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u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�QyW ��kv �v�H �� Q� R� xO�iDU� �� QwWm ��yu�DU� �Ov�xWwN �
 pwOH

u�oRtQy �u�DUQr �x�Wv�tQm �u�DUOQm �sk �u�DURwN �QyWw� pw� xWwN

�u�QyD �sq�� �p��OQ� ��� Qe u�H��� QP� ��kQW u�H��� QP� swO xWwN
�u� wRk �TQ�i �u�DUJwr� w u�DU�U �u�vtU �u�HvR ��Q��DN� w p�LtQ�yJ

�RmQt �u�QOvR�t �uq�o �OtL�Q� w� w x� wr�mym �u�tQm

OR� �u�Oty �u�DUro �u�U�QN �u�yiY� swU xWwN

w �v�H ���Q� OQw�Q� T�U� Q� QwWm ��yu�DU� �Ov�xWwN �
xOt� CUO� G��Dv p�rLD

�� Q� �UwDt R� xO�iDU� �� QwWm ��yu�DU� ���xWwN R�r�v� VwQ R� xO�iDU� �� VN� u�� QO
x��Wt ��yu�DU� �D Ov�xDiQo Q�Qk xwQo 
 QO �� �D � ��yr�U �� ���DUwQ w �QyW ��kv �v�H
l�miD x� G��Dv �OvOQo XNWt ���DUwQ w �QyW ��yQ�wv�N Ot�QO 	� RwD �ovwoJ Q�v R�

�CU� xOt�  w 
 pw�OH QO ���DUwQ w �QyW ��kv
	� RwD Cio u�wD�t QwWm ��yu�DU� �QyW ��kv ��Q� xOt� CUO� �v�H ���Q� T�U� Q�
u�ty x� R�v �yu�DU� ��Q� OQwt u�� w CU� pO�aDt xt�v Cr�L QO ��QyW ��kv�QwWm pm Ot�QO
��yQ�wv�N Ot�QO 	� RwD �ovwoJ Q�v R� QwWm ��yu�DU� R� �NQ� u�� OwHw u�� �� �OW���t xvwo
�OQm XNWt QDW�� �yv� �Ov�xWwN �� u�wD�t �Q Cw�iD u�� xm OQ�O OwHw ���yDw�iD �QyW
�v�H �� Q� �UwDt �Ov�xOW 	k�w xWwN 
 QO QwWm ��yu�DU� �Ov� xWwN u�� T�U�Q�
u�� QO �OW���t ��	 swU xWwN w ��
� swO xWwN ���

 Q��Q� pw� xWwN ��yu�DU�
�v OR� w u�Oty ��yu�DU� w xDW�O �Q �QyW ��kv Ot�QO 	� RwD u� QDxvqO�a QyWw� u�DU� u��

�Ov�xOw� �Q�O �Q C�a�w u� QDxvqO�a
Cio u�wD�t QwWm ��yu�DU� ���DUwQ ��kv ��Q� xOt� CUO� �v�H ���Q� T�U� Q�
�yu�DU� ��Q� OQwt u�� w CU� pO�aDt xt�v Cr�L QO ����DUwQ ��kv�QwWm pm Ot�QO 	� RwD
	� RwD �ovwoJ Q�v R� QwWm ��yu�DU� R� �NQ� u�� OwHw u�� �� �OW���t xvwo u�ty x� R�v
QDW�� �yv� �Ov�xWwN �� u�wD�t �Q Cw�iD u�� xm OQ�O OwHw ���yDw�iD ���DUwQ ��yQ�wv�N Ot�QO
�UwDt Ov�xOW 	k�w xWwN 
 QO QwWm ��yu�DU� �Ov� xWwN u�� T�U�Q� �OQm XNWt
�OW���t ��� swU xWwN w ��� swO xWwN ���
 Q��Q� pw� xWwN ��yu�DU� �v�H �� Q�
�� Cluster Analysis
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���DUwQ ��kv �v�H �� Q� R� xO�iDU� �� QwWm ��yu�DU� �Ov�xWwN � pwOH

u�DUQr �x�Wv�tQm �u�DUOQm �u�DURwN �u�QyD �sq�� pw� xWwN

�Q��DN� w p�LtQ�yJ �u�yiY� �p��OQ� ��� Qe u�H��� QP� ��kQW u�H��� QP�
u�tQm �sk �u� wRk �TQ�i �u�DUJwr� w u�DU�U �u�vtU �u�HvR �u�U�QN �QyWw� swO xWwN

u�Oty �u�oRtQy ��RmQt �u�QOvR�t �uq�o �OtL� Q� w� w x� wr�mym

OR� �u�DUro swU xWwN

u�DUro ��yu�DU� w xDW�O �Q ���DUwQ ��kv Ot�QO 	� RwD u� QDxvqO�a u�DURwN u�DU� u�� u�� QO
�Ov�xOw� �Q�O �Q C�a�w u� QDxvqO�a�v

Ot�QO 	� RwD �rm Qw�x� xm CU� u�� CiQo �v�H �� Q� OQw�Q� R� u�wD�t xm �Qo�O G��Dv R�
QFm � QO �w�wt u�� w CU� �QyW ��kv QO Ot�QO 	� RwD R� QDxvqO�a�v QwWm ���DUwQ ��kv QO
	� RwD x�Wv�tQm w u�DURwN �u�QyD �sq�� ��yu�DU� QO �yvD w OwW�t xO�O R�v QwWm ��yu�DU�

�CU� �QyW ��kv R� QDxvqO�a ���DUwQ ��yQ�wv�N Ot�QO

�H�Qt

u�Q�� Q�t� RmQt ��	
�� �D 	
�� ��QyW ��yQ�wv�N Ot�QO w xv� Ry R� �Q�oQ�t� G��Dv !	"
u�Q�� Q�t� RmQt ��	
�� �D 	
�� ����DUwQ ��yQ�wv�N Ot�QO w xv� Ry R� �Q�oQ�t� G��Dv !�"
��� Kokwani� N�C ������� Incomme Inequality and poverty� A World

Bank Research Publication�

��� Khan� Azizur Rahman ������� Structural Adjustment and Income
distribution� ILO�



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�rw� ��yxO�O QO �r�kDv� � �iO�YD ��yrOt ��Q� u� R�e� ���QW
Xk�v w pt�m ��wOwO MU�B ��

��raHvo ��DHt ���OwQyk ����Q �QyR

�DWy� O�yW x�oWv�O Q�t� OWQ� T�vWQ�m �

�DWy� O�yW x�oWv�O �tra C���y w�a �

u� QO xm s�vm xO�iDU� �Q �rOt �� wOwO MU�B �� �rw� ��yxO�O ��Q� O�vm ZQi �xO�mJ
u�wva x� xOW xOy�Wt p��kQ�e �a��� pt�wa x� R�v w xDWPo ��yv�tR ��yNU�B x� t u�tR QO MU�B
u�vJty �OwW�t xO�t�v �iO�YD � �r�kDv� pOt �rOt u�vJ �CU� xDU��w �iO�YD ��yQF�
��Q� u��Q��v� �OW�� xOW xOy�Wt J � 	 u�tR QO �rw �wQW QiY u�tR QO Ov��Qi O�vm ZQi
��Q� xm �Hv� R� �CU� xOW xOy�Wt J� J �	� ���� T ��yv�tR QO C�Oy�Wt O�vm ZQi s�i OQi
u�tR QO MU�B x� �iO�YD � �r�kDv� pOt �UwD J u�tR QO MU�B pw� �x�DQt hwmQ�t pOt QO p�Ft
�OwW�t O�H�� u� R�e� ���QW �xr
Ut �OwW�tv xOy�Wt J � 	 MU�B �rw CU� xDU��w J � 	
QO pw� �x�DQt hwmQ�t Ov��Qi l� �� wOwO MU�B ��Q� u�yvB Q�eDt swyit R� xO�iDU� �� xr�kt u�� QO
�Q�oxR�Ov� ���N CtUk wO x� Ovm�t O�H�� �Q Ov��Qi xm �rqDN� xm s�vm�t ZQi w xDiQo Q�v
�i� OQwt wO QO �Q u� R�e� ���QW �� xyH�wt hrDNt ��yWwQ �OwW�t x� RHD �iO�YD Q�F�D w

�s�yO�t Q�Qk �UQQ� w EL� OQwt Xk�v �� wOwO ��yNU�B �ii� w pt�m �� wOwO ��yNU�B

���QW �pw� �x�DQt hwmQ�t Ov��Qi ��r�kDv� � �iO�YD pOt ��rw� ��y xO�O ��O�rm ��yxS�w
u� R�e�

xtOkt
C�ar��t RQ�� ��yxYNWt R� �CU� xOW Q�OQwNQ� ���RU x� C�ty� R� �rw� C�ar��t �Q�N�
�oDU�ty �rw� C�ar��t QO �CU� u�tR pw� QO hrDNt O�Qi� ��Q� QQmt ��yxR�Ov� �rw�
�yxO�O uOW so u�mt� �rw� ��yxO�O QO �OQ�o�t Q�Qk �UQQ� OQwt u�tR pw� QO �yxR�Ov� u��
�iO�YD C�QF� ��y pOt QO u� R�e� ���QW �xr
Ut �UQQ� hOy xr�kt u�� QO �OQ�O OwHw R�v
�rw �wQW QiY u�tR QO Ov��Qi s�vm�t ZQi �CU� Xk�v w pt�m �� wOwO MU�B �� �r�kDv� �
��yv�tR QO C�Oy�Wt O�vm ZQi s�i OQi ��Q� u��Q��v� �OW�� xOW xOy�Wt J � 	 u�tR QO
MU�B pw� �x�DQt hwmQ�t pOt QO p�Ft ��Q� xm �Hv� R� �CU� xOW xOy�Wt J� J � 	� ���� T
MU�B �rw CU� xDU��w J � 	 u�tR QO MU�B x� �iO�YD � �r�kDv� pOt �UwD J u�tR QO
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�t EL� xmv�� x� xHwD �� �OwW�t O�H�� u� R�e� ���QW �xr
Ut �OwW�tv xOy�Wt J � 	
hrDNt ��yVwQ xr�kt u�� QO �OW���t u� ��ypLx�Q w u� R�e� ���QW �xr
Ut �QwQ� ��yx�vH
��Q� yit R� ��xr��vO CU� umtt xm �Xk�v w pt�m ��yxO�O QO� xOWv xOy�Wt Q�O�kt �� xyH�wt
�UQQ� w EL� OQwt �Q OW�� �J � 	� yi	 �yvD X�N Cr�L QO �� w OW�� t � �� � � � � J �	

�s�yO�t Q�Qk

�rw� C�ar��t QO �yxO�O uOW so �

h�QYv� u�ty xm �wvm� �wor� w �twta �wor� CQwY wO x� �yxO�O uOW so �rw� ��yxO�O QO
xOWto Q�O�kt w OwW�tv xOy�Wt �Y�N OvwQ I�y �twta �wor� QO �OwW�t �Ov�xk�� CU�
�Y�N u�tR QO xar��t R� Ov�wD�t �Y�N �vOwtR� XNq�� �OyO MQ Ov�wD�t �v�tR Qy QO
u�� x� �rw� ��yxO�O QO h�QYv� �rw �Ovm CWoR�� xar��t x� xQ�� wO �Qo�O u�tR QO w GQ�N
�t w OQ�Ov CWoR�� xar��t x� CkwJ�y OyO�tv MU�B t u�tR QO �vOwtR� �Dkw xm CU�vat
h�QYv� u�tRty �Ov�pOt Qw�vt x� �s�yO�t CUO R� R�v �Q � � � � t� 	 ��yv�tR ��yNU�B
xOW KQ�t ��	���� u���Q QO Q�� u�rw� xm �Q �U�U� h� Q�aD ���tvDUQO 	��D x�oO�O R� MU�B w
s�i �vOwtR� ��yNU�B ��Q� xOWto �xO�O uDW�O sOa CQwY QO O�vm ZQi �s� Qw��t �CU�

�OwW xOy�Wt j � 	��� � � � � T ��Q� yij �� wOwO ��yNU�B
CQwYx� xm s�vm�t xO�iDU� R Qov�Wv 	��D R� CU� xOWto y Q�eDt xm u� uO�O u�Wv ��Q�

�OwW�t h� QaD Q� R

yit �

� 	 OW�� xOW xOy�Wt t u�tR QO s�i OQi MU�B Qo �
� CQwY u�� Q�e QO

Q� R CQwY x� xm �s�vm�t ZQi y�it u�yvB Q�eDt l� R� xOt�Q� �Q yit �� wOwO MU�B u�vJty
�OwW�t h� QaD

yit �

�
	 y�it � c
� CQwYv�� Q�e QO

�CU� Qeq �� j�J �vOwtR� xm CU�xOW C�F �yvD xm O�vm ZQi u�yvB Q�eDt swyit lQO ��Q�
�iO�YD Q�OQ� ��Q� xOw� w� �y�it � c� O�� R uRw Q��N x� u�� CU� �yit � 	� j�J �OQi Qo � �t�

�s�vm�t xO�iDU��Q Ri � �Ri�� � � � � Rin�
T MU�B Qov�Wv Q�OQ� Yi � �Yi�� � � � � Yin�

T

�� Rubin
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�r�kDv� w �iO�YD ��yQF� pOt �
u�tR QO MU�B xm CQwY u�� x� CU� �r�kDv� pOt w �iO�YD ��yQF� pOt R� ���mQD pOt u��
��yQF� u�wva x� xOW xOy�Wt p��k Q�e �a��� pt�wa x� R�v w xDWPo ��yv�tR QO MU�B x� t
u�� O��� �y�vOwtR� ��Q� hO�YD Cra �UQQ� ��Q� p�Ft u�wva x� �CU� xDU��w �iO�YD
p�rO x� �� w ��iO�YD QF�� OQi �oOR��DW p�rO x� hO�YD Cra ��� xm s�vm �UQQ� �Q xr
Ut
Q� R CQwY x� �U�vt �rOt u��� ��Q� �CU� xOw� �xDWPo ��yNU�B� hO�YD x� OQi CO�a
�vOwtR� n ��Q� ��wOwO ��yNU�B yi � �yi�� � � � � yiTi�

T xm O�vm ZQi �s�vm�t pta
�v���D ��yQ�eDt �Oa� p Q�OQ� �� �t � 	� � � � � Ti� Cw�iDt C�akwt Ti QO �i � 	� � � � � n�
��Q� �U�vt �rOt Q� R pOt �OwW ZQi CU� xDU��w u�tR x� xm xit � �xit�� � � � � xitp�

T

�CU� xDWPo ��yNU�B w �iO�YD ��yQF� �UQQ�

Y �
it � x�it � z�it�i �

qX
j��

�jyi�t�j � �it

�vOwtR� MU�B yi�t�j w CU� xOW �iQat �q�k xm CU� Yit �� Q��vDt �v�yvB Q�eDt Y �
it u� QO xm

�Oa� p Q�OQ�  �OwW�t xO�HvU �j QDt�Q�B �UwD yit Q� u� Q�F�D xm CU� t� j u�tR QO s�i
	��D �� �i � 	� � � � � n ��Q� �iO�YD ��yQF� �i � ��i�� � � � � �is�

T w �v���D ��yQ�eDt ���Q�
�CU� xit R� ��xawtHt Q� R zit u�vJty �OvwW�t ZQi g��	�� swrat xQ�eDtOvJ �r�oJ
u�wD�t hrDNt ��yWwQ x� �uOW so sU�v�mt �Ov�pOt ��Q� �h�QYv� �x� wQ �� OQwNQ� QO
x� OQ�o�t Q�v QO �Q �� w�vD w h�QYv� uOWso �wor� xm uOW so sU�v�mt pOt �OQm pta

�OwW�t u��� Q� R CQwY

R�it � v�it�l � ���i � �it

R� pY�L �QDt�Q�B Q�OQ� �l �CU� uOW so sU�v�mt x� �w� Qt pOt ��Q� u�yvB Q�eDt R�it xm
sU�v�mt Q� �iO�YD Q�F�D �xOvvm Tmavt QDt�Q�B �� w uOWto sU�v�mt Q� �v���D ��yQ��eDt Q�F�D

�CU� swUwt ��	���� lQDWt �iO�YD Q�F�D pOt x� pOt u�� �CU� uOWto

pwtat ��y pLx�Q �	a� w u� R�e� ���QW �xr�Ut 	

u��Q��v� �OW���t u� ��ypLx�Q w u� R�e����QW �xr
Ut �QwQ� ��yx�vH �tEL� xmv�� x� xHwD ��
QO �qai �Q ��v���D ��yQ�eDt� �RuwQ� ��yQ�eDt w s� Q�o�t Q�vQO �Q pw� �x�DQt hwmQ�t Ov��Qi l�
CtUk wO x� Ovm�t O�H�� �Q Ov��Qi xm �rqDN� xm CU� xOW ZQi xwqa x� �s� Q�o�tv Q�v
�� Follmann D� and Wu M�



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

Y �
it �� wOwO u�yvB Q�eDt l� �xr�Uw x� Ov��Qi �OwW�t x� RHD �iO�YD Q�F�D w �Q�oxR�Ov� ���N

�Ovm�t C�a�D u� Q� R pOt R� xm CU� xOW h� QaD

Y �
it � 	 � �yi�t�� � �it i � 	� ���� n� t � 	� ���� T �	 � 
�

u� QO xm
�it � �i � Uit

w
E�Uit� � � � E��i�� E���i � � ��

� � E�U�
it� � ��

u � 	
E�UitUi�t��� � �� t �� t��� E��iUi�t��� � � i� i�� t��

QO s�i OQi ��Q� C�a�w Q��eD ��yr�tDL� w CU� pOt ���N Uit w �iO�YD QF� �i u� QO xm
�CU� Q� R CQwY x� �i �QW x� s�t u�tR

f�yitjyit��� �i� � )f�	 � �yi�t�� � �i����yit � 	�g

�t� �OwW�t xO�iDU� C�� wQB pOt l� R� �Hv�� QO �CU� p�tQv �atHD 	� RwD 	��D ) u� QO xm
�wQW Qo � �OQ�o Q�Qk �UQQ� OQwt Ov�wD�t R�v l�DUSwr pOt �D�rm I�y uO�O CUO R� uwO�
C�Oy�Wt jkLt w xOw� � u�tR Ov��Qi �x�rw� �wQW xm �vat u�� x� OW�� J u�tR QO Ov��Qi �xOy�Wt
J � 	 xm �Dr�L QO �OwW�t O�H�� u� R�e� ���QW �xr
Ut �CU� xOQm C�F J u�tR R� �Q OwN
xm O�vm xHwD �O���t OwHw x� x�rw� Q�O�kt �xr
Ut xvwoJ xm OyO�t u�Wv f�yiJ j�i� �OW��
QHvt w OwW�tv xOy�Wt xm s�J u�tR R� p�k ��yOt�W�B umtt ��yxr��vO s�tD x� f�yiJ j�i�
Q�O�kt u�kkLt ��twta xm CU�QmP x� sRq �CU� xDU��w OwW�t yi�J ��Q� X�N Q�Okt l� x�

�Ovv�O�tv R�v t � 	� ���� J � 	 �v�tR ��yxQwO QO �Q �U�vt �v���D ��yQ�eDt
��Q� yit R� ��xr��vO CU� umtt xm xOWv xOy�Wt Q�O�kt �� xyH�wt hrDNt VwQ GvB uwvm �
�t xm �Q �CU� xOWv xOy�Wt yi	� �J � 	� X�N Cr�L QO �� w OW�� t � �� ���� J � 	
��Q� ���tvDUQO 	��D xm CU�xOW �aU Cr�L Qy QO �s� Q��t Q�m� �s��xDiQo Q�v QO �Hv�� QO

�OwW xO�O �R�Uxv�y�
�pw� VwQ

	��D w s� Q�o�t Q�vQO swrat w �iO�YDQ�e C��F Q�Okt l� �Q yi� �OW�� J � 	 Qo �
��va� s�U� wv�t Q� R CQwY x� yi� �QW x� �Q ���tvDUQO

nY
i��

f�yi�� ���� yiTi jyi�� �
nY
i��

Z TiY
t��

f�yitj�i� yi�t���g��i�d�i �� � 
�

xDiQo Q�v QO �v���D Q�eDt u�wva x� 	 u�tR �xOW xOy�Wt ��yNU�B QF� �qta VwQ u�� QO xm
�CU� xOW xO�iDU� pw� �x�DQt hwmQ�t pOt l� R� w OwW�t



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�swO VwQ
pta pw� VwQ Ovv�t R�v �yv� xm Ov�xOQm �iQat ������ �wir� w umD�� xm CU� �Dr�L
	��D �OyO�t Q�Qk Q�F�D CLD R�v �Q �iO�YD QF� yi� �xOW xOy�Wt MU�B xm Cw�iD u�� �� Ovvm�t

�CU� Q� R CQwY x� ������ wir� w umD�� �UwD xOW x��Q� ���tvDUQO

nY
i��

f�yi�� ���� yiTi jyi�� �
nY
i��

Z TiY
t��

f�yitj�i� yi�t���g��ijyi��d�i �
 � 
�

Q�v QO �DU��� yi� �QW x� �iO�YD QF� ��QW 	� RwD O�vm�t xOy�Wt xm Qw�v�ty u� QO xm
�OwW xDiQo
�swU VwQ

x� VwQ u�� QO xm �s�yO x��Q� ���RHt 	� RwD 	��D 	 u�tR QO MU�B ��Q� xm CU� �WwQ
�OwW�t pta Q� R CQwY

nY
i��

f�yi�� ���� yiTi� �
nY
i��

Z
f�yi�j�i�

TiY
t��

f�yitj�i� yi�t���g��i�d�i � � 
�

�OwW�t �Ov�pOt R�v f�yi�j�i� jwi �x���Q QO xm O�vm xHwD
�sQ�yJ VwQ

ZQi ��� �yt �xty ��Q� yit � 	 Cr�L ��Q� ��x�W�L ��yr�tDL� �OW�� �rO�aD Ov��Qi Qo �
�CU� Q� R CQwY x� �C��yv�� �xDWPo

4���i� �
)�	 � �i�

	� )�	 � � � �i� � )�	 � �i�
�� � 
�

4	 w 4� xm �CU� 4	��i� � 	 � 4���i� �yit � � Cr�L ��Q� ��x�W�L p�tDL� w
��yr�tDL� xm CU� QmP x� sRq �CU� � w 	 MU�B Cr�L QO ��x�W�L ��yr�tDL� ��DQD x�

�Ov���t CUO x� Q� R CQwY x� �rO�aD

P �Yit � 	j�i� �
X
yi�t��

P �Yit � 	jYi�t�� � yi�t��� �i�P �Yi�t�� � yi�t��j�i�

CW�O s�y�wN �s�DUy �rO�aD ���QW QO uwJ xm

P �Yi�t�� � yi�t��j�i� � P �Yit � yitj�i�
�� Aitkin and Alfo



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�CW�O s�y�wN �CU� 4	��i� � 	� 4���i� xm C�ak�w u�� R� xO�iDU� ��

P �Yit � 	j�i� �P �Yit � 	jYi�t�� � �� �i��	�4���i��

� P �Yit � 	jYi�t�� � 	� �i�4���i�

�va�
4���i� � )�	 � �i�4	��i� � )�	 � � � �i�4���i�

�OW�� pO�aD C�a�w QO Ov��Qi Qo � u��Q��v� w

P �YiJ � yiJ j�i� � 4���i�
yiJ4	��i�

��yiJ

�CU� �rO�aD Cq�tDL� R� xO�iDU� u� R�e� ���QW �� xyH�wt Qo�O VwQ �CU�
�sHvB VwQ

QO �yMU�B ��Q� u� QO xm CU� �Dr�L CU� xOQm O�yvW�B �	��	� �utmy xm QN� VwQ
�s� Q�o�t Q�v QO t � �� � � � � Ti ��yv�tR QO �iO�YD QF� �� Cw�iDt ���iO�YD QF� t � 	 u�tR

�CU� Q� R CQwY x� ��v���D ��yQ�eDt Qw�L uwO�� utmy �UwD xOW x��Q� pOt

Y �
it � 	 � �yi�t�� � �it i � 	� � � � � n� t � �� � � � � T

u� QO xm
�it � �i� � Uit� t � �� ���� T

Y �
i� � 	 � �i�

w
�i� � �i� � Ui�

u�vJty �CU� xOW 	� RwD p�tQv Qw� x� xm OvDUy QiY u�ov��t �� �iO�YD C�QF� �i� w �i� w
�CU� Q� R CQwY x� utmy �UwD xOW x��Q� ���tvDUQO 	��D u��Q��v� �Ov�xDU�ty �i� �� �i�

nY
i��

f�yi�� ���� yiTi� �
nY
i��

Z Z
f�yi�j�i��

�
TiY
t��

f�yitj�i�� yi�t���g��i�� �i��d�i�d�i� �� � 
�

w �i� u�� �oDU�ty uDiQo Q�vQO �� ���tvDUQO st�Um �t VwQ x� pOt ��yQDt�Q�B OQw�Q� xm
�R�Ux��W �xar��t l� QO �	��	� utmy �O���t CUOx� �Uw�o �Ov� 	� Qt VwQ x� �i�
Oa� VN� QO �CU� xO�O Q�Qk �UQQ� OQwt Qo�O ��yWwQ �NQ� x� C�Uv �Q VwQ u�� �QDQ�
�� Heckman



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

Q�Qk �UQQ� w EL� OQwt jwi VwQ GvB QO xOWto MU�B uDiQo Q�vQO �� �Q u� R�e� ���QW �xr
Ut
�s�yO�t

u�� QO �CU� �aQi ��yQDt�Q�B �xr
Ut �CU� KQ�t u� R�e� ���QW QO xm �Qo�O �xr
Ut
yi�� � � � � yiT ��QW ���tvDUQO 	��D w s� Q�o�t Q�vQO QDt�Q�B u�wva x� �Q �i C��F ��yQF� Cr�L
u��� Q� R CQwY x� �Q �CU� xOWv xOy�Wt �r�k ��yNU�B R� �a��D yi� OwN xm yi� �QW x�

�s�vm�t

f�yi�� ���� yiT jyi�� �
nY
i��

TY
t��

)f�	 � �yi�t�� � �i���yit � 	�g � P �yi�j�i�
P �yi�j�i�

�

nY
i��

TY
t��

)f�	 � �yi�t�� � �i���yit � 	�g �� � 
�

u�Wv u�� w OwW�t hPL q�� �xrO�at R� f�yi�j�i� 	� RwD OwW�t x�Lqt xm xvwov�ty
pOt u�� �CU� u� R�e� ���QW 	iQ ��Q� �rLx�Q ��aQi ��yQDt�Q�B VwQ R� xO�iDU� xm OyO�t
uOQm st�Um �t �� �CU� CL�Q Q��U� u� �x�U�Lt w CU� C��F C�QF� �� ��N uw�UQoQ pOt l�
�Q�oR�U ��yOQw�Q� OvoQR� T w n xm �v�tR �� w � �i � 	� ���� n ��Q� �i x� C�Uv ���
� 	��D
xm CU� �rmWt �yQDt�Q�B uOw� O�� R CU� lJwm T xm �Dr�L QO ��	��	 �utmy� OvDUy

�CU� xH�wt u� �� VwQ u��

Xk�v w ��wOwO MU�B �� ��yrOt ��Q� u� R�e� ���QW 


xr
Ut u�� x� R�v VN� u�� QO �s�OQm u��� �Q u� R�e� ���QW �xr
Ut p�k VN� QO xm Qw�v�ty
pOt �OQ�O OwHw �t ��yxO�O QO xOWto ��yNU�B VN� u�� QO xm Cw�iD u�� �� s� R�OQB�t
��Q� xm �rOt w CU� �iO�YD QF� �� x�Qty pw� �x�DQt hwmQ�t pOt MU�B ��Q� xOW xDiQo Q�v QO
sU�v�mt xm CU� �	��� OQwvm w po�O �O�yvW�B pOt OwW�t xDiQo Q�vQO xOWto ��yMU�B
po�O pOt QO xm Cw�iD u�� �� OQ�O �oDU� t� 	 w t ��yv�tR ��yNU�B x� t u�tR QO uOW so

�OwW�t u��� Q� R CQwY x� jwi pOt �s�vm�t pOt OQ�w R�v �Q �iO�YD ��yQF� OQwvm w

Y �
it �  � ��yi�t�� � �it� i � 	� ���� n� t � 	� ���� T �	 � �

u� QO xm
�it� � ���i � Uit�

�s� Q�O uOW so sU�v�mt ��Q�

R�it � �� ���yi�t�� � ���yit � �it� i � 	� ���� n� t � �� ���� T



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

��yNU�B QF� ��� w ��� w s� Q�Ov xOWto �xOy�Wt 	 u�tR QO MU�B ��Q� xOW ZQi u� QO xm
u�vJty �Ovvm�t Tmavt �Q�H u�tR QO MU�B uOWto Q� �Q �Q�H w �r�k

�it� � ���i � Uit�

�s� Q�O w
E�Uit�� � E�Uit�� � � � E��i�� E���i � � 	

E�U�
it�� � E�U�

it�� � ��
u � 	� E�Uit�Ui�t���� � E�Uit�Ui�t���� � �� t �� t��

E��iUi�t���� � E��iUi�t���� � � i� t�� t��
uOW so sU�v�mt w MU�B pOt ��y��N ��DQD x� Uit� w Uit� w �iO�YD ��yQF� �i u� QO xm
��yQDt�Q�B xm CU� �iO�YD �qt�m �DQwY QO uOWto sU�v�mt xm O�W�� xDW�O xHwD �OvDUy
�QW x� s�t u�tR QO s�i OQi ��Q� C�a�w Q��eD ��yr�tDL� �OvW��v Q�O�vat �� w ��� ����

�CU� Q� R CQwY x� �i
f�yitjyi�t��� �i� � )f� � ��yi�t�� � �i���yit � 	�g

w
P �Ritjyi�t��� yit� �i� � )f��� ���yi�t�� � ���yit � ��i���Rit � 	�g

�CU� p�tQv �atHD 	� RwD 	��D ) u� QO xm
VwQ GvB x� CU� umtt s� Q�O xOWto ��yxO�O �Dkw u� R�e� ���QW xr
Ut �� xyH�wt QO
w Ovm�t uOW xOy�Wt x� �wQW 	 u�tR QO Ov��Qi xm �Dr�L ��Q� �yWwQ u�� Q� R QO �s�vm OQwNQ�
���tvDUQO 	��DCr�L Qy QO �Ov�xDiQo Q�Qk �UQQ� OQwt �CU�v TQDUO QO u�� R� p�k C�Oy�Wt

�CU� xOW xO�O �R�Uxv�y� ��Q�
�pw� VwQ

���tvDUQO 	��D �s� Q�o�t Q�v QO swrat w C��F MU�B l� u�wva x� �Q yi� MU�B VwQ u�� QO
�CU� Q� R pmW x�

nY
i��

f�yi�� ���� yiT � Ri�� ���� RiT jyi��

�

nY
i��

Z TY
t��

f�yitj�i� yi�t���P �Ritjyit� yi�t��� �i�g��i�d�i �� � �

�Q jwi ���tvDUQO 	��D �uOW so sU�v�mt w MU�B ��Q� xOW x��Q� ��y�r�oJ 	��D x� xHwD �� xm
�Owtv st�Um �t u�wD�t



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�swO VwQ
xm CU� xDU��w yi� x� �iO�YD QF� u� QO xm Cw�iD u�� �� CU� pw� VwQ Ovv�t swO VwQ

�CU� Q� R pmW x� VwQ u�� QO ���tvDUQO 	��D
nY
i��

f�yi�� ���� yiT � Ri�� ���� RiT jyi��

�
nY
i��

Z TY
t��

f�yitj�i� yi�t���P �Ritjyit� yi�t��� �i�g��ijyi��d�i �
 � �

�swU VwQ
u�� QO �s� Q�o Q�vQO yi� �xOW xOy�Wt MU�B ��Q� �Q ���RHt 	� RwD u� QO xm CU� �WwQ

�CU� Q� R pmW x� ���tvDUQO 	��D Cr�L

nY
i��

f�yi�� ���� yiT � Ri�� ���� RiT �

�

nY
i��

Z
f�yi�j�i�

TY
t��

f�yitj�i� yi�t���P �Ritjyit� yi�t��� �i�g��i�d�i � � �

�OwW �Ov�pOt xv�o �OH Ov�wD�t f�yi�j�i� u� QO xm
�sQ�yJ VwQ

�CW�O s�y�wN x�ov� OW�� �rO�aD C�a�w QO Ov��Qi Qo �

f�yi�j�i� � 4���i�
yi�4	��i�

��yi� �� � �
u�wD�t w CU� yit � � w yit � 	 ��Q� �� x�W�L ��yr�tDL� ��DQD x� 4	 w 4� u� QO xm

�OQm xO�iDU� ��� QO 	� RwD u�� R�
�sHvB VwQ

so sU�v�mt uDiQo Q�vQO �� w Q��eD �tm �� xm CU� utmy pOt R� xO�iDU� QN� VwQ ��D��yv
�CW�O s�y�wN Q� R �xOW xDiQo Q�vQO pOt j�� ����tvDUQO 	��D QO uOW

Y �
it �  � ��yi�t�� � �it i � 	� ���� n� t � �� ���� T

�it � �i� � Uit

w
Y �
i� �  � �i�



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

u� QO xm
�i� � �i� � Ui�

w
R�it � �� ���yi�t�� � ���yit � �it� t � �� ���� T

�CU� Q� R CQwY x� jwi pOt ���tvDUQO 	��D �CU� pkDUt �it� w �it� R� �it� s�vm ZQi Qo �

nY
i��

f�yi�� ���� yiT � Ri�� ���� RiT � �
nY
i��

Z Z
f�yi�j�i��

TiY
t��

f�yitj�i�� yi�t���

�P �Ritjyit� yi�t���g��i�� �i��d�i�d�i� �� � �

utmy uwJty u�wD�t �OwW�t O�yvW�B �yWwQ u�� u�� �twta ��xU��kt �Oa� Q�m u�wva x�
R� xO�iDU� �� pt�m ��yxO�O QO �Q ��� w �
� ���� ��	� ��yWwQ R� xO�iDU� �� pOt xm �	��	�
x��Q� �QDy� G��Dv ��� VwQ xm CU� xO�UQ xH�Dv u�� x� w xOQm xU��kt � wrQ�m Cvwt �R�Ux��W
xOW x��Q� ��yWwQ u�� ��xU��kt u�vJty �Owtv xU��kt �yWwQ u�� �� R�v �Q �� VwQ �OyO�t
R� �NQ� OQ� Q�m �ovwoJ �x�Lqt ��Q� �OwW�t O�yvW�B �xOWto ��yMU�B �� ��yxO�O ��Q�

�O�vm xaH�Qt �	
��� ����Q x� �ak�w ��yxO�O QO xOW QmP ��yWwQ

�H�Qt

��� Aitkin� M� and Alfo� M� ������� Random coe�cient models for
binary longitudinal responses with attrition� Statistics and Com�
puting� ��� ��������

��� Diggle� P� and Kenword� M�G� ������� Informative drop�out in lon�
gitudinal data analysis �with discussion�� Appl� Statist�� ��� ������

��� Follmann D� and Wu M� ������� An approximate generalized linear
model with random e"ects for informative missing data� Biometrics
��
 ��������

��� Heckman� J�� ������� Statistical models for discrete panel data� in
Manski� C� * McFadden D�� Structural analysis of discrete data
with econometric applications� �������� Cambridge� Mass
 MIT
press�

��� Rubin D� B� ������� Inference and missing data� Biometrica ���
��������

�� u�yvB ��yQ�eDt R� �W�v �� wOwO �rw� ��yxO�O p�rLD �	
�� ��OwQyk ����Q !�"
��DWy� O�yW x�oWv�O �xOWto ��yNU�B



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

p�tQv ��yxDN�t� R� xO�iDU� �� �R�tt p�rLD

�R�OQB�v�J s�LQ ��Q�O��mQ sU�k

QyWtQN �u�O��� OL�w �tqU� O�R� x�oWv�O �

Q�t� xwQo �u�QtJ O�yW x�oWv�O �

�OW���t xwQo OvJ u�� �Ov�xOQ ��Q��tyt Q�R�� �LDA� �QW�i��N �R�tt p�rLD �xO�mJ
sr j�� OvW�� lQDWt Tv�� Q�wm T� QD�t �� xQ�eDt OvJ p�tQv 	� RwD ��Q�O �yUqm xm�t�ovy
LDA �CU� ���tvDUQO st� Rm �t �Ov�xOQ xOa�k �� pO�at w xOw� xv�y� LDA uUQ�B�ut�v
s�tYD ��yv�Qm w O���t V�B CQOv� �re� �yUqm uOw� p�tQv ZQi xrtH R� CU� ����at ��Q�O
xm OQm ZQi u�wD�t LDA s�taD ��Q� �Ovvm�tv �OH sy R� �i�m QOk x� �Q �yUqm ���N
T� QD�t w Cw�iDt ��yv�ov��t �� p�tQv 	� RwD ��Q�O xm Ov�xOW p�mWD ���yUqm Q� R R� �yUqm
s�tYD ��yv�Qm w OW���t �MDA� �xDN�t� Cr�L u�� QO �R�tt �OvDUy lQDWt Tv�� Q�wm
Q�PBu�mt� EM sD� Qwor� j� Q� R� �yvD �yQDt�Q�B OQw�Q� w xOw� xO�J�B w ��N Q�e �yUqm u��

�CU�
Q�PBu�mt� QW�i ��N �R�tt xr�Uw x� xm CU� �tyt h�Oy� R� �m� �R�tt QO O�a�� Vy�m
�Owtv xOy�Wt �Oa� wO ��yQ�Owtv QO �Q �yUqm u�wD�t QW�i �R�tt ��yQ�eDt xr�Uw� w OOQo�t
�UwD xDi�� VR�Q� ���i QO �yxO�O O�a�� Vy�m w OQ�OQ� QO �Q C�Y�N u�� R�v xDN�t� �R�tt
xO�O xaUwD p�tQv ��yxDN�t� xr�Uw� �R�tt xar��t u�� QO �CU� Q�PBu�mt� �yUqm Q� R u�ov��t
�R�tt ��yWwQ xU��kt ��Q� �Q ���� p�U QO �v�Uv� xaUwD VQ�Ro ��yxO�O TBU w OwW�t
�UwDt �v�Uv� xaUwD �� �yQwWm �q�� �v�Uv� xaUwD �� �yQwWm Tqm xU x� �yQwWm �Ov�xOQ ��Q�
MQv ��Q�O xDN�t� �R�tt xm OW xO�O u�Wv w OvOW xDiQo Q�v QO u���B �v�Uv� xaUwD �yQwWm w

�CU� �yQwWm �Ov�xOQ ��Q� �yWwQ Qo�O x� C�Uv �QDtm ���N

�Q�PB h��av� �R�tt p�rLD �EM sD� Qwor� ���xWwN p�rLD ��Ov�xOQ ��O�rm ��yxS�w
�v�Uv� xaUwD XN�W

xtOkt �
��yOQ� Q�m ��Q�O xmCU� xQ�eDt OvJ Q�t� QO syt C�aw�wt R� �R�tt �� Tqm OvJ �� wO �Ov�xOQ
�� x xOy�Wt OvJ �� l� X�YDN� �R�tt �rm Cr�L QO �CU� uwo �vwo ��yxRwL QO hrDNt
�� Linear Discriminant Analysis �� Mixture Discriminant Analysis
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	��� u�Qo�O w ��OQ�t� p�Ft u�wva x� �OvDUy OwHwt �Q�t� uwDt QO�qwtat w xDi�� xaUwD �O�� R
x�oQy �OvwW�t �wULt �� wN 	H�Qt l�DUHr �R�tt w ��N �R�tt ��Q� �	�� uUQOv� w
x�U�Lt p��k �DL�Q� R�v �R�tt ���N u��Q��v� w p�tQv R�v ��N �R�tt 	��D OvW�� p�tQv 	t�wH
Rwvy u�v�OQ�t� xr�Uw� �R�tt 	� RwD uOw� xO�J�B p�rO� �R�tt QO �swO xHQO VwQ �Ow� Oy�wN
�QDt�Q�B�v �swO xHQO xrtH R� ��N Q�e �R�tt ��yVwQ �	���� �w �CU� xaUwD p�L QO

�CU� xO�O Q�Qk �UQQ� OQwt �Q � � � w
�yxO�O �R�tt 	��D �DQwY u�vJ QO �O���t V�B CQOv� �yUqm uOw� p�tQv ZQi xv�iU�Dt
pL ��Q� j� Q� l� �Ci�� Oy�wN V��Ri� �R�tt ���N w Ovm�tv �OH sy R� �QFwt CQwY� �Q
�va� Ov�p�tQv ���yUqm Q� R pt�W �yUqm OwW ZQi xmv�� x� CU� LDA s�taD ZQi xr�Ut u��
QO �w�wt u�� �Ow� Oy�wN xDN�t� R�v xDiQ Q�m� �R�tt u��Q��v� w Ov�xDN�t� 	� RwD ��Q�O �yUqm
�CU� xOW O�yvW�B �	��	� u�Qo�O w CUmD w �	���� uqJq lt xr�Uw� �Q�t� C�HDWwv
Q� R R� Tqm Qy Ov�xOQm ZQi �yv� �Ov�xO�O VQDUo �Q �r�t u�� �	���� �v�Q�W��D w �DU�y
LDA �OvDUy lQDWt ��yTqm u�� w uwQO Tv�� Q�wm T� QD�t w Cw�iDt u�ov��t �� ���yUqm
LDA �� CU�yxO�O O�a�� Vy�m ��Q� �OvtOwU Q�R�� xmr� OwW�tv xO�iDU� �Ov�xOQ ��Q� �ki
u� QDW�� xm ��xvwo� O�O V��tv �Oa� wO ��yQ�Owtv �r�e QO �Q �yxO�O R� Tqm u�OvJ u�wD�t
Vy�m u�wD�t w OQ�O �Q C�Y�N u�� R�v MDA OvW�� xDW�O �Q �yUqm u�ov��t u�� �R�U�OH
xm �Dr�L QO O�a�� Vy�m LDA QO �Owtv xOy�Wt ��yUqm Q� R� �yUqm u�ov��t �wQ �Q O�a��

�CU� Q�PBu�mt� Qt� u�� MDA QO �t� CU�v Q�PBu�mt� OW�� Tqm wO u�� �R�tt
�R�tt w �yQDt�Q�B OQw�Q� ��Q� EM sD� Qwor� w �UQQ� xDN�t� �R�tt p�rLD xr�kt u�� QO
xr�kt u�oOvU� wv xr�Uw� w O�yvW�B �v�Q�W��D w �DU�y xr�Uw� sD� Qwor� u�� �CU� xOW O�yvW�B
�R�tt ��yxr�kt swO VN� QO w CU� xOW xDiQo Q�m� �v�Uv� xaUwD ��yxO�O QO TBU w j���v�
x� sQ�yJ VN� �OwW�t pt�W �Q MDA x� LDA xaUwD xr�kt swU VN� w QwQt ��N
xaUwD ��yxO�O sHvB VN� QO w OR�OQB�t MDA �R�tt QO xO�iDU� ��Q� EM sD� Qwor� j���v�
��yVN� s�Hv�QU Ov�xOW xDiQo Q�v QO QDA w LDA �� MDA u�� xU��kt ��Q� �Q �v�Uv�

�Ow� Oy�wN MDA XwYN QO �Q�oxH�Dv l� xr�kt ���yv
�� Quadratic Discriminant Analysis



