(ωl)



 ,

where An,0(ωl) = 2
n
2πFn−1(ωl), An,2j(ωl) = An,2j−1(ωl) = 1

n
{2πFn−1(ωj+

ωl) + 2πFn−1(ωj − ωl)} and λn,0, λn,1, ..., λn,n are the eigenvalues of
the Toeplitz matrix Rn given by

Rn =




R(0) R(1) ... R(n− 1)
R(−1) R(0) ... R(n− 2)

. . . .
R(−(n− 1)) R(−(n− 2)) ... R(0)


 ,

and Fn(θ) is the Fejér kernel (e.g. Priestley, 1989).
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Note that hn(ωl) is a smoothed version of the eigenvalues of Rn, and
the smoothing function (lag window) is the Fejér kernel, it is linear in
the eigenvalues λn,j and that An,j(ωl) does not depend on the process.
We can consider the function

hn,P (ωl) = g

{
n−1∑
j=0

G(λn,j)An,j(ωl)

}
,

as an approximation to hn(ω), where G(.) is a strictly monotone con-
tinuous function over the interval (0,∞) and let g(.) be an inverse
function, i.e. g(G(x)) = x.

In fact, this is the way that Pisarenko (1972) derived his estimate,
and hn,P (ωl) is the theoretical form of the general Pisarenko estimate.
Now substitute G(x) = x−1 in hn,P (ωl), then we obtain the theoretical
form of Capon’s estimator (Capon, 1969),

hn,Cap(ωl) =
1

π

{
n−1∑
j=0

λ−1
n,jAn,j(ωl)

}−1

.

In the multivariate case, let {X1,X2, ...,Xn} be a sample of size n from
{Xt} and In(ω) = [In,jk(ω)]j,k=0,...,T−1 be the periodogram matrix.
Consider the truncated spectral density matrix

hn(ω) =
1

2πn

n∑
t=1

n∑
s=1

R(t− s)e−i(t−s)ω.

It can be shown that In(ω) is an unbiased estimator of hn(ω) and
asymptotically unbiased estimator of h(ω), (Priestley, 1989), but of
course, it is not consistent (Brillinger, 1975). In order to find a con-
sistent estimator of h(ω), the usual procedure is to smooth the peri-
odogram by a suitable kernel.

Nematollahi and Subba Rao (2005) showed that hn(ω) can be writ-
ten in terms of the eigenvalues of the variance covariance matrix, then
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they estimated h(ω) using the eigenvalue decomposition of the sam-
ple variance covariance matrix. More precisely, define a nT × 1 vec-
tor Xn = (X′

n,X′
n−1, ...,X

′
1)
′ and let Γn = EXnX′n be its variance-

covariance matrix. We have

Γn =




R(0) R(1) ... R(n− 1)
R(−1) R(0) ... R(n− 2)

. . . .
R(−(n− 1)) R(−(n− 2)) ... R(0)


 .

We note that Γn is a block-Toeplitz matrix. Individual matrix
elements are not, in general, symmetric (R(τ) 6= R′(τ)), although
R(−τ) = R′(τ).

They derived the following expression for estimation of spectral
density matrix h(ω)

hn(ωl) =
1

2πn

n−1∑
j=0

B∗
n(ωj, ωl)Λn(ωj)Bn(ωj, ωl),

where Bn(ωj, ωl) =
n∑

s=1

Ws
n(ωj) exp(isωl) and Ws

n(ωj) is the s-th block

of Wn(ωj). Here Λn(ωj) is an ”eigenvalue-matrix” of Γn and Wn(ωj)
is an ”eigenvector-matrix” associated with Λn(ωj). We thus have

hn(ωl) =
1

4π

n−1∑
j=0

An(ωj, ωl),

where

An(ωj, ωl) =
2

n
B∗

n(ωj, ωl)Λn(ωj)Bn(ωj, ωl)

=
2

n

n∑
t=1

n∑
s=1

W
t∗
n (ωj)Λn(ωj)W

s
n(ωj)e

−i(t−s)ωl .
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In finding the above estimator, the asymptotic equivalence of Rn

with a related circular symmetric matrix is used which have been
proved in the multivariate case by Nematollahi and Shishebor (2005)
and is a multivariate generalization of the well-known result of Gray
(1972). Nematollahi and Subba Rao (2005) showed that an equiva-
lence form for hn(ωl) is

hn(ωl) =
1

4π
(
2

n
2πFn−1(ωl)Λn(ω0)

+2

n−1
2∑

j=1

1

n
Λn(ω2j)[2πFn−1(ωj + ωl) + 2πFn−1(ωj − ωl)]).

The above approximate relation tells us that the spectral den-
sity function hn(ωl) is in fact a smooth function of Λn(ωj) and the
smoothing function is the well known Fejér kernel. We observe that
hn(ωl) is linear in Λn(ωj) and that An(ωj, ωl) does not depend on the
time series {Xt} . Similar to the univariate case, this suggests that
these eigenvalue-matrices can be replaced by any nonlinear function
of Λn(ωj) and by suitably defining an inverse function, we can, in the
limiting form, recover the original spectrum. Consider the function

hn,P (ωl) = g

{
n−1∑
j=0

2

n
B∗

n(ωj, ωl)G(Λn(ωj))Bn(ωj, ωl)

}
,

as an approximation to hn(ωl), where g(G(x)) = x. In fact, this is a
generalization of the way that Pisarenko (1972) derived his estimate
in the univariate case, and hn,P (ωl) is the generalization of the theo-
retical form of the Pisarenko’s estimator to the multivariate case.

A multivariate generalization and also an explicit expression for the
high resolution spectral density matrix (a generalization of Capon’s
estimator) of the vector series Xt are also given by Nematollahi and
Subba Rao (2005). They derived an appropriate minimum variance
(MV) spectral estimator with form
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hn,cap(ω) =
1

π
[
2

n
L∗n(ω)Γ

−1

n Ln(ω)]−1,

where Ln(ωl) = (I, eiωlI, ..., eniωlI)
′
.

It can be shown that the theoretical form of the generalized Capon’s
estimator can also be written as

hn,cap(ωl) =
1

π

{
n−1∑
j=0

Ãn(ωj, ωl)

}−1

,

where

Ãn(ωj, ωl) =
2

n

n∑
t=1

n∑
s=1

W
t∗
n (ωj)Λ

−1
n (ωj)W

s
n(ωj)e

−i(t−s)ωl .

This is a multivariate generalization of the minimum variance spec-
tral (MVS) estimator due to Capon (1969).

4 Periodically correlated processes and their ap-
plications

Conventional time series analysis is heavily dependent on the assump-
tion of stationarity. But this assumption is unsatisfactory for many
physical process of interest. In fact, many seasonal time series can
not be filtered or standardized to achieve second-order stationarity,
because the correlation structure of the series depends on the season.
For instance, in a river, where high runoff periods occur in the spring
and low flows coupled with irrigation diversions occur in the summer,
the stream-flow correlations between spring months may be different
from the correlations between summer months.

Periodically correlated (PC) processes are a class of processes which
are in general nonstationary but exhibit many of the properties of
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stationary processes. Gladyshev (1961) defines a periodically corre-
lated random sequence as a process which has periodic structure in
the usual wide sense.

More precisely, let X = {Xt, t ∈ Z} be a discrete parameter and
zero mean time series and let E |Xt|2 < ∞, t ∈ Z, where Z stands
for all integers. The time series {Xt} is said to be periodically cor-
related (PC) with period T, if there is a positive integer T, such that
the covariance function R(t, s) = Cov(Xt, Xs) is periodic with period
T, i.e.

R(t, s) = R(t + T, s + T ),

for all t, s, and moreover T is the smallest integer for which the above
two relations hold. When T = 1, a PC series is equivalent to a sta-
tionary series.

Example 1 Figure 1 shows 1000 observations from a realization of
PCAR(1),

Xt = φ(t)Xt−1 + Zt,

where

φ(t) =

{
0.6 if t odd
0.2 if t even,

and

Z(t) ∼
{

N(0, 3) if t odd
N(0, 4) if t even.

Example 2 Figure 2 shows 1000 observations from a realization of
PCAR(2),

Xt = φ1(t)Xt−1 + φ2(t)Xt−2 + Zt,

where φ1(t) is the same as φ(t) in Example 4.1 and

φ2(t) =

{
0.3 if t odd
0.7 if t even.
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Figure 1: 1000 observations from a realization of PCAR(1)

Figure 2: 1000 observations from a realization of PCAR(2)
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Figure 3: Average monthly temperatures at Big Timber, MT during 1911-
1996

Example 3 (Lund and Symour (2001)) Figure 3 shows 86 years of
monthly average temperatures at Big Timber, MT during the period
1911-1996. A seasonal cycle clearly appears in the first moment, with
winter temperatures being cooler than summer temperatures. A pe-
riodic cycle in the variance is also evident: the summer picks are less
jagged (from year to year)than their counterparts at winter troughs.
Indeed, at most stations in the temperate zone, summer temperatures
are less variable than winter temperatures.

Figures 4 and 5 plot the monthly sample mean and sample stan-
dard deviations of this time series and confirm these indications graph-
ically.

Physical phenomena that involve periodicities give rise to random
data for which appropriate probabilistic models exhibit periodically
time-variant parameters. For example: In the mechanical-vibration
monitoring and diagnosis for machinery, periodicity arises from ro-
tation, revolution , and reciprocation of gears, belts, chains, shifts,
propellers, bearing, pistons, and so on. In atmospheric science (e.g.,
for weather forecasting), periodicity arises from seasons, caused pri-
marily by rotation and revolution of the earth. In radioastronomy,
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Figure 4: Monthly sample mean for Big Timber, MT

Figure 5: Monthly sample standard deviations for Big Timber, MT
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periodicity arises from revolution of the moon, rotation and pulsa-
tion of the sun, rotation of Jupiter and revolution of its satellite Io,
and so on, and can cause strong periodicities in time series (e.g., pul-
sar signals). In biology, periodicity in the form of biorhythms arises
from both internal and external sources (e.g., circadian rhythms). In
communications, telemetry, radar, and sonar, periodicity arises from
sampling, scanning, modulating, multiplexing, and coding operations,
and it can also be caused by rotating reflectors such as helicopter
blades and air- and watercraft propellers.
The notion of PC processes seems to have begun with E.R. Bennett
(1958) who observed their presence in a communication theoric con-
text and called them cyclostationary. L.I. Gudzenko (1959) seems to
have initiated the subject of nonparametric spectral analysis for PC
process. A short time later Gladyshev (1961) published the first anal-
ysis of spectral properties and representations based on the connection
between PC sequences and stationary vector sequences.

Works of Glaydsev initiated a line of research in the theory of sec-
ond order processes and since the early 1960’s a cosiderable amount of
research has been executed in the area of periodic modelling. Breslford
(1967) obtained a spectral like representation of mixed summation
and integral form for PC sequences. Brelsford (1967) and Jones and
Brelsford (1967) presented methods for estimation of the periodic co-
efficients in periodic autoregression models (now called PAR or PCAR
sequences). The basic properties of these models, including the asymp-
totic theory of autocorrelation based estimators, are established by
Pagano (1978). The PAR has been considered also by Troutman
(1979). Andel (1989) investigated periodic autoregression with ex-
ogenous variables. Mcleod (1993) derived a test for detecting peri-
odic correlation in the residuals of fitted seasonal autoregressive inte-
grated moving-average (ARIMA) models by work in river flow fore-
casting. Bloomfield, Hurd and Lund (1994) fitted an autoregressive
moving-average (ARMA) model with periodically varying coefficients
(PARMA) to the stratospheric ozone data. Boshnakov (1994, 1997)
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investigated the stochastic difference equation, which is used to define
the PAR models and introduced a Markovian dual process for using
to study the properties of PAR models. Boswijk and Franses (1996)
analyzed the presence and consequences of a unit root in PAR mod-
els for univariate quarterly time series. Lund and Basawa(1999, 2000)
overviewed general modeling and analysis problems with PC processes
and also PAR and PARMA models. Hrafnelsson and Newton (2000),
have obtained the simultaneous confidence bands for the spectral den-
sity of a vector autoregressive process, by using pagano’s results. The
books by Gardner (1994) and Hurd and Miamee (2007) are also rich
in demonstrating various applications of periodically correlated pro-
cesses in sciences and engineering.

Because of the periodic nature of the nonstationarity, PC processes
have been called periodically nonstationary (Markelov, 1966), cyclo-
stationary (Bennett, 1958; Gardner and Frank, 1975), periodically
stationary (Papoulis, 1965), periodic nonstationary (Ogura, 1971) and
processes with periodic structure (Brelsford, 1967).

Hurd and Gerr (1991) proposed two tools for determining the pres-
ence of periodic correlation, the coherent and the incoherent statistics.
Martin (1999) detected the periodic autocorrelation in time series via
zero-crossings. Spectral domain techniques in detecting and model-
ing periodic correlation are given by Broszkiewicz-Suwaj (2003) and
Broszkiewicz-Suwaj et al. (2004).

Maximum likelihood estimation for periodic autoregressive mov-
ing average models is given by Vecchia, (1985). An algorithm for the
exact likelihood of periodic autoregressive moving average models is
obtained by Li and Hui (1988). An algorithm for the computation
of the theoretical autocovariances of a periodic autoregressive process
is shown by Boteva and Boshnakov (1992). Parameter estimation for
periodic ARMA models is given by Adams and Goodwin (1995) and
for recursive computation of the parameters of periodic autoregressive
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moving average processes refer to Boshnakov (1995). For modeling
and Inference for Periodically Correlated Time Series refer to Lund
and Basawa (1999). Innovations algorithm for periodically stationary
time series is giveb by Anderson, Meerschaert and Vecchia (1999). Re-
cursive prediction and likelihood evaluation for periodic ARMA mod-
els are obtained by Lund and Basawa (2000). Shao and Lund (2004)
considered the computation and characterization of autocorrelations
and partial autocorrelations in periodic ARMA models. Covariance
generating functions and spectral densities of periodically correlated
autoregressive processes are also considered by Shishebor, Nematol-
lahi and Soltani (2006).

A limiting property of sample autocovariances of periodically cor-
related processes with application to period determination is studied
by Tian (1988). Maryan and Lavorsky (2002) considered the esti-
mate of period of Gaussian periodically correlated stochastic process
and cyclo-period estimation for discrete-time cyclo-stationary signals
is given by Wang, Chen and Huang (2006).

5 The spectra of a periodically correlated time se-
ries and their estimation

Let {Xt} be a discrete parameter, zero mean and real periodically
correlated (PC) time series with period T . Since {Xt} is a nonsta-
tionary time series, it does not possess a spectral density function in
the conventional sense, but Gladyshev (1961) has shown that we may
associate with {Xt} a Hermitian nonnegative definite T × T matrix
f(ω), which we may call the ”spectral matrix,” defined as follows. The
(j,k)th element of f(ω), fjk(ω) is given by

fjk(ω) =
1

T
fk−j((ω − 2πj)/T ), j, k = 0, ..., T − 1, 0 ≤ ω ≤ 2π,

where fk(ω) satisfies the relation
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fk(ω) =
1

2π

∞∑
τ=−∞

Bk(τ) exp(−iτω),

with Bk(τ) = Bk+T (τ) the kth order coefficient of the Fourier se-
ries expansion of the periodic function (with respect to t) Rt(τ) :=
E(Xt+τXt), i.e.

Bk(τ) =
1

T

T−1∑
t=0

Rt(τ) exp(−2πikt

T
).

When k < 0 and ω < 0 or ω > 2π the functions {fk(ω)} are
completely determined by the identities fk(ω) = fk+T (ω) and fk(ω +
2π) = fk(ω), fk(0) = 0 for all k. These fk(ω) are in a sense spectra of
PC processes.

It is well known that the PC time series Xt must be harmonizable
in the sense of Loeve (1963), i.e. can be represented as

Xt =

2π∫

0

exp(itω)dZ(ω),

where {Z(ω), 0 ≤ ω < 2π} is a zero mean complex-valued random
process (or random measure). The covariance structure of {Z(ω),
0 ≤ ω < 2π is described by the complex-valued bivariate measure µ,
restricted to [0, 2π)× [0, 2π) with increments µ(dω1, dω2)

= E[dZ(ω1)dZ(ω2)]. The spectrum µ is concentrated on the 2T − 1
parallel diagonal lines ω2 = ω1 + 2πk/T, k = 0,±1, ...,±(T − 1)
restricted to [0, 2π) × [0, 2π) . In this case, we see Z(ω) has PC
increments, i.e. µ(dω1, dω2) = 0, unless ω2 = ω1 + 2πk/T, k =
0,±1, ...,±(T − 1).

When T = 1, then Z(ω) has orthogonal increments, i.e.
µ(dω1, dω2) = 0, unless ω2 = ω1, i.e., µ is concentrated on the main
diagonal ω2 = ω1, that is a well known result related to the stationary
case.
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Figure 6: The periodic diagonal nature of the support set of the spectra
for T = 4

In the general case, the main diagonal component of µ is µ(dω, dω) =
E|dZ(ω)|2 = f0(ω)dω. The entire mass of the spectra in f0(ω), is con-
centrated on the main diagonal ω2 = ω1, (like the spectrum of a sta-
tionary time series ), and is a real valued and nonnegative function,
and the masses of the other spectra, which can be complex valued,
namely fk−j, j 6= k, have their masses concentrated on the off diago-
nals ω1 = ω2 +2πk/T, k = ±1,±2, ..,±(T − 1). The periodic diagonal
nature of this support set for T = 4 is shown in Figure 6.

Following Gladyshev (1961), we may construct an alternative,
but equivalent definition of a PC process as follows. We say that
the series {Xt} is periodically correlated with period T if and only
if the T -dimensional vector series Yt = (XtT , XtT+1, ..., XtT+T−1)

′ is
stationary in the wide sense. It can then be shown that (Gladyshev,
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1961) that

f(ω) =
1

T
U(ω)h(ω)U−1(ω),

where f(ω) is the spectral density matrix of {Xt}, h(ω) the spectral
density matrix of the stationary vector series {(XtT , XtT+1, ..., XtT+T−1)

′}
and U(ω) is a unitary matrix (i.e., U(ω)U∗(ω) = I) with elements
Ujk(ω) = T−1/2 exp(2πijk−ikω

T
).

The above relation suggests that the estimation of f(ω) can be ac-
complished through the estimation of h(ω). One can estimate h(ω)
using either parametric estimation (say via linear vector ARMA mod-
els) or using the kernel approach (Brillinger, 1975, Chapter 7 and
Hannan, 1970). Here our object is to exploit the special structure
of the block-Toeplitz matrix associated with multidimensional series
{Yt} to derive spectral estimates, using the techniques introduced in
Section 3. This also enable us to derive a high resolution estimate of
h(ω) and hence of the spectral matrix, f(ω) of PC time series.

Let {Y1,Y2, ...,Yn} be a sample of size n from T -dimensional sta-
tionary vector series {Yt}. We assume that EYt = 0. Let n = Mm,
where M and m are integers. Divide the data into M groups, where
each group consists of m observations, and let the observations in the

l-th group (l = 1, ..., M) be denoted by the mT × 1 vector Ỹl, where

Ỹl = (Y′
lm,Y′

lm−1, ...,Y
′
(l−1)m+1)

′ , l = 1, ...,M.

We estimate the mT ×mT block-Toeplitz covariance matrix Γm of
order m by

Γ̂m =
1

M

M∑
j=1

ỸjỸ
′
j.

Let Λ̂m(ωj), j = 0, ..., m− 1 be the eigenvalue-matrices of Γ̂m and
assume that m is odd. According to our findings in Section 3, we
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consider

ĥm(ωl) =
1

4π

m−1∑
j=0

Âm(ωj, ωl),

ĥm,cap(ωl) =
1

π

{
m−1∑
j=0

Ãn(ωj, ωl)

}−1

.

as estimators of hm(ωl) and hm,cap(ωl), respectively, where

Âm(ωj, ωl) =
2

m

m∑
t=1

m∑
s=1

W
t∗
m(ωj)Λ̂m(ωj)W

s
m(ωj)e

−i(t−s)ωl

and

Ãm(ωj, ωl) =
2

m

m∑
t=1

m∑
s=1

W
t∗
m(ωj)Λ̂

−1
m (ωj)W

s
m(ωj)e

−i(t−s)ωl .

Using the relation between the spectral density matrix of a periodically
correlated time series and a stationary vector time series, we propose
the following two estimators, as the estimates for the spectral density
matrix of PC time series, f(ωl), namely,

f̂m(ωl) =
1

T
U(ωl)ĥm(ωl)U

−1(ωl),

f̂m,cap(ωl) =
1

T
U(ωl)ĥm,cap(ωl)U

−1(ωl).

6 Numerical illustration

As an application of these methods for estimating the spectral den-
sity matrix of a real PC time series, we consider time series of mean
monthly flows of Fraser River at Hope, BC, from January 1913 to
December 1990. This time series has been used by several authors for
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Figure 7: Mean monthly flows of Fraser River at Hope, BC, from January
1913 to December 1990

fitting PC time series models, and is known to have periodicity of 12
months, T = 12, ( Vecchia and Ballerini (1991), Mcleod, (1994) and
see Hipel and Mcleod (1994) ). The data is plotted in Figure 7.

There is a twelve-dimensional stationary time series Yt, associated
with this time series. The number of observations are 936 and so we
have 78 observations from Yt, that we consider in M = 26 groups, with

m = 3 elements in each group. The estimates ĥm(ωl) and ĥm,cap(ωl)
are calculated with ωj = 2πj

m
, j = 0, ...,m − 1. The above estimates

are computed at the frequencies ωl = lπ, l = 0(0.1)1. And then we

computed f̂m(ωl) and f̂m,cap(ωl), the truncated estimate and Capon
estimate of spectral density matrix of periodically correlated Xt. The

estimates of f̂m(ωl) and f̂m,cap(ωl) are both 12 × 12 matrices and for
reasons of space, we don’t include these, but we plot the logarithm of

f̂0(ω) in Figure 8.

According to a criteria introduced by Nematollahi and Subba Rao
(2005), the truncated estimate seems to be preferable to Capon’s es-
timate.
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Figure 8: The logarithm of theoretical density, truncated estimate and
Capon estimate of f0(ωl), ωl = lπ, l = 0(0.1)1
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Abstract: Variational approximations have been used extensively in Statistical
Physics and Computer Science as a means of simplifying probability calculus. We
investigate the transferral and adaptation of variational approximation method-
ology for the logistic mixed model setting, which is hindered by intractable mul-
tivariate integrals.Comparisons with accurate approximations based on Markov
Chain Monte Carlo sampling shows that our methodology is comparable, while
being significantly faster.

Keywords: Logistic Mixed Models; Variational Approximations;
Penalized Splines.

1 Introduction

Logistic mixed models are an extremely useful class of models for bi-
nary data. They are a fundamental in longitudinal data analysis, a
common analysis in biomedical statistics, where they can be used to
model correlation in grouped data and include simple, hierarchical,
crossed and nested random effect models (McCulloch & Searle, 2001;
Zhao, Staudenmayer, Coull & Wand, 2006). They also can be used
for function estimation including scatterplot smoothing, random co-
efficient and kriging models (Ruppert, Wand & Carrol, 2003; Zhao,
Staudenmayer, Coull & Wand, 2006).

Unfortunately the analysis of logistic mixed models is hindered
by the presence of analytically intractable integrals and approxima-
tions must be made. Approximations include Laplace-like approxi-
mations such as Penalized Quasi-Likelhood (PQL, Breslow & Clay-
ton, 1993), Gauss-Hermite quadrature (Naylor & Smith, 1982) and
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Monte Carlo methods (Robert & Casella, 1999; Gilks, Richardson &
Spiegelhalter, 1996; McCullagh, 1997). Each of these methods have
computational shortcomings associated with them. PQL approxima-
tions can be severely biased (Breslow & Lin, 1995; Lin & Breslow,
1996), Gauss-Hermite quadrature does not scale well to high dimen-
sional integrals and Monte Carlo methods suffer from the problems
of the slowness and difficulties accessing convergence (although some
progress has been made, see Rosenthal, 1995 and Cowles & Rosenthal,
1998 for instance). Excellent summaries of existing approximations
for generalized linear mixed models (GLMM), of which logistic mixed
models are a special case, may be found in McCulloch & Searle (2001,
Chapter 10) and Tuerlinckx, Rijmen, Verbeke & de Boeck (2006).
However these overviews do not include variational approximations.

Variational methods are a class of analytic approximations
which offer a fresh approach to many statistical problems. These are
a class of analytic approximations with origins in physics which have
recently been applied by computer scientists to a variety of statisti-
cal models (MacKay, 1995; Attias, 2000; Beal & Ghahramani, 2002;
Beal, 2003; Bishop & Winn, 2003; Winn & Bishop, 2005; Consonni &
Marin, 2007). In this article we describe a variational approach, simi-
lar to Rijmen & Vomlel (2007), for approximation of integrals arising
in logistic mixed models and Bayesian versions thereof based on the
ideas of Jaakkola & Jordan (2000). We also develop grid-based vari-
ational approximations for calculating marginal poster densities. We
illustrate these methods with a case study.

2 Logistic Mixed Models

Consider the logistic mixed model with normally distributed random
effects given by

[y|β,u] = exp
{
yT (Xβ + Zu)− 1T log(1 + eXβ+Zu)

}
[u|σ2] = |2πGσ2|−1/2 exp

{−1
2
uTG−1

σ2u
} (1)

where y ≡ (y1, . . . , yn) is a response vector, X and Z are n × p and

451



J. T. Ormerod, M. P. Wand Variational approximations for · · ·

n×q matrices, β is a vector corresponding to the fixed effects of length
p, u are random effects of length q with covariance matrix Gσ2 which
is parameterized by variance components σ2 ≡ (σ2

1, . . . , σ
2
v).

This model arises in a number of common applications includ-
ing scatterplot smoothing, additive models and longitudinal models
(Ruppert et al., 2003; Zhao et al., 2006) which specify the particular
values for the matrices X, Z and Gσ2 .

The likelihood for β and σ2 is obtained by integrating out the
random effects and is given by

`(β,σ2) =

∫

Rq

exp
{
yT (Xβ + Zu)− 1T log(1 + eXβ+Zu)

}

exp
(−1

2
uTG−1

σ2u
)

|2πGσ2|q/2
du. (2)

Bayesian logistic mixed models are also of considerable inter-
est. A common Bayesian approach is to place vague priors on the
parameters β and σ2. A common choice is

β ∼ N(0, σ2
βI) and σ2

i ∼ IG(αi, αi) (3)

where σ2
β is chosen to be a large positive constant, αi is chosen to be

a small positive constant and IG(αi, αi) denotes the inverse-gamma
distribution parameterized such that E(σ2

i ) = 1. Gelman (2006) advo-
cates the use of other priors, particularly for the σ2

i s, but for simplicity
we will focus on these.

Often the marginal posterior distributions for the βis are of
interest. These require calculation of integrals of the form

[βi|y] =

∫
[y|β,u][β][u|σ2][σ2]dβ−idudσ2

∫
[y|β,u][β][u|σ2][σ2]dβdudσ2

(4)

where β−i is the vector β with the ith element removed.
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Unfortunately there is no known closed form for (2) or (4) and
so we must pursue approximations. We will now pursue variational
approximations to these integrals.

3 Variational Approximations

There are two standard ways of finding such parameterized bounds.
One method of deriving parameterized lower bounds exploits convexity
properties of the integrand, we call tangent transforms (see Jaakkola
& Jordan, 2000), while the other uses Jensen’s inequality and leads to
EM like algorithms (Hinton & van Camp 1993; MacKay, 1995; Attias,
2000; Beal & Ghahramani, 2002; Beal, 2003; Bishop & Winn, 2003;
Winn & Bishop, 2005). For simplicity we will only focus on the first
of these.

Tangent transforms exploit the fact that for any convex func-
tion f : Rd → R that

f(x) ≥ f(ξ) + Dxf(ξ)(x− ξ) for all x, ξ ∈ Rd (5)

and also
f(x) = max

ξ
f(ξ) + Dxf(ξ)(x− ξ). (6)

where Dxf(ξ) = (∂f(x)/∂xi|x=ξ)1≤i≤d (e.g. Rockafellar, 1972). Simi-
larly if f is concave we replace ≥ with ≤ in (5) and “max” with “min”
in (6). While the approximation appears to be simplistic, since it only
relies on first derivative information, often this type of approximation
is adequate.

For logistic mixed models the difficult in calculating the like-
lihood (2) stems from the non-quadratic term b(Xβ + Zu) = log(1 +
exp(Xβ + Zu)). Jaakkola & Jordan (1997) noticed that an upper
bound for b(x) can be obtained due to the fact that g(x) = log(e−x/2+
ex/2) = b(x)− x/2 is a concave function of x2 and hence

b(x) ≤ bU(x, ξ) =
x

2
+ log(e−ξ/2 + eξ/2) +

tanh(ξ/2)

4ξ
(x2 − ξ2) (7)
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which holds for all x, ξ ∈ R. This bound is illustrated in Figure 1.

−10 −5 0 5 10
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10

Upper bounds for b(x)

x

b(
x)

b(x)
bU(x,ξ)

Figure 1: Upper bounds for b(x).

Now we can use (7) to find a lower bound for the joint log-
likelihood of y and u, ignoring additive constants,

log[y,u] ≥ (
y − 1

2

)T
(Xβ + Zu)− 1

2
(Xβ + Zu)T Λ (Xβ + Zu)

−1
2
uTG−1

σ2u (8)
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where Λ = diag {tanh(ξi/2)ξi/2}1≤i≤n and ξ = (ξ1, . . . , ξn) are addi-
tional parameters, called variational parameters. Noting that since
the right hand side of (8) is, ignoring additive constants, the log of a
multivariate Gaussian function of u we might approximate the poste-
rior distribution u|y by [u|y] ≈ δ(u) = φΣ(u−µ) where φΣ(u−µ) =
|2πΣ|−1/2 exp(−(u− µ)TΣ−1(u− µ)/2),

µ = ΣZT
(
y − 1

2

)
and Σ =

(
ZTΛZ + G−1

σ2

)−1
. (9)

We can now use this as the basis for an approximate EM algorithm.

Let µold and Σold be the values for µ and Σ evaluated at the
current values for β, σ2 and ξ. The expectation step of the EM
approach uses, ignoring additive constants,

Q(β,σ, ξ|µold,Σold) = Eδ {log[y,u]}
≥ log(1T g(ξ))− 1

2
log |Gσ2|+ (

y − 1
2

)T
(Xβ + Zµold)

−1
2
(Xβ + Zµold)

T Λ (Xβ + Zµold)− 1
2
µT

oldG
−1
σ2µold

−1
2
tr

(
Σold(Z

TΛZ + G−1
σ2 )

)
.

(10)

where Eδ denotes expectations with respect to the approximate pos-
terior distribution δ.

The maximisation step then maximizes Q with respect to β,
σ2 and ξ. In order to optimize Q with respect to σ2 we need to
specify a particular structure for Gσ2 . For simplicity we will use
Gσ2 = blockdiag1≤i≤v (σ2

i Ωi). Other covariance structures for u are
desirable in some contexts (see for example Verbeke & Molenberghs,
2000; McCulloch & Searle, 2001; Zhao et al., 2006), however the co-
variance structure we have chosen here is quite general.

Differentiating Q with respect to β, σ2 and ξ, we find that
first order optimality conditions require

β := (XTΛX)−1X
(
y − 1

2
−ΛZµold

)

ξi :=
√

(Xβ + Zµold)
2
i + 1

2
(ZΣoldZT )ii, 1 ≤ i ≤ n

σ2
i :=

(
µT

oldDiµold + tr (ΣoldDi)
)
/qi, 1 ≤ i ≤ v

(11)
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where Di = blockdiag1≤j≤v (ΩjIj=i), the qis are the sizes of the square
matrices Ωi and I{x} denotes the indicator variable which takes the
value 1 if x is true and 0 otherwise. We use (11) as the update equa-
tions for the EM algorithm and (9) to update the approximation of
the posterior distribution u|y. Similar updates we first developed by
Jaakkola & Jordan (1997) in the context of Bayesian logistic linear
models and later by Rijmen & Vomlel (2007) for logistic random ef-
fects models. Our approach is an extension of these approaches to a
more general model.

A similar approach may be used for Bayesian logistic mixed
models. Suppose that we apply the priors (3) to our logistic mixed
model. Integrating out the variance components σ2 we obtain, ignor-
ing additive constants,

log [y,ν] = yTCν − 1T b(Cν)−
‖β‖2
2σ2

β
−∑v

i=1(αi + qi/2) log
(
αi + uT Diu

2

)
(12)

where C ≡ [X,Z] and ν = (β,u).

Similar to the logistic mixed model case [y, ν] is not multivari-
ate Gaussian in shape. However, noting that − log(x) ≥ −ξx + 1 +
log(ξ), see for example Jordan, Ghahramani, Jaakkola & Saul (1999),
and again using (7) we obtain the following lower bound for (12), again
ignoring additive constants,

log [y,ν] ≥ h(ξ̃) +
(
y − 1

2

)T
Cν − 1

2
νT

(
CTΛC + B

)
ν (13)

where h(ξ̃) = 1T g(ξ) +
∑v

i=1(αi + qi/2)(log(ξn+i)− αiξn+i),

B =

[
σ−2

β I 0
0

∑v
i=1(αi + qi/2)ξn+iDi

]
(14)

and ξ̃ = (ξ, ξn+1, . . . , ξn+v) are additional variational parameters. Now
the right hand side of (13) is, up to additive constants, the log of a
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multivariate Gaussian distribution in ν. We use this to approximate
the posterior ν|y by δ(ν) = φΣ(ν − µ) where

Σ =
(
CTΛC + B

)−1
and µ = ΣCT

(
y − 1

2

)
(15)

noting that µ and Σ depend on ξ̃ through Λ and B.

We select ξ̃ by maximising a lower bound for the marginal
likelihood. As before this is most elegantly done via the EM algorithm.
Let µold and Σold be the values for µ and Σ evaluated at the current

values for ξ̃. Then the Q function is given by

Q(ξ̃|µold,Σold) = Eδ {log [y, ν]}
≤ h(ξ̃) +

(
y − 1

2

)T
Cµold − 1

2
µT

old

(
CTΛC + B

)
µold

+tr
[
Σold

(
CTΛC + B

)]
.

(16)

The maximisation step then maximizes Q with respect to ξ̃.

Differentiating Q with respect to ξ̃ and solving the first order opti-
mality conditions we obtain

ξi :=
√

(Cµold)
2
i + 1

2
(CΣoldCT )ii, 1 ≤ i ≤ n

ξn+i := 2/(2αi +
(
µT

oldBiµold + tr (ΣoldBi)
)
), 1 ≤ i ≤ v

(17)

where Bi = blockdiag(0p,Di), 1 ≤ i ≤ v. We then iterate over (15)
and (17) until convergence.

4 Grid-Based Posterior Density Approximations

Approximating marginal posterior densities is a common problem in
Bayesian statistics. Unfortunately, as we will see in Section 5, using
(15) can underestimate the variances of the marginal posterior den-
sities. This tendency of variational approximations has been shown
to arise in various settings (Humphreys & Titterington, 2000; Wang
& Titterington, 2005; Consonni & Marin, 2007). Here we consider
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approximating the marginal posterior densities by directly approxi-
mating (4).

Firstly, the joint distribution of y and ν−i is, ignoring additive
constants,

log [y, ν−i] ≥ (CT
−i

(
y − 1

2

)− [
CTΛC + B

]
−i,i

νi)ν−i

−1
2
νT
−i

[
CTΛC + B

]
−i,−i

ν−i
(18)

where Ci is the ith column of C, C−i is the matrix C with the ith
column removed, ν−i is the vector with the ith element removed,
[CTΛC + B]−i,−i is the matrix CTΛC + B with the ith row and
column removed and [CTΛC+B]−i,i is the ith column of CTΛC+B
with the ith row removed. As before, the right hand side of (18) is, ig-
noring additive constants, the log of a multivariate Gaussian we make
the approximation [ν−i|y] ≈ δ(ν−i) = φΣ(ν−i − µ) where

Σ =
[
CTΛC + B

]−1

−i,−i
and µ = Σ(CT

−iy −
[
CTΛC + B

]
−i,i

νi).

(19)
Let µold and Σold be the values for µ and Σ evaluated at the

current values for ξ̃. It can be shown (e.g. Hinton & van Camp 1993;
MacKay, 1995; Attias, 2000), for any density δ, that

log[y, νi] ≥ Q(ξ̃|µold,Σold) +Hδ

≥ h(ξ̃) +
(
y − 1

2

)T
Cµold

−1
2
µT

old

(
CTΛC + B

)
µold + tr

[
Σold

(
CTΛC + B

)]
+1

2
log |2eπΣold| = log[y, νi]L

(20)

where Q(ξ̃|µold,Σold) = Eδ {log[y, ν]} and Hδ = 1
2
log |2eπΣold| is the

entropy function for δ. Maximising for ξ̃ we obtain

ξi :=
√

(Cµold)
2
i + 1

2
(CΣoldCT )ii, 1 ≤ i ≤ n

ξn+i := 2/(2αi +
(
µT

oldBiµold + tr (ΣoldBi)
)
), 1 ≤ i ≤ v.
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In order to tighten the bound (20) we maximise log[y, νi; ξ]L with
respect to ξ. Let

ξ̃
∗
(νi) = argmax

ξ̃

{log[y, νi; ξ̃]L} (21)

so that [y, νi; ξ̃
∗
]L is also a tight lower bound for [y, νi] noting we

write ξ̃
∗
(νi) because of the fact that ξ̃

∗
depends implicitly on νi via

the optimisation problem (21).

Given [y, νi; ξ̃
∗
(νi)]L we could approximate the marginal like-

lihood by [y]L ≡
∫

[y, νi; ξ̃
∗
(νi)]Ldνi The complicated dependency of

ξ̃
∗

on νi means that it may be impossible to find a closed form expres-

sion for [y, νi; ξ̃
∗
(νi)]L. Instead we evaluate ξ̃

∗
j = maxξ[y, ν̂ij; ξ̃]L for

a grid of values (ν̂i1, . . . , ν̂iN) for some integer N . We then approxi-

mate log[y, νi; ξ̃
∗
(νi)]L by some curve log[y, νi]G (where the subscript

G denotes a grid based approximation) such that

log[y, ν̂ij]G = log[y, ν̂ij; ξ̃
∗
j ]L for 1 ≤ j ≤ N, (22)

i.e. log[y, ν̂ij]G interpolates the points (ν̂ij, log[y, ν̂ij; ξ̂j]L) for 1 ≤ j ≤
N . Finally a grid based variational posterior approximation (GBVPA)
for [νi|y] is given by

[νi|y]G ≡ [y, νi]G/[y]G (23)

where the one dimensional integral [y]G ≡ ∫
[y, νi]Gdνi is evaluated

numerically.

There are a number of choice to be made. These include the
choice and number of grid values, type of interpolation used to ap-

proximate log[y, νi; ξ̃
∗
(νi)]L and quadrature method to approximate

[y, νi]G. The choices we have made in the following examples are as
follows: 1) Suppose that (νiL, νiR) is a 95% highest posterior den-
sity credible region for νi based on (15). Then we let (ν̂i1, . . . , ν̂iN)
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be equally spaced on the interval νi ∈ (νiL −4/2, νiR +4/2) where
4 = νiR − νiL. 2) We used the R function spline() for the interpo-
later [y, νi]G. 3) A 5,000 point trapezoid rule was used to approximate
[y]G ≡

∫
[y, νi]Gdνi on the interval νi ∈ (νiL −4/2, νiR +4/2).

One possible downside of GBVPA is that N optimisation prob-
lems of the form (21) need to be solved for each marginal posterior
density. Thus, in practice, we seek to choose the grid (ν̂i1, . . . , ν̂iN)
with as few points as possible but enough points to ensure that we
have a reasonable approximation for [νi|y]G. We note that GBVPA
could potentially be easily improved however we propose GBVPA as
a starting place for such improvements.

5 Numerical Experience

As outlined in the introduction there are many applications to logis-
tic mixed models. For simplicity we will examine the effectiveness of
variational approximations for logistic mixed models for the context of
additive penalized spline smoothing (e.g. Eilers & Marx, 1996; Rup-
pert et al., 2003; Wood, 2003; Welham, Cullis, Kenward & Thompson,
2007; Wand & Ormerod, 2008). Wand & Ormerod (2008) Section 5
considered a penalised spline analysis of union membership for a sam-
ple of 534 U.S. workers (source: Berndt, 1991) with the subset of
covariates

xi = [southi, femalei, marriedi, years.educi, wagei, agei].

The variables years.educ, years.experience, wage and age are con-
tinuous and the variables south, female and married are binary. We
consider a model of the form

logit {P (union.memberi = 1|xi)} = β0 + β1southi + β2femalei

+β3marriedi + fyears.educ(years.educi) + fwage(wagei)
+fage(agei) = Xβ + Zu

and use the mixed model formulation of cubic O’Sullivan splines (Wand
& Ormerod 2008, Section 4) to model fyears.educ, fwage and fage. We
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used K = 25 quantile spaced inner knots for each of the continuous
variables. Let Zyears.educ, Zwage and Zage be the spline matrices for
years.educ, wage and age respectively. Each of these matrices has
qi = K + 2 columns and

X = [1, years.educi, wagei, agei]1≤i≤n , Z = [Zyears.educ,Zwage,Zage]

and Dσ2 = blockdiag
{
σ−2

i Iqi

}
1≤i≤3

.

5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

number of years of education

es
t. 

P
(u

ni
on

 m
em

be
rs

hi
p)

MCMC
PQL
VAR
VB

0 5 10 15 20 25 30

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

wage (dollars per hour)

es
t. 

P
(u

ni
on

 m
em

be
rs

hi
p)

MCMC
PQL
VAR
VB

20 30 40 50 60

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

age in years

es
t. 

P
(u

ni
on

 m
em

be
rs

hi
p)

MCMC
PQL
VAR
VB

Figure 2: Smooth function fits for the Trade Union model using the
MCMC, PQL, VAR and VB approximations.

From Figure 2 we see that the VAR and VB approximations
produce fits which are quite similar to PQL. The approximations for
the VB were, to the eye, slightly closer to the MCMC fit than the
other approximations. While the analytic approximations are less ac-
curate than MCMC methods they are extremely fast; taking about 4
minutes to fit each model. In contrast, for this example, the MCMC
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approximation using WinBUGS (Spiegelhalter, Thomas & Best, 2000)
took a little over an hour.

Finally, for Bayesian logistic mixed we can compare posterior
density approximations for south, female and married using (9) and
grid-based posterior approximations described in Section 4 with kernel
density estimates (Scott, 1992; Wand & Jones, 1995) of posterior sam-
ples obtained via MCMC. The kernel density estimates use the Gaus-
sian kernel with the bandwidth chosen via a direct plug-in method
(Wand & Jones, 1995, Section 3.6) using the R package KernSmooth.
Alternatively, the Sheather-Jones method (Sheather & Jones, 1991)
can deliver excellent results.

It has been well-established in kernel smoothing literature that
the choice of kernel has little effect on density estimates (e.g. Mar-
ron & Nolan, 1988, Wand & Jones, Chapter 2). However, the how
the bandwidth is chosen does matter. Extensive simulation studies
(e.g. Park & Turlach, 1992; Cao, Cuevas & Gonzalez-Manteiga, 1994;
Jones, Marron & Sheather, 1996) have shown that, for large sample
sizes and densities that are Gaussian in shape, automatic bandwidth
methods such as the direct plug-in methods and the Sheather-Jones
method lead to quite accurate density estimates.

For the MCMC fit we used WinBUGS to generate chains of
length 50,000 after a burn-in of 5,000 and applied a thinning factor
of 5, resulting in posterior samples of size 10,000 and then used the R

package KernSmooth to estimate the densities of these posterior sam-
ples. Figure 3 illustrates these estimates. From this figure we notice
that densities approximations based on (9) underestimate the amount
of variance of the posteriors. The GBVPA approximations, on the
other hand, were significantly better. Each GBVPA approximation
took roughly 5 minutes to compute while the MCMC approach via
WinBUGS took a little over 6 hours.
6 Conclusion
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Figure 3: Illustration of the kernel density estimates of MCMC posterior
samples, variational posterior approximations (VPA) and grid-based varia-
tional posterior approximations (GBVPA) for south, female and married
coefficients.

In this article we focused on the logistic mixed model case. The ex-
tension to Generalised linear mixed models requires additional ideas
which we do not have the space to cover here. In an upcoming pa-
per Ormerod & Wand (2008) cover these cases for general responses
including Poisson, gamma and inverse-Gaussian response types.
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On Nonparametric Density Estimation in
Mixture Models

Reza Pakyari
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Abstract: A new nonparametric estimation method for the component density
functions of a multivariate mixture model is proposed. The estimation procedure
is based on inverting the mixture model that is expressed in terms of densities. A
monte Carlo simulation study shows that the nonparametric estimator performs
relatively better than its parametric competitor when estimating the most probable
component and when the value of the mixing proportion is close to one.

Keywords: Nonparametric density estimation, Independent marginals,
Kernel methods, Bandwidth.

1 Introduction

In many statistical applications, it is known or suspected that obser-
vations arise from two or more populations with different distribu-
tions mixed in varying proportions. For example, the distribution of
height in a population of adults might be decomposed into male and
female populations, or similarly in fisheries research, where usually
fish lengths are available, but not their sexual identities.

Hettmansperger and Thomas (2000) proposed an almost nonpara-
metric approach for estimation of the mixing proportions, and also for
estimation of the number of components in the mixture.

Hall et al. (2005) presented a nonparametric approach based on
inversion the mixture model in terms of distribution functions for es-
timation of the mixing proportions and component distributions in
multivariate mixtures. They also suggest the density estimation by
differentiating the distribution function estimators. In this talk, we
suggest another density estimators based on inverting the mixture
model that is expressed in terms of densities rather than distribution
functions.
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2 Density Estimation

Consider a k-variate two-term mixture model in terms of densities,

φ = π

k∏
i=1

f1i + (1− π)
k∏

i=1

f2i . (1)

This model implies a set of lower-dimensional submodels

φi1...i` = π
∏̀
m=1

f1im + (1− π)
∏̀
m=1

f2im , (2)

where 1 ≤ ` ≤ k, 1 ≤ i1 < . . . < i` ≤ k, and φi1...il denotes the
`-variate “marginal” density of φ corresponding to vector components
with indices i1, . . . , i`. Following the steps in Hall et al. (2005) by
inversion of the mixture model (1) we get

f1i = ±
(

(1− π) ψii1 ψii2

π ψi1i2

)1/2

+ φi , f2i = ∓
(

π ψii1 ψii2

(1− π) ψi1i2

)1/2

+ φi ,

(3)
where ψi1i2 = φi1i2 − φi1 φi2 , and the + and − signs have the same
interpretation they do in estimators of Hall et al. (2005). Formulae
(3) could be used to estimate fji. In particular, we could construct
kernel estimators of φi and φi1i2 , leading to the obvious estimators of
ψi1i2 . We could substitute these, and the estimator of π into (3), to
obtain estimators of f1i and f2i. We would average over suitable pairs
(xi1 , xi2) in the sample space.

3 Simulation Studies

Our estimator of the component density function depend on the thresh-
old ε3. We used an empirical method to find the optimal values for the
threshold parameter. We generated 300 datasets each of size n = 500
from the trivariate mixture model
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φ(x) = π n3(x, µ1, I3) + (1− π) n3(x, µ2, I3) , (4)

where n3(µ,Σ) denote the trivariate normal distribution with mean
vector µ and variance-covariance matrix Σ. In particular, we chose
the 3 × 3 identity matrix I3 as the variance-covariance matrix, and
µ1 = (0, 0, 0) and µ2 = (4, 4, 4) as the mean vectors of the first and
second components, respectively.

We also fitted a Gaussian mixture model and estimated the pa-
rameters by the maximum likelihood estimation method via the EM
algorithm.

Figure 1 shows the results of the simulation study for both para-
metric and nonparametric methods. In each figure, the three panels
in the first column graph the root MISE for the respective marginal
density functions of the first component, and the three panels in the
second column correspond to the three marginal density functions of
the second component.

It can be seen from this figure that the parametric estimator per-
forms better than the nonparametric estimator when estimating the
first component. However, when used to estimate the most probable
component, the nonparametric estimator tends to performs relatively
close to its parametric competitor and even better when the mixing
proportion is greater than 0.30.
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Figure 1: Root mean integrated squared errors of parametric, dotted lines,
and nonparametric, solid lines, estimators of marginal densities. The three
plots in the first [respectively, second] column depict root MISE against the
mixing proportion π, for estimates of the three marginal densities of the
first [second] component in the normal model at equation (4). Sample size
is 500.
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Abstract: The determination of sample size is an important issue in designing
any trial. Particularly it is of key importance in medical studies. Sample size
computations are largely based on frequentist or classical methods. Many authors
have looked at the problem and many papers have been written to discuss the
problem form both the frequentist and Bayesian standpoints. In the Bayesian
approach the prior information on the unknown parameters is taken into account.

In this work we consider a fully Bayesian approach to the sample size deter-
mination problem which treats the problem as a decision problem and employs
a utility function to find the optimal sample size of the trial. Furthermore, we
assume that a regulatory authority, which is deciding on whether or not to grant a
license to a new treatment, uses a frequentist approach. We then find the optimal
sample size for the trial by maximizing the expected net benefit, which is the ex-
pected benefit of subsequent use of the new treatment minus the cost of the trial.
The aim is to apply the methodology on an actual trial to show how this might
work.

Keywords: Sample Size Determination, Fully Bayesian Approach,
Regulatory Authority, Expected Net Benefit, Cost, Normal Distribu-
tion, Number of Subsequent Users.

1 Introduction

One of the most important questions in planning any experiment is
how big to make the trial. Particularly it is of key importance in med-
ical studies. Several researchers have recognized the value of using
prior distributions rather than point estimates in sample size calcula-
tion. Bayesian publications on the sample size question, which uses a
prior distribution for the unknown parameters, may be divided into
two groups: inferential (see, for example, Adcock (1988), Spiegelhalter
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et al (1994)) and fully Bayesian or decision theoretic methods, which
treat the problem as a decision problem and employ a loss or utility
function (see, for example, Grundy et al (1956), Lindley (1997), Git-
tins and Pezeshk (2000), Pezeshk and Gittins (2006a), (2006b), Willan
(2007) and Kikuchi et al (2008)).

Bayesian sample size determination for estimating the success proba-
bility in binomial sampling has received considerable attention (see, for
example, Adcock (1995), Joseph et al (1995), Pham-Gia and Turkkan
(1992), Pezeshk and Gittins (2002)).The case of the difference between
two binomial parameters has been considered by Joseph et al (1997)
and Pham-Gia and Turkkan (2003).

Here we present the results of applying a fully Bayesian analysis to
an actual trial for which we assume that the regulator takes a fre-
quentist’s approach to grant a license to the new service or the new
treatment.

Pezeshk and Gittins (2006a) introduce the function shown in figure
1 to represent the number of subsequent users of the new treatment.

-

6

M

¡
¡

¡
¡¡

A + 1.5τ ′ B + 1.5τ ′

m

µ′

Figure 1: Number of subsequent users,

Here µ′ is the posterior mean and τ ′ is the posterior standard de-
viation of the parameter of interest, δ, the difference between the
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performance, on some appropriate scale, of the new treatment and of
the existing one. M is the expected total number of users if the new
treatment turns out to be very good in every respect, and A and B
are constants which need to be estimated in advance.

m =





0, µ′ < A + 1.5τ ′
M

B−A
[µ′ − A− 1.5τ ′], A + 1.5τ ′ < µ′ < B + 1.5τ ′ (1)

M, B + 1.5τ ′ < µ′.

This implies that if the amount of improvement is less than A+1.5τ ′,
then nobody switches to the new treatment; if it is between A + 1.5τ ′

and the higher value B + 1.5τ ′, then some patients switch to the new
treatment; and if it is higher than B + 1.5τ ′ then all patients switch
to the new treatment.

To simplify the presentation we assume throughout that the variance
of the observations σ2 is known.

2 Formal Statement of the Problem

Assume that Z1, Z2, ... are i.i.d. random variables with a normal den-
sity, N(δ, σ2), and let us also assume that δ ∼ N(µ, τ 2). Zi’s might
be considered as the difference between the performance of the new
service or treatment and that of an existing one. As introduced above,
let m denote the number of subsequent users of the new treatment and
let the cost of carrying out a trial with n users or patients be cn.

The benefit per user or patient of using the new treatment is assumed
to be b. The objective (i.e. expected net benefit) function which is
proposed, consisting of the total benefit from the resulting change in
the number of patients using the new treatment minus the cost of the
trial, can be written as

r(n) =

∫ ∞

−∞

∫ ∞

−∞
mbdΠn(δ|zn)f(zn)dδdzn − cn. (2)
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Here f(zn) is the predictive density function of Zn and Πn(δ|zn) is the
posterior distribution of the unknown parameter δ given zn. This is

N(µ′(zn), τ ′2), where µ′(zn) = σ2µ+nτ2zn

σ2+nτ2 and τ ′2 = σ2τ2

σ2+nτ2 . Thus we
may carry out the inner integration with respect to δ in (2) to give

r(n) = bE[mµ′(Zn)]− cn. (3)

Since δ ∼ N(µ, τ 2), Zn − δ ∼ N(0, σ2/n), and δ and Zn − δ are inde-
pendent, it follows that f(zn) is N(µ, τ 2 + σ2/n).
It is convenient to express the problem in terms of the scaled variables

R(n) = r(n)
Mb

and C = c
Mb

. Numerical calculations show that in all
cases R(n) has a unique maximum as a function of n (for more details
see Kikuchi, Pezeshk and Gittins (2008)).

3 Licensing the New Service or the New Treat-
ment

Following Pezeshk (2006) let us assume that the regulator intends to
test the hypothesis H0 that δ = 0 against the alternative H1 that
δ > 0. If the data are normally distributed and if the size of the test
is α then the regulator’s criterion for rejecting H0 in favor of H1 is

reject H0 if and only if zn > zα

√
σ2

n
, (4)

where zα is such that P (Z ≥ zα) = α for a standard normal variate
Z. The regulator grants a license to the new treatment, provided that
(4) holds.

Pezeshk (2006) show that the sample size determination with the
above setting for a trial could be dealt with using the following theo-
rem.

Theorem If the regulator’s requirement is as in (4) and the ben-
efit of using the new treatment per patient is b, then the expected net
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benefit for carrying out a trial of size n is

r(n) = bE[mµ′(Zn)]− cn.

The scaled expected net benefit can be written as

R(n) =
1

B − A

∫ max(h2,fr)

max(h1,fr)

[Dc +
√

nTc(T
−2
c + n)−1/2u]

1√
2π

e−
1
2
u2

du

− A

B − A

∫ max(h2,fr)

max(h1,fr)

1√
2π

e−
1
2
u2

du

− 1

B − A
1.5(T−2

c + n)−1/2

∫ max(h2,fr)

max(h1,hr)

1√
2π

e−
1
2
u2

du

+

∫ ∞

max(h2,fr)

1√
2π

e−
1
2
u2

du− Cn.

(5)

Here Tc = τc

σ
, Dc = µc

σ
, C = c

Mb
, R(n) = r(n)

Mb
, fr(α, n) = zα−√nTc√

1+nT 2
c

,

h1(A, n) =
[A + 1.5(T−2

c + n)−1/2 −Dc](T
−2
c + n)1/2

Tc

√
n

,

h2(B, n) =
[B + 1.5(T−2

c + n)−1/2 −Dc](T
−2
c + n)1/2

Tc

√
n

.

Note that we have used the above change of variable to convert

the inequalities zασ/
√

n < zn < σ(σ2+nτ2
c )(B+1.5τ ′c/σ)−σ2µc

nτ2
c

to fr(α, n) <

u < h2(B, n).

Proof Evaluating the function m in equation (3) and taking the
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condition expressed in (4) into account after some calculations we will
arrive at (5).

Maximizing (5), one can find the optimal sample size of the trial.

A computer program has been written to calculate the expected net
benefit function r(n) and the maximizing value n∗ of n. The program
uses the numerical integration and optimization routines written in
the MatLab system. Extensive numerical calculation shows that, for
all values of the various parameters, the expected net benefit r(n) has
a unique local maximum that is also the overall maximum. In what
follows we present the results of applying our fully Bayesian method-
ology to an actual trial and show how it may deal with a frequentist
regulatory authority.

4 A Trial for the Suitability of a Treatment

A trial for the suitability of a certain treatment for juveniles was car-
ried out by an international drug company. A 0-1 quantity (some hair
loss=0, no hair loss=1) for severely ill hospitalized patients (ie, pa-
tients suffering from the effects of chemotherapy) was observed. We
worked in term of the log odds-ratio δ and assumed central limit the-
orem normality to calculate the optimal sample size which maximized
the expected net benefit resulting from the trial. The value σ = 2
was based on the company’s previous experience with similar trials.
For the binomial data Zn was redefined as log[ 1

n
ΣXi/(1 − 1

n
ΣXi)] −

log[ 1
n
ΣYi/(1− 1

n
ΣYi)] and δ as log[p1/(1−p1)]− log[p2/(1−p2)], where

p1 = Pr(cure | new treatment) and p2 = Pr(cure | alternative treat-
ment). Now Xi = 1 if the ith patient responds favourably to the new
treatment, and otherwise Xi = 0, and Yi is defined similarly for the
ith patient receiving the alternative treatment. Inference was based
on the fact that Zn has a distribution which is approximately nor-

mal with the mean δ and the variance 2(p1(1−p1)+p2(1−p2))
np1(1−p1)p2(1−p2)

see Coad and

Rosenberger (1999). For rare events, Spiegelhalter et al (1994) suggest
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an approximation of 4/n for the variance of Zn.

σ = 2. This was based on the company’s previous experience
with similar trial.

µ = 2.09. This is the log odds-ratio with success probabilities
of 0.2 with placebo and 0.67 with the active cream, which we
assume to be the expected value.

τ = µ/2 = 1.045. A convenient representation of prior ignorance.
It means that

Pr(δ < 0) = Pr(δ > 2µ) ' 0.025.

A = 0.8µ = 1.672. Maximum critical difference for no sale.

B = 1.2µ = 2.058. Minimum critical difference for maximum
sale.

c = $3800. The total cost per patient, to include payment to the
doctor and hospital costs.

Mb = $9.5M . An estimate for the sale, arrive at along the
following lines, for the total additional return if the trial gives a
clear positive result.

Let

I = Current annual income from the treatment,

I(1+x) = Future annual income if this trial gives a clear positive
result,

(1 + r) = (value of being able to show now that the trial result
is clearly positive)/(value of being able to show in one year from
now that the trial result is clearly positive)
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Thus r is a discount rate. It is convenient to express it in ’real’ terms,
with the effect if inflation removed. Its main components are at-
tributable to obsolescence because of advances in alternative therapies
and to reduction of the remaining period of patent protection.

Thus the expected net benefit if the trial is clearly successful is

Mb = Ix(1 +
1

1 + r
+

1

(1 + r)2
+

1

(1 + r)3
+ ...) = Ix(1 +

1

r
).

For example if I = $9.5M , x = 0.1 and r = 0.1, then Mb = $10.45M .

Taking α = 0.05, the function r(n) in equation (5) was maximized
and the optimal sample size n∗ with an intermediate regulator require-
ment was found to be 215, resulting in an expected net benefit r(n∗)
of $4.18 million. Figure 2 shows the variation of r(n) as a function of n.

It should be noted that, based on the typical requirements for cal-
culating the sample size in a classical or frequentist framework with
a size of 5% and a power of 80% the company concerned recruited 40
patients in the above trial.

So, the optimal sample size based on our analysis is larger than the one
used in the practice. Since the cost of carrying out the trial against
the possible benefits of the new therapy, the classical procedure gives,
in particular, no indication of those cases for which the likely benefits
do not justify carrying out a trial at all, or of those cases for which
the possible benefits justify a larger trial to increase the confidence
of both the potential users and the authorities in new therapy and
thereby persuade more of them to use it.
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Figure 2: Expected net benefit fuction as a function of n, when D = 1.045,
T = 0.5225, C = 0.0004, and (A,B) = (1.672, 2.058), as discussed in the
case study.
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Abstract: Multiple linear regression allows researchers to assess how the mean
of a conditional distribution changes with respect to patient characteristics But
in most cases of interest, the biometrical measurements like as duration data are
not normally distributed and this leads to unreliable results. Quantile regression
is an econometric regression model in which a specified conditional quantile of the
outcome variable is expressed as a linear function of subject characteristics and
allows researcher to assess how any quantile of a conditional distribution changes
with patient characteristics.
Our goal of this study was to determine the associations between reflux duration
and demographic characteristics by quantile regression and compare this model to
linear regression and Cox semi parametric model.
The results have demonstrated that using quantile regression leads to better in-
terpretation and richer inference about association between reflux duration and
patient characteristics.

Keywords: quantile regression, regression models, reflux dura-
tion.

1 Introduction

Gastroesophageal reflux disease (GERD) is currently one of the most
prevalent gastrointestinal disorders (Liang and Chen (2005)). Symp-
toms associated with gastroesophageal reflux disease (GERD) are com-
mon, with an incidence of approximately 20% in the general popula-
tion (Rosaida and Goh (2004) and El-Serag and Petersen (2004)).
It is often detrimental for patient quality of life and can develop into
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oesophagitis or cause other complications (Dimenas (1993) and Lager-
gren et al.(1999)) Statistical tools such as linear regression are widely
used to assess the associated factors on reflux severity and frequency.
Multiple linear regression allows researchers to assess how the mean
of a conditional distribution changes with respect to patient charac-
teristics and Cox regression allows one to assess the impact of patient
characteristics on the relative instantaneous hazard of an event. But
in most cases of interest, the biometrical measurements like as dura-
tion data are not normally distributed, this data depends on time so
parametric model such as linear regression that needs normality as-
sumption can not informative enough (Green and Silverman (1994)).
In this situation quantiles are more favorable to picture the distribu-
tion of response variable. Quantile regression (Koenker and Bassett
(1987) and Koenker and Hallock(2001)) is an econometric regression
model in which a specified conditional quantile (or percentile) of the
outcome variable is expressed as a linear function of subject char-
acteristics. This is in contrast to linear regression, that the mean
of a continuous response is expressed as a linear function of a set
of independent or predictor variables. This model is an important
tool for estimating conditional quantile models that has been used in
many empirical studies and has been studied extensively in theoreti-
cal statistics; One of quantile regression’s most appealing features is
its ability to estimate quantile-specific effects that describe the im-
pact of covariates not only on the center but also on the tails of the
outcome distribution. Therefore this technique is capable of provid-
ing a more complete statistical analysis of the stochastic relationships
among random variables. Not only this model frequently used in the
econometrics literature (Levin (2001) and Buchinsky (2004)) but also
recently in the field of biostatistics, it is used to find conditional quan-
tile functions to provide a more complete view (Marcotte and Wilcox-
Gok (2003), Austin and Schull (2003) and Austin et al.(2005)).
Our goal of this study was to determine the associations between re-
flux duration and demographic characteristics by quantile regression
and compare this model to linear regression and Cox semi parametric
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model.

2 Methods
2.1 Quantile regressiom analysis
Duration data are commonly used in applied econometrics and bio-
metrics. There is a variety of readily available estimators for popular
models such as the accelerated failure time model and the propor-
tional hazard model (Cox (1973) and Koenker and Bassett (1978)) in-
troduced quantile regressions as a regression based method to model
the quantiles of the response variable conditional on the covariates
(Koenker and Bassett (1987)). Quantile regression is recently emerg-
ing as an attractive alternative to these popular models (Koenker and
Bilias (2001) and Koenker and Geling (2001)). By modeling the dis-
tribution of the duration in a flexible semiparametric way, quantile
regression does not impose modeling assumptions that may not be
hold.
This technique is intended to estimate, and conduct inference about
conditional quantile functions. Let a regression model be denoted as
follows:

yi = β0 + β1x1i + β2x2i + . . . + βkxki + εi. (1)

In least square technique, the coefficients are estimated so as to
minimize the sum of squared deviations from the regression lines.
The pth quantile of the distribution of a random variable y is a number
q such P (y < q) = p.
In quantile regression, the pth quantile of the conditional distribution
can be modeled as a linear function of subject characteristics, One
defines the following function:

ρi =

{
p if ei > 0

(1− p) otherwise
(2)

The regression coefficient are estimated with respect to minimize the
following function

n∑
i=1

|ei|oi (3)
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Where

ei = yi − (b0 + b1x1i + b2x2i + . . . + bkxki) (4)

And (b0, b1, . . . , bk) are the regression parameters.
If someone wants to estimate median regression (Birkes and Dodge
(1993)), then ρi is equal to 0.5 for all observations.
But there is no closed-form expression to estimation and an iterative
algorithm must be used to obtain the coefficient estimates (Koenker
and Bassett (1987) and Gilchrist (2003)).
Similarly, the standard errors of the regression coefficients can be es-
timated using methods described by Koenker and Bassett (Koenker
and Bassett (1982)) and elaborated by Rogers (Rogers (1992)) and
another technique that recommended estimating the standard errors
of regression coefficients for quantile regression models is bootstrap
(Gould (1992)) In practical works, quantile regression is similar to
linear regression. Some macros have been developed in software such
as SAS (PROC QUANTREG) and R (package quantreg) to fit the
models of interest and researcher also can use either forward or back-
ward model selection techniques similar to those available for multiple
linear regression. Quantile regression models can include interaction
terms like linear regression and the coefficients are interpreted in the
same way.

2.2 Cox Proportional Hazards Model
Cox’s model (Cox (1972)) has become the most used procedure for
modeling the relationship of covariates to a survival or other time-to-
event data (Therneau and Grambsch (2000)).
Cox proposed a semi-parametric model for the hazard function that al-
lows the addition of explanatory variables, or covariates, but keeps the
baseline hazard as an arbitrary, unspecified, nonnegative functional of
time. The Cox hazard function for fixed-time covariates, x, is

Due to the construction of equation above, the baseline hazard
λ0(t)is defined as the hazard function for that individual with zero on
all covariates. Because the baseline hazard is not assumed to be of
a parametric form, Cox’s model is referred to as a semi-parametric
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model for the hazard function.
However, it has some restrictions. One of the restrictions to using
the Cox model with time-fixed covariates is its proportional hazards
assumption; it means the hazard ratio between two sets of covariates
is constant over time. This is due to the common baseline hazard
function canceling out in the ratio of the two hazards.

2.3 Reflux duration risk factors

A door to door questionnaire have been used to evaluate gastrointesti-
nal symptoms contain reflux and its history (Zarghi et al. (2007)).
The questionnaire has been completed through the cross sectional
study that conducted during May and December 2006 in Tehran. Ap-
proximately 6000 families with nearly 24000 members reside. Study
subjects were interviewed by using questionnaire. The questionnaire
included socio demographic, health relevant life style and clinical fac-
tors and GI symptoms. Those who had any GI symptom or sign
were referred to a general practitioner for further evaluation and Func-
tional Gastrointestinal questionnaire were completed. We selected 790
adults’ gastrointestinal patients using random sampling method that
208 numbers were found with reflux symptoms based on room III. De-
mographic characteristics contain age, sex, body mass index (BMI),
feeling of depression and stress, smoking and the duration of reflux
during the previous six months (in week) were reported by means of
validated questionnaires and a quantile regression was performed to
find the results. Linear regression and Cox model were used to com-
pare the efficacy of models with quantile regression. We conducted all
analyses with the use of SAS software (version 9.1).

3 Results
3.1 Baseline data
A total of 208 patients with reflux symptom entered to this study.
The mean of age is 52.5 ± 17.8 and the median is 51; 72.2 per cent
of these patients are female, 46.5 per cent have pain in sever stage,
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35.6 per cent reported pain after eating, 53.8 per cent viewed a kind
of pain after having some specific food, 38.9 per cent have feeling of
depression, 65.9 per cent have some kind of stress and 7.7 per cent are
smokers.
The mean of reflux duration based on number of weeks reported by
patients is 16.4 ± 9.3 and the median is 24. Figure 1 shows the dis-
tribution of reflux duration and it clearly indicates a dramatic high
negative skewness equals -0.58 with a large group of patients who tend
to experience symptom more than 15 weeks. This negative skewness
is also high for female (-0.65), pain in sever stage (-0.58), pain after
eating (-1.03), pain after having some specific food (-0.59), feeling of
depression (-1.4), stress (-0.69) and smoking (-1.03).

3.2 Linear regression
An ordinary linear regression has been conducted with both untrans-
formed and log-transformed reflux duration. Final model based on
backward selection in regression with untransformed response pro-
duced significant coefficients for pain after eating, feeling of depres-
sion, smoking and age and in regression with log-transformed response
produced these significant coefficients for this variables again except
smoking (Table 1). These results indicate that the mean of reflux du-
ration for patients who have a kind of pain after eating is 2.81 week
longer than others in linear regression with untransformed and 28.4
pre cent longer in regression with log-transformed (exp(0.25)=1.28).
Feeling of depression is other risk factors based on results in both
regression models. The mean of reflux duration in regression with
untransformed response is 4.79 week longer for someone who feels de-
pression and it is 60 per cent longer in regression with log-transformed
response.
Age has a little effect on the duration of reflux. From the linear
model with untransformed response it seems that the mean of reflux
duration increases 0.08 week when the age increases one year. In log-
transformed regression the increasing is just 0.7 per cent. Smoking
is only significance in regression with untransformed response. The
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mean of reflux duration is 4.4 weeks more than the patients who did
not smoke. Although the results clinically favorable, the goodness
of fit are low for both transformed and untransformed ones. The R
square for both models is lower than 0.13 and this case obviously is
the result of sever skewness in reflux duration, which may lead to mis-
leading inference about the parameters of interest.

3.3 Cox Proportional Hazards Regression
The proportional hazard regression model produced no significant co-
efficient neither in full model nor in final model based on backward
selection. In final model only pain after eating remains with insignifi-
cant P-value equals 0.2.

3.4 Quantile Regression
The results from quantile regression analysis are contained in table
2. estimated coefficients for sex, pain severity and pain after having
some specific food describe the increase in the given decile of reflux
duration associated with a unit increase in given patient characteris-
tic. The length of reflux duration for each decile (except sex where the
first and second given decile are not significance) in male are longer
than that similar proportion of female patients and it increases signif-
icantly in expected decile for patients who experienced sever pain and
pain after eating some specific food in compare to the others consid-
erably (P<0.001 for all deciles). The results for feeling of stress and
BMI seem skeptical. Although their estimated coefficients are nega-
tive, the amount values are not clinically important. Therefore we can
ignore these doubtful results. In addition all significant variables in
linear and log-linear regression have no significant effect on any decile
in quantile regression.

4 Discussion

Researchers have traditionally used either OLS regression or propor-
tional hazard model to evaluate the impact of patient characteristics
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on data duration like as waiting times for receiving medical treatment
(GUSTO (1993)) or length of stay in hospital (Yoon et al. (2003)).
OLS seeks to model the mean of a random response as a function
of observed explanatory factors; quantile regression seeks to model
this function for each given quantile separately. By modeling the dis-
tribution of the duration in a flexible semiparametric way, quantile
regression does not impose modeling assumptions that may not be
hold.
Although quantile regression is frequently used in econometric (Levin
(2001) and Buchinsky (1994)) , in the field of medicine where some du-
ration data tends to concentrate on first or last quantiles researchers
recently are interested in using this model. Our study has demon-
strated that the use of quantile regression allows for richer inferences
to be drawn a picture of impact of patient characteristics on reflux
duration. In linear regression model with transformed and untrans-
formed response, study fund pain after eating, depression, smoking
and age significant. However some psychosomatic symptom such as
depression (Siupsinskiene et al. (2007)) and lifestyle like smoking (Lu
et al. (2005)) are reported as the risk factors for reflux, the diag-
nostics of regression models indicated low reliability in modeling be-
cause of sever skewness in response. Therefore this result seems un-
reliable. In contrast to linear regression models, quantile regression
fund a significant relation between sex, pain severity and having pain
after some specific foods with duration of reflux. Age and BMI are
fund insignificant. However the relationship between GERD and age
is controversial, some studies have showed a direct relationship (Iso-
lauri and Laippala (1995)), others an inverse relationship (Drossman
et al. (1993)) and others still no association whatsoever (Ho et al.
(1998)). Like age, in the some study results for BMI address the as-
sociation between BMI and gastroesophageal reflux disease (Nilsson
et al. (2003) and Kulig et al. (2004)) and in others have found no
significant relationship (Andersen and Jensen (1991)).
Cox proportional hazard showed no significant association for any fac-
tors entered to the model. This misleading is maybe due to the fact

490



The 9th Iranian Statistical Conference University of Isfahan, August 2008

that the Cox model imposes a fully parametric relationship between
the relative hazard of duration time and the event, while quantile
regression dose not impose any such relationship. Censored quan-
tile regression discusses this relationship ( Portnoy (2003)) but in our
study we have no assumption about censoring. In conclusion, we have
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Figure 1. Distribution of reflux duration in patient with GERD symptom

demonstrated that using quantile regression allows researchers to find
the impact of patient characteristic on the time duration response.
The linear regression provides at best case an incomplete picture of
the association between time response and characteristic factors and
leads to unreliable results in the case of sever skewness. Cox propor-
tional hazard dose not allow one to characterize the distribution of
time to factor of interest and can be modeled in unexpected results
due to its assumption. As a result researchers should be interested in
quantile regression’s advantages to evaluate and provide a complete
view of changing in time response distribution with patient factors
and characteristics.
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Variable
Linear Regression

Linear Regression on log
transformed

Proportional Hazards Regression

Full Model Final Model Full Model Final Model Full Model Final Model
Sex -0.45(0.819) -0.07(0.713) 0.06(0.805)
Pain Severity -0.45(0.762) -0.05(0.722) 0.009(0.906)
Pain after eating 2.74(0.084) 2.81(0.066) 0.25(0.116) 0.25(0.099) 0.19(0.299) 0.22(0.200)
Pain after some food -0.28(0.851) -0.03(0.839) -0.01(0.932)
Feeling of Depression 4.98(0.006) 4.79(0.001) 0.54(0.003) 0.47(0.001) 0.21(0.306)
Feeling of Stress -0.32(0.867) -0.05(0.774) 0.8(0.743)
Smoking 4.63(0.119) 4.40(0.094) 0.39(0.193) 0.28(0.429)
BMI -0.07(0.587) -0.003(0.835) 0.006(0.669)
Age 0.08(0.038) 0.08(0.031) 0.008(0.043) 0.007(0.058) -0.005(0.344)

Estimated coefficients and p-value in linear regression and proportional hazard
regression, each cell contains the estimated coefficient and (P-value) associated with the

given variable and given mean response

Variable Decile
1 2 3 4 5 6 7 8 9

0.01 0.02 0.094 0.13 0.14 0.14 0.15 0.14 0.15
Sex

(0.382) (0.499) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001)

0.32 0.34 0.395 0.40 0.41 0.42 0.45 0.46 0.51
Pain Severity

(< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001)

0.07 0.07 0.071 0.03 0.02 0.03 0.02 0.02 0.01
Pain after eating

(0.204) (0.200) (0.115) (0.339) (0.471) (0.414) (0.637) (0.644) (0.799)

0.16 0.22 0.259 0.27 0.29 0.28 0.34 0.40 0.43
Pain after some food

(< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001)

-0.01 -0.01 0.004 0.004 0.001 -0.0007 -0.003 -0.01 -0.01
Feeling of Depression

(0.715) (0.570) (0.819) (0.715) (0.933) (0.945) (0.862) (0.382) (0.462)

-0.09 -0.09 -0.088 -0.08 -0.08 -0.09 -0.09 -0.09 -0.09
Feeling of Stress

(0.004) (0.008) (0.002) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001)

0.003 0.009 0.022 0.02 0.02 0.02 0.02 0.003 0.000
Smoking

(0.923) (0.743) (0.474) (0.341) (0.207) (0.203) (0.318) (0.851) (0.999)

-0.04 -0.05 -0.047 -0.05 -0.06 -0.06 -0.07 -0.07 -0.07
BMI

(0.056) (0.007) (0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001) (< 0.001)

0.005 0.005 0.045 0.02 0.01 0.005 -0.001 0.003 -0.005
Age

(0.775) (0.910) (0.318) (0.464) (0.609) (0.809) (0.945) (0.897) (0.886)

Quantile regression coefficients and p-value for the nine Decile of reflux duration, each
cell contains the estimated coefficient (P-value) associated with the given variable and

given quantile regression model.
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A note on the mean past and the mean residual
life of a (n− k + 1)− out− of − n system under

multi monitoring
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Department of Mathematics, University of Lorestan

Abstract: In the study of the reliability of technical systems, k − out − of − n

systems play an important role. In the present paper, we consider a (n− k + 1)−
out − of − n system consisting of n identical components such that the lifetimes
of components are independent and have a common distribution function F . It
is assumed that the number of monitoring is l and the total number of failures of
the components at time ti is mi, i = 1, ..., l − 1. Also at time tl (t1 < ... < tl)
the system have failed or the system is still working. Under these conditions, the
mean past lifetime (MPL), the mean residual lifetime (MRL) of system and their
properties are investigated.

Keywords: Markovian’s property, Order statistics, Reliability
function, Reversed hazard rate, Truncated expectation.

1 Introduction

The (n−k +1)− out− of −n system structure is a very popular type
of redundancy in technical systems. A (n−k+1)−out−of−n system
consisting of n components functions if and only if at least n− k + 1
out of n components are operating. Two important particular cases of
(n−k+1)−out−of−n systems are parallel systems and series systems
corresponding to k = n and k = 1, respectively. Let T1, · · · , Tn denote
the lifetimes of the components of the system and assume that the
T ′

is, i = 1, · · · , n are independent and have a common distribution F .
Also let T1:n, · · · , Tn:n be the order statistics corresponding to T ′

is.
The MPL and the MRL of T at time t, which we denote by M(t)

and m(t), respectively, are defined as: M(t) = E(t − T |T < t) =∫ t
0 F (x)dx

F (t)
and m(t) = E(T − t|T > t) =

∫∞
t F (x)dx

F (t)
, provided that 0 <

F (t) < 1, where f and F = 1−F denote the density function and the
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reliability function, respectively. Many properties and applications of
these measures are obtained in the literature (we refer to Kotz and
Shanbhag (1980) and Guess and Proschan (1988) and references there
in).

The MPL and the MRL for the (n− k + 1)− out− of − n system
described above, are defined to be E(t − Tk:n|Tk:n ≤ t) and E(Tk:n −
t|Tk:n ≥ t) , respectively. Asadi (2006) has considered the structure of
parallel systems and has introduced the measure

E(t− Tr:n|Tn:n ≤ t), r = 1, 2, · · · , n, (1)

as the mean past lifetime of components of the system. Tavangar and
Asadi (2007) studied a (n−k+1)-out-of-n system with identical com-
ponents where the independence of component’s lifetime and having
a common distribution function is assumed. They considered

E(t− Tr:n|Tk:n ≤ t), r = 1, 2, · · · , k, (2)

and obtained some of its properties.

A new definition for the mean residual life function of a parallel
system is proposed by Asadi and Bairamov (2005), such that Tk:n > t,
i.e., at least (n− k + 1), k = 1, 2, · · · , n components of the system are
still working. Indeed, they have proposed the following measure

E(Tn:n − t|Tk:n ≥ t), k = 1, 2, · · · , n, (3)

and obtained several properties of it (see also Bairamov et al., 2002).
Recently, Poursaeed and Nematollahi (2008), considered a parallel

system such that the total number of failures at time t1 is m and
at time t2 (t1 < t2) all components of the system have failed or the
system is still working. Under these conditions, they studied the MPL
and the MRL of system.

In this paper, under the similar condition, we studied the MPL
and the MRL of a (n− k + 1)− out− of − n system, as the number
of monitoring is l, i.e.,

M
l,ml−1

n,k (tl−1, tl) = E(tl − Tk:n|Tm1:n < t1 < Tm1+1:n, ..., Tml−1:n

< tl−1 < Tml−1+1:n, Tk:n < tl) (4)
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and

W
l,ml−1

n,k (tl−1, tl) = E(Tk:n − tl|Tm1:n < t1 < Tm1+1:n, ..., Tml−1:n

< tl−1 < Tml−1+1:n, Tk:n > tl). (5)

Note that in special case, when k = n and l = 2, the definition of

M
l,ml−1

n,k (tl−1, tl) and W
l,ml−1

n,k (tl−1, tl) reduces to what was studied by
Poursaeed and Nematollahi (2008). Indeed, the present paper has
generalized some of the existing results in the literature.

This paper was organized as follows: In section 2, the MPL of the

(n−k+1)−out−of−n systems under multi monitoring,M
l,ml−1

n,k (tl−1, tl)
, was obtained. In section 3, it was shown that MPL is a decreasing
function of k, also is an increasing function of ml−1 and n. In addi-
tion, the behavior of it with respect to tl−1 and tl was studied. In

sections 4 and 5, the MRL function, i.e., W
l,ml−1

n,k (tl−1, tl) and some of
its properties were also investigated.

Since the functional form of M
l,ml−1

n,k (tl−1, tl) compared to M2,m1

n,k (t1, t2)

and W
l,ml−1

n,k (tl−1, tl) compared to W 2,m1

n,k (t1, t2) are similar, therefore in
the next chapters, at first the case of double monitoring (l = 2) was
considered. This can be easily generalized to the case that the number
of monitoring is l times.

2 The MPL of (n − k + 1) − out − of − n systems
under multi monitoring

Let M2,m
n,k (t1, t2) be the MPL function of a (n− k + 1)− out− of − n

system under double monitoring. It is assumed that the lifetimes of the
components are independent and identically distributed with common
distribution F . In the following we obtain the functional form of MPL.
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P (t2 − Tk:n > s, Tm:n < t1 < Tm+1:n, Tk:n < t2)

=

∫ t2−s

t1

∫ z

t1

∫ t1

0

n!

(m− 1)!(k −m− 2)!(n− k)!

×(F (x))m−1(F (z)− F (y))k−m−2(1− F (z))n−k

×dF (x)dF (y)dF (z)

= ... =

(
n

m

)
(F (t1))

m

n−m∑

i=k−m

(
n−m

i

)
(F (t2 − s)− F (t1))

i

×(1− F (t2 − s))n−m−i,

and so,

P (t2 − Tk:n > s|Tm:n < t1 < Tm+1:n, Tk:n < t2)

=

∑n−m
i=k−m

(
n−m

i

)
(F (t2 − s)− F (t1))

i(1− F (t2 − s))n−m−i

∑n−m
i=k−m

(
n−m

i

)
(F (t2)− F (t1))i(1− F (t2))n−m−i

, (6)

when 0 < s < t2 − t1.

Note that to obtain (6), it is not actually needed to restrict the
support of F on (0,∞). In general, M2,m

n,k (t1, t2) can be defined for the
distribution functions with left extremity a > 0 and right extremity
b < ∞, respectively.

Remark 2.1. If

P (t2 − Tk:n > s|T0:n < t1 < T1:n, Tk:n < t2)

:= P (t2 − Tk:n > s|t1 < T1:n < Tk:n < t2)

the expression of (6) will be valid for m = 0.

Remark 2.2. Interestingly, note that the conditional probability
given by (6) can also be represented as follows:

P (t2 − Tk:n > s|Tm:n < t1 < Tm+1:n, Tk:n < t2) =
P (Y n−m

t1,t2−s ≥ k −m)

P (Zn−m
t1,t2 ≥ k −m)

,

(7)
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where Y n−m
t1,t2−s and Zn−m

t1,t2 are distributed as binomial with parame-
ters (n −m, Θt1(t2 − s)) and (n −m, Θt1(t2)), respectively such that

Θt1(.) = 1− F̄ (.)

F̄ (t1)
, which is denoted by Y n−m

t1,t2−s ∼ Bin(n−m, Θt1(t2−s))

and Zn−m
t1,t2 ∼ Bin(n−m, Θt1(t2)).

According to remark 2.2, the MPL of system for k = m + 1, · · · , n
and 0 ≤ t1 < t2 < ∞ can be stated as:

M2,m
n,k (t1, t2) =

∫ t2−t1

0

P (Y n−m
t1,t2−s ≥ k −m)

P (Zn−m
t1,t2 ≥ k −m)

ds =

∫ t2

t1

P (Y n−m
t1,s ≥ k −m)

P (Zn−m
t1,t2 ≥ k −m)

ds

(8)

Note that the special case of (8), i.e., when m = 0 and t1 = 0, is
studied by Tavangar and Asadi (2007).

3 Some properties of M 2,m
n,k (t1, t2)

The following theorem shows the behavior of M2,m
n,k (t1, t2) in terms

of n, m and k.

Theorem 3.1.
a) For fixed k and m, M2,m

n,k (t1, t2) is an increasing function of n.

b) For fixed m and n, M2,m
n,k (t1, t2) is a decreasing function of k.

c) For fixed n and k, M2,m
n,k (t1, t2) is an increasing function of m.

Proof:
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a) This follows from noting that

∑(n+1)−m
i=k−m

(
(n+1)−m

i

)
(θt1(u))i(1− θt1(u))(n+1)−m−i

∑(n+1)−m
i=k−m

(
(n+1)−m

i

)
(θt1(t2))

i(1− θt1(t2))
(n+1)−m−i

−
∑n−m

i=k−m

(
n−m

i

)
(θt1(u))i(1− θt1(u))n−m−i

∑n−m
i=k−m

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i

= [(θt1(u))k−m(1− θt1(u))n−k+1

n−m∑

i=k−m

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i − (θt1(t2))

k−m

(1− θt1(t2))
n−k+1

n−m∑

i=k−m

(
n−m

i

)
(θt1(u))i(1− θt1(u))n−m−i]

/[(

(n+1)−m∑
i=1

(
(n + 1)−m

i

)
(θt1(t2))

i(1− θt1(t2))
(n+1)−m−i)

×(
n−m∑
i=1

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i)],

which the numerator of the above expression equals to:

{(θt1(u))k−m(1− θt1(u))n−k+1(θt1(t2))
k−m(1− θt1(t2))

n−k+1

×[
1

1− θt1(t2)

n−m∑

i=k−m

(
n−m

i

)
(

θt1(t2)

1− θt1(t2)
)i−(k−m)

− 1

1− θt1(u)

n−m∑

i=k−m

(
n−m

i

)
(

θt1(u)

1− θt1(u)
)i−(k−m)]}. (9)

Since 1
1−θt1(t2)

≥ 1
1−θt1(u)

and
θt1(t2)

1−θt1(t2)
≥ θt1(u)

1−θt1(u)
for all u ∈ (t1, t2),

It is deduced that (9) is positive and consequently, M2,m
n,k (t1, t2) is an

increasing function of n.
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b) This follows easily on noting that

∑n−m
i=(k+1)−m

(
n−m

i

)
(θt1(u))i(1− θt1(u))n−m−i

∑n−m
i=(k+1)−m

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i

−
∑n−m

i=k−m

(
n−m

i

)
(θt1(u))i(1− θt1(u))n−m−i

∑n−m
i=k−m

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i

=

(
n−m

k −m

)
(θt1(t2))

k−m(1− θt1(t2))
n−k(θt1(u))k−m(1− θt1(u))n−k

×
n−m∑

i=k−m+1

(
n−m

i

)
[(

θt1(u)

1− θt1(u)
)i−(k−m) − (

θt1(t2)

1− θt1(t2)
)i−(k−m)]/

{
n−m∑

i=(k+1)−m

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i

×
n−m∑

i=k−m

(
n−m

i

)
(θt1(t2))

i(1− θt1(t2))
n−m−i}

which can be shown that the numerator of the above expression is
negative.

c) The result follows from the fact that

P (X ≥ k −m) = P (Y ≥ k −m) +

(
n−m− 1

k −m− 1

)
pk−m(1− p)n−k,

where 0 < p < 1 , X ∼ Bin(n−m, p) and Y ∼ Bin(n−m− 1, p).

Remark 3.2.
0 ≤ M2,m

n,k (t1, t2) ≤ t2 − t1

can be shown by using (7) and (8).

Remark 3.3. We can show that
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M2,m
n+1,k+1(t1, t2) ≤ M2,m+1

n+1,k+1(t1, t2) = M2,m
n,k (t1, t2) ≤ M2,m

n+1,k−1(t1, t2).

Theorem 3.4. M2,m
n,k (t1, t2) is a decreasing function of t1.