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

LDA ��N �R�tt p�rLD �

QO X ��QW �r�oJ CQwYv�� QO fxi� gigni�� �tvy�Q xawtHt �R�tt xr�Ut QO O�vm ZQi
�Ow� Oy�wN Q� R CQwY x� s�j Tqm

pj�x� � ���j��� � P �X � x j G � j�

�j ��� j� �
� exp

�
�	

�D�xi� �j�

�
�	�

�Ow� Oy�wN Q� R CQwY x� C�Oy�Wt ���tvDUQO sD� Q�or CQwYv�� QO

����j��� � �
JX
j��

X
gi�j

D�xi� �j�� nlog j � j ���

x� �gi�j w � w x u�� T�� wvq�y�t xrY�i D�x� �� � �x � �������x � �� �Hv�� QO
s�j Tqm u�W�B p�tDL� s� Q�o �CU� s�j Tqm QO �tvy�Q xawtHt C�Oy�Wt �wtHt �vat
OQw�Q� �tvy�Q xawtHt R� �� w CU� swrat p�k R� �qwtat xm OW�� P �G � j� � 4j CQwY�
QO 4� � 4� � ��� � 4J � �

J OW��v Qo�Om� Q� �yUqm K�HQD Q� �r�rO I�y Qo � OwW�t
p�tDL� Qo � C�x	� � j OwW�t �Ov�xOQ s�j Tqm x� x	 xOy�Wt TBU OwW�t xDiQo Q�v

�OwW st� Rm �t �yUqm x�k� u��t QO OW�� s�j Tqm R� xmv�� u�UB
P �G � j j X � x	� � max�P �G � � j X � x	� �
�

�OwW�t pO�at ���tvDUQO st� Rm �t �R�tt VwQ �� VwQ u�� OW�� P �G � j� � �
J x�o Qy

u�UB �r�oJ OvW�� lQDWt Tv�� Q�wm T� QD�t �� p�tQv 	� RwD ��Q�O �yUqm Qo � �	� x� xHwD ��
�Ow� Oy�wN Q� R CQwY x� s�j Tqm

P �G � j j X � x� �
4j���j���PJ
l��4l���l���

� exp

�
x�����j � 	

��
�
j�

���j � log4j

�
� exp

�
x�j � �j

�
s�tYD u�Qm �OQ�Ov �yUqm uOQm st� Rm �t QO �Q�F�D j x� C�Uv QUm GQNt uOw� C��F O�vm xHwD
Cq�tDL� ��Q�O xm OwW�t h� QaD ��kv R� ��xawtHt CQwY x� s�j w i Ovv�t Tqm wO u��

��va� OvDUy �w�Ut u�UB
bi�j � fx � �p	P �G � j j X � x� � P �G � i j X � x�g



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�CU� Q� R CQwY� Tqm wO u�� s�tYD u�Qm u��Q��v� w

�j � i�
�x� ��j � �i� � �

�OwW�t h� QaD Q� R CQwY x� s�j Tqm ��Q� �R�tt 	��D � CU� x R� ��N �a��D xm

�j�x� � ��x�j � �j� ��

�OW�� Q�QkQ� Q� R x���Q Qo � CU� s�j Tqm x� x	 ��UDv� �Ov�xOQ xOa�k w

�j�x� � �min��x
�� � ���

�Uqm x� x	 O�OH xOy�Wt �yUqm u�W�B p�tDL� uOw� �w�Ut Cr�L QO xm OwW xHwD O���
xO�iDU� �� �w �� �OW�� xDW�O u� RmQt �� �Q T�� wvq�y�t xrY�i u� QDtm xm OwW�t �Ov�xOQ

�OvwW�t pY�L Q� R CQwY� ��� st� Rm �t u��Q��v� OvwW�t OQw�Q� �tvy�Q xawtHt R�

��j �
	
nj

X
gi�j

xi �� �
	
n

JX
gi�j

X
gi�j

�xi � ��j��xi � ��j�
� ���

��va� OvW�� hrDNt Tv�� Q�wm T� QD�t ��Q�O ��yUqm Qo � CU� QmP� sRq

pj�x� � ���j ��j�

u�� QO Ow� Oy�wN x R� swO xHQO 	��D CQwY x� ��N Q�e j w i Tqm wO u�� s�tYD u�Qm
��yxvwtv xR�Ov� uwJ Ow� Oy�wN JP � P �P���

� OvwW OQw�Q� O��� xm ���yQDt�Q�B O�OaD Cr�L
��Q� w CU�v OvtwQ�v swO xHQO �R�tt QO �yQDt�Q�B OQw�Q� u��Q��v� CU� C��F �tvy�Q xawtHt

�OwW�tv O�yvW�B P � � Cr�L

LDA QO O�a�� Vy�m ��

QW�i �O�yvW�B VwQ QO OQw� CUO� �	�
�� QW�i x� RHD �� u�wD�t �Q �R�tt QO O�a�� Vy�m
�OwW st� Rm �t Q� R QUm xm ��xvwo� � � �p uOQw� CUO� hOy

��B�

��W�

u� QDy� �CU� �ywQo uwQO Tv�� Q�wm T� QD�t W w �yywQo u�� Tv�� Q�wm T� QD�t B �Hv�� QO
�rm Cr�L QO CU� W��B T� QD�t xS� w Q�Okt u� QDoQR� �� j���t xS� w Q�OQ� � ��Q� ��wH
�R�tt ��yQ�eDt u��Q��v� CU� QiY Q�e xS� w Q�Okt min�J �	� p� ��Q�O QFm �OL T� QD�t u��



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�va� K � min�J � 	� p� xm OvW���t k � 	��� ����K w yk � ��kx CQwY x� QW�i
�R�tt Q�eDt wO OwW�t xO�iDU� �R�tt Q�eDt u�wva x� LDA QO QW�i pw� R�tt K R� �qta
Q�Owtv �r�e QO �yUqm V��tv ��Q� w OvQ�O �yUqm u�ov��t u�� �Q �R�U�OH u� QDW�� QW�i pw�
Qo � OwW�t �Ov�xOQ s�j Tqm x� x	 O�OH xOy�Wt QW�i ��N �R�tt QO �OvwW�t xO�iDU�

�OW�� �yUqm xty u��t QO u� QDtm Q� R �UO�rk� xrY�i

��j �x	� �
KX
k��

�yk�x	�� �yjk�
�

w �DU�y �yUqm uOw� p�tQv Cr�L QO �CU� s�j Tqm QO s�k �R�tt Q�eDt u�ov��t �yjk xm
�CU� LDA �� pO�at QW�i ��N �R�tt ���i QO �Ov�xOQ xm Ov�xO�O u�Wv �	���� �v�Q�W��D
�� pO�at �LDA� QW�i ��N �R�tt ���i xm uO�O u�Wv �	��� u�Qo�O w �DU�y u�vJty
QO CU� xOW xO�iDU� �yUqm uO�O u�Wv ��Q� xv�y� Q�O�kt R� xm CU� xQ�eDt OvJ ��N uw�UQoQ

k�X� � X �k ��N xv�oOvJ ��yvw�UQoQ R� ��xr��vO CQwY� u�wD�t �Q LDA �rm Cr�L
��UDv� w ��� ���� �K xv�y� Q�O�kt u��aD R� TB �R�tt R� pmW u�� O�O V��tv k � 	� ����K w
�U� QD�t Y xm OwW ZQi CU� Q� R CQwY� Q�m VwQ �OwW�t xOQw� CUO� �yUqm Om x� �yv�
w CU� l� u� Q�Okt s�j uwDU w s�i h�OQ QO x�ov� OW�� s�j Tqm x� jraDt xi Qo � xm CU�

�OvQ�O �Q QiY Q�Okt s�i h�OQ QO �yvwDU x�k�
V�B T� QD�t� X p��kt QO Y R� xQ�eDt OvJ ��N uw�UQoQ ���N xQ�eDt OvJ uw�UQoQ �	
�vw�UQoQ 	��wD Q�OQ� 
�X� w OW�� xOW VR�Q� Q�O�kt T� QD�t �Y s� Q�o OwW�t VR�Q� ��yQo�v��

�OW��
D� � Y �Y

n xm%�D�% � IK �QW ��Y � �Y xS� w ��yQ�OQ�u� QDoQR� R� �DK �xv�y� Q�O�kt ��
OQw�Q� xv�y� Q�O�kt T� QD�t %J �K OwW ZQi CU�yUqm u�W�B p�tDL� R� �Q�k T� QD�t

�OW�� xOW
�	� xrLQt QO �vw�UQoQ 	��wD Q�OQ� w ��� xrLQt QO xv�y� Q�O�kt T� QD�t R� xO�iDU� �� �


�
�X� �� %�
�X�
QO Q� R �UO�rk� xrY�i Qo � OwW�t �Ov�xOQ s�j Tqm x� x	 O�OH xOy�Wt Cr�L u�� QO

�OW�� u� QDtm �yUqm xty u��t

��j �x	� �
KX
k��

wk�
k�x	�� �
jk�x�
�

wk � �
r�k���r�k�

wCU� s�j Tqm QO 
k�x��vw�UQoQ 	��D xOWVR�Q� Q�O�ktu�ov��t �
jk�x� xm
s�k �rk w Ovvm�t p�O�D QW�i �R�tt ���i x� �Q �vw�UQoQ xOW VR�Q� ���i xm OvDUy ���yvRw
sD� Qwor� R� �	� xrLQt QO Qo � �OwW�t x�U�Lt sD� Qwor� ��� xrLQt QO xm CU� ��xS� w Q�Okt
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w �DU�y �Ow� Oy�wN ��N Q�e �R�tt CQwY u�� QO OwW xO�iDU� �QDt�Q�B�v uw�UQoQ R�
OwW xO�iDU� �R�tt p��Ut ��Q� �vw�UQoQ VR�OQBV�B l� R� xm �Q �WwQ Qy �	��� u�Qo�O
�R�tt OW�� ��N uw�UQoQ VR�OQBV�B Qo � u��Q��v� Ov�xO�t�v �FDA� �Q�PBh��av� �R�tt �Q

�Ow� Oy�wN ��N R�v

p�tQv ��yxDN�t� R� xO�iDU� �� LDA s�taD 	

��Q�O xirwt Qy u� QO xm OW�� p�tQv xDN�t� Tqm Qy QO �r�oJ 	��D �r�k VN� QO O�vm ZQi
s�j Tqm QO u��Q��v� OW�� �yxirwt x�k� �� lQDWt Tv�� Q�wm T� QD�t w OwN x� �w� Qt u�ov��t
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QO s�j Tqm u�UB p�tDL� xDN�t� �R�tt pOt QO �OW�� �t PRj

r�� ��jr � 	 xm CU�
�CU� Q� R CQwY x� OW�� xOW xOy�Wt x xm �DQwY

P �G � j j X � x� �

PRj
r�� �jr��xi� �jr���PJ

j��
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r�� �jr��xi� �jr���
���

�CU� Q� R CQwY� �Hv�� QO ��QW ���tvDUQO sD� Q�or
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RjX
r��

�jrexp

�
�	

�D��jr���

�
�� n

� log j � j ���

��� x���Q Qo � �C�x	� � j �OwW�t xO�O C�Uv s�j Tqm x� x	 O�OH xOy�Wt MDA QO
�OwW st� Rm �t Qo�O ��yUqm s�tD u��t QO

P �G � j j X � x	� � max�P �G � � j X � x	�
�� Flexible Discriminant Analysis
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u�� OW���t j � 	� ���� J� r � 	� ���� Rj xmRj � �jr� �jr�� pOt ��yQDt�Q�B �Hv�� QO
QO xm CU� �y�O� Ov���t CUO� ��� x���Q uOQm st� Rm �t �� �tvy�Q xawtHt j� Q� R� �yQDt�Q�B
j� Q� R� O��� u��Q��v� CU�v Q�PBu�mt� �Q�ojDWt j� Q� R� ��� x���Q uOQm st� Rm �t MDA

�OwW st� Rm �t �OOa ��yWwQ

xDN�t� �R�tt pOt QDt�Q�B OQw�Q� 


C�Oy�Wt uOw� pt�m �v s�ovy QO xm Ov�xOQm KQ�t �yQDt�Q�B OQw�Q� ��Q� �	���� u�Qo�O w QDUBtO
���tvDUQO sD� Q�or QO ���Qoty x� uO�UQ �D �Q�QmD �WwQ EM sD� Qwor� �OQ�O OQ� Q�m
����tvDUQO st� Rm �t OQw�Q�� M xrLQt w ����� Q O�t�� E xrLQt Q�QmD Qy QO xm CU�yxO�O
�tvy�Q xawtHt QO xvwtv Qy xm CU�v XNWt j�kO Qw�� xDN�t� �R�tt pOt QO �OQ�O OwHw
xO�iDU� EM �OOa sD� Qwor� R� O��� ��� uOQm st� Rm �t ��Q� u��Q��v� OQ�O jraD Tqm Q� R s�Om x�

�Owtv
�E xrLQt

�QW x� CU� pt�m ��yxO�O ���tvDUQO sD� Q�or ���� Q O�t� pt�W EM sD� Qwor� R� E xrLQt
��yxO�O QO OW�� Q��DN� QO Q�QmD Qy QO �yQDt�Q�B K�LY Q�Okt w x xOW xOy�Wt Q�Okt xmv��
QO xOWto Q�O�kt xm CiQo Q�v QO pt�m �v ��yxO�O CQwY x� �Q C�Oy�Wt u�wD�t p�tQv xDN�t�
OvDUy XNWt ���OD�� ��yQDt�Q�B xmv�� ZQi �� �Hv�� QO OW���t xirwt Qy Tqm Q� R Om u�
��yxvwtv xty ��Q� OW�� s�j Tqm R� s�r Tqm Q� R x� jraDt xi xOy�Wt xmv�� uRw �� p�tDL�
�	���� uqJq lt x� u�wD�t C��F� ��Q� xm OwW�t x�U�Lt s�j Tqm QO �tvy�Q xawtHt

�OQm xaH�Qt

P �Cjr�xi� j xi� j� � �jr��xi� �jr���PRj
l�� �jl��xi�jl���

���

�M xrLQt
���tvDUQO st� Rm �t ��yOQw�Q� ��� x���Q E xrLQt QO xOW OQw�Q� �Cq�tDL�� ��yvRw R� xO�iDU� ��

�OvwW�t x�U�Lt Tqm Qy QO p�tQv xirwt Qy ��yQDt�Q�B ��Q�
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X
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j��

X
gi�j
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r��

P �Cjr�xi� j xi� j��xi � ��j��xi � ��j�
� �	��

st� Rm �t ��yOQw�Q� OwW�t xO�O �	�� w �		� ��yx���Q �� ��� x���Q xU��kt R� xm Qw�v�ty
P �Cjr�xi� j xi� j� ��yvRw xm Cw�iD u�� �� OvDUy pt�m p�tQv Cr�L Ovv�t ���tvDUQO
�a��D OwN P �Cjr�xi� j xi� j� ��yvRw xmv�� x� xHwD �� �Ov�xOW �yUqm Qov�Wv 	��D u� Ro��H
x�U�Lt �Oa� ��yvRw �D xOW u� Ro��H ��� x���Q QO �	�� �D �	�� ��yx���Q OvDUy � w �jr R�
OyO �wQ ��� ��QW ���tvDUQO sD� Q�or QO ���Qoty �D OvwW�t Q�QmD QOkv� pL�Qt u�� OvwW
C�Uv �yxO�O ���tvDUQO sD� Q�or Q�QmD Qy QO xm CU� u�� EM sD� Qwor� �U�vt X�wN R� �m�
Q��eD u� R� p�k Q�QmD x� C�Uv ��� x���Q ��xrLQt QO Qo � u��Q��v� O����t V��Ri� �r�k Q�QmD x�

�OvwW�t xOQw� CUO� ���yv ��yOQw�Q� w OwW�t hkwDt sD� Qwor� OW�� xDW�O �tm
� w �jr ��yQDt�Q�B ��Q� ���OD�� ��yOQw�Q� w Rj �yxWwN xR�Ov� x� EM sD� Qwor� ��yQ�QmD
u�ov��t �Ov�xWwN sD� Qwor� R� u�wD�t Qw�vt u�� ��Q� OvQ�O P �Cjr�xi� j xi� j� ��yvRw w
��Q� sD� Qwor� u�� R� TBU w OQm u��aD ��yUqm Q� R O�OaD� �yxWwN ��Q� C��F Q�Okt l� �s�K
�tvy�Q xawtHt C�Oy�Wt xty ��Q� TBU OwW xO�iDU� Tqm Qy QO �jr �yUqm Q� R Rm �Qt OQw�Q�
CQwYv�� Q�e QO w RmQt u� QDm�ORv �jrQo � CU� l� �� Q��Q� P �Cjr�xi� j xi� j� s�j Tqm QO
Q�v OQwt xWwN x� ��� x���Q �� j���t x	 O�OH xOy�Wt �yQDt�Q�B OQw�Q� R� TB �CU� QiY
xO�J�B �a��D x� �yUqm u�UB p�tDL� uO�O Q�Qk �w�Ut �� MDA QO �OwW �t xO�O C�Uv
Tv�� Q�wm T� QD�t uOw� �w�Ut ZQi �� �DL MDA QO u��Q��v� O�UQ s�y�wN ��N Q�e w
�tyt ��yt�taD R� �m� u�� xm CU� ��NQ�e �yUqm u�� s�tYD ��yv�Qm ��yUqm Q� R� �yUqm

�O���t CUO� LDA QO �yUqm ��Q� xDN�t� p�tQv ZQi s�ovy xm CU�
O�a�� Vy�m �D OQw��t OwHw� �Q u�mt� u�� �yUqm Q� R Tv�� Q�wm T� QD�t uOw� �w�Ut ZQi
LDA �vRw xNUv �� xm Owtv ZQi u�wD�t Qo�O CQ��a x� OwW xOQw� CUO� MDA QO �yxO�O
�yUqm Q� R pm O�OaD R �

PJ
j Rj Qo � Ov�xOW �yUqm u� Ro��H �yUqm Q� R xm s�DUy wQ� wQ

Cr�L u�� QO OQ�o�t jraD �yUqm Q� R R� l� Qy x� OwN uRw �� C�Oy�Wt R� s�Om Qy xm OW��
w �vRw ��xawtHt Cr�L u�� QO �tvy�Q xawtHt u��Q��v� CU� xOy�Wt njRj pt�W s�j Tqm
xDiQo ltm EM sD� Qwor� R� xQ�� wO �CU� C�Oy�Wt R� n� �PJ

j njRj O�OaD x� xOW xOwRi�
Q�Ri� sQv OwW�t pL �vRw LDA xr
UtM xrLQt QO E xrLQt QO �yvRw x�U�Lt R�TB w OwW�t
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CU� C�Oy�Wt uRwT� QD�t u�� ��yi�OQ xm OW�� �Qy�� MU�BT� QD�t ZnR Qo � OwW xO�iDU�
Tqm x� �w� Qt ��yUqm Q� R x�ov� OW�� s�j OW�� s� Tqm x� jraDt s�i xOy�Wt Qo � xm ��xvwo�
xHwD O��� OvQ�o�t �Q QiY Q�Okt s�ih�OQ QO �yUqm Q� R x�k� w OvwW�t QB xOy�Wt u�� uRw �� s�j
�n �
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j��
P

gi�j

PRj
r�� P �Cjr�xi� j xi� j�� �CU� nQ��Q� �yvRw �wtHt xm CW�O

�� Kmeans
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�v�Uv� xaUwD ��yxO�O ��Q� CUQO�v �Ov�xOQ ���N MQv �	 pwOH
VwQ �tvy�Q xawtHt uwtR� xawtHt
LDA ��	�
 ��	�

QDA ����� ��	�	
MDA ����� �����

pOt 	�� VN� QO xOW xDio �	�
� pL�Qt R� xO�iDU� �� Z �Qy�� T� QD�t x�U�Lt R� TB
O�OaD �UwD �yxO�O O�a�� Vy�m LDA QO �OwW�t x�U�Lt Q�QmD Qy QO MDA xDi�� Vy�m
Vy�m �J � �� OW�� Tqm wO u�� �R�tt xm �Dr�L QO u��Q��v� CU� xOW OwOLt �yUqm
xQ�wty u��Q��v� OvwW�t �yUqm u� Ro��H �yUqm Q� R uwJ MDA QO �t� CU�v Q�PBu�mt� O�a��

�CU� Q�PBu�mt� O�a�� Vy�m w xOw� x�U�Lt p��k �R�tt ��yQ�eDt

�yQwWm �Ov�xOQ  �OQ� Q�m p�Ft �

QWDvt �Q �v�Uv� xaUwD VQ�Ro u�wva CLD �WQ�Ro xr�U Qy OLDt prt u�tR�U 	��� p�U R�
xDiQo Q�v QO Q� R ��yQ�eDt �yv� �v�Uv� xaUwD Q�v R� �yQwWm �Ov�xOQ ��Q� VQ�Ro u�� QO Ovm�t

�OwW�t
�OrwD wO� QO �oOvR x� O�t� �x�

�uq�UoQR� �O�wU�� MQv �x�
��r�YLD ��yxQwO QO �U� wv s�v OWQ MQv �x�

��rN�O Xr�N�v pwYLt xv�QU 
x�
p��k Q�e CQwY QO w �yQwWm xQWDvt �tUQ C�aq�� R� xO�iDU� �� qwtat C�aq�� �Qw�	tH
��yxO�O R� VQ�Ro u�� QO �OvwW�t OQw�Q� prt u�tR�U u�Qta xt�vQ� xr�Uw� C�aq�� uOw� O�tDa�
xU x� �yQwWm u� R� xO�iDU� �� w OwW�t x�U�Lt �HDI� ��v�Uv� xaUwD XN�W xOt� CUO�
u���B �v�Uv� xaUwD �� �yQwWm w �UwDt �v�Uv� xaUwD �� �yQwWm �q�� �v�Uv� xaUwD �� �yQwWm xOQ

�OvwW�t �Ov�xOQ

�R�tt p�rLD �� �yQwWm �Ov�xOQ ��

xU��kt ��Q� CU� xOW VQ�Ro QwWm 	�
 ��Q� �yQ�t� ���� p�U �v�Uv� xaUwD VQ�Ro QO
Qw�� QwWm 		� �MDA xDN�t� �R�tt w QDA swO xHQO �LDA ��N �R�tt ��yWwQ
�tvy�Q xawtHt ��Q� CUQO�v �Ov�xOQ ���N MQv w OvOW ��NDv� �tvy�Q xawtHt ��Q� �iO�YD
�� Human Development Index
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Discriminant Plot for true classes
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uwtR� xawtHt u�wva x� Qo�O QwWm �� xOW x��Q� ��yrOt Q��Da� �UQQ� ��Q� TBU OW x�U�Lt
xO�iDU� �� uwtR� xawtHt C�Oy�Wt ��Q� CUQO�v �Ov�xOQ ���N MQv w Ov�xOW xDiQo Q�v QO
�	� pwOH R� xm Qw�v�ty CU� xOW x�U�Lt �tvy�Q xawtHt �UwD xOW OQw�Q� �R�tt 	��wD R�
��yWwQ x� C�Uv �QDtm ���N MQv ��Q�O Tqm Qy QO Tqm Q� R xU �� MDA OwW�t xOy�Wt
xOW xO�iDU� �yQwWm �Ov�xOQ ��Q� xDN�t� �R�tt R� u��Q��v� CU� swO xHQO w ��N �R�tt

�CU�

��Q� �Q xDN�t� �R�tt w ��N �R�tt ��Q� �R�tt ��yQ�eDt �w� Qt Q�Owtv �	� pmW
u� Ro��H �yUqm Q� R uwJ MDA QO OwW�t xOy�Wt xm Qw�v�ty OyO�t u�Wv �tvy�Q xawtHt
�yxQ��O uwQO O�Oa� CU� ��N Cr�L R� QDW�� �R�tt ��yQ�eDt O�OaD u��Q��v� Ov�xOW �yUqm
�R�tt ��yQ�eDt R� QDy� swO w pw� �R�tt ��yQ�eDt w OvW���t �yUqm Q� R RmQt xOvvm XNWt

�Ov�xOQm �OH sy R� �Q ��yUqm Q� R� �yUqm swU w swO
�q�� �v�Uv� xaUwD �� �yQwWm

��vwwrU� ��m �wrU� ��vwDU� ���r�QDU� ���v�BU� �x�wowQ� �V� QD� �u�tr� ��Ow� Q�� w �wo�Dv� �u�Dv�SQ�
�TwO� � Q�� �OvrU�� �OvrQ �� ��m� Qt� xOLDt Cq��� � u�DUrov� ��� Qa xOLDt C�Q�t� ���r�D��
�lQ� t v�O �lJ �QwytH �w o � � w D w O�O� vQ D �p� e DQ B �l � S r � � �
 vwQ � �u � QL � �T�t�y� �
�Q�k �TQ�k �Ovqvi �TOk Qor�eW� s� SQ �xU v�Qi �pW�U �T��wU �O�wU �QwB�ovU �uB�S
��Rr�t �Cr�t �Tw�D� Q�t �u�DUyr �nQw�t�Rmwr �C� wm ��� wvHxQm ��U�wQm ��O�v�m ��m� Q�DU�m

�u�vw� �nvm nvy �Ovry �OvrRw�v �SwQv � l� Rmt�u�DUQ�Ht
��UwDt �v�Uv� xaUwD �� �yQwWm

�p�� QwDwm � �QwO�wm � �u��Qm � �u�DUm� R� �u�DUvtQ� �uOQ� ��v��r� ��� wvH ��k� Qi� �u�H��� QP�
��t�v�B �x�wo �Q�B ��wB�B ��v�wUDw� ��w�rw� �R�r� �u�DUQ�er� �p� RQ� �u�Q�� ��RvwOv� �QwO�wr�Ur� �Q��RHr�
�QwytH ��m�vtO �u�t�rU Q��RH ��m���t�H �TvwD �x�mQD �u�DUvtmQD �Ovr��D �u�DUm�H�D �wQB
���Uw� CvU ��mvq �QU �wtwDw�U ��wt�U �xw��t� R ��v�twQ �O�iU x�UwQ �x�UwQ �u�J �um�vtO
�u�DUR�kQk ��H�i �u�B�r�i ��ve �u�ta �u�DU� Qa �x� QwU �s�v� QwU �Ovr� R�wU �Cv� w CvU
�u�� wo �O�OH �v�wo �q�tD�wo ��O�v�Qo �u�DUHQo ��� wm ���vm �wovm ����trm �Gw�t�m �OQwB�m �u�DUk�Rk
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hqN Q� �Dr�L u�vJ QO �CU� xDiQo Q�Qk xHwD OQwt Q��U� ������ � u���Q w �pD�r �UwD
pOt Q�t� sra QO xO�iDU� OQwt �rwtat ��yWwQ R� u�wD�tv OvDUy C��F C�QF� �t�tD xm �t�ovy
��ypOt VR�Q� ��Q� uwvm �D xm ���yWwQ �!������ ��DUQo �" O�O VR�Q� �yxO�O x� �Q �U�vt
��yWwQ R� xO�iDU� p�rO x� Ov�xDiQo Q�Qk �UQQ� OQwt xDN�t� ��yxO�O ��Q� �iO�YD C�QF� ��
���QW QO �yvD �yv� R� �Q��U� w Ov�xOQm xO�iDU� ��xO�J�B �Qw
D R� �U�vt pOt VR�Q� QO �OOa
�Qw
D R� xO�iDU� �� xm CU� xO�OQo �aU xr�kt u�� QO �OvUQ�t Q�v OQwt xH�Dv x� �YwYN�

�OQ�o Q�Qk xHwD OQwt EL� u�� QDxO�U �OOa ��yWwQ R� xO�iDU� �� w xO�U
�� Little �� Rubin �� Agresti
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xDN�t� ��yNU�B ��Q� �iO�YD C�QF� pOt �

xOy�Wt Ot�Q� M �� �Q �iO�YD C�QF� pOt l� �	���� �u�� Q w pt�U xO�iDU� OQwt pOt Ovv�t
�k�� ��yOt�Q� R� �D M� � M �M� w �� wOwO 	� RwD ��Q�O �yOt�Q� u�� R� �D M� O�OaD xm xOW
��yQ�eDt xm CU� �QwQ� xDmv u�� QmP �s� Q�o�t Q�v QO Ovvm�t �wQ�B p�tQv 	� RwD R� xOv�t
��Q� �!�	���� �Qm�" Ovvm�t Q�DiQ u�yvB ��yQ�eDt C�QF� Ovv�t EL� OQwt pOt QO �iO�YD

�s� Q�o�t Q�v QO Q� R CQwY x� s��i �vOwtR� ��Q� �Q �iO�YD C�QF� pOt Qw�vt u��

y�im � X �
im � �im m � 	� � � � �M� �	�

zim � U �im � �im m � M� � 	� � � � �M

QO �CU� s��m Ot�Q� QO s��i �vOwtR� ��Q� �v���D ��yQ�eDt T� QD�t Uimw Xim u� QO xm
�ki xm CU� OQ�Ov�DU� p�tQv 	� RwD �� y�im u�yvB Q�eDt l� xOW xOy�Wt Q�Okt yim pOt u��
Q�e QO w yim � 	 x�ov� y�im � �Qo � w s� Q�O CUO QO �Qv� uOw� � OOa R� QDoQR� �� QDmJwm

�Ow� Oy�wN yim � � CQwY u��
lJwm Q�O�kt uDiQo Q�v QO �� �DL �O�� R ��yQDt�Q�B ��Q�O jwi pOtTv�� Q�wmTv�� Q�wT� QD�t
M� � � w M� �  xm s� Q�o�t Q�v QO �Q �Dr�L xr
Ut u�� QDy� lQO ��Q� �Ow� Oy�wN M

�OwW�t u��� Q� R CQwY x� pOt CQwY u�� QO � CU�

y�im � X �
im � �im m � 	���
�  ���

zim � U �im � �im m � �� �

Ot� Oy�wN QO Q� R CQwY x� �Q�DN�UQ�e Tv�� Q�wm Tv�� Q�w T� QD�t Q�DN�U CQwY u�� QO
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�CCCCA
pOt VR�Q� Qw�vt x� Q�t� QO pwtat ��yWwQ R� u�wD�tv pOt QO �iO�YD C�QF� OwHw ��
R� �yQDt�Q�B uOQw� CUO� ��Q� �OQm xO�iDU� xDUUo w xDUw�B ��yOt�Q� R� ��xDN�t� OwHw ��
CU� u� �OOa ��yWwQ R� xO�iDU� �rY� CqmWt R� �m� �t� OOQo�t xO�iDU� �OOa ��yWwQ
Ovv�wD�tv CU� Ot�Q� �O�� R O�OaD ��Q�O pOt w s� Q�O Q��DN� QO xO�O �tm O�OaD xm �y�ovy xm
QO q�� pOt Ovv�t xDUw�B MU�B � w xDUUo MU�B  xm �y�ovy p�Ft ��Q� �Ovvm pta �� wN x�
�� Sammel and Ryan �� Baker
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�yxO�O sm O�OaD w CW�O s�y�wN Tv�� Q�wm T� QD�t QO QDt�Q�B 	� OQw�Q� x� G��DL� OW�� CUO
Q�� u�rw� �OW Oy�wNv pY�L �yQDt�Q�B OQw�Q� QO Q�v OQwt CkO w OOQo R�U pmWt Ov�wD�t
�yv� xO�iDU� OQwt VwQ �t� OvO�O Q�Qk �UQQ� OQwt �Q pOt u�� �	���� u�� Q w �R��wr �pt�U
u� p�mW� Qo�O w Ovm�t xO�iDU� pOt ��yQDt�Q�B uOQw� CUO� ��Q� ��xO�J�B �OOa �Qw
D R�
u�vJ �� OQwNQ� ��yy�Q R� �m� �CU� lJwm ��yxO�O Q��Q� QO pOt O�� R Q��U� C�U�UL
���yxO�O u�vJ ��Q� xr�kt u�� QO Q�� u�rw� ��Q� xm CU� pOt ��yQDt�Q�B O�OaD Vy�m �rmWt
Q�� u�rw� xm �rt�a lD x� RHD VwQ R� xO�iDU� Qw�vt u�� ��Q� �CU� xDiQo Q�Qk �UQQ� OQwt

�OW�� OvtOwU Q��U� Ov�wD�t CU� xOW x��Q� �	��	� utmy �UwD

�rt�a lD x� RHD R� xO�iDU� �� �iO�YD C�QF� pOt 	

�OW�� �U�vt pOt ��yQDt�Q�B O�OaD Vy�m QO Ov�wD�t �rt�a lD VwQ �OW u��� xm xvwov�ty
C�QF� �� 'RH wO x� m � 	� � � � �M ��Q� �Q �im ��N CqtH �OD�� VwQ u�� K��wD ��Q�

�s�vm�t s�UkD Q� R CQwY x� �vim� w � bim� �iO�YD

�im � bim � vim m � 	� � � � �M

�	��	� �utmy �UwD xm �rt�a lD x� RHD VwQ uOQ� Q�m� �� �	� pOt CQwY u�� QO
Ot� Oy�wN QO Q� R CQwY x� �CU� xDiQo Q�Qk xO�iDU� OQwt �iO�YD C�QF� ��Q�

y�im � X �
imm � bim � vim m � 	� � � � �M�

zim � U �imm � bim � vim m � M� � 	� � � � �M �
�

�CW�O s�y�wN pOt uOw� X�NWD p��k ��Q� x�ov�

var��im� � var�bim � vim� � ��
bm � ��

vim m � 	� � � � �M

u� QO xm

var��im� � var�bim � vim� � ��
bm � ��

vim � 	 m � 	� � � � �M�

� Ovv�ty Tv�� Q�wm �Tv�� Q�w T� QD�t ��Q� Q�DN�U l� ��iO�YD C�QF� ��Q� h� QaD �wv u��
�Ovm�t O�H��

�rt�alD x� RHD�UwDTv�� Q�wm Q�DN�U �wQC�OwOLt #�Lr �� �Q �iO�YD C�QF� O�OaD u�wD�t
�� Louis �� Heckman
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bim � �mbi s�vm ZQi xm �vat u�� x� O�O Vy�m CU� xOW u��� �	��	� utmy �UwD xm
p�tQv ��yOt�Q� ��Q� w �	 	 �m 	 	 �� wOwO ��yOt�Q� ��Q� xm m � 	� � � � �M ��Q�
��yQDt�Q�B �m wCU� OQ�Ov�DU� p�tQv 	� RwD ��Q�O bi u� QO xm Ow� Oy�wN�� 	 �m 	 ��

�CU� Q� R CQwY x� �oDU�ty Q�DN�U Cr�L u�� QO �OvDUy T��kt

cov�ym� ym�� � �m�m� m�m� � 	� � � � �M� m �� m�

w
cov�zm� zm�� � �m�m� m�m� � M�� � � � �M� m �� m�

u�vJty w

cov�zm� � ym� � �m�m� m � 	� � � � �M� � m� � M�� � � � �M�

�yHwD p��k u�R�t x� Tv�� Q�wm Tv�� Q�w T� QD�t w pOt ��yQDt�Q�B O�OaD CQwY u�� QO
Tv�� Q�w T� QD�t Q�DN�U M� � � w M� �  w M � � �� p�Ft ��Q� �O����t Vy�m

�Ot� Oy�wN QO Q� R CQwY x� Tv�� Q�wm
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�CCCCA
QDt�Q�B � x� QDt�Q�B 	� R� pOt ��yQDt�Q�B O�OaD M � � ��Q� �rt�a lD VwQ R� xO�iDU� ��

�O����t Vy�m

�OQ� Q�m p�Ft 


hOy �OvO�O s�Hv� Q�wv�N �� R� ��xvwtv �wQ Q� �U�vWv�wQ j�kLD �	���� �QDJwrW w pD�r
R� �CU� Q�wv�N u�OvRQi ��y� Q�Hvy�v �wQ Q� u�Or�w ��y�Q�Hvy�v Q�F�D ���U�vW j�kLD u�� R�
�iO�YD C�QF� pOt R� �OQm xOy�Wt �Q u�OvRQi �wQ Q� u�Or�w �Q�Hvy�v COW QF� u�wD�tv xm �Hv�
u�Wv �awv x� l� Qy xm Ot�Q� 
 R� jwi pOt QO �CU� xOW xO�iDU� jwi ��yxO�O VR�Q� QO
j�kLD u�� R� hOy Ov�xOW xO�iDU� OvDUy Q�wv�N u�OvRQi ��y� Q�Hvy�v �xOvyO T�mav�� xOvyO
��yOt�Q� xm �yOt�Q� R� l� Qy �wQ Q� �Q�F�D xJ u�Or�w ��y� Q�Hvy�v COW s�v�O� xm CU� u�
�k�� Ot�Q� wO w �� wOwO Ot�Q� l� �Hv�� QO �OQ�O OvDUy u�OvRQi ��y� Q�Hvy�v R� xOW xOy�Wt

�R� OvDQ��a xm �CU� xOW xO�iDU� OvDUy p�tQv 	� RwD ��Q�O xOv�t
�� Little and Schluchter
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�yOt�Q� �i�YwD C��YwYN �	 pwOH
Q�eDt Low Risk H�M Risk Total
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s�qa ��Q�O xO�wv�N OvRQi Qo � OQ�PB�t �Q 	 �Okt w CU� �� wOwO 	� RwD ��Q�O xm y� Q�eDt
Q�DiQ QO �Q�Hvy�v s�qa ��Q�O xO�wv�N OvRQi Qo � OQ�PB�t �Q � Q�Okt w OW�� Q�DiQ QO �Q�Hvy�v
l� R� xOW xOy�Wt Ot�Q� OwN Ot�Q� u�� xm OUQ�t Q�v x� �QwQ� xDmv u�� x� xHwD �OW��v

�CU� p�tQv 	� RwD �� y�� u�yvB Q�eDt
lQO uwtR� QO Q�wv�N OvRQi xOW �Um C�Qtv xOvyO u�Wv w CU� p�tQv 	� RwD ��Q�O xm z� Q�eDt

�CU� �r�t
uwtR� l� QO Q�wv�N OvRQi xOW �Um C�Qtv xOvyO u�Wv w xOw� p�tQv 	� RwD ��Q�O xm z� Q�eDt

�CU� xQw�Lt CQOk
Q�eDt u�� �s�vm�t xO�iDU� CU� �� wOwO Q�eDt l� xm X �mtm Q�eDt l� R� pOt u�� QO
� w �LR� OvW�� �mOv� �v�wQ ��y� Q�Hvy�v ��Q�O u�Or�w xm �t�ovy OQ�PB�t �Q 	 Q�Okt �mtm
�v�wQ �Q�Hvy�v �� w �v�wQ �Q�t�� xk��U ��Q�O u�Or�w R� �m� pk�OL xm �t�ovy OQ�PB�t �Q
xO�O u�Wv jwi ��yxO�O �wQ Q� Qo�O O�Qi� C�k�kLD �OvW�� �H!MR� O�� R �� �UwDt OL QO
QO �Q xwQo wO u�� p�rO u�ty x� CU� u�Um� O�� R w �UwDt �Q�Hvy�v �� xwQo wO Q�F�D xm CU�

���raHvo ��s��xOQm ��mQD sy �� xr�kt u��

�yxO�O �i�YwD p�rLD �

C�aq�� 	 pwOH QO xm xvwov�ty �Ovm�t u��� �Q �yOt�Q� �i�YwD C��YwYN 	 pwOH
QO �yv� u�Or�w xm �v�mOwm u�� QO �r�t lQO xQtv �CU� XNWt �yOt�Q� x� �w� Qt �i�YwD
�UwDt �Q�Hvy�v ZQat QO �yv� u�Or�w xm �v�mOwm R� OvDUy �LR� �v�wQ �Q�Hvy�v QDtm ZQat
xmv�vJ �xQw�Lt CQOk uwtR� xQtv ��Q� u�vJty �CU� QDW�� OvDUy �H!MR� �v�wQ O�OW w
xwQo QO u�mOwm �UwD xOW �Um xQtv �CU� XNWt �yOt�Q� �i�YwD C�aq�� pwOH QO

�CU� �H!MR� xwQo R� QDW�� �LR� QDtm �Q�Hvy�v
ZQat QO �yv� u�Or�w xm �v�mOwm u�� QO xQtv ��Q�O�vat CQwY QO xm CU� �vat u�O� u��
�Q�Hvy�v QDtm ZQat QO xm �v�mOwm x�C�Uv OvDUy �H!MR� �v�wQ O�OW w�UwDt �Q�Hvy�v
�Ow� Oy�wN Cw�iDt xwQo wO u�� QO u�Or�w �Q�Hvy�v Q�F�D u�R�t w CU� QDtm ��LR� OvDUy u�Or�w
	� Gangali
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�iO�YD C�QF� pOt p�rLD w x� RHD �

�Ot� Oy�wN QO Q� R CQwY x� �	� pOt j���t �iO�YD C�QF� pOt

y�i� � 	m � �mX � �im m � 	 ��
zim � 	m � �mX � �im m � ��


pOt ��yQDt�Q�B OQw�Q� �s��xDiQov Q�v QO �Q ��y �� �yQ�eDt u��t �oDU�ty Rwvy pOt u�� QO
�CU� xOW xO�O � pwOH QO

�Q�O �vat x���Q u�OvRQi �Q�Hvy�v w u�Or�w �Q�Hvy�v u��t CU� XNWt � pwOH QO xJv�vJ
� � ���� K�U QO u�OvRQi u�� QO �Q�Hvy�v QO �Q�F�D u�Or�w �Q�Hvy�v COW w OQ�Ov OwHw
�Q�Hvy�v ��Q�O �yv� u�Or�w xm �v�mOwm u�� QO xQw�Lt uwtR� xQtv w �r�t lQO xQtv �t� OQ�Ov
O�� R �� �UwDt �Q�Hvy�v ��Q�O �yv� u�Or�w xm CU� �v�OvRQi R� QDW�� OvDUy �LR� �QDtm
w �iO�YD C�QF� uOQmOQ�w �� R�v �Q xDUw�B Q�eDt wO u��t �oDU�ty p�L �OvDUy �H!MR�
�Ot� Oy�wN QO Q� R CQwY x� pOt CQwY u�� QO s�vm�t pOt OQ�w �rt�a lD VwQ R� xO�iDU�

y�i� � 	m � �mX � vi� m � 	 ���
zim � 	m � �mX � �mbi � vim m � �� 


�CU� xOW xO�O 
 pwOH QO pOt ��yQDt�Q�B OQw�Q�
O���t CUO� pOt u�� QO R�v p�k pOt G��Dv u�ty OOQo�t x�Lqt R�v 
 pwOH QO xJv�vJ
�� �va� �Q �rm Cr�L p�L �OQw� CUO� R�v �Q �yOt�Q� u��t �oDU�ty Q�Okt u�wD�t u� Q� xwqa
�iO�YD QF� uDiQo Q�v QO �� Ck�kL QO s�vm�t u��� �� wOwO Ot�Q� ��Q� �iO�YD QF� uOQm OQ�w
CQwY u�� QO �s� Q�o�t Q�v QO R�v �Q xDUw�B ��yQ�eDt w �� wOwO xDUUo Q�eDt u��t �oDU�ty

�Ot� Oy�wN QO Q� R CQwY x� ���yv pOt



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

xDUw�B ��yQ�eDt u��t �oDU�ty uDiQo Q�v QO �� �yvD G��Dv �
 pwOH
QDt�Q�B OQw�Q� �Q�O �vat K�U
	� ����� ��
�� �	���
 ��
�	
	� �
��	� ��
�� 	�	 �����
�� 	
��� �����
	� ���
� ��
�� 
��	
� �����
�� ��	� �����
�v� 
��� ��
�v� �
�	�� ��

pOt �rm G��Dv � pwOH
QDt�Q�B OQw�Q� �Q�O �vat K�U
	� ����
 ��
�� �	�� �����
�� ���� �����
	� �
�
� ��
�� 	�
� �����
�� 	
���
 �����
	� ���� ��
�� 
����� �����
�� ����� �����
�v� ����� ��
�v� �
���� ��

y�i� � 	m � �mX � ��bi � vi� m � 	 ���
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�CU� xOW xO�O  pwOH QO pOt u�� ��yQDt�Q�B OQw�Q�
�Ov�xOt� CUO� E�UCF p�wQ Q� R w �	���� NAG xt�vQ� R� xO�iDU� �� �yOQw�Q� u��
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�iO�YD xvwtv l� �Ovm uwtR� � � �� p��kt ZQi Q��Q� QO �Q � � �	 QiY ZQi Oy�wN�t
QiY ZQi VQ�PB �� OQ x� s�tYD uwtR� 	��D l� T�U� Q� w Ovm�t ��NDv� Q�vOQwt xat�H R�
x�L�v l� �xawtHt wO x� �Q ��xvwtv ���i uwtR� 	��D Qy �iO�YD Q�e ��yuwtR� QO �OQ�o�t