Proof: It can be shown that the partial derivation of (7) with
respect to t1 is negative. Thus for t

′
1 < t

′′
1 < t2, we have:

P (Y n−m
t′′1 ,t2−s ≥ k −m)

P (Zn−m
t′′1 ,t2

≥ k −m)
≤

P (Y n−m
t′1,t2−s ≥ k −m)

P (Zn−m
t′1,t2

≥ k −m)

and

M2,m
n,k (t′′1, t2) =

∫ t2

t′′1

P (Y n−m
t′′1 ,s ≥ k −m)

P (Zn−m
t′′1 ,t2

≥ k −m)
ds ≤

∫ t2

t′′1

P (Y n−m
t′1,s ≥ k −m)

P (Zn−m
t′1,t2

≥ k −m)
ds

≤
∫ t2

t′1

P (Y n−m
t′1,s ≥ k −m)

P (Zn−m
t′1,t2

≥ k −m)
ds = M2,m

n,k (t′1, t2)

where Y n−m
t,s ∼ Bin(n−m, Θt(s)) and Zn−m

t,t2 ∼ Bin(n−m, Θt(t2)).

Theorem 3.5. When f(t)
F (t)−F (t1)

is a decreasing function of t for t > t1,

then M2,m
n,k (t1, t2) is an increasing function of t2.

Proof: The numerator of partial derivation of (7) with respect to t2
is equal to

(n−m)F̄ (t1)(F̄ (t2 − s))n−k(F̄ (t2))
n−k

×(F (t2 − s)− F (t1))
k−m(F (t2)− F (t1))

k−m

×{ f(t2 − s)

F (t2 − s)− F (t1)

1

F̄ (t2)

n−m∑

i=k−m

(
n−m

i

)
(
F (t2)− F (t1)

F̄ (t2)
)i−(k−m)

− f(t2)

F (t2)− F (t1)

1

F̄ (t2 − s)

n−m∑

i=k−m

(
n−m

i

)
(
F (t2 − s)− F (t1)

F̄ (t2 − s)
)i−(k−m)}.
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which can be shown that is positive.

Note, f(t)
F (t)−F (t1)

is the reversed hazard rate of the truncated random

variable T |T ≥ t1.

Remark 3.6. When f(t) is a decreasing function of t for t > t1,

then f(t)
F (t)−F (t1)

will be a decreasing function of t and consequently,

M2,m
n,k (t1, t2) will be an increasing function of t2. This can be used for

the cases F (t) does not have a closed form.

Remark 3.7. Suppose that the number of monitoring is three
times (i.e., l = 3), the total number of failures at time t1 and t2 are
m and r. Also at time t3 (t1 < t2 < t3) the system have failed. In
this case, for 1 ≤ m < m + 1 < r < r + 1 ≤ k ≤ n , t1 < t2 < t3 and
0 < s < t3 − t2, can be shown:

P (t3 − Tk:n > s|Tm:n < t1 < Tm+1:n, Tr:n < t2 < Tr+1:n, Tk:n < t3)

=
P (Y n−r

t2,t3−s ≥ k − r)

P (Zn−r
t2,t3 ≥ k − r)

, (10)

where Y n−r
t2,t3−s ∼ Bin(n − r, Θt2(t3 − s)), Zn−r

t2,t3 ∼ Bin(n − r, Θt2(t3))

and Θt2(.) = 1− F̄ (.)

F̄ (t2)
.

It can be noted that, (7) and (10) have similar structures. There-
fore, it can be generalized to the case that the number of monitoring
is l times. Thus, for 1 ≤ m1 ≤ m2 ≤ ... ≤ ml−1 < ml−1 + 1 ≤ k ≤ n
and t1 < ... < tl, we have

M
l,ml−1

n,k (tl−1, tl) =

∫ tl

tl−1

P (Y
n−ml−1

tl−1,s ≥ k −ml−1)

P (Z
n−ml−1

tl−1,tl
≥ k −ml−1)

ds (11)

The properties of the above function revealed a similar pattern to
double monitoring case as well.
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4 The MRL of (n− k + 1)− out− of − n systems

This section is included at first, studying of the MRL of a (n−k +
1)− out− of − n system under double monitoring and then general-
izing to the multi monitoring. Therefore, it is assumed that the total
number of failures at time t1 is m and at time t2 (t1 < t2) the system
is still working. Under these conditions, the MRL i.e.,

W 2,m
n,k (t1, t2) = E(Tk:n − t2|Tm:n < t1 < Tm+1:n, Tk:n > t2), 1 ≤ m < k,

is obtained. For 2 ≤ m + 1 < k and 0 < s,

P (Tk:n − t2 > s, Tm:n < t1 < Tm+1:n, Tk:n > t2)

=

∫ ∞

t2+s

∫ z

t1

∫ t1

0

n!

(m− 1)!(k −m− 2)!(n− k)!

×(F (x))m−1(F (z)− F (y))k−m−2(1− F (z))n−kdF (x)dF (y)dF (z)

=

(
n

m

)
(F (t1))

m

k−m−1∑
i=0

(
n−m

i

)
(F (t2 + s)− F (t1))

i

(1− F (t2 + s))n−m−i,

and

P (Tk:n − t2 > s|Tm:n < t1 < Tm+1:n, Tk:n > t2)

=

∑k−m−1
i=0

(
n−m

i

)
(F (t2 + s)− F (t1))

i(1− F (t2 + s))n−m−i

∑k−m−1
i=0

(
n−m

i

)
(F (t2)− F (t1))i(1− F (t2))n−m−i

(12)

By separate calculation, it can be found that (12) is valid for
k = m + 1.
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Remark 4.1. (12) can also be represented as follows:

P (Tk:n − t2 > s|Tm:n < t1 < Tm+1:n, Tk:n > t2)

=

∑k−m−1
i=0

(
n−m

i

)
(1− F̄ (t2+s)

F̄ (t1)
)i( F̄ (t2+s)

F̄ (t1)
)n−m−i

∑k−m−1
i=0

(
n−m

i

)
(1− F̄ (t2)

F̄ (t1)
)i( F̄ (t2)

F̄ (t1)
)n−m−i

=
P (Y t2+s

t1 ≥ n− k + 1)

P (Zt2
t1 ≥ n− k + 1)

(13)

where Y t2+s
t1 ∼ Bin (n−m,ϑt1(t2 +s)) and Zt2

t1 ∼ Bin (n−m, ϑt1(t2)),
s.t.

ϑt1(.) =
F̄ (.)

F̄ (t1)
.

Therefore, for 1 ≤ m < k, we have

W 2,m
n,k (t1, t2) = E(Tk:n − t2|Tm:n < t1 < Tm+1:n, Tk:n > t2)

=

∫ ∞

0

P (Y t2+s
t1 ≥ n− k + 1)

P (Zt2
t1 ≥ n− k + 1)

ds

=

∫ ∞

t2

P (Y u
t1
≥ n− k + 1)

P (Zt2
t1 ≥ n− k + 1)

du (14)

Remark 4.2. Similar to remark 2.1, if

E(Tk:n−t2|T0:n < t1 < T1:n, Tk:n > t2) := E(Tk:n−t2|t1 < T1:n, Tk:n > t2)

(i.e., all the failure times are greater than t1), it is found that (14) is
valid for m=0.

Remark 4.3. For r = 1, ..., m the Markovian’s property of ordered
statistics implies

E(t1 − Tr:n|Tm:n < t1 < Tm+1:n, Tk:n < t2)

= E(t1 − Tr:n|Tm:n < t1 < Tm+1:n, Tk:n > t2)

=

∫ t1

0

P (Y u
t1
≥ r)du, (15)
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where Y u
t1
∼ Bin(m, F (u)

F (t1)
).

Note, (15) is similar to the results given by Asadi (2006).

5 Some properties of W 2,m
n,k (t1, t2)

In this section, some of important properties of W 2,m
n,k (t1, t2) are

studied.

Theorem 5.1.

i) Similar to the theorem 3.1, it can be shown that
a) For fixed k and m, W 2,m

n,k (t1, t2) is an increasing function of n.

b) For fixed n and k, W 2,m
n,k (t1, t2) is a decreasing function of m.

c) For fixed n and m, W 2,m
n,k (t1, t2) is an increasing function of k.

ii) Similar to the theorem 3.4, can be shown that W 2,m
n (t1, t2) is an

increasing function of t1.

iii) When f(t) is an increasing function of t and F̄ (t) > n−k
n−m−1

F̄ (t1)

for t > t1, then W 2,m
n,k (t1, t2) can be shown as a decreasing function of

t2. Obviously just the first condition (being f(t) as an increasing func-
tion of t for t > t1) would be needed for the parallel systems.

iv) It is easy to show that

W 2,m+1
n,k (t1, t2) ≤ W 2,m

n+1,k(t1, t2) = W 2,m−1
n,k−1 (t1, t2) ≤ W 2,m−1

n+1,k (t1, t2).

Remark 5.2. If the number of monitoring is three times (i.e.,
l = 3), 1 ≤ m < m + 1 ≤ r < r + 1 ≤ k , t1 < t2 < t3 and 0 < s, we
will have

E(Tk:n − t3|Tm:n < t1 < Tm+1:n, Tr:n < t2 < Tr+1:n, Tk:n > t3)

=

∫ ∞

t3

P (Y u
t2
≥ n− k + 1)

P (Zt3
t2 ≥ n− k + 1)

du (16)
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where Y u
t2
∼ Bin (n− r, ϑt2(u)) and Zt3

t2 ∼ Bin (n− r, ϑt2(t3)), s.t.

ϑt2(.) =
F (.)

F (t2)
.

Therefore, the remark 5.2. can be generalized to the case that the
number of monitoring is l times. In this case, for 1 ≤ m1 ≤ m2 ≤
... ≤ ml−1 < ml−1 + 1 ≤ k ≤ n , t1 < ... < tl and 0 < s, we have:

W
l,ml−1

n,k (tl−1, tl)

= E(Tk:n − tl|Tm1:n < t1 < Tm1+1:n, ..., Tml−1:n < tl−1

< Tml−1+1:n, Tk:n > tl) =

∫ ∞

tl

P (Y u
tl−1

≥ n− k + 1)

P (Ztl
tl−1

≥ n− k + 1)
du (17)

where Y u
tl−1

∼ Bin (n−ml−1, ϑtl−1
(u)) and Ztl

tl−1
∼ Bin (n−ml−1, ϑtl−1

(tl)),
s.t.

ϑtl−1
(.) =

F (.)

F (tl−1)
.

It can be displayed that all properties of (17) are according to
double monitoring case.
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A Nonparametric Method for Assessment of
Interactions in a Multi-factor Design with

Censored Data
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Abstract: Statistical procedures and methodology for assessment of interven-
tions or treatments based on medical data often involves complexities due to
incompleteness of the available data as a result of drop out or the inability of
complete follow up until the endpoint of interest. In this article we propose a
nonparametric method for assessment of interactions when we are concerned with
investigation of the simultaneous effects of two or more factors in a regression
model based on censored data. Specifically, we will assess the interaction between
a treatment (dose) and a covariate (e.g., age categories) on the mean survival time
of subjects assigned to combinations of the levels of these factors when the effect of
treatment (dose) is dependent on the covariate (age). The proposed method allows
for varying levels of censorship in the outcome among different groups of subjects
at different levels of the independent variables (factors). We present the asymp-
totic distribution of the estimators of the parameters in our model, which then
allows for statistical inference. Through a simulation study we assess the effect of
the censoring rate on the standard error of these types of estimators and power of
our new proposed method with that of using the Cox Proportional Hazard Model.
Finally, we will demonstrate real life application of our proposed method, by using
data from a nursing intervention trial of cancer patients undergoing chemotherapy.

Keywords: Kaplan-Meier ; Survival Time; Censoring; Regres-
sion; Multi-factor design; Interactions; Simulations; Cancer.

1 Introduction

Statistical procedures and methodology for assessment of interventions
or treatments based on medical data often involves complexities due
to incompleteness of the available data as a result of drop out or the

Invited speaker
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inability of complete follow up until the endpoint of interest which
results in censored data. A nonparametric estimator of the survival
curve based on randomly right censored data was first introduced by
Kaplan and Meier (1958). Later, Cox(1972) introduced the Propor-
tional Hazard (PH) Model as a semi-parametric method for assessing
covariate effects including interactions from randomly right censored
data. Nonparametric estimation of regression coefficients based on
right censored data was first addressed by Miller (1976) who obtained
estimators by minimizing a weighted sum of squares of the residuals,
with weights determined by the Kaplan-Meier estimator of the error
distribution. Buckley and James (1979) suggested an alternative esti-
mator of the regression coefficients based on an expectation identity.
Both these procedures require iterative methods for computing the
estimators. Koul, Susarla, and van Ryzin (1981) introduced a non-
iterative estimator of these parameters and derived their asymptotic
distribution. More recent work in this area include James and Smith
(1984), Leurgens (1987), Rahbar (1990), and Rahbar and Gardiner
(1995, 2004).

Rahbar and Gardiner (2004) provided methodology for investigat-
ing the simultaneous effects of two or more factors on the mean survival
time of subjects in an additive regression model when the covariates
have finitely many levels. This model does not consider interactions.
For example, in laboratory animal studies designed to assess the ef-
fects of varying doses of a carcinogen, the time to some adverse event
at dose djof the carcinogen might be dependent on age categoryck. In
this situation a non-additive model, which allow assessment of poten-
tial interaction between does and age may be more appropriate. In
this article we use a regression approach to model the mean survival
time of subjects in a treatment when its effect is dependent on the
level of covariates. For example, different treatments could correspond
to increasing levels of a drug in a non-additive manner. We assume
that patient-specific characteristics associated with these treatments
can be categorized into a finite number of levels. An additional fea-
ture of our model is that the outcome might not be observable in all
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subjects. With survival time, this allows for right censoring. We be-
lieve development of these nonparametric techniques for assessment of
treatments effects while controlling for important covariates and tak-
ing into account potential interactions will complement the existing
literature for the analysis of censored data. Our approach differs from
the other methods referenced here in that it allows varying levels of
variance and censorship at different covariate levels. This new method
is mainly based on results documented by Rahbar (1990) and Rahbar
and Gardiner (1995, 2004).

The remainder of the article is organized as follows. In section 2 we
present our regression model, assumptions and estimation scheme for
the regression parameters. In section 3 we will present the properties
of our estimators, including their asymptotic distribution. In section 4
we report the results of our simulation study. In section 5 we demon-
strate application of these techniques using real life data. The last
section is devoted to concluding remarks with some discussion.

2 Regression model

Suppose the treatment regimen has m1levels with values d1, . . . , dm1and
there are finite levels of a covariate, categorized into m2levels with val-
ues c1, . . . , cm2 . Thus there are m1×m2combinations of treatment by
the covariate categories represented in our data. Let Tijk denote the
response of the i -th subject in the j-th treatment regimen and k-th
covariate category. If Tijkis a survival time or some time-to-event, it
may not be observable in some subjects due to censoring at time Uijk.
This restricts observation toXijk= min(Tijk,Uijk) and the indicator δijk

of the event [Tijk≤Uijk]. In laboratory animal studies designed to as-
sess the effects of varying doses of a carcinogen, Tijkmay denote the
survival time or time to some adverse event at dose djof the carcino-
gen which may be dependent on age category ck. For assessment of
interaction between does and age, we assume an interactive regression
model for Tijk given by

Tijk = α + β1dj + β2ck + γdjck + εijk
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where α, β1, β2, γ are unknown parameters and εijkan unobservable er-
ror. The interaction term in the above model is similar to one degree
of freedom interaction effect considered by Tukey (1949). The objec-
tive is estimation of these parameters based on njkobservations on the
censored sample (Xijk,δijk), i=1,. . . ,njk. Throughout we will assume
that (εijk:1 ≤ i ≤ njk, 1 ≤ j ≤ m1, 1 ≤ k ≤ m2) are independent iden-
tically distributed with zero mean, and continuous distribution 1−F.
The survival time Tijkis assumed to have finite support on the interval
[0, τ ]. Alsoεijkand Uijkare assumed to be independent withUijkhaving
a continuous distribution 1−Gjk.

Let Hjkdenote the survival distribution of Xijk, that is, Hjk(t)=
P [Xijk > t], and τHjk

= inf{t : Hjk(t) = 0}the upper limit of its sup-
port. If θjk = α+β1dj +β2ck +γdjck, thenHjk = FjkGjkwhereFjk(·) =
F (· − θjk)is the survival distribution of Tijk.

Estimation procedure
For each (j, k), we use the observations {Xijk,δijk,dj,ck:1 ≤ i ≤

njk} to estimate θjkby

θ̂jk =

∫ ∞

0

F̂jk(t)dt (1)

where F̂jk(t) is the product-limit estimator of Fjk(t) with the value of

F̂jk(t) set to zero for t >X
(n)
jk = max{Xijk : 1 ≤ i ≤ njk}, (Kaplan and

Meier, 1958). Let θjk = α + β1dj + β2ck + γdjckbe the mean survival
time of subjects in thejth treatment and kth covariate level, 1 ≤ j ≤ m1

and 1 ≤ k ≤ m2. For each k,1 ≤ k ≤ m2 and any pair(j, j′),1 ≤ j, j′ ≤
m1 we have θjk − θj′k = β1(dj − dj′) + γ(dj − dj′)ck which leads to

β1(k, j, j′) =
θjk−θj′k
dj−dj′

− γck. Similarly, one can calculate an expression

for β2(j, k, k′) at each j, 1 ≤ j ≤ m1 and any pair(k, k′),1 ≤ k, k′ ≤ m2.
Finally, for any pairs (j, j′) and (k, k′) of the levels of covariates we
have (θjk − θj′k) − (θjk′ − θj′k′) = γ(dj − dj′)(ck − ck′) which suggest
an estimator γ̂(j, j′, k, k′) of γgiven by

γ̂(j, j′, k, k′) =
[
(θ̂jk − θ̂j′k)− (θ̂jk′ − θ̂j′k′)

]
/(dj − dj′)(ck − ck′), (2)
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where θ̂jk = ∫∞0 F̂jk(t)dt. The numerator in γ̂(j, j′, k, k′) represents
the difference between an estimate of the expected difference in sur-
vival time for treatment levels j and j′ at the covariate levels k and
k′. Algebraically, this can be rearranged to represent the sum of diag-
onal elements minus the sum of off-diagonal elements of a matrix with
rows j and j′, and columns k and k′. Using all M1 = 1

2
m1(m1− 1)and

M2 = 1
2
m2(m2 − 1) pairs of (j, j′) and (k, k′), we define the estimator

γ̂ of γ given by

γ̂ = (M1M2)
−1

m2∑

k 6=k′

m1∑

j 6=j′
γ̂(j, j′, k, k′) (3)

For each level k, 1 ≤ k ≤ m2, and any pair (j, j ′), 1 ≤ j, j′ ≤ m1

we can estimate β1(k, j, j′) =
θjk−θj′k
dj−dj′

− γck by its natural estimator

β̂1(k, j, j′) =
θ̂jk−θ̂j′k
dj−dj′

− γ̂ck. Using all M1 pairs of (j, j ′) we define the

estimator β̂1 of β1 by,

β̂1 = (m2M1)
−1

m2∑

k=1

m1∑

j 6=j′
β̂1(k, j, j′) = (m2M1)

−1

m2∑

k=1

m1∑

j 6=j′

[
θ̂jk − θ̂j′k

dj − dj′

]
−γ̂c̄,

(4)
where c̄ = (m2)

−1
∑m2

k=1 ck , and γ̂ is given in (4). Similarly we propose

estimator β̂2 of β2 by,

β̂2 = (m1M2)
−1

m2∑

k 6=k′

m1∑
j=1

[
θ̂jk − θ̂jk′

ck − ck′

]
− γ̂d̄, (5)

where d̄ = (m1)
−1

∑m1

j=1 dj. Finally, we obtain the estimator α̂ of α
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by,

α̂ =

n−1

[
m1∑
j=1

m2∑

k=1

njkθ̂jk − β̂1

m1∑
j=1

njdj − β̂2

m2∑

k=1

nkck − γ̂

m1∑
j=1

m2∑

k=1

njkdjck

]

= n−1(

m1∑
j=1

m2∑

k=1

njkθ̂jk − β̂∗1

m1∑
j=1

njdj − β̂∗2

m2∑

k=1

nkck

−γ̂

m1∑
j=1

m2∑

k=1

[
nj

m2

+
nk

m1

+ njk

]
djck) = n−1(α̂∗ − sγ̂) (6)

where α̂∗, β̂∗1 and β̂∗2 are, respectively, the same as α̂, β̂1 and β̂2 of

Rahbar and Gardiner (2004), s =
∑m1

j=1

∑m2

k=1

(
nj

m2
+ nk

m1
+ njk

)
, nj =∑m2

k=1 njk, nk =
∑m1

j=1 mjk and n is the total number of observation.

Each of the estimators α̂,β̂1,β̂2,γ̂ has an asymptotic normal distri-
bution. Since all these estimators can be expressed as a linear com-
bination of θ̂jk’s, say

∑m1

j=1

∑m2

k=1 Ljkθ̂jk for constants Ljk, 1 ≤ j ≤
m1, 1 ≤ k ≤ m2, all asymptotic normality properties of the estimators
which were provided by Rahbar and Gardiner (2004) are still valid
and applicable for non-additive model with two factors. Therefore, we
only show the asymptotic normality for the estimatorγ̂ and construct
a consistent estimator of its asymptotic variance.

3 Asymptotic properties of γ̂

First we express γ̂ in the form

γ̂ =
∑m1

j=1

∑m2

k=1
Ljkθ̂jk, (7)

where the Ljk are fixed coefficients but functions of dj and ck.
We, introduce the following notation. For t < τHjk

let Ajk(t) =∫∞
t− F (u− θjk)du, ˜̃Hjk(t) =

∫ t

0
Gjk(u)dF (u− θij), Cjk(t) =

∫ t

0
H−2

jk (u)
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d̃̃H(u) and

σ2
jk =

∫ ∞

0

A2
jk (u) dCjk (u) . (8)

Theorem 3.1 Suppose λjk = limn→∞(njk/n) > 0, then under
model (1),

√
n (γ̂ − γ) → N

(
0, σ2

γ̂

)
,

where σ2
γ̂ =

∑m1

j=1

∑m2

k=1 λ−1
jk σ2

jk
L2

jk.

Proof : The proof of this theorem is identical to that of Theorem
3.1 of Rahbar and Gardiner (2004). Therefore we will not provide the
details here.

Estimation of σ2
γ̂

Motivated by (9) we introduce a consistent estimator of the asymp-
totic variance σ2

γ̂, by

σ̂2
n =

∑m1

j=1

∑m2

k=1
nDjkL

2
jk (9)

where

Djk =
∑njk

i=1
δijk(K

−1
jk (Xijk)

∫ X
(n)
jk

Xijk−
F̂jk (u) du)

2

(10)

and Kjk(t) = 1 +
∑nk

i=1 [Xijk > t].
Using these results we can establish the strong consistency and

asymptotic normality of σ̂2
n. The next theorem describes the asymp-

totic distribution of 2
n.

Theorem 3.2 Under the assumptions of Theorem 3.1 and the
condition
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max
1≤j≤ml

max
1≤j≤m2

{√
n

(
nn−1

jk − λ−1
jk

)} → 0

√
n

(
σ2

n − σ2
γ̂

) → N (0, η)

where η =
∑m1

j=1

∑m2

k=1 λ−3
jk γjkL

4
jk.

Proof : Using (10) easily we obtain an almost sure representation for .
Since the proof of this theorem is also identical to that of Theorem 3.2
of Rahbar and Gardiner (2004), we will not provide the details here.

Remarks
[1] The model in (1) can be modified to include more than two

factors. Since the estimators of the regression parameters will be lin-
ear combinations of the form in (8), we will not repeat the estimation
procedures in the presence of more than two factors. It can be also
shown that the estimator of the higher order interactions all can be
expressed as linear combinations of cell mean estimates, yet account-
ing for interactions.[2] The non-negativity assumption on the response
variable T can be relaxed. The assumption of finite support for the
survival time distribution in (1) could be also relaxed if we assume
that its tail decays exponentially to zero. A natural estimator of θjk is

then θ̂jk =
∫ X

(n)
jk

0 F̂jk(t)dt withX
(n)
jk = max{Xijk : 1 ≤ i ≤ njk}, where

we have defined the product limit estimator to be zero beyondX
(n)
jk .

The definition adopted by Gill leaves F̂jk(t)constant for t >X
(n)
jk .

With this definition we will need some conditions on the tail behav-
ior of the underlying distribution of the survival time, for example√

n
∫∞

X
(n)
jk

F (t)dt → 0 in probability. [3] To ensure the asymptotic

normality of the survival mean estimate in each stratum, one should
ensure availability of sufficient number of observations in each stratum.
Even though the number of required observations in each stratum is
dependent on several factors including the shape of the distribution of
survival time and censoring rate, we recommend using this proposed
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methodology when at least 30 observations are available in each stra-
tum and the censoring rate is less than 50% in each stratum. [4] In
presence of a significant interaction the post hoc paired comparisons
of various treatment combinations is possible for the proposed model.

Simulations

In a simulation study, we assessed the impact of censoring rate on
the standard error of the estimators of the parameters in (1). In ad-
dition, we compared the power of detecting an interaction using our
proposed procedure with that of the Cox PH Model. Suppose there
are two treatment groups labeled asd1= 0 and d2=1 and five age levels
having values c1=3, c2=9, c3=15, c4=21 and c5=27. We first fixed the
parameters,α = 2.5, β1 = 1.25, and β2 = 0.25 in the regression model
(1). Different scenarios for γ were considered as indicated in Table
1. Then using routines in SAS, we generated 2000 repeated samples
of 300 independent observations for each of the two treatment groups
ensuring approximately 20% of the data in each of the five levels of
age covariate, based on the random error term having a uniform dis-
tribution with mean zero.

Table 1. Estimated power for testing the interaction effect when the error
term in (1) has a uniform distribution and parameters are α=2.5, β1=1.25,β2=0.25,
and γ, based on 2000 replications of 300 observations in each of the two treatment
groups(%C ≡%Censored).Thecensoringsamples,Y1jk, Y2jk, . . . , Ynjkjk, were inde-
pendent of the survival times generated from a uniform distribution on (θjk −
a/b,θjk + a/b+ψ), where ψ was assigned selected fixed values to achieve a desired
level of censoring in order to assess the effect of censoring on the standard error of
our estimators. We have also considered a situation where there was no censoring.
Table 1 provides the mean and the standard deviation of all 2000 estimates for
α,β1,β2, and γ in the regression model (1) as well as simulated power for detecting
whether the interaction is statistically significant. In addition, in Figures 1, 2,
and 3, we provide power functions for detecting the interaction using our propose
procedure and the Cox PH model by increasing the parameter γfrom zero to 0.05
by increments of 0.01 and for 0, 15, and 30% censoring rate respectively.

518



The 9th Iranian Statistical Conference University of Isfahan, August 2008

γ %C α̂ β̂1 β̂2 γ̂ Power

Mean SE Mean SE Mean SE Mean SE New
test

Cox
PH

0 0 2.4968 0.1781 1.2467 0.2385 0.2503 0.0107 0.0000 0.0138 0.0520 0.0485

15 2.5019 0.1965 1.2528 0.2556 0.2499 0.0118 -
0.0002

0.0148 0.0590 0.0520

30 2.5050 0.1984 1.2398 0.2602 0.2497 0.0118 0.0005 0.0153 0.0565 0.0630

0.01 0 2.5058 0.1872 1.2381 0.2422 0.2497 0.0110 0.0106 0.0140 0.1200 0.0700

15 2.4929 0.1946 1.2475 0.2490 0.2503 0.0114 0.0104 0.0146 0.1155 0.0585

30 2.5133 0.2022 1.2419 0.2635 0.2493 0.0118 0.0103 0.0153 0.1115 0.0520

0.02 0 2.5021 0.1837 1.2443 0.2425 0.2500 0.0110 0.0204 0.0142 0.3310 0.2155

15 2.5009 0.1864 1.2508 0.2495 0.2499 0.0113 0.0200 0.0148 0.2875 0.1500

30 2.5009 0.2055 1.2535 0.2663 0.2499 0.0122 0.0198 0.0156 0.2795 0.1125

0.03 0 2.5039 0.1796 1.2465 0.2429 0.2498 0.0108 0.0303 0.0143 0.5910 0.4380

15 2.5018 0.1902 1.2435 0.2491 0.2501 0.0113 0.0302 0.0143 0.5555 0.3430

30 2.5018 0.2036 1.2501 0.2686 0.2501 0.0118 0.0300 0.0154 0.5075 0.2450

0.04 0 2.5029 0.1875 1.2449 0.2439 0.2498 0.0111 0.0402 0.0142 0.8245 0.6910

15 2.4964 0.1865 1.2537 0.2522 0.2503 0.0110 0.0396 0.0144 0.7890 0.5840

30 2.5037 0.1953 1.2447 0.2602 0.2499 0.0116 0.0403 0.0154 0.7640 0.4470

0.05 0 2.5001 0.1891 1.2429 0.2485 0.2499 0.0111 0.0503 0.0144 0.9505 0.8730

15 2.4984 0.1879 1.2479 0.2478 0.2502 0.0111 0.0502 0.0145 0.9345 0.7985

30 2.5025 0.2018 1.2456 0.2668 0.2501 0.0120 0.0500 0.0154 0.9060 0.6575

Concluding Remarks/ Discussion In this paper we have pre-
sented a nonparametric regression model for the mean survival time
which allows assessment of an interaction between the two factors in
a multi-factor design. Our approach differs from the other methods
referenced earlier in that it allows varying levels of variance and cen-
sorship at different levels of the covariates. The asymptotic normality
of the estimators and their estimators of the asymptotic variances
provide an opportunity to conduct appropriate test of hypotheses as
well as constructing confidence intervals for the regression parameters
in model Our simulation results indicate a tendency in higher stan-
dard errors as the rate of censoring increases. Since our estimation
procedures are highly influenced by the Kaplan-Meier estimator, we
recommend using these estimators when the sample size in various
combinations of the levels is larger then 30 and each level of censor-
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ing rate is less than 50%. The results in Table 1 indicate that our
proposed procedure provides reasonable estimates of γwith consistent
standard errors across different levels of censoring. In the absence of
an interaction, (when γ is zero), the simulated power for both Cox
PH model and our proposed method provide reasonably close to its
nominal value of 0.05, type I errors, for all three different censoring
levels. However, our proposed method has higher power for detecting
the interaction as compared with the Cox PH Model. It is important
to note that the simulated powers of our proposed method at 30%
censoring rate are even better than that of the Cox PH model without
any censoring. The estimated power functions shown in Figure 1, 2,
and 3 are plotted based on the simulated powers presented in Table 1.
The difference in the power functions between our proposed method
and the Cox PH model is amplified by increasing the rate of censoring.

The almost sure representation and the asymptotic results pro-
vided for the estimators of the asymptotic variance of the regression
parameters in model (1) are also useful when sequential estimation of
these parameters is of particular interest. As shown in Rahbar and
Gardiner (1995) when censoring is present the estimation procedures
proposed in this paper are expected to produce a smaller standard
error than the corresponding nonparametric estimators proposed by
Koul et al. The results presented in this manuscript should be viewed
as an extension of the results in Rahbar and Gardiner (2004) to the
case of multiple covariates with interactions.
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Figure 1: Estimated power for detecting interaction effects using our new test
and the Cox proportional model. (No Censoring)

Figure 2: Estimated power for detecting interaction effects using our new test
and the Cox Proportional Hazard model. (censoring rate= 15%)
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Figure 3: Estimated power for detecting interaction effects using our new test
and the Cox proportional model. (Censoring rate =30%)
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Asymptotic Behavior of Weighted Sums of
Dependent Random Variables

V. Ranjbar. Y, M. Amini, and A. Bozorgnia

Department of Statistics, School of Mathematical Sciences, Ferdowsi
University of Mashhad

Abstract: Let {Xn; n ≥ 1} be a sequence of random variables with common
distribution function F. In this paper we study the asymptotic behaviors of tail
probability of weighted and randomly weighted sums of heavy-tailed dependent
random variables, say, Tn =

∑n
i=1 ciXi ,Wn =

∑n
i=1 θiXi and WN =

∑N
i=1 θiXi ,

where {ci} is a sequence of bounded positive real numbers and {θi} is a sequence
of positive random variables which are independent of sequence {Xn; n ≥ 1}, and
N is a nonnegative integer-valued random variables, independent of θi and Xi for
all i ≥ 1.

Keywords: Weakly Negative Dependent, Heavy-tailed, Asymp-
totic behavior, Weighted Sums.

1 Introduction and preliminaries

The asymptotic behaviors of the tail probability of partial sums and
weighted sums of independent heavy-tailed random variables have
been extensively investigated by many authors. Kiaw and Tang (2004),
Chen et. all (2005) and Gluk et. all (2006), have been provided asymp-
totic behavior of weighted sums of subexponential random variables.
Large deviations of weighted sums and partial sums for ND random
variables and NA ones have been extended by Chen et. all (2007),
Tang (2006) and Lio (2007), respectively. In this paper we study
the asymptotic behaviors of the tail probabilities, P (Σn

i=1ciXi > x),
P (max1≤i≤n θiXi > x) and P (ΣN

i=1θiXi > x) as x tends to infinity;
where, {ci} is a sequence of bounded positive real numbers and {θi}
is a sequence of positive random variables which are independent of
the sequence {Xn; n ≥ 1}, for one class of heavy-tailed distributions.
Throughout this paper all distribution functions will be defined on

E-mail: vahidranjbar y@yahoo.com.
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[0,∞) and f(x) ∼ g(x) means that limx→∞f(x)/g(x) = 1 .We denote
the tail of distribution of F by F̄ (x) = 1 − F (x) , convolution of dis-
tributions F and G by F ∗G and denote nth convolution of F by F (n)

and F (n) = 1 − F (n) . In the following, some well known classes of
heavy-tailed distribution function are listed.

1)Dominated variation (D): The distribution function F is belongs
to D if for any 1 < t < 1,

lim sup
x→∞

F (tx)

F (x)
< ∞

2)Consistency varying tailed (C): The distribution function F is
belong to C if,

lim
t↑1

lim sup
x→∞

F (tx)

F (x)
= 1 or lim

t↓1
lim sup

x→∞

F (tx)

F (x)
= 1

3)Long-tailed (L): The distribution function F is belongs to L if
for any t > 0 ,

lim
x→∞

F (x− t)

F (x)
= 1

For more details about the heavy-tiled distribution functions, see
Cline and Samorodnitsky (1994), Bingham et. all. (1987) and Je-
lenkovic and Lazar (1999).

Moreover, as other classes of heavy-tailed distributions, we consider
the following relation holds for the distribution functions,

0 < limx→∞

∫ x

0

F (u)du < ∞ (1− 1)

It is easy to find some evidence for the relation (1-1) like the dis-
tribution functions that belong to the class of subexponential distri-
bution functions which was defined by Chistyakov (1946).

Definition 1 The random variables X1, ..., Xn are said to be Weekly
Negatively Dependent (WND) if for each n and all x1, ..., xn there exist
some C ≥ 1 such that

fX1,...,Xn(x1, ..., xn) ≤ C.fX1(x1)× ...× fXn(xn) (1− 2)
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Lemma 1: Let X1, ..., Xn be WND random variables with distribu-
tion function F (x1, ..., xn) and marginal distribution F (x1), ..., F (xn)
, respectively, then it is easy to see that F (x1, ..., xn)
≤ C.F (x1), ..., F (xn) and F (x1, ..., xn) ≤ C.F (x1), ..., F (xn) .

Lemma 2: Let X1, ..., Xn be WND random variables and h1(.), ..., hn(.)
be some monotone measurable functions, then h1(X1), ..., hn(Xn) are
WND with the same constant C.

Corollary 1: Lemma 2 is valid if hi(Xi) = CiXi, where ci ∈ R.

Lemma 3: Let {ai} and {bi} be two sequences of positive real num-
bers, then

∑n
i=1 ai∑n
i=1 bi

≤ max

[
ai

bi

; i = 1, ..., n

]

Lemma 4: Let X is a random variable with distribution function F
and cX with distribution function of F ′ , where c is some constant,
then

i. F ∈ L if and only if F ′ ∈ L.
ii. F ∈ D if and only if F ′ ∈ D.

2 Main results

In this section, first we prove a Lemma and then a Theorem, which
is based on our work, and then we study the asymptotic behaviors of
the tail probabilities of weighted sums of WND random variables. In
fact, we prove some equivalence statements for tail probabilities.

Lemma 5: Let X1 and X2 be two WND random variables with com-
mon distribution function F ∈ L, if F satisfies in condition (1-1), then
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for all x > 2υ > 0,

lim
υ→∞

lim
x−→∞

∫ x

υ

F (x− u)

F (x)
dF (u) = 0.

Proof : we can write

∫ x

υ

F (x− u)

F (x)
dF (u) =

[∫ x−υ

υ

+

∫ x

x−υ

]
F (x− u)

F (x)
dF (u)

≤
∫ x−υ

υ

F (x− u)

F (x)
dF (u) + F (x− υ). (2− 1)

Now, for any x > 2υ , we have

∫ x−υ

υ

F̄ (x−u)dF (u) =

∫ x−υ

υ

F̄ (u)dF̄ (x−u) ≤
∫ x+υ

υ

F̄ (u)dF̄ (x−u) = I1.

Now let

I =

∫ ∞

0

F̄ (u)du =
∞∑

n=0

∫ (n+1)h

nh

F (u)du.

Since F̄ (nh+h+υ) ≤ F̄ (u) ≤ F̄ (nh+υ) for u ∈ [nh + υ, nh + h + υ],
we have

h

∞∑
n=1

F̄ (nh) = h

∞∑
n=0

F̄ (nh + h) ≤ I ≤ h

∞∑
n=0

F̄ (nh) < ∞, (2− 2)
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So we can write

N0−1∑
n=0

F̄ [(n + 1)h + υ]
{
F̄ (x− (n + 1)h− υ)− F̄ (x− nh− υ)

}

=

N0−1∑
n=0

∫ (n+1)h+υ

nh+υ

F̄ [(n + 1)h + υ] dF̄ (x− u)

≤
N0−1∑
n=0

∫ (n+1)h+υ

nh+υ

F̄ (u)dF̄ (x− u) = I1

≤
N0−1∑
n=0

∫ (n+1)h+υ

nh+υ

F̄ [nh + υ] dF̄ (x− u)

=

N0−1∑
n=0

F̄ [nh + υ]
{
F̄ (x− (n + 1)h− υ)− F̄ (x− nh− υ)

}
,

where N0 = [x/h]. Then we get

I1

F̄ (x)
≤

N0−1∑
n=0

F̄ (nh + υ)

{
F̄ (x− (n + 1)h− υ)− F̄ (x− nh− υ)

F̄ (x)

}
.

Since F ∈ L, then when x tend to infinity, for all value of n and υ,
{

F̄ (x− (n + 1)h− υ)− F̄ (x− nh− υ)

F̄ (x)

}

tends to zero.Therefore for sufficient large x and for any ε > 0 , we
have,

K2 ≤ I1

F̄ (x)
≤ ε

N0−1∑
n=0

F̄ (nh + υ) ≤
∞∑

n=0

F̄ (nh) < ε.M.

The final inequality valid by (2-2). This and (2-1) complete the proof.

Theorem 1: Suppose that X1 and X2 are two WND random variables
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with the distribution functions F1 and F2 , respectively, where Fi ∈
L; i = 1, 2 . If F satisfies in the condition (1-1) and supxG(x)/F (x) <
∞ , then

P (X1 + X2 > x) ∼ P (X1 > x) + P (X2 > x) as x →∞
Proof : By assumption of supxG(x)/F (x) = K < ∞ and Lemma 1 ,
for every ν > 0 ,we get

H(x) = P (X + Y > x; X < υ) + P (X + Y > x; υ < X < x)

+P (X > x) ≤ C

∫ υ

0

G(x− u)dF (u) + C

∫ x

υ

G(x− u)dF (u) + F (x)

≤ CG(x− u) + F (x)× CK

∫ x

υ

F (x− u)

F (x)
dF (u) + F (x)

≤ [
F (x) + G(x)

] {[
1 + CK

∫ x

υ

F (x− u)

F (x)
dF (u)

]
∨

[
CG(x− υ)

G(x)

]}
,

where x ∨ y = max{x, y}. So

lim
ν→∞

lim sup
x−→∞

H(x)

F (x) + G(x)
≤ 1.

Since G ∈ L and F satisfies in the condition (1-1) and by Lemma 5,
the last inequality is valid. On the other hand, for any positive x we
have,

P (X + Y > x) = P (X > x) + P (Y > x)

+ P (X + Y > x; X < x; Y < x)− P (X > x; Y > x)

≥ P (X > x) + P (Y > x)− P (X > x; Y > x)

≥ P (X > x) + P (Y > x)− C.P (X > x)P (Y > x).

The second inequality is valid by Lemma 1. Then

P (X + Y > x)

P (X > x) + P (Y > x)
≥ 1 + o(1).
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This completes the proof.

Theorem 2: Let X1 and X2 be WND random variables with common
distribution function F ∈ L. If F satisfies in the condition (1-1), then

P (c1X1 + c2X2 > x) ∼ P (c1X1 > x) + P (c2X2 > x) as x →∞
(2− 3)

where 0 < a < c1, c2 < b < ∞.

Proof : Let c1 = 1 , then Corollary 1 implies that X1 and c2X2 are
WND. Suppose that F ′ be distribution function of c2X2 and 0 < c2 ≤
1, we get

supx
F
′
(x)

F (x)
= supx

P (X1 + c2X2 > x)

P (X1 > x)
≤ 1,

therefore, Theorem 1 implies that

P (X1 + c2X2 > x) ∼ P (X1 > x) + P (c2X2 > x) as x →∞
(2− 4)

Now, suppose that, c2 ≥ 1 , by (2-4) we obtain

P (X1 + c2X2 > x)

= P (c3X1 + X2 > x) ∼ P (c3X1 > x) + P (X2 > x) as x →∞
= P (X1 > x) + P (c2X2 > x)

where c3 = 1/c2 . Therefore, for any c ∈ [a, b] we have

P (X1 +cX2 > x) ∼ P (X1 > x)+P (cX2 > x) as x →∞ (2− 5)

Moreover, for every c1, c2 ∈ [a, b] , by (2-3) we get

P (c1X1 + c2X2 > x)

= P (X1 + c′X2 > x) ∼ P (X1 > x) + P (c′X2 > x) as x →∞
= P (c1X1 > x) + P (c2X2 > x)

Where c′ = c1/c2 . This completes the proof.
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Theorem 3: Let X1, ..., Xn be WND random variables with common
distribution function F ∈ C. If F satisfies in the condition (1-1), then
for any positive real numbers a and b such that 0 < a ≤ b < ∞ ,

P

(
n∑

i=1

ciXi > x

)
∼

n∑
i=1

P (ciXi > x) (2− 6)

where a < ci < b; i = 1, ..., n.

Proof : We proof (2-6) by induction approach. For n = 2 , Theorem
2 implies (2-6). Now suppose that for any m ≥ 2

P

(
m∑

i=1

ciXi > x

)
∼

m∑
i=1

P (ciXi > x) (2− 7)

Geluk et. all (2004), show that, when (2-7) is true, then for every
x > 0 and n,

P

(
n∑

i=1

ciXi > x

)
≤

n∑
i=1

P (ciXi > x) (2− 8)

Since the argument is similar, we omitted it. Moreover, applying
Lemma 2, we get

P

(
m+1∑
i=1

ciXi > x

)
≥

m+1∑
i=1

P (ciXi > x)−
∑ ∑

i6=j

P (ciXi > x; cjXj > x)

≥
m+1∑
i=1

P (ciXi > x)−
∑∑

i6=j

C.P (ciXi > x) P (cjXj > x)

∼
m+1∑
i=1

P (ciXi > x) as x →∞. (2− 9)

Now (2-8) and (2-9) complete the proof.
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Theorem 4: LetX1, ..., Xn be WND random variables, then

P

(
max
1≤i≤n

Xi > x

)
∼

n∑
i=1

P (Xi > x) as x →∞

Proof : Using Lemma 2, for every x > 0 , we have

P

(
max
1≤i≤n

Xi > x

)
= P

( ⋃
1≤i≤n

(Xi > x)

)

≥
n∑

i=1

P (Xi > x)−
∑∑

i6=j

P (Xi > x; Xj > x)

≥
n∑

i=1

P (Xi > x)−
∑∑

i6=j

C.P (Xi > x) P (Xj > x)

Applying Lemma 3 we get

∑ ∑

i6=j

C.P (Xi > x) P (Xj > x) = o

(
n∑

i=1

P (Xi > x)

)
as x →∞

Therefore

P

(
max
1≤i≤n

Xi > x

)
≥

n∑
i=1

P (Xi > x) as x →∞

Moreover, it is easy to see that for all x > 0,

P

(
max
1≤i≤n

Xi > x

)
≤

n∑
i=1

P (Xi > x) as x →∞

This completes the proof.

Theorem 5: Let X1, ..., Xn be WND random variables with common
distribution function F ∈ C, which satisfies in the condition (1-1).
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Moreover, if θ1, ..., θn are random variables independent of X1, ..., Xn

and P (a ≤ θi ≤ b) = 1; i = 1, ..., n, for some a and b such that
0 < a ≤ b < ∞ , then

P

(
max
1≤i≤n

θiXi > x

)
∼

n∑
i=1

P (θiXi > x) ∼ P

(
n∑

i=1

θiXi > x

)
as x →∞
(2− 10)

Proof : Applying Theorem 4 we get

P

(
n∑

i=1

θiXi > x

)
= Eθ

[
P

(
n∑

i=1

θiXi > x | θ
)]

∼ Eθ

[
n∑

i=1

P (θiXi > x | θ)
]

as x →∞

=
n∑

i=1

Eθ [P (θiXi > x | θ)] =
n∑

i=1

P (θiXi > x | θ) .

This proofs the second relation in (2-10). For the first one, applying
conditional expectation role and Lemma 2, for every x > 0 we have

P

(
max
1≤i≤n

θiXi > x

)
≥

n∑
i=1

P (θiXi > x)−
∑∑

i6=j

P (θiXi > x; θjXj > x)

(2− 11)

=
n∑

i=1

P (θiXi > x)−
∑∑

i6=j

Eθi,θj
[P (θiXi > x; θjXj > x | θi, θj)]

≥
n∑

i=1

P (θiXi > x)−
∑∑

i6=j

C.Eθi
[P (θiXi > x | θi)] Eθj

[P (θjXj > x | θj)]

=
n∑

i=1

P (θiXi > x)−
∑∑

i6=j

CP (θiXi > x) P (θjXj > x)
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The inequality is valid by Corollary 1 and independence of X and θ .
Now applying Lemma 3, we get

∑ ∑

i6=j

CP (θiXi > x) P (θjXj > x) = o

(
n∑

i=1

P (θiXi > x)

)
as x →∞

Substituting this in (2-11), we obtain

P

(
max
1≤i≤n

θiXi > x

)
≥

n∑
i=1

P (θiXi > x) as x →∞

This completes the proof.

Theorem 6: Let {Xn; n ≥ 1} be a sequence of WND random vari-
ables with common distribution function F, which satisfies in condition
(1-1) and let{θi; i ≥ 1} be a sequence of identical positive random vari-
ables which are independent of {Xn} . If N be a nonnegative integer-
valued random variable independent of sequence {Xn} and {θi} with
E(N) < ∞, then,

P

(
n∑

i=1

θiXi > x

)
∼ E(N).P (θ1X1 > x) as x →∞

Proof : Using conditional expectation and Theorem 5, for every x > 0
we have

P

(
n∑

i=1

θiXi > x

)
= EN

[
P

(
n∑

i=1

θiXi > x | N
)]

∼ EN

[
n∑

i=1

P (θiXi > x | N)

]
as x →∞

= EN

[
n∑

i=1

P (θiXi > x)

]
=

∞∑

k=0

k∑
i=1

P (θiXi > x)

×.P (N ≥ i− 1) = P (θ1X1 > x).E(N)
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This completes the proof.

Corollary 2: Under the assumption of Theorem 6, if P (θi = 1) = 1
for alli ≥ 1 , then

P

(
n∑

i=1

Xi > x

)
∼ E(N).P (X1 > x) as x →∞

Remark : Let {Xn} be a sequence of independent random variables
with common distribution function F, then condition F (x1, ..., xn) ≤
C.

∏n
i=1 F (xi) can be replaced by F (x1, ..., xn) =

∏n
i=1 F (xi) . Thus,

all above Theorems, Lemmas and Corollaries are true in this case,
particularly; Theorem 1 in [4] and Theorem 3.1 in [9] are special case
of Theorem 1 and Theorem 3, 4, 5 in this paper, respectively.
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Influence diagnostic in partial least squares in
measurement error models

A. Rasekh, and F. Mazarei

Department of Statistics, Shahid Chamran University

Abstract: Partial least squares (PLS ) regression has received increasing atten-
tion in recent years. However, like other regression methods, PLS fitting could be
substantially altered by one or a few influential points. This paper assesses the
influence of observations on estimation of parameters in PLS measurement error
models based on SIMPLS algorithm. We derive Cook’s Distance (CD) and the
sum of squared influence functions for sample i on the predicted concentrations
of all other samples (SID) as tools for influence diagnostic. We illustrate our idea
via a numerical example.

Keywords: Partial least squares; Influence function; Measure-
ment error.

1 Introduction

Partial least squares (PLS ) regression (Wold and Krishnaiah, 1966;
Helland, 2001; Wold and Trygg, 2001) is one of the most widely used
chemometrical tools to estimate concentrations from measured spec-
tra. In recent years partial least square regression has been extended to
the measurement error models (see Faber and Kowalski, 1997). As it
is mostly a chemometrical tool, it has hitherto only been granted little
attention in the statistical literature. A consequence thereof is that
some properties of partial least squares regression have never been
investigated. One of these properties is the influence function (IF )
(Hampel et al., 1986), which is of widespread use in the literature on
regression models.

In this paper we consider influence diagnostic in the measurement
error models. We derive the influence function for partial least squares
regression as a diagnostic tool to assess the influence of individual

Corresponding author: Tel: 0098 611 3331043; fax: 0098 611 3331043. E-mail ad-
dress: Rasekh a@scu.ac.ir
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calibration samples on prediction in this context. In Section 2, we
introduce the reader to the notation used throughout this article. In
Section 3, we provide a short introduction to partial least squares
regression. In Section 4, we introduce the reader to the population
version of PLS, since this insight is needed for a correct computation
of the influence function. In Section 5, we introduce the reader to the
basic concept of the influence function, as well as the results that can
be deduced thereof. In Section 6, we propose algorithms which allow
efficient calculation of the influence function, derived from different
PLS algorithms. In Section 7, this leads to a sample specific predic-
tion interval in PLS, as well as to novel diagnostic plots. In section 8
we illustrate our idea via a numerical example.

2 Notation and definitions

Before we can give an introduction to partial least squares regression,
we first need to define the notation used. The calibration matrix X
is a matrix of size n × p in which the rows are n spectra of standard
samples, measured at p channels. The corresponding n concentrations
of these standard samples constitute the response vector y. Through-
out this paper, we will assume both calibration and response matrices
to be mean-centered. When calibration is completed, a spectrum of
a new sample is denoted as ξ. The corresponding (mostly unknown)
concentrations and their estimates are consistently denoted as yξ and
ŷξ, respectively. In case of measurement error models we assume that

y and X are unobservable and they can be observed through ỹ and X̃
with measurement errors ∆ y and ∆ X, respectively. We also assume
that ∆ y and vec ( ∆ X ) are uncorrelated with covariance matrices

var( ∆ y) = E ( ∆ y ∆ y′ ) = σ2
∆ y I

var (vec ∆ X ) = E(vec ∆ X (vec ∆ X )′ ) = σ2
∆ X I.

Through out this paper expected values with respect to a distribution
G will be denoted as EG( ) and argmax(F ) denotes the point (argu-
ment) that maximizes F. Finally, T and IF ( ) denote the transposition
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and the influence function, respectively.

3 Partial least squares regression

Partial least squares regression can be seen as a way to estimate a re-
gression vector β in a linear model ỹ = Xβ +∆y. In this equation, the
elements of ∆ y are identically and independently distributed errors
with zero expectation and constant variance σ2

∆y. In case of measure-
ment error models we have

ỹ = y + ∆ y

X̃ = X + ∆ X

ỹ = ( X̃ −∆X ) β + ∆ y = X̃ β −∆ X β + ∆ y.

(1)

PLS is a latent variable regression technique. This means that PLS
extracts independent latent variables from the original set of p (of-
ten correlated) variables. The regression vector is calculated from
these latent variables, hence overcoming difficulties in ordinary least
squares such as multicollinearity. In a spectrometric context, one can
intuitively see that this is a correct way to proceed, as pointed out by
Wold (1993).

In PLS, the latent variables are computed in such a way that they
contain a maximum of relevant information concerning the relation
between X and y. mathematically, this is expressed by the following
objective function (Ter Braak and De Jong, 1998) in which the hth
weighting vector (âh) is defined as: âh = arg max

a
Cov(Xah, ỹ), under

the constraints that ‖ah‖ = 1 and a′hX
′Xai = 0 for 1 ≤ i < h.

This objective is a maximization problem under two constraints,
which can be solved by dint of the Langrange multiplier method. All
univariate PLS algorithms share the same objective function. How-
ever, different algorithms have been proposed to accomplish the same
objective in which different scaling conventions are used. For exam-
ple, in SIMPLS (De Jong, 1993), the convention is to re-scale the
estimated weighting and score vectors (i.e.,t̂h = Xâh) in such a way
that the score vectors ultimately carry unit variance. In any algo-
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rithm, the first weighting vector must be the dominant eigenvector of
the matrix X ′ỹỹ′X, which will then be or be not scaled, according
to the convention imposed. From the second latent variable on, the
second constraint becomes important. It requires the following latent
variables to be orthogonal (uncorrelated) to the previous ones. Hence,
the following weighting vectors will be dominant eigenvectors of the
matrix X ′ỹỹ′X, multiplied by a projection matrix which projects onto
the orthogonal complement of the subspace spanned by the previous
score vectors. Hence, before scaling, the hth weighting vector will be
equal to:

âh = X ′(In −
∑h−1

i=1
t̂i t̂
′
i

t̂′i t̂i
)ỹ.

4 PLS at the population level

We first give a short description of the distinction between PLS at
the population level and PLS at the sample level. We start with the
case in which the true spectral matrix X is exists. Then we extend
our discussion to the measurement error case. Individual experiments
are samples taken from a certain population. For example, the data
matrix X corresponds to a p-variate vector x of which n samples
are drawn from the population. In chemometrics, this discrepancy is
most currently disregarded, as the theoretical background is of minor
importance to the analytical chemist. However, computation of the
influence function requires prior definition of PLS at the population
level. Let (x′, ỹ) be centered and distributed with given distribution
G, then the objective for PLS is:

âh(G) = arg max
a

EG[a′xỹ] (2)

under the constraints that

‖ah(G)‖ = 1 and ah(G)′S(G)ai(G) = 0 for 1 ≤ i < h. (3)

The only difference to the objective function stated in the previ-
ous section is the explicit dependence on the distribution G. As this
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does not change the maximization problem, the exact solutions of
Eqs. 2 and 3 are known and can be copied to the population level
from the aforementioned algorithms. Hence, the SIMPLS (De Jong,
1993) algorithms also hold at the population level, if one does not
omit the fact that all vectors are population quantities and thus de-
pendent on the distribution G. The starting values should in this case
be s(G) = EG[x ỹ] and S(G) = EG[x′x]. The population quantities
corresponding to SIMPLS are defined as follows:

ah =

{
s(G) h = 1

(Im − V̈h−1(G)) ah−1(G) h > 1

rh(G) = ah(G)√
a′h(G) S(G) ah(G)

Ph(G) = S(G) rh(G)

vh(G) =
(
Im −

∑h−1
i=1 V̈i(G)

)
Ph(G)

V̈h(G) =
vh(G) v′h(G)

v′h(G) vh(G)

βh(G) = Rh(G) R′
h(G) s(G) 1 ≤ h ≤ p

(4)

Recall that Rh(G) is a matrix containing r1(G), ..., rh(G) as its columns.
Remark that the above equations hold for any given distribution G.
The only condition is that the starting quantities s(G) and S(G) need
to exist. The above equations define the statistical functionals ah,rh,
Ph, vh, V̈h and βh all being defined as mappings sending distributions
G to vector or matrix valued quantities. To return to the sample level,
the empirical distribution Gn may be plugged in for G into the above
expressions to yield the well-known PLS algorithms. The empirical
distribution functionGn is a discrete distribution giving mass 1

n
to each

of the n measured data points, and can be shown that will converge
to G. It is therefore the sample-based analogue of G. Starting from

s(Gn) = EGn [x′ ỹ] = X ′ ỹ/n and S(Gn) = EGn [x′ x] = X ′ X/n
(5)

one finds all other quantities, now based on the sample, by applying
Eqs. 4. Let ξ be a new observation (spectrum), and denote h the se-
lected number of latent variables. Then the functional ŷh,ξ correspond-
ing to the predicted value based on ξ is defined as ŷh,ξ(G) = ξ′βh(G)
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for any distribution G. At the sample level, this corresponds to pre-
dicting a concentration of a (possibly new) sample on the basis of the
calibration matrix.

If instead of having the true spectral matrix X, one measures
X̃ = X + ∆X, then the measurement error ∆X will reflected in
weighting vectors and other steps of PLS algorithm through fluctua-
tion of covariance matrices s(G) and S(G). In this case the covariance
matrices are S̃(G) = EG[x̃′ x̃] and s̃(G) = EG[x̃′ ỹ]. The population
quantities corresponding to SIMPLS are defined as follows (see Faber
and Kowalski, 1997):

ãh =

{
s̃(G) h = 1

(Im − ˜̈Vh−1(G)) ãh−1(G) h > 1

r̃h(G) = ãh(G)√
ã′h(G) S̃(G) ãh(G)

P̃h(G) = S̃(G) r̃h(G)

ṽh(G) =
(
Im −

∑h−1
i=1

˜̈Vi(G)
)

P̃h(G)

˜̈Vh(G) =
ṽh(G) ṽ′h(G)

ṽ′h(G) ṽh(G)

β̃h(G) = R̃h(G) R̃′
h(G) s̃(G) 1 ≤ h ≤ p

(6)

in which r̃1, ..., r̃h are columns of R̃h matrix.

5 The notion of the influence function

The influence function has been introduced by Hampel et al. (1986) in
order to theoretically assess the influence that an observation z̃ has on
the value that a statistical functional T takes. This observation z̃ may
be an observed data point or a potential outlier. When applied to PLS,
the observation z̃ will be a couple (x̃′,ỹ) containing a spectrum and
its corresponding concentration. One supposes that a small fraction ε
of the data is placed at the point z̃, whilst the other fraction (1 − ε)
is coming from the population distribution G. Hence, the distribution
becomes: Gε = (1− ε)G + εδz̃ where δz̃ is the point mass distribution
at z̃. The influence function is then defined as
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IF (z̃, T, G) = lim
ε→0

T [(1− ε)G + εδz̃]− T (G)

ε
. (7)

In this paper, we are interested in assessing the influence of an obser-
vation on the PLS procedure in measurement error models, hence, we
will compute the IF for PLS in these models. Actual computation of
the IF makes use of derivation of the statistical functions, since Eq.8
yields: IF (z̃, T, G) = ∂

∂ε
T (Gε)|ε=0.

6 Algorithms for the influence function

We derive the influence function when both dependent and indepen-
dent variables are measured with error. First the influence func-
tions for the starting values of the algorithm should be found. Let
z̃′ = (x̃′, ỹ) be an arbitrary point in the (p + 1)-dimensional space.
We will make usage of the shorthand notations IF (T ) instead of
IF (z̃, T, G) and hence drop the dependence on the distribution G
and on z̃. It is easy to check that the influence functions of covari-
ance matrices are IF ( S̃ ) = x̃′ x̃ − S̃ and IF ( s̃ ) = x̃′ ỹ − s̃ where s̃
and S̃ are shorthand notations for s̃(G) and S̃(G). With these start-
ing values, the influence functions can be computed recursively. The
influence functions of weighting factors are:

IF ( ãh ) =

{
IF ( s̃ ) h = 1

IF ( ãh−1 )− IF ( ˜̈Vh−1 ) ãh−1 − ˜̈Vh−1 IF (ãh−1 ) h > 1
.

(8)
Furthermore, the influence functions of rescaled weighting factors and
loading factors are

IF ( r̃h ) = IF ( ãh )

( ã′h S̃ ãh )
− 1

2

ãh( IF ( ã′h ) S̃ ãh+ ã′h IF ( S̃ ) ãh+ ã′h S̃ IF (ãh )

( ã′h S̃ ãh )3/2

IF ( P̃h ) = IF ( S̃ ) r̃h + S̃ IF ( r̃h )
(9)

while the influence functions of ṽh and ˜̈Vh can be derived as:
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IF ( ṽh ) = IF ( P̃h )−∑h−1
i=1 [ ˜̈Vi IF ( P̃h ) + IF ( ˜̈Vi ) P̃h]

IF ( ˜̈Vh ) =
IF ( ṽh ) ṽ′h+ṽh IF ′ ( ṽh )

ṽh ṽ′h
− 2

ṽ′h ṽh

( ṽh ṽ′h )2
IF ′ ( ṽh ) ṽh

(10)

Finally, with the aid of above relations, the influence function of re-
gression coefficients will be

IF ( βh ) = IF ( R̃h ) R̃′
h s̃ + R̃h IF T ( R̃h ) s̃ + R̃h R̃′

h IF ( s̃ ) (11)

in which R̃h = { r̃1 , ... , r̃h }.
A proof of the expressions in Eqs. 11–14 is straightforward by ap-

plying the functionals on Gε, using Eq. 9 and standard differentiation
rules, applied to the PLS algorithms at the population level. The
equations are valid at any given step h of the iteration. Furthermore,
note that the influence function for the prediction ŷh,ξ is immediately
obtained as IF (ŷh,ξ) = ξ′IF (β). The expressions found for the IF are

valid for any distribution G for which s̃ and S̃ are existing. In prac-
tice, the population distribution G is unknown but can be estimated
by the empirical distribution function Gn. Hence, in the practical ap-
plications, the IF will always be evaluated for G taken to be Gn. This
implies that all quantities s̃, S̃, ãh, βh, r̃h,. . . appearing in Eqs. 11-14
are taken to be the sample estimates as obtained by plugging Gn in
Eqs. 7.

7 Applications of the influence function

Most commonly, the influence of individual samples is shown using the
so-called Cook’s Squared Distance (Massart et al., 1997). Roughly, it
measures the change in the regression coefficients if the ith observation
is omitted from the data. It is computed as follows:

CD(z̃i) =
1

pσ2
e

n∑
j=1

(ŷj − ŷi
j)

2
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In this equation, σ2
e is the residual variance and ŷi

j denotes the pre-
dicted concentration for sample j based on a regression vector com-
puted from calibration matrices from which sample i has been deleted.
A large value for the CD is an indication that an observation is an
influential observation or outlier. It should be clear that the influence
function is apt to be a suitable measure for the influence of a sample on
prediction. An analogous approach as in the Cook’s Squared Distance
leads to a diagnostic plot based on the influence function which is a vi-
able alternative to the existing approaches. The measure of influence
of sample i on prediction is the sum of squared influence functions for
sample i on the predicted concentrations of all other samples, i.e:

SID ( z̃i ) =
1

n

n∑
j=1

IF ( z̃i , ŷj , Gn )2

Where ŷj stands for the statistical functional ŷh,x̃′i . Both CD and SID
should theoretically lead to the detection of the same influential sam-
ples, as both approaches are very closely related. For ordinary least
squares regression, the relation between residual based methods (such
as the CD here) and methods based on the influence function have
been described in detail in literature (Cook and Weisberg, 1982).

8 Egyptian pottery data

Now we give an illustrative example of the methodology developed.
Computations were performed by specific purpose programs written
in Microsoft Visual C++6. These programs are available from the
first author upon request. we consider a set of data, which we refer
to as the Egyptian pottery data. Briefly, this data set arises from
an extensive archaeological survey of pottery production and distribu-
tion in the ancient Egyptian city of Al-Amarna. The data consist of
measurements of chemical contents (mineral elements) made on many
samples of pottery using two different techniques, NAA and ICP. The
set of pottery has been collected from different locations around the
city. The group structure among the objects arises from two main
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Table 1: Partial least square estimate of regression parameters
β̂1 β̂2 β̂3 β̂4 β̂5 β̂6

7.278×108 -3.066×108 4.530×109 1.0761×108 1.2152×107 -1.579×1011

sources, fabric code and location of pottery. Both of these subdivi-
sions are important to the archaeologists. Consequently, according
to this group structure the selected vessels have been divided into 27
groups. In each group there are different numbers of vessels from the
same fabric code and provenance which can essentially be regarded as
replicated observations. Among all mineral elements our interest is in
the relation between Na measured with NAA versus six elements Na,
Al, K, V, Cr and Mn measured with ICP. The data set is available
at http://www.cua.ac.ir/math/sta/rasekh/data.txt.

Because there is error in measurements with both NAA and ICP
techniques, Rasekh (2001) analyzed this data set and fitted a func-
tional measurement error model. He showed that there is moderate
collinearity among some of the independent variables. He derived the
ridge estimate with ridge parameter 0.15 and showed that this estimate
will improve the matters. In this section we re-analyse this data set
and we compute the partial least squares measurement error model.
Then we consider the influential observations. As there are replicated
observations in each group, therefore we have used one observation
for prediction and the remaining observations for estimation of the re-
gression parameters. Table 1 shows the PLS estimate of parameters of
the measurement error model according to the SIMPLES algorithm.
In the next step we evaluated the predicted values, residuals and SID
for each observation. The results are given in table 2. Table 2 show
that observations 6, 13, 21 and 23 have more influence on regression
coefficients than other observations, respectively.
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Table 2: The dependent variables, Predicted values, residuals and SID
values

i y ŷ Residuals SID i y ŷ Residuals SID

1 -0.26 -0.61 0.362 4.357 15 0.82 0.02 0.800 14.960
2 0.40 0.12 0.295 -17.596 16 0.47 0.07 0.406 -11.722
3 0.75 0.39 0.368 22.333 17 -0.42 -0.17 -0.248 54.623
4 0.00 -0.09 0.095 57.373 18 -0.86 -0.19 -0.668 64.072
5 0.31 0.09 0.222 16.574 19 0.15 0.05 0.100 -60.874
6 -0.32 -0.32 -0.012 -166.83 20 0.57 0.20 0.374 25.145
7 -0.02 -0.03 0.148 -1.113 21 -0.06 -0.25 0.191 -200.14
8 0.04 0.03 0.015 73.041 22 0.53 0.08 0.449 11.968
9 -0.33 -0.08 -0.252 11.483 23 -0.57 -0.05 -0.515 -110.35
10 -0.11 -0.10 -0.012 55.695 24 -0.06 -0.16 0.104 -30.687
11 -0.78 -0.05 -0.726 -27.825 25 -0.32 0.33 -0.012 23.344
12 0.85 0.10 0.781 -23.003 26 -0.28 -0.28 0.002 5.513
13 -0.17 -0.02 -0.146 -220.25 28 0.08 0.10 -0.017 41.186
14 -.032 -0.28 -0.041 74.492
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Abstract: Many methods are available for analyzing incomplete longitudinal
ordinal response data when repeated measurements occur at different time points
for each subject. Since in these studies there are a sequence of ordinal responses
for the same individual, we have to consider the correlation between responses.
Different models can be used to take into account this correlation. In this paper,
in order to examine the influence of the Markovian assumption on the covariate
effects, a latend transition model which given each level of previous response, has
its own dynamic parameterizations for all covariates, is presented. One can use
available software to find the parameter estimates of the model. However, for
testing the stationarity of covariate effects or the similarity of covariate effects at
different levels of previous outcome, optimization of the likelihood by numerical
methods is necessary. The presented model is applied to Fluvoxamine (a treatment
for deregulation of serotonin in the brain) data.

Keywords: Longitudinal data; Ordinal response; Latend transi-
tion model; Random dropout.

1 Introduction

Longitudinal ordinal categorical data are frequently collected in medi-
cal science where responses of interest for each subject are recorded in
a categorical ordinal scale and observed repeatedly at several times or
under various conditions. For the analysis of these studies we need to
accommodate the statistical dependence between repeated measure-
ments of the same individual. A variety of approaches to the analysis
of dependent have been proposed to handel such correlation between

549



Z. Rezaei Ghahroodi, M. Ganjali Latend transition models for · · ·

responses. One such possibility is marginal modelling, which can be
used to make inferences about population-averaged parameters [Ten
Have et al. (1996); Kim (1995); Liang et al. (1992)]. A second
possibility is random effects modelling, which makes inferences about
variability between respondents, [Harvile and Mee (1984); Verbeke
and Lesaffre (1996); Tutz (2005)]. The third approach would be to
use Markov (transition) models [see Anderson and Goodman (1957);
Francom et al. (1989); Ganjali and Rezaee (2007)]. For reviews of
transition and other models for ordinal longitudinal responses, see
McCullagh (1980), Diggle et al. (2002) and Agresti (2002).

In longitudinal data, it is not unusual in practice for some
sequences of measurements to terminate early for reasons outside the
control of the investigator, and any unit so affected is often called a
drop-out. Little and Rubin (2002) and Diggle and Kenward (1994)
make important distinctions between the various types of drop-out
mechanisms. A drop-out process is said to be a completely random
drop-out (CRD) if the drop-out mechanism is independent of both
unobserved and observed data, and random drop-out (RD) if it is not
dependent on the current value of the response given values of the
previous responses. A drop-out mechanism that is dependent on the
current value of response is termed as a non-random drop-out (NRD)(
vide also little, 1995).

In this paper we focus on random dropouts which occur when
the missingness depends only on the observed responses and fully ob-
served covariates in the model. We shall apply our transition model
to Fluvoxamine data where the response of interest involves the side
effects of using Fluvoxamine.

Several methods exist for the analysis of such data when the
missing mechanism is classified as RD. In the analysis of the Fluvox-
amine data, Molenberghs et al. (1997) found that the probability
of dropping out at a specific time depends strongly on the previous
observed level of the side effect, such that the assumption of RD is
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reasonable for this data set. They used a marginal model for the re-
sponses with a multivariate Dale distribution to take into account the
correlation between the responses of the same individual, and logistic
regression for the dropout process in a nonignorable dropout model.
Kenward et al. (1994) and Molenberghs and Lesaffre (1994) make
RD assumption in their analyses of the Fluvoxamine data. The for-
mer fitted a marginal proportional odds model that relates the degree
of side effects to various covariates and used two methods of estima-
tion: generalized estimating equations (GEE) and maximum likeli-
hood. The latter used marginal modeling of correlated ordinal data
by using a multivariate Placket distribution. Hines and Hines (2005)
introduced a number of methods, including two maximum likelihood
approaches which use marginal global odds ratios to model the asso-
ciation between responses, weighted and unweighted generalized esti-
mating equations by using Cholesky-decomposed standardized resid-
uals to model the association structure, and another three extended
models developed for longitudinal binary data in which the association
structures are modeled using either Gaussian estimation, multivariate
normal estimating equations or conditional residuals. However, the
above mentioned models use the marginal approach and most of them
need sophisticated statistical computational methods, which are not
easy to use for medical practitioners to estimate the model parame-
ters. Hence, there are many studies of the Fluvoxamine data but as
yet transition models have not been used to analyze these data.

In this paper to examine the influence of Markovian assump-
tion on the covariate effects, we present a latend transition models
which given each level of previous response, has its own dynamic
parametrization. We can test stationarity effect of some covariates
as well as having the same effect of some others through different
levels of previous outcome. We use this model instead of marginal
or random effects models because, having conditioned on previous re-
sponses, this model would remove the effects of cluster-level covariates
and can provide more insight into the data generating processes than
the other models can do. The software R is used to optimize the like-
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lihood and to find the most parsimonious model. However, for the
general form of the model (dynamic parametrization of the model for
each level of previous response), one can use available software such
as SPSS or STATA to find the parameter estimates.

In Section 2, Fluvoxamine data (Molenberghs et al., 1997) are
discussed. In Section 3 an ordered transition latend variable model
with missing at random dropout is given and a maximum likelihood
approach for estimating parameters is discussed. In Section 4 the
results of using a transition model for the Fluvoxamine data, are pre-
sented. In Section 5 some conclusion are discussed.

2 The Fluvoxamine data

These data have been extracted from a multicentre study in which
the drug Fluvoxamine was used for 315 subjects who were initially re-
cruited into study. The data are discussed in Molenberghs and Lesaffre
(1994) and Molenberghs et al. (1997). This example is a 4-wave study.
At an initial visit baseline covariate information such as the sex, age,
initial severity (scale 1 to 7), and duration of actual mental illness
were measured for each subject. After recruitment, the individuals
made four visits at weeks 2, 4, 8 and 12. At each visit side effects is
measured as an ordinal response with categories: (0) no side effect, (1)
no significant interference with functionality of patient, (2) significant
interference with functionality of patient and (3) side-effect surpasses
therapeutic effect. Similar to Hines and Hines (2005), and for assum-
ing the assumption of random dropout, we shall use the data on three
visits at weeks 2, 4 and 12. From the initially recruited subjects, 14
were not observed at all after the start, 2 had non-monotone missing
responses and 12 more were missed for at least one of the covariates
age, duration or initial severity of the mental illness, leaving 287 in
the analysis. Since category 3 of the response variable (side effect)
occurred only 2 percent of the time, we decided to combine it with
category 2 for computational simplicity. Three of different patterns of
missing data that occur in these data are presented in Table I.
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Table I. Different patterns of missing data for longitudinal 3-period
Fluvoxamine data (“O”=observed, “M”= missed).

Pattern Frequency
OOO 216
OOM 43
OMM 28

3 Ordered transition latend variable model

Consider the following general latend variable model for analyzing
Fluvoxamine data:

Y ∗
i1 = X ′

i1β1 + εi1 (1)

Y ∗
it |yit−1 = X ′

itβyit−1,t + εit t = 2, 3, yit−1 = 0, 1, 2 (2)

where Y ∗
it is for t = 1, 2, 3 are latend variables for responses such that

if Y ∗
i1 ≤ θ1,1 then Yi1 = 0, if θ1,1 < Y ∗

i1 ≤ θ2,1 then Yi1 = 1 and if
Y ∗

i1 > θ2,1 then Yi1 = 2 and for t = 2, 3

Yit = 0, if

Y∗
it ≤ θyit−1,1,t;1, if θyit−1,1,t < Y ∗

it ≤ θyit−1,2,t,2, if Y ∗
it > θyit−1,2,t.

where

θ1,1 and θ2,1 (θ1,1 < θ2,1) and θyit−1,1,t and θyit−1,2,t (θyit−1,1,t < θyit−1,2,t

for t = 2, 3) are cutpoints to be estimated. Yit indicates a response
variable which can take C ordered categorical values, labelled 0, 1, ..., C−
1 (C = 3 for Fluvoxamine data). Xit’s for t = 1, 2, 3 are vectors of ex-
planatory variables. β1 = (β1,1, ..., βk,1) and βyit−1,t = (β1,yit−1,t, ..., βk,yit−1,t)
for yit−1 = 0, 1, 2 and t = 2, 3 are the vector of regression coefficients
for the explanatory variables which must be estimated. The indepen-
dent error terms can be chosen to have any distribution. We shall
assume independent logistic distributions for them.
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We shall use a first order transition model based on the cu-
mulative logit framework. The form of this model for three response
variables and by using model (1) and (2) is:

logit[P (Yi1 ≤ yi1)] = θyi1+1,1 −X ′
i1β1 yi1 = 0, 1 (3)

logit[P (Yit ≤ yit|Yit−1 = yit−1)] = θyit−1,yit+1,t −X ′
itβyit−1,t,

yit−1 = 0, 1, 2, yit = 0, 1, t = 2, 3 (4)

We can rewrite (3) and (4) to have some covariate effects similar in
different times or in different previous state of response. In this paper
we would like to test such stationarities. The general model given in
(1) and (2) can be analyzed using existing software. However, con-
sidering the same parameters in different times, existing software can
no more be used. In this situation, by considering the obtained likeli-
hood, parameters shall be estimated by using optimizing algorithms.
A likelihood ratio test (in view of deviance) can be used to test for
different assumptions on parameters in models (1) and (2).

The general form of the likelihood function that can be parti-
tioned to estimate model parameters is:

L =
n∏

i=1

P (Yi1 = yi1|xi1)

n1∏
i=1

P (Yi2 = yi2|Yi1 = yi1, xi2)

n2∏
i=1

P (Yi3 = yi3|Yi2 = yi2, xi3) =
n∏

i=1

P (Yi1 = yi1|xi1)

C−1∏
a=0

∏
iεA

P (Yi2 = yi2|Yi1 = a, xi2)
C−1∏

b=0

∏
iεB

P (Yi3 = yi3|Yi2 = b, xi3)

where A = {i, Yi1 = a, i = 1, ..., n1}, B = {i, Yi2 = b, i = 1, ..., n2},
n1 is the number of individuals with all y1 and y2 observed, n2 is the
number of individuals with all y1, y2 and y3 observed and n is the
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number of all individuals. We have

P (Yi1 = yi1) = P (θyi1,1 < Y ∗
i1 ≤ θyi1+1,1)

= P (Y ∗
i1 ≤ θyi1+1,1)− P (Y ∗

i1 ≤ θyi1,1)

=
eθyi1+1,1−X′

i1β1

1 + eθyi1+1,1−X′
i1β1

− eθyi1,1−X′
i1β1

1 + eθyi1,1−X′
i1β1

yi1 = 0, 1

where θ0,1 = −∞ and P (Yi1 = 2) = 1− P (Yi1 = 0)− P (Yi1 = 1). For
t = 2, 3, yit−1 = 0, 1, 2 and yit = 0, 1

P (Yit = yit|Yit−1 = yit−1) = P (θyit−1,yit,t < Y ∗
it ≤ θyit−1,yit+1,t|Yit−1 = yit−1)

= P (Y ∗
it ≤ θyit−1,yit+1,t|Yit−1 = yit−1)

−P (Y ∗
it ≤ θyit−1,yit,t|Yit−1 = yit−1)

=
eθyit−1,yit+1,t−X′

itβyit−1,t

1 + eθyit−1,yit+1,t−X′
itβyit−1,t

− eθyit−1,yit,t−X′
itβyit−1,t

1 + eθyit−1,yit,t−X′
itβyit−1,t

Where for yit−1 = 0, 1, 2, θyit−1,0,t = −∞ and for t = 2, 3, P (Yit =
2) = 1 − P (Yit = 0) − P (Yit = 1). For general form of the model
which takes into account different parameters, the above likelihood
function makes possible the use of existing software to estimate model
parameters, but for other models the likelihood can be programmed
in R software to estimate model parameters. In the following we shall
present two forms of model in equations (3) and (4) which we shall
call hereafter model I and model II for the Flovoxamine data. model
I for the Flovoxamine data is:

logit[P (Yi1 ≤ yi1)] = θyi1+1,1 − Age× β1,1 −Duration× β2,1

−Severity × β3,1 −Gender × β4,1 yi1 = 0, 1

logit[P (Yit ≤ yit|Yit−1 = yit−1)] = θyit−1,yit+1,t − Age× β1,yit−1,t

−Duration× β2,yit−1,t − Severity × β3,yit−1,t −Gender × β4,yit−1,t

yit−1 = 0, 1, 2, yit = 0, 1, t = 2, 3
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and model II is:

logit[P (Yi1 ≤ yi1)] = θyi1+1,1 − Age× β1,1 −Duration× β2,1 − Severity

×β3,1 −Gender × β4,1 yi1 = 0, 1

logit[P (Yit ≤ yit|Yit−1 = yit−1)] = θyit−1,yit+1,t − Age× β1,1

−Duration× β2,t − Severity × β3,t −Gender × β4,1

yit−1 = 0, 1, 2, yit = 0, 1, t = 2, 3

where we assume the same stationary effect of age and gender on time.
In the next section results, using the most parsimonious forms of these
two models, will be compared.

4 Results of using two models for Fluvoxamine
data

In this section we analyze the Fluvoxamine data using the two first
order latend transition models I and II. Table 1 gives the results of
marginal modeling for the response at week 2 (Y1) based upon model I.
Results of model I with marginal modeling in week 2 reveal that there
is no effect of gender on side effects while age, duration and severity
have significant effects. Thus gender can be exclude from the model.
Results from marginal modeling of Y1 show that the probability of
having more severe side effects is higher for older patients and patients
with longer durations of illness. These results also show that the more
severe the illness, the higher the probability of having low severe side
effects in week 2. The results of the transition modeling of Y2 given
Y1 and of Y3 given Y2 in model I, are presented in Table 2. We start
with age, duration, severity and gender as covariates in these models.
Backward variable selection is used for the transition model of Y2

given Y1, and we find no significant effects of severity and gender on
side effects in week 4; see Table 2. In Table 2, for different values of
Y1 , θyi2,2’s are intercepts indicating the log odds of less severe, rather
than more severe side effects in week 4, assuming there is no effect of
any other covariates. For example, when there are no side effects in
week 2 (Y1 = 0), the log odds of having no side effects in week 4 (

556



The 9th Iranian Statistical Conference University of Isfahan, August 2008

Table 1. Results of using marginal cumulative logit model for Y1 in model
I (bold numbers significant at % 5 level).

(Y1)
Par Est. S.E.
θ1,1 -0.832 0.820
θ2,1 1.356 0.824

β1,1(Age) 0.019 0.009
β2,1(Duration) 0.016 0.005
β3,1(Severity) -0.301 0.144

Table 2. Results for transition model of Y2 given different values of Y1 and Y3 given different values of Y2 in
model I(bold numbers significant at % 5 level).

Y2|Y1 = 0 Y2|Y1 = 1 Y2|Y1 = 2
Par Est. S.E. Par Est. S.E. Par Est. S.E.

θ0,1,2 1.976 0.285 θ1,1,2 0.828 0.699 θ2,1,2 -1.435 0.498
θ0,2,2 - - θ1,2,2 4.908 0.912 θ2,2,2 -0.154 0.393

β1,0,2(Age) - - β1,1,2 0.037 0.016 β1,2,2 - -
β2,0,2(Duration) - - β2,1,2 0.027 0.009 β2,2,2 - -

Y3|Y2 = 0 Y3|Y2 = 1 Y3|Y2 = 2
θ0,1,3 2.126 0.293 θ1,1,3 -0.323 0.250 θ2,1,3 - -
θ0,2,3 4.796 1.004 θ1,2,3 3.440 0.601 θ2,2,3 1.253 0.802

β2,0,3(Duration) - - β2,1,3 0.028 0.014 β2,2,3 - -

Y2 = 0) is 1.976, which translates into a probability of 0.878 for having
no side effects in week 4. In other words, if a patient shows no sign
of side effects in week 2, (s)he will have a high probability (0.878) of
having no side effects in week 4.

When there is significant interference with functionality in
week 2 (Y1 = 2), the log odds of having no side effects in week 4
(Y2 = 0) are reduced to -1.435, translating into a low probability of
0.192 for having no side effects in week 4. When a patient has no
side effects (Y1 = 0) or has significant interference with functionality
(Y1 = 2) in week 2, there are no significant effects of age, sex, duration
and initial severity on side effects in week 4. But, for no significant
interference with functionality in week 2 (Y1 = 1), there are significant
effects of age and duration of illness on side effects in week 4. In this

557



Z. Rezaei Ghahroodi, M. Ganjali Latend transition models for · · ·

Table 3. Results of using marginal cumulative logit model for Y1 in model II (bold numbers significant at % 5
level).

(Y1)
Par Est. S.E.
θ1,1 -0.959 0.800
θ2,1 1.221 0.800

β1,1(Age) 0.016 0.006
β2,1(Duration) 0.016 0.005
β3,1(Severity) -0.301 0.145

Table 4. Results for transition model of Y2 given different values of Y1 and Y3 given different values of Y2 in
model II (bold numbers significant at % 5 level).

Y2|Y1 = 0 Y2|Y1 = 1 Y2|Y1 = 2
Par Est. S.E. Par Est. S.E. Par Est. S.E.

θ0,1,2 2.792 0.404 θ1,1,2 -0.153 0.499 θ2,1,2 -0.482 0.584
θ0,2,2 - - θ1,2,2 3.597 0.485 θ2,2,2 0.800 0.505

β1,1(Age) 0.016 0.006 β1,1 0.016 0.006 β1,1 0.016 0.006
β2,2(Duration) 0.014 0.007 β2,2 0.014 0.007 β2,2 0.014 0.007

Y3|Y2 = 0 Y3|Y2 = 1 Y3|Y2 = 2
θ0,1,3 2.787 0.397 θ1,1,3 0.133 0.356 θ2,1,3 - -
θ0,2,3 5.459 1.039 θ1,2,3 3.729 0.591 θ2,2,3 2.048 0.870

β1,1(Age) 0.016 0.006 β1,1 0.016 0.006 β1,1 0.016 0.006

case, the odds of observing more severe side effects increases with age
and duration.

In this Table severity, gender and age were not significant in
the transition model of Y3 given different values of Y2. When Flu-
voxamine is used in week 4 for a patient with no significant effect on
functionality ( Y2 = 1), there is a significant effect of duration of illness
on the response in week 12. In this case, the odds of observing more
severe side effects increases with duration of illness.

In Table 2 the probability of Y3 = 0 given Y2 = 0 is 0.893.
This means that if a patient has no side effects in week 4, we expect
with high probability (0.893) that (s)he will have no side effects in
week 12. The probability of Y3 ≤ 1 given Y2 = 0 is 0.992 which means
that if a patient has no side effects in week 4 , then with 0.992 chance,
(s)he would have no side effects at all or no significant interference
with functionality.
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Table 3 gives the results of marginal modeling for the response at
week 2 (Y1) based upon model II. Also the results of the transition
modeling of Y2 given Y1, and Y3 given Y2 are presented in Tables 4.
In this model we assume that parameters of age and gender have
time-invariant effects on side effects and their effects are invariant on
each state of previous response (for instance for age, in equations for
model II we impose β1,1 = β1,0,2 = β1,1,2 = β1,2,2 = β1,0,3 = β1,1,3 =
β1,2,3) and the effects of duration and severity of illness at each level of
previous response are the same but may change on time (for instance
for duration of illness we impose β2,0,2 = β2,1,2 = β2,2,2 = β2,2). By
considering these assumptions, we see that there is no significant effect
of gender in model II and so it can be removed from the model. Also in
this model backward variable selection is used and we find that there
is no significant effect of severity on side effects in week 4 and 12 and
no significant effect of duration in week 12.

A comparison of results in Tables 2 and 4 reveals that by using
model I, age and duration have significant effect on side effects at time
2 only when Y1 = 1. But model II shows that duration and age are
significant for all levels of Y1. So model I gives more insight into the
processes that generated data. Hence, model II misleads us to think
that some covariates, which are not significant considering the general
model, are significant.

Comparing the results in Table 2 with the corresponding re-
sults of Table 4 we can also see that by model I the duration effect is
weekly significant on side effects at time 3 when Y2 = 1, While, model
II shows that this effect is not significant and only age is significant.

Results show that although the model I has more param-
eters than model II but the effects of covariates were determined
in a right way in this model. For testing the same effect of co-
variates at different levels of previous outcome or having stationary
effect of some covariates we compare two models by using G2 =
−2(logLFullII

− logLFullI ) = 4638.874 − 4626.508 = 12.366 (where
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LFullII
and LFullI are likelihoods evaluated at the ML estimates for

model II and model I, respectively) which has an approximate chi-
square distribution (under the assumption that model II is the true
model) with d.f.=2. All this shows that model I is a good fit to these
data.

5 Discussion

In this paper a latend transition model was presented for ordinal cat-
egorical longitudinal data with random dropout over short periods.
Two versions of This model (model I and model II) were applied to
the Fluvoxamine data and their results are compared. In model I the
effects of parameters are different in marginal and transition models
in each time as well as at each level of previous outcomes to make
possible the use of existing software to estimate model parameters. In
model II some parameters are assumed to be similar in different times
or in each previous state of response. In model II the software R is
used to optimize the obtained likelihood for the model while in model
I existing software such as SAS and STATA were used to estimate
parameters. By comparing two models we conclude that model II is
not good enough for fitting to these data.
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Archimedean Copula and Multivariate Hazard
rate Ordering
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Abstract: Structure analysis of a distribution function with respect to the no-
tions of dependence is a desirable problem, but this task maybe impossible in
general cases. Some papers have considered relation between two archimedean
copulas with respect to multivariate stochastic ordering. In this paper we present
some new version of archimedean copula which is constructed through the mixing
of previous version. These copulas use more generator functions than previous
copulas and thus they are more efficient in complex models.