�Ovm�t R�Qi� ���v�QL�� OQ x�L�v l� w pw�k
�OvDUy j�kO xOW xOy�Wt ��yxO�O xm CU� u� �Q�t� ��yuwtR� QO syt C��wQit R� �m�
��yVwQ R� u�wD�tv OQ�wt u�� QO �s�DUy wQ� wQ sy�t w j�kO�v C�Oy�Wt �� C�kw� �y�o �t�
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���i �CU� xOW p��tDt AJ hQ� x� �Pe xv� Ry ��QW 	� RwD xm Ovm�t swrat u�vJty
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R� xm �D��tL u�R�t �U�vD x� pOt Qy x� u� QO xm �CU� �R�UrOt QO Ovtv�wD ��xw�W �yrOt
u�wva� �yrOt �xty �vRw u�ov��t w OwW�t xO�O X�YDN� �vRw �OQ�PB�t CQwY �yxO�O �v�H
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���y���UQ�v ��Q�O �R�UrOt �xw�W u�� �OvW�� xDW�O OwHw pOt ���i QO ���NDv� pOt ��Q�
�CU� �R�UrOt Ov��Qi QO ���NDv� ��yrOt C �tDL sOa uDiQov Q�v QO �yv� u� QDtyt xm CU�
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�Q xkqa OQwt C �tm u��V�B 	� RwD w pOt Qy u�UB w u�W�B ��yr�tDL� ��yQDt�Q�B u�W�B 	� RwD
�OQm XNWt �pOt ���i QO OwHwt ��yrOt �xty ��Q�

BMA QO Q�wWO p��Ut R� �m� �pOt ��yQDt�Q�B u�W�B p�tDL� u��aD 		 hr�
��y	� RwD x� QHvt ���U�vt�v ��yu�W�B R� xO�iDU� �CU� pOt ��yQDt�Q�B x� u�W�B X�YND
C�Uv w pOt p�tDL� u�wva x� �Q �yr�tDL� u�� u�wD�tv CQwYv�� QO xm �OwW�t �U�vt�v u�UB
R� �irDNt ��yxvwo u�kkLt R� �Q��U� p�rO u�ty x� �Owtv Q��aD QwDm �i R�� u�wva x� �Q �yv�
���U�vt ��yu�W�B R� xO�iDU� �	���nv�D�wy �Ov�xOQm O�yvW�B �Q �VN��y�o � ��yu�W�B
�	�pOt �OvW�� Q�wty nQR� ���tvDUQO �� QDt�Q�B ���i R� ���yDtUk QO xm CU� xOQm O�yvW�B �Q

CQwY� u�wD�t �Q
Y � X � � ���

Q�OQ� � w xDU��w ��yQ�eDt �Oa� n Q�OQ� Y �C�Oy�Wt T� QD�t Xn�p��� u� QO xm �CWwv
u�ov��t �� p�tQv 	� RwD ��Q�O w pkDUt �hrDNt C�Oy�Wt ��Q� �y� OwW�t ZQi �CU� ��N
��ya� RwD �OvDUy swrat�v �� QDt�Q�B w  � �	� � � � � p� Q�OQ� �OvDUy �� Tv�� Q�w w QiY
�OvR�U Tmavt �� wN x� �Q �yv� C �tDL sOa xm OvwW u��aD ��xvwo� �DU��� �yQDt�Q�B u�� u�W�B

CQwY� �Q �t�o�p�tQv GwORt ��yu�W�B �xOQ �	��� nv�D�wy

 � Np����� �
�V � �

���

�� � X �
� ���

�� Integrated Likelihood �� Improper Prior �� Informative �� Proper Prior



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

���yQDt�Q�B Q�� �� �Oa� p� 	 Q�OQ� w V�p����p��� T� QD�t �� �� �yv� QO xm �CiQo Q�v QO
�OvwW OQw�Q� O��� xm OvDUy

OQ�Ov OwHw �yrOt OQwt QO �v�W�B �q�� I�y �Dkw �pOt Qy u�W�B p�tDL� u��aD 		 �
CN�wvm� �yrOt 	� RwD OwW�t ZQi �qwtat �CU� lOv� �yrOt OQwt QO u�W�B C�aq�� u�R�t ��

CQwY� Mk pOt u�UB p�tDL� CQwYv�� QO �Pr�Mj� �
�
T �va� �CU�

Pr�MkjD� �
Pr�DjMk�PT
j�� Pr�DjMj�

�	��

C�aq�� �� OvW�� �QDW�� p�tDL� ��Q�O u� Q��U �� xU��kt QO �yrOt R� ��a� Qo � �Ow� Oy�wN
u�W�B ��yr�tDL� p�OaD ��Q� C�aq�� u�� CU� sRq �OW�� TQDUO QO �yv� OQwt QO �� wN
x� �w� Qt p��Ut QO �OwW xO�iDU� QDVN� �y�o � ��yu�W�B R� �D OvwW xDiQo Q�m� �yrOt
Q�eDt l� uDiQo Q�v QO ��Q� �r�k Oy�wW pmW� u�W�B C�aq�� �u��V�B ��yQ�eDt ��NDv�
pOt w OW�� Q��DN� QO u�W�B C�aq�� R� �wv u�� �yvD O�vm ZQi �OvQ�o�t Q�Qk xO�iDU� OQwt

u� QO xm �OwW XNWt ��k�� � � � � �kp� Q�OQ� �UwD Mk

�ki �
n 	 Xi � Mi

� Xi �� Mi 7 � 	� � � � � p
xm s� Q�PB� w OyO u�Wv �Q Y Q� Xi Q�eDt uOw� QF�wt p�tDL� �i Qo � p�L �OvDUy Qov�Wv 	��wD

u�wD�t �OvDUy pkDUt ���� QkD Cw�iDt ��yQ�eDt OQwt QO u�W�B C�aq��

Pr�Mk� �

pY
i��

���kii � �	� �i�
���ki � �		�

xm �Q�eDt x� 	� RwD u�� uwJ �CiQo Q�v QO Mk pOt uOw� K�LY u�W�B p�tDL� u�wva x� �Q
u�W�B 	� RwD �	��	� �QDiQ w u�o�O�t �UwD �OyO�t X�YND �QDoQR� p�tDL� CU� QDtyt

�CU� xOW xO�t�v �Q�eDt
CU� sRq pOt Qy u�UB p�tDL� x�U�Lt ��Q� �pOt Qy u�UB p�tDL� u��aD 		 G
x�U�Lt �CU� Mk pOt ��yQDt�Q�B O�OaD �� Q��Q� Oa� �� p�QoDv� l� xm ��� �x���Q R� Pr�DjMk �

Cq�L QO �yvD x�w� Qt p�QoDv� uOw� xO�J�B p�rO x� p�tDL� u�� j�kO �x�U�Lt u��Q��v� �OwW
xO�iDU� �D��U�Lt w ��� QkD ��yWwQ R� OQ�wt Q��U QO w CU� Q�PB u�mt� xO�U w X�N Q��U�
��Q� BIC Q��at �s� Q��t xQy� Qw�vt u�� ��Q� �BIC� �R�� �q�� Q��at R� �Hv�� QO �OwW�t

CQwY� ��N uw�UQoQ

BICj � n log�	� R�
j � � kj log n �	��

�� Variable Prior �� Bayesian Information Criteria



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

O�OaD kj w pOt xOW p�OaD u��aD �� Q� R�
j �C�Oy�Wt O�OaD n u� QO xm �OwW�t h� QaD

�xDU� 	tH ���tvDUQO CQwYv�� QO �OyO�t u�Wv �Q w s�j pOt QO OwHwt u��V�B ��yQ�eDt
��� QkD CQwY� u�wD�t �Q s�j pOt

Pr�DjMj� � e�	��BICj � e�	���n log���r�j��kj log n� �	
�

CQwY� R�� �xOa�k R� xO�iDU� �� s�k pOt u�UB p�tDL� T�U� u�� Q� �Ow� Oy�wN

Pr�MkjD� �
expf����BICkg � P r�Mk�PT
j�� expf����BICjg � P r�Mj�

�	�

R� xO�iDU� �CU� ��xO�U w xDU� pmW ��Q�O �yrOt R� �Q��U� ��Q� BIC Q��at uwJ �CWwv
�OwW�t CaQU V��Ri� w x�U�Lt CrwyU �Hwt �� QkD u��

p�mWD 'RH wO R� ��� u��V�B 	� RwD �xOvyO p�mWD p�QoDv� �u��V�B �� RwD u��aD 		 O
�� QkD R� u� swO 'RH ��Q� �qwtat �CU� xOW

Pr�$jMk�D� � Pr�$jMk� ��k� D� �	��

Q�OQ� ���tvDUQO QFm �OL OQw�Q� ��k u� QO xm ��	�� �u�Q�mty w �QDiQ� OwW �t xO�iDU�
�CU� Mk pOt ��yQDt�Q�B

�wtHt �x�U�Lt BMA VwQ ��QH� ��Q� sRq ��yxirwt �xty uOw� XNWt ZQi �� uwvm �
u� QDptDLt R� ��xawtHt Q� RCU� sRq wCU�v Q�PBu�mt��qta u� CqtH O�� R O�OaD x�U�w� ���
O�yvW�B Qw�vt u�� ��Q� �Q �s�mw� xQHvB VwQ �	��� �QDiQ w u�o�O�t �OwW ��NDv� �yrOt
u� QDptDLt �� xU��kt QO xm ���yrOt pw� pY� Q��v� �Ovm�t �wQ�B �rm pY� wO R� xm �Ov�xOQm
�OwW�t xO�t�v �s�mw� d�D xm swO pY� Q��v� �OvwW�t xDW�Po Q�vm �OvDUy Tv�W sm �r�N pOt
xDW�Po Q�vm �OvwW�t C��tL �yxO�O �v�H R� QDtm OwN QDxO�U ��yrOtQ� R x� C�Uv xm ���yrOt

�xawtHt QO xm ���yrOt pw� pY� ��QH� �� �OvwW�t

A� �
�
Mk 


MaxMk�MfPr�MljD�g
Pr�MkjD�

� C�

�
xawtHt QO xm ���yrOt �s�mw� d�D pY� Q��v� u�vJty w OvQ�O Q�Qk

B �

�
Mk 
  Ml � A s�t Ml � Mk�

P r�MljD�

Pr�MkjD�
� C�

�
�� Occam�s Window 	� �OW�Occam�s Razor
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QO �OvwW�t u��aD Qop�rLD �UwD C� w C� u� QO xm �OvwW�t GQ�N ��� �wtHt R� �OvW��
CQwY� u�wD�t �Q ��� �wtHt CQwYv��

Pr�$jD� �

P
Mk�A Pr�$jMk�D��P r�DjMk��P r�Mk�P

Mk�A Pr�DjMk��P r�Mk�
�	��

�CU� VQ�PB �xawtHt A � A� � B �M u� QO xm �OQm �U� wvR��

�OQ� Q�m p�Ft 	

��yQDt�Q�B OQw�Q� w pOt QO QF�wt u��V�B ��yQ�eDtX�NWD QOBMA VwQ���Q�mVN� u�� QO
Q�Qk xU��kt OQwt swUQt �R�UrOt ��yWwQ R� �m� u�wva� s�o x� s�o �R�UrOt VwQ �� pOt
�u��V�B ��yQ�eDt O�OaD V��Ri� �� BMA VwQ ���Q�m �a��� Qw�� xmv�� x� xHwD �� �OQ�o�t
sm u��V�B ��yQ�eDt O�OaD �� �r�Ft R� BMA VwQ ���Q�m QDy� V��tv ��Q� �O����t V��Ri�
��vDH� u��V�B Q�eDt O�� R O�OaD p�rO� VwQ u�� ���Q�m uOw� q�� R� u�mtr��DL �D xOW xO�iDU�

�OwW

u�Q�DUQB �reW ���Q�m x� �w� Qt ��yxO�O �	 pwOH
Y �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
Y �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
X �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

Q�eDt � Q�F��D �UQQ� u� hOy xm �OyO�t u�Wv �Q �vw�UQoQ �xar��t l� C�Oy�Wt 	 pwOH
��X�� �a�tDH� ���wQ ��X�� �Dty Ovr� ��X�� �Ovtxkqa ��X�� C�a��k pt�W pkDUt
OwHw p�rO� �CU� u�Q�DUQB �reW ���Q�m Q� �X�� Q�mD�� w �X�� CqmWt pLQO �OvtQvy
Q� �Q pOt 	� s�mw� �xQHvB VwQ �CU� pOt �� � � pt�W pOt ���i �u��V�B Q�eDt �
�OyO�t Q�Qk xO�iDU� OQwt OwHwt ��yrOt u� QDQ� u�wva x� �yrOt u�UB ��yr�tDL� xU��kt T�U�
pwOH QO �yv� R�� �q�� Q��at w OYQO x� R�

adj Q�Okt �u�UB p�tDL� x�Qty x� pY�L ��yrOt
u�Wv ���yrOt �

� R� V��� Ov�xDiQo Q�Qk s�mw� �xQHvB QO xm ���yrOt O�� R O�OaD �Ov�xOW x��Q� �



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

s�mw� �xQHvB VwQ �UwD ���NDv� ��yrOt �� pwOH
BIC R�

adj u�UB p�tDL� pOt pOt xQ�tW
�	����� ����� ��	��� X� X� 	
�	�	��	 ������ ��	�
 X� X� X� �
������� ����� ��		�� X� X� X� X� 

���
��� ���� ������ X� X� X� 
�
������ ������ ������ X� �
�
���	
 �	���� ����	 X� X� X� �
�
����
 �
��
 ����	 X� X� X� X� �
�
���� �	���	 ���
�
 X� X� X� �
�
������ ������ ���
�� X� X� �
�
����	� ����	� ���
� X� X� 	�
�
������ �
��	 ���
�
 X� X� X� X� 		
�
������ ����� �����	 X� X� X� 	�
�
������ ������ ������ X� X� X� X� X� 	

�
��
��� ����� �����
 X� X� X� X� X� 	
�
��	


 ����
 ���	�� X� X� X� X� 	�
�
������ ����� ���	�	 X� X� X� X� 	�
�
���

 �����
 ���	�� X� X� 	�
�
����	� ���
� ���	�� X� X� 	�

��NDv� u��Q��v� �OQ�O OwHw K�LY pOt l� R� V�� �va� �CU� C �tDL sOa uOw� O�� R �xOvyO
w R�

adj Q�O�kt xm OwW�t x�Lqt �OUQ�tv Q�v� �k�vt ����yv pOt u�wva x� pOt l�
�OvDUy Qo�Om� x� l�ORv �Ov�xDiQo Q�Qk s�mw� xQHvB QO xm ���yrOt ��Q� �BIC R�� �q�� Q��at
Q��at �xv�tm Q�Okt T�U� Q� xm �r�L QO �CU� 	
 xQ�tW pOt x� �w� Qt R�

adj Q�Okt u� QDW��
xm CU� u� �vat x� u� uO�O Q�Qk �v�t w pOt l� ��NDv� �CU� u� QDy� 	 pOt �R�� �q��
�xQ�tW pOt x� �w� Qt u�UB p�tDL� u� QDW�� xm �r�L QO �OW���t l� u� uOw� K�LY p�tDL�
u�Wv � pwOH �CU� QDtm ��� R� �oty �yrOt Q��U u�UB p�tDL� w CU� ��� OwOL w 	
Qw�L s�mw� �xQHvB VwQ �NDvt pOt 	� QO X� Q�eDt w �yrOt �xty QO X� Q�eDt xm OyO�t
xm pkDUt ��yQ�eDt ���Q� OQw�Q� �CU� Q�eDt wO u�� uOw� Q�PoQ�F��D �xOvyO u�Wv xm �OvQ�O
pwOH QO xm Qw�v�ty �Ovm�t O����D �Q X� w X� Q�eDt wO C�ty� R�v xOW x��Q� 
 pwOH QO
CUO� BMA VwQ R� xO�iDU� �� xm Q�eDt wO u�� ���Q� R�� ��yOQw�Q� �OwW�t x�Lqt 

���N w �yQDt�Q�B OQw�Q�  pwOH �OvR�U�t Tmavt �Q Q�eDt wO u�� C�ty� �� wN x� �Ov�xOt�
�t x�Lqt xm Qw�v�ty �OyO �t u�Wv �Q Ov�xOt� CUO� s�o x� s�o VwQ x� xm �Q �yv� Q��at
x�Lqt p��k �DQwY� BMA VwQ QO QDt�Q�B wO u�� ��yQoOQw�Q� �� Q��vDt Q��at ���N �OwW
xm CU� BMA VwQ ��y� QDQ� R� �m� u�� �OvDUy QDoQR� s�o x� s�o VwQ QO x��Wt Q�O�kt R�
CU� u�� OQm xQ�W� u� x� u�wD�t xm �Qo�O �r�t �OyO�t u�Wv �Q C�tDL sOa �ak�w u�R�t
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BMA VwQ QO ���Q� OQw�Q� �
 pwOH
Q��at h�QLv� u�UB u�ov��t Pr�i �� �jD� QDt�Q�B

u�UB �vw�UQoQ
��		�� ������ ��
� ���	��� ������ ��� ���	��� ������ 	 ������ ����	� ��	�
 ������ ���	�
 ��	�	 ������	 ��
��	 ����� �

s�o x� s�o VwQ w �R�
adj � �����pt�m pOt QO ���Q� OQw�Q� � pwOH

���N OQw�Q� VwQ ���N OQw�Q� pOt
Q��at �yQDt�Q�B s�o x� s�o Q��at �yQDt�Q�B pt�m

	����� 
	��� � 	�	���� ����	
� 	��� ��� ��� ��	��
 ���


 ���� ��� ��� ��	�	� ���	��� ������� ������ � ��	

� ������ ���� ��� ��� ��	�� �����	 ���� ��� ��� ��		�	 ����� ������� ���� � ��	��� ��	�� �

R� QiH �DWov�QU Oa�wk T�U� Q� xm �CU� ��� R� V�� pOt QO X� Q�eDt Qw�L CN� xm
OwHwt C�aq�� xm �r�L QO �Ovm�t x��Q� pOt QO X� Q�eDt Qw�L ��Q� �D�Ft Oy�wW �	��	�
���Q� OQw�Q� �OvwW�t xDiQo xO�O�v s�o x� s�o VwQ R� pY�L pOt QO u� hPL �� �Q�eDt u�� QO
X� w X� ��yQ�eDt OQwt QO ��YwYN w �yWwQ Q��U �� xU��kt QO BMA VwQ QO ��yQ�eDt
�yv� C�aq�� R� w OvwW�tv xDiQo xO�O�v �qt�m OwHw u�� �� �OvDUy QiY l�ORv w lJwm �qt�m

�OwW�t xO�iDU�

�Q�oxH�Dv w EL� 


�OW�� xDW�O VR�Q� �yxO�O x� pt�m CQwY� xm Ci�� �rOt u�wD�tv ���r�e �R�UrOt s�ovy QO
�Q�ou�ov��t �CU� �yrOt Q��U C�aq�� uDiQ u�� R� �vat x� pOt l� ��NDv� Cq�L u�� QO
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�D�atH ��y�Q�tWQU ��Q� �v� Ro��H ��u�OQo ��yxvwtv

�O�WtH O�WQi ��OvQy xt��i ��v�NuULt Kqi xQyR

Q�t� xOmWywSB �Q�t� ��yWwQ w �vi ��yLQ� �WywSB xwQo

l� x� w XNWt xat�H l� x� xvwtv qwtat �pw�ODt ��xvwtv ��y�Q�oQ�t� QO �xO�mJ
KQ� u�wva �� �r�tDL� �Q�oxvwtv KQ� Q�N� ��yr�U QO �OwW�t �UDvt X�N �v�tR 	�kt
G��Dv R� QD�Qi �H��Dv KQ� u�� ��yxvwtv R� pY�L ��yOQw�Q� xm CU�xOW �iQat u�OQo �Q�oxvwtv
u�wva� u�tR �� QO �Q�oxvwtv u�� s�Hv� xm �Hv� �D Ovvm�t x��Q� pw�ODt ��xvwtv ��y�Q�oQ�t�

�CU� xOW �iQat �y�Q�tWQU ��Q� �v� Ro��H
�OvwW�t ��NDv� u�tRty pN�ODt Q�e �r�tDL� xvwtv k �u�OQo �Q�oxvwtv KQ� l� QO
�v�tR xQwO l� QO xvwtv Qy R� �OW���t xat�H pm R� �D��F QUm �� Q��Q� w u�Um� ��yxvwtv xR�Ov�
�Q�o �UwDt �� �OwW�t OQw�Q� xQwO u� C�aq�� xm u� ut� w O���t ptax� x�L�Yt OwOLt
xm �r�w
U �OwW�t x��Q� R�v �yxQwO pm ��Q� ���yOQw�Q� �hrDNt �v�tR ��yxQwO C�aq�� R�
��yxvwtv R� u�wD�t Qw�J �yxQwO u�� hqDN� OwHw �� xm CU� u�� CU� KQ�t VwQ u�� QO

&Owtv u�v�t�� pY�L G��Dv x� w OQm �Q�o �UwDt ��v�tR hrDNt ��yxQwO
xS� w� �tUQ ��yQ�t� O�rwD QO O�OH �y�oO�O u�wva� u�OQo �Q�oxvwtv KQ� xr�kt u�� QO

�OwW�t x��Q� xr�UyO ��y�Q�tWQU ��Q� �v� Ro��H u�wva�

�r�tDL� xvwtv �u�OQo ��yxvwtv ��Q�wO� �Q�oxvwtv ��r�tDL� �Q�oxvwtv ��O�rm ��yxS�w
pN�ODt Q�e �r�tDL� xvwtv �pN�ODt

xtOkt �
�	��� V�m � �CU� xOW xO�O KQW Cq�kt R� �QU l� QO �V�m �xr�Uw x� u�OQo ��yxvwtv
QO V�m ��	��� w 	��
 ��tQw w V�m w 	��� �	��� �	��� �	��� �	��
 �	��	
R� pY�L ��yxO�O R� xO�iDU� �� �Q u�tR w ��i QO C�aq�� � 	tHD pwY� QwmPt ��yxr�kt
V�m � uwo �vwo h�Oy� ��Q� VwQ u�� R� xO�iDU� x� OkDat �w CU� xOQm K� QWD u�OQo �Q�oxvwtv
xOLDt Cq��� �Q�tWQU QO R�v w �	��� V�m � xaUwD p�L QO ��yQwWm QO XwYNx� ��	���
u�wva CLD 	��� p�U x� pk�OL �u�OQo ��yxvwtv swyit R� w� xO�iDU� �CU� �	��	 V�m �
O�yvW�B u�vJty �w �OOQo�t R�� �	��	 ��hwm �Q w ��wHwq �V�m � %QtDUt �Q�oxvwtv$
�� Rolling Sample �� Kish �� Verma �� Cumulating �� Lovejoy
�� Rackow
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�m� Qt� �Q�tWQU xQ�O� �UwD �rt ��xvwtv ��y�Q�tWQU ��Q� QwmPt ��yxvwtv CU� xOwtv
������ �QOv�Umr�� �OvwW xO�iDU�

xOW xDiQo Q�vQO �Q�tWQU ��Q� �v� Ro��H u�wva x� xm ��ACS���m� Qt� xat�H �Q�oQ�t�
��yxvwtv swyit �Q�oQ�mx� �ovwoJ xr�kt u�� �Ovm�t xO�iDU� u�OQo �Q�oxvwtv l� R� �CU�

�OyO�t KQW ACS QO X�N h�Oy� w �D��rta C��Lqt R� xO�iDU� �� �Q u�OQo

u�OQo ��yxvwtv �

Qy xm OwW�t ��NDv� �pv�B� pN�ODt Q�e �r�tDL� xvwtv k u�tRty %u�OQo xvwtv$ KQ� l� QO
OQ�o�t Q�Qk x�L�Yt OQwt ��v�tR xQwO l� QO pv�B Qy �OW���t xat�H pm 	�F pt�W l�
pv�B l� C�aq�� �R��v OQwt CkO �UL Q� �OvwW x�L�Yt xQwO kR� Oa� �yxvwtv xty xmv�� �D
�OW�� �i�m 	�Uw xOwOLt OvJ w xat�H R� �� wN ��yOQw�Q� uOQw� CUOx� ��Q� Ov�wD�t �	�F
pv�B OvJ 	tHD R� �nQR� ��yxOwOLt QO QDW�� CkO pwYL ��Q� �� QDmJwm ��yxOwOLt ��Q�
�OW�� k � F u� QO xm u�OQo xvwtv KQ� l� �OwW�t xO�iDU� �C�atH k�F u�R�t �D �r�wDt
F xm CU� �a��� �xv�y�t ��yxQwO �� u�OQoxvwtv l� ��Q� �OwW�t xO�t�v %�u�OQo ��tWQU$

�OW���t xr�U OvJ w xvq�U �xr�Uxt�v ��rYi ��y	tHD w xOR�wO R� �� Q�t

�ACS� �m� Qt� xat�H �Q�oQ�t� 	

�Qw�	tH �rY� 	�vt �	�	��D 	�� ��yNQv �� umUt �Q�oxvwtv �� x�Qty Q��m� p�UxO �Q�tWQU
�Q�oQ�t� u�vJty �CU� xOLDt Cq��� umUt w �D�atH ��yxYNWt xv�tR QO �Dr��� ��yxO�O
l� �Q�oxvwtv MQv �� �CU� xOLDt Cq��� xv�y�t Q�m �wQ�v �Q�oQ�t� xm �CPS� C�atH �Q�H
p��k pmW x� Ov�wD�tv xvwtv xm CU� ��xvwo� u� �Q�oQ�t� KQ� �t� �OwW�t s�Hv� xv�y�t �Q�Ry R�
p��k sHL p�rO x�� Ovm �O�B 	tHD u�tR QO OwW�t xOy�Wt u�OQoxvwtv QO xm u�vJ u� �xO�iDU�
C�aq�� ��Q�tWQU wO u�� xrY�i QO �p�QOi CrwO u��Q��v� ���yxQwO u�� xvwtv pN�OD xHwD
�yEL� R� Oa� �O��tv�t x��Q� QwWm �L�wv K�U QO �D�atH ��yxYNWt x� 	H�Q �mOv� ��D�Uv
	��vt u�t��D CQwY QO OW�v� ���� �D 	��	 ��yr�U �v�tR xrY�i QO pY it ��yCUWv w
�� ���
 p�U QO �Q�tWQU QDiO �UwD �ACS� �m� Qt� xat�H �Q�oQ�t� �xQovm �UwD �r�t
�Q�tWQU u� Ro��H �C�kiwt CQwY QO w OwW R�e� �TQO� ������ OwOL ��xv�y�t xvwtv
xv�tR QO QDW�� C���RH uOQm sy�Qi �� �Q �Q�tWQU C�aw�wt u�ty ACS �OOQo Q��m� p�UyO

�OyO�t VWwB xOLDt Cq��� pm R� umUt ��y�oS� w w �O�YDk� ��a�tDH�
�� Alexander �� American Community Survey 	� Rolling Census
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u�OQo xvwtv l� �� j���t w �	��� V�m � CU� u�OQo xvwtv Q� �vD�t �Q�oQ�t� l� ACS

R� �Q�oQ�t� �CU� F � � �� xvq�U xvwtv l� �� F � �� ���� QkD �UwDt MQv �� xv�y�t
u�OQoxvwtv �CU� xvq�U ��yOQw�Q� �u� Q�WDv� p��k 	tHD u� QDy�Dwm xm Ovm�t xO�iDU� k � ��
Q�QkQ� T�tD �Ovm �O�B VOQo xat�H s�tD QO xm �v�tR �D x�t Qy QO �yUQO� R� �Dw�iDt xawtHt ��
�xOW s�ovy� ��yr��i R� xm OvDUy u�OvwQyW TQO� R� l�D�tDU�U xvwtv l� �yUQO� �Ovm�t
OwHw uwO� 	k�w QO w OwW�t x�yD x�tQy QO j��vt s�tD QO xm OvwW�t G�QNDU� �rY� ��yUQO�
OwW�t xat�H OYQO 
 pt�W ���� QkD xvq�U �xvwtv �OW���tv Q�PBu�mt� ACS KQ� ��QH� u�
w �QH� CUB j� Q� R� ACS �OOQo�t dr�� OYQO 	� OwOL x� xr�U � �xQwO l� �� QO xm
��y�NU�B�� swU l� pt�W �iO�YD xvwtv l� �OwW�t �Q�o�B uirD �xr�Uwx� �y�NU�B��

�OwW�t �Q�o�B �Qw�L CQwYx� �xOv�t�k��
l� ��Q� Q��at ���N ��� Q��Q� xv�y�t F w �UwDt �� woNU�B MQv �� ���yxOwOLt QO
x�Qty �Q�oxvwtv R� pY�L Q��vDt OQw�Q� R� QDW�� �QOk �ACSR� pY�L xr�U � �UwDt OQw�Q�
Q��Dv� xmv�� w uOw� 	kwtx� R��Dt� x� xHwD �� ��QDoQR� Q��Q� 	�

 ��OwOL� Ow� Oy�wN �Q�tWQU
xm OwW�t �v��V�B �OW�� u���B �t��O u�Q�oQ�t� R� xO�iDU� p�rO� xOW so ��yxO�O MQv OwQ�t
QDu���B MU�B ��yNQv �� �L�wv QO �OvW�� C�ak�w x� l�ORv �i�m QOk x� �yOQw�Q� OQ�wt QFm � QO
Oy�wN Vy�m �Q QF�wt xvwtv xR�Ov� ��y�NU�B�� �Q�o�B ��Q� �Q�oxvwtv Q� R MU�B MQv �UwDt R�
�w�Ut�v ��yvRw xm CU� p�rO u�� x� xmr� �yx�L�Yt O�OaD Vy�m p�rO x� �yvDxv Qt� u�� �O�O
l� R� ACS �xr
Ut u�� u�Q�H ��Q� ��	��� V�m � OwW�t �	KQ� QF� uOQ� q�� Ea�� ��awv
xO�iDU� �UwDt OL R� QDu���B MU�B MQv �� ���yxOwOLt QO �NU�B�� ��Q� QDq�� �Q�oxvwtv MQv

!���	 ��QOv�Umr� I� RrQ�J" �Ovm�t

ACS QO �y�UwDt R� xO�iDU� 

��y�UwDt R� xO�iDU� xm CU� �r��Ut lQO OwW�t KQ�t ACS �� ���DQ� QO xm �tyt xr
Ut

�Ovm�t O�H�� Q� R OQ�wt QO xr�U OvJ
�L�wv xU��kt w h�YwD ��Q� xr�U OvJ ��y�UwDt R� xO�iDU� w Q�UiD �	

xHOw� X�YND Q�Okt u��aD ��Q� xr�U OvJ ��y�UwDt R� xO�iDU� ��
�yOvwQ w C�Q��eD �Q�oxR�Ov� ��Q� xr�U OvJ ��y�UwDt R� xO�iDU� �


��Q� �Q �yxO�O u�Q� Q�m �lJwm �L�wv ��Q� x��B �i�YwD ��yQ�t� O�rwD ��Q� xm xOW x�YwD
ACS u�Q� Q�m R� �Q��U� ��Q� x�YwD u�� �Ovvm xDW��v� ���L�wv C�atH x� xDU�� p�U OvJ
��Q� �CU� O�it �OvQ�O �Q�tWQU ��yxO�O R� xO�iDU� x� CO�a xm u�Q� Q�m R� xDUO u� ��YwYN
�QDW�� O�m ��D �x�rw� ��y�UQQ� xJ Qo �OvDUy O�it �y�UwDt R�v xHOw� X�YND Q�Okt �v��V�B
�
� Design e�ect ��� Charles H� Alexander
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C�Q��eD �Q�oxR�Ov� ��Q� �OvQ�O �lJwm �L�wv ��Q� �DL �xvq�U xU ��y�UwDt R� xO�iDU� Q�
�Ovm p�rLD �Q xvq�U ��yOQw�Q� �v�tR ��y�QU pm QO O��� Q� Q�m �u�tR pw� QO

ACS��yxO�O R� �U�U� �i�YwD ��yxO�iDU� ��Q� ���ypOt ��

w CU� xO�iDU� p��k xDWPo ��yp�U Q�O�kt �UwDt �yv� CLD xm OvQ�O OwHw �U�U� pOt xU
u�� �OyO s�Hv� �yrOt u�� R� �m� x� xHwD �� �Q �y�UwDt Q�UiD w xO�iDU� �DU��� �yxO�O Q� Q�m

�R� OvDQ��a �yrOt
�v�tR X�N xQwO ��Q� u�ov��t ��	

%���Q�tWQU �awv OQ� Q�m$ pOt ���
�%���iO�YD V�WDe�$ pOt ��


	�������� ��yxO�O R� sy w ���� �Q�tWQU ��yxO�O R� sy �pOt xU u�� K� QWD ��Q�
�OW�� t p�U QO X�N ��x�L�v �ak�w Q�Okt Xt O�vm ZQi �OwW�t xO�iDU� ���
 p�U QO

�CU� t � ���
 ��Q�H p�U ��Q�
u� QO xm �CU� �Xt � Xt � �t s�vm�t xOy�Wt xJv� ��ak�w Q�Okt R� xO�iDU� ��H x�
�t� OwW�t xOy�Wt Q�� l� p�U 	� Qy �yvD �Xt ��Q�tWQU QO �CU� �Q�oxvwtv ���N �t

�OW���t ACS xvq�U OQw�Q� �� xU��kt QO �QDmJwm �Q�oxvwtv Tv�� Q�w ��Q�O

�v�tR X�N �xQwO ��Q� u�ov��t �� pOt �����

�CU� Q� R u�ov��t OQw�Q� hOy pOt u�� QO

�X���� � � � ��X�		����

�QU ��yrOt R� xOQ l� CLD Ov�wD�t w CU� �Q�mW� QoOQw�Q� ACS�UwDt �Cr�L u�� QO
�OOQo x�HwD fXtg �v�tR

C�a�w$ �UQQ� �pwtat OQ� Q�m w OW���t pwtat Q�e �t� �CU� �tyt OQ� Q�m u�� xJQo
�CU� xOW Tmavt � pOt QO xm CU� %�vwvm

! �Q�tWQU pw�ODt OQ� Q�m" pOt �� pOt �����

pwtat ��yV��tv �wv ��Q�tWQU ��yxO�O R� % pw�ODt$ �xO�iDU� �xQ�� QO p�Ft l� u�wvax�
��Q�O �vwmUt ��yOL�w �� sOQt OYQO xm O� Q�o� Q�v QO �Q �Q�tWQU ��yxOwOLt xWkv QO
hOy xJv�vJ �OyO�t u�Wv hrDNt ��yovQ �� �Q�v OQwt xOwOLt QO �Q X�N ��yxYNWt
���
 p�U QO xm CU� u�� p�w
U �OW�� u�DUQyW QO hrDNt ��yO�Sv 	tHD pLt V��tv
��� Typical Census Users ��� Random Noise
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Q�mx� O��� u�tR �� Q��eD x� 	H�Q �D���Qi xJ �OwW xO�iDU� ���� �Q�tWQU ��yxWkv R�
	�������� ��yp�U C�aq�� �UwDt R� ���� �O�tWQU C�aq�� ��Hx� Qo � w OwW xDiQo
%�vwvm C�a�w$ Q�v OQwt �w�wt xmv�� x� xHwD �� &Ovm�t �Dw�iD xJ �yQ�UiD OwW xO�iDU�
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xO�U �iO�YD VwQ x� n � 	� sHL x� lJwm xvwtv l� �yvD R� xO�iDU� �� �� pwOH QO
u�v�t�� xrY�i l� w xat�H u�ov��t QoOQw�Q� Q��at ���N w ��� Q� Q�Okt OQw�Q� �Q�Po��H��
xat�H u�ov��t OQw�Q� �CU�xOW xO�O u�Wv AQDU�Cw� w wrQ�m Cvwt VwQ wO x� ���� �mOY
wO u�ov��t� C�Uv OQw�Q� w �vw�UQoQ �T�Q � �rDQ�y �� w 	 �wv �D�Uv ��rwtat ��yWwQ x�

�CU� �xat�H
��� Q� Q�Okt Qo�O ��yQoOQw�Q� ��Q� xat�H u�ov��t �rwtat QoOQw�Q� RH x� xm CU� QmP p��k
j�kO Q�O�kt u�� wrQ�m Cvwt �R�U x��W CQwY x� w OQ�Ov �Q�v �k�kO ��wH Q��at ���N w
QO VwQ �q�� CkO R� �m �L AQDU�Cw� sD� Qwor� R� pY�L G��Dv �CU� xO�OQo x�U�Lt
�Q�oxvwtvR�� wrQ�m Cvwt sD� Qwor� QO xm CU� xHwD p��k �CU� wrQ�m Cvwt sD� Qwor� �� xU��kt
sHL x� �Q�oxvwtvR�� AQDU�Cw� sD� Qwor� QO w N � ��	
 xat�H R� n � 	� sHL x�

�CU� xOt� CUO� n � 	� sHL x� xvwtv l� �yvD R� n � 	�

�Q�oxvwtv ��yVwQ Q�Ri�sQv �L�Q� �

�pm Q�Okt �OYQO �u�ov��t OQw�Q� xm CU� xO�OQo x�yD �Q�Ri�sQv Visual Basic R� xO�iDU� ��
uwO� w ��� xO�U �iO�YD �Q�oxvwtv hrDNt ��yWwQ x� �Q �xat�H wO u�ov��t� C�Uv w pm O�OaD

�Ovm�t x�U�Lt Q�eDt p�tDL� �� w l�D�tDU�U ���xWwN ��Ov�xk�� ���Q�Po��H
N sHL x� ��xat�H QO Y w X �mtm w �rY� CiY wO Q�O�kt Q�Ri�sQv �D�aq�� lv�� QO
�iO�YD CQwY� n sHL x� ��yxvwtv ��Q�oxvwtv hrDNt ��yWwQ x� Q�Ri�sQv QO �OQ�o�t Q�Qk
C�Uv w pm O�OaD �pm Q�Okt �OYQO �u�ov��t OQw�Q� Q� xwqa Q�Ri�sQv QO �OwW�t G�QNDU�
u�v�t�� �� Q� �� u�v�t�� xrY�i u�vJty w QoOQw�Q� Tv�� Q�w Q�Okt OQw�Q� ��xat�H wO u�ov��t�

�OwW�t x�U�Lt R�v x�wNrO
R� �ak�w ��yr�Ft xO�iDU� �� �Q�oxvwtv hrDNt ��yWwQ xU��kt Q�Ri�sQv u�� �L�Q� R� hOy
�Auto Run� Q�mOwN CQwY� Windows hrDNt ��yxNUv QO Q�Ri� sQv u�� �CU� xat�H

�CU� Ci�� QO p��k pw� xOvU� wv R� Q�Ri�sQv u�� �CU� �QH� w �Yv p��k

�H�Qt

��Q�t� xW�Ov� �AQDU� Cw� sD� Qwor� �� ���vW� ��	
��� xr�u�a ��W�B w xr�QYv �x�vB u�Q�� !	"
�

�� �	 xQ�tW �swO p�U

QWv RmQt �swO w pw� OrH �u� ��yOQ� Q�m w �Q�oxvwtv x� Q�v ��	
��� �ra ��O�ta !�"
��y�oWv�O



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�	��� ��yOrH �	
�� �umUt w Twiv �twta �Q�tWQU �QwWm ��yv�DUyO xt�vU�vW !
"
�� w  pw�OH

��� Bickel� P� J� and Freedman� D� A� ������� Asymptotic Normality
and the Bootstrap in Strati#ed Sampling� Annals of Statistics� 	��
��������

��� Efron� B� and Tibshirani� R� ������� An Introductionto the Boot�
strap� Chapman and Hall� New York�

��� Efron� B� ������� The Jackknife� the Bootstrap and Other Re�
sampling Plans� Society for Industrial and Applied Mathematics�
Philadelphia� PA�

��� Efron� B� and Tibshirani� R� ������� An Introductionto the Boot�
strap� Chapman and Hall� New York�
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wrQ�m Cvwt ��yWwQ R� xO�iDU� �� �R�� ���	i ��woW�B

�Or�N �QiaH O�Ht �xO�RO tLt uULt

TQOt C�� QD x�oWv�O Q�t� xwQo

CQwY �iO�YD u�O�t uOw� �Uwo ZQi �� ����i ��yxO�O p�rLD w x� RHD ��re� �xO�mJ
���� QkD �� �Uwo �yv� sD� Q�or xm s��xH�wt �D�Ft ��yxO�O �� p��Ut ��a� QO � t� �OQ�PB�t
w u�ov��t Q�DN�U �� �Uwo �xDi�� p�O�D �iO�YD u�O�t xmv� ZQi �� xr�kt u�� QO �CU� �Uwo
�woW�B OvDUy �U�vt u�W�B 	� RwD �� �iO�YD ���yQ�eDt �yQDt�Q�B w CU� �QDt�Q�B Tv�� Q�wwm
u�� x�U�Lt �qwtat �OQ� Q�m p��Ut QO uwJ �OwW�t u��aD �R�� Ci��yQ R� xO�iDU� �� ����i
u� T�U�Q� w x��Q� woW�B 	� RwD ��Q� �� QkD l� �wrQ�m Cvwt ��yWwQ ltm� CU� Q�wWO woW�B

�OW Oy�wN �iQat ��� QkD �R�� ����i �woW�B

��R�� ����i �� woW�B ��Uwo � nr �iO�YD u�O�t �����i ��yxO�O ��O�rm ��yxS�w
wrQ�m Cvwt ��yWwQ

xtOkt �
�iO�YD u�O�t l� R� �kkLD �yxO�O OwW�t ZQi �qwtat ����i ��yxO�O �Ov�pOt ��Q�
�CU� Q�Po T�Ov� xawtHt l� D u� QO xm �OvDUy �d � 	 �fZ�t� 	 t � D � Rdg
T�U� Q� w XNWt C�akwt OvJ �� l� QO �iO�YD u�O�t swrat�v Q�Okt ����i �� woW�B
�CU� R ��Lt ��U�vW�wy xrtH R� hrDNt swra QO ��yD�akwt Q��U QO xOt� CUO� C�Oy�Wt
�� �awv� xm � � � w �RQw�Wm ��i�QeH ��U�vW u�tR ���i�QeH ��U�vW u�tR ��U�vW Q�oxty
�Uwo ZQi �� �re� �OwQ�t Q�tW� syt p��Ut R� �m� �OvQ�O Q�m w QU ����i ��yxO�O
�D�Ft ��yxO�O �� p��Ut ��a� QO �t� �OwW�t u��aD ����i �woW�B ��iO�YD u�O�t uOw�
�Uwo ���� QkD �� �Uwo �yv� �tD� Q�or p�O�D xmr� �Ovvm�tv C�a�D �Uwo pOt R� xm s��xH�wt
QO p�Ft u�wva� �OwW�t xO�t�v ��Uwo � nr Q�v OQwt �iO�YD u�O�t CQwY u�� QO �CU�
xr�kt u�� QO �OvwQ�t Q�tW� �wv u�� R� ��twta �oOvQ�� u�R�t x� �w� Qt C�Oy�Wt �U�vW�wy
CU� �QDt�Q�B Tv�� Q�wwm w u�ov��t Q�DN�U �� �Uwo �xDi�� p�O�D �iO�YD u�O�t xmv� ZQi ��
R� xO�iDU� �� ����i �woW�B �OvDUy �U�vt u�W�B 	� RwD �� �iO�YD ���yQ�eDt �yQDt�Q�B w
�� xr�kt u�� QO �Pr �CU� Q�wWO woW�B u�� x�U�Lt pta QO �t� �OwW�t u��aD �R�� Ci��yQ
�� Log�Gaussian
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Ovy�wN x��Q� ��� QkD �R�� ����i �woW�B w woW�B ��� QkD 	� RwD �wrQ�m Cvwt ��yWwQ R� xO�iDU�
�OW