Dynamic version of hazard rate ordering is an important concept that is used
in reliability problems. We discuss some results that compare the new version of
Archimedean Copulas with respect to Dynamic version of multivariate hazard rate
ordering under some suitable conditions. Finally, we shall provide some illustrative
examples.

Keywords: Multivariate aging, MTP2, Multivariate hazard rate
ordering, Multivariate stochastic ordering

1 Introduction

Multivariate concept of Copula is an important notion which is used
in finance and insurance analysis. Particular highlighting is cited on
Archimede-
an Copulas, since it is convenient to put them into practice, and fairly
flexible and appropriate for a variety of distributions. Archimedean
Copulas have recently been the point of focus for their convenient
application in fitting some models. Some notions of ordering and
aging are also discussed in this class. This class has a very close
relation with laplace transforms which was noticed by Marshall et
al.(1988). They considered association and total positivity for this
class. More precise statement about Archimedean Copulas have been
obtained by Genest and Rivest (1993) and Nelsen (1999). Various
relations between Archimedean Copula and positive dependence were
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discussed by Muller and Scarsini (2003). Suppermodular ordering was
described under condition of Archimedean Copula by Hu and Wei
(2005). Some relations between bivariate aging and generating func-
tions of an Archimedean Copula were found by Averous and Dortet-
Bernadet (2004). Notion of aging is an important Notion of Reli-
ability. Two famous notion of aging are Hazard rate and Likelihood
ratio. Dynamic version of multivariate hazard rate ordering considered
by Shaked and Shantikumar (1994) another extension to multivariate
case considered by Hu et. al. (2003). In this paper we obtain some
results concerning relations between two random vectors with respect
to dynamic version of multivariate hazard rate ordering. Then, using
these result, we extend Hu and Wei (2005)’s result to compare the
new version of Archimedean copula with respect to dynamic version
of multivariate hazard rate ordering .

Let us first define some concepts of ordering and the notion
of Multivariate Aging. Recall that a Copula is a multivariate distri-
bution function with all univariate margins being standard uniform
distributions. Let ~ be the class of all multivariate distribution func-
tions s.t. if F ∈ ~(F1, ..., Fn) then F is a n-variate distribution with
ith univariate marginal Fi for 1 ≤ i ≤ n. The Copula Associated with
F is a distribution function C : [0, 1]n 7→ [0, 1] that satisfied:

F (x) = C(F1(x1), ..., Fn(xn)) (1)

If F is a continuous distribution function, F ∈ ~(F1, ..., Fn) and quin-
tile function F−1

1 , ..., F−1
n , then the above equality becomes :

C(u) = F (F−1
1 (u1), ..., F

−1
n (un)), u = (u1, ..., un) ∈ [0, 1]n

Now we make the first step on this section with defining a
concept that has very intimate relation with laplace transforms. A
function ψ : <+ 7→ [0, 1] is called d-alteranating if (−1)kψ(k) ≥ 0 for
k ∈ {1, ..., d}. If a function is d-alternating for all d ∈ ℵ, we call it
completely monotone . If a Copula Cψ has the following form, it is
called Archimedean Copula :

Cψ(x1, ..., xd) = ψ

(
n∑

i=1

ψ−1(xi)

)
, (2)
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where ψ : <+ 7→ [0, 1] is a d-alternating(d ≥ 2) function such that
ψ(0) = 1, and limx→∞ ψ(x) = 0. We call the ψ the generator function
of the Copula. (For more details see Joe(1997) or Nelson(1999) )

We could extend the above definition for general cases. For
example if we suppose that φ1 , φ2 ,φ3 , φ−1

1 oφ2 and φ−1
1 oφ3 were

completely monotone functions, then

C(u) = φ1

(
φ−1

1 oφ2

( k∑
i=1

φ−1
2 (ui)

)
+ φ−1

1 oφ3

( n∑

i=k+1

φ−1
3 (ui)

))
(3)

is an Archimedean Copula. In addition if we assume φ4 , and φ−1
3 oφ4

are completely monotone functions, then

C(u) = φ1

(
φ−1

1 oφ2

(
φ−1

2 oφ3

(
φ−1

3 oφ4

( k1∑
i=1

φ−1
4 (ui)

)

+

k2∑

i=k1+1

φ−1
3 (ui)

)
+

k3∑

i=k2+1

φ−1
2 (ui)

)
+

n∑

i=k3+1

φ−1
1 (ui)

)
(4)

is an Archimedean Copula. Also

C(u) = φ1

(
φ−1

1 oφ2

( k1∑
i=1

φ−1
2 (ui)

)

+ φ−1
1 oφ3

(
φ−1

3 oφ4

( k2∑

i=k1+1

φ−1
4 (ui)

)
+

k3∑

i=k2+1

φ−1
3 (ui)

))
(5)

is an Archimedean Copula if we assume that φ−1
2 oφ3 is a completely

monotone function instead of φ−1
1 oφ3 in the above assumption. Obvi-

ously above definition of copula has more parameters than the previous
version. Therefore, these copulas are very useful in modelling depen-
dent data. On this framework, we desire to investigate their ordering
in the sense of aging concept. Consequently, we need to introduce
dynamic ordering concepts and then uncover some relations between
these notions and Archimedean Copulas.
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We say that φ : <n → < is a suppermodular function if for every
x,y ∈ <n it satisfies

φ(x) + φ(y) ≤ φ(x ∨ y) + φ(x ∧ y)
where

(x ∨ y) = (max(x1, y1),max(x2, y2), ..., max(xn, yn))
(x ∧ y) = (min(x1, y1), min(x2, y2), ...,min(xn, yn)).

Let X be a random variable with density function f . Then we say
X is multivariate totally positive of order 2 (MTP2) if log(f) is a
suppermodular function. The concept of multivariate aging plays an
important roll in the Theory of Reliability . In this paper, we consider
a kind of extension of the univariate concept that has been described
by Shaked and Shanthikumar (1991). Suppose that X and Y are two
vectors. We say X ≤ Y iff xi ≤ yi for i = 1, ..., n. Let ` = (`1, ..., `n)
be a nonnegative random vector with an absolutely continuous distri-
bution function. The coordinations of ` will be contemplated of the
lifetimes of n devices. To define the concept of aging, we need a history
of the life time. We exhibit this history with =t which demonstrates
the list of devises that fail and their failure time as below:

=t = {`I = xI , `I > te}
where I = {i1, ...ir} ⊂ {1, ..., n}, I is the complement, e is vector of
units with suitable size. Put X+ = max(0, X). Occasionally two his-
tories =t, and =′t′ , (where t ≤ t′) might be compared by their ’severe-
ness’. We say that = is less severe than =′ (indicated by = ≺ =′) if
in excess of the interval time [0, t], the set of elements which fail in
=t, is a subset of the set of elements which fail in =′t′ and for elements
which fail by time t in both histories, the failures in =t, happened not
before the failures in =′t′ , More clearly, =t ≺ =′t′ , for t ≤ t′, iff

=t = {`I = xI , `I > te} , =′t′ = {`I = x′I , `J = xJ , `I∪J > t′e} (6)

for two disjoint subset I and J of {1, ..., n} , 0 ≤ x′I ≤ xI ≤ te and
xJ ≤ t′e.. We define the multivariate hazard rate at time t as below.

ζi(=t) = lim∆t↓0 1
∆t

P [t < Ti ≤ t + ∆t|=t]
The above term is the probability of instantaneous failure of element
i, given the history =t. By above definition we could define the mul-
tivariate hazard rate order as below.
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Let X and Y be two n-variate random vectors with cumulative
distribution function F and G and hazard rate functions ζ.(.), ξ.(.).
Then, we say that X is greater than Y with respect to Multivariate
hazard rate ordering(denoted by X ºh Y or F ºh G) if

ζi(`t) ≤ ξi(`
′
t), whenever `t ≤ `′t (7)

for all t > 0 and component k which has not failed by time t in `′t.

2 Archimedean Copula and aging

In this section we describe the relations between notions of order-
ing that were initiated previously and Archimedean Copulas. Our
result could be used for classification and characterization of some
Copulas with respect to notions of stochastic ordering and its rela-
tion with a certain class of Copulas. We also reveal a relation between
Archimedean Copula and multivariate aging concept. Hu et. al.(2003)
considered the relation between two vectors with respect to Hazard
Rate Ordering. We represent the following theorem with respect to
Dynamic version of Multivariate Hazard Rate Ordering.

Theorem 1 Let X = (X1, X2, ..., Xn) be random a vector and Y =
(Y1, Y2, ..., Yn) be a vector of independent random variables such that
Xi =d Yi; i = 1, 2, ..., n. If X is MTP2 then Y ≺h X.

Proof. Let =t and =′t be as in (6). According to (7) we should
prove:

Pr(XI = xI , Xi = t,XL1 > te)

Pr(XI = xI , XI > te)

≤ Pr(YI = x′I , YJ = xJ , Xi = t,XL2 > te)

Pr(YI = x′I , YJ = xJ , XI∪J > te)
(8)

where I = {i1, ..., ir}, J = {j1, ..., jp} are two disjoint subsets of {1, ..., n},
L1 = {Ī − {i}} = {l1, ..., lq} and L2 = {I ∪ J − {i}} = {k1, ..., kg}.
But the right hand side of (8) equals to:∏

j∈I Pr(Yj = x′j)
∏

j∈J Pr(Yj = xj)Pr(Xi = t)
∏

j∈L2
Pr(Xj > t)∏

j∈I Pr(Yj = x′j)
∏

j∈J Pr(Yj = xj)
∏

j∈I∪J Pr(Xj > t)
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thus we must have

Pr(XI = xI , Xi = t,XL1 > te)Pr(Xi > t)

Pr(XI = xI , XI > te)Pr(Xi = t)
≤ 1

or
Pr(XI = xI , XL1 > te|Xi = t)

Pr(XI = xI , XL1 > te|Xi > t)
≤ 1

Now, if we let $ = {XI = xI , XL1 > te} then we should prove that

∫ +∞

t

[Pr($,Xi = t′)Pr(Xi = t)− Pr($,Xi = t)Pr(Xi = t′)]dt′ ≥ 0

But the integral can be written as bellow:

∫ +∞

t

∫ +∞

t

...

∫ +∞

t

[Pr(Xi1 = xi1 , ..., Xir = xir ,

Xi = t′, Xj1 = t′1, ..., Xjp = t′p)

×lima→+∞Pr(X1 = a, ..., Xi−1 = a,Xi = t,Xi+1 = a, ..., Xn = a)

−Pr(Xi1 = xi1 , ..., Xir = xir , Xi = t,Xj1 = t′1, ..., Xjp = t′p)

×lima→+∞Pr(X1 = a, ..., Xi−1 = a, Xi = t′, Xi+1

= a, ..., Xn = a)]dt′dt′1...dt′k

Thus, since X is MPT2, the interior of the integral is positive and
hence we have the result.•

Now we need to reveal some properties of multivariate hazard
rate ordering that we will use in the next section.

Theorem 2 (I)(concatenation). Let (X1, ..., Xm) ≺h (Y1, ..., Ym) and
(X ′

1, ..., X
′
n) ≺h (Y ′

1 , ..., Y
′
n). Suppose that (Y1, ..., Ym) is independent

of (Y ′
1 , ..., Y

′
n), and (X1, ..., Xm) is independent of (X ′

1, ..., X
′
n). Then

(X1, ..., Xm, X ′
1, ..., X

′
n) ≺h (Y1, ..., Ym, Y ′

1 , ..., Y
′
n) .

(II) (closure under increasing transform). X ≺h Y implies that (g1(X1), ...
,gm(Xm)) ≺h (g1(Y1), ..., gm(Ym)) for all increasing functions gi : < 7→
<; i = 1, ...,m.
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(III) (closure under mixture). Suppose that Fθ and Gθ are m-variate
distribution functions for all θ ∈ Θ, and that Fθ ≺h Gθ for all θ ∈ Θ.
If H(θ) is a distribution on Θ, and F,G are given by

F (x) =
∫

Θ
Fθ(x)dH(θ) G(x) =

∫
Θ

Gθ(x)dH(θ)
then F ≺h G.

Proof. For part (I) if ζ(.), ζ1(.), ζ2(.) and ξ(.), ξ1(.), ξ2(.) are the
hazard rate functions of (X1, ..., Xm, X ′

1, ..., X
′
n),(X1, ..., Xm) , (X ′

1, ..., X
′
n)

and (Y1, ..., Ym

,Y ′
1 , ..., Y

′
n) , (Y1, ..., Ym), (Y ′

1 , ..., Y
′
n) respectively, then we have ζ(.) =

ζ1(.)× ζ2(.) and ξ(.) = ξ1(.)× ξ2(.).
Part (II) obviously holds since gi(.) is increasing and preserves the
inequality.
For part (III) suppose (X|θ) and (Y |θ) have hazard rate functions
ζ(.) and ξ(.) respectively, then under assumption of (7) we could write
ζi(`t) = lim∆t↓0 1

∆t
E[I(t<Xi≤t+∆t)(Xi)|`t] and ξi(`

′
t) = lim∆t↓0 1

∆t
E[I(t<Xi≤t+∆t)(Yi)|`′t]. Now let X and Y have hazard rate functions
ζ∗(.) and ξ∗(.) thus we have

ζ∗i (`t) = E(lim∆t↓0
1

∆t
E[I(t<Xi≤t+∆t)(Xi)|`t]|θ)

≤ E(lim∆t↓0
1

∆t
E[I(t<Xi≤t+∆t)(Yi)|`′t]|θ) = ξ∗i (`

′
t).•

Now, we state a result due to Muller and Scarsini (2003) that charac-
terize MTP2 dependence on families of Archimedean Copulas.

Theorem 3 If φ is completely monotone, then Cφ : [0, 1]d 7→ [0, 1],
constructed like in (2), is MTP2 for any d.

From theorems 2.1,2.2 and 2.3 we obtain the following corol-
lary.

Corollary 1 If Wi and Zi be two sequences of independent random
variables, Z1, ..., Zi and Zi+1, ..., Zn be MPT2. Suppose that gi : <2 →
< is an increasing function on Z for constant value of W and

X = (g1(W1, Z1), g2(W2, Z2), ..., gn(Wn, Zn))
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T = (g1(W1, Z1), g2(W2, Z1), ..., gn(Wn, Z1))
Y = (g1(W1, Z1), g2(W2, Z1), ..., gi(Wi, Z1), gi+1(Wi+1, Zj), ..., gn(Wn, Zj))
where j > i, then we have Y ≺h X and T ≺h X.

Theorem 4 With the notions in (4), let X ∼ C1 and Y ∼ C2 where

C1(U) = ψ1

(
ψ−1

1 oφ2

( ∑k
i=1 φ−1

2 (ui)
)
+ψ−1

1 oφ3

( ∑n
i=k+1 φ−1

3 (ui)
))

and

C2(U) = ψ1

(
ψ−1

1 oψ2

( ∑k
i=1 ψ−1

2 (ui)
)

+ ψ−1
1 oψ3

( ∑n
i=k+1 ψ−1

3 (ui)
))

.

Suppose ψ−1
2 oφ2 and ψ−1

3 oφ3 are completely monotone. Then we have
Y ≺h X.

Proof. Let u∗ = (ex1 , ex2 , ..., exn), the stochastic representation of
C1 and C2 are:

Xi = (g(Ui1, γ
∗
i1), ..., g(Uik, γ

∗
ik), g

∗(U∗
i,k+1, γ

∗∗∗
i,k+1), ..., g

∗(U∗
im, γ∗∗∗im ))

Yi = (g(Ui1, γi1), ..., g(Uik, γi1), g
∗(U∗

i,k+1, γ
∗∗
i,k+1), ..., g

∗(U∗
in, γ

∗∗
i,k+1))

where g(u, λ) = −logφ2(− 1
λ

log u) , g∗(u, λ) = −logφ3(− 1
λ

log u) and
{Uij, Vij,Wij, j = 1, ..., m} are random variables with standard uni-
form distributions. Let Ai be a random variable with distribution
function Mψ1(.)

Bij := M−1

ψ−1
1 oψ2

(Wij; Ai) , γ∗ij := M−1

ψ−1
2 oφ2

(Vij; βij)

γij := M−1

ψ−1
2 oφ2

(Uij; βij) , B∗
ij := M−1

ψ−1
1 oψ3

(Wij; Ai)

γ∗∗ij := M−1

ψ−1
3 oφ3

(Wij; β
∗
ij) , γ∗∗∗ij := M−1

ψ−1
3 oφ3

(Uij; βi,k+1)

Then, using above representation and corollary 2.4 the proof is complete.•

Remark 1 With the assumption of (4). Let X ∼ C1 and Y ∼ C2
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where

C1(U) = ψ1

(
ψ−1

1 oψ2

(
ψ−1

2 oφ3

(
φ−1

3 oφ4

( k1∑
i=1

φ−1
4 (ui)

)

+

k2∑

i=k1+1

φ−1
3 (ui)

)
+

k3∑

i=k2+1

ψ−1
2 (ui)

)
+

n∑

i=k3+1

ψ−1
1 (ui)

)

C2(U) = ψ1

(
ψ−1

1 oψ2

(
ψ−1

2 oψ3

(
ψ−1

3 oψ4

( k1∑
i=1

ψ−1
4 (ui)

)

+

k2∑

i=k1+1

ψ−1
3 (ui)

)
+

k3∑

i=k2+1

ψ−1
2 (ui)

)
+

n∑

i=k3+1

ψ−1
1 (ui)

)

(9)

Suppose ψ−1
2 oφ2,ψ

−1
3 oφ3 and ψ−1

4 oφ4 are completely monotone. Then,
we have Y ≺h X.

Remark 2 With the assumption of (5). Let X ∼ C1 and Y ∼ C2

where

C1(U) = ψ1

(
ψ−1

1 oφ2

( k1∑
i=1

φ−1
2 (ui)

)

+ ψ−1
1 oψ3

(
ψ−1

3 oφ4

( k2∑

i=k1+1

φ−1
4 (ui)

)
+

n∑

i=k2+1

ψ−1
3 (ui)

))

C2(U) = ψ1

(
ψ−1

1 oψ2

( k1∑
i=1

ψ−1
2 (ui)

)

+ ψ−1
1 oψ3

(
ψ−1

3 oψ4

( k2∑

i=k1+1

ψ−1
4 (ui)

)
+

n∑

i=k2+1

ψ−1
3 (ui)

))

(10)
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Suppose ψ−1
2 oφ2,ψ

−1
3 oφ3 and ψ−1

4 oφ4 are completely monotone. There-
fore, we have Y ≺h X.

3 Examples

Example 3.1. A multivariate generalization of the Galambos bivari-
ate copula is

C(u; θ) = exp





∑
S∈F

(−1)|S|
[∑

i∈S

ũ−θ
i

]−1/θ


 , θ > 0,u ∈ (0, 1)m

where ũi = −logui Therefore, by Theorem 2.1, C(.; θ1) ≺h C(.; θ2) for
all θ1 < θ2.
Example 3.2. A multivariate Gumbel copula

C(u; θ) = exp



−

[
m∑

i=1

ũθ
i

]1/θ




which can be obtained as Archimedean copula corresponding to LT1(Laplace
Transform 1)(joe 1997). It is known from Joe (1997 Theorems 4.6 and
4.7) that C(.; θ) is increasing in the sense of multivariate concordance
and positive function dependence orderings with respect to θ. By
Theorem 2.1, we conclude that C(.; θ1) ≺h C(.; θ2) for all θ1 < θ2.
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Department of Statistics, Islamic Azad University

Abstract: In this paper, the point and interval estimators of fuzzy numbers and
their important properties are introduced. This estimators play an important
role for solving of fuzzy systems problems, e.g. decision-making to fuzzy systems
manner. We obtain the classical forms of estimators and their possibilistic limits
to the trapezoidal fuzzy numbers. Also the interval-approximations of a fuzzy
number can be consider as a confidence interval, that gives an estimated range of
values which is likely to include an unknown population parameter, the estimated
range being calculated from a given set of sample fuzzy data. Therefore we want
to obtain the point and interval approximations for the fuzzy parameter by us-
ing a defuzzification of the fuzzy numbers with a deterministic possibilistic limits
e.g., the mean value, median, mode, interval-valued mean, interval-valued median.
The point and interval estimators of the parameters to form fuzzy numbers play
an important role in the statistics distributions. In the statistics, the center of dis-
tribution of a quantitative variable is determined besides the mean value, median
value and the mode value; furthermore, much information are expressed in the
central and interval indices of a distribution. However, to find out these indices to
approximate the fuzzy parameter of a known population in a fuzzy environment
are very important and useful.

Keywords: Fuzzy numbers, Point estimation, Interval, Mean
value Median; Mode.

1 Introduction

The point and interval estimators of the parameters to form fuzzy
numbers play an important role in the statistics distributions. There-
fore we will find a efficiency and good estimators to fuzzy parameters
of a distribution in parametric and non-parametric statistics inference.

In the real world, sometimes the observations are described by qual-
itative terms instead of quantitative values. For example, the man-
agement achievement of a company may be qualitatively evaluated
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by an expert as of extremely high standard, high standard, average
standard, low standard, or extremely low standard. There is no well-
defined boundary between two linguistic levels. It is inappropriate to
use crisp values to represent different levels. In this case, the fuzzy set
theory (Zadeh 1978) has been demonstrated to be a suitable method-
ology to describe the uncertain situation. In majority of practical case
decision are made after the evaluation of existing information pertain-
ing to the consider problem . This informations are in point and inter-
val estimators of parameter so that they can help to decision-maker’s
for solving of fuzzy problems. Let us assume that a phenomenon of
interest is described by a random variable X distributed according to
a certain probability distribution belonging to a family of probability
distributions indexed by a parameter . In a classical statistical set-
ting we also assume that decisions depend entirely on the value of this
parameter. If the value of were known we might take an appropriate
decision without any problem. However, the value of is usually not
known, and we could only formulate a point or interval estimators or
a respective hypothesis about it. We assume that parameter is a fuzzy
number and the main aim in this work is estimate of . Carlsson and
Fuller and Majlender (2001, 2003) introduced the interval-valued pos-
sibilistic mean and variance of fuzzy number. Dubios and Bodjanova
(1987, 2005) introduced interval-valued median , interval-valued mean
and the central interval of a fuzzy number that can be used as a crisp
approximation of a fuzzy number. Chanas (2001) has introduced the
interval approximation of a fuzzy number with respect to the Ham-
ing distance. In the statistics, center of distribution of a quantitative
variable is determined besides the mean value, median value and the
mode value, furthermore, much informations are expressed in central
and interval indexes of a distribution. Therefore we will find some of
these indexes for approximate fuzzy parameter of a known population.

Let R be the set of all real numbers. We assume that the fuzzy
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number A can be expressed for all x ∈ R in the following form:

A(x) =





g(x) x ∈ [a, b),
1 x ∈ [b, c),
h(x) x ∈ [c, d),
0 otherwise,

(1)

where a, b, c, d are real numbers so that a < b ≤ c < d, g is a real
valued function that is increasing and right continues, and h is a real
valued function that is decreasing and left continues. Notice that (1)
is an L-R fuzzy number with a strictly monotonic shape function, as
proposed by Dubois and Prade in 1981 and also described in [4]. A
fuzzy number A with shape functions g and h is given by:

g(x) = (
x− a

b− a
)n, h(x) = (

d− x

d− c
)n, (2)

will be denoted by A = (a, b, c, d)n, n > 0. Each fuzzy number A
described by (1) has the following α-level sets(α− cuts):
(a.)Aα = [g−1(α), h−1(α)] for all α ∈ (0, 1),
(b.)A0 = [a, d],
(c.)A1 = [b, c].
If A = (a, b, c, d)n, then for all α ∈ (0, 1).

Aα = [a + α1/n(b− a), d− α1/n(d− c)] = [a1(α), a2(α)]. (3)

2 Mean value and interval-valued mean

Definition 1 (Carlson and Fuller 2003) The possibilistic mean value
of fuzzy number A is define as

M(A) =

∫ 1

0

α(a1(α) + a2(α))dα. (4)
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We show this point is the nearest point of fuzzy number A with respect
to the following distance quantity

D(A,C(A)) =

[∫ 1

0

α[(a1(α)− C(A))2 + (a2(α)− C(A))2]dα

]1/2

. (5)

By minimize the above distance quantity with respect to C(A) (
C(A) is a point of support function ) we get C(A) = M(A). Therefore,
the following theorem holds.

Theorem 1. Let A be a fuzzy number. Then M(A) is the nearest
point to fuzzy number A with respect to relation (5), which is unique.

Now we rewrite eqnarray (5) as follows

D(A, C1(A), C2(A)) =
[∫ 1

0

α[(a1(α)− C1(A))2 + (a2(α)− C2(A))2]dα

]1/2

. (6)

By minimize the above expression with respect to C1(A), C2(A) we
get the following interval

[C1(A), C2(A)] =

[∫ 1

0

αa1(α)dα,

∫ 1

0

αa1(α)dα

]
, (7)

this interval is the nearest interval of fuzzy number A. we replace

M1(A) = C1(A),M2(A) = C2(A), IM(A) = [M1(A),M2(A)],

where IM(A) is called the interval-valued mean of fuzzy number A.
Also, M1(A) is called the lower possibilistic mean value and M2(A) is
called the upper possibilistic mean value of a fuzzy number A (more see
Carlsson and Fuller 2001). Dubois and Prade (1987) have introduced
the expected interval of fuzzy number A as

EI(A) = [E1(A), E2(A)] =

[∫ 1

0

a1(α)dα,

∫ 1

0

a2(α)dα

]
,

we consider the middle point of EI(A) as E(A) =
∫ 1

0
a1(α)+a2(α)

2
dα,

that is called the mean value of a fuzzy number A.
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0 1 2 3 4

1
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Figure 1: Fuzzy number A = (a, b, c, d)n

Example 1 Let A = (a, b, c, d)n be a fuzzy number. Then we obtain:

EI(A) = [E1(A), E2(A)] =

[
a + (b− a)

n

n + 1
, d− (d− c)

n

n + 1

]
.

IM(A) = [M1(A),M2(A)] =

[
a + (b− a)

2n

2n + 1
, d− (d− c)

2n

2n + 1

]
.

E(A) =
a + d

2
+

n

2(n + 1)
(b+c−a−d), M(A) =

a + d

2
+

n

2n + 1
(b+c−a−d).

3 Median value and interval-valued median

The median value of a fuzzy number was defined by Dubois and
Prade (1987) as the numerical value from the support function, it
that equally, divides the area under the membership function.

Definition 2 The median value of a fuzzy number A is the numerical
value Me(A) of support function so that

∫ Me(A)

a

A(x)dx =
1

2

∫ d

a

A(x)dx. (8)

Definition 3 Let A be a fuzzy number with membership function A(x)
so that x0 = min{x|A(x) ≥ 1} and y0 = max{x|A(x) ≥ 1}. Then
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interval IMe = [Me1(A),Me2(A)], from support function is define as
the interval-valued median of a fuzzy number A, where Me1(A) and
Me2(A) are obtains by solving

∫ Me1(A)

a

A(x)dx =
1

2

∫ x0

a

A(x)dx,

and

∫ Me2(A)

y0

A(x)dx =
1

2

∫ d

y0

A(x)dx. (9)

For example let A = (a, b, c, d)n. Then

IMe = [Me1(A),Me2(A)] =
[
a + (b− a)2−1/(n+1), d− (d− c)2−1/(n+1)

]
,

one can see that for fuzzy number A = (a, b, c, d)n, IMe = [A]α, so
that α = 2−1/(n+1), this means that at least membership grade for the
interval-valued median fuzzy number A is 2−1/(n+1).

4 Mode values and interval-valued mode

In this section we introduce several mode value of a fuzzy number.
These points of the support function of a fuzzy number A are point
estimations with more membership grade. Let A be a normal fuzzy
number with continues membership function. The mode value of A is
define as Mode(A) = θ0 = {x|A(x) ≥ 1}. A fuzzy number my have
been one or more than mode value. Let A = (a, b, c, d) be a normal
trapezoidal fuzzy number with continues membership function A(x),
we study four the mode values for A.

(1) The first mode value of A is: FMo(A) = min{x|A(x) ≥ 1} = b.
(2) The last mode value of A is: LMo(A) = min{x|A(x) ≥ 1} = c.
(3) The third mode value of A is middle point of interval

[FMo(A), LMo(A)], this means that, MMo(A) = FMo(A)+LMo(A)
2

=
b+c
2

. We can rewrite the above items as follows:
Let supp(A) = {x ∈ X|A(x) > 0} and Core(A) = {x ∈ X|A(x) =
supx∈X A(x)}, where X is universe set and restric to a bounded sub-
set of the real line e.g. [a, b]. Then for a fuzzy number A we have
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Figure 2: Fuzzy number A and and mode different values

FMo(A) = minCore(A), FMo(A) = maxCore(A),

MMo(A) = minCore(A)+maxCore(A)
2

.
(4) By an analytic geometry, we propose a new method to find

the mode value of a trapezoidal fuzzy number. Let A = (a, b, c, d)
be a trapezoidal fuzzy number, and let P1 = (a, 0), P2 = (c, 1), P3 =
(b, 1), P4 = (d, 0) be four points on A. Also suppose (xMo, yMo) be
point of intersection between lines P1P2 and P3P4 (see Fig. 2), then
we get
P1P2 : y = x−a

c−a
and P1P2 : y = d−x

d−b
; therefore,

(xMo, yMo) =

(
cd− ab

(c + d)− (a + b)
, 1

)
.

Definition 4 Let A = (a, b, c, d) be a trapezoidal fuzzy number. We
define the new value for the mode of A as NMo(A) = cd−ab

(c+d)−(a+b)
so

that A(NMo(A)) =1.

Theorem 1 Let B = (a, b, c, d) n . Then the new value of the mode
for fuzzy number B is:
NMo(A) = cd−ab

(c+d)−(a+b)
and B(NMo(B)) = 1.

This theorem shows that if K be the new value of the mode for a
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Figure 3: Symmetric Fuzzy number A

trapezoidal fuzzy number A = (a, b, c, d), then K is the new value of
the mode for fuzzy number A = (a, b, c, d)n.

Theorem 2 Let A be a symmetric fuzzy number with [A]α = [k −
s(α), k + s(α)]. Then

E(A) = M(A) = Me(A) = Mo(A) = k. (10)

Note that for any α ∈ [0, 1], k = a1(α)+a2(α)
2

.

Example 2 Let A = (0, 2, 4) be a triangular fuzzy number. Then we
obtain
[A]α = [2α, 4 − 2α], k = 2α+4−2α

2
= 2. Therefore, E(A) = M(A) =

Me(A) = Mo(A) = 2.

5 Fuzzy estimators based on expert opinion

In this section we want to estimate the value for a certain parameter θ.
First assume that we have only expert. Let θ1 be the smallest possible
value for θ, let θ3 be the largest possible value for, and let θ2 be the
most likely value. We can ask the expert to give values for θ1,θ2,θ3

and we construct the triangular fuzzy estimator θ̃1 = (θ1, θ1, θ1) for
θ . Now suppose we have N expert. We still want to construct a
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triangular fuzzy estimator θ̃1 = (θ1, θ1, θ1). The easiest way to do this
is to ask the experts for their θ1i, θ2i, θ3i, for all 1 ≤ i ≤ N , and then
take average of each component. For find the confidence interval we
use from the intersection of confidence intervals for all fuzzy numbers
θ̃i . let θ1i = θ1 and θ3i = θ3, for any 1 ≤ i ≤ N , this means that for
all θ̃i support functions are equals. Hence, we introduce the following
intervals and point estimators for fuzzy parameter θ̃.

EI(ˆ̃θ) =
[
E1(

ˆ̃θ), E2(
ˆ̃θ)

]
, (11)

where

E1(
ˆ̃θ) = max{E1(θ̃i), 1 ≤ i ≤ N}. (12)

E2(
ˆ̃θ) = min{E2(θ̃i), 1 ≤ i ≤ N |E2(θ̃i) ≥ max{E1(θ̃i), 1 ≤ i ≤ N}},(13)

E(ˆ̃θ) =
E1(

ˆ̃θ) + E2(
ˆ̃θ)

2
(14)

Similarly, we can obtain these estimators for median value of a
fuzzy number.

Example 3 Let θ̃1 = (0, 1, 4),θ̃2 = (0, 2, 4),θ̃3 = (0, 3, 4) be three
triangular fuzzy numbers (see Figure 4). we get results as the following
table:

EI IM IMe E M Me

θ̃1 [0.5,2.5] [0.667,2.000] [0.707,1.879] 1.5 1.333 2.449

θ̃2 [1.0,3.0] [1.333,2.667] [1.414,2.586] 2 2 2

θ̃3 [1.5,3.5] [2.000,3.333] [2.121,3.293] 2.5 2.667 1.551
ˆ̃θ [1.5,2.5] [2.000,2,000] [1.414,2.586] 2 2 2
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Figure 4: Fuzzy numbers θ̃1, θ̃2, θ̃3

When one of methods for the interval estimators is not proper, we

use from an other method, e.g. IM(ˆ̃θ) = [2, 2], that can not be as a
suitable interval-valued mean. If we apply simple method of take the

average of each component, then we have ˆ̃θ = (0, 2, 4).
We can also apply an other method to find the interval estimators

of fuzzy numbers as:

EI∗(ˆ̃θ) =

[∑N
i=1 E1(θ̃i)Aθ̃i

(E1(θ̃i))∑N
i=1 Aθ̃i

(E1(θ̃i))
,

∑N
i=1 E2(θ̃i)Aθ̃i

(E1(θ̃i))∑N
i=1 Aθ̃i

(E2(θ̃i))

]
. (15)

IM∗(ˆ̃θ) =

[∑N
i=1 M1(θ̃i)Aθ̃i

(M1(θ̃i))∑N
i=1 Aθ̃i

(M1(θ̃i))
,

∑N
i=1 M2(θ̃i)Aθ̃i

(M1(θ̃i))∑N
i=1 Aθ̃i

(M2(θ̃i))

]
. (16)

The above intervals are the weighted interval-valued estimators of in-
tervals for a fuzzy number.

5 Conclusion

This paper reviewed some intervals and approximately points of a
fuzzy number. We have developed this intervals and points for a sam-
ple of fuzzy data and the new methods to obtain the mode value,
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expected interval, interval-valued mean and median of fuzzy numbers
are introduced. These indexes can apply to estimate fuzzy parameters
unknown of a population in a fuzzy environment.
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A Characterization and Generalization for Two
Sided Power Distributions and Adjusted Method

of Moments
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Abstract: A characterization is provided for the two sided power distributions,
introduced by van Dorp and Kotz (2002). The characterization naturally leads us
to a new class of generalized two sided power distributions which appears to be
rich. In this class, the symmetric distributions are supported by finite intervals and
have normal density shape densities. Our study on two sided power distributions
also leads us to a new class of discrete distributions on {0, 1, · · · , k}. We also give
a new numerical method for parameter estimation using moments.

Keywords: Two sided power distributions, Generalized two sided
power distributions, Discrete distribution induced from two sided power
distributions, Random weighted average, adjusted method of moments.

1 Introduction

The work of Nadarajah (1999) initiated research work on distribution
functions supported by finite intervals, say (0, 1), that assume different
formulations on subintervals of their supports, say (0, θ), (θ, 1). Two
sided power distributions (TSP) are of this type, and were introduced
by van Dorp and Kotz (2002a) as underlying statistical distributions
for certain monthly interest rates. A TSP distribution is specified by
four parameters a,m, b, n, where −∞ < a < b < +∞. The interval
[a, b] supports the density functions; m, a < m < b, is a, say , side
parameter, one side of the distribution is supported by [a,m], the
other side by [m,b]. The parameter n > 0 gives the smoothness of the
spectral density. The density is continuous. It is increasing on [a,m],
decreasing on [m, b] and differentiable at every point in (a, b) except
at m. The potential, flexibility and applicability of TSP distributions
in applied fields have been examined and explored in a series of papers

Invited speaker
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by van Dorp and Kotz, (2002a, 2002b, 2003b), Nadarajah, (2005) and
Perez et al., (2005), among others.

In this articles we use a bivariate Dirichlet distribution and provide
a characterization for TSP random variables, for n > 1. Based on our
characterization, for integer n, a TSP random variable can be deduced
from n i.i.d uniform (0, 1) random variables. We also derive equivalent
forms for the k-th moment of the TSP distributions about zero. An
interesting and new family of discrete distributions on {0, 1, 2, 3, ...k},
k an integer, is captured from these equivalent forms. Our charac-
terization also naturally leads to a generalization of TSP distributions
(GTSP). A generalizations for the TSP distribution is produced in the
literature, van Dorp and Kotz (2003a), see also Ozlem and Bairamov
(2005). The GTSP distributions, introduced here, are very different
from those in the cited works and are introduced by scrutinizing the
basic structure of TSP random variables. Our GTSP distributions ex-
hibit interesting features, and overcome some deficiencies of the TSP
distributions, see Remark 3.1 for more details.

We were led by a referee to represent the density functions of our
GTSP in terms of certain Gauss Hypergeometric Functions.

Our symmetric GTSP random variables form a rich class of sym-
metric distributions on finite intervals with normal density shape den-
sities.

A new parameter estimation procedure, called “adjusted method of
moments“ (AMM), is established by using auxiliary parametric statis-
tics, which are defined here (called upper and lower random Stieltjes
sums), and moments of the distribution function.

This article is organized as follows. In Section 2 we give our charac-
terization for TSP distributions, Theorem 2.1. Three different formu-
las for the kth moments, about zero, of TSP distributions are given,
Theorem 2.2. A new class, to the best of our knowledge, of discrete
distributions is given, Theorem 2.3. Section 3 is for GTSP distribu-
tions. Various features of this new class of distributions are brought
into sight. Special attention is given to the symmetric case. In Section
4 we present our estimation procedure. The random Stieltjes sums are
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introduced, and are compared with the sample mean. In an example,
the priority of AMM estimators to other well known estimators is
brought into sight through simulation.

2 A characterization for TSP Random Variables

We recall from van Dorp and Kotz (2002a) that a TSP random variable
Z ∼ TSP(a,m, b, n) is defined on an interval (a, b) in the real line with
the probability density function (p.d.f.) f(z | a,m, b, n) given by:

f(z|a,m, b, n) =





n
b−a

( z−a
m−a

)n−1, a < z < m,

n
b−a

( b−z
b−m

)n−1, m < z < b.

A TSP random variable with a = 0, b = 1 is called standard, and is
denoted by X ∼ STSP(θ, n), the parameter m in this case is denoted
by θ.

Our characterization for TSP random variables is included in the
following theorem. Since Z = (b − a)X + a, we confine ourselves to
the class of STSP random variables.

Theorem 2.1. Assume that (W,V ) is a bivariate standard Dirich-
let random vector with parameters α = 1, β = n − 1, γ = 1; n > 1,
i.e. (W,V ) possesses the joint density function

fW,V (w, v) = n(n− 1)vn−2 I[0,1](w)I[0,1](v) I[0,1](w + v).

Then
(a) W and S = V + W possess the marginal p.d.f.

fW (w) = n(1−w)n−1, 0 < w < 1, and fS(s) = nsn−1, 0 < s < 1,

respectively;
(b)

E(W j(V + W )k) =

[
j!

n + k + j

]
Γ(n + 1)

Γ(n + j)
,
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for nonnegative integers j, k;
(c) for given W ; T = V/(1 −W ) possesses the same p.d.f. of the

form of W , replacing n by n− 1;
(d)

E(W jV k) =
n(n− 1)j!

(k + n− 1)

Γ(n + k)

Γ(n + j + k + 1)
,

(e) for every θ, 0 < θ < 1, X = W +θV is a STSP random variable
with parameters θ, n.

Proof. (a) and (b) are immediate. (c): The joint p.d.f. of T =
V/(1−W ) and W is given by

fT,W (t, w) = n(n− 1)(t− tw)n−2(1− w) = n(n− 1)tn−2(1− w)n−1,

0 < t < 1, 0 < w < 1, giving that

f(t|w) =
n(n− 1)tn−2(1− z)n−1

n(1− z)n−1
= (n− 1)tn−2,

0 < t < 1, 0 < w < 1.
(d): This part is known. But we give a new short proof. By using

(c) and (a),

EW jV k = E(E(W jV k|W )) = E(W j(1−W )kE[
V k

(1−W )k
|W ])

= E(W j(1−W )kE(T k|W )) = E[W j(1−W )k]
n− 1

n + k − 1

=
n(n− 1)j! Γ(n + k)

(k + n− 1)Γ(n + j + k + 1)
,

(e): The joint density function of X = W + θV and W is given by

fX,W (x,w) =
n(n− 1)

θ
(
x− w

θ
)n−2I[0,1](w)I[w,w+θ(1−w)](x).
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Thus

fX(x) =





∫ x

0
n(n−1)

θ
(x−w

θ
)n−2 dw, 0 < x < θ

∫ x
x−θ
1−θ

n(n−1)
θ

(x−w
θ

)n−2 dw, θ < x < 1,

giving

fX(x) =





n(x
θ
)n−1, 0 < x < θ

n(1−x
1−θ

)n−1, θ < x < 1,

which is the p.d.f. of a STSP random variable with parameters θ, n.
The proof of the theorem is complete.

Remark 2.1. The characterization given in Theorem 2.1 (e),
for integer n, can be read as follows. For an integer n ≥ 1, X ∼
STSP (θ, n) if and only if

X
d
= U(1) + θ(U(n) − U(1)) , 0 < θ < 1,

where U(1) = min(U1, ..., Un) , U(n) = max(U1, ..., Un); and U1, ..., Un

are i.i.d uniform (0, 1).

Remark 2.2. The cases that θ = 0 or = 1 are included in Theo-
rem 2.1(a). Therefore the conclusion of Theorem 2.1(e) is fulfilled for
every θ ∈ [0, 1].

The following theorem gives equivalent forms for the µ
′
k = E(Xk).

Theorem 2.2. Let Z ∼ STSP(θ, n), n > 1, θ ∈ [0, 1]. Then for
any integer k ≥ 0,

(a)

EXk =
nθk+1

n + k
+

k∑
i=0

(−1)k
(

k
k − i

) n

n + i
(1− θ)i+1,
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(b)

EXk =
Γ(n + 1)

n + k + 1

k∑
i=0

(
k
i

) Γ(i + 1)

Γ(n + i)
θk−i(1− θ)i,

(c)

EXk =
k∑

j=0

(
k
j

) n(n− 1)

n + j − 1
β(n + j, k − j + 1)θj.

Proof. (a): This formula was derived by van Dorp and Kotz
(2002).

(b): By using Theorem 2.1(e), we obtain that

E(X)k = E(W + θV )k

=
k∑

i=0

(
k
i

)
(1− θ)iθk−iE[W i(V + W )k−i].

The result will follow from Theorem 2.1(b).
(c): We let T = V/(1 − W ), and use parts (e), (c) and (d) of

Theorem 2.1 to obtain that

E(E(W + θV )k|W ) = E(E((1−W )k(
W

1−W
+ θ

V

1−W
)k|W )

= E(E(
k∑

j=0

(
k
j

)
(1−W )jW k−jT j|W )θj

=
k∑

j=0

(
k
j

)
E(1−W )jW k−jE(T j|W )θj

=
k∑

j=0

(
k
j

) n(n− 1)

n + j − 1

Γ(j + n)Γ(k − j + 1)

Γ(n + k + 1)
θj.
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The proof of the theorem is complete.

As an application of Theorem 2.2 we give the following theorem
which gives a new family of discrete distributions supported by {0, 1, 2, ..., k};
k is a positive integer.

Theorem 2.3. For every real number n > 1,

g(j : k, n) =
(

k
j

) (n− 1)(n + k)

n− 1 + j
β(n + j, k − j + 1), j = 0, ..., k,

are probability masses of a discrete random variable on {0, ..., k} pa-
rameterized by n.

Proof. By equating the formulas (a) and (c) for θ = 1 in Theorem
2.2, we get

k∑
j=0

(
k
j

) (n− 1)(n + k)

n− 1 + j
β(n + j, k − j + 1) = 1.

The proof of the theorem is complete.

Remark 2.3. For integer n ≥ 2,

g(j; k, n) =

(
n + j − 2

j

)
(

n + k − 1
k

) , j = 0, · · · , k.

It would be interesting to directly verify that the masses add to 1, in
this case. Indeed

k∑
j=0

(
n + j − 2

j

)
=

k∑
j=1

[
(

n + j − 1
j

)
−

(
n + j − 2

j

)
]

=
(

n + k − 1
k

)
−

(
n− 1

0

)
+ 1

=
(

n + k − 1
k

)
,
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giving that
∑k

j=0 g(j; k, n) = 1. Only for n integer we could find

the trace of this distribution in Wilks (1962) in the case that k =
N −m, N ≥ m, n = m + 1, where g(j; k, n) gives probability masses
of max{Jj}; J1, · · · , Jm are m without replacement draws from the set
{1, · · · , N}.
The probability masses in Theorem 2.3 are depicted in Fig. 1.

3 Generalized TSP random variables

The characterization given in Theorem 2.1(e) leads us to a natural
generalization of TSP random variables. The details are included in
the following theorem and its immediate proceeding definition and re-
mark.

Theorem 3.1. Assume that (W,V ) is a bivariate standard Dirich-
let random vector with parameters α = k1, β = k2 − k1, γ =
n − k2 + 1; 0 < k1 < k2 < n + 1, i.e. (W,V ) possesses the joint
density function

f(w, v) =
Γ(n + 1)

Γ(k1) Γ(k2 − k1) Γ(n− k2 + 1)
wk1−1vk2−k1−1(1−w−v)n−k2 ,

(3.1)
0 < w < 1, 0 < v < 1, 0 < w + v < 1. Then

(a) W and S = V + W are β(k1, n− k1 + 1) and β(k2, n− k2 + 1)
respectively;

(b)

E(W j(V + W )k) =
Γ(n + 1)Γ(k + j + k2)Γ(j + k1)

Γ(k1)Γ(k + j + n + 1)Γ(j + k2)
;

(c) for given W , T = V/(1−W ) possesses the same p.d.f. as W ;
(d)

E(W jV k) =
Γ(n + 1)Γ(k1 + j)Γ(k2 − k1 + j)

Γ(k1)Γ(k2 − k1)Γ(n + j + k + 1)
.
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Proof. The proof of this theorem is very similar to the proof of
Theorem 2.1, and therefore is omitted here.

Definition 3.1. A random variable X = W + θV , where (W,V )
possesses the joint p.d.f. given in (3.1) is called standard general-
ized two sided power random variable with parameters θ, n, k1, k2;
X ∼ SGTSP (θ, n, k1, k2). Note that 0 < θ < 1, n, k1, k2 are real
numbers subject to 0 < k1 < k2 < n + 1.

The p.d.f. of X can be expressed in terms of certain Gauss Hy-
pergeometric Functions. Indeed the joint p.d.f. of (W,X) is given
by

fW,X(w, x) = κ wk1−1 (x− w)k2−k1−1 (θ − x + w(1− θ))n−k2 , (3.2)

where 0 < w < 1 and w ≤ x ≤ w + θ(1− w), and

κ =
Γ(n + 1)

Γ(k1) Γ(k2 − k1) Γ(n− k2 + 1) θn−k1
. (3.3)

Therefore

f(x) =





∫ x

0
f(w, x) dw, 0 < x < θ,

∫ x
x−θ
1−θ

f(w, x) dw, θ < x < 1.
(3.4)

Although the integrations in (3.4) can not be taken, but the density
function f(x) can be expressed in term of the Gauss Hypergeometric
Function F (a, b, c; z), which is a well known special function. Indeed
according to the Euler’s Formula, the Gauss Hypergeometric Function
assumes the integral representation

F (a, b, c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

tb−1(1− t)c−b−1(1− tz)−adt,

where a, b, c are parameters subject to −∞ < a < +∞, c > b > 0,
whenever they are real, and z is the variable. For more on the Gauss
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Hypergeometric Function see Zayed (1996). By using the Euler’s For-
mula, the density function in (3.4) can be expressed as follows.
For 0 < x < θ, f(x) is given by

κ2 θk1−1(
x

θ
)k2−1(1− x

θ
)n−k2F (k2 − n, k1, k2;−x(1− θ)

θ − x
); (3.5a)

for θ < x < 1, f(x) is given by

κ1 (1− θ)n−k2(
1− x

1− θ
)n−k1(1− 1− x

1− θ
)k1−1

F (1− k1, n− k2 + 1, n− k1 + 1;−θ(1− x)

x− θ
), (3.5b)

where κi = Γ(n+1)
Γ(ki)Γ(n−ki+1)

, i = 1, 2.

A close examination of the integrand in (3.4) reveals that the density
function exists at every x ∈ (0, θ)∪ (θ, 1). The density f at θ exists if
k2 < n + k1 only. In this case the integration in (3.4) for x = θ can be
easily performed, giving

f(θ) =
nΓ(n + k1 − k2)

Γ(k1)Γ(n− k2 + 1)
θk1−1(1− θ)n−k2 , k2 < n + k1. (3.6)

If k1 = 1, k2 = n, then F (0, 1, n, z) = 1, and the density function
f(x) given by (3.5a) and (3.5b) readily reduces to the STSP density
function given in Section 2.

Definition 3.2. A random variable Z with values in a given in-
terval [a, b] is said to be GTSP if Z = (b − a)X + a, where X ∼
SGTSP(θ, n, k1, k2).

Remark 3.1. For the case that k1, k2, and n are integers, a GTSP
random variable can be expressed as

Z = bU(k1) + m(U(k2) − U(k1)) + a(1− U(k2)), (3.7)

where m = (b − a)θ + a, and U(1), · · · , U(n) is the order statistic of
n i.i.d uniform (0, 1) random variables. Note (3.7) for the case that
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k1 = 1, k2 = n gives a TSP random variable. random weighted av-
erages of the form

∑
xjU(kj), {k1, · · · , kn} ⊂ {1, · · · , n}, xj > 0,∀j,

are considered in the literature. It is well known that these random
variables do not assume densities in a pleasant form. Even the form
derived for their cumulative distributions has complexities. Articles
are produced for numerical evaluation of cumulative probabilities, see
[15, 1].

Remark 3.2 As we noticed in Remark 3.1, a TSP random vari-
able Z, for integer n, is the random weighted average of b, m, and a,
[b > m > a], with random masses 1 − U(1), U(n) − U(1) and 1 − U(n)

respectively. The intermediate point m receives more mass than the
ending points b, a, which statistically receive equal masses. For large
n, the intermediate point receives substantially larger weight than the
ending points; and the density is too tall at θ, f(θ) = n. The GTSP
distribution overcome this illusion. By putting more random weights
on the ending points, f(θ) will be of reasonable size, even for large
n. Indeed it is evident from (3.2) that f(θ) → 0, as n →∞ for fixed
k1, k2.

The probability density functions of some GTSP distributions are
plotted and illustrated in Fig. 2.

The moments of GTSP distributions can be derived by using the
following theorem.

Theorem 3.2. Let X ∼ SGTSP (θ, n, k1, k2), and let n1 = k1, n2 =
k2 − k1, n3 = n − k2 + 1. Then for any integer k ≥ 0 and any real
number n ≥ 0, n 6= 1,

(a):

EXk =
Γ(k + k2) Γ(n + 1)

Γ(k1) Γ(n + k + 1)

k∑
i=0

(
k
i

) Γ(k1 + i)

Γ(k2 + i)
θk−i(1− θ)i
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(b):

EXk =
k∑

j=0

(
k
j

) β(j + n2, n− n2 + 1)

β(n2, n3 + n1)

β(k − j + n1, n− n1 + k − j + 1)

β(n1, n− n1 + 1)
θj.

Proof. (a): By using part (b) of Theorem 3.1, we obtain that

E(X)k = E(W + θV )k

= E

k∑
i=0

(
k
i

)
((1− θ)W )i((V + W )θ)k−i

=
k∑

i=0

(
k
i

)
(
1− θ

θ
)i θkE W iSk−i

= θk

k∑
i=0

(
k
i

)
(
1− θ

θ
)i Γ(n + 1)Γ(k1 + i)Γ(k + k2)

Γ(k2 + i)Γ(k1)Γ(n + k + 1)

=
θk Γ(k + k2) Γ(n + 1)

Γ(k1) Γ(n + k + 1)

k∑
i=0

(
k
i

)
(
1− θ

θ
)i Γ(k1 + i)

Γ(k2 + i)
,

(b): By using parts (c) and (d) of Theorem 3.1, we obtain that

E(E(W + θV )k|W ) = E(E((1−W )k(
W

1−W
+ θ

V

1−W
)k|W )

= E((1−W )k(
k∑

j=0

(
k
j

)
E[(

W

1−W
)k−j(

V

1−W
)j|W ]θj

= E(E(
k∑

j=0

(
k
j

)
(1−W )jW k−jT j|W )θj

=
k∑

j=0

(
k
j

)
E(1−W )jW k−jE(T j|W )θj.
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But

E(T j|W ) =
β(j + n2, n1 + n3)

β(n2, n1 + n3)
,

and

E(1−W )jW k−j =
β(k − j + n1, n− n1 + k − j + 1)

β(n1, n− n1 + 1)
.

Therefore we arrive at formula (b). The proof of the theorem is com-
plete.

Theorem 3.3.. Let n1 > 0, n2 > 0, n3 > 0. Then

aj =
(

k
j

) β(j + n2, n1 + n3)

β(n2, n3 + n1)

β(k − j + n1, n2 + n3 + k − j)

β(n1, n2 + n3)

×Γ(n2 + n1)Γ(n1 + n2 + n3 + k)

Γ(k + n2 + n1)Γ(n1 + n2 + n3)
, j = 0, ..., k,

are probability masses of a discrete random variable on {0, ..., k} pa-
rameterized by n1, n2 and n3.

Proof. The result will follow by equating the formulas (a) and
(b) for E(Xk) given in Theorem 3.2 evaluated at θ = 1. The proof is
complete.

Let us record that if X ∼ SGTSP (θ, n, k1, k2), then

E(X) =
k1 + θ(k2 − k1)

n + 1

and

V (X) =
k1(n− k1 + 1)(1− θ)2 + k2(n− k2 + 1)θ2 + 2k1(n− k2 + 1)θ(1− θ)

(n + 1)2(n + 2)
.

(3.8)
In the special case that k1 = 1, k2 = n, it gives the variance for STPD
derived by van Dorp and Kotz (2002a).
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Let us pay a special attention to the symmetric SGTSP distribu-
tions and random variables. A SGTSP random variable is said to be
symmetric if X

d
= 1−X. This immediately implies that E(X) = 1/2.

This is necessary and sufficient condition for a TSP random variable
to be symmetric, as can be easily seen by examining the p.d.f. But
this is not the case for SGTSP random variables. Details are given in
the following theorem.

Theorem 3.4. Let X ∼ SGTSP (θ, n, k1, k2), 0 < k1 < k2, k2 <
min{n + 1, n + k1}, then X is symmetric if and only if θ = 1

2
and

k2 = n− k1 + 1.

Proof. The “if” part is straight forward. For the “only if” part,
we notice that for x = θ, from (3.6), f(θ) = f(1 − θ) implies that
k2 = n − k1 + 1. From the symmetry E(X) = 1/2, which gives
k1(1− θ) + k2θ = (n + 1)/2. But for a given k1 < (n + 1)/2, the line
k1(1− θ) + (n− k1 + 1)θ joins the points (0, n− k1 + 1) and (1, k1) as
θ varies from 0 to 1. Hence it intersects the line (n + 1)/2 at exactly
one point attained at θ = 1/2. The proof of the theorem is complete.

If X is a symmetric SGTSP random variable with parameters
(n, k), then it follows from Theorem 3.4 that 1

2
< k < n+1

2
. The

density function of X can be deduced from (3.5a) and (3.5b), namely,

f(x) =

{
2n−2k+1κ3 xn−k(1− 2x)k−1G(− x

1−2x
), 0 < x < 1

2

2n−2k+1κ3 (1− x)n−k(2x− 1)k−1G(− 1−x
2x−1

), 1
2

< x < 1,

where G(z) = F (1− k, k, n− k + 1; z), κ3 = Γ(n+1)
Γ(k)Γ(n−k+1)

. Also

f(1/2) = n
Γ(2k − 1)

[Γ(k)]2
(1/4)k−1.

Clearly f(x) = f(1 − x), 0 < x < 1, as expected. Let us also record
from (3.8) that

E(X) =
1

2
V (X) = (1/2)

[
k

(n + 1)(n + 2)

]
. (3.9)
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Plots of the density of X for some different values of the parameters
are depicted in Fig. 2[bottom]. As it is evident from the density plots,
a symmetric GTSP random variable Z has normal density shape den-
sities. On a given interval [a, b], the parameters n, k give the desired
variance, V (Z) = (b−a)2V (X), which can be any value in the interval
(0, (b− a)2)/[4(n + 2)]), n > 0.

4 Adjusted Method of Moments

In this section we introduce a new parameter estimation procedure,
that is called here “adjusted method of moments, (AMM). Let X1, · · · , Xm

be a random sample. The distribution of Xi is denoted by F, and is
assumed to be arbitrary, determined by certain parameters, that are
assumed to be unknown. In order to establish AMM, we first introduce
following random expressions.

Since µ′k = E(X)k =
∫

Ω
XkdP , the classical integration theory

reveals that µ′k can be approximated by

X̃k =
m∑

i=1

Xk
(i)[F (X(i+1))− F (X(i))], k = 1, 2, ..., (4.1)

or by

˜̃
Xk =

m∑
i=1

Xk
(i)[F (X(i))− F (X(i−1))], k = 1, 2, ..., (4.2)

where F (X(0)) = 0, F (X(m+1)) = 1, and X(1), ..., X(m) is the order
statistic of X1, · · · , Xm. We refer to the terms given in (4.1) and (4.2)
as lower random Stieltjes sum (LRSS) and upper random Stieltjes
sum (URSS). We note that if in (4.1) and (4.2) F is replaced by its

empirical distribution function, then F̂ (X(i+1)) − F̂ (X(i)) = 1/n, and

X̃k and
˜̃
Xk will become (1/m)

∑m−1
i=1 Xk

(i), Xk, respectively. In con-

trast to Xk, the values of X̃k and
˜̃
Xk can not be fully determined by

X1, · · · , Xm, due to the presence of F, specially when F has unknown
parameters. But when F is given, we expect (4.1) and (4.2) estimate
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E(Xk) more accurately than X. As an illustration, for the standard

normal distribution, through the simulation, the absolute error of X̃1,
˜̃
X1 and X from the actual mean zero are plotted against m, Fig. 2.
It is evident from Fig. 2 that the terms in (4.1) and (4.2), for k = 1,
give more accurate values than X for the actual mean.

AMM is the same as method of moments (MM), the k-th sample
moments are replaced by the corresponding LRSS or URSS. The idea

is to use X̃k or
˜̃
Xk instead of Xk in the method of moments (MM).

Thus if the distribution F has say L unknown parameters, then the
parameters can be estimated, in the AMM, by solving the following
system of nonlinear equations.

µ′k =
˜̃
Xk, k = 1, · · · , L,

or

µ′k = X̃k, k = 1, · · · , L.

The resulting equations in AMM are more complicated than those in
MM. This is not a serious disadvantage if numerical derivation in the
parameter estimation is concerned. The Implicit Function Theorem
and the Inverse Function Theorem together with advanced mathemat-
ical softwares can be applied to solve AMM equations. Since, compare
to the sample moments, LRSS and URSS give more accurate values
for the population moments, AMM is expected to give more accurate
estimates.

It is hard in general to derive analytical expressions for AMM esti-
mators; and thus establishing statistical properties of AMM estimators
is a challenging task. As an illustration for the performance of AMM
estimators, let F be the uniform distribution on (0, a), then AMM
with using URSS gives the following estimator for the parameter a.

â =
√

2

[
m∑

i=1

X(i)(X(i) −X(i−1))

]1/2

.
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By using simulated samples [a = 4, m = 50], the absolute errors of
â, X and max{Xi} from the parameter a are plotted against m, the
sample size, and depicted in Fig. 5. Indeed for a given sample size,
the value which is given for each estimator by the graph is the average
of the values for the deviation of that estimator from a for 50 replica-
tions of the sample. Interestingly, according to Fig 3, â shows better
performance, even better than the MLE.
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Figure 1: Discrete probability masses g(j; k, n), j = 0, · · · , k; k = 10.
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Figure 2: GTSP density functions; upper-left: standard θ = 0.2, n = 5
upper right: on [1, 4], m = 1.6, n = 10.5; middle-left: on [1, 4], m =
2.8, n = 10.5; middle-right: on [1, 4], m = 2.5, n = 0.8; bottom: symmetric
on [1, 4], n = 10.5.
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Minimum-Kolmogorov-distance estimator of the
tail index of heavy- tailed distributions using

V-statistics

L. Tafakori, A. R. Nematollahi

Department of Statistics, University of shiraz

Abstract: In this paper, an estimator of the stability parameter α when the
parent distributions are in a special class of heavy-tailed distributions is proposed
through the idea of minimizing the Kolmogorov distance of distribution functions,
which can also be explained as a V-statistic. The advantage of this method, apart
from being simple to calculate, is that the estimator can be shown to be uniformly
strongly consistent and asymptotically normal.

Keywords: Stable distribution, Heavy-tailed distribution, Minimum-
distance estimator, V-statistic.

1 Introduction

Heavy-tailed distributions have been observed in many natural phe-
nomena including telecommunications, hydrology, biology, sociology,
geology, and insurance and environmental sciences show large vari-
ability. The family of stable distributions have been shown to be
very useful and appropriate in modeling such heavy-tailed distribu-
tions (Zolotarev, 1986 and Samorodintsky and Taqqu, 1994).The high
variability of the stable distributions is one of the reasons they play
an important role in modeling. Stable distributions have been used to
model such diverse phenomena as gravitational fields of stars, temper-
ature distributions in nuclear reactions, stresses in crystalline lattices,
stock market prices and annual rainfall. However, the stable distri-
bution suffers from two major drawbacks. It lacks a simple closed
from expression for the probability density function except in a few
cases like the Gaussian (with α =2), Cauchy(with α =1), and Levy
distribution (with α =0.5). The second problem in using stable distri-
butions with index of stabilityα ∈ (0 , 2 ), is that it possesses absolute
moments only of order p < α. In particular, the variance of these
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random variables is infinite except for the case of the normal dis-
tribution. This leads to a serious problem in estimation, providing
confidence intervals or carrying out inference becomes very difficult.
Estimation of tail indices of heavy-tailed distributions has been an ac-
tive field of research for quite along time, known statistical procedures
such as estimation method of Hill (1975). He constructed a simple es-
timator for the tail index by maximizing the conditional likelihood
function. It depends on the number k of largest observations chosen
to calculate the estimates. It vary considerably with the choice of k.
Dumouchel (1973) proposed a maximum likelihood type algorithm,
which although theoretically superior, based on order statistics and
are computationally inexpensive. Fama and Roll (1971) proposed the
first quantile method which was improved later by McCulloch (1986).
For further estimation methods, we consider the empirical character-
istic function as an estimate of the theoretical one. Clearly, this is
an unbiased and consistent estimator. It is possible to calculate es-
timators of the unknown parameters from the analytical form of the
characteristic function. Since the empirical characteristic function is
consistent the derived estimators are easily seen to be consistent as
well. This kind of estimator is due to Press (1972). In this article, we
propose an estimate of the stability parameter α when the parent dis-
tributions are in a special class of heavy-tailed distributions, strictly
stable distributions through the idea of minimizing the Kolmogorov
distance of distribution functions, which can also be explained as a
V-statistic. The advantage of this method, apart from being simple to
calculate, is that this estimator is uniformly strongly consistent and
asymptotically normal.

2 Preliminaries

We denote an α-stable random variable by Sα(σ , β , µ) , where −1 ≤
β ≤ 1, σ ≥ 0, 0 < α ≤ 2 are the indexes of stability, skewness, scale
and shift, respectively. The problem of not having a closed form for
the density is somewhat mitigated by the presence of a closed form
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for the characteristic function given by

E(exp iθ X) =

{
exp

{−σα |θ|α (1− iβ
(
(signθ) tan πα

2

)
+ iµθ

}
, α 6= 1

exp
{−σ |θ| (1 + iβ 2

π
(signθ)Ln |θ|) + iµθ

}
, α = 1.

One important property of stable distributions is that the family of
them is closed under convolution. It means if X,Y are independent
and identically distributed stable random variables, then for any given
positive numbers A and B , there exist positive C and real D, such
that

AX + BY
d
= CX + D ,

where Cα = Aα + Bαand α ∈ (0 , 2 ) is the exponent of the stable dis-
tribution. The case D = 0 corresponds to strictly stable distribution
of X.

3 The construction of the estimator

When the involved stable distribution F is supposed to be strict, we
know from the definition, that , if X1, X2, ..., Xm are independent ran-
dom variables with the same distribution F ,then the sum of them is
also stably distributed that is

X1 + X2 + ... + Xm

m
1/α

d−→ X1,

where
d−→ means equivalence in distribution.

Suppose now X1, X2, ....., Xn are i.i.d copies of a strictly distributed
stable random variable Xwith exponent α0 and let h denote the kernel

ht(x1, x2, ..., xm) = I
(X1+X2+...+Xm≤m

1
/α×t)

− 1

m
(I(X1≤t) + I(X2≤t) + ... + I(Xm≤t))
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where t ∈ R and 0 < α < 2. A V-statistic with kernel h can be defined
by

Vn(α, t) =
1

nm

n∑
i1=1

n∑
i2=1

...

n∑
im=1

ht(Xi1 , Xi2 , ..., Xim ).

is a strongly consistent Vn (α, t) The properties of V-statistic guarantee
that
estimator of

E(ht(X1, X2, ...Xm)) = P (X ≤ m
α0−α
α0α × t)− p(X ≤ t)

Let

A(α) := sup
t∈R

|Eht(X1, X2, ..., Xm)|

We know that A(α) is monotone in 1
α
− 1

α0
and attains its minimum

only when α = α0. Now we have the following estimator of α based
on the above arguments,

∧
αmd = arg min

α∈[0,2]
sup
t∈R

|Vn(α, t)| . (1)

The proof of the Theorems 3.1 and 3.2 can be found in Nematollahi
and Tafakori , 2007.
Theorem 3.1 Suppose X1, X2, ......., Xn are i.i.d. copies of X with

strictly α0- stable distribution. Let
∧

αmd given by 2.1. Then
∧

αmd is a
strongly consistent estimator of α0.
Theorem 3.2 Suppose X1, X2, ......., Xn are i.i.d. observations with

distribution F, which is attracted to someα-stable law, and let
∧

αmd be
defined by (1). We have

√
n S−1

g (α̂md − Eα̂md)
d−→ N(0, 1), n →∞ .

where
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S2
g :=

1

n− 1

n∑
i=1

(
U i

n−1 − Ūn−1

)2 P−→ m2ξ1 [g′ (η)]
2

and

ξ1 = V ar (E (h (X1, . . . , Xm) |X1 )− E h (X1, . . . , Xm))

Note that the estimator
∧

αmd is in fact the minimum- distance estimator
with respect to a special distance Kolmogorov –distance:

dk(F,G) = Supt∈R |F (t)−G(t)| ,
where F,G are two distribution functions.
Suppose now that X1, X2, ..., Xn are i.i.d copies of the parent pop-
ulation X, with distribution function F ∈ F, a class of distribution
functions. Let

Gn(x) =
1

n

n∑
i=1

I(xi≤x)

be the empirical distribution function, then the corresponding minimum-
distance of F, based on Kolmogorov-distance is the function F0 ∈ F ,
such that

dk(F0, Gn) = min
F∈F

dk(F,Gn).

The consistency of the minimum-distance estimator under some con-
ditions holds according to the following proposition.
Proposition (Parr and Schucany, 1980). Let Tn be the asymptotic
minimum-distance estimator based on the empirical distribution Gn

with respect to Kolmogorov –distance

dk(F, G) = sup
x∈R

|F (x)−G(x)| .

If
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(i) there is a point θ0 ∈ Ω , the parameter space, such that

inf
θ∈Ω

dk(Fθ, G) = dk(Fθ0 , G),

and
(ii) liml→∞ dk(FθL

, G) = dk(Fθ0 , G) implies liml→∞ θl = θ0,
then

P ( lim
n→∞

Tn = θ0) = 1.

In our assumptions here, the sample comes from some stable popula-
tion F with exponent α0 ∈ [0, 2].
The sum-preserving property of the stable distributions guarantees
that,

X1 + X2 + ... + Xm

m
1/α

d
= X1,

hence for α0 ∈ [0, 2], we have also a corresponding empirical distribu-
tion function of V-statistic structure,

F̃ n(α, t) =
1

n2

n∑
i=1

n∑
j=1

I(
X1 + X2 + . . . + Xm

m
1

α0

≤ t)

If α0 is the exponent, then

EI(
X1 + X2 + . . . + Xm

m
1

α0

≤ t) = P (X ≤ t) = F (t),

and the boundedness of the kernel guarantees the strong consistency

of the empirical distribution function
∼
F
n

(α0, .) with respect to F (.).

Finally, we consider the class of distributions

F = { ∼F
n

(α, .) :α ∈ [0, 2]}.
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A distribution or equivalently a value of α0 ∈ [0, 2] is to be chosen by

minimizing the Kolmogorov-distance between
∼
F
n

(α, .) and the empir-

ical distribution function Gn(.) = 1
n

∑n
i=1 I(xi≤.). In the other words,

we are choosing the value of
∧
α
md

, such that

min
α∈[0,2]

dk(
∼
F
n

(α, .), Gn(.)) = dk(
∼
F
n

(
∧
α
md

, .), Gn(.))

From the properties of minimum- distance estimators, this estimator
is consistent and also it is robust, in the sense of M-estimators.
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On the Inactivity Time of Lower k-Records and
Associated Stochastic Orders

Mahdi Tavangar, and Majid Asadi

Department of Statistics, University of Isfahan

Abstract: In the present study we will propose a concept of mean inactivity
time based on lower k-record values and investigate some results concerning this
notion. Let Z

(k)
1 , Z

(k)
2 , . . . denote the lower k-record values based on a sequence

of i.i.d. random variables with common distribution function F . Consider the
general inactivity time of lower k-records (t − Z

(k)
n | Z

(k)
m ≤ t) and denote its

expectation as M
(k)
n,m(t). We obtain a representation of F in terms of M

(k)
n,1(t)

and M
(k)
n−1,1(t). Hence the parent distribution function can be recovered perfectly

from M
(k)
n,1(t). More generally we show that M

(k)
n,m(t) and M

(k)
n−m,1(t), for some

value of m and n (m < n), uniquely identify F . It is shown that M
(k)
n,m(t) is

an increasing function of t when the reversed hazard rate is decreasing. When
the reversed hazard rates of two distributions are ordered, then the corresponding
mean inactivity times are also ordered, but in the opposite sense. In this paper,
some new characterization results for the power function distribution based on
lower k-record values are presented. Also some stochastic orders for the inactivity
time of lower k-records in one and two sample problems are studied.

Keywords: Characterization, Ordered Random Variables, Power
Function Distribution, Reversed Hazard Rate, Stochastic Ordering.

1 Introduction

Because of importance of record values in many field of applications
these kind of ordered data have been extensively studied in the lit-
erature. Among the books which have devoted to the theory and
applications of record values one can refer to Arnold et al. (1998)
and Ahsanullah (1995). Consider a sequence X1, X2, . . . of i.i.d. ran-
dom variables with common continuous distribution function F and
probability density function f . Denote by X1:n ≤ X2:n ≤ · · · ≤ Xn:n

the order statistics corresponding to observations X1, X2, . . . , Xn. For
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fixed k ≥ 1, the nth lower k-record time Lk(n), n ≥ 1, with Lk(1) = 1
is defined to be

Lk(n + 1) = min{j > Lk(n) : Xk:Lk(n)+k−1 > Xk:j+k−1}, n = 1, 2, . . . ,

and the nth lower k-record value is defined as Z
(k)
n = Xk:Lk(n)+k−1,

n ≥ 1. For n = 1, we have Z
(k)
1 = Xk:k = max{X1, X2, . . . , Xk}. The

probability density function of Z
(k)
m is given by

f
Z

(k)
m

(u) = km{− log F (u)}m−1

(m− 1)!
{F (u)}k−1f(u), −∞ < u < ∞, (1)

and the joint probability density function of Z
(k)
m and Z

(k)
n , 1 ≤ m < n,

is given by

f
Z

(k)
m ,Z

(k)
n

(u, v) = kn{− log F (u)}m−1

(m− 1)!

{− log F (v) + log F (u)}n−m−1

(n−m− 1)!

× f(u)

F (u)
{F (v)}k−1f(v),−∞ < v < u < ∞.

Using (1) the survival function of Z
(k)
m at t > 0 can be written

as

P (Z(k)
m > t) =

1

Γ(m)

∫ −k log F (t)

0

zm−1e−zdz

=
1

Γ(m)
γ(m;−k log F (t))

=
∞∑

j=m

1

j!
{−k log F (t)}j{F (t)}k = P (Yt ≥ m), (2)

where Γ(m) = (m − 1)!, γ(m; x) =
∫ x

0
zm−1e−zdz is the incomplete

Gamma function and Yt is a Poisson random variable with mean
−k log F (t). See, for example, Abramowitz and Stegun (1964) and
Arnold et al. (1998).

615



M. Tavangar, M. Asadi On the Inactivity Time of Lower · · ·

In the present paper, the inactivity time of lower k-records has
been studied. We define its mean as a reliability measure for the
system of generating data. Also we provide some results on charac-
terization and stochastic ordering based upon lower k-records.

2 The mean inactivity time of lower k-records

To introduce our new concept let us look at the following ex-
ample. Consider the 100 meters, which is one of the most prestigious
events in athletics. The current word record is 9.72 seconds. Now
what is the average of the difference between the next record and the
current record given that current record is 9.72? More generally, let

Z
(1)
` be the `th lower record and it is known that Z

(1)
` = t. Then the

quantity of interest is the average of the conditional random variable

(t−Z
(1)
n | Z(1)

` = t), n > `. Usually in any sport competition, a list of
the top m scores is updated throughout. Let participants with records

Z
(1)
`−m+1 = t1, Z

(1)
`−m+2 = t2, . . . , Z

(1)
`−1 = tm−1, Z

(1)
` = t have obtained top

m scores. Then from the Markovian property of a sequence of record
values (see, for example, Arnold et al., 1998) we may conclude that

(
t− Z(1)

n | Z(1)
`−m+1 = t1, Z

(1)
`−m+2 = t2, . . . , Z

(1)
`−1 = tm−1, Z

(1)
` = t

)

d
=

(
t− Z(1)

n | Z(1)
` = t

)
.

A similar result holds based on lower k-records. Hence to study dis-
tribution of the nth lower k-record, one can only use the information
in highest score of the list. Collins et al. (2007) studied, among other
things, the number of times the list changes and the waiting times
between changes.

Let the conditional random variable (t − Z
(k)
n | Z

(k)
` = t) is

denoted by R
(k)
n,`(t). We also define the general inactivity time of lower

k-records as S
(k)
n,m(t) = (t − Z

(k)
n | Z

(k)
m ≤ t). The following result

indicates that distributional properties of the R
(k)
n,`(t) depend on n and

` only through the difference between n and `.
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Lemma 1 For 1 ≤ ` < n, we have R
(k)
n,`(t)

d
= S

(k)
n−`,1(t).

In view of Lemma 1, one can study properties of the general

inactivity time S
(k)
n,m(t) and then apply them for R

(k)
n,`(t).

Remark 1 Note that the survival function of S
(k)
n,1(t) can be expressed

as

P (t− Z(k)
n > x | Z(k)

1 ≤ t) = 1− 1

Γ(n)
γ(n; ηt(t− x))

=
n−1∑
j=0

1

j!
{ηt(t− x)}je−ηt(t−x) = P (Zt,x ≤ n− 1),

where Zt,x is a Poisson random variable with mean ηt(t− x).

The expectation of S
(k)
n,m(t) is defined as M

(k)
n,m(t) = E(t − Z

(k)
n |

Z
(k)
m ≤ t). Then for m = 1 we have

M
(k)
n,1(t) =

∫ t

0

1

Γ(n)

∫ ∞

ηt(x)

zn−1e−zdz dx

=
n−1∑
j=0

1

j!

∫ t

0

{ηt(x)}je−ηt(x)dx,

and for m = 2, . . . , n− 1 we get

M (k)
n,m(t) =

m−1∑
j=0

pj(t)M
(k)
n−j,1(t),

where

pj(t) =
{−k log F (t)}j/j!∑m−1
i=0 {−k log F (t)}i/i!

.

The last representation show that M
(k)
n,m(t) can be rewritten as a convex

combination of the mean inactivity times M
(k)
n−m+1,1(t),M

(k)
n−m+2,1(t),

. . . , M
(k)
n,1(t).

617



M. Tavangar, M. Asadi On the Inactivity Time of Lower · · ·

Example 1 (Power function distribution) Let X1, X2, . . . be a se-
quence of independent and identically distributed random variables
from a population with distribution F (x) = (x

β
)α, x ∈ [0, β), α, β > 0.

Then

M
(k)
n,1(t) = t

{
1−

(
kα

kα + 1

)n}
,

which is linear in t. For m = 2, . . . , n− 1 we have

M (k)
n,m(t) =

m−1∑
j=0

pj(t)M
(k)
n−j,1(t), (3)

where

pj(t) =

(kα)j

j!
{− log(t/β)}j

∑m−1
i=0

(kα)i

i!
{− log(t/β)}i

.

Note that M
(k)
n,m(t) is non-decreasing in t.

In next theorems, we present some structural properties of M
(k)
n,m(t).

Theorem 1 (Tavangar and Asadi, 2008) We have the following:

(i) For fixed values of m, k and t, M
(k)
n,m(t) is an increasing function of

n, n = m + 1,m + 2, . . .. Moreover M
(k)
n,m(t) is strictly increasing

in n if F is strictly increasing on (0, t).

(ii) For fixed values of n, k and t, M
(k)
n,m(t) is a decreasing function of

m, m = 1, 2, . . . , n− 1. Furthermore M
(k)
n,m(t) is strictly decreas-

ing in m if F is strictly increasing on (0, t).

(iii) For fixed values of n, m and t, M
(k)
n,m(t) is a decreasing function

of k, k = 1, 2, . . .. Moreover M
(k)
n,m(t) is strictly decreasing in k

if F is strictly increasing on (0, t).
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Let X be a random variable with absolutely continuous distri-
bution function F and probability density function f . The reversed
hazard rate of X is defined as r(t) = f(t)/F (t). The next result shows

that M
(k)
n,m(t), for some values of m and n (m < n), uniquely identifies

F through the reversed hazard rate of mth lower k-record.

Theorem 2 Assume that F is absolutely continuous and strictly in-

creasing on its support. Then the M
(k)
n,m(t) determines the reversed

hazard rate of mth lower k-record as follows:

r
Z

(k)
m

(t) =
1− d

dt
M

(k)
n,m(t)

M
(k)
n,m(t)−M

(k)
n−m,1(t)

.

It is known that the reversed hazard rate function univocally
characterizes the distribution function. Hence from Theorem 2 we
conclude that the distribution function of the mth lower k-record is
given by

F
Z

(k)
m

(t) = exp

{
−

∫ ∞

t

1− d
dx

M
(k)
n,m(x)

M
(k)
n,m(x)−M

(k)
n−m,1(x)

dx

}
.

But the distribution function of Z
(k)
m uniquely identifies F . (See for

example (2).) Therefore knowledge of M
(k)
n,m(t) for some specific values

of n, m and k will be adequate to determine F . In particular, when
m = 1 we get the following result.

Corollary 1 Assume that F is absolutely continuous and strictly in-
creasing on its support. Then F can be expressed as

F (t) = exp

{
−1

k

∫ ∞

t

1− d
dx

M
(k)
n,1(x)

M
(k)
n,1(x)−M

(k)
n−1,1(x)

dx

}
,

for some n > 1.

The next theorem determines the behavior of M
(k)
n,m(t) when the

reversed hazard rate decreases.
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Theorem 3 Let the reversed hazard rate r(t) is decreasing. Then for

each n, m and k, the mean inactivity time M
(k)
n,m(t) is an increasing

function of t.

The following theorem gives an ordering for the mean inactivity
times of two sequences of lower k-th record values in the case where
the the reversed hazard rates are ordered.

Theorem 4 Consider two populations with absolutely continuous dis-

tributions F and G, and mean inactivity times M
(k)
n,m(t) and H

(k)
n,m(t),

respectively. Let rF (t) and rG(t) be the reversed hazard rates of F and

G, respectively. If rF (t) ≥ rG(t), then M
(k)
n,m(t) ≤ H

(k)
n,m(t).

Proof. First note that rF (t) ≥ rG(t) if and only if F (t)/G(t) is an

increasing function of t. Thus for x < t, F (x)
F (t)

≤ G(x)
G(t)

and

M
(k)
n,1(t) =

∫ t

0

1

Γ(n)

∫ ∞

−k log(F (x)
F (t) )

zn−1e−zdz

≤
∫ t

0

1

Γ(n)

∫ ∞

−k log(G(x)
G(t) )

zn−1e−zdz = H
(k)
n,1(t).

Therefore using Equation (3), we get

M (k)
n,m(t) ≤

m−1∑
j=0

pj(t)H
(k)
n−j,1(t),

where

pj(t) =
uj

t/j!∑m−1
i=0 ui

t/i!
,

and ut = −k log F (t). Now it is enough to show that

m−1∑
j=0

pj(t)H
(k)
n−j,1(t) ≤

m−1∑
j=0

qj(t)H
(k)
n−j,1(t) = H(k)

n,m(t),
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where qj(t) is the same as pj(t) with ut replaced by vt = −k log G(t).
But the last inequality is true since one can prove that

m−1∑
i=0

m−1∑
j=0

ui
t

i!

vj
t

j!

{
H

(k)
n−j,1(t)−H

(k)
n−i,1(t)(t)

}
≥ 0.

Hence we have the result.

3 Characterizations of the power function distri-
bution

In the literature the mean inactivity time of a random variable
with distribution F is defined as m∗(t) = E(t−X | X ≤ t). One can
easily show that

m∗(t) =

∫ t

−∞ F (x)dx

F (t)
,

for each t with F (t) > 0. Next theorem gives a characterization of

the power function distribution when M
(k)
n,1(t) and the parent mean

inactivity time m∗(t) are proportional.

Theorem 5 Consider an absolutely continuous distribution function
F with the mean inactivity time m∗(t) and corresponding mean inac-

tivity time of lower k-record M
(k)
n,1(t). Assume that the support of F is

[0, 1], and m∗(1) = (α + 1)−1. Then

M
(k)
n,1(t) = cn,km

∗(t), t > 0,

where cn,k = (α+1)
{
1− ( kα

kα+1
)n

}
, if and only if F is a power function

distribution with parameter α, for some α > 0; i.e. F (x) = xα, x ∈
[0, 1).

Proof. The ‘if’ part of the theorem follows from Example 1 and the
fact that for the power function distribution m∗(t) = (α + 1)−1t. To

prove the ‘only if’ part, first note that the reversed hazard rate of Z
(k)
1
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is the same as kr(t). Hence using the assumption M
(k)
n,1(t) = cn,km

∗(t),
we have

r(t) =
1

k

{
1− d

dt
M

(k)
n,1(t)

M
(k)
n,1(t)−M

(k)
n−1,1(t)

}

=
1

k

{
1− cn,k

d
dt

m∗(t)

(cn,k − cn−1,k)m∗(t)

}
. (4)

Note that, after some simplification,

k(cn,k − cn−1,k) =

(
α + 1

α

)(
kα

kα + 1

)n

.

The fact that r(t) = {1− d
dt

m∗(t)}/m∗(t) together with Equation (4)

imply that d
dt

m∗(t) = (α + 1)−1. Since m∗(1) = (α + 1)−1, we have
m∗(t) = (α + 1)−1t. Using the inversion formula

F (x) =
m∗(1)

m∗(x)
exp

{
−

∫ 1

x

1

m∗(t)
dt

}
, 0 ≤ x < 1,

we have the parent distribution function F to be F (x) = xα, x ∈ [0, 1).
The proof is complete.

In the following we characterize the power function distribution

based on the property that the reversed hazard rate r(t) and M
(k)
n,1(t)

are reciprocal. For proof we refer the reader to Tavangar and Asadi
(2008).

Theorem 6 Consider an absolutely continuous distribution function
F with the reversed hazard rate r(t). Assume that the support of F is
[0, 1]. Then

r(t)M
(k)
n,1(t) = cn,k

(
α

α + 1

)
, t ∈ [0, 1],

for some k ≥ 1 and two consecutive values of n (e.g. n− 1 and n), if
and only if F is a power function distribution with parameter α, for
some α > 0; i.e. F (x) = xα, x ∈ [0, 1).
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4 Some stochastic orders on lower k-records

Many notions of stochastic orderings are introduced yet and they
have been discussed in detail in Shaked and Shanthikumar (1994).
Let X and Y be two random variables with distribution functions
F and G, and density functions f and g, respectively. Let lX(lY )
and uX(uY ) be the left and the right extremity of support of X(Y ).
X is said to be stochastically smaller than Y (denoted X ≤st Y ) if
1 − F (t) ≤ 1 − G(t) for all t. X is said to be smaller than Y in
reversed hazard rate ordering (denoted X ≤rh Y ) if F (t)/G(t) is de-
creasing in t ∈ (min(lX , lY ),∞). X is said to be smaller than Y in
likeihood ratio order (denoted X ≤lr Y ) if g(t)/f(t) is increasing in
t ∈ (−∞, max(uX , uY )). In this section some stochastic orders for the

inactivity time of lower k-record S
(k)
n,m(t) = (t− Z

(k)
n | Z(k)

m ≤ t) in one
and two sample problems are presented.

In the following theorem, some comparisons of the random vari-

ables S
(k)
n,m(t) have been considered in one sample problem.

Theorem 7 (i) We have the following stochastic orders between the
inactivity time of lower k-records:

S
(k)
n−1,m(t) ≤lr S(k)

n,m(t) ≤lr S
(k)
n,m−1(t).

(ii) We have S
(k)
n,m(t) ≤lr S

(k−1)
n,m (t).

Combining all stochastic orders, we have S
(k)
n,m(t) ≤lr S

(k′)
n′,m′(t), where

1 ≤ m′ ≤ m, n′ ≥ n and 1 ≤ k′ ≤ k.

Proof. We only prove part (ii). Note that the probability density

function of S
(k)
n,m(t) has the form

h
(k)
n,m,t(x) =

m−1∑
j=0

pj(t)h
(k)
n−j,1,t(x),

where

h
(k)
n,1,t(x) =

k

Γ(n)
r(t− x){ηt(t− x)}n−1e−ηt(t−x), x ∈ [0, t].

623



M. Tavangar, M. Asadi On the Inactivity Time of Lower · · ·

Thus

h
(k−1)
n,m,t (x)

h
(k)
n,m,t(x)

=

∑m−1
i=0 {−k log F (t)}i/i!∑m−1

i=0 {−(k − 1) log F (t)}i/i!

.

∑m−1
j=0

(
n−1

j

){−(k − 1) log F (t)}j(k − 1)(F (t−x)
F (t)

)k−1

∑m−1
j=0

(
n−1

j

){−k log F (t)}jk(F (t−x)
F (t)

)k
{
−k log(F (t−x)

F (t)
)
}n−j−1

.

{
−(k − 1) log(F (t−x)

F (t)
)
}n−j−1

∑m−1
j=0

(
n−1

j

){−k log F (t)}jk(F (t−x)
F (t)

)k
{
−k log(F (t−x)

F (t)
)
}n−j−1

=

∑m−1
i=0 {−k log F (t)}i/i!∑m−1

i=0 {−(k − 1) log F (t)}i/i!

(
k − 1

k

) (
F (t− x)

F (t)

)−1

,

which is increasing in x ∈ (0, t) and so S
(k)
n,m(t) ≤lr S

(k−1)
n,m (t). The

proof is complete.

In the following we obtain an interesting result for comparison
of two sequences of inactivity times of lower k-records. The proof can
be found in Tavangar and Asadi (2008).

Theorem 8 Let X1, X2, . . . be i.i.d. random variables with continuous
distribution function F and Y1, Y2, . . . be i.i.d. random variables with

continuous distribution function G. If X1 ≤rh Y1 then (t − Y
(k′)
n |

Y
(k′)
m ≥ t) ≤st (t− Z

(k)
n | Z(k)

m ≤ t), for some k′ ≥ k, where Z
(k)
n is the

nth lower k-record corresponding to the sequence {Xi} and Y
(k)
n is the

nth lower k-record corresponding to the sequence {Yi}.
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Characterization of Pareto distribution through
coincidences of semiparamtric families

Gh. Yari, and M. Rajaei Salmasi

Department of Mathematics, Iran University of Science and
Technology

Abstract: The term semiparametric refers to models in which there is an un-
known function in addition to an unknown finite dimensional parameter. For
example, the binary response model P (Y = 1|x) = G(βx) is semiparametric if the
function G and the vector of coefficients β are both treated as unknown quanti-
ties. A number of semiparametric families suitable for lifetime data are introduced:
scale, power, frailty(proportional hazards), age, moment, tilt parameter families.
The coincidence of two families provides a characterization of distributions such
as Pareto distribution. Characterization of the Weibull, gamma, lognormal, and
Gompertz distributions are contained in Albert W.Marshal , Ingram Olkin (2007
).