�R�� ��yWwQ R� xO�iDU� ��R�� Q�t� QO wrQ�m Cvwt ��yWwQ xaUwD p��vO� Q�N� ��yr�U QO
u�Q�mty w QoQ� �CU� xDi�� �Q�otWJ xaUwD w OWQ ����i ��yxO�O p�rLDw x� RHD ��Q�
��Q� �OvOQm xar��t �Q �OvyO�t xH�Dv ��U�vt�v ��yu�UB xm �v�W�B ��y	� RwD ����	�
������ u�Q�mty w Kw� �UwD xOW x��Q� �R�� VwQ �s��xH�wt xOWto ��yxO�O �� xm �Dr�L
u�O�t R� ��N Q�e 	��wD �� QHD R�� �� woW�B ����
� �UQm w EQwOr� �OW�� �WoyQ Ov�wD�t
w �QiaH �OvDUy R� wv Ok�i C�Oy�Wt xm �t�ovy �OvOQm �UQQ� �Q Q�O R� wv C�Oy�Wt �� �iO�YD
�QiaH �OvOQm x��Q� �Uwo �iO�YD u�O�t l� ��Q� �Q �R�� ����i �woW�B ����
� xO�ROtLt
x��Q� �Q Q�O R� wv C�Oy�Wt �� �Uwo �iO�YD ��yv�O�t ��Q� �� woW�B R�v ����a� xO�ROtLt w
�iO�YD u�O�t l� ��Q� �R�� ����i �woW�B ����b� xO�ROtLt w �QiaH TBU �OvOwtv
OvOQm u��aD �U�vt�v u�W�B ��y	� RwD R� xO�iDU� �� �Q OW�� �Uwo �yv� R� swrat�v �r�O�D xm
wrQ�m Cvwt l�vmD ltm� w �U�vt u�W�B ��y	� RwD R� xO�iDU� �� xr�kt u�� QO u� p��vO� xm

�OwW�t x��Q� �Uwo � nr �iO�YD u�O�t ��Q� �R�� ����i �woW�B

�R�� ���	i ��woW�B �
Q�OQ� w C�Ft �iO�YD ��yQ�eDt R� �iO�YD u�O�t l� fZ�t� 	 t � Dg O�vm ZQi
w OyO V��tv t�� � � � � tn ��yD�akwt QO �Q �iO�YD u�O�t Z � �Z�t��� � � � � Z�tn��

C�Oy�Wt Q�OQ� T�U�Q� �Z�t	� �va� �t	 x�kv QO �iO�YD u�O�t swrat�v Q�Okt �� woW�B
�iO�YD u�O�t xmv� ZQi �� �OW�� Q�v OQwt z � �z�t��� � � � � z�tn��

fY �t� � lnZ�t� 	 t � Dg

Tv�� Q�wwm w u�ov��t 	��wD �� ��DQD� Q�Okt �k�kL �Uwo

E�Y �t�� � f ��s�
Cov�Y �s�� Y �t�� � ����s� t	 ��

�iO�YDQ�e ��yxirwt R� p � 	 Q�OQ� l� f�t� � �f��t�� � � � � fq�t��� u� QO xm �OW��
w Tv�� Q�w �� � V ar�Y �t�� ��vw�UQoQ ��yQDt�Q�B  � ��� � � � � p� � Rp �swrat
� � ��� � � � � �q� � % � Rq ��yQDt�Q�B Q�OQ� �� Y ��� u�O�t �oDU�ty 	��D ���� �	 ��

��DQD u�O� �CU�

Y � lnZ � �lnZ�t��� � � � � lnZ�tn�� � Nn�X� �����
�� Improper
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CQwY� �� xvwtv ����i �oDU�ty T� QD�t w Xnq KQ� T� QD�t u� QO xm �CU�

X �

� f ��t��
���

f ��tn�

�A � �� � ���ti� tj	 ���

	��D �OW�� C�Ft u�at �U� QD�t �� w pt�m x�DQ �U� QD�t X xmv�� ZQi �� �OvwW�t h� QaD
CQwY� C��F ���Q� hPL R� Oa� ���tvDUQO

L��	 z� � �
	

����
�
n
� j��j�

�
� expf� 	

��� �ln z �X�����
� �ln z �X�gJ

p� q�	 Q�OQ� � � �� ��� �� w p�O�D u�� wm �S J � �4n
i��jzij��� u� QO xm �Ow� Oy�wN

�Y �t	�� Y � s�wD 	� RwD �Y ����iO�YD u�O�t uOw��Uwo x� xHwD �� �CU� pOt��yQDt�Q�B �Oa�
�� ��DQD� p�tQv �� w z �QW� Y �t	� 	� RwD O�O u�Wv u�wD�t w CU� xQ�eDt n � 	 p�tQv

Tv�� Q�w w u�ov��t

E�Y �t	�jz� �� � �f ��t	� � r���
��
� �ln z �X�

V ar�Y �t	�jz� �� � ���	� r���
��
� r���

��Q� woW�B 	� RwD �� w z �QW� u��Q��v� �CU� r� � ���t	� ti	 ���n� u� QO xm �Ow� Oy�wN
CQwY� Z�t	� � exp�Y �t	��

f�z	jz� �� � �
	

����z�	�	� r���
��
� r��

�
�
�

� expf��ln z	 �E�Y �t	�jz� ����
����	� r�����

� r��
g z	 � � �	�

jr�t QOk u�� R 	��D �� Z�t	� ��Q� xv�y� �woW�B �� QDt�Q�B uOw� swrat ZQi �� �Ow� Oy�wN
�va� �	� 	� RwD xv��t ���N

Median of �Z�t	�jz� �� � expff ��t	� � r���
��
� �ln z �X�g

swrat�v � xm �t�ovy �OQ�O �oDU� � �Oa� p� q�	 QDt�Q�B x� xv�y� �woW�B uwJ �OW���t
�U�vt u�W�B ��ya� RwD Qw�vt u�O� �OOQo�t u��aD �R�� VwQ x� ����i �woW�B �CU�
QDt�Q�B R� �� ��� ��yQDt�Q�B �C��U�Lt uOW QDxO�U CyH x� w OwW�t Q��DN� �yQDt�Q�B ��Q�

sQi� u�wD�t �Q pOt ��yQDt�Q�B s�wD u�W�B 	� RwD u��Q��v� �OvwW�t xDiQo Q�v QO pkDUt �

���� � ��� ��� �� � ��j������������
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��x�W�L u�W�B ��ya� RwD uwvm � �CWwv

�j��� � N�	� �
�V	��

� � ��
SCI�a� b�

�wO ��m 	� RwD xOvyOv�Wv ��
SCI w OvDUy swrat b w a �V	 �	 Q�O�kt xm �s� Q�o�t Q�v QO �Q

u�UB 	� RwD u��aD uwJ �OwW�t Q��DN� x�wNrO Qw�� R�v ���� u�W�B 	� RwD �OW���t Twmat
x���Q R� pOt ��yQDt�Q�B

��� ��� �jz� � f�zj����j������������ ���

u��aD � w �� ��yQDt�Q�B Q� uOQm ��QW �� �Q  ��x�W�L u�UB 	� RwD �OD�� �OW���t Q�wWO
sQi� 	� RwD u�� O�O u�Wv u�wD�t �oO�U� �s�vm�t

�jz� ��� �� � N� ��� �
� �V � �
�

u� QO xm �CU�

�� � �V ��
	 �X ����

� X����V ��
	 	 �X ����

� y�

�V � �V ��
	 �X ����

� X���

CQwY� � QDt�Q�B Q� uOQm ��QW �� �� ��x�W�L u�UB 	� RwD TBU �OvW���t

���jz� �� � ��
SCI�a� n� b�� ��

u� QO xm �OwW�t u��aD

b� �
ab� n��� � ��V ��



� � 	V

��
	 	 �m� �Vm

a� n

Q��Q� ��DQD� m w V
 �� ���� w

��� �
	
n
�y �X�����

� �y �X�

� � �X ����
� X���X ����

� y

V
 � �X ����
� X���

m � �V ��



� � V ��
	 	�



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

CQwY� � ��x�W�L u�UB 	� RwD Oa� xrLQt QO �OvW���t

���jz� � f�zj����j������������

��jz� ��� ������jz� �� ���

w �� ��
� ��x�W�L u�UB ��ya� RwD �Q�Po��H �� w R�� uwv�k T�U� Q� uwvm � �OwW�t u��aD
x���Q QO ���

���jz� � ��� ��� �jz� � ��jz� ��� ������jz� �����jz� ���

	� RwD u� 	�D x� w ���jz� u��aD �twta xm �Hv� R� �OW���t u��aD p��k pOt ��yQDt�Q�B u�UB 	� RwD
��MCMC�� hmQ�t Q�HvR �wrQ�m Cvwt ��yWwQ R� xO�iDU� �� �CU� Q�wWO Q��U� ��� u�UB
pOt ��yQDt�Q�B �R�� ���vDU� w OwW�t xOQw� CUO� ��� w ��� ��ya� RwD R� �iO�YD xvwtv l�

�����
 �xO�ROtLt w �QiaH� OQ�PB�t CQwY xvwtv u�� T�U�Q�
x���Q R� �Q Z�t	� �R�� �woW�B 	� RwD u�wD�t uwvm �

f�z	jz� �
Z

f�z	jz� �����jz�d� ���

�OD�� �OW���t pmWt ��� x���Q R� woW�B 	� RwD �r�rLD x�U�Lt xmv� x� xHwD �� �OQw� CUO�
�QW� Z�t	� 	� RwD O�O u�Wv u�wD�t � x� C�Uv ��jz� ��� ��f�zj�� R� �Q�op�QoDv� ��

CQwY� p�tQv � nr z� ��� �

�Z�t	�jz� ��� �� � LN�������

u� QO xm �CU�

�� � �f ��t	�� r���
��
� X��V ��

	 �X ����
� X���V ��

	 	
� �r���

��
� � �f ��t	�� r���

��
� X��V ��

	 �X ����
� X���X ����

� �y

�� � ���	� r���
��
� r�

� ��f ��t	�� r���
��
� X��V ��

	 �X ����
� X����f ��t	�� r���

��
� X���

�QW� Z�t	� 	� RwD ��� x� C�Uv ����jz� ��f�z�t	�jz� ��� �� R� �Q�op�QoDv� �� TBU
CQwY� CvOw�DU� �D � nr z� �

�Z�t	�jz� �� � LTn�a���� b
����

�� Monte Carlo Markov Chain



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

CQwY� �Q �R�� �woW�B 	� RwD u�wD�t uwvm � �O���t CUO�

f�z	jz� �
Z

���jz�f�z	jz� ��d� ���

x�U�Lt OwHw u�� �� �OW���t ��� x���Q R� QDxO�U u� u��aD w xv�o q p�QoDv� l� xm �CWwv
�OQ�o�t Q�Qk xO�iDU� OQwt u� �� QkD CyH wrQ�m Cvwt VwQ �Pr �CU�v Q�PBu�mt� u� �r�rLD
f�igMi�� CQwY� M sHL x� i�i�d �iO�YD xvwtv l� ���� u�W�B 	� RwD R� �Qw�vt u�� ��Q�

u�wD�t M nQR� �i�m xR�Ov� x� Q�O�kt ��Q� ���DQD u�O� �OwW�t ��NDv�

f�z	jz� �
PM

i�� f�z�t	�jz� �i�f�zj�i�PM
i�� f�zj�i�

�woW�B ��N jr�t QOk u�� R 	��D T�U� Q� w O�O Q�Qk xO�iDU� OQwt woW�B ��� QkD 	� RwD u�wva� �Q
�va� �woW�B ��� QkD 	� RwD xv��t Z�t	� ��Q� ��� QkD �R�� ����i

�Z�t	� � Median of �Z�t	�jz�

�OOQo�t u��aD

�Q�oxH�Dv w EL� 	

wrQ�m Cvwt ��yWwQ ltm� w �R�� Ci��yQ T�U� Q� �Uwo � nr �iO�YD u�O�t l� ��Q�
�iO�YD ��yv�O�t ��Q� xOW u��� ���wQ xm CU� QmP� sRq �O�OQo u��aD �R�� ����i �woW�B
�� �R�� ����i �� woW�B xr�kt u�� QO �OW���t xaUwD p��k �CU� �Uwo �yv� R� swrat �r�O�D xm
�����i Q�t� p��Ut �re� QO �t� �CiQo Q�Qk xar��t OQwt �OvDUy R� wv Ok�i �yxO�O xmv�� ZQi
�wv u�� s�Hv� �OvW���t R� wv �� x�Qty C�Oy�Wt ��Q�oxR�Ov� ���N xrtH R� hrDNt p�qO�

�CU� �UQQ� p��k O�OH xr
Ut l� u�wva� Q�OR� wv C�Oy�Wt T�U� Q� �� woW�B

�H�Qt

��� Aldworth� J� and Cressie� N�������� Prediction of Nonlinear Spatial
Functionals� Statistical Planning and Inference �Article in Press��

��� Berger� J� O�� Deoliveira� V� and Sanso� B� ������� Objective
Bayesian Analysis of Spatially Correlated Data� JASA ��
 �����
�����



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� Jafari� K� M� and Mohammadzadeh� M� ������� Bayesian Spatial
Prediction for a Gaussian Random Field� Procedings of the Fourth
Seminar of the Probability and Stochastic Processes�

��� Jafari� K� M� and Mohammadzadeh� M� �����a�� Bayesian Spatial
Prediction for a Gaussian Random Field with Noisy Observations�
To appear in Journal of Science� Isfahan University� Iran�

��� Jafari� K� M� and Mohammadzadeh� M� �����b�� Bayesian Spatial
Prediction for a Transformed Random Field� To appear in Journal
of Science� Tehran University� Iran�

��� Oh� M�S�� Shin� W� D� and Kim� J� H� ������� Bayesian Analysis
of Regression Models with Spatially Corelated Errors and Missing
Observation� Computational Statistics and Data Analysis� ��
 ����
����



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�iO�YD xvwtv sHL �� wDQ�B pOt ��Q� Qta pw� �R�� �v��V�B

�QoQR QwYvt ��xO�ROtLt uULt

Q�t� xwQo �TQOt C�� QD x�oWv�O �

Q�t� xwQo �O��� hHv �r�a VRwt� xUU�wt �

xir�wt n� r CUmW ��yv�tR �� Qta pw� �v��V�B ��OQ� Q�m syt p��Ut R� �m� �xO�mJ
QO uwJ �OW���t xvwtv pw� ���DQD xir�wt r CUmW ��yv�tR T�U� Q� ���Dn xvwtv l� QO
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��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

O�rwD �Q u�� u�� � � � � u� Q�Okt � �U��� 	� CN�wvm� 	� RwD R� �OD�� Qt� u�� ��Q� �s�vm O�rwD
Twmat uOQw� CUO� w FX�X� � U uDiQo �� p�QoDv� p�tDL� x��k T�U� Q� TBU �s�vm�t

R� wDQ�B 	� RwD Q�O�kt �F��
X �U� � X CQwY� 	��D u��

x � � � �	� u�����

wDQ�B 	� RwD R� xm �O���t CUO� x ��Q� Q�Okt � �� � 	 �� � � ��Q� uwvm � �OwW�t pY�L
� � ���� w � � ���� Q�Okt wO uO�O Q�Qk �� ��� xrO�at R� xO�iDU� �� uwvm � �Ovvm�t �wQ�B
�O���t CUO� x � x��� ��Q� Q�Okt wO �MATLAB Q�Ri�sQv �� u� pL w s � 	 uO�O Q�Qk �� w
�OvDUy �OW���tC��F xvwtv xR�Ov� xm �akwt �x��� ��Q� �v��V�B xrY�i u���B w q�� u�Qm u�ty xm
	��D �� �iO�YD Q�eDt xvwtv xR�Ov� xmv�� ZQi �� w xOW O�rwD ��yxO�O R� xO�iDU� �� j� Q� u�ty�
xrY�i �	�� w �	
� CqO�at R� xO�iDU� �� u�wD�t �OW���t ��xrtHwO �� uU�wB p�tDL� sQH
G��Dv �OQw� CUO� �CU� �iO�YD xvwtv xR�Ov� �Dkw �Q x��� �Oa� xOy�Wt u�rw� ��Q� �v��V�B

�OvwW�t pY�L Q� R G��Dv xm �Ov�xOW xYqN 
 pwOH QO xOt� CUO�
�OvwW�t QDy�Dwm �v��V�B pY�wi �� Q�Okt uOW O�� R �� ��	

�OvwW�t QDy�Dwm �v��V�B pY�wi �M Q�Okt uOW O�� R �� ���
xvwtv xR�Ov� R� R� QDy� w QDy�Dwm �C��F xvwtv xR�Ov� �� �v��V�B pY�wi pw� �� � 	 ��Q� ��

QDy�Dwm �iO�YD xvwtv xR�Ov� �� pY�wi pw� � � �� w � � �� ��Q� �t� �OW���t �iO�YD

�OW���t
�OvwW�t QDy�Dwm pY�wi �a Q�Okt uOW O�� R �� ��
�OvwW�t QDoQR� pY�wi �b Q�Okt uOW O�� R �� ���

�q���� u�W�B w swrat�v � w � ��yQDt�Q�B �� wDQ�B �� RwD QO �v��V�B ��

w � xmv� ZQi �� Oa� w s�vm�t O�rwD OOa � wDQ�B 	� RwD R� �OD�� p�k VN� Ovv�ty VN� u�� QO
u�vJty �s� Qw��t CUO� �Q �v��V�B pY�wi ��Oa� xOy�Wt u�rw� ��Q� �Ovtwrat�v wO Qy �

xO�iDU� �q�� uwO� u�W�B R� w s� Q�Ov 	� RwD ��yQDt�Q�B R� �r�k �q�� I�y xm s�vm�t ZQi
R� xO�iDU� �� �Q � hrDNt Q�O�kt ��Q� xOW �R�Ux��W �v��V�B pY�wi u�ov��t �s�vm�t
Q� R G��Dv w xOt�  pwOH QO �UQQ� u�� G��Dv �s� Qw��t CUO� ���� w ��	� ��	�� CqO�at

�OvwW�t pY�L
�OvwW�t QDy�Dwm pY�wi �� Q�Okt uOW O�� R �� ��	

�CU� C��F xvwtv xR�Ov� R� QDy� �iO�YD xvwtv xR�Ov� �� �v��V�B pY�wi �nQR� ��y� ��Q� ���
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w � swrat�v QDt�Q�B �� wDQ�B 	� RwD QO x � x��� ��Q� �v��V�B pY�wi pw� u�ov��t � pwOH
�s�W�� xDW�O �q���� u�W�B xm �akwt �iO�YD w C��F xvwtv xR�Ov� �� w �

xR�Ov� �iO�YD xvwtv xR�Ov�
u�W�B xvwtv � Q�O�kt �� uU�wB

�q���� C��F
n � 	� � � 	 � � 	� � � �� � � ��

NIP ����� 	����� 	�	�
 ���
� ����	

�Q�oxH�Dv w EL� 


�� xm xvwtv l� QO �Oa� C�Oy�Wt ��Q� �v��V�B pY�wi pw� u�ov��t �wDQ�B Qta pw� pOt QO
�oDU� xvwtv xR�Ov� 	� RwD w u�W�B 	� RwD ��yQDt�Q�B x� �Ov���t CUO� �R�Ux��W VwQ R� xO�iDU�
xvwtv xR�Ov� T�U� Q� �v��V�B VwQ wO R� l� Qy u�wD�tv �rm Cr�L QO p�rO u�ty x� �OvQ�O
Q�v QO p��� uU�wB 	� RwD �� �Q�eDt xvwtv xR�Ov� �Dkw �O�O K�HQD �Qo�O Q� �Q �iO�YD w C��F
��iO�YD xvwtv xR�Ov� VwQ R� pY�L �v��V�B pY�wi pw� �� nQR� Q�O�kt ��Q� �OwW�t xDiQo
Cw�iD u�� p�rO �OW���t �iO�YD xvwtv xR�Ov� R� pY�L �v��V�B pY�wi pw� R� QDy�Dwm
T�U� Q� u�vJty �OW�� � nQR� Q�O�kt ��Q� �wv�F xvwtv sHL uOW QDoQR� R� �W�v Ov�wD�t
	� RwD ��Q� �OvDUy T�UL u�W�B 	� RwD ��yQDt�Q�B x� �v��V�B pY�wi �xOt� CUO� G��Dv
xOy�Wt u�rw� ��Q� �v��V�B pY�wi �OwW�t O�� R a �Dkw �Gamma�a� b� u�W�B �� wDQ�B

�OvwW�t QD�vqw� pY�wi �OwW�t O�� R b �Dkw w QDy�Dwm �wv�F
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xt�� xQ��Nt ��yOv��Qi QO �oDUmWQw Cq�tDL� �R�Ux��W

�Qy�	t QO�v

u�yiY� u�DUQyW jQ� �� RwD CmQW Q�t� OWQ� T�vWQ�m

Cq�tDL� x�U�Lt �CU� �oDUmWQw Cq�tDL� u��aD xt�� Qwt� QO syt xr�Utl� �xO�mJ
Cq�tDL� u�� �R�U x��W C ra u�ty x� w xOw�v QU �t �r�rLD ��yWwQ R� �qwtat �oDUoWQw
p�rO x� u� �rwtat �R�Ux��W �xOw� sm p�tDL� �� �Ot�W�B �oDUmWQw �OW���tC� ty� ��Q�O
�R�Ux��W w OW���tv sRq ���Q�m ��Q�O CU� O�� R Q��U� ��xvwtv ��yQ�Ut O�rwD OvtR��v xmv��
xS� w �Q�oxvwtv s�v �� �yWwQ u�� R� �wv l� x� xr�kt u�� QO �OwW s�Hv� �  Y�N ��yWwQ �� O���
Q��eD xS� w �Q�oxvwtv l� ���tv Q� R CQ�UN ��yxR�Ov� �� xt�� ��yOv��Qi QO �CN�OQB s�y�wN
uOw� xv�y� ��Q� ���y�QW xr�kt u�� QO �OW���t ���tv Q� R VNQJ CQwY� p�tDL� xR�Ov�
�v�tR ji� �� �oDUmWQw Cq�tDL� ��Q� �R�Ux��W �wv u�� R� �W�v ��yxOvvmOQw�Q� ��v�Ht
uwU�wB pwOt � hmQ�t w �mQt uwU�wB pOt wO �i Qat �� w s�yO�t KQW �Q �y�vDt�v w �y�vDt

�s� R�OQB�t pOt wO u�� R� l� Qy QO �oDUmWQw p�tDL� �R�Ux��W x� �mQt

MQv VNQJ �Q�N MQv VNQJ �ptDLt sm Ot�W�B ��oDUmWQw p�tDL� ��O�rm ��yxS�w
xS� w �Q�oxvwtv ��R�Ux��W ���Q�m �xt�� xQ��Nt Ov��Qi ��vRw �Q�N��D Q�N

xtOkt �
�OW�� � � 
	 	 
� 	 ��� ���n � 	� 
n OwQw u�tR QO s�n CQ�UN xR�Ov� Xi s�vm ZQi
N�t� Qo � �s�yO�t u�Wv �n � 
n � 
n�� �� �Q �aO� u�t�n� 	 w u�t�n OwQw u�� u�tR
QO Q� R CQwY x� �Q xt�� xQ��Nt Ov��Qi OW�� ��� T � �v�tR xrY�i QO �y�aO� R� �iO�YD O�OaD

�s� Q�o�t Q�v

U�t� � u�4�t��
N�t�X
i��

Xi

xr�kt u�� QO �OvW���t xt�� jL 	��D w x�rw� xQ�NP xOvyO u�Wv ��DQD x� 4�t�� u u� QO xm
jL 	��D X�wN R� QDW�� C�aq�� ��Q� �s� Q�o�t Q�v QO c MQv �� ct CQwY x� �Q xt�� jL 	��D
�CU� t u�tR �D xQ�NP U�t� xm OwW�t xO�O �OQm xaH�Qt ������ � uRwtU� x� u�wD�t xt��
�� asmussen
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u�� QO s�yO u�Wv S�t� �� �Q u� w s�vm h� QaD u�U�t� CQwY x� �Q CQ�UN O�R�t Ov��Qi Qo �
�OwW�t xO�O Q� R CQwY x� T �y�vDt �v�tR ji� �� �oDUmWQw p�tDL� CQwY

��u� T � � P �U�t� 	 �� t 	 T � �

�
sup
t�T

S�t� � u

�
�	�

�s�vm�t h� QaD ��u� � ��u��� CQwY x� �Q �y�vDt�v ji� �� �oDUmWQw p�tDL� u�vJty
l� p�tDL� �� s�vm ZQi

lim
t	�

N�t�P
i��

Xi

t
� w � lim

t	�
N�t�

t
� w

�t 
 � �Dkw S�t� 
 �� �va�� CU� �ivt Vv�Q �� S�t� CQ�UN O�R�t Ov��Qi �Dkw
�� c � w CQwY u�� QO xm Ow� Oy�wN 	 R� QDtm �y�vDt�v ji� �� �oDUmWQw p�tDL�
ji� �� �oDUmWQw �	� h� QaD x� xHwD �� OW�� �ivt Q�e Vv�Q �� S�t� Qo � �� � w

c 	 	
�OyO�t MQ 	 p�tDL� �� �y�vDt

w OW���tv Q�PBu�mt� K� QY CQwY x� �oDUmWQw Cq�tDL� R�v Cq�L u� QDxO�U QO
pt�W �y�� QkD u�� R� �WN� �CU� xOW �aU uwo �vwo ��yWwQ x� u� uOR �� QkD QO �re�
w u 
 � ���u� 
 � �Dkw xm CW�O xHwD O��� �OW���t �R�Ux��W R� �W�v ��yOQw�Q�
l� �oDUmWQw u��Q��v� w OwW�t sm �oDUmWQw p�tDL� u uOW O�� R �� �va� ��u� T � 
 �
�� ��u� w ��u� T � OQw�Q� xm ��rwtat �R�Ux��W wQ u�� R� �Ow� Oy�wN ptDLt sm Ot�W�B
I
�
supt�	 S�t� � u

� w I �sup	�t�T S�t� � u
�
pkDUt ��yQ�QmD R� ��xvwtv u�ov��t

�Y�N �R�Ux��W ��yWwQ w xOw�v sRq ���Q�m ��Q�OCU� �OW���t Qov�Wv �iO�YD Q�eDt I����
Q�Ut x� �D OQm O�rwD �Q��U� ��xvwtv ��yQ�Ut O��� �rwtat �R�Ux��W QO �CU� R��v OQwt
��xvwtv ��yQ�Ut u�� O�rwD �s�vm �O�B �UQDUO OyO�tMQ �oDUmWQw u� �wQ xm ��xvwtv

�OR�U�t u���tv �Q �R�Ux��W �wv u�� ha�
��yOt�W�B �wkw CaQU u� CLD xm OW���t �R�Ux��W X�N VwQ l� �xS� w �Q�oxvwtv
Q��eD R� TB VwQ u�� QO �!������ uRwtU� w �	���� �QoQ� pO�y" OwQ�t QDq�� ptDLt sm
p�tDL� xR�Ov� Q��eD �OwW�t xO�iDU��� Q��v OQw�Q� u��aD ��Q� ���tvDUQOC�Uv R� p�tDL� xR�Ov�
�uvDyr" OwWv nQR� �rwtat �R�Ux��W �� xU��kt QO xOvvm OQw�Q� Tv�� Q�w xm OW�� ��xvwo x� O���
p�tDL� xR�Ov� Q��eD OW�� l�U sO �� CQ�UN xR�Ov� 	� RwD xm �Dr�L QO �!�	���� �uv�yQ�v w
Qw� x� Ci��yQ u�� xm �vat u�O� �!�	���� uRwtU�" OW���t O�it ����tv VNQJ CQwY x�
�� naive simulation �� importance sampling �� Heidel berger �� Lehtohnen
�� Nyrhinen �� exponential twisting
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�R�Ux��W ���Q�m u�R�t ��Q� OQ�Ov�DU� �mqt uOw� xv�y� ��v�Ht Qw� x� �OW���t xv�y� ��v�Ht
�OW���t ptDLt sm ��yOt�W�B

xr��Ut pL ��Q� ���tv VNQJ uOQ� Q�m x� OW�� u�ovU sO �� CQ�UN xR�Ov� xm �t�ovy
x� w xDW�Ov �y�vDt Qw�DWo Orwt 	��D xm CU� �a� RwD u�ovU sO �� 	� RwD �OwW�tv 	k�w O�it
uRwtU� �OQm xO�iDU� u�wD�tv CU� Qw�DWo Orwt 	��D Q� �vD�t xm ���tv VNQJ R� Cra u�ty
��y	� RwD� ����tvQ� R ��y	� RwD Qw�L QO �R�Ux��W ��Q� Ci��yQ u�rw� �	���� �Qov�wUv�� w
�R�Ux��W OOY QO �yv� �OvO�O x��Q� �Q �OvDUy u�ovU sO �� ��y	� RwD R� �Uqm ���tvQ� R
Q�Okt l� R� ���tvQ� R 	� RwD �� i�i�d� �iO�YD ��yQ�eDt R� �UOvy �wtHt l� Rw�HD p�tDL�
VNQJ �� ��Q�N MQv VNQJ �iQat �� �	���� ��u�Or���yW w �	�HvwH �OvOw� XNWt

�OvDN�OQB jwi xr��Ut pL x� ���tvQ� R
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x�ov� �OW OQ �v�at uOw� Q�O�vat K�U �� QiY ZQi Qo � �Ovm�t O�yvW�B �Q Gw� ��y��O

�s� Q�o�t Q�v QO � �v�tR xR�� ��Q� �Q �QDW�� Q�Okt

xv�DU
 Q�Okt ��NDv� ��
�Owtv P�ND� u�wD�t Cw�iDt OQm� wQ wO Q�m u�� ��Q�

XNWt xv�NOwQ l� ��Q� �q�U u�R�t u��aD Ovv�t �m� R�i x���� l� R� xO�iDU� �	
u� R� QDq�� Gw� ��y��O xm OwW u��aD ��xvwo x� O��� xv�DU� Q�Okt ��Q�t� VwQ R� xO�iDU� ��
�Ovm u���D �Qv� R�v uwU�wB Ov��Qi ��vt� w OvyO� �Q sy R� pkDUt �xO�O �QU l� p�mWD
�OQ�o�t Q�Qk �UQQ� OQwt �CU� xOW O�yvW�B �xv�DU� u�R�t ��NDv� ��Q� xm ��yuwtR� �Hv�� QO

xv�DU� R� QDq�� ��yxO�O O�OaD �UwDt �� uwtR� �����

xm CU� xHwD p��k xDmv u�� �CU� uwU�wB Ov��Qi C���Qi R� �m� �C�Oy�Wt pqkDU� �QW
xv�DU� ��NDv� �OR�U jkLt �Q pqkDU� �QW Ov�wD�tv xW�ty xv�DU� lJwm Q�Okt ��NDv�
x� xv�DU� Q�Okt V��Ri� �OvDU�v pkDUt sy R� xW�ty xm �OyO�t CUO� �Q Gw� ��kv �lJwm
Q�O�kt x�ov� �OW�� Xmin 	 S 	 �Xs�� Qo � 	 pmW j���t �Ovm�t ltm ���QW Q��eD
R�tD sy R� �Q x�L�v Q�yJ u�wD�t xv�DU� Q�Okt V��Ri� �� �rm Qw�� �OyO�t V��Ri� �Q xDU��w
R� QDq�� Gw� ��kv O�OaD �UwDt � u� QO xm CU� xOW xO�O u�Wv � pmW QO �L�wv u�� �O�O

�CU� xv�DU�
�OwW�t xDN�OQB �L�wv KQW x� uwvm �

��r�wDt p�U N �va� �NY pw� ��� �v�tR �QU pm �xv�DU� lOv� Q�O�kt ��Q� �	 x�L�v �	
�OQ�o�t Q�Qk xv�DU� R� QDq��

xv�DU� R� QDq�� Gw� ��kv O�OaD �UwDt �xv�DU� Q�Okt V��Ri� �� x�L�v u�� QO �� x�L�v ��
�O����t V��Ri�

�� Cunnane �� Miquel
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s

�

1 2 3 4

xv�DU� Q�Okt �UL Q� xv�DU� R� QDq�� Q�O�kt �UwDt C�Q��eD Q�Owtv �� pmW

Gw� ��kv O�OaD �UwDt Vy�m Ea�� �Oa� x� xR�Ov� l� R� xv�DU� Q�Okt V��Ri� �
 x�L�v �

�OOQo�t xv�DU� R� QDq��

xv�DU� Q�Okt uwJ �OQ�o�tv Q�Qk xv�DU� R� QDq�� �Hw� �x�kv I�y x�L�v u�� QO � x�L�v �
�CU� QDoQR� �QU pm R�

xv�DU� R� QDq�� ��yxO�O Q�O�kt �UwDt �� uwtR� �����

xv�DU� Q�Okt ��NDv� xm OvOQm O�yvW�B �	��
� �T�r�� w uOv w �	���� �C�tU� w uU� w�O
Q�Okt R� ��N 	��D O��� �OQ�o Q�Qk �Xs � S� xv�DU� R� QDq�� �UwDt Q�O�kt xvt�O QO xmv�� ��Q�
��yQDt�Q�B xm Ovm pta ��xvwo x� xv�DU� Q�Okt ��NDv� QO Ov�wD�t uwtR� u�� �OW�� S �va� xv�DU�
�	��� �pm�t �OUQ� OwN �Q�O��B QFm �OL x� �Q xv�DU� R� QDq�� ��yxO�O p�tDL� �r�oJ 	��D
s�Hv� �CU� xv�DU� Q�Okt R� �a��D xm �Q xOW xOQw�Q� �	lOvJ C�U�UL p�rLD xm Ovm�t x�YwD

�OwW

Vvm �QBT�Ov� �� uwtR� �����

w Q�mW� �OwW ��NDv� Ov�wD�t �Gw� ��kv O�OaD uOw� uwU�wB ZQi T�U� Q� xv�DU� Q�O�kt
�Qw� S xv�DU� �OvO�O s�Hv� �	���� ��uv�m O�yvW�B T�U� Q� �Q uwtR� u�� �	���� ��pUQ
���� t� xrY�i QO Gw� ��kv O�OaD mt u� QO xm � �i � 
��

mt

�mt

Vvm �QB T�Ov� xm OwW�t ��NDv�
�� Davison and Smith �� Naden and Bayliss 	� Miquel �
� quantile
��� Ashkar and Rousselle ��� Cunnane



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

xr�kt xt�O� QO uwtR� u�� QDW�� KQW �OQ�o Q�Qk �It������� It������� u�v�t�� xrY�i QO
�Ot� Oy�wN

EL� �����

Q�Okt xm OwW�t xO�iDU� � w 	 uwtR� R� xm �Dkw OvOwtv x�YwD �	���� ��uUOt w nQ� RQ
�CU� ��U�vt VR�Q� ��Q�O ��ivt ���tv 	� RwD �� GP 	� RwD CQwYv�� QO �OW�� � � �
GP 	� RwD QO �xv�DU� Q�Okt x� C�Uv ��N C�Q��eD ��Q�O xv�DU� l� R� QDq�� Q�O�kt �UwDt

�CU� C��F C�Q��eD �ivt ���tv 	� RwD ��Q� w CU�

GP 	� RwD �	

Gs�x� � Pr�Xs 	 x� � 	� �	� �k�a��x � S����k

with �XS � S �
a

k � 	 �	�

Gs��x� � Pr�Xs� 	 x� � 	� �	� �k��a��� �x� S�����k
�

with k� � k	 a� � a� k�S � S��	
Xs� � S� � Xs � S � �S� � S�k��k � 	�

�k � � �� GP 	� RwD� �ivt ���tv 	� RwD ��

Gs�x� � 	� exp��x� S��a� �� Xs � S � a ���

xO�iDU� �ivt ��xrtHwO �� ��xrtHwO Q��v ���ya� RwD R� CU����t �OwW OQ 
 xQ�tW uwtR� Qo �
�OQ�Ov OwHw xv�DU� Q�Okt ��NDv� ��Q� OL�w w �rm VwQ xm Owtv �aO� u�wD�t xH�Dv QO �Owtv
u��Q��v� �OQ�O �oDU� pqkDU� ZQi w xOW ��NDv� 	� RwD x� �qt�m xv�DU� Q�Okt ��NDv� �p�LQy�
Q�Okt Ov�wD�t xm Q� R �rm �w�N �Pr �O��tv ltm u� ��NDv� x� Ov�wD�t Cw�iDt ��yOQm� wQ

�OW���t Q� R KQW� �OR�U u�at �Q xv�DU�

�OR�U�t jkLt �Q 
 w � ��yuwtR� xm xv�DU� R� ���xOwOLt uOwtv XNWt �	
�OW�� 
 �� � R� QDoQR� � u� QO xm xv�DU� Q�Okt u� QDoQR� ��NDv� ��

��� Rosbjerg and Madsen
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�wkw Ov��Qi xar��t 	

�FO�wL O�OaD �� �OwW�t u��aD � �r�wDt xFO�L wO u�� u�tR COt�UwD �� E EO�wL �wkw Ov��Qi
w p�tDL� 	� RwD u�wD�t �Cq�L R� l� Qy QO �OyO�t MQ ��� t� �v�tR xR�� QO xm CU� �mt�

�CW�O �Q u�ov��t Q�Okt
xFO�L wO u�� xrY�i �	

F �x� � Pr�� 	 x��

f�x�dx � Pr�x 	 � 	 x� dx�

�OwW�t h� QaD Q� R CQwY� xFO�L CWoR�� xQwO

T � E��� �

Z �

	
�f��� d� �
�

wk�t� � Pr�mt � k� xm CU� xO�O MQ ��� t� �v�tR xrY�i QO xFO�L mt O�OaD ��
T�Ov� R� w �Owtv h� QaD ��� t� �v�tR xrY�i �wQ �Q E�mt� u�wD�t u�Jty �OW���t

�OQm xO�iDU� u�wD�t R�v It � var�mt�
E�mt�

Vvm �QB
R� xO�iDU� x� wQ w �yvwtR� xrLQt u�� QO �O�O u�Wv �Q Ov��Qi ��y	� RwD X�wN �	���� ��nvq

�OwW�t K� QWD xv�DU� Q�Okt w 	� RwD ��NDv� ��Q� �yv�

Vvm �QB T�Ov� uwtR
 ��

GvB pk�OL x� �Q mt xm OwW�t x�YwD �Owtv xO�iDU� VR�Q� �� wm�v ��Q� u�wD�t �� uwtR� R�
�Qo�O ��y�Q�t� �qwtat �Owtv s�UkD xDUO Qy QO w�a CWy �� w Ciy sm CUO �� xDUO
T�Ov� uwU�wB 	� RwD ��Q� �	���� ��uv�m �OwW�t O�yvW�B �� uwtR� C�OwOLt 	iQ ��Q�
�CU� p�tQv 	� RwD ��Q�O xvq�U ��y�q�U O�OaD xm s�vm�t ZQi �Owtv O�yvW�B �Q �It�Vvm �QB
	� RwD Tv�� Q�w w u�ov��t xmv�� x� xHwD �� w OW�� � R� QDW�� uwU�wB 	� RwD QDt�Q�B xmv� Q� �wQWt

�O���t CUO� u�vJ �CU� Q��Q� sy �� uwU�wB
�wQ�B �� 	� RwD R� h �

PNY
i��f�m��i� � E�m�����var�m��

����g� CQ��a �	
�CU� NY �O�R� xHQO ��Q�O xm Ovm�t

�wQ�B �� 	� RwD R� �h �
PNY

i���m��i� � m��
��m� � �NY � 	��i� CQ��a ��

	� RwD QDt�Q�B OQw�Q� ��Q� �O�R� xHQO l�� CU� NY � 	 �O�R� xHQO ��Q�O xm Ovm�t
��� Lang et al� ��� Cunnane
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NY QO EO�wL O�OaD m��	��m����� � � � �m��NY � w �OwW�t sm uwU�wB 	� RwD
�CU� OL�w Q��Q� Vvm �QB T�Ov� Q�Okt �Q�v Cr�L QO �CU� �r�wDt p�U

�s� Q�O �Pr

w OwW�t hPL �/ Q�O�vat K�U �� uOw� uwU�wB ZQi �OW�� �i� 	 I������ Qo � �	
�OOQo�t xO�iDU� �i� 	 	 ��xrtHwO 	� RwD R�

�OwW�t xDiQ�PB uOw� uwU�wB ZQi �OW�� �i� � �I������� I��	� ����� Qo � ��
��i� � 	� Owtv xO�iDU� u�wD�t �ivt ��xrtHwO 	� RwD R� �i� � I��	� ���� Qo � �


�CU� I��p� � ���p���NY � 	��p � ��� or p � 	� ���� x� xHwD ��

���DU�� uwtR
 ��


 xQ�tW pmW QO xm OQm O�yvW�B ��� t� xrY�i QO �Q mt Tv�QrwD xrY�i �	���� ��nvq
w OW�� ��� tend� xrY�i QO xOW xOy�Wt Gw� ��kv O�OaD NF Qo � �CU� xOW xO�O u�Wv

�s� Q�O x�ov� �� � mt � NF w � 	 t 	 tend

��t � �t � NF � �t � �t � mt � �t ��

�OwW u���D uoty uwU�wB Ov��Qi l� �UwD �q�U Ov��Qi xm s�vm�t O�yvW�B �t

wk�t� � Pr�mt � k� � e��t
��t�k

k�
� E�mt� � �t

NF x�ov� �s�yO u�Wv w�k�t� �� �Q ��� t� xrY�i QO Gw� x�kv k uDW�O ��QW p�tDL� �t Qo �
�CWwv u�wD�t w CW�O s�y�wN ��� tend� xrY�i QO Gw� x�kv

w�k�t� � Pr�mt � kjmtend � NF �

� �wk�t�wNF�k�tend � t����wNF �tend��

�

�
NF

k

�
�t�tend�

k�	� t�tend�
NF�k ���

x� ��x�kv x� w uQ�kDt Tv�QrwD xrY�i �w��t� � w�NF�k�tend � t� CQ��a x� xHwD ��
�CU� �tend��� NF��� C�YDNt

��� Lang
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xv�DU� R� QDq�� Q�O�kt O�OaD Tv�QrwD xrY�i Q�Owtv �
 pmW



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

�rYi uwtR
 ��

���RU� Q�F�D Ov�wD�t xv�NOwQ u�� QH Ov��Qi �rYi OvwQ xm OvO�O u�Wv �	��
� ��u�Qo�O w �OQ�
xm pt�a l� xar��t �OQ�O C�ty� pt�a wO �rYi OQm� wQ QO �OQ�Po� �OL Q�O�kt 	� RwD �wQ

�OyO�t MQ xm CU� ���DU�� sOa swO w CU� lU� Q �� s�wD

xv�DU� l� R� QDq�� Gw� ��kv uOwtv pOt 


xm �OyO�t u�Wv �Q ��q�U Cr�L Qy QO QFm �OL Q�Okt Xs �OW�� �iO�YD Q�eDt l� X Qo �
�OQw� CUO� �Q Q�eDt u�� p�tDL� �r�oJ 	��D u�wD�t uwvm � �CU� S xv�DU� Q�Okt Q� QDq��

Gs�x� � Pr�Xs 	 x� ���
�CU� x R� QDoQR� xm Xs �r�wDt Q�Okt u�� �UwDt u�tR CQwY� u�wD�t �Q T �x� CWoR�� xQwO
h� QaD ��� x���Q CQwY� Gs 	� RwD w CWoR�� xQwO u�� x���Q �	���� ��nQ� RQ �Owtv h� QaD

�Owtv

Gs�x� � 	� 	
�T �x�

���

Gw� ��kv �� RwD ��NDv� ��

jOY ���DU�� w �voty �pqkDU� ���QW QO �yxO�O �QU xm CU� u�� 	� RwD u��aD QO s�o u�rw�
QFm �OL ��yQw�DWo VwQ x�� u� ��yQDt�Q�B OQw�Q� w �U�vt 	� RwD l� R� xO�iDU� s�o u�twO Ovm

��p�tDL� �vRw Qw�DWo w ����tvDUQO
�yv� ��QW �r�oJ 	��D xm OvDUy C�Y�N u�� ��Q�O GP �rm Cr�L QO w ���tv 	� RwD
w Q�mW� �UwD C�Y�N u�� �OvW���t GP w ���tv S xv�DU� Q�Okt Qy ��Q� ��DQD x� R�v
R� QDq�� Q�O�kt ��Q� �ya� RwD u�� R� xO�iDU� ��Q� �OQm� wQ �	��	� �	nvw w �	��
� ��pUwQ

�CU� Q� R KQW� ��QW OQm� wQ �OW xv�DU� l�
Gs��x� � Pr�Xs� 	 x� � Pr�Xs 	 xjXs � S��

�
Pr�S� 	 Xs 	 x�

Pr�Xs � S��
w

Gs��x� �
Gs�x��Gs�S

��
	�Gs�S��

� 	� 	�Gs�x�

	�Gs�S��
���

��� Ouarda et al� ��� Rosbjerg �	� Ashkar and Rousselle �
� Wang
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xvq�U �q�U QFm �OL �� RwD �

xvq�U QFm �OL Q�O�kt w xv�DU
 R�QDq�� Q�O�kt ��y�� RwD u�� ���DQ� ��

�	��� ��u�r w u�W �UwD Q� R ���wQ �Fx 	� RwD 	��D �� X xvq�U QFm �OL Q�O�kt X� Q�eDt
�CU� xOW x��Q�

FX��x� � Pr�X� 	 x� �

�X
k�	

wk�	��Gs�x��
k ���

�twta Cr�L QO
FX��x� � expf���	�Gs�x��g �Poisson process� �	��

�OwW�t QHvt Q� R G��Dv x� �	�� xQ�tW xrO�at
p�t p�t�o 	� RwD CtU x� xvq�U ��y�q�U ��Q� ���tv 	� RwD �� xv�DU�R� QDq�� Q�O�kt pOt �	

�Ovm�t
Gs�x� � 	� exp���x� S��a�

Fx�x� � expf�� exp���x� S��a�g

x� xvq�U QFm �OL Q�O�kt ��Q� �GP ���xDi�� s�taD wDQ�B 	� QwD�� xv�DU� R� QDq�� Q�O�kt pOt ��
�GEV� ��xDi�� s�taD �OL Q�O�kt 	� RwD CtU

Gs�x� � 	� �	� �k�a��x � S����k �if k �� ��
Fx�x� � expf���	� �k�a��x � S����kg

�Dr�L xar��t �

PN� �R� Q�� x�wL l� QO� �QDtwQO�y x�oDU�� l� xv�RwQ �UwDt ����O Q�t� CtUk u�� QO
��xwOLt u�wD�t u� �wQ R� xm �OwW�t sUQ �yxO�O �v�tR �QU �UQQ� u�rw� QO �CU� xOW
�UwDt w �yxO�O O�OaD �UwDt C�Q��eD u�wD� xmv�� ��Q� �t� �OR TOL xv�DU� Q�Okt ��Q� �Q
Q�O�kt CU� Q�v Ot xm ��xOwOLt QO �x�w� Qt ��yQ�Ri�sQv ltm x� �Owtv x�Lqt �Q �yv� Q�Okt

�OOQo�t xOy�Wt � xQ�tW pmW QO w xOW x�U�Lt �y�UwDt
T�Ov� �UwD �u� hrDNt Q�O�kt �UL Q� xv�DU� R� QDq�� ��yxO�O O�OaD uOw� uwU�wB �QW

�OwW�t x�Lqt � xQ�tW pmW QO xm �CU� xOW pQDvm Vvm �QB
��� Shan and Lynn ��� Generalized Pareto ��� Generalized Extreme Value
��� discharge
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�Xs�S � f��S� �� uwtR� ���S� � f��S� �	 uwtR�� xv�DU� Q�Okt ��NDv� � pmW
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�
 uwtR�� Vvm �QB T�Ov� uwtR� �� pmW
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xtOkt �
Q�t� w �O�YDk� Q�t� ����� Q O�YDk� ��O�YDk� ��y� Qw
D R� ���mQD u�wva x� �HvUO�YDk�
O�YDk� �i�m ��yx��Qi w s�mL� �UQQ� Qw�vt x� �Q �O�YDk� ��yrOt �R�U�tm u�mt� ���� Q

�CU� xDN�U sy�Qi
���� Q CqO�at �r�k QO �O�YDk� ���wQ u��� u�v�OO�YDk� R� �Q��U� O�kDa� x� OvJ Qy
u�Q�PoDU��U w xO�OQo O�YDk� Q�Ut �v��V�B QO h�QLv� O�H�� �Hwt �yv� �OOa u�tND w
VwQ xm CU� u� C�ak�w �t� �OR�U�t h�QLv� Q�JO �U�vt ��yDU��U ��NDv� QO �Q �O�YDk�
�m� u�wva x� wQ u�� R� w xDW�O ���RU� Vkv �O�YDk� ��y� Qw
D xaUwD w O���D QO �HvUO�YDk�
u� Q� �Q u�v�OO�YDk� R� �ywQo Qt� u�� �OW���t KQ�t O�YDk� sra QO �WywSB EL��t R�
OQ� Q�m w �HvUO�YDk� ��yWwQ CiQW�B w KqY� ���O�� Q� �Q OwN C�k�kLD T�U� �D xDW�O
u�� Pwiv xRwL VQDUo �Hwt xr�Uw u�O� w OvR�U Q�wDU� �O�YDk� ��y� Qw
D OQ �� O���D QO u�
��yWwQ �Q�oQ�m� u�wD�t OQ�wt u�� xrtH R� �OvOQo u� ��yVN� Q��U QO O�YDk� R� VN�
R� VN� u�� QO KQ�t ��y� Qw
D �OQ� s�v �Q ��xk�vt O�YDk� ��yrOt �UQQ� QO �HvUO�YDk�
w OOQo�t �Hwt �Q u�tR w u�mt Oa� wO QO C�Oy�Wt �UQQ� swRr OQ�wt R� �Q��U� QO O�YDk�
CiQW�B w KqY� �Pr �OR�U�t VQwD Q�JO �Q pwtat �HvUO�YDk� ��yWwQ G��Dv xr�Ut u��
xOw� Q�PB��vDH� �v�mt ��yxO�O p�rLD QO �HvUO�YDk� u� wv ��yWwQ CtU x� �yWwQ u��
u�tND QO ��N Vy�m hOy �� ����i �HvUO�YDk� l�vmD w pv�B ��yrOt OvwQ u�� QO �CU�

�CiQo pmW �v�mt ��yxO�O p�rLD w ��xk�vt O�YDk� ��yrOt
�yu� �Q�oQ�m� �rta ��yD� Rt ��yrOt u�� �Q�v EL��t �iQat ut� �D OWwm�t xr�kt u��

�OQtW Q� �� QHD pOt l� u�tND �� �Q
�HvUO�YDk���yrOtp�mWD�U�U�ZwQi�HvUO�YDk� x��B pOt x��Q� �� xr�ktu�� pw�VN�
����i �HvUO�YDk�l�vmD w pv�B pOt �Q�vEL��t swU w swOVN� QO �O��tv�t �iQat �Q
��yxO�O �Q�oQ�m� QO �rwtat �HvUO�YDk� ��yrOt �U�U� ZwQi uOW Q�OxWON ��v�t Q�
pOt l� u�tND QO xOt� CUO� G��Dv xr�kt u�� sQ�yJ VN� TBU w OwW�t xO�O KQW �v�mt
OQwt ����i �HvUO�YDk� w pv�B ��rwtat �HvUO�YDk� ��yWwQ x� �Q ��xk�vt O�YDk� �� QHD
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�OR�OQB�t

�HvUO�YDk� �x��B pOt �

�R�U�tm p��vO x� xQ�wty ��O�YDk� ��yx��Qi w �y� Qw
D ��v�t Q� xDiQo pmW O�YDk� sra
Q� sm �L ���wQ QDy� syi Qw�vt x� ���� Q ��yrOt �r�k QO �yx��Qi K� QYD w �i�m ��yQ�eDt

�CU�xOw� 	t�wH O�YDk�
�O�OQo �Ov�xk�� p��k xDUO xU QO �O�YDk� ��yrOt x���Q u�� QO
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p�mWD �Q �Arima w Arma� wO u�� R� ���mQD �� w �MA� lQLDt u�ov��t ��AR� �vw�UQoQ
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��v�t Q� xOW xDN�U �O�YDk� ��yrOt �� QHD w �tm u�tND �vat x� �Econometrics �

Q�m� �Q wO u�� R� ���mQD �� w �a�kt �� �v�tR �QU ��yxO�O Ov�wD�t �yrOt u�� xm ���� Q ���wQ
Qo�O CQ��a x� �Ov��tv C��F� �� OQ �Q �O�YDk� ��y� Qw
D xOt� CUO� G��Dv R� xO�iDU� �� w OQ�o
�U� ��v�t Q� 	k�w ���vO QO �O�YDk� ��yxO�OB �tm p�rLD u�wva x� u�wD�t �Q �HvUO�YDk�
�Ov�xOW ��DQt Qo�Om� x� �H�DvDU� �U�vDt ��yWwQ �UwD xm xOy�Wt w �Qw
D ��Bty xaUwD w

�Owtv h� QaD
�	���� �uwDr�oT�Uv�Qi�UwD Q�� u�rw� xmCU� uw�UQoQ�HvUO�YDk� p�rLD�rY� Q�R��
u�Or�w w u�OvRQi Ok pw� u�� ���DQ� �UQQ� QO xm OW KQ�t �	��
� �uUQ�B pQ�m u� R� TB w
l� �oDU��w xar��t x� uw�UQoQ ��yp�rLD Cio u�wD�t �rm Qw� x� �CiQo Q�Qk xO�iDU� OQwt
�v��V�B �� u�tND �� xm OR�OQB�t ��L��wD Q�eDt� Qo�O Q�eDt OvJ �� l� x� �xDU��w Q�eDt� Q�eDt
u�at �� swrat swO �wv Q�eDt Q�O�kt xm �Dr�L QO pw� �wv Q�eDt Q�O�kt u�ov��t �� �UwDt Q�Okt

�CWwv u�wD�t h� QaD u�� x� xHwD �� �OQ�PB�t CQwY ���Q�QmD �Q�o xvwtv QO� OW�� xOW
E�Y jxi� � f�xi�

	� RwD u�ov��t xm Ovm�t u��� ��iQY 	��D u�� �OW���t Xi ��yQ�eDt R� �a��D f�xi� u� QO xm
xvwoJ xm OQ�O�t u��� Qo�O CQ��a x� �CU� �w� Qt xi x� �a�D Qw� x� �swrat xi �UL Q� Y

�Ovm�t Q��eD �yx �UL Q� Y u�ov��t Q�Okt
�OwW�t xDWwv Q� R pmW x� xm CU� ��N uw�UQoQ 	��D u�� R� xO�U �wv l�

E�Y jxi� � B� �B�xi

w xOw�v VOwN ��QW u�ov��t Q� j��vt ��twRr xat�H QO X�N yi xm s�v�O�t Qo�O hQ� R�
CUO� p�P Ovv�ty VOwN O�t� h�Q�� QO �Q yi h�QLv� s�v�wD�t �Pr �OW���t h�QLv� ��Q�O

�s� Qw�
Ui � Yi �E�Y jxi�

�CW�O s�y�wN �r�k ���wQ x� xHwD �� u��Q��v�

Yi � B� �B�xi � ui

Q�wWO CU� �Q�m xat�H C�Oy�Wt x� �UQDUO OQ�wt R� �Q��U� QO xm CU� u�� C�ak�w �t�
	��D u�tND TB �OvW���t �Q�oxR�Ov� p��k Q�v OQwt ��yQ�eDt R� ��xvwtv C�Oy�Wt �yvD w
�� Francis Galton �� Karl Pearson
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�CQwY x� xvwtv C�Oy�Wt ��v�t Q� uw�UQoQ

Yi � �� � ��xi � ei

�Ow� Oy�wN xat�H uw�UQoQ �a��D �x���Q Qov��� ��� QkD l� u�wva x�
xm OW���t �OLS� s�kDUt C�a� Qt pk�OL VwQ pOt ��yQDt�Q�B u�tND ��yWwQ R� �m�
�OW xDio q�k xm Qw�v�ty �OW x��Q� �v�tr� u�O���� Q �Two l� QOQi pQ�m �UwD Q�� u�rw�
Yi � �� � ��xi � ei CQwY x� �Q Yi R� �Q�O�kt uw�UQoQ 	��D QO xOW xO�O xi Q�O�kt
Q�Okt ��Q�O Yi �ak�w Q�O�kt x� C�Uv w xOw� Yi ��QW u�ov��t �� Q��Q� xm OyO�t CUO�
�wtHt uOwtv pk�OL ��v�t Q� �rwtat C�a� Qt pk�OL VwQ �OW���t ei xR�Ov� x� �i�QLv�
VwQ u�� xm CU� ��xS� w C��YwYN ��Q�O P e�i �

P
�Yi � �Yi�

� ��N pt�wa C�a� Qt
ZwQi �CU� xOQw� QO uw�UQoQ p�rLD ��yWwQ u� QD� wk w u� QDQwyWt R� �m� CQwY x� �Q

�CQwY x� C�a� Qt pk�OL �yxOvvR u�tND Q� sm �L �U�U�
	� E�uijxi� � �
�� cov�ui� uj� � �

� var�uijxi� � ��

� cov�ui� xi� � �
CU� ��xvwo x� �VQwD �� K� QYD ���N OwHw sOa� CU� xOW K� QYD ��k�kO uw�UQoQ pOt
��yxOvvR u�tND u�� QO �Q C�a� Qt pk�OL ��yxOvvR u�tND �hmQ�t � Two x��k j���t xm
uwO� uRu�tND u� QDy� Qo�O CQ��a x� �� OR�U�t Tv�� Q�w pk�OL ��Q�O w VQwD uwO� ���N
�voty�v ZQi w u�tR w u�mt Oa� wO QO �yQ�eDt Q��eD �t� �OvW���t �BLUE� ��N VQwD
��N x���Q �OL�w l� OwHw hrDNt ��yv�tR u�� w u�tR R� 	�kt l� QO hrDNt ��yOL�w u��

�CQwY x� �Q uw�UQoQ
Yit � �i �Bixit � uit

x� u�tND w xO�OQo hmQ�t � Two x��k Zkv �Hwt xm OR�U�t sy�Qi �Q ����QW w xO�O Q��eD
u�tND R� pY�L G��Dv Cr�L u�� QO �OR�U�t VQwD Q�JO �Q �rwtat C�a� Qt pk�OL VwQ
pk�OL ��Q� u� Ro��H ��yWwQ �Hv�� QO w xOw�v BLUE Qo�O ��rwtat C�a� Qt pk�OL VwQ x�
�WwQ u�wva x� pv�B pOt �yvD xv x���Q u�� QO �OOQo�t KQ�t �yxOvvR u�tND Tv�� Q�w uOwtv
QO �Q hrDNt ��yOL�w u�� �voty�v ZwQi uOwtv #�Lr u�mt� uw�UQoQ ���Q� u�tND ��Q�
�oDU��w Q�eDt uDN�U OQ�w �� R�v ����i �HvUO�YDk� l�vmD xmr� �OR�U�t sy�Qi u�tR pw�

�OOQo�t ����i �v�Uty�v w �oDU��w R� �W�v u�tND ���N Vy�m �Hwt �����i
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�Ow� Oy�wN W�� � 	 ��Qi �xvwtv u�� QO �OvW�� xDW�O u� �� Q�v OQwt x�L�v AJ �� CU�Q
lQDWt 	r� l� Q�v OQwt x�L�v �� xm �L�wv ��Q� Wij � 	 �Ovv�t MQ CQw�Ht ��

�Ow� Oy�wN w�� � 	 w w�� � 	 q�� �x�L�v � QO �OW�� xDW�O
Q�v OQwt x�L�v �� lQDWt �xWwo l� xm �L�wv ��Q� Wij � 	 �Ovv�t p�i CQw�Ht ��

�Ow� Oy�wN w�� � 	 �Hv�� QO �OvQ�O
OQwt x�L�v CU�Q �� AJ CtU QO xrY�iq� xm �L�wv ��Q� �x� wU wO ��N CQw�Ht ��

�Ot� Oy�wN CUO� Ovv�t MQ CQw�Ht G��Dv u�ty �p�Ft u�� ��Q� �OvQ�O Q�Qk Q�v
Oy�wN Wij � 	 u���B w q�� �AJ �CU�Q CtU QY�va ��Q� �x� wU wO MQ CQw�Ht ��

�Ow�
x�L�v �� lQDWt x� w�R �� 	r� l� xm �L�wv ��Q� Wij � 	 �Ovv�t xmrt CQw�Ht ��
C�aq�� w xr��Ut C�y�t x� �oDU� h� Q�aD u�� R� s�Om Qy ��NDv� �OvW�� xDW�O Q�v OQwt
Q� R CQwY x� MQ CQw�Ht h� QaD �UL Q� CQw�Ht T� QD�t jwi p�Ft QO �OQ�O ��xvwtv Q�e

�Ot� Oy�wN CUO�
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OW���t y h� QaD QO �L��wD Q�eDt l� y� w xOW OQ�Ov�DU� CQw�Ht T� QD�t c �Hv�� QO
QO y C�Q��eD pm R� �WN� xm �vat u�� x� �CU� ����i �oDU��w �xOvyO u�Wv QDt�Q�B p w

�OwW�t xO�O K��wD VQw�Ht j��vt x� u� �oDU��w j� Q� R� xvwtv pw�

����i C�akwt �R�U�tm �����

�OwW�t C�ty� ��Q�O ����i �v�Uty�v ���wQ �R�UrOt QO ��i QO C�Oy�Wt x� �w� Qt u�mt
KQ�t pOt �OW���t ��DU�m �CN�OQB pOt �iQat �iQat x� xv�tR u�� QO xm �v�Um R� �m�

�Q� R CQwY x� �CU� ����i �U� s�v x� xOW
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T� QD�t l� x w ����i C�Oy�Wt x� �w� Qt xDU��w Q�eDt n � 	 Q�OQ� Qov��� y pOt u�� QO
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QO �Ovm�t Q��eD ZQa w pw� C�YDNt R� �a��D CQwY x� �yQDt�Q�B xm OyO�t u�Wv pOt
B	 �yvD w OvyO�t u�Wv �Q xO�O C�Oy�Wt OwHwt C�aq�� J w z w x xm CU� K��w �Hv��

�OvOQo OQw�Q� O��� xm CU� pOt QO ���yQDt�Q�B xOvyO u�Wv
��xvwo x� �Ovm�t x�U�Lt x���Q QO h�QLv� u�mt� O�H�� j� Q� R� �Q ����i �v�Uty�v pOt
QDt�Q�B Q�O�kt �ZQa w pw� C�YDNt �� xOW XNWt x��Uty �� Qw�Ht C�Oy�Wt ��yywQo xm

�OvQ�o�t �y��Wt
u��t QO �rLt ��N VRQ� Q� �D Ovm�t Q��eD uw�UQoQ x���Q �O����t Q��eD u�mt xm �t�ovy

�O��� j���D OvQo�Om� ��Q� �m�ORv �� QkD xm �D�Oy�Wt ��yxwQo
�HvUO�YDk� xv�tR QO xm ��i pw� QO h�QLv� OQw�Q� ��Q� xOW KQ�t ��yWwQ Qo�O R�
x� �O�Qi� �UwD xm CU� ��GWR� ����i�QeH �vRw ��yuw�UQoQ VwQ �CU� OQ� Q�m ��Q�O
Q�OQ� xOvyO u�Wv y pOt u�� QO xOW �iQat w �L�Q� ��s�yov� QOwi w �uwUOv�Q� ��uwDrQ�m s�v
n � k T� QD�t x w OW���t �xOt� CUO x� ��i QO x�kv n R� xm xDU��w Q�eDt C�Oy�Wt n � 	
xmv�� ZQi �� �CU� C��F Tv�� Q�w ��Q�O xm p�tQv ��y��N n � 	 Q�OQ� w �L��wD ��yQ�eDt
Tmavt xm OW�� i xOy�Wt ��Q� xrY�i ��v�t Q� ���yvRw pt�W n�n �Q�kT� QD�t Qov�Wv Wi

Q� R CQwY x� �Q GWR pOt u�wD�t CU� Qo�O C�Oy�Wt Q��U w i xOy�Wt u��t xrY�i xOvvm
�CWwv

wiy � wixi � wi�i

�GWR pOt �CU� i �xOy�Wt x� �w� Qt QDt�Q�B k � 	 Q�OQ� xm OyO�t u�Wv Bi QO i T�Ov�
l� ��Q� l� Qy xm Ovm�t O�H�� �Q �yQDt�Q�B ��yOQw�Q� x� �w� Qt ��yQ�OQ� u�vJ R� OQwt n

�� Geographically Weighted Regressions �� Charlton �� Brundson
�� Fotheringham
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G��Dv x��Q� �� xm CU� u�� �Hv�� QO �t hOy �OW xO�O K��wD p�k CtUk wO QO xJv� x� xHwD ��
Q� xwqa �Q�v pOt �O�YDk� ��y� Qw
D QO x�o Qy �s� wW RmQtDt xDmv u�� Q� �� QHD u�tND l�
�voty ZQi u�mt� Qo�O CQ��a x� �� w �OW�� xDW�O Q�Qk R�v �yxO�O �wkw u�mt Q�F��D CLD �u�tR
VwQ x� pOt VR�OQB �yvD xv �OW�� xDW�Ov OwHw Q�eDt OvJ �� l� ��Q� hrDNt ��yOL�w u�� QO
uDiQo Q�v QO �� ����i �HvUO�YDk� l�vmD xmr� OyO�t CUO x� �Q �QD�ak�w G��Dv pv�B

�Ow� Oy�wN pOt u�tND CyH �QD�U�vt l�vmD �����i ��y�oDU��w
�CQwY x� l�Uqmw
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� In�yit�yit��� � a� �	� e�B�Inyit�� � uit

�OW���t �yxO�O �wkw u�mt w u�tR Q�F��D CLD xm CU� ���ywor� R� xvwtv l�
�� Q� B �xv�QU x��tQU OWQ MQv gk �R�Ov�TB x� p�t MQv s �xv�QU x��tQU k �Hv�� QO

�OW���t t u�tR QO i u�mt QO xv�QU O�rwD yit w ���Qoty
QDu���B Kw�U �� �yO�YDk� xm Ovm�t KQ�t ���Qoty �x��Qi �xOW x��Q� �wor� x� xHwD ��
V�B �xv�QU x��tQU w xv�QU Ot�QO� xv�QU ��yQ�eDt QO �QD	� QU OWQ CtU x� xv�QU Ot�QO QO

�OvwQ�t
xU��kt Qw�vt x� 	
����� xQwO �� u�Q�� ��yv�DU� xv�QU Ot�QO ��Q� x��Qi u�� uwtR�
l�vmD R� xO�iDU� �� pv�B pOt �
 pv�B pOt �� �rwtat C�a� Qt pk�OL �	 xrLQt xU ��

�CiQo CQwY �����i �HvUO�YDk�
w O�OQo x�U�Lt 	
����� �xQwO �� u�DU� Qy xv�QU Ot�QO OWQ MQv uo�v��t pw� �xrLQt QO
���DQ� �cross section� �a�kt u�� pOt R� xO�iDU� �� �rwtat C�a� Qt pk�OL VwQ x� TBU
x�U�Lt u�Q�� ��yv�DU� ��Q� �	
��� x��B p�U xv�QU Ot�QO w xv�QU Ot�QO OWQ MQv u�ov��t u��

��OwW�t xOy�Wt Q� R CQwY x� xOt� CUO x� G��Dv �O�OQo
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C�Ft �� Q� Qo�O hQ� R� OW���t xDU��w Q�eDt C�Q��eD QO pkDUt ��yQ�eDt �L��wD CQOk
Qy xv�QU Ot� QO OWQ MQv QO CQw�Ht R� �W�v C�Ft C�QF� OwHw Qov���tv ����i �oDU��w Q�eDt

�CU� xOw� u�DU�
CaQU �� u�Q�� ��yv�DU� xm OyO�t CUO x� �Q xH�Dv u�� ���Qoty �� Q� u�R�t �rm Qw� x�
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���wQ p�rLD QO u� OQ� Q�m w pv�B pOt �Q�v ��v�t �iQat s�DN�OQB u�O� xr�kt u�� QO xJv�
u���t ��N ���wQ u�tND w xOw� �voty�v ��Q�O u�tR w VN� Oa� wO QO xm Ow� ���yxO�O u��
u�� KQ� R� �t hOy �CN�U Oy�wN VQwD Q�JO �Q G��Dv �pv�B ��yT� QD�t �r�k QO RH �yu�
Q�F��D CLD xmr� xOw� Q�eDt u�tR pw� QO �yvD xv X�N Qw� x� xm Ow� ���yxO�O x� uDN�OQB xr��Ut
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u�tR Oa� wO QO �yxO�O xm �v�tR pwtat �HvUO�YDk� VwQ QO �Ci���t C�aw�wt ����i
x� �Q G��Dv �����i C�QF� R� uOQm Q�viQY OvW���t TQDUO QO T� QD�t l� CQwY x� u�mt w
xr��Ut u�� xm OR�U�t ��N Q�JO ��yxO�O u�� ����i Tv�� Q�w �v�Uty�v w �oDU��w OwHw p�rO
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�HvUO�YDk� l�vmD R� xO�iDU� �� pv�B pOt OQ� Q�m �O�O u�Wv G��Dv w O�OQo C��F �� wN x�
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Dependent Variable� Y
Method� Least Squares
Date� �������� Time� �����
Sample� � ��
Included observations� ��
Variable Coefficient Std� Error t�Statistic Prob�
�������������������������������������������������������������
C �������� �������� �������� ������
X ��������� �������� ��������� ������
�������������������������������������������������������������
R�squared �������� Mean dependent var ��������
Adjusted R�squared ��������� S�D� dependent var ��������
S�E� of regression �������� Akaike info criterion ���������
Sum squared resid �������� Schwarz criterion ���������
Log likelihood �������� F�statistic ��������
Durbin�Watson stat �������� Prob	F�statistic� ��������
�������������������������������������������������������������

Current sample� � to ���

PANEL DATA ESTIMATION
���������������������

Balanced data� NI� ��� T� ��� NOB� ���

TOTAL 	plain OLS� Estimates�

Dependent variable� Y

Mean of dependent variable ��������
Std� error of regression � �������
Std� dev� of dependent var� � ������� R�squared � �������
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u�Q�� QO s�QwD MQv �UQQ� w �v�tR ��y�QU QO �QUm �oDW��v� sy

�CUtQ�D sU�k ���r�rHQ�t OwtLt O�U

)R�wy� u�QtJ O�yW x�oWv�O OWQ� �U�vWQ�m �wHWv�O �

R�wy� u�QtJ O�yW x�oWv�O �tra C��y �

s�Hv� �DU�� �v�tR ��y�QU �wQ Q� �v�tR ��y�QU p�rLD w x� RHD ��yWwQ �re� �xO�mJ
�OQ�O OwHw �DU���v CQwY x� ���y� QU O�YDk� Ovv�t �yxv�tR R� �Q��U� QO xm �r�L QO OwW�t
Ovvm�t p�O�D �DU�� x� �Q �DU���v ��y�QU �OD�� �v�tR ��y�QU p�rLD w x� RHD l�Uqm ��yWwQ
hPL Ea�� C Ot Ovr� ��y�QU QO �Q�op��iD VwQ �OwW�t s�Hv� �Q�op��iD �� Q�m u�� xm
pL ��Q� �OwW�t ��N V��Ri� Ea�� COt x�Dwm ��y�QU QO w OwW�t �QU COt Ovr� OvwQ
�	���� QHvQo � pov� �UwD Q�� u�rw� ��Q� �cointegration� �oDW��v�sy VwQ pmWt u��
���DU���v xHQO �� �DU���v �QU OvJ R� ��N ��mQD u�wD� x�oQy VwQ u�� T�U� Q� OW �iQat
�I���� OW�� �DU�� ��N ��mQD u� xm OQm �O�B �Qw� �Q I�d� ��Integration �oDW��v�� x��Wt
�xar��t CLD ��y�QU ���DU���v seQ�ra VwQ u�� �� �Ov� wo�t xDW��v�sy �yQ��eDt u� x�

�O���tv V�B �P�m uw�UQoQ xr��Ut Qo�O w OvDUy Q�UiD p��k G��Dv
�re�� K�LY OOa l� �Q d �va� �oDW��v� xHQO xR�Ov� �v�tR ��y�QU �D vU ��yWwQ QO
s� Q�o�t Q�v QO �k�kL OOa l� �Q d OOa j�kLD u��QO �OvDiQo�t Q�v QO �� �� 	 OOa
xmv�� ��Q� w s��wo�t �QUm xDW��v� �QU x� OW�� wO �D QiY u�� �k�kL OOa l� d Qo � �xm
x���Q QO �OwW s�Hv� �QU �wQ Q� d xR�Ov� x� �QUm �Q�op��iD O��� OwW �DU�� �QU x� p�O�D
�QU l� �yv� ��N ��mQD O��� OvwW�t ��mQD sy �� �DU���v ��y�QU �Dkw R�v �oDW��v�sy
xDW��v� Ov�wD�t �yv� ��N ��mQD �QUm �oDW��v�sy VwQ QO xm �r�L QO OW�� I��� �va� �DU��

�OW�� �
� �D ��

� xHQO R�
sHL �RQ� MQv �sQwD MQv u�� x���Q ��QUm �oDW��v�sy VwQ �iQat R� Oa� j�kLD u�� QO

�s�vm�t �UQQ� �Q u�Q�� QO 	
�	 p�U �D 	
�� p�U R� �rN�O Xr�N�v O�rwD w pwB

�QUm �oDW��v�sy ��QUm �Q�op��iD ��QUm �oDW��v� ��O�rm ��yxS�w
�� smirjalily�yahoo�ca
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xtOkt �
OvwW�t �Q�oxR�Ov� �w�Ut pY�wi �� w u�tR pw� QO xm OwW�t xDio ���yxO�O x� �v�tR ��y� QU
CU� ��y�QU pt�W pw� Tqm s�vm s�UkD Tqm wO x� s�v�wD�t �Q �v�tR ��y�QU �rm Qw��
�oDU� u�tR x� �yv� u�ov��t CmQL Qo�O �DQ��a x� �� w OvDUy �D��F u�ov��t ��Q�O u�tR pw� xm
QO w CU� C��F w OwOLt �yv� Tv�� Q�w �O����t Vy�m CaQU x� �yv� �oDU�tyOwN 	��D �OQ�Ov
�y� QU xvwou�� �OQ�O OwHw �yTv�mQi s�tD ��Q� R�v �yv� �i�� �r�oJ w Ovm�tv Q��eD u�tR pw�

�Ov� wo�t Tv�� Q�wm ��DU�� �Q
u�ov��t u�tR pw� QO �DU���v ��y�QU �CU� �DU���v �v�tR ��y�QU pt�W swO Tqm
	��D w OvDUy OwOLt�v Tv�� Q�w ��Q�O �Ovm�t pwRv �Ovm x� �yv� �oDU�tyOwN 	��D OvQ�Ov �D��F
p�rLD w x� RHD ��Q� xm ���yWwQ �re� �OQ�Ov OwHw �yTv�mQi s�tD ��Q� �yv� �i�� �r�oJ
uOW xH�wt CQwY QO w OwW�t s�Hv� �DU�� �v�tR ��y�QU �wQ Q� OQ�O OwHw �v�tR ��y�QU
Qo � �Ovvm�t �DU�� ��y�QU x� p�O�D �Q �yv� �Q�op��iD VwQ R� xO�iDU� �� ��DU���v ��y�QU ��
�DU���v Qo � w OwW�t �DU�� �QU x� p�O�D �Q�op��iD Q��m� �� OW�� l� xHQO R� �DU���v �QU
�fxt	 t � 	� ���� ng Qo � u��Q��v� �QN� �r� Qw�u�ty w �Q�op��iD Q�� wO �� OW�� wO xHQO R�

s�W�� xDW�O w OW�� �v�tR �QU l�
�	�B�dxt � �t �t � WN��� ��� �	�

�� p�tQv 	� RwD ��Q�O xm �t Xr�N V�WDe� �QU l� x� �Q�op��iD Q�� d �� xt �QU �va�
�Qv� OW�� �	� xrO�at CQwY� xt Qo � �OwW�t p�O�D CU� �� C��F Tv�� Q�w w QiY u�ov��t
w �OQ� Q�m ��yQ�m �re� QO �s�yO�t u�Wv xt � I�d� �� �Qv� w s��wo�t d xHQO R� xDW��v�
xyO wO QO �t� �OvQ�o�t Q�v QO wO QFm �OL �� l� �QiY �Q d �v�tR ��y�QU �DvU ��yWwQ
Tm �i w �	��
� �pov� ��	��	� �nv�mU�y �UwD �v�tR ��y�QU R� Qo�O Tqm l� Q�N�
w �DU�� ��y�QU u�� �v�tR ��y�QU R� Tqm u�� �CU� xOW �iQat xQ�e w �	���� �wm �D
���

� ��� xR�� QO �a��� OOa Qy Ov�wD�t �Q�op��iD QDt�Q�B �va� d xm CU�xDiQo Q�Qk �DU���v
xvwov�� ��Q� �Ovt�v �t �QUm xDW��v� ��y�QU �Q �v�tR ��y�QU R� xDUO u�� �OQ�PB� �Q

�s�yO u�Wv Q� R CQwY� s�v�wD�t �Q �	� xrO�at QO �Q�op��iD �y�QU

�	� B�d �

�X
j�	

�j � d�

��d�� �j � 	�L
j ���

xm� Qw��

�a� �

� !
R�
	 x�a���e�edx a � �
����n
n a 	 �

�a� 	� � a�a� a � 	� � � � � n
�� Husking �� Engle �� Fax and Taqqu
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xm ���y� QU w �DU�� �Q OQ�oQ�Qk ��
� 	 d 	 �

� xR�� QO �yv� �Q�op��iD QDt�Q�B xm ���y� QU
�Ovt�v�t �DU���v �Q OW�� jdj � �

�
T�U� Q��re� Ovvm�t �UQQ� �Q �yQ�eDt u�� ���DQ� xm �v�tR ��y�QU xQ�eDt OvJ ��yWwQ
�Q�op��iD VwQ �� �Q �yv� �OD�� R�v �DU���v ��y�QU ��Q� w OvwW�t s�Hv� �y� QU ���DU�� ZQi
OvwQ hPL Ea�� COt Ovr� ��y�QU QO �Q�op��iD VwQ �Ovvm�t �DU�� ��y�QU x� p�O�D
uOQw�CUO� w pmWt u�� 	iQ ��Q� �OwW�t ��NV��Ri�Ea�� COt x�Dwm ��y�QU QO w �QU
�	���� �QHvQo � pov� �UwD Q�� u�rw� ��Q� �oDW��v�sy VwQ ��yQ�eDt u�� COt Ovr� x���Q
xm OQm �O�B �Qw� �Q �DU���v ��yQ�eDt R� ��N ��mQD u�wD� Qo � VwQ u�� T�U� Q� �OW �iQat
p� 	 Q�OQ� l� Xt O�vm ZQi �Ov� wo�t xDW��v�sy �yQ�eDt u� x� OW�� �DU�� ��N ��mQD u�

s�W�� xDW�O w OW�� �v�tR ��y�QU R� Q�eDt

�Xt � �t �
�

��y�QU �	���� QHvQo w pov� ���OD�� h� QaD QO �OW�� �yQDt�Q�B R� 	 � p Q�OQ� l�  xm
�yv� �OW�� xDW�O OwHw �oDW��v�sy x���Q �D OW�� I��� CU����t �t w OvOw� I�	� �oty Xt

��y�QU �QUm �oDW��v�sy x���Q QO �OvOQm R�v �QUm �oDW��v�sy x� ��xQ�W� OwN xr�kt QO
xm �I�d� b� xHQO R� xDW��v� O��� ��t ��yxOv�t�k�� w OvW�� I�d� ��QUm xDW��v� Ovv�wD�t Xt

�OvW�� CU� b � �
�	���� QHvQo w pov� �CU� b w d Q�O�kt X�NWD O���t V�B xm �rY� xr�Ut p�L
xO�iDU� �	��	� �xDi�� s�taD Qrwi �m�O w �Qrwi w �m�O OL�w xW� Q ��yvwtR� R� Q�mv�� ��Q�
�CU� d �va� �Q�op��iD QDt�Q�B OQw�Q� �UQQ� xr�kt u�� QO R�v �t �rY� hOy �OvOQm�t
�iQat �	���� �Iv�m w �	���� �lQ�y QDwB w l �wH �UwD �OD�� �d OQw�Q� ��Q� x�rw� ��yWwQ
QO �OvDi�� VQDUo xQ�e w �	��� a�b� �	uwUv���Q w �	���� �pw�U �UwD TBU w OvOW
xv�tR u�� QO j�kLD w xar��t �	���� QHvQo w pov� xQ�W� R� Oa� sy �QUm �oDW��v�sy xv�tR
�U�v� Q�t w �	���� ���U�v� Q�t w uwUv���Q �	��� uwUv���Q ��	���� ��u� QDw u�J �UwD

�CU� xDiQo CQwY ������ ���t�H�� w uwUv���Q w ����	� uwUv���Q w
�yOv��Qi u�� �oDW��v�sy x���Q OwHw ��Q� �Q �QDW�� u�mt� �QUm ��yOv��Qi �Ov�pOt
�irDNt ��yVwQ �Ovvm�t �r� xv�tR u�� QO �Q �Y�N w O�OH C�k�kLD w OvQw��t OwHw�
u�� �rw �Ov�xDi�� VQDUo xOW ZQi K�LY OOa �oDW��v� xHQO �yv� QO xm �oDW��v�sy ��Q�
xO�O s�taD �QUm ��yOv��Qi ��Q� O��� w OvDU�v Q�Dat �oDW��v� hrDNt ��yxHQO ��Q� ��yWwQ
�� Engle and Granger �� Dicky�Fuller �� Augmented Dicky�Fuller �� Geweke
and Poter Hudack �� Kunsch 	� Sowell �
� Robinson �P�M ��� Chan and
Terrin ��� Robinson and Murrinaci ��� Yajimma
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w Ovm�t CNU �Q Q�m s� Q�o� Q�v QO d ��Q� Q�Okt C��yv �� s�v�wD�t �t xm u�� �t� �OvwW
w QDxO�J�B xr�Ut l� �s�vm u��aD p�k R� �Q d Q�O�kt ���yvwtR� �UwD O��� pmWt u�� pL ��Q�
x���Q s�y�wN� w OvW�� Cw�iDt �oDW��v� xHQO ��Q�O �yQ�eDt R� l� Qy xm CU� u�� QDCNU

�CU� xDiQo CQwY �tm C�k�kLD xv�tR u�� QO xm �s�vm �UQQ� �Q �yv� �oDW��v�sy
�oDW��v�sy x���Q u�mt� R�v w �QUm ��yOv��Qi OQwt QO ���vDU� ��Q� �Q���yWwQ Q��L xr�kt
u�� xt�O� QO �Ovm�t EL� �oDW��v�sy ��yQDt�Q�B OQw�Q� OQwt QO w Ovm�t �UQQ� �Q �QUm
CtUk QO �s�vm �t KQ�t �Q �QUm �oDW��v� sy w �oDW��v� h� Q�aD swO VN� QO xr�kt
w Tv�mQi xRwL QO xm ���yWwQ �� �Q u� OQwt QO ZQi uwtR� w �Q�op��iD QDt�Q�B OQw�Q� swU
uwUv���Q w wD�� wr w �	���� ��wD�� wr ��	���� uwUv���Q �UwD �QiY l�ORv ��yTv�mQi ��Q�
��yQDt�Q�B �vw�UQoQ Q�OQ� OQw�Q� sQ�yJ CtUk QO � s�vm�t �UQQ� �Q Ov�xOW �iQat �	����
w uwUv���Q �UwD QiY Tv�mQi pwL lJwm Ov�� l� QO w Tv�mQi xRwL QO xm �oDW��v� sy
�oDW��v�sy x���Q �sHvBCtUk QO xQNq�� w s�vm�t �UQQ� �Q Ov�xOW �iQat �	���� �U�v� Q�t
QO 	
�� � 	
�	 ��yr�U QO �rN�O Xr�N�v O�rwD w pwB sHL �RQ� MQv �sQwD MQv u�� �QUm

�s�vm�t �UQQ� �Q u�Q��

�QUm �oDW��v� sy w �oDW��v� h� Q�aD �

�t u��� Qw� u�� �yv� R� �m� OQ�O OwHw I�d� �QUm xDW��v� ��yOv��Qi ��Q� �Dw�iDt ��yi� QaD
I��� xm f�t t � Zg Ov��Qi l� Qo � s��wo�t I�d� �Q fXt	 t � Zg Ov��Qi xm Ovm

�xm�Qw�� OW�� xDW�O OwHw CU�

Xt � ��$�d�t	�t � �� ��

Xt O�vm ZQi �CU� Xt u�ov��t � w xikw Qorta B �$ � �	�B� �Qov�Wv 	��D 	��� xm
��Q� �OvW�� di � 	� �� ���� p xHQO R� xDW��v� �yv� R� s�Om Qy xm OW�� xQ�eDt p� 	 Q�OQ� l�
x��Wt �yv� �oDW��v� �xHQO xm s�W�� xDW�O �v�tR �QU wO O��� pk�OL �oDW��v�sy x���Q OwHw
�OW�� Cw�iDt Ov�wD�t �yv� �oDW��v� �xHQO s�W�� xDW�O �v�tR �QU wO R� V�� Qo � p�L �OW��
x��Wt sy �� O��� OvDUy �oDW��v� �xHQO u� QDoQR� ��Q�O xm �QU wO pk�OL �oDW��v� �xHQO � t�
�y� QU u�� �oDW��v�sy ���wQ QDy� �UQQ� ��Q� Ovvm�t u��� ������ �t�H�� w uwUv���Q �OW��

�s�vm R�Qi� Q� R CQwY� xawtHt s QO u�W�oDW��v� xHQO x� xHwD �� �Q �yv� s�v�wD�t

d� � ��� � di� � di��� � ��� � di� � ��� � dis���� � ��� � dis ���
��� Lobato
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O�vm ZQi �CU� i	 � � w 	 � i� 	 i� 	 ��� 	 is � p u� QO xm

 � ��� �� ���� p�
� ���

�s�vm�t R�Qi� ��� Ovv�t R�v �Q  Q�OQ� �OW�� ���Q� R� �Oa� p Q�OQ� l�

 � ����
�
� ���� �s�

�
�� ���

��y�QU O�OaD pl � il � il�� w �l� � �il����� ���� il�� l � 	��� ���� s u� QO xm
�s�vm�t R�Qi� �Q Xt Q�OQ� CQwY u�ty x� w CU� s�i �xawtHt QO �v�tR

Xt � �X
����
t � ���� X

�s��
t �� � X

�l�
t � �Xil�����t� ����Xil�t� ���

xOW u��� hrDNt u�oOvU� wv �UwD xm �Q �QUm �oDW��v�sy h� Q�aD q�� R�Qi� x� xHwD �� p�L
�s� Qw��t �Hv�� QO CU�

Q�OQ� l� w OW�� d� � d� � ��� � dp � d � 	 Qo � ������ QHvQo � pov� h� QaD
�QU u�� x�ov� OW�� du � d � b � � w OW�� I�du� Xt xm� Qw�� OW�� xDW�O OwHw 

�OvDUy CI�d� b� �� d� b �xHQO R� xDW��v�sy
OwHw  Q�OQ� l� Qo � s�� wo xDW��v�sy �Q Xt Q�OQ� ��yxir�wt ������ uwUv�ywH h� QaD
�xHQO QO xm du h� QaD u�� QO �OW�� du 	 d� w OW�� I�du� �Xt xm� Qw�� OW�� xDW�O

�OW�� QDmJwm CU� �y� QU u�� �oDW��v� �xHQO u� QDoQR� xm d� R� O��� CU� Xt �oDW��v�
 Q�OQ� l� Qo � s�� wo xDW��v�sy �Q Xt Q�OQ� ��yxir�wt ������ ��RQ�i�R w RQwri h� QaD
u�� QO �OW�� du 	 d� w OW�� I�du� ��Xt� w �	� �� � xm� Qw�� OW�� xDW�O OwHw

�OW�� QiY O���v CU� �oDW��v� �xHQO u� QDoQR� ��Q�O xm �Q�eDt �� Q� h� QaD
Q�OQ� l� Qo � s�� wo xDW��v�sy �Q Xt Q�OQ� ��yxir�wt ������ �U�v� Q�t w uwUv���Qh� QaD
du h� QaD u�� QO �OW�� du 	 dp w OW�� I�du� ��Xt� xm� Qw�� OW�� xDW�O OwHw  �� �
�OW�� QDmJwm CU� �y� QU u�� �oDW��v� �xHQO u� QDmJwm xm dp R� O��� Xt �oDW��v� �xHQO
Q�OQ� l� Qo � s�� wo xDW��v�sy �Q Xt Q�OQ� ��yxir�wt ������ �t�H�� w uwUv���Q h� QaD
u�� QO �OW�� du 	 dil w OW�� I�du� ���l�X�l�

t xm� Qw�� OW�� xDW�O OwHw �l� QiYQ�e
xt�O� QO �CU�  � �o�� o�� ���� o�� �l��� o�� ���� o��� CQwY� �oDW��v�sy Q�OQ� h� QaD

�s�yO u�Wv �Q q�� h� Q�aD p�Ft l� R� xO�iDU� �� s�vm�t �aU
O� Q�o� Q�v QO Q� R CQwY� �Q xt xQ�eDtp � � Q�OQ� �p�Ft

xt � �ut � ��t� aut � ��t� vt � ��t� bvt � ��t� ��t� ���
��� Flores and Szafarz
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RQ�i�U w RQwri h� QaD j�� � 	 e 	 d� vt � I�e�� ut � I�d�� a� b �� � u� QO xm
CU� Q� R CQwY� �oDW��v�sy Q�OQ� w CU� �oDW��v�sy ��yx���Q O�OaD r � 	 �	����

 � ������	������

�OQ�Ov �OQ� Q�m �	���� QHvQo � pov� h� QaF CU� Cw�iDt �y� QU �oDW��v� xHQO xm uwJ
Q� R CQwY� xm CU� �oDW��v�sy ���wQ O�OaD r �  �	���� uUv�ywH h� QaD j��

s�yO�t u�Wv

 � �a��	� ��� ����  � ����� b��	�����  � ��� ����	� ����  � ���������	��

V��tv Q� R CQwY� xmCU� r � 	 �oDW��v�sy���wQ O�OaD �	���� RQ�i�R w RQwrih� QaD j��
s�yO�t

 � ����	��� �����

��mQD uwJ �CU� r � � �oDW��v�sy���wQ O�OaD �	���� �U�v� Q�t w uwUv���Qh� QaD j��
�OW�� QiY �va� �oDW��v� xHQO u� QDmJwm R� QDtm u� �oDW��v� xHQO OQ�Ov OwHw ��N

CQwY� xm CU� r � � �oDW��v�sy ���wQ O�OaD ���� � �t�H�� w uwUv���Q h� QaD j��
s�yO�t u�Wv Q� R

 � �a��	��� �����  � ����� b��	����

�s�vm xHwD Q� R C�mv x� O��� �oDW��v�sy x���Q h� QaD QO
OQix� QYLvt Q�OQ� u� x�ov� s�vm ��p�O�D p�tQv CQwY� �Q �oDW��v� sy Q�OQ� l� Qo � �hr�

OwW�t
�OvW�� Cw�iDt ��yxHQO R� xDW��v� Ovv�wD�t �oDW��v� sy ���wQ R� pY�L ��y��N ��

OvyO�tv VWwB �Q ��N Q�e ��y��mQD w OvwW�t ��N ��y��mQD pt�W �ki q�� h� Q�aD �G

�oDW��v� xHQO OQwt QO ���vDU� 	

�CU� �QUm �oDW��v�sy QO �O�rm xr�Ut l� �QUm �oDW��v� ��yx�DQt OQw�Q� w ���vDU�
OwHw u�tR xRwL QO xm ���yWwQ �OvwW�t s�Hv� Tv�mQi xRwL QO �oty d OQw�Q� ��yWwQ
Q�m� ���yWwQ �re� R�v Tv�mQi xRwL QO OvwQ�t Q�m� d OQwt QO ZQi uwtR� ��Q� QDW�� OvQ�O
	��D OQw�Q�� Q�ov xQwO QO QiY l�ORv ��yUv�mQi w OvDUy �QDt�Q�B xt�v CQwY� xm xOW xDiQo
��� Normalization
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pt�W �Q �QUm xDW��v� ��yOv��Qi xty s�wD Qw�� xm s�vm Qmi �rOt x� O��� s�W�� xDW�O �yQ�eDt
�r�oJ w OvW�� Tv�� Q�wm QO ���DU�� ZQi ��Q�O xm ���y� QU ��Q� �oDW��v� xHQO OQw�Q� �OwW
xt�O� �Q �w�wt u�ty �Hv�� QO R�v �t �Ov�xDi�� VQDUo �U�U� Qw�� OW�� OwHwt �yv� �i��
�DU�� ��y�QU x� x��W jdj � �

� �� �QUm xDW��v� ��y�QU ��v�Ht C�Y�N xm uwJ s�yO�t
��v�Ht C�Y�N �Q�op��iD x�DQt l� �� s�v�wD�t R�v jdj � �

� �DU���v ��y�QU ��Q� �CU�
u� x� s�OQm OQw�Q� �Q �oDW��v� xHQO xmv� R� TB w s� Qw� OwHw� �Q Tv�� Q�wm ��DU�� ��y�QU
��yOv��Qi QO xm O�vm xHwD �!�	���� wD�� wr �	���a w b� uwUv���Q" s�vm xi��� l� Q�Okt
�QUm ��yOv��Qi QO �rw OwW�t ���Q�m sOaEa�� xOW �Q�op��iD ��yxO�O �wQ ���vDU�AR

���Q�m ��Q�O Rwvy �yOv��Qi OQwt QO ���vDU� OW�� xOW �Q�op��iD ��yxO�O �wQ �t ZQi �Dkw
��	�� b� uwUv���Q� CU� sRq

�� xm �t Ov��Qi l� �wQ �Q u�t��yWwQ s�v�wD�t �de �et ��y��N �oDW��v� xHQO OQw�Q� ��Q�
K��wD �� VN� QO xm ���yWwQ R� �m� �� sy � s�yO s�Hv� OwW�t OQw�Q� �et � yt � �xt

OwW�t OQw�Q� s�yO�t
Q�v QO �Q fx��� �i�� �r�oJ 	��D �� Tv�� Q�wm QO �DU�� xm xt xQ�eDt p� 	 Q�OQ� l�

CU� Q� R CQwY� fx��� xirwt u�t��k�l� �O� Q�o�

fkl��� � gkle
i� �� ���k��l����k��l � �
 �� �	��

CtU �twywt w �k�kL VN� C�Uv xm OyO�t u�Wv � �k� l ��	��� ���� p u� QO xm
��
� 	 d 	 �

� k � 	��� ���� p ��Q� �Ovm�t p�t l� CtU x� xrO�at AJ w CU�Q
QO w C�Ft u�at OW�� xDW�Ov OwHw �y� QU u�� �oDW��v�sy xm �Dr�L ��Q� G � �gkl�T� QD�t

�CU� gkk � � k � 	� �� ���� p ��Q� w CU� C�Ft u�at xt�v CQwY u�� Q�e
xQwO sD� Q�or T�U�Q� �rw� OQ�O OwHw d � �d�� d�� ���� dp� OQw�Q� ��Q� �rm Q�my�Q wO
uwUv���Q�UwD u� ��v�Ht ��yC�Y�N w xOW �iQat �	��
� l �y QDwB w l �wH�UwD xm Q�ov

�CU� xOt� CUO� ��u�Qo�O w I� wQy w �	��� a�
Q� R CQwY� xDUUo x� Qwi p�O�D OW�� �v�tR �QU l� fxt� t � 	��� ���� ng O�vm ZQi

OwW�t s�Hv�

wx ��� �
	

���n�
�
�

nX
t��
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it� �		�

��� Hurvich et al�
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Q� R CQwY� p��kDt Q�ov xQwO s�W�� xDW�O fyt� t ��	��� ���� ng �QU l� Qo � u�vJty
OwW�t

Ixy � wx���wy��� �	��
K � LY O�O a� ��Q � �OW� � Ix��� �Q � k x i rw t u � t�k �Ikk��� O � v m ZQ i p�L
Ctqa ���� s 	 �n� �� j � 	��� ���� s k � 	��� ���� q x m ykj � log�Ikk��j�� �s
CQwY u�� QO �O� Q�o� Q�v QO �Q CU� Q�ov xQwO �R�UQ�wty ��Q� xQHvB QDt�Q�B s w K�LY 'RH

OwW�t OQw�Q� Q� R CQwY� dk

�dk �

sP
j��

�jYkj

�
sP

j��
�jYkj

�j � log j � 	
s

sX
j��

log j k � 	� ���� q �	
�

CU� Q� R CQwY� xm xOW �UQQ� �	��� a� uwUv���Q �UwD dk ��v�Ht 	� RwD

�dk � N�dk�
��

�s�

s�vm xO�iDU� Q� R CQwY� Or�w xQ�t� R� s�v�wD�t H	 
 4d � � ZQi uwtR� ��Q�

W � s�4d� ����4�4�����4d� �� �	�

QO ��OW�� �� 	� RwD s�u lOvJ� ��
u R� QDnQR� xQ�t� u�� xm OwW�t OQ �DQwY QO QiY ZQi

�s� �dk�d�T� QD�t �OL Tv�� Q�w R� Q�oR�U OQw�Q� l� � w d � �d�� d�� ���� dp� xQ�t� u��
�oDW��v� xHQO OQw�Q� ��Q� ���QDt�Q�B xt�v ��yWwQ xm O�vm xHwD ��	��� a uwUv���Q� CU�
sHL x� R��v xv�tR u�� QO Q��Da� p��k ���vDU� l� u��Q��v� �OvDUy n

�
� �Q�oR�U MQv ��Q�O

�OQ�O nQR� xvwtv
��yOQw�Q� u�wD�t CQwY u�� QO xm s�vm p�ta� dk �wQ �Q ���yO�k s�v�wD�t d OQw�Q� ��Q�
����	� uwUv���Q w �U�v� Q�t �UwD xm �	��� a� uwUv���Q Q�m xt�O� QO xm �Q d R� �QD�Q�m
Q�Okt OvW�� d� � d� � ��� � dp CQwY� Ow�k u�� O�vm ZQi �OQw� CUO� Ov�xOW �iQat

O���t CUO� Q� R CQwY� GLS ��yOQw�Q� �� d� lQDWt

�d� � �

sP
j��

	����Yj�j

�	�p����	p
sP

j��
��j

�	��

��� semiparametric
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w �U�v� Q�t �UwD R�v �d� xOvvm OQw�Q� ��v�Ht 	� RwD �CU�yj � �y�j � ���� ypj� u� QO xm
CU� xOt� CUO� Q� R CQwY� ����	� uwUv���Q

�d� � N�d��
	�p ����	p

s �

�s�yO s�Hv�d� lQDWt Q�Okt u�� ��Q� �Q Or�w uwtR� s�v�wD�t u��Q��v�
�va� �yxOvvm OQw�Q� u�� R� �Qo�O Tqm ��yOQw�Q� R� QDtm �r�N d� w �d ��yOQw�Q� ���Q�m
TBU w OW �iQat �	���� �	Iv�m �UwD xm ��pD��w OQw�Q� �� ��Uwo �QDt�Q�B xt�v ��yOQw�Q�
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�dk
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�OQi C�aq�� ��Wi� pQDvm w �Q�t� ��yxO�O Q�WDv�

��O��
CQWa Q��OQ� OtLt ��QwB��wv ��QO�tL

�������� xtqa x�oWv�O Q�t� xwQo �

Q�t� �xOmWywSB jkLt �

����Lt CU� R ��yQ�t� Ovv�t �O�OH ��yxYQa QO �yQ�t� ��Q� ���kD V��Ri� �� �xO�mJ
�R� Qxt�vQ� x� s�Ok� Q�t� �rt ��yv�tR�U � � � � w �ovyQi ��yQ�t� ��D�UvH ��yQ�t� �Qki ��yQ�t�
�Ovvm�t QWDvt w O�rwD �Q�wO� CQwY x� xm ���yQ�t� Q� xwqa �yQ�t� xvwov�� Q�WDv� w O�rwD ��Q�
�Ov�xDW�O p��tD OQN ��yxO�O uDW�O x� xQ�wty u�QoWywSB w �u�v�OO�YDk� �u�R� Qxt�vQ� �Ov�xOQm
�Ovm�t QDW�� �ovyQi w �O�YDk� ��a�tDH� ��yxO�OB p�rLD QO �Q �yv� Qwv�t �yxO�O u�� �Q� R
�Q�o�q�� ��yOL�w C� wy ��Wi� x� QHvt O���v xOW �Qw�	tH ��yxO�O Q�WDv� �uwv�k j�� �t�
xm �wLv x� �y� Q�oQ�t� R� pY�L ��yxO�O Q�WDv� sOa ��Q� ��xv�y� xQ�wty Qt� u�� �OOQo �xOW
ut�� �D�Q�WDv� ��yrwOH QO �yxO�O OQ�wt �NQ� QO �� w CU� xOw� �CU�yv� u�Q� Q�m ����kD OQwt
x��Q� xr�kt u�� hOy �CU� xDW�O OwHw xOW �Q�o�q�� ��yOL�w C� wy ��Wi� u�mt� w xOw�v
w OQm C��H� �Q xOW O�rwD ��yQ�t� u�Q� Q�m ����kD sy u�wD�t �yv� �UwD x� xm CU� ���yWwQ

�OQm �Q�owrH CU� �yQwWm Q�t� �twta u�v�wk hqN xm �OQi C�aq�� ��Wi� R� sy

xrUrU Q�eDt �ut���v ��yOQwmQ �OQN ��yxO�O ��ov�tQLt ��tUQ ��yQ�t� ��O�rm ��yxS�w
xO�O�Qi ��Ov��W�B pwOH ���D�Qt

xtOkt �
u�QoWywSB w �u�v�OO�YDk� �u�R� Qxt�vQ� �Pr �CU� C�aq�� Q� �vD�t �yxat�H C� Q�Ot xRwQt�
�� �yQwWm wQ u�� R� �OvDUy 	kwt x� w �Ot�RwQ �j�kO �Q�t� C�aq�� OvtR��v �R�Us�tYD ��Q�
Q�WDv� w O�rwD �rY� xi��w �� Q�t� �rt ��yv�tR�U T�U��D x� s�Ok� �Q�t� �twta uwv�k �� wYD
C�aq�� x��Q� x� sRrt Crt O�L� Q�t� �twta ��yvwv�k QO qwtat �Ov�xOwtv �tUQ ��yQ�t�
C�aq�� xm OyO�t u�v�t�� �yv� x� �yvwv�k u�� p�L u�ty QO �OvDUy u�QoWUQB x� K�LY
�yvwv�k u�� Qo�O CQ��a x� �OwW�tv xOQ� Q�mx� �rm ��yQ�t� x�yD QO RH w xOW C��iL �yv�
C� wy ��Wi� �Hwt O�Qi� x� �w� Qt C�aq�� Q�WDv� xwLv xm OyO�t u�v�t�� u�� woNU�B x�
�CU� xOW xDiQ�PB �Q�t� ��yt��v xty QO �OQi C�aq�� �ov�tQLt pY� �OW Oy�wNv �yv�
R� pY�L ��yxO�O Q�WDv� ��Q� �Q ���yD�OwOLt pY� u�� C��aQ ��Q� Q�t� �rt ��yv�tR�U �Pr
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u�t�D �Q�t� C�aq�� �NQ� x� u�QoWywSB ��yR��v ��a� xm �Qw� x� Ovvm�t p�ta� �y� Q�oQ�t�
�OQ�O OwHw Q�t� �rt ��yv�tR�U �D�Q�WDv� ��yrwOH R� �yD� wy ��Wi� u�mt� �y�o �� w OwW�tv
��Wi� R� �Q�owrH w u�Q� Q�m �Q�t� ��yR��v u�t��D u�� pO�aD O�H�� xDWPo xyO xU pw� QO u��Q��v�
xOw� �yQwWm Q�t� �rt ��yv�tR�U syt ��yxeOeO R� �m� �xOW �Q�o�q�� ��yOL�w C� wy

�CU�
OL �D xat�H �Q�t� C�aq�� ��yR��v u�t��D �Q�t� �rt u�tR�U l� syt ��yiOy R� �m�
u�Q� Q�m R��v OQwt �Q�t� C�aq�� �D Ovm�t h�wt �Q Q�t� �rt u�tR�U �hOy u�� �CU� u�mt�
xDmv �t� �OyO Q�Qk u�v� Q��DN� QO ��U�vt CQwY x� w xOQm �Qw�	tH �vwv�k ��yQ�R�� ltm �� �Q
XNW �CU� hrNDt O�Qi� �� OQi �UwD �OQi C� wy ��Wi� Q�N OwHw �Ov��Qi u�� QO syt
�� �OW�� X�N �O�Qi� OQwt QO C�aq�� x� ����DUO x� Ovtkqa CU� umtt ��Qi hrNDt

�Ovm Q��Da��� �Q �yv� �xOvQw�OQo �C�aq�� ��Wi� �� �D Ovm VqD xmv��
QO �CiY ��Wi� w C� wy ��Wi� �OwW�t xDiQo Q�v QO C�aq�� ��Wi� �wv wO �twta
T�U� Q� TBU w xOW ���U�vW Q�v OQwt OQi �OD�� �CU� �Wi� �wv u� QDtyt 	k�w QO xm pw� �wv
�QW C� wy u��aD xQ�wty �t� �OOQo�t G�QNDU� �yxO�O R� w� x� �w� Qt C�aq�� �OQi C� wy
uDUv�O �yvD OQ�wt �NQ� QO �CU�v woNU�B l� OQwt QO T�UL C�aq�� ��Wi� ��Q� sRq
�CU� �yv� R� l� s�Om xm OwW swrat xm u�� uwO� �CU� xwQo l� R� �w�a woNU�B l� xm u��
pta �Ovt�v�t CiY ��Wi� �Q '�Wi� �wv u�� �Ovm�t C��im �w OQwt QO C�aq�� ��Wi� ��Q�
x� Q�t� �rt u�tR�U x� C�Uv �twta �O�tDa��� �Hwt OQ�PB CQwY xm p�rO Qy x� '�Wi�
�Q�mty x� p��tD sOa �� �Q�mty Vy�m w xOW u�� woNU�B �YNW C�aq�� �i�L u�wva
�j�kO Q�t� O�rwD sOa Qt� u�� xH�Dv �CW�O Oy�wN x�Qty x� �Q�oQ�t� ��yLQ� QO �Q u�� woNU�B
x� u�Q� Q�m R��v OQwt ��yQ�t� u�t��D u�mt� �Da��� xm Ow� Oy�wN xOQDUo w u�RQ� �	kwt x� �Ot�RwQ

�CW�O Oy�wNv OwHw Q�t� �rt u�tR�U �UwD �wr�t w �U�vt CQwY

u�oDWwv QwQt �

Q��U TBU w OW KQ�t 	��� p�U QO Twv�r�O �UwD Q�� u�rw� ��Q�t� ��Wi� pQDvm �w�wt
�OvOQm �wQW �Q �w�wt u�� QO j�kLD w EL� ���B wQ� w ���m� Qt� ��yQwWm QO u�U�vWQ�t�
�xO�WQB ��yWwQ �CU� xOQm EL� �Q ptmt w �D�tOkt �R�Uu�yvB ��yWwQ �	���� Tm �m
�UwD �xOW �iO�YD TB MU�B VwQ ��	���� Tm �m �UwD �iO�YD uOQm OQo ��yWwQ pt�W
�Q�PoOmR�� ��yWwQ �wQ �	���� p�wO w nQw�vr� w �Ov�xOW �UQQ� �	���� u�Q�mty w w�r� wwo
�� Statistical Disclosure Control �� Perturbative Methods �� Post Randomized
Response Method �PRAM� �� Global Recoding



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

�UwD hrDNt ��yrmW QO R�v xO�WQB ��yCi��yQ �Ov�xOQm Q�m ��a�wt �R�Uu�yvB w �s�a
�Q�t� ��yxO�O ��Wi� pQDvm QO pY�L ��yDiQW�B �Ov�xOW x��Q� �	���� u�Q�mty w nQ�v��i
R�v w 	�� w 	��� ��yr�U QO ��Q�t� �DN�vW VwQ p�QOi xD�tm VQ�Ro wO QO u�wD�t �Q
QO �Owtv xOy�Wt ��tUQ Q�t� xrHt 	��� w 	��
 ��yr�U xS� w ��yxQ�tW ��yxr�kt QO
xt�vu���B RH x� �Q�t� ��yxO�O ��Wi� pQDvm �w�wt QO �WywSB w xar��t xvwoJ�y p�L� �D u�Q��
��x� QHD I�y R�v wCU� xDiQov CQwY �	
��� �O��� CQWa Q��OQ� OtLt ��k� OWQ��U�vWQ�m

�OQ�Ov OwHw xOW QWDvt �Q�t� C�aq�� �R�Uut�� QO

OQN ��yxO�O QO ��Wi� �R�UOwOLt ��yWwQ 	

���U�vW ��yQ�eDt �Ovm QWDvt �Q OQN ��yxO�O xawtHt l� Oy�wN� �Q�t� u�tR�U l� x�o Qy
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��R�Qi� u�vJ �OvW�� k R� QDmJwm �xR�Ov� �� ���yywQo pt�W Ovv�wD�tv Vyw�v�R� Q QO xOW xH�Dv
st�Um �t �xwQo uwQO �voty xm CU� �R�Qi� u� �xv�y� R�Qi��k h� QaD j�� �OQ�O s�v R�Qi��k

Q�O�kt Vyw�v�R� Q QO �Q� R �OQ�O x�Qty x� �Q �QDtm C�aq�� u�Oki �xwQo uwQO QDW�� �voty �OW��
�� Indicator Function 	� Discriminant Analysis �
� Analysis of Variance
��� Microaggregation



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

C�r�ai x�L�v w �wv l�miD x� �Q�HD C�UU�wt VwQi u�R�t �	 pwOH

x�L�v A B C pm
C�r�ai

	 		 � �� 		�
� 	 	� 

 �

 � 
	 �� �

pm 	 �
 			 �	�

�wtHt Q��at R� xO�iDU� ��Ov�xWwN EL� QO �OvwW�t Z� waD �xwQo �UwDt Q�Okt �� xwQo l�
xO�iDU� R�v Vyw�v�R� Q QO u� R� xm CU� G��Q ��xr�Ut ��voty �Q�oxR�Ov� ��Q� swO ��yv�wD

�OwW�t

�D�Q�WDv� ��ypwOH QO ��Wi� �R�UOwOLt ��yWwQ 


�rwOH ��yxO�O ��

x� xOW �Ov�	tH ��yxO�O pt�W xm OvW���t �Q�t� ��yu�tR�U CqwYLt u� QDH��Q �ypwOH
�v�w�Qi ��ypwOH w �Q�Okt ��ypwOH CQwY wO x� w OvW���t pwOH ��yxv�N Q�O�kt u�wva
�C�r�ai �wv w x�L�v T�U� Q� C�Hv�NQ�m �Q�Pox��tQU u�R�t p�Ft u�wva x� �OvwW�t QWDvt
p�mWD �Q �v�w�Qi pwOH l� C�r�ai �wv w x�L�v �ULQ� C�Hv�NQ�m O�OaD w �Q�Okt pwOH l�

�OvyO�t

T�UL ��yxv�N X�NWD ��

Q�N xm OUQ�t Q�v x� �OvDU�v �mD CQwY x� woNU�B O�Qi� x� �w� Qt �yxO�O xmv�� Crax�
uWwQ ��Q� �CU�v xvwov�� xW�ty xm �DQwY QO �OW�� xDW�Ov OwHw �OQi C�aq�� ��Wi�
l�miD x� �Q�HD C�UU�wt R� �O�OaD VwQi u�R�t �xOvyO u�Wv xm �Q Q� R pwOH ��r�t uOW
Q�vx� �vDiQ�PB �Q�WDv� ��Q� pw� x�ov QO pwOH u�� �O� Q�o� Q�v QO �CU� C�r�ai x�L�v w �wv
x� �OQ�Ov �mD u�� woNU�B R� ��yxO�O w CU� xOW xYqN ��yxO�O pt�W �yvD �Q� R OUQ�t

�CU� xvqwHa �Q�oxH�Dv u�� p�L Qy
l� �yvD w CU� xOW pY�L pt�m �xOy�Wt l� R� pwOH u�� xm O�vm ZQi �p�Ft ��Q�
u�� VwQi u�R�t xm O�tyi u�wD�t xH�Dv QO �OQ�O OwHw � C�r�ai �� B x�L�v QO xUU�wt
C��iL �Q�HD xUU�wt u�� VwQi u�R�t xm OW�� Q�Qk Qo � TB �CU� 	� Q��Q� �Q�HD xUU�wt
x� �w� Qt ��yxO�O pt�W ��yxv�N ��Q�O xm ���yrwOH u��Q��v� �OwW QWDvt O���v pwOH �OwW
ZQi �CU�v �oO�U u�� x� �w�wt xW�ty �rw �OvwW QWDvt O���v �OvDUy woNU�B l� �yvD
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QO �OW�� xDW�O OwHw �Q�HD xUU�wt wO �xUU�wt l� ��H x� � C�r�ai w B x�L�v QO O�vm
umtt �OQ�� �B �Qo�O VwQi u�R�t x� Ov�wD�t �DL�Q x� xUU�wt wO u�� R� s�Om Qy Cr�L u��
OwHw Q�DU�wN �pwOH �xv�N Qy QO w�a wO pk�OL OwHw ��H x� �yxO�O �xOvvm QWDvt CU�
�CU�v VN�D���Q xW�ty R�v Cr�L u�� xv�iU�Dt �OW�� pwOH �xv�N Qy QO QDW�� �� w�a xU
OYQO �� �yv� R� �m� w OvW�� � C�r�ai ��Q�O �Q�HD xUU�wt xO �B x�L�v QO O�vm ZQi
xUU�wt u�� VwQi u�R�t xm Ov�O� hrNDt XNW Qo � Cr�L u�� QO �O��tv x��Q� �Q xv�N pm Q�Okt
u�vJ QO �OQw� CUOx� u� VwQi u�R�t R� j�kO ��� QkD OQw�Q� l� Ov�wD�t �CU� q�� �r�N

�CU� w�a u�� �rUD CLD �pwOH �xv�N u�� xm OwW�t xDio �Dr�L
u�wD� u� �UwD xm CWo �y�Q p��vO O��� �OD�� ��ypwOH QO '�Wi� Q�N pQDvm ��Q� u��Q��v�
OwHw �yv� �UwD u�� woNU�B �mD C�aq�� ��Wi� u�mt� w OvDU�v Q�WDv� �U�vt xm �Q ���yxv�N
OwW�t xO�iDU� �Oa�wk R� qwtat �w�wt u�� ��Q� xm Owtv ���U�vW �T�UL ��yxv�N� OQ�O

�OvwW�t u��� xt�O� QO xm
���n� k� �rUD �xOa�k �OwQ�t Q�mx� xm �mqt u� QD�twta ��Q�Okt ��ypwOH OQwt QO
x�Qa Q�O�kt �wtHt Qo � CU� T�UL pwOH xv�N l� �OwW�t h� QaD Q� R CQwY x� xm CU�
xv�N pm Q�Okt OYQO k R� QDW�� �xv�N pm Q�Okt x� u�� woNU�B u� QDoQR� R� OOa n �UwD xOW

�OwW pt�W �Q
�OwW�t Qw�vt k ��Q� ��� qFt� �oQR� Q�Okt w n ��Q� �� st�Um �t� �mJwm Q�Okt qwtat
Ovv�wD� woNU�B n� 	 xm u�� R� �yxO�O �xOvvmC��iL �xm CU� u�� xOa�k u�� �rY� �xO��
Q�Okt R� j�kO OQw�Q� l� �xv�N pm Q�Okt �� u� �xU��kt w u�WQ�O�kt uOQm 	tH �xr�Uw x�

�Ovm�t �Q�owrH �OvQw� CUOx� s�n �woNU�B
����p� q��u�UB�u�W�B �xOa�k OwQ�t Q�m x� �Q�Okt��ypwOH OQwt QO xm �Qo�O �xOa�k
�UwD xOW x�Qa Q�Okt Ov�wD�t pwOH Q�WDv� R� p�k woNU�B Qy xm s�vm�t ZQi �CU�
�u� �ak�w Q�Okt R� OYQO q Q��Q� �� QDtm hqDN� �� �Q pwOH �xv�N l� Q�Okt x� Qo�O �woNU�B
Q�Okt xm O�� OwHw x� u�� woNU�B �NQ� ��Q� u�mt� u�� �pwOH Q�WDv� R� TB Qo � �O��tv OQw�Q�
�u� �rY� Q�Okt �p 	 q� OYQO p Q��Q� �� QDtm hqDN� �� �Q pwOH �xv�N x� Qo�O �� woNU�B

�OwW�t xDN�vW T�UL �pwOH R� xv�N u�� �O��tv OQw�Q�
u�Wv CtUk u�� QO �OwW u��aD uwo �vwo ��yy�Q R� Ov�wD�t xv�N l� C�U�UL u��aD
l� R� ����a� Ck�kL QO ��p� q�� u�UB�u�W�B �xOa�k w �n� k� �rUD �yOa�k xm s�yO�t
�OvwW�t xO�t�v ����N C�U�UL ��yQ��at �xOQ xm Ov�C�U�UL ��yxR�Ov� R� QDoQR� �xOQ
�yxv�N u� ���QW ��Q�O u�� woNU�B O�OaD �u� ��yxv�N QO xm �v�w�Qi ��ypwOH OQwt QO
CU� CQwY u�O� OwQ�t Q�m x� T�UL ��yxv�N X�NWD ��Q� ��r�e xm ��xOa�k �CU� xOt�
QDtm xU qFt �u� R�e� Q�Okt� �YNWt OOa R� pwOH �xv�N Qy QO u�� woNU�B O�OaD O���v xm
��� �n�k� Dominance Rule ��� �p�q� Prior� Postrior rule ��� Linear Sensitivity
Measures



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

���Lt CU� R ��yhrND OQwt QO nQR� pwOH l� R� �DtUk �� pwOH
hrND xr� Q�N pm

C�r�ai w x�L�v
� � � �


 C�r�ai w B �x�L�v  	 �
� � � �

�OQ�O OwHw �mD CQwY x� �yxv�N u�� u�� woNU�B ���U�vW u�mt� �CQwYv�� Q�e QO �OW��
�U�vt T�UL ��yxv�N u��aD ��Q� ��rUD �xOa�k u�vJ xm OQ�O OwHw ���yDr�L p�L Qy x�
���Lt CU� R ��yirND OQwt QO QDoQR� pwOH l� R� �DtUk xm � pwOH p�Ft u�wvax� �CU�v
hrND ��Q�O xUU�wt l� �yvD xm Ovm�t XNWt pwOH u�� �O� Q�o� Q�v QO �Q CU� C�UU�wt
�Q hrND ��Q�O xUU�wt Q�yJ OYQO �� p�tDL� �� Ov�wD�t �vwQ�� XNW l� �CU� xOw�v
X�NWD �Q hrND Ov�wD�t OYQO �� p�tDL� �� C�UU�wt R� s�Om Qy xm �r�L QO OyO X�NWD

�OyO
'�Wi� �R�UOwOLt ��yVwQ �pwOH Q�WDv� R� p�k O��� �T�UL ��yxv�N X�NWD R� TB
�OvOQo ut�� ��mD u�� woNU�B x� �w� Qt C�aq�� ��Wi� Q�N Q��Q� QO �D OQ� Q�m x� �yv� �wQ �Q

��xv�N �R�Uu�yvB w pwOH �L�Q� R�� ��yVwQ ��

R� w OvQ�o�t Q�Qk xO�iDU� OQwt O�� R �OvDUy xO�WQB Q�e ��yVwQ xwQo R� xm �yVwQ u��
�OvW���t �ypwOH QO '�Wi� Q�N �R�UOwOLt ��yVwQ u� QD�t�Ok

xO�O X�NWD T�UL ��O�� R ��yxv�N �uwDU �� Q�U l� QO �pwOH l� QO CU� umtt
�Ov�xk�� QO �va� �OwW �L�Q� xQ�� wO pwOH �OD�� OwW�t x�YwD Cr�L u�� QO �OvwW
pwOH QO xOW x��Q� �Q�t� C�aq�� C���RH CQwY u�� QO �OwW Q�vO�OHD ���v���D ��yQ�eDt
O�OaD Rwvy Qo � �OW Oy�wN xDU�m �O�� R Q�Okt x� T�UL ��yxv�N O�OaD R� �t� O����t Vy�m
xm�t�ovy �O�OVy�m �Q pwOH C���RH sy R�� u�wD�t OW�� xOv�t �k�� �O�� R T�UL ��yxv�N
CQwY x� xm �Qo�O ��Wi� pQDvm ��yVwQ R� u�wD�t �OW�� lOv� T�UL ��yxv�N O�OaD

�CU� ��xv�N �R�Uu�yvB VwQ ��yWwQ u�� R� ��xvwtv �Owtv xO�iDU� Ovvm�t pta �a�wt
VwQ �OwQ�t Q�m x� �ypwOH QO '�Wi� Q�N pQDvm ��Q� xm ���yVwQ u� QDG��Q R� �m�
u� ��H x� w xOW hPL pwOH R� T�UL �xv�N Q�Okt VwQ u�� QO �CU� ��xv�N �R�Uu�yvB
�O� Q�o� Q�v QO �Q 
 pwOH �QDW�� K��wD ��Q� �OwW�t xO�iDU� X hQL qFt Ctqa l� R�
T�UL �xDiQ Q�m x� �rUD �xOa�k j�� C �x�L�v w wO C�r�ai �� Q��vDt �xv�N Q�Okt xm O�vm ZQi
u�yvB ��rm Qw� x� �OwW�t u�yvB xv�N u�� Q�Okt �OwW QWDvt Ov�wD�tv w xOW xO�O X�NWD
u�yvB �xv�N �CU� XNWt 
 pwOH QO xm Qw�v�ty �CU�v �i�m ���yvD x� �T�UL xv�N uOQm
��� Explanatory Variables
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�R�Uu�yvB R� TB� C�r�ai �wv w x�L�v l�miD x� C�Hv�NQ�m �Q�Pox��tQU u�R�t �
 pwOH
��D�tOkt

x�L�v A B C pm
C�r�ai

	 �� �� 	� ��
� � 	� X �

 	� 
� 	� �	
pm � 	�	  	��

uOQm u�yvB �Qo�O �xv� Ro �OwW x�U�Lt �v�U� x� ��x�W�L ��y	tH R� xO�iDU� �� Ov�wD�t xOW
��xv�N �R�Uu�yvB �pta u�� �CU� �OvDU�v T�UL xm pwOH QO �Qo�O �xi��� ��yxv�N
ptmt ��xv�N �R�Uu�yvB �wor� l� �OvwW�t xO�t�v ptmt ��yxOW u�yvB ��yxv�N w ptmt
xU C�r�ai w A �x�L�v QO xU w wO C�r�ai ��yxv�N �� Q��vDt Q�O�kt uOQm u�yvB �
 pwOH QO

�CU� C �x�L�v QO

�R�UpwOH R� p�k OQN ��yxO�O x� xiwv uOwRi� ��

��Q� xw�W u�� �CU�yv� ��yxO�O x� xiwv uOwRi� �mD u�� woNU�B C��iL Qo�O VwQ l�
�xUU�wt l� �� Q��vDt �xO�O x� xm OwW�t ZQi �OwQ�t Q�m x� �Q�Okt ��ypwOH ��yxO�O
�xOvvmC��iL ORv �xOW xO�iDU� OYQO� OwW xOwRi� OYQO xO qFt lOv� u�R�t x� �v�v�t�� sOa
Qo � xmv�� �� OW�� xUU�wt l� �yvD pt�W xv�N l� Qo � xH�Dv QO ��Ov�t�t �k�� xv�tQLt �yxO�O
��� QkD u�wvax� Ov�wD�tv xv�N u�� Q�Okt x�ov� �OW�� xDW�O �rUD CLD �Q xv�N �xUU�wt l� �yvD
QO� CU� xOW xi��� �xiwv ��Q�O Q�Okt u�� �Q� R �OwW xO�iDU� �rUt �xUU�wt Q�Okt R� l�ORv
�rUt �xUU�wt K�LY Q�Okt ��Wi� R� ��xiwv uOwRi� �� �Ovm�t Q��eD OYQO 	� �� Cr�L u��

�OwW�t �Q�owrH

uOQm OQo VwQ ��

�OvwW�t OQo �C��F �x��B OOa l� K�LY ��y�Q�t x� pwOH ��yxv�N Q�O�kt VwQ u�� QO
Q��eD �yxO�O �C�aq�� �iL ��Q� u� QO xm CU� xO�WQB ��yxO�O �xS� w Cr�L l� �uOQm OQo

�Ov����t
QO xm CU� OQ�Ov�DU� uOQmOQo VwQ �VwQ u� QDxO�U �OQ�O OwHw uOQm OQo VwQ u�OvJ
uOQmOQo �OwW�t OQo �uOQmOQo �x��B �Q�t u� QDm�ORv x� pwOH ��yxv�N R� Q�Okt Qy u�
�OwW�tv �iL pwOH �Q�PB	tH Q�DN�U qwtat �xmv�� pw� �OQ�O xOta C�OwOLt wO OQ�Ov�DU�
C�r�ai ��Q�O �Q�HD C�UU�wt O�OaD �xOvyO u�Wv w �Oa� l� �rwOH xm �Q  pwOH �p�Ft ��Q�



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

x�L�v l�miD x� wO C�r�ai �� �Q�HD C�UU�wt O�OaD � pwOH
x�L�v Ax�L�v B x�L�v pm

C�r�ai
� C�r�ai � � 

�uOQmOQo �x��B �� �Q pwOH u�� s�y�wN� O�vm ZQi �O� Q�o� Q�v QO �Q CU� x�L�v l�miD x� wO
	tH xm �r�L QO �OvwW�t OQo QiY OOa x� pwOH �rN�O ��yxv�N Q�Okt wO Qy �s�vm OQo ��
u�twO �OOQo�t pwOH QO �Q�oR�U�v �Hwt Qt� u�� �OwW�t OQo � OOa x� pwOH ��x�W�L
Q�O�kt xm OQ�O u�mt� C�kw� �y�o xm CU� u�� �CU� syt '�Wi� pQDvm Q�v R� xm C�OwOLt
Xkv u�� �OOQo OwOLt �rY� Q�O�kt R� �OwOat O�OaD x� xmv�� �� OvOQo Q�mW� �rY� ��yxv�N
x� �Ov��tv �iL �Q �Q�PB	tH xm uOQmOQo Qo�O ��yWwQ ��Q� wHDUH �xR�ov� �OQ�Ov�DU� uOQmOQo
�Ov�x��B Q�Okt R� �� Q�t xm �Q�O�kt RH x�� Q�Okt Qy xm CU� u�� �yWwQ u�� �xO�� �OQw� OwHw

�OvwW�t OQo �OW�� Q�PB	tH pwOH xm �Qw� x� x��B Q�Okt �Q�t u� QDm�ORv wO R� �m� x�
OvDUy C�Y�N u�� ��Q�O u�� Q� xwqa �Ov��Dq�tDL� xmr� OvDU�v �a�k uOQmOQo ��yWwQ
l� xm O����t jkLD �DQwY QO Qt� u�� �CU� QiY ���� Q O�t� ��Q�O uOQmOQo ���N xm
�OOa k w � � r 	 b u� QO xm OwW xDWwv a � kb� r CQwY x� Ov�wD�t xm a Ovv�t OOa
Q� R ��yr�tDL� �� �Q �k � 	�b w kb Q�O�kt xm a� x� �CU� uOQmOQo K�LY �x��B b w K�LY

�OwW OQo Ovm�t Q��DN�

p�a� � �k � 	�b� � r

b
p�a� � kb� � 	� r

b

�xm OwW�t xO�O �oO�U x�

E�a�� � �k � 	�b� r

b
� kb� �	� r

b
� � kr � r � kb� kr � kb� r � a

w l� ��yrwOH QO �Ovm�t jOY � QO CU� xOW h� QaD 	 QO xm ��a �yvD O�O u�Wv u�wD�t
umttQ�e C�kw� �y�o QDq�� O�a�� QO �t� OwW�tv wQ� wQ �Y�N pmWt �� uOQmOQo xr��Ut �Oa� wO
�Q�t� C�aq�� x��Q� OwHw �� �t QwWm QO Q��L p�L QO xm CU� �QwQ� xDmv u�� QmP �CU�
�Q �YNW C�aq�� ��� QkD �� j�kO ��Wi� R� �O�� R OQ�wt u�wD�t sy R�� �rm Q��U� CQwY x�
��yxO�O �wQ Q� xr�kt u�� QO xOW QmP ��yWwQ p�ta� CQwY QO xm �r�L QO �OQw� CUO x�
�Q R�v �YNW C�aq�� �ov�tQLt �x�vH ��Q�t� C�aq�� QDrYit x��Q� u�a QO u�wD�t �Q�t�

�Owtv C��aQ
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OQ� Q�m �

�xOvvm u�t��D u�wva x� QwWm �ovyQi w �a�tDH� ��O�YDk� �xaUwD ��yxt�vQ� QO CavY VN�
u��Q��v� �CU� xO�O X�YDN� OwN x� �Q ��xS� w x�o��H �xaUwD �xt�vQ� ��yR��v R� �Q��U�
�Hwt VN� u�� �D� ��y�R� Qxt�vQ� s�Hv� w �y���UQ�v w CqmWt 	iQ �j�kO CN�vW CQwQ�
��xS� w ��yxat�H Q� R �r�k QO �DavY ��yy�oQ�m s�ovy x� w �r�YiD C�aq�� �D CU� xOW