Keywords: Power parameter families, Scale parameter families,
Proportional hazards parameter families, Moment parameter families,
Age parameter families, Tilt parameter families, Pareto distributions,
Characterization.

1 Introduction

Semiparametric families are families that have both a real parameter
and a parameter that is itself a distribution. Detailed discussions
of semiparametric families are contained in Marshal and Olkin (1997,
2007). Familiar semiparametric families are location and scale families
F(ax+b). Lehmann and Casella (1998) use the term group family
to represent families obtained by a transformation, that is, F(g(x)),
where the function g usually containes parameters. Location and scale
families are the prototype of these families. Some semiparametric
families that are natural for lifetime data arising from nonnegative
random variables are the following:

1. Scale parameter families F (λx), λ > 0;
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2. Power parameter families F (xα), α > 0;

3. Frailty parameter or proportional hazards families F (x)
ξ
, ξ >

0; Where F = 1− F is the survival function;

4. Moment parameter families ,
∫ x

0
zβdF (z)/µβ, where µβ is normal-

izing constant;

5. Age parameter families F (x + t)/F (x), t > 0;;

6. Tilt parameter families γF (x)

F (x)+γF (x)
, γ > 0;

Albert W.Marshal, Ingram Olkin (2007) discussed: to provide
some motivation for what is meant by characterization consider the
example in which the underlying distribution is exponential with sur-
vival function F (x) = exp(−x). The introduction of a scale parame-
ter yields F (x; λ) = exp(−λx); the introduction of a frailty parameter

(proportional hazards parameter) yields F (x; ξ) = [F (x)]
ξ
. Clearly

these families coincide. Because scale parameter families with sur-
vival function F (λx) and proportional hazards families with survival

function [F (x)]
ξ

do not in general coincide, it is natural to ask if there
are underlying distributions other than the exponential distribution
for which the introduction of scale and proportional hazards parame-
ter families lead to the same family. This coincidence of families yields
a characterization of the underlying distribution.
Albert W. Marshal, Ingram Olkin (2007) showed that power and
frailty (proportional hazards) parameters families coincidence if and
only if there exists a function ξ(.) with domain and range (0,∞)

such that F (xα) = [F (x)]
ξ

From that it follows that F has the form
F (x) = 1

x
, x ≥ 1 is a pareto survival function.

In the present paper we obtain characterizations of pareto distribu-
tions. In particular we investigate the coincidence of the following
families: power and frailty (proportional hazards) parameter fam-
ilies(Proposition 1), power and moment (Proposition 2), frailty or
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proportional hazards and moment (Proposition 3). Each coincidence
yields a characterization of the underlying distribution.

2 Main results

Proposition 1. With the underlying distribution F, power and
frailty (proportional hazards) parameter families coincide if and only
if there exists a function ξ(.) with domain and range (0,∞) such that

F (xα) = [F (x)]
ξ

for all λ > 0 and all x.
From above it follows that F either has the form

F (x) = exp{−b(logx)c}, x ≥ 1, b > 0, c > 0

= 1, x < 1,

This survival function is the survival function of Pareto (I) if b = c = 1.
Proof.
See Albert W. Marshal, Ingram Olkin (2007).

Proposition 2. Denote by the B the set of all β such that the βth
moment of the underlying distribution F for all x¿1 is finite. Power
and moment parameter families coincide if and only if there exists a
function β(.)¡0 and range B such that

∫ x

0
zβdF (z)

µβ

= F (xα), α > 0. (1)

Eq. (1) is satisfied if and only if F is a pareto distribution.

F (x) = 1− x−k, x > 1.

Proof.
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We must show that for some β = β(.) in B, Eq. (1) holds. To solve
(1), the first step is to show that (1) implies that F is everywhere dif-
ferentiable, with density that satisfies the functional equation

xβ(α)f(x)

µβ(α)

= αxα−1f(xα) (2)

this is true because F is differentiable almost everywhere so is differ-
entiable at xα, since α is a positive and constant.
With x=1, it follows from (2) that, αµβ(α) = 1 use this and suppose

that g(X) = xf(x), rewrite (2) in the form g(xα)
g(x)

= xβ(α) ; It is suf-

ficient that we solve this functional equation. There are 3 cases for
α > 0:
i) α = 1, then we have xβ = 1
ii) α > 1, then

g(x) = xβ(α)/αg(x1/α)

g(x1/α) = xβ(α)/α2

g(x1/α2)

...

g(x1/αn−1) = xβ(α)/αn

g(x1/αn)

use these to show that

∀n : g(x) = xβ(α)( 1
α

+ 1
α2 +···+ 1

αn )g(x
1

αn )

lim
n→∞

(
1

α
+

1

α2
+ · · ·+ 1

αn
) =

1

α− 1
, lim

n→∞
g(x

1
αn ) = g(1) = k

⇒ g(x) = kxβ/α−1

iii) α < 1, with the similar manner of (ii) we obtain

∀n : g(x) =
g(xαn

)

xβ(α)(α+α2+···+αn−1)
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so
g(x) = kxβ/α−1

finally

f(x) = kx
β

α−1
−1 (3)

we know that f(x) is a density function;
∫ ∞

1

kx
β

α−1
−1dx = 1 ⇒ β = k(1− α);

use these to rewrite (3) in the form

f(x) = kx−(k+1), ⇒ F (x) = 1− x−k, x > 1.

Proposition 3. With the underlying distribution F, Denote by
the B the set of all β such that the βth moment of the underlying
distribution F is finite, moment and frailty (proportional hazards)
parameter families coincidence if and only if there exists a function
β(.) with domain (0,∞) and range B such that

∫ x

0
zβdF (z)

µβ

= F (x)ξ, ξ > 0, β > 0. (4)

From (4) it follows that F has the form

F (x) = 1− (
σ

x
)α, x > σ.

Proof.

We require that for some β = β(ξ) Eq. (4) holds. either f(x)=0
or by differentiating both sides of (4) with respect to x, we have

−ξ(1− F (x))ξ−1 =
xβ

µβ

1− F (x) = (
x

(−ξµβ)1/β
)

β
ξ−1
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This is clearly in the form of Pareto distribution, we suppose that

ξ = α−β
α

and µβ = ασβ

β−α
, then we obtain

F (x) = 1− (
x

σ
)−α, x > σ.

Proposition 4. With the underlying distribution F, scale and tilt
parameter families coincide if and only if there exists a functionγ(.)
with domain and range (0,∞) such that

γF (x)

F (x) + γF (x)
= F (λx), λ > 0, x ≥ 0. (5)

it follows that for some λ, α > 0 either

F (x) =
1

1 + (λx)α
, x > 0,

F (x) = 1, x ≤ 0 (6)

that is a Pareto (III) distribution, defined and discussed by Marshal,
A.W., Olkin, I.,2007 in Section 11.B.

Before proof of this proposition we discuses a functional equation.

Lemma 5. Suppose that f and g are real functions defined on (0,∞)
and that f is continuous at some points. If

f(xy) = g(x)f(y), forallx, y > 0, (7)

then either
f(x) = bxc, g(x) = xc, x > 0, (8)

for some constants b and c, or f(x)=0, for all x > 0, and g is arbitrary.
Proof of this lemma is contained in Aczel, J., 1966.

Proof of proposition 4.
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Set x = 0 in (5), to obtain [1 − γ(λ)][F (0)(F (0))2] = 0. Because
γ can take any positive value, [F (0)(F (0))2] = 0, and hence either
F (0) = 0 or F (0) = 1.
Let F (0) = 1, so that F (x) = 1, x ≤ 0. Such a survival function
satisfies (6) for all x < 0. For x ≥ 0, rewrite (5) in the form

1

F (λx)
=

F (x)

γ(λ)F (x)
+ 1;

now apply this equation to obtain

F (λx)

F (λx)
= γ(λ)

F (x)

F (x)
, x, λ > 0. (9)

Define G(x) = F (x)
F (x)

, in terms of G(x), equation (9) becomes

G(λx) = γ(λ)G(x) (10)

This is a functional equation of the form of (7) and can be solved using
(8). According to that, there are constants b and c such that

F (x)

F (x)
= bxc, x > 0, γ(λ) = λc

this means that

F (x) =
bxc

1 + bxc
, x > 0.

Because F is nonnegative, b¿0, and F is a cumulative distribution
function so is nondecreasing, F = 1 − F is decreasing, c¡0. With
the change of parameters c=-a, b=λ−a, the survival function (6) is
obtained. Because γ(λ) = λc, each parameter takes on all values in
(0,∞) as the other parameter ranges over the same interval.

Remark. F (0) = 0, so that F (x) = 0, x ≥ 0. For the interval
x¡0, let y=-x, and rewrite (5) in the form of (9), with change of x=-y.
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This equation is in the form of (7) and can be solved in the manner
that (9)is solved; in this way, we obtain

F (x) =
(−λx)α

1 + (−λx)α
, x < 0,

F (x) = 0, x ≥ 0. (11)

This is the distribution of 1/(−Y ), where Y has a Pareto (III) distri-
bution. It can be verified directly that the distributions defined by (6)
and (11) satisfy (5).
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Assessment of Digit Preference in age data of
national Iranian Census, 2005
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Ghodrat ollah Roshanaee, Alireza Abadi

Department of Statistics, Allameh Tabatabaii University.

Abstract: Data on age in developing countries are subject to errors, particularly
in circumstances where literacy levels are not high. Common problems include
considerable age-misstatement in the form of digit preference and systematic over-
or under-representation of ages in particular age- and gender-groups. A common
error in the age reporting is the tendency of rounding the ages to the nearest figure
ending in ’0’ or ’5’or to a lesser extent, in even number. Because of this tendency,
commonly known as ”digital preference”, age heaping occurs at certain ages. The
aim of this study was employed Myers and Whipple’s index to identify the digit
preference in dataset obtained from national census in 2005. The degree of digit
preference bias was assessed using a modification of Myers’ index show heaping
at ages ending in 0 and 5 years, the pattern of heaping is pronounced from age
20 onwards and this is true for both urban and rural population. The Whipple’s
index shows that males have higher tendency of age heaping than females in rural
areas where it has been observed reverse in urban areas. It can be deduced from
the analysis that the quality of age reporting for the 2005 census data was poor as
compared to the 1995 census data. However, it was of better quality than the 1985
census data. This may suggest that both males and females tend to misreport their
ages before age 60. The magnitude of digit preference bias seems to be reducing
with the passage of time.

Keywords: Digit preference, Census, Myers’ index, Whipple in-
dex.

1 Introduction

Age is usually defined in demographic literature as the number of com-
pleted years, which have elapsed since the birth of the individual. In
other words, the census data on age should usually refer to ages of

aida.yazdanparast@yahoo.com
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individuals at their last birthday. Age structure is a crucial compo-
nent in demographic analysis as it provides a quick and ready tool
for mapping the broad contours of demographic history of a popu-
lation. Similarly, the future demographic events are influenced to a
large extent by the present sex-age structure, other things being con-
stant. Ewbank (1981) discussed at the length about the effect of age
misreporting on the parental survival technique for estimating mor-
tality. He did a simulation exercise to demonstrate the effect that age
exaggeration has on estimated life expectancy. The results showed
that age exaggeration of approximately 2.5 years will bias the esti-
mated of life expectancy upward by approximately the same amount.
Good age-reporting is a crucial prerequisite for accurate estimates of
age-specific fertility rates, which relate births to the age of the mother
at the time of the birth. If women’s ages are misstated, even an ac-
curate enumeration of the total births by each woman will result in
distortions in age-specific fertility rates and, if age misreporting is sys-
tematically related in any way to marital status and/or parity, there
will be systematic biases in fertility estimates.

Though conceptually, collection of information on age seems to be
a simple item but age returns in the censuses were found to be far
from the true ages for a large part of the population. Apart from
differential under-enumeration in various ages, the age data suffers
from distortion owing to preferences for certain ages and digits due
to social, cultural and legal habit and norms observed in a society. A
common error in the age reporting is the tendency of rounding the
ages to the nearest figure ending in ’0’ or ’5’or to a lesser extent, in
even number. Because of this tendency, commonly known as ”digital
preference”, age heaping occurs at certain ages. This error is quite
common in many developing countries.

The aim of this study was employed Myers and Whipple’s index to
identify the digit preference in dataset obtained from national census
of Iranian population in 2005.

2 Methods
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The data used for preparing this paper comes from the full 2005 cen-
sus. Two standard indices used for this purpose are the Whipple’s
and Myer’s indices. Whipple’s index assumes uniform distribution of
population in a five-year range and aims to detect heaping on terminal
digits ’0’ and ’5’ in the range 23 to 62 years. Theoretically, the index
varies between 100, representing no preference for ’0’ or ’5’ and 500,
indicating that only ages ending in ’0’ and ’5’ were reported. It must
be noted that, Whipple’s index has several limitations one of which
is the assumption of uniform distribution of the population. This as-
sumption might not always hold and as a result, computed Whipple’s
index could be less than 100.

The Whipple’s Index is usually calculated as:

The Whipple′s Index =

(Sum of numbers at ages 25,30,. . . ,55,60)× 100× 5

Total number between ages 23 and 62
(1)

The value of the Whipple’s Index in a population with perfect age
reporting as well as no any large changes in fertility, mortality and
migration for a long time would be 100.
The United Nations recommended a standard for measuring the age
heaping as follows in table 1. The choice of 23 and 62 as the limits
of age band to be examined in the classic Whipple’s Index calculation
is arbitrary but has been found most suitable for practical purpose of
measuring age heaping in general in a population of all ages.

The choice of 23 and 62 as the limits of age band to be examined
in the classic Whipple’s Index calculation is arbitrary but has been
found most suitable for practical purpose of measuring age heaping in
general in a population of all ages.

The Myers’ index was developed to detect preference for all ter-
minal digits from 0 to 9. The method yields an index of reference
for each terminal digit as well as a summary index of preference for
terminal digits. The theoretical range of Myers’ index from 0 to 90.
An index of 0 represents no heaping and an index of 90 represents

636



The 9th Iranian Statistical Conference University of Isfahan, August 2008

a heaping of all reported ages at a single digit, say five. Secondary
data from previous censuses (censuses that have been done in 1995
and 1985) are also employed to make necessary comparisons.

3 Results

Table 2 shows the degree of digit preference bias that was assessed
using a modification of Myers’ index for whole population in separa-
tion of Male and Female. It shows heaping at ages ending in zero and
five years, for both males and females. The preference for these digits
among males may be attributed to the greater tendency to overesti-
mate the age, whilst for females; it may be due to underestimation of
their age.

Table 3 gives the Myers’ index for males and females, in both urban
and rural population. It shows a higher index for females than males
in urban population, indicating that age was more accurately reported
among males than females. The pattern of heaping is pronounced from
age 20 onwards and this is true for both urban and rural population.
Table 4 shows the Whipple’s index for whole population in separation
of male and female. According to the standard for age measuring the
Whipple’s index for whole population shows that the quality of data
is ok, this implies that the age reporting is good.

The table 5 gives the Whipple’s index for urban and rural popula-
tion. The figures from Whipple’s index show that the reporting of age
in urban is more accurate than rural population. Table 5 further shows
that males have higher tendency of age heaping than females in rural
areas where it has been observed reverse in urban areas. This could
be due to the fact that men were often not available at the time of
the census and therefore, female respondents had to report on behalf
of men in the census. It is highly likely that the female respondents
may not have correctly reported the age of males during the census.
Myers’ index for total population in 1995 Census was 2.645 which in
2005 Census were 3.2036; it implies that age reporting was better in
Census 1995.
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4 Discussion

Sweden is considered to be the country with the most reliable demo-
graphic data in the world. In country like India, the distortions are
naturally greater because precise reporting or determination of age is
not considered important in the everyday affairs and laxity is permit-
ted on various grounds of discretion, expediency and convenience.

It can be deduced from the analysis that the quality of age report-
ing for the 2005 census data was poor as compared to the 1995 census
data. However, it was of better quality than the 1985 and 1975 census
data. This may suggest that both males and females tend to misre-
port their ages before age 60. Frequently, the elderly population either
does not know its age at all or reports ages in big age bands such as
60-70, 70-80 etc. It is possible that often the enumerator is forced to
estimate the age of a person based on physical appearance or hearsay
in absence of any reliable documents or observance of socio-cultural
norms which allow the individual or member of the household to know
their ages precisely. There are other two groups for whom recording
of age is rather difficult, women being one of them. Although, fre-
quently, women may be in a position to recall when they were married
or a child was born to them, it is difficult for them to state their own
date/year of birth unless they are literate. In addition, assessing age
by the enumerator may also be difficult for young women, as in cer-
tain sections of this population; they may not be permitted to appear
during the enquiry, unless the enumerator is a lady. The other groups,
which may suffer from these inaccuracies, are infants and children par-
ticularly those not attending school. However, the magnitude of digit
preference bias seems to be reducing with the passage of time. This is
especially true in the case of females. The possibility of increased fe-
male literacy as a factor underlying this reduction is pointed out. The
absence of significant digit preference at ages divisible by five or ten,
however, is not necessarily proof of data accuracy since other kinds of
errors in age misreporting may also distort the data quality. One way
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of addressing this issue is to examine the reported population at very
old ages relative to the total elderly population. As shown by Coale
and Kisker (1986), the proportion of those age 95 or over among peo-
ple age 70 or over in 23 countries with accurate data was always less
than six per thousand. This proportion in 28 countries with poor data
ranged from one percent to 10 percent.
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Table 1: A standard for measuring the age heaping recommended by United
Nations

Whipple’s Index quality of data perfect deviation from
<105 Very accurate <5%

105-110 Relatively accurate 5-9.99%
110-125 OK 10-24.9%
125-175 Bad 25-74.99%
>175 Very bad >= 75%

Table 2: Results of Myers’ index for the age data of the population in the
aggregate, Iranian census, 2005

Total
3,203596 Total
3,064657 Male

3,34749759 Female
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Table 3: Results of Myers’ index in both urban and rural population, Ira-
nian census, 2005

Rural Urban
3,8796872 2,88592 Total
3,77832143 2,7306349 Male
4,00833247 3,045577 Female

Table 4: Results of Whipple index for the age data of the population in the
aggregate, Iranian census, 2005

Total Population
Whipple’s Index Quality of Data

111,585889 OK Grand Total
110,444 OK Male

112,75751 OK Female

Table 5: Results of Whipple index for both urban and rural population,
Iranian census, 2005

Rural Urban
Whipple’s Index Quality of Data Whipple’s Index Quality of Data

117,199803 OK 109,262793 Relatively accurate Grand Total
115,22435 OK 108,504063 Relatively accurate Male
119,16064 OK 105,8131 Relatively accurate Female
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Almost Sure Results for a linear function of the
top k order statistics

Alireza Yousefi, and R. Vasudeva
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Abstract: The difference between the average of the top k out of n order statis-
tics and the population mean expressed in population standard deviation units
is known as the selection differential.In this paper we obtain some almost sure
results for selection differential in case of uniform distribution .Similar results are
obtained for some continuous distributions using transformation .

Keywords: order statistics; selection differential; almost sure be-
havior; iterated logarithm law.

1 Introduction

Let X1,X2,. . .,Xn be a random sample from a population with con-
tinuous distribution function F,having mean µ and variance σ2. Let
X1,n ≤ X2,n ≤ . . . Xn,n denote the order statistics of these random
observations.Then

Vk,n =

n∑

i=n−k+1

(Xi,n − µ)

kσ
(1)

is called the selection differential .It represents the difference between
the average of selected group and population mean expressed in stan-
dard deviation units which has long been a familiar term to genitists
and breeders who often refer to it as ”intensity of selection” .One of
the measure of the effectiveness of selection differential is the high
value it can reach ,in relation to the population mean .In knowing
the effectiveness ,we obtain almost sure lower bounds for the selec-
tion differential.This is achieved by the iterated logarithm law. Na-
garaja(1981),(1982) had obtained sharp bounds for expectation and
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asymptotic distribution of selection differential and Suresh(1993) in-
troduced percentile selection differential and has obtained some asymp-
totic results.

Throughout the paper ,except in the last section ,we assume that
F is uniform(0,1).Hence we have µ = 1

2
and σ = 1√

12
. As such ,we

discuss the behaviour of

Dk,n =

n∑

i=n−k+1

Xi,n

k
(2)

throughout the paper.

2 Almost sure results

Throughout this section ,with no loss of generality, we define selection
differential for k fixed,1 ≤ k ≤ n, except for origin and scale shift as
Dk,n = Xn−k+1+...+Xn−1+Xn

k
. We assume that (Xn) is defined over a

probability space(Ω, F, P ).

Theorem 1 Let X1, X2, . . . , Xn be i.i.d random variables with com-
mon U(0,1) distribution function.Then

lim Dk,n = 1 a.s (3)

Lemma 1 Let Xn−k+1,n be the kth maximum of a sample X1, X2, . . . , Xn

of i.i.d random variables from U(0,1).Then

Xn−k+1,n → 1 a.s (4)

proof of lemma :
To show that Xn−k+1,n → 1 a.s, it is sufficient to show that

for any ε ,0 < ε < 1 P (Xn−k+1,n < (1− ε) i.o) = 0. We have

P (Xn−k+1,n < 1−ε) = (1−ε)n+
(

n
1

)
(1−ε)(n−1)ε+. . .+

(
n

k−1

)
(1−ε)(n−k+1)εk−1

Hence
∑+∞

n=1 P (Xn−k+1,n < 1− ε) < ∞. By Borel-Contelli lemma

P (Xn−k+1,n < (1− ε) i.o) = 0 or Xn−k+1,n −→ 1 a.s
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Remark 1 When k=1 ,Xn−k+1 = Xn,n = max(X1, X2, . . . , xn).By
the above lemma we have Xn,n → 1 a.s which is welknown .

Proof of the Theorem:
k=1 implies D1,n = max(X1, X2, . . . , Xn) = Xn,n and from

Remark 1 ,Xn,n → 1 a.s . For k ≥ 2,note that Xn−k+1,n ≤ Dk,n ≤
Xn,n, by Lemma 1, the proof is immediate.

Theorem 2 Let X1 ≤ X2 ≤ . . . ≤ Xn be the order statistics of n
observation from U(0,1) distribution function.Then

lim sup
n(1−Dk,n)

ln ln n
= 1 a.s (5)

Lemma 2 Under the setup Theorem 2

lim sup
n(1−Xn−k+1,n)

ln ln n
= 1 a.s (6)

proof of lemma :
When k=1 ,the result follows from ,(see for example Galam-

bos(1978),
pp. 223). With no loss of generality we prove the Lemma for k=2.
Equivalantly, for anyε > 0 ,we establish that

P (
n(1−Xn−1,n)

ln ln n
> (1 + ε) i.o) = 0 (7)

P (
n(1−Xn−1,n)

ln ln n
> (1− ε) i.o) = 1 (8)

Define bn = (1 + ε) ln ln n
n

and An =
(
Xn−1,n < 1− bn

)
.Then

P (An) = F n(1 − bn) + nF n−1(1 − bn)(1 − F (1 − bn)) = (1 − bn)n +
n(1− bn)n−1(bn)
Note that

(1− bn)n =
(
1− (1 + ε) ln ln n

n

)ln ln n n
ln ln n ' e(−(1+ε) ln ln n) ' 1

(ln n)1+ε
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Hence

P (An) ' 1

(ln n)1+ε
+

(1 + ε) ln ln n

(ln n)1+ε
(9)

Observe that P (An) → 0 as n → ∞.In order to establish (7) it
is enough to show that (See , Barndorff-Nielsen(1961)).

∑
n P (An ∩

Ac
n+1) < ∞ or P (An ∩ Ac

n+1 i.o) = 0 bn ↓ implies that dn =
1 − bn ↑ as n → ∞. Then Ac

n+1 = (Xn,n+1 ≥ dn+1). Note that
dn ≤ dn+1 implies that (Xn,n+1 > dn+1) ⊆ (Xn,n+1 > dn) .
Hence

(An ∩ Ac
n+1) = (Xn−1,n < dn, Xn,n+1 > dn+1)

⊆ (Xn−1,n < dn, Xn,n+1 ≥ dn)

⊆ (Xn−1,n < dn, Xn+1 ≥ dn)

From (9) ,one can find a n0 such that for n ≥ n0

P (An ∩ Ac
n+1) ≤ P (Xn−1,n < dn)P (Xn+1 ≥ dn)

≤ 1

(ln n)1+ ε
2

(1 + ε) ln ln n

n
≤ 1

n(ln n)1+ ε
3

Now
∑

n
1

n(ln n)1+
ε
3

< ∞ implies that
∑

n P (An ∩ Ac
n+1) < ∞ By

Borel-Cantelli Lemma one gets

P (An ∩ Ac
n+1 i.o) = 0

From the fact that P (An) → 0 as n → ∞ ,we conclude that
P (Ani.o) = 0

i.e. P (Xn−1,n < 1− (1 + ε) ln ln n

n
i.o) = 0

Similarly ,one can show that for any k > 1,

P (Xn−k+1,n < 1− (1 + ε) ln ln n

n
i.o) = 0 (10)
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From the relation Xn−k+1,n < Xn,n and lim sup n(1−Xn,n)

ln ln n
= 1 a.s ,(see

for example Galambos(1978),pp. 223), one can show that

P (Xn−k+1,n < 1− (1− ε) ln ln n

n
i.o) = 1 (11)

(10) and (11) complete the proof of the Lemma.
proof of the theorem:

It is enough to show that for any ε > 0,

P (
n(1−Dk,n)

ln ln n
> (1 + ε) i.o) = 0 (12)

P (
n(1−Dk,n)

ln ln n
> (1− ε) i.o) = 1 (13)

Observe that

Xn−k+1,n ≤ Dk,n ≤ Xn,n ⇔ 1−Xn,n

an

≤ 1−Dk,n

an

≤ 1−Xn−k+1,n

an

where an =
ln ln n

n

Hence (12) and (13) are immediate consequences of Lemma 2 . Con-
sequently,the Theorem is proved.

3 Boundary crossing problems

Here we study the boundary crossing random variable related to the
selection differentials . Define for any small ε > 0

Zn =





1 if Dk,n < (1− ε)

0 Otherwise

and N(ε) =
∑∞

n=k Zn . Since P (Dk,n < (1 − ε) i.o) = 0 , N(ε)
will be a proper random variable.

Theorem 3 Under the setup of Theorem 1,E(Nλ(ε)) < ∞ for all
λ > 0.
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Proof of the Theorem:
Note that Xn−k+1,n < (1 − ε) whenever Dk,n < (1 − ε) and

Dk,n < (1− ε) whenever Xn,n < (1− ε). Let

Z
′
n =





1 if Xn−k+1,n < (1− ε)

0 Otherwise
Z
′′
n =





1 if Xn,n < (1− ε)

0 Otherwise

and N
′
(ε) =

∑∞
n=k Z

′
n , N

′′
(ε) =

∑∞
n=k Z

′′
n .Then N

′′
(ε) ≤ N(ε) ≤

N
′
(ε) .Hence

E(N
′′
(ε))λ ≤ E(N(ε))λ ≤ E(N

′
(ε))λ , λ > 0 (14)

Proceeding as in Slivka and Severo(1970) ,for λ > 1,one can show that

E(N
′
(ε))λ ≤

∞∑

n=k

nλ−1P (Z
′
n = 1) =

∞∑

n=k

nλ−1

k−1∑
r=0

(
n

r

)
(1− ε)n−rεr

=
k−1∑
r=0

∞∑

n=k

nλ−1

(
n

r

)
(1− ε)n−rεr < ∞

From (14) all moment of N(ε) random variable are finite .Also

E(N
′
(ε)) =

∑
P (Z

′
n = 1) =

∞∑

n=k

k−1∑
r=0

(
n

r

)
(1−ε)n−rεr < ∞ or E((N(ε)) < ∞

It can be show that, E(N
′′
(ε)) =

∑∞
n=1(1− ε)n = 1−ε

ε
.

For k=2, E(N
′
(ε)) =

∑∞
n=2(1− ε)n +

∑∞
n=2 n(1− ε)n−1ε = 2(1−ε)

ε
.

Similarly for k=3

E(N
′
(ε)) =

∞∑
n=3

(1−ε)n+
∞∑

n=3

n(1−ε)n−1ε+
∞∑

n=3

n(n− 1)

2
(1−ε)n−2ε2 =

3(1− ε)

ε

In general for fixed k E(N
′
(ε)) = k(1−ε)

ε
. Using E(N

′′
(ε)) ≤

E(N(ε)) ≤ E(N
′
(ε)),one can give the following bound for E(N(ε))

i.e.
1− ε

ε
≤ E(N(ε)) ≤ k(1− ε)

ε
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Theorem 4 Under the setup of Theorem 2,E(Nλ(ε)) divergent for all
λ > 0.

Proof of the Theorem:
Under the assumption of Theorem 2 for any small ε > 0 and

fixed k < n, define

Λn =





1 if Dk,n < 1− (1+ε) ln ln n
n

0 Otherwise
Λ
′
n =





1 if Xn,n ≤ 1− (1+ε) ln ln n
n

0 Otherwise

where N1(ε) =
∑∞

n=k Λn, N
′
1(ε) =

∑∞
n=k Λ

′
n and Dk,n ≤ Xn.n ⇒

N1(ε) ≥ N
′
1(ε) ⇒ E(N1(ε))

λ ≥ E(N
′
1(ε))

λ. Proceeding as in Slivka(1969),
one can show that for 0 < λ < 1

E(N
′
1(ε))

λ =
∞∑

n=k

nλ−1P (Λ
′
(n) = 1)

We have P (Λ
′
(n) = 1) = P

(
Xn,n ≤ 1− (1+ε) ln ln n

n

)
=

(
1− (1+ε) ln ln n

n

)n

,

One can find an integer n0 such that for all n ≥ n0

(
1− (1 + ε) ln ln n

n

)n

≥ e−(1+ 3ε
2

) ln ln n =
1

(ln n)1+ 3ε
2

Consequently ,
∑∞

n=k nλ−1P (Λ
′
(n) = 1) = ∞ , Since,

∑
1

n1−λ
1

(ln n)1+
3ε
2

=

∞
E(N

′
1(ε))

λ = ∞ and in turn ,E(N1(ε))
λ = ∞ for 0 < λ <

1. i.e, E(N1(ε))
λ = ∞ for all λ > 0.

4 Results for other distributions

Let (Xn) be i.i.d random variables with continuous distribution func-
tion F bounded to the right.Let α > 0 be such that ,F (α) = 1.Define
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Y= F(X), then F(X) is U(0,1). Suppose that X1,n ≤ X2,n ≤
. . . ≤ Xn,n is the order statistics of X1, X2, . . . , Xn.Then Yj,n =
F (Xj,n), j = 1, 2, . . . , n implies Y1,n ≤ Y2,n ≤ . . . ≤ Yn,n is an
order statistics for Y1, Y2, . . . , Yn where Yj = F (Xj), j = 1, 2, . . . , n.
Let,

D∗
k,n =

Xn−k+1,n + Xn−k+2,n + . . . + Xn,n

k
,

Dk,n =
Yn−k+1,n + Yn−k+2,n + . . . + Yn,n

k

Clearly Xn−k+1,n ≤ D∗
k,n ≤ α, n ≥ k and from Lemma 1 ,it’s known

that

Yn−k+1,n −→ 1 a.s or F (Xn−k+1,n) −→ 1 a.s

=⇒ Xn−k+1,n −→ F−1(1) a.s or Xn−k+1,n

−→ α a.s ⇒ D∗
k,n −→ α a.s

We now give some examples as application of Theorem2.

Example 1 Consider X1, X2, . . . , Xn i.i.d Normal(0,1) and X1,n <
X2,n < . . . < Xn,n be the corresponding order statistics.Then

lim inf D∗
k,ne

D∗2k,n
2

ln ln n
n

= 1√
2Π

a.s

Define Yi,n = F (Xi,n) ,i=1,2,. . . ,n,where Y1,n < Y2,n < . . . <
Yn,n are order statistics from U(o,1). Hence from Lemma 2

lim sup
n(1− Yn−k+1,n)

ln ln n
= 1 a.s

⇒ P
(
1− Yn−k+1,n > (1± ε)

ln ln n

n
i.o

)
=

0
1

1− Yn−k+1,n >
(1± ε) ln ln n

n
⇐⇒ 1− F (Xn−k+1,n) >

(1± ε) ln ln n

n

Since Xn−k+1 →∞ a.s, from Feller(1968),pp. 175,one has

1− F (Xn−k+1,n) ' 1√
2πXn−k+1,n

e−
X2

n−k+1,n
2 a.s
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Consequently from (15),

P

(
Xn−k+1,ne

X2
n−k+1,n

2 (
ln ln n

n
) <

1√
2π(1 + ε)

i.o

)
= 0

P

(
Xn−k+1,ne

X2
n−k+1,n

2 (
ln ln n

n
) <

1√
2π(1− ε)

i.o

)
= 1

Take 1
(1∓ε)

= 1± δ. Then

P

(
Xn−k+1,ne

X2
n−k+1,n

2 (
ln ln n

n
) <

(1− δ)√
2π

i.o

)
= 0

P

(
Xn−k+1,ne

X2
n−k+1,n

2 (
ln ln n

n
) <

(1 + δ)√
2π

i.o

)
= 1

or lim inf

(
Xn−k+1,ne

X2
n−k+1,n

2 (
ln ln n

n
)

)
=

1√
2π

a.s

From the relation Xn−k+1,n < D∗
k,n < Xn,n one gets,

lim inf

(
D∗

k,ne
D∗2k,n

2 ( ln ln n
n

)

)
= 1√

2π
a.s. Since F is N(o,1),we have

V ∗
k,n = D∗

k,n. This relation implies that for any δ > 0, V ∗
k,ne

V ∗2k,n
2 =

1−δ√
2π

n
ln ln n

a.s, or equivalently V ∗2
k,n + 2 ln V ∗

k,n > 2 ln n − 2 ln ln n −
2 ln

√
2π− ε a.s . Define Θn = 2 ln n− 2 ln ln n− 2 ln

√
2π .From

the fact that x2 + 2 ln x is an increasing function in x,the lower bound
for V ∗

k,n is obtained from the equation V ∗2
k,n + 2 ln V ∗

k,n − Θn = 0. The
plot of the lower bound is given in the Figure-2.

Example 2 X1, X2, . . . , Xn i.i.d standard exponential with the corre-
sponding order statistics of X1,n < X2,n < . . . < xn,n . One can show
that for fixed k ,

lim inf

(
D∗

k,n − (ln n− ln ln ln n)

)
= 0 a.s
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Define Yk,n = F (Xk,n) ,i=1,2,. . . ,n,where Y1,n < Y2,n < . . . < Yn,n

are order statistics from uniform(o,1).Hence from Lemma 2,one has

P
(
1− Yn−k+1,n > (1± ε)

ln ln n

n
i.o

)
=

0
1

(15)

Note that 1− F (Xn−k+1,n) = e−Xn−k+1, and from (15)

P
(
e−Xn−k+1,n > (1± ε)

ln ln n

n
i.o

)
=

0
1

or

P
(
Xn−k+1,n < ln− ln ln ln n− ln(1± ε) i.o

)
=

0
1

Taking ln(1+ ε) = δ1 and ln(1− ε) = −δ2, for δ = max(δ1, δ2)
one gets

P
(
Xn−k+1,n − (ln− ln ln ln n) <

− δ
δ

i.o
)

=
0
1

⇒

lim inf
(
Xn−k+1,n − (ln− ln ln ln n)

)
= 0 a.s

The relation Xn−k+1,n < D∗
k,n < Xn,n implies,

lim inf

(
D∗

k,n − (ln n− ln ln ln n)

)
= 0 a.s (16)

For unit exponential ,we have µ = 1 and σ = 1.Hence V ∗
k,n = D∗

k,n−
1.Using (16) ,one gets D∗

k,n > ln n − ln ln ln n − δ a.s . Taking
γn = ln n− ln ln ln n− δ.Then
V ∗

k,n = D∗
k,n − 1 > γn − 1 a.s . By choosing n large,one can get a

V ∗
k,n adequately large.

Example 3 X1, X2, . . . , Xn be i.i.d with pareto distribution function,

F (x) =

{
0 if x < 1
1− 1

xα if x ≥ 1
, α > 0
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One can show that , lim inf
D∗k,n(ln ln n)

1
α

n
1
α

= 1 a.s . Define Yk,n =

F (Xi,n) ,i=1,2,. . . ,n,where Y1,n < Y2,n < . . . < Yn,n are order statis-
tics from uniform(o,1). Hence from Lemma 2

P
(
1− Yn−k+1,n > (1± ε)

ln ln n

n
i.o

)
=

0
1

(17)

We have 1− F (Xn−k+1,n) = 1
Xα

n−k+1,n
and hence,

1− Yn−k+1,n >
(1± ε) ln ln n

n
⇐⇒ 1− F (Xn−k+1,n) >

(1± ε) ln ln n

n

⇐⇒ Xα
n−k+1,n <

n

(1± ε) ln ln n

, From(17)

P

(
Xn−k+1,n(ln ln n)

1
α

n
1
α

< 1
(1±ε)

i.o

)
=

0
1
⇒ P

(
Xn−k+1,n(ln ln n)

1
α

n
1
α

< (1∓

δ) i.o

)
=

0
1

for δ > 0, i.e, lim inf

(
Xn−k+1,n(ln ln n)

1
α

n
1
α

)
= 1 a.s, Xn−k+1,n < D∗

k,n <

Xn,n implies that

lim inf

(
D∗

k,n(ln ln n)
1
α

n
1
α

)
= 1 a.s (18)

For Pareto Distribution µ = α
α−1

and σ =
√

α
(α−1)2(α−2)

, when

ever α > 2. Then V ∗
k,n =

D∗k,n−µ

σ
. Using (18),one gets D∗

k,n >

(1−δ) n
1
α

(ln ln n)
1
α

a.s . Taking λn = (1−δ) n
1
α

(ln ln n)
1
α
, one gets

D∗k,n−µ

σ
<

λn−µ
σ

f.o.i.e, V ∗
k,n > λn−µ

σ
a.s By choosing n large ,one can get V ∗

k,n sufficiently large.
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Remark 2 When α < 2 ,we take D∗
k,n −m as selection differential ,

where m is the median which is equal to 2
1
α .

Remark 3 One can show that selection differential for Freshet Dis-
tribution behaves similar to Pareto Distribution

We plot the lower bound of selection differentials for various value of
n for Normal,Exponential and Pareto distributions in Figures 1 and
2. Figure-1 shows lower bound of selection differential of pareto dis-

Figure 1: Pareto Distribution Figure 2: Normal and Exponential Distribution

tribution ,where α taken as 4,6,8 and Figure-2 represent lower bound
of selection differential for standard normal distribution and unit ex-
ponential distribution .
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Central Limit Theorem For Linearly Negative
Dependent Fuzzy Random Variables

R .Zaman, and B. Sadeghpour Gildeh

Payame Noor University of Ahvaz
Department of Statistics, University of Mazandaran

Abstract: In this paper, central limit theorems for linearly negative dependent
fuzzy random variables is discussed by invoking the Hakuhara metric.

Keywords: Central limit theorem; Fuzzy numbers; Fuzzy set-
valued random variables; Negatively dependent; Linearly negative de-
pendent.

1 Introduction

The concept of fuzzy random variable was introduced by Kwaker-
naak[3] and Puri and Ralescu[4]. H-C.Wu[9], provided central limit
theorem (CLT) for α−cut fuzzyrandom variables. Newman (1984)
used liearly negative dependent random variables which requires linear
combinations (with positive constant) of negative dependent random
variables to be negatively dependent. Roussas[8], assumed negative as-
sociation (which impies linearly negative dependence) to obtain CLT
for arrays of negative dependent and negative associated random vari-
ables. Terán[7], provided CLT when measurements are modelled as
trapezoidal fuzzy intevals and the t-norm is either the produc or the
ÃLukasiewicz t-norm. In this paper, we will be obtained CLT for lin-
early negative dependent fuzzy random variables. We suppose that,

the fuzzy-random variables have the following form X̃ = µ̃ ⊕ Ĩ{E},
where E a real random variable is distributed as X̃ but with zero
mean[7].Therefore we use the Dp,q−Distance defined on set of fuzzy
numbers, to conculate the variance of fuzzy random variable[6],

E(X̃) = µ̃

Dvar(X̃) = var(E).
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In section 2, we recall some basic concepts of fuzzy numbers.

In section 3, the definition linearly negative dependent fuzzy random
variables have been presented, and finally, in section 4 we prove cen-
tral limit theorems by standardizing linearly negative dependent fuzzy

random variables X̃ by invoking the Hakuhara metric.

2 Preliminary

In this section we first recall some notions of fuzzy sets, fuzzy numbers
and some operations on fuzzy numbers. And then we present Dp,q-
distance defined on the space of fuzzy numbers [5].

Definition 1 ([6]) Let E be a universal set, then a fuzzy set Ã of E

is defined by its membership function Ã : E → [0, 1]. For all x ∈ E ,

Ã(x) is the membership grade of x to Ã.

Definition 2 ([6]) Aα is called the α− level(cut) set of Ã, defined by

Aα = {x ∈ E : Ã(x) ≥ α}.
Definition 3 ([6]) A fuzzy number is a fuzzy set of R such that the
following condition are satisfied

a) Ã is normal, that is, there exist x0 such that Ã(x0) = 1,

b) Ã is convex, that is, ∀x1, x2 ∈ R and λ ∈ [0, 1]:

Ã(λx1 + (1− λ)x2) ≥ min(Ã(x1), Ã(x2)),

c) Ã is upper semicontinuous with compact support.
According to the definition 2.2, α − level set of a fuzzy number is a
closed interval, denote by Aα = [A−

α , A+
α ], i.e.

A−
α = inf{x ∈ R : Ã(x) ≥ α}, and A+

α = sup{x ∈ R : Ã(x) ≥ α}.
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The set of all fuzzy number is denoted by F (R). Let ã and b̃ be two
closed fuzzy numbers. If there exists a closed fuzzy number c̃ such

that c̃ ⊕ b̃ = ã (note that the fuzzy addition is commutative), then c̃

is unique. In this case, c̃ is called the Hukuhara difference of ã and b̃

and is denoted by ãªH b̃ (see Puri and Ralescu[4])

Definition 4 ([6]) The Dp,q-distance, indexed by parameters 1 ≤ p ≤
∞, 0 ≤ q ≤ 1, between two fuzzy numbers Ã and B̃ is a nonnegative
function on F (R)× F (R) given as follows

Dp,q(Ã, B̃) =





[(1− q)
∫ 1

0
|A−

α −B−
α |p dα + q

∫ 1

0
|A+

α −B+
α |p dα]

1
p ,

if p < ∞,

(1− q)sup0<α≤1 (|A−
α −B−

α |) + qinf0<α≤1(|A+
α −B+

α |) ,
if p = ∞.

The analytical properties of Dp,q depend on the first parameter p, while
the second parameter q of Dp,q characterizes the subjective weight at-
tributed to the sides of the fuzzy numbers. if there are no reason to dis-
tinguish any side of fuzzy numbers, Dp, 1

2
is recommended. (F (R), Dp,q)

is a complete metrice space. Let (Ω,A, P ) be a probability space.

Definition 5 ([5]) A Mapping X̃ : Ω → F (R) is said to be a fuzzy
random variable associated with (Ω,A) if and only if

{(ω, x) : x ∈ Xα(ω)} ∈ A × B,

where B denote the σ-field of Borel set in R.

Definition 6 Let X̃ be a fuzzy random variable with fuzzy expecta-

tion µ̃. We say that X̃ is an H-fuzzy random variable if the Hukuhara

diference X̃(ω)ªH µ̃ exists for all ω ∈ Ω.

Proposition 2.1 Let X̃ be an H-fuzzy random variable with fuzzy

expectation µ̃.Then the fuzzy expectation of X̃ªH µ̃ is a crisp number
with value 0.
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Definition 7 Let E be a real normal standard random variable and
µ̃ = 0̃. We say that X̃ is a normal standard fuzzy random variable.

Definition 8 ([6]) Let X̃ be a fuzzy random variable and Ã ∈ F (R).

The D2,q−mean square dispersion of X̃ about Ã ∈ F (R), is given by

DMSD(X̃, Ã) = E
(
[D2,q(X̃, Ã)]2

)
=

∫

Ω

[D2,q(X̃(ω), Ã)]2dP (ω).

Definition 9 ([6]) The central D2,q−mean square dispersion of X̃ is

called Dvar(X̃) and given by

Dvar(X̃) = E
(
[D2,q(X̃, µ̃X̃)]2

)
=

∫

Ω

[
(1− q)

∫ 1

0

(X−
α (ω)− (µX̃)−α )2dα

+q

∫ 1

0

(X+
α (ω)− (µX̃)+

α )2dα

]
dP (ω).

(2)

Theorem 1 ([6]) Let X̃ be a fuzzy random variable and Ã ∈ F (R),
then

Dvar(X̃ ⊕ Ã) = Dvar(X̃).

Proof:

(X̃(ω)⊕ Ã)α = [X−
α (ω) + A−

α , X+
α (ω) + A+

α ],(
Ẽ(X̃ ⊕ Ã)

)
α

= [(µX̃)−α + A−
α , (µX̃)+

α + A+
α ].

Then, by using the definition of Dvar(X̃), Dvar(X̃⊕ Ã) = Dvar(X̃).
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3 Linearly negative dependent fuzzy random vari-
ables

In this section we recall the definition of negatively dependent real-
valued random variables, and then we present a new definition of neg-
atively dependent fuzzy random variables based on α− level set .

Definition 10 ([2])Random variables X and Y are negatively depen-
dent (ND) if

P{X ≤ x; Y ≤ y} ≤ P{X ≤ x}P{Y ≤ y}
for all x, y ∈ R.

Definition 11 Fuzzy random variables X̃ and Ỹ are negatively de-
pendent (ND) if for all α ∈ [0, 1]

P {X−
α ≤ x, Y −

α ≤ y} ≤ P{X−
α ≤ x}P{Y −

α ≤ y},

P {X+
α ≤ x, Y +

α ≤ y} ≤ P{X+
α ≤ x}P{Y +

α ≤ y},
(1)

where X−
α = inf {x ∈ R : X̃α(ω) ≥ α} and X+

α = sup {x ∈ R :

X̃α (ω) ≥ α}. X−
α and X+

α are real-valued random variables.

Definition 12 A sequence of random variables, {Xj} is said to be lin-
early negative dependent (LIND) if for any disjoint subsets of indices
A,B and positive λ,

js,
∑
k∈A

λkXk and
∑
l∈B

λlXl are negatively dependent.

Proposition 3.1(Newman, 1980) Suppose X1, ..., Xm are linearly neg-
atively dependent (LIND). Then

∣∣∣∣∣E exp[i
m∑

j=1

rjXj]−
m∏

j=1

E exp[rjXj]

∣∣∣∣∣ ≤
m∑

k,l=1
k<l

|rkrlcov(Xk, Xl)|
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Definition 13 A sequence of fuzzy random variables,{X̃j} is said to
be LIND if for any disjoint subsets of indices A,B and positive λ,

js

∑

k∈A

λk(Xk)
+
α and

∑

l∈B

λl(Xl)
+
α ,

∑

k∈A

λk(Xk)
−
α and

∑

l∈B

λl(Xl)
−
α

for all α ∈ [0, 1, are negativly dependent.

4 Central limit theorems

Theorem 2 Let {X̃i} be a sequence of H-fuzzy random variables

which are independent.Then Dn =

n⊕
i=1

X̃iªH

n⊕
i=1

µ̃i

√
Dvar(

n⊕
i=1

X̃i)

converge in distri-

bution to a N(0,1) f.r.v.

Proof: Based on the definition of X̃,we have

Dn =

n⊕
i=1

X̃i ªH

n⊕
i=1

µ̃i

√
Dvar(

n⊕
i=1

X̃i)

=

(
n⊕

i=1

µ̃i ⊕ Ĩ
{

n∑
i=1

Ei}

)
ªH

n⊕
i=1

µ̃i

√
Dvar(

n⊕
i=1

X̃i)

=

0̃⊕ Ĩ
{

n∑
i=1

Ei}
√

var(
n∑

i=1

Ẽi)

= 0̃ +

n∑
i=1

Ei

√
var(

n∑
i=1

Ẽi)

By CLT for real random variables, we can say that

n∑
i=1

Ei

√
var(

n∑
i=1

Ei)

con-

verge in distribution to a N(0,1) r.v. therefore, Dn
d−→ N(0, 1)f.r.v.
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Theorem 3 Let {X̃i} be a sequence of LIND fuzzy random variables,
such that

1) σ
′2

n = Dvar(
n⊕

i=1

X̃i) →∞

2) σ
′2

n

∑ ∑
i<j

cov(Ei, Ej) → 0 as n →∞

3)
n∑

i=1

E(E2
i I{|Ei|>εσ′n}) = O(σ

′2

n ).

Then σ
′−1

n

n∑
i=1

Ei converge in distribution to a N(0,1) r.v. so that, by

considering µ̃i = 0̃ we have σ
′−1

n

n⊕
i=1

X̃i
d−→ N(0, 1)f.r.v.

Proof:

σ
2

n =
n∑

i=1

Dvar(X̃i) =
n∑

i=1

var(Ei) ≥ Dvar(
n⊕

i=1

X̃i) = var(
n∑

i=1

Ei) = σ
′2
n

since

var(
∑

i

Ei) =
∑

i

var(Ei) +
∑∑

i<j

cov(Ei, Ej)

and

1 = lim
n→∞

(
σ

2

n

σ′2n
+

1

σ′2n

∑∑
i<j

cov(Ei, Ej)) = lim
n→∞

σ
2

n

σ′2n

it suffices to show that σ
−1

n

n∑
i=1

Ei
d−→ N(0, 1).
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By proposition 3.1 we have,

∣∣∣∣∣Ee
itσ−1

n

n∑
j=1

Ej −
n∏

j=1

Ee
itσ−1

n Ej

∣∣∣∣∣ ≤
−t2

σ2
n

∑∑
i<j

cov(Ei, Ej)

which goes to zero as n → ∞. Let {Zj} be an sequence of in-
dependent r.v. where Zj is distributed as Ei.By construction and
Lindberg-Feller CLT,

n∏
j=1

Ee
itσ−1

n Ej
=

n∏
j=1

Ee
itz−1

n Ej → e
−t2

2

and by theorem 4.1 we have,

σ
′−1

n

n⊕
i=1

X̃i
d−→ N(0, 1)f.r.v.

which completes the proof.
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Abstract: Medical diagnostic tests are designed to discriminate between different
states of health or medical conditions. Before diagnostic tests are implemented in
practice, it is imperative that their accuracy or ability to discriminate, and factors
that affect test’s accuracy is studied. The accuracy of a diagnostic test can be
summarized in a receiver operating characteristic (ROC) curve, a plot of true
positive (TP) versus false positive (FP) rates associated with varying thresholds
(c) for the test result (Y). In this approach we use ROC regression to compare ROC
curves for continuous test results and for evaluating multiple covariates affecting
on the accuracy of medical test. We consider a ROC model for which the ROC
curve is a parametric function of covariates but distributions of the diagnostic test
results are not specified (parametric distribution free approach). The general ROC
regression model is ROCX,XD (t) = g{∑K

k=1 γkhk(t) + βX + βDXD}. The ROC
curve is a function of covariates that can be either common to all subjects (X),
or specific to those with disease (XD). We use an estimation procedure based on
binary indicators defined by the test result for a diseased subject exceeding various
specified quantiles of the distribution of test results from non-diseased subjects
with the same covariate values and then estimate parameters by fitting binary
generalized linear models to these indicator variables. The methodology is applied
to child’s body temperature data set, where we use the regression framework to
compare the accuracy of three body temperature measuring techniques (Right
Tympanic, Left Tympanic, Axillary) in detecting febrile children. Our model
shows that there is no difference in the accuracy of these measuring techniques.
We also analyze factors such as antipyretic use, environment temperature and
fever intensity (Rectal temperature), that supposed to influence the capacity of
these techniques for distinguishing febrile children.
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Keywords: Accuracy, Diagnostic tests, Discriminate, ROC re-
gression analysis, Sensitivity, Specificity.

1 Introduction

Research into new diagnostic, screening, and prognostic disease mark-
ers and tests has exploded in recent years.The development of diag-
nostic tests for newly identified conditions is an essential first step in
disease management.Diagnostic tests with improved accuracy or de-
creased cost are also being sought for established diseases. Screening
biomarkers and tests have the potential to detect disease at an early
stage, when it is more treatable. In each of these settings, the primary
question is of classification accuracy: How well does the marker dis-
tinguish between the two groups of individuals, the ”cases” and the
”controls” (Janes,Pepe,2006).

Recently it has been recognized that various factors can affect
the test performance beyond the disease status(Pepe (1997) and Pepe
(2000)). Those factors include different test settings and/or subject’s
demographic data. One example is that for certain test whose test
subjects include both men and women or both younger and older peo-
ple, tests performance may vary between men and women or between
younger and older people. Pepe listed several factors that can affect
test performance, such as factors associated with test subject or tester,
test settings and severity of disease (Pepe (2003),pp.48-49). It is there-
fore important to understand such influence to determine the optimal
and suboptimal conditions or populations to perform such tests. If we
find the test doesn’t perform well for certain condition or population,
then we may need to modify the test or even develop a new test for
those situations. On the other hand, if we find that a factor doesn’t
influence test performance, we can relax the conditions under which
the test is performed (Zhang,Pepe (2005)).

Comparing performance between several different tests is a
special case of modelling covariate effects. When a new diagnostic
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test is developed, before it can be used in the practice, frequently
we need to compare it with an existing test to evaluate whether the
new test provides better discrimination between cases and controls.
Under certain situations (e.g., cost and invasiveness of the test), a
new test is favored as long as it is proven to be non-inferior to its
closest competitor (Zhang,Pepe (2005)).

The concept of covariate adjustment has been well studied in epi-
demiological and clinical research, as well as in statistics more broadly
(Janes,Pepe (2006)).

In the field of medical diagnostic testing, the receiver operating
characteristics(ROC) curve has long been used as a standard statistical
tool to assess the accuracy of tests that yield continuous or ordinal
results (Alonzo,Pepe (2006)).

Let D be a binary variable taking the value 1 for diseased
subjects and 0 for non diseased subjects. Let the variable Y denote
the continuous test result, and use the convention that higher values
of Y are considered more indicative of disease .The ROC curve is
motivated as follows : if a treshold value c is used to classify subjects
as diseaseed or not on the basis of Y, then the true-positive and false-
positive rates can be written as:TPR(c) = P (Y ≥ c | D = 1) and
FPR(c) = P (Y ≥ c | D = 0) (Cai,Pepe (2002)).

The TPR, also called the sensitivity, is the proportion of diseased
subjects correctly detected by the test. On the other hand, FPR or
(1-specificity) is defined as the proportion of non-diseased subjects
erroneously deemed positive by the test (Alonzo,Pepe (2006)).

ROC curve is a plot of true positive (TP) versus false positive (FP)
rates associated with varying thresholds c for the test result Y (Pepe
(2000)).

ROC regression methodology is used to identify factors that
affect the discriminating capacity of non-binary test. In this approach
we use ROC regression to compare ROC curves for continuous test
results and for evaluating multiple covariates affecting on the accuracy
of medical test.
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A review of the three major existing approaches to ROC re-
gression is provided in a paper written by Pepe (1998). The first
approach which was proposed by Tosteson and Begg uses regression
models for the test outcome and infers covariate effects on the cor-
responding ROC curves. The second approach considers regression
models for the area under the ROC curve (AUC), a common summary
measure of the ROC curve, was proposed by Thompson and Zucchini.
Finally, a parametric distribution-free (PDF) approach that directly
models the ROC curve has been proposed by Pepe (1997). In a de-
tailed comparison of the three approaches, Pepe (1998) notes several
major advantages to the latter approach, including the facts that it
can accommodate multiple test types and continuous covariates and
that models can pertain only to restricted portions of the ROC curve
that are of interest .

Thus, we consider the direct modelling approach in this paper.
We consider a ROC model for which the ROC curve is a parametric
function of covariates but distributions of the diagnostic test results
are not specified (parametric distribution free approach, PDF). We
are interested in determining the effect of a covariate vector X on the
accuracy of a continuous diagnostic test Y.

2 Material and Method
2.1 Modelling ROC curve

Let (YD) and (YD̄) denote test result random variables from diseased
(D) and non-diseased (D̄) populations, respectively. We assume that
larger values of Y are more indicative of disease and smaller values are
less indicative of disease.

For estimating the ROC curve , SD and SD̄ denote the survivor
functions for Y in the diseased and non-diseased populations

SD(y) = P (Y ≥ c | D = 1)) = P (YD ≥ c)

SD̄(y) = P (Y ≥ c | D = 0) = P (YD̄ ≥ c)

and note that SD(c) = TPR(c) and SD̄(y) = FPR(c), then the
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ROC curve can be written as:

ROC(t) = SD(S−1
D̄

(t)), t ∈ T

where t is the set of possible FP rates attainable by varying c ∈
(−∞+∞), i.e T = {SD̄(c), c ∈ (−∞, +∞)}.

This follows simply from the definition of the ROC curve. Let
c = S−1

D̄
(t) .That is,c is the treshold corresponding to the false positive

fraction t, so that P (Y ≥ c | D = 0) = t.The corresponding true
positive fraction is P (Y ≥ c | D = 1) = SD(c). So the TPR that
corresponds to the FPR=t is ROC(t) = SD(c) = SD(S−1

D̄
(t)) (Pepe

(2003),pp.67-70).

That is, ROC(t) is the probability that a diseased individual has
test results (YD) that are greater than or equal to the tth quan-
tile of the distribution of test results from non-diseased individuals
(Alonzo,Pepe (2002)).

Suppose the ROC curve is modelled parametrically with the form;
ROCγ(t) = g{∑K

k=1 γkhk(t)}, for some specified link function g, basis
functions h1, ..., hk and unknown parameter γ .The functions g() and
hk()are chosen so that the ROC curve is monotone increasing on the
unit square. For example ,with the probit link, g = Φ, the cumula-
tive normal distribution function, and basis functions h1(t) = 1 and
h2(t) = Φ−1(t). These choices yield the binormal model: ROCγ(t) =
Φ{γ1 + γ2Φ

−1(t)}.
This approach is referred to as PDF, because the approach specifies

a parametric model for the ROC curve but does not assume distribu-
tions for the diagnostic test results.

Alonzo and Pepe (2002), developed a method for fitting this re-
gression model based on binary indicators defined by a test result for
a diseased subject exceeding various specified quantiles of the distri-
bution of test results from non-diseased subjects. By this explanation
binary indicator will be of the form Uit = I[YDi ≥ S−1

D̄
(t)] for t ∈ (T )

, where t is a FPR between 0 and 1 and denotes a fixed finite set of
such values. The key observation is
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E[Uit] = P (YDi ≥ S−1
D̄

(t))

= SD(S−1
D̄

(t))

= ROCγ(t)

= g{
K∑

k=1

γkhk(t)}

then for estimating model parameters {γk, k = 1, ..., K}we can fit bi-
nary generalized linear models to these indicator variables:{Uit, i =
1, ..., nD; t ∈ (T )}, where nD and nD̄denote the number of observa-
tions for diseased and non-diseased test units.

Alonzo and Pepe’s (2002) algorithm for estimating the model pa-
rameters is as follows: (1) specify a set of FPRs, t ∈ (T ), to consider

(2) estimate S−1
D̄

(t) for t ∈ (T ) i.e. calculate the tth quantile of
the survivor distribution of the non-diseased test results. This can be
accomplished using empirical estimates when applicable or regression
quantile methods. We refer the reader to Koenker and Basset (1978),
and Heagerty and Pepe (1991).

(3) calculate Uit = I[YDi ≥ S−1
D̄

] for i = 1, ..., nD and t ∈ (T )

(4) fit the model E[Uit] = g{∑K
k=1 γkhk(t)} by solving standard

estimating equations for fitting a binary generalized linear model to
Uit with the link function g−1and covariates{hk(t); k = 1, ..., K}

nD∑
i=1

∑
t∈T

Si(γ, t) =

nD∑
i=1

∑
t∈T

h(t)ωγ(t)
(

Uit − g{∑K
k=1 γkhk(t)}

)
= 0

where ωγ(t) = [(∂/∂l)g(l)]/g(l)(1− g(l)) with l =
∑K

k=1 γkhk(t)

2.2 Modelling covariate effects on ROC curve
It is of interest to determine the effect of covariates, denoted by X
and XD , on the ROC curve, where X represents covariates common
to diseased and non-diseased subjects and XD denotes covariates that
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are specific to the diseased state. For example, X denotes age and
gender and XD describes a measure of how severe is the disease.

The ROC curve corresponding to (X, XD) can be written as ROCX,XD
(t)

= SD,X,XD
(S−1

D̄,X
(t)) ,where t ∈ (0, 1) is the FPR and SD,X,XD

(c) =

P (YD ≥ c | X, XD) and SD̄,X(c) = P (YD̄ ≥ c | X) are survivor func-
tions at threshold c. That is, ROCX,XD

(t) is the probability that a dis-
eased individual with disease-specific covariates XD and common co-
variates X has test results YD that are greater than or equal to the tth
quantile of the distribution of test results from non-diseased individu-
als. The general ROC regression model we consider is ROCX,XD

(t) =

g{∑K
k=1 γkhk(t)+βX +βDXD}. That is, the ROC curve is a function

of covariates common to diseased and non-diseased subjects, covari-
ates specific to diseased subjects, and a function h() which defines the
location and shape of the curve. The functions g() and hk()are chosen
so that the ROC curve is monotone increasing on the unit square.
In practice, g() =Φ, the cumulative normal distribution function,
h1(t) = 1, and h2(t) = Φ−1(t) are often used. These choices yield the
binormal model: ROCX,XD

(t) = Φ(γ1 + γ2Φ
−1(t) + βX + βDXD).

This model specifies that the ROC curves for different values of
X and XD differ by fixed amounts on the probit scale. If β > 0,
then the discrimination between YD and YD̄ increases with increasing
values of X . Similarly, if βD > 0, diseased subjects with larger values
of XD are more distinct from non-diseased subjects than are diseased
subjects with smaller values of XD. A more flexible model could be
fit by including an interaction between X or XD and Φ−1(t) allowing
the effects of (X, XD) to differ by varying amounts depending on the
FPR t.

Alonzo and Pepe (2002) developed a method for fitting this
regression model based on binary indicators defined by a test result
for a diseased subject exceeding various specified quantiles of the dis-
tribution of test results from non-diseased subjects with the same co-
variate values.By this explanation binary indicator will be of the form
Uit = I[YDi ≥ S−1

D̄,Xi
(t)] for t ∈ (T ) , where t is a FPR between 0 and

1 and denotes a fixed finite set of such values .The key observation is
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E[Uit] = P (YDi ≥ S−1
D̄,Xi

(t) | Xi, XDi)

= SD,Xi,XDi
(S−1

D̄,Xi
(t))

= ROCXi,XDi
(t)

= g({
K∑

k=1

γkhk(t) + βX + βDXD})

then for estimating model parameters {β, βD, γk, k = 1, ..., K}we can
fit binary generalized linear models to these indicator variables:{Uit, i =
1, ..., nD; t ∈ (T )}, where nD and nD̄denote the number of observations
for diseased and non-diseased test units.

Alonzo’s algorithm for estimating the model parameters is as fol-
lows:

(1) specify a set of FPRs, t ∈ (T ), to consider
(2) estimate S−1

D̄,Xi
(t) for t ∈ (T ) i.e. calculate the tth covariate-

specific quantile of the survivor distribution of the non-diseased test
results.

(3) calculate Uit = I[YDi ≥ S−1
D̄,Xi

(t)] for i = 1, ..., nD and t ∈ (T )

(4) fit the model E[Uit] = g{∑K
k=1 γkhk(t)+βX+βDXD} by solving

standard estimating equations for fitting a binary generalized linear
model to Uit with the link function g−1and covariates{hk(t), Xi, XDi; k =
1, ..., K}

nD∑
i=1

∑
t∈T

Si(γ, β, βD, t) =

nD∑
i=1

∑
t∈T




h(t)
Xi

XDi


 ωγ,β(t)

× (
Uit − g{∑K

k=1 γkhk(t) + βX + βDXD}
)

= 0 (1)

where ωγ(t) = [(∂/∂l)g(l)]/g(l)(1−g(l)) with l =
∑K

k=1 γkhk(t)+βX+
βDXD

3 Application to child’s body temperature data
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The methodology is applied to child’s body temperature data, where
we use the regression framework to compare the accuracy of 3 methods
of body temperature measuring (Right Tympanic, Left Tympanic, Ax-
illary) in children, and we also analyze factors such as antipyretic use,
environment temperature and fever intensity (Rectal temperature),
that supposed to influence the capacity of these three methods for
distinguishing febrile children. The measurements were obtained on
220 children who were between ages 3 months and 5 years old, who pre-
sented to Ali Asghar’s hospital in Booshehr.Exclusion criteria included
admission for surgical procedures at least on the ear, axilla or rectal
possitions.First we take admission from child’s parents for including
them in the study.Then child’s demographic information was recorded
.The tools used to measure temperature were calibrated prior to the
study. The order of measurement sites was the ears , then the axilla
and at last the rectal.Tympanic recordings were obtained using Om-
ron gentle temp 510 ,axilla recordings were obtained using Omron flex
temp 0197 and recctal recordings were obtained using Omron pro temp
cE 0473. For each body temperature measuring technique, we asked
a trained nurse to obtain that temperature and other nurses were not
informed about measured temperatures with other techniques. En-
vironment temperature was measured by the thermometer that was
instaled in child’s room, the environment temperature ranged from
24◦Cto 28.5◦C. The temperature recordings for all four sites ranged
from 34.4◦Cto 39.3◦C ,with a mean of 36.4◦Cfor the right tympanic,
36.4◦C for the left tympanic, 36.7◦C for the axilla and 36.6◦C for the
rectal sites.Fever was detected as a rectal temperature of greater than
38◦C (Gold standard test).

3.1 Modelling ROC curves for three measuring techniques
For modelling the ROC curves for each of the three body tempera-
ture measuring techniques (Right Tympanic, Left Tympanic, Axillary)
in detecting febrile children, using the notation introduced before, D
corresponds to the indicator of febrile child (a rectal temperature of
greater than 38◦C) and Y is temperatures measured according to each
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technique. Question of interest is to model ROC curves for each tech-
nique.

Of the 220 records for each measuring technique,192 and 28
correspond to febrile and non-febrile children , respectively. Thus,
nD̄ = 192 and nD = 28. Using the algorithm that was described
before, we first specified the set of FPRs to be used.Based on the
simulation results summarized in (Alonzo , pepe (2002)) , 50 equally
spaced FPRs, T = {1/51, 2/51, . . . , 50/51}, were used. Next, quan-
tiles of the survivor distribution of YD̄, temperatures for non-febrile
children in each technique, were estimated for t ∈ T using regression
quantile methods . Then Uit = I[YDi ≥ S−1

D̄,Xi
] was calculated for

i = 1, ..., 192 and t ∈ T . A probit regression model was then fitted to
Uit with covariate Φ−1(t). The following ROC regression model was
fitted:

ROCX,XD
(t) = Φ(γ1 + γ2Φ

−1(t))

The results are summarized in Table 1. Standard errors were es-

Table 1. Estimated parameters for the ROC analysis of three measuring
techniques.

Technique Variable Coefficient Standard error p-value

Right Tympanic Intercept 2.53 0.15 0.00
Φ−1(t) 1.05 0.12 0.00

Light Tympanic Intercept 2.19 0.11 0.00
Φ−1(t) 0.84 0.10 0.00

Axillary Intercept 2.06 0.10 0.00
Φ−1(t) 0.80 0.09 0.00

timated using 500 bootstrap samples. The jackknife-after-bootstrap
suggested 500 bootstrap samples was adequate (Alonzo , pepe (2002)).
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By comparing estimated parameters in three techniques we find
that the accuracy of these three techniques is not too much different.

3.2 Modelling covariate effects on the ROC curve
For comparing the ROC curves for three techniques (Right Tympanic,
Left Tympanic, Axillary) in detecting febrile children.Using the nota-
tion introduced before, Y is temperatures measured according to three
techniques.Each child contributes three observations to the analysis.
Let X1 be a corresponding indicator variable ,equal to one for the
Right tympnic technique and zero for others and X2 be a correspond-
ing indicator variable ,equal to one for the Left tympnic technique and
zero for others .Our full model will be

ROCX,XD
(t) = Φ(γ1 + γ2Φ

−1(t) + β1X1 + β2X1Φ
−1(t)

+β3X2 + β4X2Φ
−1(t))

In the above model we use marker type as a stratification covariate .
This model is very flexible, in that it allows the effects of(X, XD) on
the ROC curves to differ by varying amounts depending on the FPR
t.Standard errors were estimated using 500 bootstrap samples, with
the unit for resampling being the cluster of data for the study sub-
ject. With backward regression parameter estimation suggested that
interactions between covariates and Φ−1(t) and stratification covari-
ates were not significant and, thus, the following reduced model was
more appropriate:

ROCX,XD
(t) = Φ(γ1 + γ2Φ

−1(t))

This model implies that ROC curves for different kinds of tech-
niques is same.Our model shows that there is no difference in the
accuracy of these measuring techniques. For analyzing the effect

of child’s covariates on each of the three techniques (Right Tympanic,
Left Tympanic, Axillary), Y is temperatures measured according to
each technique. Questions of interest are to determine at different
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Table 2. Estimated parameters for the ROC analysis to compare three measuring
techniques.

Variable Coefficient Standard error p-value

Intercept 2.22 0.33 0.00

Φ−1(t) 0.87 0.2 0.00

states of antipyretic use and environment temperature how well each
technique discriminates febrile children from non-febriles. We also
want to know how well each technique would distinguish a child who
is severely febrile from non-febriles. Therefore, the covariates of inter-
est, X , are the antipyretic use and environment temperature, and XD

is fever intensity.
We first specified the set of FPRs to be used. 50 equally spaced

FPRs, T = {1/51, 2/51, . . . , 50/51}, were used. Next, quantiles
of the survivor distribution of YD̄, measured temperature for each
technique for non-febrile children , were estimated as a function of an-
tipyretic use and environment temperature for t ∈ T using regression
quantile methods. Then Uit = I[YDi ≥ S−1

D̄,Xi
] was calculated for i

=1,... ,192 and t ∈ T . A probit regression model was then fitted to
Uit with covariates Φ−1(t), X = (antipyretic use , environment tem-
perature), and XD= fever intensity . The results are summarized in
Table 3. By the above estimates we find out the amount of effect of
each covariate on each technique, for example the positive coefficient
for fever intensity in Left Tympanic and Axillary is positive, implies
that it is easier to distinguish highly febrile children from non-febriles
than to distinguish moderately febriles from non-febriles.

4 Discussion
The main point we make in this paper is that some covariates can
affect the accuracy of medical diagnostic test.Standard binary regres-
sion methodology applied to binary variables, Uit = I[YDi ≥ S−1

D̄,Xi
]
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Table 3. Estimated parameters for the ROC analysis of three measuring
techniques and childs covariates.

Technique Variable Coefficient Standard error p-value

Intercept -36.33 19.48 0.06
Φ−1(t) 74.03 18.30 0.00

Right Tympanic Antipyretic-Use -0.28 0.29 0.34
Fever Intensity 1.01 0.51 0.05
Φ−1(t)∗Antipyretic-Use 1.55 0.31 0.00
Φ−1(t)∗Fever Intensity -1.91 0.48 0.00

Intercept -108.40 1.97 0.00
Φ−1(t) -16.38 2.49 0.00

Left Tympanic Antipyretic-Use -1.82 0.17 0.00
Environment-Temp 0.56 0.10 0.00
Fever Intensity 2.50 0.29 0.00
Φ−1(t)∗Environment-Temp 0.65 0.10 0.00

Intercept -89.30 11.41 0.00
Φ−1(t) -8.18 2.47 0.001
Antipyretic-Use -1.61 0.22 0.00

Axillary Environment-Temp 0.61 0.27 0.00
Fever Intensity 1.97 0.27 0.00
Φ−1(t)∗ Antipyretic-Use -0.34 0.17 0.03
Φ−1(t)∗Environment-Temp 0.35 0.09 0.00

yield mechanism for estimating, comparing and evaluating covariate
effects on ROC curves.

Alonzo and Pepe(2002) investigated the efficiency of the PDF ap-
proach and concluded that the PDF and maximum likelihood (ML)
approaches have similar efficiency and MSE, and suggested that PDF
estimator is reasonably efficient . Pepe (1998), in a detailed compar-
ison of the three major existing approaches to ROC regression notes
several major advantages to PDF approach, including the facts that it
can accommodate multiple test types and continuous covariates and
that models can pertain only to restricted portions of the ROC curve
that are of interest .
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Weiss (1991), compared the three body temperature measuring
techniques, concluding that their accuracy was similar and suggested
that differences between these techniques may be as a result of en-
vironmental influences .The issue of whether environment influence
Tympanic temperature remains controversial (Baily,Rose (2001)).
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A study on the residual Rényi entropy of order
statistics
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Abstract: This paper explores some properties of the residual Rényi entropy
and residual Rényi information for the order statistics. In the first, we obtain
the relation between the residual Rényi entropy of the kth order statistic from an
arbitrary distribution with the residual Rényi entropy of the kth order statistic
from uniform distribution. Then we give some bounds for the residual Rényi en-
tropy of these ordered random variables. It is also shown that although the Rényi
information between the distribution of the kth order statistic and the underlying
distribution is distribution free however the corresponding dynamic Rényi infor-
mation is model dependent. This result is also proved for the consecutive order
statistics.

Keywords: Order statistic, Rényi entropy, Residual lifetime, Rényi
information, Incomplete beta function.

1 Introduction

Let X be a non-negative continuous random variable with density
function f and distribution function F. In addition suppose that X1, ..., Xn

is a random sample from X. The order statistics of this sample is de-
fined by the arrangement of X1, ..., Xn from smallest to the largest,
denoted as X1:n ≤ ... ≤ Xk:n. It is well known that the survival func-
tion F̄k:n(x) = 1− Fk:n, k = 1, ..., n is given by

F̄k:n(x) =
k−1∑
i=0

(
n

i

)
F i(x)F̄ n−i(x) =

B̄F (x)(k, n− k + 1)

B(k, n− k + 1)
(1)

where

B̄F (k, n− k + 1) = B(k, n− k + 1)−BF (x)(k, n− k + 1) (2)

679



S. Zarezadeh A study on the residual Rényi entropy of order statistics

and BF (x)(k, n − k + 1) is known as the incomplete beta function at
F (x). The density function corresponding to this equals

fk:n(x) =
1

B(k, n− k + 1)
[FX(x)]k−1[1− FX(x)]n−kfX(x). (3)

Order statistics are used in a wide range of problems, including in char-
acterization of probability distributions, analysis of censored samples,
reliability analysis, goodness-of-fit tests, quality control and so on.

In information theory to measure the amount of information in
a probability distribution the Rènyi’s entropy (Rènyi (1961)) plays a
central role. Let X be a non-negative continuous random variable
with density function f. The Rényi entropy of X, which we denote by
Hα(f), is defined as follows:

Hα(f) =
1

1− α
log

∫ ∞

0

fα(x)dx

where α > 0, α 6= 1. It is well known that when α tends to 1,
Hα(f) tends to Shannon entropy (Shannon (1948)) which we denote
by H(f). That is

lim
α→1

Hα(f) = H(f) = −
∫ ∞

0

f(x) log f(x)dx.

The Rényi entropy has a wide range of applications in many fields
from electrical engineering, physics, chemistry and computer sciences
to economics, biology and medicine genetics. Several properties of the
Rényi entropy are explored by Rényi (1961), Morales et al. (1997),
Song (2001). Recently, Rényi entropy of parametric distributions are
tabulated by Nadarjah and Zografos (2003).

Let the random variable X denote a duration such as the lifetime
of a system. Usually in reliability theory and survival analysis, when
the system is still alive at time t, one is interested in studying the
properties of the residual lifetime of the system. The residual lifetime
of the system, which we denote by Xt, is Xt = X − t|X > t. In this
case the Rényi entropy is not an appropriate measure. Motivated by
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this, Asadi et al. (2005) introduced a concept of Rényi entropy for the
residual lifetime as follows

Hα(X; t) =
1

1− α
log

∫ ∞

t

fα(x)dx

F̄α(t)
(4)

where α > 0, α 6= 1 and F̄ is the survival function of X. If λF (t) = f(t)

F̄ (t)

denote the failure rate of X then it can be written

Hα(X; t) =
1

1− α
log E

[
(λF (X∗))α−1|X∗ > t

]− 1

1− α
log α (5)

where X∗ is a random variable with survival function F̄α(t). Several
properties of this measure has been derived by these authors. This
measure is appropriate for comparison of distributions of residual life-
time. Mahmoudi and Asadi (2008) explored some monotone behavior
of the residual Rényi entropy.

The wide scope of applications of order statistics gives attention to
the study of information properties of them. Ebrahimi et al. (2004) ex-
plored some properties of the Shannon entropy for the order statistics.
Recently, some results based on Rényi entropy of the order statistics
are studied by Baratpour et al. (2008).

The aim of the present paper is to study some properties of
residual Rényi entropy and residual Rényi information of order statis-
tics. In Section 2, we obtain some bounds for residual Rényi entropy
and give some examples. In Section 3, we show that although the
Rényi information between the distribution of the kth order statistic
and the underlying distribution is distribution free however the corre-
sponding dynamic Rényi information is model dependent.

2 Results on residual Rényi entropy of order
statistics

In this section we concentrate on the residual entropy of order statis-
tics. First we give the following lemma.
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Lemma 1 Let Uk:n is kth order statistic of U(0, 1) distribution. It
can be shown that

Hα(Uk:n; t) =
1

1− α
logB̄t(α(k − 1) + 1, α(n− k) + 1)

− α

1− α
logB̄t(k, n− k + 1)

Now the residual Rényi entropy of order statistics from arbitrary
distribution can be found by noting that Uk:n = FX(Xk:n), k = 1, ..., n
where Uk:n is the kth order statistic from a random sample of size
n from U(0, 1) distribution. This transformation formula gives the
following theorem for the residual Rényi entropy of the order statistics.

Theorem 1 Residual Rényi entropy of kth order statistic from arbi-
trary distribution can be written in terms of the Residual Rényi entropy
of kth order statistic from uniform distribution over the unit interval
as follows

Hα(Xk:n; t) = Hα(Uk:n; F (t)) +
1

1− α
logE[fα−1(F−1(Yk))]

where Yk ∼ B̄F (t)(α(k − 1) + 1, α(n− k) + 1).
Note that, in this paper X ∼ B̄t(a, b) denotes distribution with density
function

fX(x) =
1

B̄t(a, b)
xa−1(1− x)b−1 ; t ≤ x ≤ 1. (6)

Now we give some examples.

Example 1 Suppose that X is a random variable having the expo-
nential distribution with mean 1

θ
. Then f(F−1(y)) = θ(1− y) and we

have

E[fα−1(F−1(Y1))] =
θα−1F̄ nα(t)

nαB̄F (t)(1, α(n− 1) + 1)

For k = 1, theorem 1 gives

Hα(X1:n; t) =
logα

α− 1
− log(nθ)
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On the other hand, we have

Hα(X; t) =
logα

α− 1
− logθ

Since f is strictly decreasing function, this is other reason of this
fact that X1:n has exponential distribution with mean 1

nθ
(Asadi et

al.(2005)).

Example 2 Let X be a random variable with density function as
follows

f(x) =
θβθ

xθ+1
x ≥ β > 0, θ > 0

Then f(F−1(y)) = θ
β
(1− y)1+ 1

θ . Therefore for the first order statistic

of random sample of size n from this distribution we have

E[fα−1(F−1(Y1))] =
1

B̄F (t)(1, α(n− 1)) + 1
(
θ

β
)α−1 (F̄ (t))nα+α−1

θ

nαθ + α− 1

Then for k = 1, theorem 1 gives

Hα(X1:n; t) = logt+
α

1− α
lognθ− 1

1− α
log(α(nθ+1)−1) ; t ≥ β, α >

1

nθ + 1

On the other part, we have

Hα(X; t) = logt+
α

1− α
logθ− 1

1− α
log[α(θ+1)−1] ; t ≥ β, α >

1

θ + 1

Since f(x) is strictly decreasing over x ≥ β, then for α > 1, Hα(X; t)
uniquely determines F (Asadi et al.(2005)). Therefore the amount of
Hα(X1:n; t) is other reason of this fact that X1:n has Pareto distribution
with parameters nθ and β .

In the sequel we obtain some bounds for residual entropy of order
α of order statistics. The following theorem provides bounds for the
residual Rényi entropy of the order statistics in terms of the residual
Rényi entropy of data distribution and mode of distribution.
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Theorem 2 Let X be a nonnegative continuous random variable with
density function f and distribution function F. The residual Rényi
entropy of order statistics Xk:n, k = 1, ..., n is bounded as follows:

(a) Let residual Rényi entropy of X, Hα(X; t) < ∞. Then for α >
1(0 < α < 1)

Hα(Xk:n; t) ≥ (≤)bk(t) + Hα(X; t) +
α

1− α
logF̄ (t)

where

bk(t) =
α

1− α
[(k − 1)log(k − 1) + (n− k)log(n− k)− (n− 1)log(n− 1)

−logB̄F (t)(k, n− k + 1)]

(b) Let M = fX(m) < ∞, where m = sup{x : fX(x) ≤ M} is the
mode of the distribution. Then for α > 0, α 6= 1

Hα(Xk:n; t) ≥ Hα(Uk:n; F (t))− logM

Proof: (a) In according to theorem (1), it is enough for attaining
a bound of Hα(Xk:n; t) to achieve a bound for 1

1−α
E[fα−1F−1(Yk)]. We

have mk = k−1
n−1

is mode of the distribution of Yk. Let Mk = fYk
(mk)

then for α > 1(0 < α < 1)

1

1− α
E[fα−1(F−1(Yk))] ≥ (≤)

1

1− α
logMk

+
1

1− α
log

∫ 1

F (t)

fα−1(F−1(y))dy

=
1

1− α
logMk +

1

1− α
log

∫ ∞

t

fα(u)du

=
1

1− α
logMk + Hα(X; t) +

α

1− α
logF̄ (t)

where the first equality is attained by change of variable u = F−1(y).
(b) By attention to theorem 1 and by considering of mode of data

distribution it is proved part (b).
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Example 3 In the following we compute the bounds for the residual
Rényi entropy of the sample minimum for some well known distribu-
tions.

(I) For the uniform distribution over the interval (a, b), F̄ (t) = b−t
b−a

and Hα(X; t) = log(b − t). Thus, for the sample minimum of this
distribution and α > 1(0 < α < 1) by using part (a) we have

Hα(X1:n; t) ≥ (≤)
α

1− α
logn +

1− nα

1− α
log(b− t) +

(n− 1)α

1− α
log(b− a)

Also by using part(b), for α > 0, α 6= 1 we have

Hα(X1:n; t) ≥ log(b− t)− 1

1− α
log[α(n− 1) + 1] +

α

1− α
logn

For α > 1 the difference between two lower bound is

α(n− 1)

1− α
log

b− a

b− t
+

1

1− α
log[α(n− 1) + 1] ≤ 0

That is the achieved bound of part (b) is more correct than the
achieved bound of part (a).

Remark 1 Note that for U(a, b) distribution and any k = 1, ..., n the
bound of part (b) is equal to exact amount of Hα(Xk:n; t). Then the
lower bound that it is attained in part (b) of theorem 2 is sharp.

(II) For the exponential distribution with mean 1
θ
, Hα(X; t) = logα

α−1
−

logθ and F̄ (t) = e−θt. Then by using part (a) for the sample minimum
and α > 1(0 < α < 1) we have

Hα(X1:n; t) ≥ (≤)
α

1− α
θt(n− 1) +

α

1− α
logn− logα

1− α
− logθ.

For α > 1, the difference between Hα(X1:n; t) and the lower bound is
as follows

L.B.(a)− L.B.(b) =
1

α− 1
[logn + αθt(n− 1)]
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which is an increasing function of n. Thus the bound is useful when n
is not large. In other hand by using part (b), it can be written

Hα(X1:n; t) ≥ −θt− 1

1− α
log[α(n− 1) + 1] +

α

1− α
logα− logθ.

For α > 1, the difference between achieved lower bound of part (a)
and part (b) is as follows:

L.B.(a)− L.B.(b) =
1

1− α
[θt(α(n− 1) + 1) + log(n− 1 +

1

α
)] ≤ 0.

Then it is explored that the achieved lower bound in part (b) is better.

(III) The density function of Pareto distribution with parameters θ
and β is

fX(x) =
θβθ

xθ+1
for x ≥ β > 0, α > 0

= o otherwise.

We have from parts (a) and (b), respectively

Hα(X1:n; t) ≥ α

1− α
log(nθ) + logt− 1

1− α
log[α(θ + 1)− 1]

−αθ(n− 1)

1− α
log

β

t

Hα(X1:n; t) ≥ θlog(
β

t
)− 1

1− α
log[α(n− 1) + 1] +

α

1− α
logn− log(

θ

β
)

where α > 1.

By noting that if F has increasing failure rate (IFR) then Fk:n will
also be IFR and equation (5), the following theorem can be proved.

Theorem 3 Let X be IFR, then it is shown that

Hα(Xk:n; t) ≤ −logλFk:n
(t)− logα

1− α
; α > 0, α 6= 1
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Where λFk:n(t) is the failure rate of Xk:n and can be written as follows

λFk:n
(t) =

1

B̄F (t)(k, n− k + 1)
f(t)F k−1(t)F̄ n−k(t).

Example 4 Let X have Weibull distribution with distribution func-
tion

F (x) = 1− e−(λx)θ

for x ≥ 0, where λ, θ > 0.

It is well known that this distribution is IFR for θ ≥ 1, then for this
range of θ and the sample minimum we have

Hα(Xk:n; t) ≤ −log(nθ)− (2θ − 1)logλ +
logα

α− 1
.

3 Residual Rényi information of order statistics

Lemma 2 Let Uk:n denote kth order statistic from U ∼ U(0, 1). The
residual Rényi information between Uk:n and U is as follows

Kα(Uk:n, U ; t) =
1

1− α
log

B(k, n− k + 1)

B̄t(α(k − 1) + 1, α(n− k) + 1)

−logB̄t(k, n− k + 1) + log(1− t)

Theorem 4 Suppose that U ∼ U(0, 1) and X is a nonnegative contin-
uous random variable with density function f and distribution function
F. Then we can show that the residual Rényi information between the
kth order statistic and the underlying distribution is related to Rényi
information between Uk:n and U as follows

Kα(Xk:n, X; t) = Kα(Uk:n, U ; F (t))

Example 5 Let X1, ..., Xn be independent and identically distributed
random variables showing the lifetime of n components connected
in a parallel system. Then the lifetime of the system is Xn:n =
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max(X1, ..., Xn). The residual Rényi information between the distri-
bution of the system fn:n and the parent distribution f, is given by:

Kα(Xn:n, X; t) =
α

α− 1
logn− 1

α− 1
log[(n− 1)α + 1]

+
1

α− 1
log[

F̄ (n−1)α+1(t)

F̄ 1−α(t)(1− F n(t))α
]

provided that α < 1. This shows that although the Rényi information
between the distribution of the kth order statistics and the underlying
distribution is distribution free however the corresponding dynamic
Rényi information is model dependent.

Lemma 3 Let U1, ..., Un be a random sample from uniform distribu-
tion over the unit interval. Then residual Rényi information between
consecutive order statistics can be written as follows

Kα(Xk+1;n, Xk:n; t) = −log
B̄t(k + 1, n− k)

B̄t(k, n− k + 1)

+
1

1− α
log

B(k + 1, n− k)

B̄t(k + α, n− α− k + 1)

Theorem 5 Let X be a nonnegative random variable with density
function f and distribution function F. If Xk:n is kth order statis-
tic from this distribution then the residual Rényi information between
consecutive order statistics is

Kα(Xk+1:n, Xk:n; t) = Kα(Uk+1:n, Uk:n; F (t))
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