�OvwW QWDvt w �Qw�	tH
u�Q�� Q�t� RmQt �UwD xr�U Qy ��QDW�� w umQ�m Qiv xO �DavY ��yy�oQ�m R� �Q�oQ�t� KQ�
j�kO C�aq�� �Qw�	tH �OQ�PB�t CQwY CU��U u�ty �r�k QO �Q�tWQU CQwY x� w
�D�aq�� xm OvW�� u
t�t O��� u�� woNU�B �Pr �CU� Q�OQwNQ� ��xS� w C�ty� R� VN� u�� QO
OwHw �yv� R� R�HtQ�e ��yxO�iDU� w '�Wi� u�mt� w xOw� #wiLt OwW�t x��Q� �yv� �UwD xm
�ov�tQLt �iL ��Q� QDW�� w umQ�m Qiv xO �DavY ��yy�oQ�m x� �w� Qt C�aq�� uwvm �D �OQ�Ov
C�aq�� Q�WDv� �� u�tR sy u�wD�t xm �r�L QO �Ov�xOW QWDvt u�DU� K�U QO �ki C�aq��
xO�O u�Wv VN� u�� QO �OQm C��aQ R�v �Q �yv� �ov�tQLt �x�vH �QDmJwm ����i�QeH Kw�U QO
�� TBU �CU� '�Wi� p��k �Q�oQ�t� u�� �D�Q�WDv� ��yrwOH QO C�aq�� �NQ� xm OW Oy�wN

�O�O s�y�wN KQW �Q ut�� ��ypwOH uDN�U �ovwoJ �� Q�P ��yQ�Ri�sQv R� xO�iDU�

�D�Q�WDv� ��yrwOH R� !�Wi� p��k C�aq�� R� xvwtv OvJ ��

�xOvvm O�rwD u� QDoQR� u�wvax� u�Q�� Q�t� RmQt �D�Q�WDv� ��yrwOH R� ���yxvwtv CtUk u�� QO
�s�vm�t QmP p�Ft u�wva x� �Q OvDUy �OQi C�aq�� ��Wi� Q�N ��Q�O xm QwWm QO Q�t�

C�Q�WDv� �CU� xDiQo CQwY OQN ��yxO�O CQwY x� �Q�t� C�aq�� Q�WDv� QDtm u�Q�� QO
C�aq�� Q�WDv� QO p�Ft u�wva x� xm �Qw� x� OvQ�o�t CQwY �rm Q��U� CQwY x� R�v �rwOH
K�U QO �yvD x�L�v Q�eDt �QDW�� w umQ�m Qiv xO �DavY ��yy�oQ�m R� �Q�oQ�t� KQ� x� �w� Qt
�Q ���Wi� p��k OQ�wt u�wD�t R�v �rm K�U u�ty QO �p�L u�� �� �OwW�t x��Q� u�DU� w QwWm
�CU� xOt� u�Q�� Q�t� RmQt �UwD xDi�� Q�WDv� ut���v ��yrwOH R� xvwtv wO Q� R QO �OQm xOy�Wt

�CU� �QwQ� xDmv wO x� xHwD Q� R ��yr�Ft xar��t QO

xOW �Q�OOwN �CU� '�Wi� p��k u� C� wy xm �OL�w s�v uOQ� R� �ov�tQLt �iL ��Q� �hr�
w �CU�

x� QWv R� �yrwOH xQ�tW x� �yvD w xOW ��vDH� �D�Q�WDv� ��yrwOH T�mav� R� Q�YDN� ��Q� ��
�CU� xOW xO�O ��HQ� %	
�� QDW�� w umQ�m Qiv xO �DavY ��yy�oQ�m R� �Q�oQ�t� G��Dv$
QDW�� w umQ�m Qiv �� �DavY ��yy�oQ�m R� �Q�oQ�t� G��Dv� x� QWv QO u�wD�t �Q KQ� u�� C�YNWt ���

�Ci�� u�Q�� Q�t� RmQt C�Q�WDv� R� �����



��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Cq�kt xawtHt

umQ�m Qiv xO �DavY ��yy�oQ�m R� �Q�oQ�t� G��Dv x� QWv 	 xQ�tW pwOH R� �DtUk �� pwOH
	
�� QDW�� w

� � � �  
 � 	 	tH uqe�W O�OaD
C�r�ai
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���
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���
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���

���
���

� � � � � � � � � Q�o�U w wm ��vD �uwDwD R� CqwYLt O�rwD
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� � � � � � � � �� �QwDwt x�rkv p��Uw O�rwD
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umQ�m Qiv xO �DavY ��yy�oQ�m R� �Q�oQ�t� G��Dv x� QWv R� � xQ�tW pwOH R� �DtUk �� p�Ft
xO �DavY ��yy�oQ�m O�OaD$ u�wva �� xm 	
�� p�U QO xOW �Qw�	tH 	
�� p�U QDW�� w
Q� R CQwY x� �CU� xOt� %�	
�� C�r�ai �wv w uqe�W O�OaD �ULQ� QDW�� w umQ�m Qiv
	��	��	 �CU� xOW h� QaD Q� R CQwY x� uqe�W O�OaD Q�eDt ��yOm pwOH u�� QO �CU�

�QDW�� w 	����� ��������� 	������� ������� ���� 
��
��
 �������
O�rwD x�oQ�m l� �yvD CU� XNWt u� R� xm Qw�v�ty w CU� �v�w�Qi pwOH l� pwOH u��
	��� R� QDW�� Vv�vmQ�m O�OaD xm OQ�O OwHw QwWm pm QO Q�o�U w wm ��vD w uwDwD R� CqwYLt
�x� QWv ��� xQ�tW pwOH R� u�wD�t �DL�Q x� �xat�H QO x�oQ�m u�� uOw� �Dm� Cra x� �CU� Qiv
u�ty ��� xQ�tW pwOH R� �x�oQ�m �kwkL C�a�w uOw� �DrwO w C� Q�Ot xwLv uOw� �twta
��yrwOH R� ��yv� uOw� uR �� OQt w uOw� �O�rwDQ�e �� �O�rwDl�miD x� uqe�W j�kO O�OaD �x� QWv
l�miD x� x�oQ�m jwkL w ORt uwO� w jwkL w ORt �� uqe�W j�kO O�OaD ���� w ��� xQ�tW
x� uqe�W j�kO O�OaD ���� xQ�tW pwOH R� ��yv� uOw� uR �� OQt w uOw� �O�rwDQ�e �� �O�rwD
u�R�t ��		� xQ�tW pwOH R� ��TOvyt �� u�UvmD �Qy�t �xO�U QoQ�m � �yv� CQ�yt K�U l�miD
l�miD x� uqe�W j�kO O�OaD ��	�� xQ�tW pwOH R� �uqe�W x� �y�DN�OQB Q��U w jwkL w ORt
���
� xQ�tW pwOH R� ���QDmO �� Tv�U�r jwi �Tv�U�r �srB�O �srB�O R� QDtm �O�wU��� O�wU K�U
xQ�tW pwOH R� ��DavY C�r�ai ��yxO�O VRQ� ���� xQ�tW pwOH R� �x�oQ�m ��y�DN�OQB u�R�t
�x�oQ�m ��y� Q�Pox��tQU VRQ� ����� xQ�tW pwOH R� ��DavY C�r�ai ��yxOv�DU VRQ� �����
u�� x� �w� Qt C�aq�� s�tD xYqN w x�oQ�m Q��v� �OwHwt ��wv� VRQ� ����� xQ�tW pwOH R�
�Um u� X�N C�aq�� Q�WDv� ��Q� x�oQ�m u�� C���Q Qo � �CU� �UQDUO p��k X�N x�oQ�m

�CU� xO�Di� j�iD� �OQi C�aq�� pt�m ��Wi� R� xvwtv l� �OW�� xOWv
Q�N pw� x�ov QO �CU� �QwDwt x�rkv p��Uw O�rwD ��yy�oQ�m OQwt QO p�Ft u�� �� p�Ft
��� xQ�tW pwOH QO p�Ft u�wva x� �CU�v u�vJ u�� xm �r�L QO �OwW�tv T�UL� �v�Wi�
xOvvmQWDvt �CU� xOW QmP Qiv 
��	� �QwDwt x�rkv p��Uw O�rwD x�oQ�m 	 u�� uqe�W O�OaD
Qiv �		
 nQR� x�oQ�m u�twO �Qiv 	�	� x�oQ�m u� QDoQR� uqe�W O�OaD xm Ov�O�t C�aq��
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x� �Q VN� u�� uqe�W pm OYQO �� OwOL �atH xm CU� Qiv ���	 nQR� x�oQ�m u�twU w
�yy�oQ�m Qo�O uqe�W O�OaD Ovv�wD�t x�oQ�m xU u�� �O�LD� CQwY QO �Ov�xO�O X�YDN� OwN
	 �UwD xOW x�Qa Q�O�kt x��� � � � � x� O�vm ZQi �QDW�� K��wD ��Q� �Ov��tv OQw�Q� �Q
u�twO Qo � CU� T�UL �� pwOH R� xv�N u�� �p� q� u�UB�u�W�B xOa�k j�� �OW�� x�oQ�m
p Q��Q� �� QDtm hqDN� �� �Q x�oQ�m u� QDoQR� CiY Q�Okt �pwOH Q�WDv� R� TB Ov�wD� nQR� x�oQ�m
Q�WDv� R� p�k nQR� �woNU�B u�twO O�vm ZQi ��p 	 q� Ovm OQw�Q� u� �ak�w Q�Okt R� OYQO
�ak�w Q�Okt OYQO �� Q��Q� �� QDtm hqDN� �� �Q u�� woNU�B Qo�O Q�O�kt R� l� Qy Ov�wD� pwOH
�B Ov�wD�t pwOH Q�WDv� R� TB nQR� x�oQ�m u�twO CQwY u�� QO ��q � ��� Ovm OQw�Q� �yv�

Q��Q� QFm �OL x� xm OQ��

x� � �
q

	�� �
��X
i��

xi � 	�	� � �
��
	���� ���� � ����

Q��Q� pk�OL w

x� � �
q

	�� �
��X
i��

xi � 	�	� � �
��
	���� ���� � 	���

hqDN� xm O��tv OQw�Q� f	��� w ����g �xR�� QO �Q x�oQ�m u� QDoQR� uqe�W O�OaD �va� CU�
��p � ��� CU� OYQO �� R� QDtm �ak�w Q�Okt �� u�

sR�wr �x�rw� w s�N O�wt pm VRQ� �x� QWv u�� ��� xQ�tW pwOH QO CQwY u�ty x�
�yv� x� �w� Qt xv�N QO �yy�oQ�m u�� �UwD xOW hQYt s�wOsm Q�m p��Uw w Q�R�� ��Ov�xDU�
x�oQ�m u� QDoQR� ��Q� Q�eDt u�� Q�Okt xm u�� x� xHwD �� �CU� xOW QmP p�� Q uw�r�t 	
��	��
x�oQ�m u�twU ��Q� w p�� Q uw�r�t 

����� nQR� x�oQ�m u�twO ��Q� �p�� Q uw�r�t �������
�Q xv�N pm Q�Okt OYQO �
 OwOL �atH x�oQ�m xU u�� �CU� p�� Q uw�r�t ������ Q��Q� nQR�
Qy ��Q� Q�eDt u�� u�R�t �pwOH Q�WDv� R� p�k nQR� x�oQ�m u�twO O�vm ZQi p�L �Ov�xOQm x��Q�
TB CQwYv�� QO �Ovm OQw�Q� �yv� �ak�w Q�Okt OYQO �� Q��Q� �� QDtm hqDN� �� Ov�wD� �Q x�oQ�m
x�oQ�m u� QDoQR� ��Q� Q�eDt u�� Q�Okt x�oQ�m u�� �q�� QO xOW KQ�t �r��t j�� pwOH Q�WDv� R�
�ak�w Q�Okt OYQO 	� R� QDtm �Dw�iD �� �va� f�����	� w �������g xR�� QO Ov�wD�t �Q

�O��tv OQw�Q�

�D�Q�WDv� �Q�t
 C�aq�� �R�Uut�� ��

x� �� w OQN ��yxO�O CQwY x� �� �Q �y� Q�oQ�t� R� pY�L ��yxO�O �yQwWm Q�t� �rt ��yu�tR�U
OwHw '�Wi� u�mt� CQwY Qy QO OW xQ�W� xm xvwov�ty �Ovvm�t QWDvt �rwOH ��yxO�O CQwY
��yxO�O �R�Uut�� ��Q� w �ARGUS Q�Ri�sQv R� OQN ��yxO�O �R�Uut�� Qw�vt x� �OQ�O
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�� xSwQB u�� �OwW�t xO�iDU� CU� ��CASC xSwQB pY�L xm �ARGUS Q�Ri�sQv R� �rwOH
����B wQ� x�O�LD� ��yQwWm R� �O�OaD �UwD �Q�t� ��Wi� pQDvm ��Q� �rta ��yQ�R�� x�yD hOy

�CU� xOW �QH� w �yOv�tR�U
x� QDW�� w umQ�m Qiv xO ��Q�O �DavY ��yy�oQ�m R� �Q�tWQU ��yxO�O xmv�� x� xHwD ��
��yrwOH �R�Uut�� xwLv x� VN� u�� QO �Pr �OvwW�t QWDvt �Ov��W�B ��yrwOH CQwY
xDN�OQB �ARGUS Q�Ri�sQv R� xO�iDU� �� 	
�� p�U QO u�QyD u�DU� QO QwmPt KQ� �D�Q�WDv�

�OwW�t
�wv wO x� OwN xm �OvDUy �Ov��W�B ��yrwOH ��Q�t� ��yxO�O Q�WDv� pmW u� QDH��Q
xOW xYqN ��yrwOH C�aq�� xJ Qo � �OvwW�t s�UkD �Q�Okt ��yrwOH w �v�w�Qi ��yrwOH
uDN�U Qw�vt x� �OQ�O OwHw '�Wi� u�mt� ��yxv�N O�Oa� w pwOH �wv x� xHwD �� �rw OvDUy
OwHwt ��yQ�eDt C�YNWt �w�L xO�O�Qi p��i w OQN ��yxO�O p��i x� �ut�� �D�Q�WDv� ��yrwOH
OQN ��yxO�O p��i QO �OvDUy uDt CQwY x� p��i wO Qy �CU� R��v�OQN ��yxO�O p��i QO
�OwW�t XNWt Q�eDt �yOWto Q�Okt w pw� ��wQW x�kv �Q�eDt l� s�v pt�W �rY� Q�U Qy
�OW�� xDW�Ov OwHw xO�O�Qi p��i xm �DQwY QO �OvQ�O OwHw Q�eDt C�YNWt Oa� ��yQ�U QO
xOv�wN �ARGUS Q�Ri�sQv �UwD xO�O�Qi p��i xm u� R� TB �OQ�O �Q u� O�H�� u�mt� Q�Ri�sQv
�OQm XNWt �OQ�O OwHw '�Wi� Q�N Q��Q� QO �yv� C��iL OYk xm �Q ���yrwOH u�wD�t �OW
QO �Ovm�t R�� �DU�wNQO ��yrwOH uOQm XNWt ��Q� �Q Q� R xQHvB Q�Ri�sQv Qw�vt u�O�
��yQ�eDt �CtUk l� QO �CU� xOy�Wt p��k CtUk wO �	 pmW xQHvB �q�� CtUk
OvwW�t XNWt �OvwQ�t Q�m x� pwOH uDN�U ��Q� xm �explanatory variables� �v���D
OQwt ��xv�N ��y	tH x�U�Lt ��Q� xm �response variable� MU�B Q�eDt Qo�O CtUk QO w
x� ��Q� xm CU� �Q�eDt Shadow Variable �xv� Ro �OwW�t u��aD �OQ�o�t Q�Qk xO�iDU�
�t� CU� MU�B Q�eDt u�ty C�kw� QDW�� QO Q�eDt u�� �OwW�t xO�iDU� �rUD �xOa�k uOQ� Q�m

�OQm ��NDv� R�v �Q �Qo�O Q�eDt u�wD�t
u�Oki st�v�t �x�U�Lt ��Q� xO�iDU� OQwt Q�eDt xOvyO u�Wv Cost Variable �xv� Ro
CU�v MU�B Q�eDt u�ty ��twRr Q�eDt u�� �CU� '�Wi� pQDvm ��yWwQ p�ta� R� �W�v C�aq��
CtUk QO �OW�� pwOH ��yxv�N Q�Okt �xOvvm x�Qa u�� woNU�B O�OaD Q�eDt Ov�wD�t xmr�
�rUD �xOa�k wO �Hv�� QO �Owtv OQ�w u�wD�t �Q Q�vOQwt �rUD �yOa�k ��yQDt�Q�B xQHvB u���B
�Q wO u� R� �m� xm �p� q� u�UB�u�W�B �xOa�k w �n� k� �rUD �xOa�k �CU� xOW xOQw�
�p� q� u�UB�uW�B �xOa�k u�ty OYQO �p �xOa�k xm OQm xHwD O��� �OQm ��NDv� u�wD�t
�Ovm�t u��aD �Q C��iL �xR�� Q�Ri�sQv CQwY Qy QO �CU� q � 	�� uDiQo Q�v QO �� OYQO
x� CU� umtt pwOH �xOvvmC��iL �OvDUy �v�w�Qi �D�Q�WDv� ��yrwOH xm �Dr�L QO
��yxv�N u�wva x� �Q OvDUy u�at u� R�e� Q�Okt l� R� QDtm ���v�w�Qi ��Q�O xm ���yxv�N �oO�U

�OQ�o� Q�v QO ut���v
CU�wNQO uqe�W O�OaD wC�r�ai �wvl�miD x� �yy�oQ�m O�OaD pwOH xvwtv u�wva x� �Hv�� QO
��� Computational Aspects of Statistical Con�dentiality



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

pwOH ��NDv� �xQHvB �	 pmW
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�v���D ��yQ�eDt ��yxDUQ l�miD x� ut���v ��yxv�N O�OaD �xOvyOu�Wv xQHvB �� pmW

xmv�� R� TB �Ov�xOW xDiQo Q�v QO ut���v QDtm w woNU�B Q�yJ ��Q�O ��yxv�N �CU� xOW
OyO�t u�Wv �Q Q�v OQwt pwOH C�YNWt Q�Ri�sQv �OvOW XNWt u� C��iL Oa�wk w pwOH
QO xOW ��NDv� �v���D ��yQ�eDt ��yxDUQ �UwD xOW xDN�U ut���v ��yxv�N O�OaD �u� QO xm
��Q�O �DU�wNQO pwOH �q�� �xvwtv QO �� pmW��OwW�t xO�O V��tv QDv���B O�a�� w pwOH O�a��
O�OaD ��OvDUy Q�yJ R� QDtm �v�w�Qi ��Q�O �yxv�N R� O�OaD u��� CU� ut���v �xv�N 
��

�Ov�xOW pY�L �yQ�eDt O�� R p�YiD p�rO x� ut���v ��yxv�N u�� R� �O�� R
��Q� ORt�v Q�eDt OQwt QO u�wD�t hrDNt O�a�� QO Q�eDt Qy ut���v ��yxv�N O�OaD x� xHwD ��
O�OaD p�L u�a QO w QDtm C���RH �Hwt Q�eDt l� �Q�PoOmR�� �CiQo s�tYD �Q�PoOmR�� s�Hv�
pmW��OyO�t V��tv Q� R CQwYx� �Q �DU�wNQO pwOH Q�Ri�sQv �OOQo�t QDtm ut���v �y��mQD
nvQ �� ut���v ��yxv�N �OwW�t xOy�Wt xOW CU�wNQO pwOH �xQHvB AJ CtU QO �

�� �r�N ��yxv�N w ��� nvQ �� ptmt �R�Uu�yvB ��yxv�N �x��U nvQ �� ut�� ��yxv�N �RtQk
��OvDU�v XNWt �yovQ �QoB�J uOw� O�iU w x��U p�rO x� �Hv�� QO� Ov�xOW XNWt . Ctqa
��H u�wD�t Change View �xv� Ro ��NDv� �� �OwW�t xOy�Wt xv� Ro OvJ xQHvB u���B QO
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xOW CU�wNQO pwOH �xOvyO u�Wv �xQHvB �
 pmW
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�p�OaD R� p�k� xOW CU�wNQO pwOH C�a�w �xOvyO u�Wv �xQHvB � pmW

�OW�� Oa� wO R� QDW�� ��Q�O pwOH Qo � �Owtv Zwa �Q pwOH �vwDU w �Q�U ��yQ�eDt
R� �R�Ov�sWJ Summary Table �xv� Ro �OwW�t xO�O u�Wv ��x�q CQwY x� swU Q�eDt
��� �ut�� xv�N �
 O�OaD Cr�L u�� QO �OyO�t CUO� ut���v w ut�� ��yxv�N O�OaD
CU�Q CtU �q�� CtUk QO �� pmW� OQ�O OwHw �r�N xv�N ���
� w x�rw� ut���v xv�N
CtUk QO �Owtv xOy�Wt �Q pwOH �xOW ��NDv� �xv�N x� �w� Qt C�aq�� u�wD�t  pmW
p��t �r�qO x� �v� Qo � �OQ�O OwHw u�at ���yxv�N �� xv�N C�a�w Q��eD ��Q� ���yxv� Ro QDu���B
p�O�D TmaQ� �� ut���v x� ut�� Cr�L R� �Q ��xv�N �xDiQ Q�m x� �vt�� �xOa�k Q� xwqa s�W��
�ov�tQLt #�Lr x� �Q pwOH u�� u�wD�t uwvm � �OQm xO�iDU� CtUk u�� R� u�wD�t �s�vm
�� �CU� �Q�PoOmR�� VwQ �Q�Ri�sQv u�� �UwD �Q�oQ�m x� p��k ��yWwQ R� �m� �OQm C��iL
s�v AJ CtU QO �� pmW��OW Oy�wN R�� Q� R �xQHvB Ovv�t ��xQHvB Recode �xv� Ro ��NDv�
pmW QO p�Ft u�wva x� �OQm ��NDv� �Q Q�v OQwt Q�eDt u�wD�t xm CU� xOt� �v���D ��yQ�eDt
�xOW ��NDv� Q�eDt u�� Ovv�t Q�v OQwt Q�eDt Qo � �CU� xOW ��NDv� uqe�W O�OaD Q�eDt Q� R
u�O� �CW�O Oy�wN �Q �yOm V��Q� w Cr�L xQHvB CU�Q CtU CtUk �OW�� ��D�Qt xrUrU�v
u�wD�t �OvwW�t xDWwv �Ov��r�k xDUQ OvJ �� l� pt�W xm Q�eDt O�OH ��yxDUQ xm CQwY
�v�wNR�� �Q u� Read �xv� Ro �UwD �Hv�� QO w xDWwv ��xv�o �OH p��i QO �Q �Q�PoOmR�� u��
p�Ft u�wva x� �OvwQ�t Q�m x� Q�eDt �wQ O�OH ��yOm Apply �xv� Ro ��NDv� �� �Owtv
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uqe�W O�OaD Q�eDt ��Q� �Q�PoOmR�� VwQ ��NDv� �xQHvB �� pmW
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�uqe�W O�OaD Q�eDt �Q�PoOmR�� R� TB� xOW CU�wNQO pwOH �xOvyOv�Wv �xQHvB �� pmW

pta u�� �� �� pmW��s�v���t Oa� pmW QO �Q uqe�W O�OaD Q�eDt �wQ �Q�PoOmR�� �xH�Dv
w �� x� x�rw� ut���v ��yxv�N O�OaD w O����t V��Ri� xv�N �		 O�OaD x� ut�� ��yxv�N O�OaD

�Ov����t Vy�m xv�N ��� x� �r�N ��yxv�N
QO �DNQO CQwY x� �yOm �xOW R�� xQHvB QO OW�� ��D�Qt xrUrU �wv R� ���NDv� Q�eDt Qo �

�OvwW�t xO�O u�Wv CU�Q CtU
Q�eDt u�� C���RH st�Um �t u�R�t u�wD�t Maximum level �xv� Ro �UwD xQHvB u�� QO
QO �xH�Dv �OwW�t xDiQo Q�v QO wO K�U �OD�� C�r�ai �wv Q�eDt ��Q� qFt �Owtv u��aD �Q
x�rw� ut���v ��yxv�N �
� O�OaD x� ut�� ��yxv�N O�OaD Cr�L u�� QO �OwW�t Qy�� �rwOH

�Ov����t Q��eD xv�N �
� x� �r�N ��yxv�N O�OaD w ��� x�
w CWoQ� �Q�PoOmR�� �xrLQt x� xQ�� wO u�wD�t �OW��v VN�D���Q xH�Dv xm�DQwY QO
s�Hv� �Q�PoOmR�� C�r�ai �wv Q�eDt �wQ xQ�� wO p�Ft u�wva x� �Owtv ��NDv� �Q �O�OH �Q�PoOm
��yxv�N �ut�� ��yxv�N O�OaD xH�Dv QO xm s�vm�t hPL �Qv� Om R� Qo�O skQ l� w s�yO�t
Cra x� �Ov����t Q��eD xv�N �� w � �	
� O�OaD x� ��DQD x� �r�N ��yxv�N w x�rw� ut���v
C���RH Q�Okt R� sy R�� u�wD�t swRr CQwY QO CU� O�� R ut���v ��yxv�N O�OaD Rwvy xmv��
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O�OaD �OvwW�t ��mQD sy �� uqe�W O�OaD Q�eDt � w � ��yxDUQ Qo � p�Ft u�wva x� �CU�m
�Ov����t Q��eD xv�N � x� �r�N ��yxv�N w 
� x� x�rw� ut���v ��yxv�N �	
� x� ut�� ��yxv�N
X�NWD �xOa�k x� xHwD �� �pwOH u�� QO �CU� q�� pL�Qt p�ta� xH�Dv � pwOH

�Ov�xOW XNWt Q�O�N CQwY x� x�rw� ut���v ��yxv�N �xOW xO�iDU� ut���v ��yxv�N
�R�Uu�yvB VwQ �UwD u�wD�t �Q ut���v ��yxv�N �xOv�t�k�� ��yQ�eDt �Q�PoOmR�� u���B R� TB
x� xi��� �xv�N �O�OaD O��� ut���v ��yxv�N C��iL Qw�vt x� xrLQt u�� QO �Owtv C�i�Lt

�OvwW ��NDv� ptmt �R�Uu�yvB u�wva

�Q�oxH�Dv �

C�YNWt �� �yv� u�Q� Q�m R��v OQwt ��yQ�t� O�rwD �yQwWm �Q�t� ��ys��vh���w u� QDtyt R� �m�
x� w �uOw� u�RQ� �uDW�O ����i�QeH w �aw�wt #�Lr x� pt�m VWwB �uOw� 	kwt x� �uOw� j�kO
��ys��v ��OQi C�aq�� �ov�tQLt �iL Qw�vt x� �CU� �uOW �v�UQ �q�� �U�vt wLv
Qt� u�� �OwWv '�Wi� O�Qi� C� wy xm Ovvm �Q�t� �v�UQ �q�� ��yw�W x� xm Ovi�wt �Q�t�
xi��w xm Q�t� �rt ��yv�tR�U R� �NQ� xm CU� xOW ��xv�y� �OQ�O R�v �vwv�k x�vH ��r�e xm
R� pY�L ��yxO�O �� w Ovvm �Q�owrH OQN ��yxO�O Q�WDv� R� OvQ�O �Q�t� �v�UQ �q�� w O�rwD

�OW�� '�Wi� p��k O�Qi� C� wy �yv� R� xm Ovvm QWDvt ��xvwo x� �Q �y� Q�oQ�t�
��yVwQ R� u�wD�t pwOH CQwY x� xJ w OQN CQwY x� xJ �yxO�O ut�� Q�WDv� Qw�vt x�
sy w Ovm�t �Q�owrH �yD� wy ��Wi� R� sy �yVwQ u�� �Owtv xO�iDU� �Q�t� ��yxO�O '�Wi� pQDvm
�OvRQw CQO��t �Q�t� �v�UQ �q�� x� xOQDUo CQwY x� �D OyO�t xR�H� Q�t� �rt ��yu�tR�U x�
� � ARGUS w � � ARGUS Ovv�ty OwHwt ��yQ�Ri�sQv R� CU� sRq Qw�vt u�� ��Q�

�OwW xO�iDU�
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�H�Qt

�R�UOwOLt uwvi �OWQ� �U�vWQ�m xt�vu���B �xr�UQ ��	
��� �O���CQWa Q��OQ� OtLt !	"
��������� xtqa x�oWv�O ��yv� OQ� Q�m w �Q�t� ��yxO�O ��Wi�

��� Cox� L� H� ������� �Suppression Methodology and Statistical Dis�
closure Control� Journal of the American Statistical Association�
Vol� ��� pp� �������

��� Cox L� H� ������� �A Constructive Procedure for Unbiased Con�
trolled Rounding� � Journal of the American Statistical Associa�
tion� Vol� ��� pp� ��������

��� Fienberg� S� E�� Markov� U� G�� and Steel� R� J� ������� �Disclosure
Limitation using Perturbation and related Methods for Categorical
Data� Journal of o�cial statistics� Vol� ��� pp� ��������

��� Gouweleeuw� J� M�� Kooiman� p�� Willenborg� L� C� R� J�� and De
Wolf� P� P� ������� �Post Randomisation for Statistical Disclosure
Control
 Theory and Implementation� Journal of O�cial Statis�
tics� Vol� ��� pp� ��������

��� Kooiman� P�� Willenborg� L�C�R�J� and Gouweleeuw� J�M� �������
PRAM
 A Method for Disclosure Limitation of Microdata� Statis�
tics Netherlands� The Netherlands� Research Paper no� �� � �

��� Willenborg� L� C� R� J� and De Waal� T� ������� Statistical Disclo�
sure Control in Practice� Springer� Verlag� New York�
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���wJQ�JOvJ ��y� Q�oQ�t� QO �h��vlH VwQ x�Tv�� Q�w OQw�Q�

�v� Qwv u�HQt

u�Q�� Q�t� RmQt

QO ���DrO VwQ�Qwr�D �QU �U� VwQ p��k R� Tv�� Q�w OQw�Q� pwtat ��yWwQ �xO�mJ
V��Ri� �� C��U�Lt u�� w xOw� ��RH C�kDWt x�U�Lt sRrDUt ��twta �� wJQ�JOvJ ��y� Q�oQ�t�
CU� �Qo�O VwQ h��v lH VwQ x� Tv�� Q�w OQw�Q� �OwW�t QDxO�J�B �y� wJQ�J O�OaD
x� xr�kt u�� QO �OwW�t ��� Q� QO �Q�otWJ Vy�m �Hwt �x�U�Lt QO CrwyU ut� xm
��yQoOQw�Q� Tv�� Q�w OQw�Q� QO h��v lH VwQ R� xO�iDU� ��� wJQ�JOvJ ��yQoOQw�Q� �iQat

�s� R�OQB�t �R�Ux��W xar��t l� �� Qwr�D �QU �U� VwQ �� u� xU��kt w �� wJQ�JOvJ

��Q�oxvwtv R�� ��yWwQ � �Tv�� Q�w��N OQw�Q� ��xO�J�B ��y�UQQ� ��O�rm��yxS�w

xtOkt �
�Q ��xvwtv �Q�oQ�t� KQ� l� ��v�t w T�U� ��Q�oQ�t� ��yOL�w CUQyi �� �Q�t� �wJQ�J
VWwB �Q xar��t OQwt �xat�H ��yOL�w �x�rm xm �� wJQ�J CU� umtt x�o �OyO�t p�mWD
�wJQ�J OvJ �� wO R� �k�irD �� �pt�m VWwB x� ����DUO u�mt� �t� �OW��v TQDUO QO OyO
QDW�� �� �wJQ�J wO R� ��U�vt VWwB x� �UQDUO Qw�vt x� �Dr�L u�vJ QO �OwW sy�Qi
�xat�H ��Q� �Q pt�m VWwB ��wJQ�J l� CU� umtt R�v �y�o �OwW�t xO�iDU� u�tRty Qw��
R� QDtm u� R� �Q�oQ�t� �xv� Ry xm OW�� OwHwt �Qo�O Xk�v �wJQ�J �t� �Ovm sy�Qi xar��t OQwt
R� �Q�oQ�t� �xv� Ry uOw� QDu���B p�rO x� ���QW u�� QO �OW�� pt�m �wJQ�J R� �Q�oQ�t� �xv� Ry
�Q xvwtv sHL w xOQm xO�iDU� �wJQ�J wO R� �C��F w XNWt ��xv� Ry �� u�wD�t ��wJQ�J u��
TQDUO QO pt�m �DUQyi �wJQ�J l� CU� umtt R�v �y�o �O�O V��Ri� �Q ���Q�m w QDoQR�
RwQ� ��Q� �a�vt �u� QO u�w�Qi C�Q��eD RwQ� p�rO� �vqw� ��D�Uv �v�tR CWPo �� �qta �t� OW��
OW���t C�Q��eD ZQat QO QDtm ��x�L�v CUQyi l� xm �Hv� R� �OwW �Q�oxvwtv Q�e ��y��N
�Q �O�it G��Dv Ov�wD�t OW�� Xk�v �q�tDL� xm xat�H ���a� R� �wJQ�J l� �� u� ��mQD

�OvwQ�t Q�m� �� wJQ�JOvJ ��y� Q�oQ�t� u�wva CLD ���y� Q�oQ�t� u�vJ �O��tv pY�L
�� Jackknife �� Multiple Frame Surveys �� Delta Method �� Complex
Surveys �� Linearization Varince Estimation �� Resampling Mthods
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R� �Q�oQ�t� �� �	��� p�U QO �� wJQ�JOvJ ��y� Q�oQ�t� xOwr�W u�rw� Cio u�wD� O��W
��rDQ�y TBU �OW xDW�Po Ow� �m� Qt� �Q�tWQU QDiO u� �QHt xm �WwQi xOQN ��yy�oWwQi
��y� wJQ�J ��tDH� xmv�� ZQi �� w� �O�O xaUwD �Q xv�oOvJ ��y� wJQ�J �D�tOkt x� Q�v �	����
�ya�tDH� pt�W Q�oR�U�v wO x� wO ��yxawtHtQ� R x� �Q xat�H ��yOL�w �OyO�t VWwB �Q xat�H
�QDU�tQw� w Qrwi ��	���� �Ovq �w R� Oa� �OQm s�UkD hrDNt ��y� wJQ�J ��ym �QDW� w
��	��	� ��Qv�mU� ��	���� ��Q�mv�� ��	���� ��QmUw� wOQwi ��	���� �	pow ��	����
�Ov�xOwtv x��Q� xv�tR u�� QO �Q �Dq�kt �	���� ��uwUQOv� w uwDr�m w �	���� ��w��Q w Qv�mU�
O�yvW�B xat�H �wtHt OQw�Q� ��Q� �irDNt ��yQoOQw�Q� ��� wJQ�JOvJ ��y� Q�oQ�t� QO
OQw�Q� ��Q� �OvW���t ��xvwtv Q�O�kt R� ��N Q�e �a��wD ��twta �yQoOQw�Q� u�� �OwW�t
O�yvW�B ��R�U ��N�Qwr�D �QU �U� xrtH R� �irDNt ��yWwQ ��yQoOQw�Q� xvwo u�� Tv�� Q�w

�CU� xOW
sRrDUt VwQ u�� R� xO�iDU� �OvO�O O�yvW�B �Q Qwr�D �QU �U� VwQ �	���� w��Q w Qv�mU�
um�r �OwW�t QDxO�J�B �y� wJQ�J O�OaD V��Ri� �� C��U�Lt u�� w xOw� ��RH C�kDWt x�U�Lt
QO �Q�otWJ Vy�m �Hwt �x�U�Lt QO CrwyU ut� h��v lH VwQ x� Tv�� Q�w OQw�Q�
xU��kt x� Tv�� Q�w OQw�Q� QO h��v lH VwQ R� xO�iDU� ut� xr�kt u�� QO �OwW�t ��� Q�
�Q �� wJQ�JOvJ ��yQoOQw�Q� � VN� QO Qw�vt u�O� �s� R�OQB�t Qwr�D �QU �U� VwQ �� u�
x� TBU w xO�O x��Q� �Q h��v lH VwQ R� �QYDNt KQW �OD�� 
 VN� QO �s�vm�t �iQat
w xU��kt R� pY�L G��Dv  VN� QO �s� R�OQB�t �� wJQ�JOvJ ��y� Q�oQ�t� QO u� R� xO�iDU�
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Q�O�kt pt�W A �wJQ�J R� pY�L �xvwtv �s�vm�t u� Ro��H �b w �a �� �Q Nb�N w
O�OaD R� CQ��a mai �OW���t f�yij �mai� � i � 	� �� � � � � �nA j � 	� � � � �mg
�� ��DQt Q�Okt R�v yij w a �xRwL x� jraDt ���xvwtv �xWwN u�t�i R� xOW �Q�oxvwtv QY�va
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Q�O�kt pt�W B �wJQ�J R� pY�L �xvwtv �OW���t xvwtv �xWwN u�t�i QO ��xvwtv QYva u�t�j
jraDt ��xvwtv QY�va O�OaD �nb u� QO xm CU� f�yj � nb� � j � 	� �� � � � � nBg ��xvwtv

�CU� ��xvwtv QYva u�t�j �� ��DQt Q�Okt �yj w b �xRwL x�
� �YH���H� ��yQoQw�Q� �xvwtvQy R� w xOQm Q�QmD Q��R�	���� �Q �Q�oxvwtv ��R�Ux��W ��Q�
�YSFreg� �S�� w �YSFrake w �YSF �� wJQ�JlD ��yQoOQw�Q� w �YPML���P � w �YFB� �FB�
lH ��L� ��N Tv�� Q�w QoOQw�Q� xU R�v w �S� ��P w �FB w ��H �xv�y� Q�O�kt R� xO�iDU� �� �Q
x�U�Lt KQ� ��yQDt�Q�B hrDNt Q�O�kt ��R� x� �Q �MJ� xOW KqY� h��v lH w �J� pt�m h��v
OwW�t xO�iDU� �yQDt�Q�B �xOW OQw�Q� Q�O�kt R� xmv�� p�rO x� pt�mh��vlH x�U�Lt QO �s�vm�t
lH l� R� xO�iDU� �� �Q SB�lj� w SA�hi� �Ov�xDU��w SB w SA ��yT� QD�t x� OwN �Q�O�kt u�� w
swO u�wD u�ov��t G��Dv �	� pwOH QO �s�vm�t x�U�Lt h��v lH Q�QmD Qy uwQO xv�o �OH h��v
�� wJQ�JwO ��yQoOQw�Q� ��ak�w Q�Okt R� QoOQw�Q� h�QLv� 	� Qt �UwDt� EMSE �� QHD ���N
lH ���N ��yQoOQw�Q� �RSD� ����Uv Q��at ���N w �RB� ����Uv ��� Q� u�vJty w

�OvwW�t x�U�Lt Q� R CQwY� xm xOW x��Q� xOW KqY� h��v lH w h��v

EMSE �
	
R

RX
r��

� �Yr � Y ��

RB � 	���EV �EMSE��EMSE

RSD � � Tv�� Q�w OQw�Q� 	���� Q��at h�QLv���
p
EMSE

R�v w �R�U x��W ��yQ�QmD O�OaD R w �R�U x��W Q�QmD u�t� r ��Q� �Y Q�Okt R� CQ��a �Yr

G��Dv uOw� x��Wt p�rO x� �CU� VwQ Qy QO Tv�� Q�w OQw�Q� 	���� u�ov��t R� CQ��a EV

�CU� xOW x��Q� ��N VwQ R� pY�L G��Dv �ki xOW KqY� h��v lH w ��N ��Uv ��� Q�
p�tQv OYQO �� u�v�t�� xrY�i R� xO�iDU� �� u�vJty

OQw�Q� � 	���SE�OQw�Q��

��N ��yWwQ ��Q� �� QHD ���WwB p�tDL� ��O�R� xHQO ��nA � 	� �� t 	� RwD lOY R�v w
Q�Ri� sQv R� xO�iDU� �� C��U�Lt s�tD ��R�Ux��W u�� QO �CU� xOW xO�O pt�m h��v lH w

�CU� xDiQo CQwY S�PLUS ����

�� Tv�� Q�w QoOQw�Q� xU Qy ��Uv ��� Q� xm OyO�t u�Wv �	� pwOH QO �R�Ux��W G��Dv
x� C�Uv �QDtm �Q�O��B R� h��v lH VwQ u�vJty �OvQ�O Vy�m x� p�t xvwtv sHL V��Ri�
lH ��Uv Q��at ���N �nA � 	� �Dkw p�Ft u�wva� �CU� Q�OQwNQ� Tv�� Q�w ��N QoOQw�Q�
�Q�O��B xvwtv sHL V��Ri� �� p�L u�� �� CU� ��N ��Uv Q��at ���N Q��Q� wO ���� QkD h��v

�O����t Ow�y� h��v lH QoOQw�Q�
��� Relative Bias ��� Relative standard deviation
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p�tDL� Kw�w x� pt�m h��v lH VwQ xm OyO�t u�Wv u�v�t�� xrY�i R� pY�L G��Dv
�O�R� xHQO �nA � 	 �� t 	� RwD lOY R� xO�iDU� �� �OQ�O Qo�O VwQ wO R� �QDq�� ���WwB
x� Qo�O VwQ wO xm�r�L QO OQ�O ���� x� l�ORv ���WwB p�tDL� pt�m h��v lH �	��� ��H�
�O����t V��Ri� ���WwB p�tDL� u�� xvwtv sHL V��Ri� �� �OvQ�O �QDtm ���WwB p�tDL� Kw�w

�Q�oxH�Dv �

xm s�O�O u�Wv �R�Ux��W R� xO�iDU� �� xOQm x�HwD �Q�v Qw�� �Q Tv�� Q�w h��v lH QoOQw�Q�
Kw�w x� h��v lH QoOQw�Q� u�vJty �CU� Tv�� Q�w ��N QoOQw�Q� R� �QDmJwm ��� Q� ��Q�O
OwW�t xO�iDU� t lOY R� �Dkw ��YwYN CU� ��N QoOQw�Q� R� �QDq�� ���WwB p�tDL� ��Q�O

�CU� ���� l�ORv �r�N h��v lH ���WwB p�tDL�
u�� QO �OwQ�t Q�m� xat�H wO �wtHt C�Uv Q��v ��N Q�e 	��wD �� �qwtat h��v lH
�OwW�t xO�iDU� ��N Q�e Q�O�kt u�vJ ��N OQw�Q� �x�U�Lt QO xm ��RH C�kDWt Cr�L
lH R� xO�iDU� �� xm �DQwY QO �CU� �� wJQ�J lD R� QDxO�J�B �� wJQ�JwO ��y�UQQ� QO
Q�t� xQ�O� QO ��Q�N� h��v lH ��yQoOQw�Q� �OQm ��vDH� xO�J�B C��U�Lt u�� R� u�wD�t h��v
�OwW�t xO�iDU� ��u�v�wH w u�mOwm �rt 	�Uw �Q�oQ�t� QO Tv�� Q�w OQw�Q� x�U�Lt ��Q� �O�v�m
��AQDU� Cw� w �BRR���MU�B pO�aDt Q�QmD Q��v Tv�� Q�w OQw�Q� Qo�O �Q�oxvwtvR�� ��yWwQ
�yWwQ u�� uUL �OvQ�o Q�Qk xO�iDU� OQwt �yLQ� xvwo u�� QO h��v lH C�R�wt x� Ovv�wD�t R�v

�OvDUy OQ� Q�m p��k R�v xv��t Q��v Q�wty Q�e 	��wD �� h��v lH hqN Q� xm CU� u��

��� National Longitudinal Survey of Children and Youth ��� Balanced Repeated
Replication ��� Bootstrap
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�b � ��� w �a � ��	 ��R� x� �yvD G��Dv pwOH u�� QO xm CU� xHwD x� sRq ��	� pwOH
w �nA � �� �v���B VN� QO w nB � 	�� w �nA � 	� ���q�� VN� QO �CU� xOW x��Q�

��Q� wrQ�m Cvwt ���N C�a� Qt u�ov��t R� CQ��a EMSE �OW���t nB � ���
���N u�vJty w h��v lH w ��N VwQ ��Uv ��� Q� �CU� �R�Ux��W Q�QmD Q�� 	����

�CU� xOW xO�O ��Uv ��� Q� Q�O�kt Q� R RDv�QB QO �yv� ��Uv Q��at
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QO �Ov�x�DQ w ���v�wD u��aD QO l�DUHr �� RwD VR�Q� uwtR�
�yu�LDt�

�j�ka p�tm ���Q�Yv �w�DQt uUL O�U ��CUQB �tW�y �ODkt O�U

�WRwt� ����WRQ� w C�k�kLD �C�ar��t RmQt �

QwWm �tra CU��U C�k�kLD RmQt �

�Uw� u�Or�Q�Yv xH�wN �DavY x�oWv�O �

Cq�wU x� �� woNU�B QO �QDt�Q�B xU l�DUHr 	� RwD R� xO�iDU� �� �OD�� xr�kt u�� QO �xO�mJ
xH�Dv QO p�wU Qy ��Q� u��r�w�O R� l� Qy ���v�wD u�R�t ��OwQw C�v�LDt� QO ��xv� Ro Q�yJ
u��aD w� xQtv ���v�wD T�U� Q� w �Q�oxR�Ov� OQwt �IRT� MU�B�p�wU x� Q�v VwQ �� u�LDt� Qy
pw�ODt VwQ R� xO�iDU� �� �CU� xDiQ�PB s�Hv� u��r�w�O �Ov�x�DQ C�aq�� u�� Q� �vD�t w xOW
wO �CU� xDiQ�PB s�Hv� �Ov�x�DQ w x�U�Lt R�v �Q�v w �� QHD ��y	� RwD ���xv� Ro Q�yJ Cq�wU
OQwt �y�Ov�x�DQ u�� Q��vD VR�Q� �� wmv uwtR� R� xO�iDU� �� w xDiQo Q�Qk T��k OQwt pY�L xH�Dv
u�LDt� QO u�� wHWv�O �Ov�x�DQ u��aD QO pY�L G��Dv u���B QO �Ov�xDiQo Q�Qk EL� w xar��t
y�CU� xDiQo Q�Qk xU��kt OQwt pw�ODt �Ov�x�DQ R� pY�L G��Dv �� w xOW xDiQo Q�m x� 	� wt�rwD

���v�wD �l�DUHr 	� RwD ��Ov�x�DQ �IRT �MU�B�p�wU x� Q�v ��O�rm ��yxS�w

xtOkt �
�� CU� ���wH Q�yJ ��yDUD CQwY x� xm ���yuwtR� �UQQ� w p�rLD x� �OD�� xr�kt u�� QO
QO �s� R�OQB�t �QDt�Q�B xU l�DUHr pOt Q� �vD�t �IRT��MU�B�p�wU x� Q�v pOt R� xO�iDU�

p�rLD u��
��c TOL w a X�NWD �b �Q�wWO� Cq��wU R� l� Qy ��yQDt�Q�B OQw�Q� �	

s�UQD Q�Ri�sQv �UwD �yv� x� ���v�wD Kw�U R� l� Qy QO CUQO MU�B x��Q� p�tDL� OQw�Q� ��
��yv� �q�� 	��D Q�Owtv w Cq�wU ��yxYNWt �vLvt

�Cq�wU �Ov�xk�� �

�u�oOvyO u�LDt� R� l� Qy ���v�wD OQw�Q� �

�����v�wD Q� �vD�t �Q�PoxQtv� xOvyO u�LDt� Qy ���v�wD OQw�Q� T�U� Q� G��Dv �Q�PoxQtv ��
�QwmU� ��m uwtR� R� xO�iDU� �� ���v�wD Q� �vD�t C�Qtv w s�N C�Qtv T�U� Q� G��Dv xU��kt ��
�CU� xDiQo s�Hv� j�kLD u�� u�tR�U u�C��tL w �v���DWB �� xm QwWm VRwt� wVHvU u�tR�U R� QmWD �� �y
�� Theory Item�Response



u�Q�� Q�t� Tv�Qivm u�tDiy � � � � � � � � � � � � � � � � � � � � � � � � � � ���

Q�OQwNQ� �v�w�Qi CQyW w G�wQ R� l�Uqm �QouwtR� xm CU� �R�QO u��r�U xmv�� OwHw ��
��Q� �U�U� w �v�t u�wva x� �Q u� �OvtOwU xm CU� ���y�DU�m ��Q�O u�vJty �t� CU�
OQ� Q�m uwRi�RwQ xaUwD w QDw�Bt�m �Qw�ui VQDUo w ���iwmW �OR�U�t OwOLt uQOt �QouwtR�
QDxDUHQ� w QDQ�mW� l�Uqm x� Q�v ��yD�OwOLt R� �NQ� �D CU� xOW ��U �HvUv�wQ QO u�
Q��U� �OQi �� �ywQo R� sa� ��QouwtR� �DvU ��yD�akwt QO l�Uqm x� Q�v OQ� Q�m �OwW
���v�wD u��aD R� w Ovm�t �O�B C�ty� �Ov�x�DQ Tiv qta xm �yC�akwt u�� QO �CU� �U�vt
C�atH ���a� s�tD x� �R�wt Cq�wU R� ���yxDUO �� u�Um� ���yuwtR� �OwW�t Crie O�Qi�
Cq�wU xawtHt u�� �OwW�t xO�O �OvDUy x�oWv�O x� OwQw OOYQO xm �Y�NW� qFt� hOy
���v�wD R� �Dkw �O�O x��Q� u�oOvyO u�LDt� x� QDw�Bt�m j� Q� R� �� xOW A�J CQwY x� u�wD�t �Q
���v�wD uwJty ��xOvvm h�YwD C�Lq�Y� R� s�v�wD�t �s�vm�t C�LY �tra ��yxv�tR QO
xQ�W� �R�J u�ty x� CUQO C�Lq�Y� u�� R� l� Qy �s�vm xO�iDU� ���� Q ���v�wD �� uOv�wN
�Ovvm�t O�� �uwvmt CiY �� �OwyWt�v CiY u�wva �� u� R� �HvUu�wQ u�YYNDt xm OQ�O
O�Qi� w Ovvm�t h�YwD �DL�Q x� �Q �Lq�Y� u�vJ �HvUu�wQ u�YYNDt xmv�� OwHw ��
�Q�oxR�Ov� �v�U� x� ��twyit Cqwkt u�� �Q�oxR�Ov� �t� �OvQ�tWQ� �Q u� X�wN Ovv�wD�t 	r�t
�D�� QD w �v�wQ ��y�Q�oxR�Ov� x�rw� ��yhOy R� �m� �CU�v �v�tUH w �m� R�i �D��YwYN

�OvQ�OQwNQ� �y���v�wD �� �yCiY u�� R� �Q�Okt xJ R� O�Qi� Ovm u��aD xm CU� u��
��y�vovD u�� Q� xm OvOW x�Qa �v�wQ ��y�Q�oxR�Ov� R� ���ypOt 	��� xyO p��w� R�
p�mWD �Q ��xawtHt ��yrOt u�� u� QDxDNB w u� QDG��Q xRwQt� �OvOQ�Po CWov� l�Uqm x� Q�v
x� u�oOvyO u�LDt� ��yNU�B ���� Q ��yxYNWt w �y�oS� w u��aD w CN�vW x� xm OvyO�t
xDN�vW IRT ��ypOt �� MU�B�p�wU x� Q�v ��ypOt u�wva x� �yrOt u�� �Ovm�t ltm uwtR�
���v�wD �� �y�oS� w w p�wU Qy ��yQDt�Q�B �� �yxYNWt x���Q �IRT� MU�B�p�wU x� Q�v �Ov�xOW
Q�Okt xm CU� u� Q� ZQi �Ovm�t �UQQ� K�LY MU�B x��Q� p�tDL� �� �Q �uwvmt CiY� O�Qi�
hQL �� �Q u� �qwtat xm OQ�PB�t Q��eD ��Oa� lD �Q�DUw�B O�ODt� QO xW�ty ����v�wD� CiY u��
��yv� x� xOvyO MU�B O�Qi� sy w uwtR� Cq�wU sy �MU�B�p�wU x� Q�v j�� �OvyO�t u�Wv �
� QwLt �wQ xm s�i XNW ��H �OvwW�t xO�J Q�Okt u� QDW�� �D u� QDtm R� � T��kt �wQ
�wQ j p�wU ��H �OwW�t Q��aD �w �oDU��W �� ���v�wD x� �qwtat OwW�t xO�O u�Wv �i ��
�� �tW Qw� x� �OwW�t Q��aD p�wU �Q�wWO x� �OwW�t xO�O u�Wv bj �� �qwtat xm � QwLt
K�LY MU�B �wkw p�tDL� �Ovm�t �O�B V��Ri� bj � �i xm �Dkw CW�O Q��Dv� u�wD�t �OwyW
x� K�LY MU�B p�tDL�IRT ��yrOt s�tD �O��� V��Ri� CN�wvm� Qw� x� R�v s�j p�wU x�
�� l� x� �wQWt � R� �a��D u�wva x� �Q CUQO MU�B l� �� ��xv� Ro OvJ ��yuwtR� R� �r�wU
Cki�wt �� uO�O K�LY MU�B p�tDL� u�wD�t p�wU Qy ��Q� �OvyO�t u�Wv p�wU QDt�Q�B OvJ
p�tDL� ��NQ�e uw�UQoQ hQat 	��wD u�� �O�O u�Wv Q�Owtv �wQ �Q MU�B R� �Y�N xk�� ��
�v�at Q�Okt OwHw �ULQ� K�LY MU�B �wkw p�tDL� 	��wD u�� QO �OvDUy K�LY MU�B �wkw
�� unobservable trait �� latent trait �� unidimensional
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h� QaD xOvyO MU�B ORv QO �tqm ���v�wD �� �Q��Wy Q��v uwvmt CiY l� �� ���v�wD l� R�
���� �RvwUQ�B w woU�QO �u�r�y�OwW�t

��yxYNWt w p�wU Qy ��Q� xv�o �OH Qw� x� w �yQDt�Q�B R��a��D u�wva x�MU�B Qy �wkw p�tDL�
u�wva x� �Q u� xm CU� p�wU R� �Y�wN hQat p�wU ��yQDt�Q�B �OwW�t �R�UrOt �XNW Qy
���v�wD u�R�t hQat XNW ��yxYNWt w s�U�vW�t p�wU X�NWD ���v�wD w �Q�wWO u�R�t
�iQat OQi ����v�wD� ��yxYNWt R� �a��D u�wva x� MU�B �wkw p�tDL� Qo � �CU� xOvwW uwtR�
R� u�� �WQ�Ro xr�kt u�� QO �OwW�t xDN�vW MU�B 	��D u�wva� IRT QO Q�v OQwt 	��D �OwW
xO�iDU� �� xm QwWm VRwt� VHvU u�tR�U �U�rov� u�� R �YYND uwtR� QO �UQQ� w p�rLD

�OwW�t x�Qa CU� xDiQ�PB s�Hv� �QDt�Q�B xU pOt R�

MU�B�p�wU x� Q�v ��v�t u�wva x� l�DUHr ���D �

V��tR� �� pta l� p��kt QO �Q sDU�U l� Q�DiQ ��yxYNWt X �iO�YD Q�eDt �� u�wD� Qo �
u�R�t qFt �OwW�t xOv�wN l�DUHr 	� RwD s�v x� xm CU� �a� RwD �X 	� RwD uwv�k �OQm u���
xat�H l� Q�DiQ xwLv u�R�t w xR�Ov� �� �VUQB l� p��kt QO u�oOvyO u�LDt� R� �ywQo ��yMU�B
��Q� �re� l�DUHr 	��wD �CU� l�DUHr 	� RwD ��Q�O ��a�tDH� xO�OB l� �� OQwNQ� QO
K��wD ��Q� �� wN ��ypOt ��yrOt u�� �OwQ�t Q�m� OWQ 	� RwD R� �Y�N ��yxvwo K��wD
��Q� �� wN ��ypOt u�vJty �OvW���t �yD�atH w 	t�wH QO C�aq�� VQDUo w 	� RwD uO�O
QOk u� u�WC�atH OWQ u�R�t xm CU� ���yxvwo QO C�atHl� Swrw�� OWQ 	� RwD u���D w K� QWD
CW�O Q��Dv� u�wD�t u��Q��v� �CU� xOQm l�ORv ���W� x�kv x� �Q �yv� sDU�U wm � xm xOw� O�� R
V��Ri� C�R�wt x� OvQ�o�t xR�Ov� �Q u�at ���v�wD l� xm �Dq�wU x� K�LY MU�B x��Q� p�tDL� xm
QO ����tv 	��wD 	� RwD 	��D Ovv�ty 	��wD u�� 	� RwD 	��D �vLvt �O��� V��Ri� ��vOwtR� QO ���v�wD
Q� �Q �OwOL w OL xm �yC�OwOLt ��a� OwHw p�rO x� �t� OvQ�O 	� QU OWQ �� V��Ri� �OD��
pOt u��Q��v� �OwW�t 	�k TBU w xOQm �O�B Vy�m �t�Q� x� V��Ri� u�� �Ovm�t p�ta� C�atH
�l�DUHr 	��D pOt �p�wU ��yxYNWt �vLvt ��Q� w MU�B�p�wU x� Q�v ��Q� ���� Q OQ�Ov�DU�
��yCiY Qo+�O ��� �y���v�wD u�� ���� Q ��x���Q OwHw ZQi �� MU�B�p�wU x� Q�v �OW���t

�OR�OQB�t u�LDt� w p�wU C�Qtv �UQQ� w xar��t x� ��yr�wU x� �+� wo��wH p�tDL� w �ZwQit
�� Hulin� Drasgow � Parsons �� logistic function
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���� Qm��� �QDt�Q�B xU w wO �l� ��ypOt 	

Q�v OQwt u� X�NWD w �Q�wWO u�R�t �va� u� xYNWt wO OQw�Q� p�wU Qy p�rLD QO �Dkw
�s�vm�t ��NDv� �Q Q� R p�tDL� 	� RwD 	��D �� �QDt�Q�B wO pOt OW��

p��� �
	

	 � e�a���b�
�	�

�Q�wWO QDt�Q�B QoW��tv b w X�NWD QDt�Q�B QoW��tv a w ���v�wD Q�eDt QoW��tv � jwi x���Q QO
R� �yv� C�Q��eD xvt�O w Ov�C��F p�wU Qy ��Q� b w a ��yQDt�Q�B xm CU� K��w �CU� p�wU
xDiQo Q�v QO �
 	 b 	 
 w ����� 	 a 	 ���� pta QO �rw CU� �� �D ��
�OW�� ��� u��� Q��vDt �� wo MU�B p�tDL� xm CU� ���v�wD QwLt �wQ �� x�kv b �OwW�t
X�NWD ��yQDt�Q�B R� ���v�wD Q�eDt �MU�B�p�wU x� Q�v C��wQit T�U� Q� xm CW�O xHwD O���

�CU� pkDUt p�wU �Q�wWO w
�QDt�Q�B l� l�DUHr pOt x� jwi pOt �s�yO Q�Qk 	 Q��Q� �Q a Q�Okt jwi x���Q QO Qo �

�OW Oy�wN p�O�D
u�� �� �t� �O�O x��Q� �Q �QDt�Q�B xU pOt �l�DUHr 	��D QO �Q�mDUO �mOv� �� ��� �sw�� u� Q�
pt�a xm �Dkw �CU� xOW xOv�wN �QDt�Q�B xU l�DUHr 	��D u�wva x� xQ�wty �w pOt OwHw
�QDt�Q�B xU pOt ��Q� �CW�O s�y�wN �QDt�Q�B xU �rOt �OW�� p�NO �� woNU�B QO Tv�W

�OQm xO�iDU� Q� R pwtQi R� u�wD�t

p��� � c� �	� c�
	

	 � e�a���b�

��
� �q�� TOL qwtat xm OwW�t OQ�w �� 	 c 	 	� TOL �� Q� �yvD OQwt u�� QO �va�
l� xOvyO u�LDt� Qy ���v�wD ��Q� u�wD�t 	k�w QO OW xDio xJv� x� xHwD �� �CU�v pw�k p��k
Q�Okt u�� �Ovm�t XNWt ���v�wD QwLt �wQ �Q w� ��H xm OQm Qw�vt xQtv l� �� �OOa Q�Okt
CUQO MU�B p�wU u�� x� ���v�wD K�U u�� �� xOvyO u�LDt� xmv�� p�tDL� w � hQL �� �Q ���v�wD
u�Wv y QwLt w ���v�wD K�U Qov�Wv x QwLt 	 pmW QO �s�yO�t u�Wv p��� �� �Q OyO�
xOvyO u�Wv xvwo S �vLvt �OW���t u�LDt� R� p�wU l� x� CUQO MU�B �wkw p�tDL� xOvyO

�CU� Cw�iDt �yv� ���v�wD Q�Okt xm CU� �O�Qi� �wU R� CUQO MU�B �wkw p�tDL�

��� Qm��  p�wU l� ��yQDt�Q�B OQw�Q� 


MU�B u�LDt� QO OwHwt p�wU l� x� xOvwW u�LDt� �D n R� �mQt xvwtv l� ��vwtR� QO s�vm ZQi
u�LDt� u�� �CU� xOW 	� RwD ���v�wD QwLt �wQ u�oOvyO u�LDt� u�� ���v�wD K�U �Ov�xO�O
�� A� Birnhaum
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�QDt�Q�B xU pOt ��Q� p�wU ��yxYNWt �vLvt �	 pmW

xOvyO u�LDt� ni s�vm ZQi �s�vm�t s�UkD ���v�wD QwLt pw� QO ���v�wD xwQo t x� �Q u�oOvyO
u�LDt� ri s�vm ZQi w OvQ�O Q�Qk �i u�Um� ���v�wD K�U �� �i � 	��� 
� � � � � t �ixwQo QO
K�LY ��yMU�B p�tDL� OQw�Q� u��Q��v� �Ov�xO�O K�LY MU�B �p�wU x� xwQo u�� R� xOvyO
pm x� xOW xOy�Wt K�LY ��yMU�B C�Uv �va�� Q� R C�Uv x�U�Lt �� ��i ���v�wD K�U QO

�CU� Q�PB u�mt� �xwQo Q� R u�ty QO �yNU�B

p��i� �
ri
ni

��yMU�B C�Uv ��Q� �VR�Q� u� QDy� xm �Q p�wU ��yxYNWt �vLvt xm CU� u�� �t �U�U� Q�m
QFm �OL OQw�Q� VwQ R� xO�iDU� �� ��vLvt VR�Q� Ov��Qi �s� Qw� CUO x� �CU� xOW xOy�Wt

�OQ�o�t s�Hv� ����tvCUQO
�b � � w a � 	 OwW�t ZQi Q�Qk u�O� b w a Q�O�kt ��Q� x�rw� ��yOQw�Q� �VwQ u�� QO
�QDt�Q�B wO pOt l�DUHr 	��D xrO�at R� xO�iDU� �� P ��j� Q�Okt ��yOQw�Q� u�� Q� x�mD �� x�ov�
Qy QO p��i� xOW xOy�Wt Q�Okt �� �Q�Okt u�� TBU �OwW�t x�U�Lt �j ���v�wD K�U QO
�OwW�t u��aD �vmWQU p�wU xOWOQw�Q� ��yQDtQ�B ��Q� Oa� �OwW�t xU��kt ���v�wD xwQoQ� R
Q�O�kt R� xO�iDU� �� xm � p�wU ��yxYNWt �vLvt u�� �QDy� ji�wD xm CU� u� Q�m u�� xH�Dv
�OwW�t pY�L �CUQO ��yNU�B xOW xOy�Wt C�Uv w �OwW�t sUQ �yQDt�Q�B ��Q� xOWOQw�Q�
u�mt� Qo�O xm OwW lJwm ��xR�Ov� x� u� Q�Okt xm O����t xt�O� ���H �D �yOQw�Q� �vmWQU Ov��Qi
w OwW�t hkwDt OQw�Q� pL�Qt C��rta Q�QmD �x�kv u�� QO �OW�� R�J�v Q��U� ji�wD u�� Ow�y�
�yOQw�Q� u�� uO�O Q�Qk �� �OvW���t p�wU ��yQDt�Q�B OQw�Q� b w a xOt� CUO� Q�O�kt u� QN�
K�U Qy ��Q� �Q P ��i� CUQO MU�B p�tDL� u�wD�t p�wU ��yxYNWt �vLvt xrO�at QO
��Q� VR�Q� u� QDy� xm CU� p�wU ��yxYNWt �vLvt �pY�L �vLvt �OQm x�U�Lt ���v�wD
�� �tting 	� maximum likelihood estimation
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CUQO ��yMU�B xOW xOy�Wt C�Uv �� xOW VR�Q� p�wU ��yxYNWt �vLvt �� pmW

xm OyO�t u�Wv �Q p�wU xYNWt �vLvt l� � pmW �CU� p�wU u� x� xOW xO�O ��yMU�B
pOt QO xm CU� u� pY�L xH�Dv �CU� xOW VR�Q� xOW xOy�Wt K�LY ��yMU�B C�Uv ��
u�� �Ow� Oy�wN u�Um� xW�ty ���v�wD R� xwQo Q� R Qy QO xOW x�U�Lt b w a ��yQDt�Q�B IRT
Q�eDt Qo�O xwQo Q� R x� xwQo Q� R l� R� l�Uqm pOt QO p�wU �Q�wWO T�Ov� xm CU� �r�L QO
�xOW h� QaD IRT x� Q�v QO xm Qw� u� p�wU �Q�wWO Q�UiD w Q��aD �p�rO u�ty x� �OW���t
K��wD �QDt�Q�B xU l�DUHr pOt ��Q� �Q p�wU ��yQDt�Q�B OQw�Q� �Hv�� QO �OW���t QDxO�U
QiY w CUQO MU�B ��Q� u� QO 	 Q�Okt xm OW�� �Q�Okt wO �a��D �xj s�vm ZQi �s�yO�t
���D k�	 T� QD�t Xm s�vm ZQi �CU� xOW xDiQo Q�v QO s�j p�wU x� CUQO�v MU�B ��Q�
��xawtHt x� s�mXNW �Dr�L wO ��yNU�B �va� OvW���t l� �� QiY u� ��yxir�wt xm CU�
k x� xOvyO u�LDt� �D n �� wo MU�B T� QD�t X T� QD�t xm s�vm ZQi TB �OW�� p�wU k R�

�CU� Q� R Q�Qk x� xvwtv ��yNU�B �ak�w xOy�Wt R� V�B X xOy�Wt p�tDL� �OW�� p�wU �D

p�Xj�� � �
Y
i

p�xij�i� � �
Y
i

Y
j

pj��i�
xji qj��i�

��xji ���

pOt ��Q� �OvDUy pOt QO swrat�v C��F �QDt�Q�B ��yQ�OQ� w � w qj��� � 	 � pj��� xm
�D k ��Q� TOL w X�NWD ��Q�wWO ��yQDt�Q�B R� OvDQ��a ��yxir�wt ��QDt�Q�B xU l�DUHr
�r�wU x� �r�wU R� K�LY �� woNU�B p�tDL� xm CU� �mDt xDmv u�� Q� ��� xrO�at �p�wU
�O��v� ZQi x��k u�� �OvDUy Qo�Om� R� pkDUt �� X�N ���v�wD K�U QO �p�wU CiH Qy�
���� xrO�at Qo�O �OW s�Hv� �yxvwtv �rta xOy�Wt xmv�� R� Oa� �CU� IRT ��yrOt s�tD
	��D u�wva x� u�wD�t �Q xrO�at �u�at xi Q�Okt ��R� x� u� ��H x� w Ow� Oy�wNv p�tDL� l�
X�N ��xDUO x� ����tvCUQO 	��D Q�Okt �OQm h� QaD xi �QW x� w � R� xi ���tvCUQO
QO �OwW� xOy�Wt xi x�kv QO xm OQ�O �oDU� ���tvCUQO �ak�w ��yQDt�Q�B w Q�O�kt R�
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���tvCUQO QFm �OL OQw�Q� �p�wU ��yQDt�Q�B OQw�Q� VwQ u� QDG��Q ��QDt�Q�B xU l�DUHr pOt
�wQ ���tvCUQO 	��D R� �Q�op�QoDv� j� Q� R� �yQDt�Q�B OQw�Q� VwQ u�� QO �CU� �	�Q�vm

�va� �O���t CUO x� ���v�wD 	� RwD

L�jX� �
Y
i

Z
p�xij�� �f���d� �
�

OvDUy R� �Q�O�kt ��Q�vm ���tvCUQO QFm �OL ��yOQw�Q� �OW���t ���v�wD �r�oJ 	��D f��� xm
�Ovm�t st� Rm �t �Q �
� xrO�at xm

u�LDt� R� ��xvwtv ��Q� ���v�wD OQw�Q� x�ov� OvW�� swrat IRT pOt QO p�wU ��yQDt�Q�B Qo �
QO �Ow� Oy�wN QDL� QY w QDv�U� �����tvCUQO QFm �OL OQw�Q� VwQ R� xO�iDU� �� u�oOvyO
��yQDt�Q�B OQw�Q� R� xO�iDU� �� �Q � �� ���v�wD u�R�t u�wD�t xvwoJ xm O�O s�y�wN xDWwv u�ty
w ���v�wD u�tRty OQw�Q� �OQm OQw�Q� �OwW�t pY�L Cq�wU uOQm xQ��r�m u�� QH QO xm p�wU
QUOQO QB w Q�wWO �Q�m ��QDt�Q�B xU�� wO �l� R� sa�� hrDNt ��ypOt QO p�wU ��yQDt�Q�B
�CU� xDN�U u�U� �D�Uv �Q Q�m u�� OwHwt ��yQ�Ri�sQv �� �QDw�Bt�m ��yQ�Ri�sQv x�yD xD�r� �CU�

xOvyO u�LDt� ���v�wD OQw�Q� �

�wQ w� ��H xm CU� u�� xOvyO u�LDt� x� uwtR� l� x��Q� x�rw� hOy �MU�B�p�wU x� Q�v QO
Ow� Oy�wN �N� p�wU �O�OaD Q� �vD�t ���v�wD �Q�oxR�Ov� ��Q� �OwW XNWt ���v�wD T��kt
ZQi �yv� OQw�Q� w p�wU ��yQDt�Q�B EL� QO �OQ�o�t xR�Ov� �Q ���v�wD u� R� ��x�vH s�Om Qy xm
���v�wD �QDt�Q�B� OQw�Q� ��Q� Tma Q� �CU� swrat u�oOvyO u�LDt� ���v�wD QDt�Q�B xm OwW�t
uwtR� Cq�wU ��yQDt�Q�B �OOa Q�O�kt xm Ow� Oy�wN u�� Q� ZQi �xOvyO u�LDt� l� swrat�v
OyO�t �NU�B u� Cq�wU R�l� Qy x� xOvyO u�LDt� Qy �OwW�t �QH� �v�LDt� �Dkw �Ov�swrat
xH�Dv �uwtR� Cq�wU R� l� Qy ��Q� TB �OwW�t xO�O xQtv ���yHw wO CQwY x� �yMU�B x� w
�xOvyO u�LDt� ���v�wD OQw�Q� ��Q� MU�B�p�wU x� Q�v QO �Ow� Oy�wN QiY �� l� �� Q��Q� ��xQtv
��yQDt�Q�B OQw�Q� ��Q� xm Qw� u�ty �VwQ u�� �OwW�t xO�iDU� ���tvCUQO QFm �OL VwQ R�
u�� x� u� s�Hv� �OwW�t Q�QmD C�aiO x� xm CU� �Ov��Qi �CW�O OwHw Cr�L u�� QO R�v p�wU
Q�Okt u�wva x� �OOa �OD�� �Cq�wU ��yQDt�Q�B swrat Q�O�kt uDW�O #wLrt �� xm CU� pmW
p�tDL� u�R�t x�U�Lt ��Q� Q�O�kt u�� R� �OwW�t u��aD xOvyO u�LDt� ���v�wD ��Q� ��u�W�B
��Q� ���vmWQU x�ov� �OwW�t xO�iDU� xOvyO u�LDt� �wU R� p�wU x� K�LY MU�B �wkw
�
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�v�Um �Q� CqwU u� x� CUQO �� woNU�B p�tDL xm Cio uwD�t Cq�wU u�
u� xDi��V�Ri ���vwD QOkJ Qy w xOw� QDtm OvxDWO QQk ���vwD u���B Kw�U QO xm
�� � �� � ���vwD K�U �D �w�wt u� xD�r �CU xDi���t V�Ri R�v p�tDL
u� R QDq�� ���vwD hrDNt Kw�U �Q� CUQO �� woNU�B p�tDL w xOw� jO�Y
	U�vt �O�� R OL �D R�v Cq�wUX�NWD QDtQ�B Qo�O CQ��a x� �CU xOw� u�Um�
Qo�Om� R Q OQi �� wN x� � � � ���vwD K�U �D CqwU R xwQo u� �va� CU
u� �kw QO �Ovm�tv pta �wN Qo�O q�� x� ���vwD K�U u� R �t �Ovm�t R��tDt
VHvU �Q� �t �Ovml�miD �vwD OQi R Q OQi u� QD�vwD OvwD�tv Cq�wU R xwQo

�OQO ��Q�m �UwDt R QDq�� �D h�a� ���vwD Kw�U R�tD w

sDiy

�b � �	��� �QwWO QDtQ�B �QO xm OwW�t p�wU l� pt�W �ki xwQo u�
�QwWO QDtQ�B x� xHwD �� �CU c � 	�� TOL w a � 	��� X�NWD QDtQ�B
u���B Kw�U QO xm sy �OQi �Q� CUQO �� woNU�B p�tDL Cio uwD�t p�wU
x� CUQO MU�B p�tDL ���vwD uDiQ q�� �� �CU xOw� O�� R �OvxDWO QQk ���vwD
�yCw�iD ����vwDhrDNt Kw�U u�� ��Lr u� R xm �Qw�CU xDi��V�Ri �Ovm
Cio uwD�tX�NWD QDtQ�B QOkt uOw� u���B x� xHwD �� �CU�v TwULt uOvJ
Kw�U u�� QO w �UwDt R QDq�� ��y���vwD u�� QO Q �yCw�iD OvwD�tv p�wU xm

�Ovm ���U�vW CLQY x� �v���B

sDWy
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�OQm ���U�vW �Ov�xDiQo Q�Qk u�� R Vv�O ���v�wD q�� K�U QO xm �Q �Y�NW�
T��kt QO xm �Q �Y�NW� �Q� R CU�v �U�vt QwmPt hOy x� p�v Q�� R�v sWW xwQo Cq��wU
xwQo u�� �� Ov��tv XNWt Ovv�wD�tv �Q Ov�xDiQo Q�Qk �� 	 �� �UwDt R� QDv���B Kw�U QO ���v�wD
u�� �� �OQm XNWt OvDUy q�� w �UwDt Kw�U QO ���v�wD T��kt QO xm �Q �O�Qi� u�wD�t �yvD
�Ov�xOw� uwtR� u�� Cq�wU u� QD�U�vt �Oa� xwQo w xwQo u�� Cq�wU xm OQm �aO� u�wD�t OwHw
�D ��� QkD u���B �Q�wWO QDt�Q�B w �U�vt X�NWD QDt�Q�B uDW�O x� xHwD �� sDiy xwQo Cq��wU
�Ov�xOQm l�miD �Q O�Qi� �� wN x� w Ov�xOQm pta �wN �r�N �� � �� �va� q�� ���v�wD Kw�U
�r�k xwQo OQwt QO xm Qw� u�ty �Ov�xOw�v �v�wD O�Qi� w O�Qi� u� QD�v�wD u�� �Q�Po R��tD x� QO�k �t�
u�wD�t �Q Cq�wU R� xwQo u�� ��xU��kt #�Lr x� Cio u�wD �t p��Ut u�� seQ x� OW xDio

�OQm O�Otrk uwtR� u�� Cq�wU u� QD�U�vt
�U�vt ���v�wD hrDNt Kw�U VHvU ��Q� OwW�t p��wU l� pt�W �yvD xm sy sDWy xwQo
���v�wD QDu���B Kw�U R� O�Qi� �p�wU �Q�wWO QDt�Q�B Q�Okt uOw� u���B Cra x� xJ Qo � �Q� R �CU�v
���v�wD uDiQ q�� �� R�v CUQO �� woNU�B p�tDL� w Ov�xOw� p��wU u�� x� CUQO �� woNU�B x� QO�k
p�wU u�� xm Cio u�wD�t p��wU X�NWD QDt�Q�B Q�Okt uOw� u���B p�rO x� �t� �CU� xDi�� V��Ri�

�O��tv l�miD CL�QY x� ���v�wD hrDNt Kw�U QO �Q O�Qi� Ov�wD�tv
R� hOy xm Ow� �w�wt u�� ZQi �� �yr��wU uOw� �U�vt OQwt QO OW QmP uwvm �D xm xJv�

�CU� xOw� u�� R Vv�O ���v�wD hrDNt Kw�U s�tD VHvU �xOW Q�RoQ� uwtR�
Vv�O xv�tR QO q�� w �UwDt ���v�wD �� O�Qi� u��aD w ���U�vW uwtR� ��QH� R� hOy Qo � p�L
x� QO�k O�Qi� q�� x� �UwDt ���v�wD Kw�U R� xm OvW�� ��xvwo x� O��� uwtR� Cq��wU �OW�� u�� R
R�v CUQO �� woNU�B p�tDL� ����v�wD K�U V��Ri� �� w OvW�� Cq��wU x� CUQO �� woNU�B
u�wD� �D OW�� q�� w �UwDt ���v�wD Kw�U �� �U�vDt O��� Cq��wU �Q�wWO 	k�w QO �O��� V��Ri�
X�NWD QDt�Q�B R� O��� Cq��wU u�� Q� xwqa �OQm XNWt OvQ�O Q�Qk Kw�U u�� QO xm �Q �O�Qi�
�Q� R �OvW���tv �U�vt swU w swO w pw� xwQo Cq��wU T�U� u�� Q� OvW�� Q�OQwNQ� R�v ��U�vt
�� woNU�B p�tDL� w CU� q�� xwQo xU u�� Cq��wU �Q�wWO QDt�Q�B Q�Okt �OW xDio xm Qw� u�ty
�UwDt ���v�wD �� O�Qi� ��Q� p�tDL� u�� Q�Okt w CU� xOw� ��� �ki O�Qi� u� QD�v�wD ��Q� CUQO
QO �Q O�Qi� u� QD�v�wD �ki u�wD�t �OwOL �D Cq��wU u�� �� u��Q��v� CU� xOw� lOv� Q��U� sy

�OQm XNWt u�� R Vv�O xv�tR
wt�rwD uwtR� QO �y�vOwtR� ���v�wD OQw�Q� ���

�yvD x�Q u� QDy� w OQ�Ov OwHw ���v�wD �ak�w QDt�Q�B uDUv�O V�B R� ��Q� �y�Q I�y xv�iU�Dt
QDw�Bt�m �UwD xm ���yOQw�Q� �UwDt Q�Okt Cio u�wD�t �k�vt #�Lr x� �CU� u� OQw�Q�
Cq��wU �Q�wWO QDt�Q�B �Dkw �CU� l�ORv �y�vOwtR� ���v�wD QDt�Q�B Q�Okt x� OwW�t x�U�Lt
���v�wD Q�Okt x� l�ORv xOW OQw�Q� ���v�wD u�ov��t �OW�� �vOwtR� ���v�wD QDt�Q�B x� l�ORv �� Q��Q�
xm CU� u�� MU�B�p��wU x� Q�v QO �y�vOwtR� ���v�wD OQw�Q� QO C�ty� R��L xDmv �CU� �w
���v�wD VHvU ��Q� xm ���yp��wU x� C�Uv �va� CU� C��F Cq��wU x� C�Uv �vOwtR� ���v�wD
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xm �y�o��H Qy �� uwtR� l� R� xm CU� �vat u�O� u�� �CU� Q�eDt�v OvwQ�t Q�m x� Q�v OQwt
���v�wD OQw�Q� ��Q� u�wD�t ��Q�wWO R� �v�R�t Qy �� �va�� OW�� xDW�O ���v�wD T��kt QU�DQU QO
xO�iDU� �� wt�rwD uwtR� u�oOvyO u�LDt�R� l� Qy ���v�wD T�U� u�� Q� �OQm xO�iDU� �vOwtR�
xQtv ����v�wD Q�Okt �vOwtR� Qy ��Q� ��CUw�B G��Dv pwOH� OW OQw�Q� xOW x�yD ��yQ�Ri�sQv R�
C�Qtv T�U� Q� w ���v�wD C�Qtv T�U�Q� �Ov�x�DQ ��l�Uqm VwQ� s�N xQtv ����v�wD T�U�Q�

�CU� xOW x��Q� �Ov�x�DQ VwQ wO hqDN� w s�N
���v�wD xvt�O CUw�B G��Dv pwOH T�U� Q� xm Ov�xOQm CmQW �vOwtR� �� wt�rwD uwtR� QO
�CU� Q� R Q�Qk x� �y�vOwtR� ���v�wD �v�w�Qi 	� RwD �CU� ,���� �D �
�
�� u�� �y�vOwtR�
u�� ���v�wD �vOwtR� �� �,
 �D ,� u�� ���v�wD �vOwtR� �� �,
 R� QDq�� ���v�wD �vOwtR� ��

�OvQ�O QiY Q� R ���v�wD �vOwtR� 	� w ,	 �D QiY u�� ���v�wD �vOwtR� 
	 �,� �D ,	
R� l� Qy ���v�wD OQw�Q� R� Oa� ���yx�DQ xU��kt w ���v�wD K�U Qy QO xQtv x�U�Lt
QO �y�vOwtR� xQtv x�U�Lt ��Q� �CU� �yv� R� l� Qy xQtv x�U�Lt �Oa� xrLQt �y�vOwtR�
MU�B u� x� �vOwtR� xm �Q �Dq��wU lD lD x� CUQO �� woNU�B p�tDL� ����v�wD R� K�U Qy
T�U� Q� xOW x�U�Lt C�Qtv xvt�O wt�rwD uwtR� QO �s�vm�t 	tH sy �� �Q CU� xO�O CUQO

�CU� ����� �D 	�� u�� MU�B�p��wU x� Q�v
MU�B�p��wU x� Q�v C�Qtv T�U� Q� �yv� �Ov�x�DQ ��y�vOwtR� R� l� Qy C�Qtv x�U�Lt R� TB
��Q�PoxQtv VwQ wO Qy x��B Q� �y�vOwtR� �xQtv x�ov� �CiQ�PB s�Hv� �l�Uqm VwQ� s�N C�Qtv w
xOy�Wt CUw�B G��Dv pwOH QO xm Qw�v�ty �OW xU��kt Qo�Om� �� R�v G��Dv w OW �Ov�x�DQ
Q� �yv� xOW x�U�Lt C�Qtv �t� �CU� u�Um� �y�vOwtR� s�N C�Qtv OQ�wt ��a� QO OwW�t
�� w u�Um� Cq��wU x� CUQO �� woNU�B p�tDL� uwJ �CU�v u�Um� MU�B�p��wU x� Q�v T�U�
wO I�y MU�B�p��wU x� Q�v T�U� Q� 	k�w QO �CU� Cw�iDt ���v�wD hrDNt Kw�U QO �hrDNt

�OwW�t xOy�Wt C�Qtv u�� lOv� OvJ Qy �Dw�iD w OQm Ovy�wNv �Um x��Wt xQtv �vOwtR�
�Dw�iD �Ov�x�DQ VwQ wO u�� OQwt 
	 QO �ki xm OyO�t u�Wv �y�vOwtR� �Ov�x�DQ xU��kt
p�Ft u�wva x� �Ov�xOQm �Um �Q �v�Um� x�DQ VwQ wO Qy T�U� Q� �y�vOwtR� u�� w OQ�Ov OwHw
u�� x� OvDUy u�Um� R�v �� �D ��	 ��yx�DQ u�vJ sy w OvDUy x��Wt G��Dv � �D 	 x�DQ R�
�vOwtR� u�vJty �CU� xOQm �Um �Q �� x�DQ VwQ wO Qy T�U� Q� �vOwtR� l� xm �vat

�CU� xOQm �Um �Q 
	� x�DQ �Q�PoxQtv VwQ wO Qy T�U� Q� R�v �Qo�O
R�J�v �yx�DQ hqDN� OQ�wt R� ��a� QO �OQ�Ov OwHw �v�Uty �yx�DQ u�� OQ�wt QDW�� QO �t�
��Y�N �vOwtR� p�Ft u�wva x� �CU� Q�otWJ �r�N hqDN� u�� OQ�wt R� ��a� QO w CU�
V�x�DQ l�Uqm VwQ x��B Q� w CU� xOQm �Um �Q �� x�DQ �MU�B�p��wU x� Q�v T�U� Q�
u�� p�qO R� �m� O��W �CU� 	�� Q��Q� �Q�Pox�DQ VwQ wO u�� hqDN� w CU� xOW ��

MU�B �Dq��wU x� �y�vOwtR� p��k u�� xm OW�� u�� �Q�Pox�DQ VwQ wO u�� Q�otWJ ��yCw�iD
��Q� ��U�vt Cq��wU �MU�B�p��wU x� Q�v Q� �vD�t xDiQo CQwY p�rLD j�� Q� xm Ov�xO�O CUQO

�Ov�xOw� VHvU h�Oy�
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x� Q�v T�U� Q� xOW x�U�Lt x�DQ pw� �wor� QO �OQ�O wor� wO ��yx�DQ u�� hqDN�
�yx�DQ u�� hqDN� 	k�w QO w CU� l�Uqm VwQ T�U� Q� xOW x�U�Lt x�DQ R� QDtm MU�B�p��wU
xOQm �Um �� x�DQ MU�B�p��wU x� Q�v T�U� Q� �vOwtR� l� p�Ft u�wva x� �CU� xOW C�Ft
x�DQ hqDN� �Hv�� QO xm xOQm �Um 	�� x�DQ �l�Uqm VwQ� s�N C�Qtv T�U� Q� �t� �CU�
x�DQ MU�B�p��wU x� Q�v T�U� Q� xm CU� xOw� �Qo�O �vOwtR� Qo�O xvwtv �� �CU� 	� Q��Q�
wO u�� hqDN� xm �xOQm �Um �Q 	 x�DQ l�Uqm VwQ T�U� Q� �t� �CU� xOQm �Um 
�

�CU� �� x�DQ
�vD�t ��y x�DQ R� QDq�� �l�Uqm VwQ� s�N C�Qtv T�U� Q� xOW �Um x�DQ swO �wor� QO
xOW 		� V�x�DQ s�N C�Qtv x��B Q� �y�vOwtR� R� �m� p�Ft ��Q� �CU� MU�B�p��wU x� Q�v Q�
VwQ wO u�� �� Q��Q� �iqDN� xm CU� xOW 	
� V�x�DQ MU�B�p��wU x� wQ x��B Q� �t� �CU�
xOW �� V�x�DQ l�Uqm x� wQ T�U� Q� xm CU� �vOwtR� Qo�O xvwtv �� �OQ�O OwHw �Ov�x�DQ
VwQ wO u�� � Q��Q� �iqDN� xm CU� xOQm �Um �Q ��� x�DQ MU�B�p��wU x� wQ j�� �t� �CU�

�OwW�t xOy�Wt QwmPt
QO �t� OQ�Ov OwHw �Dw�iD �Q�Pox�DQ VwQ wO u�� OQwt 
	 QO OW QmP q�k xm Qw� u�ty
Q��U� OQ�wt ��a� QO w R�J�v �yx�DQ hqDN� OQ�wt ��a� QO �OvDU�v u�Um� �yx�DQ OQ�wt Q��U
xrY�i �� xk��  QO �Q �Q�PoxQtv VwQ wO ��yx�DQ u�� Cw�iD Qw�vt u�ty x� �CU� VL�i
QO xm Qw� u�ty ��� pwOH� CU� xOW XNWt xk�� Qy �v�w�Qi w �Ov�xwQo �� �D�k��
hqDN� uOW QDW�� �� w OQ�O �Q �v�w�Qi u� QDW�� �� Q� R x�DQ hqDN� CU� XNWt pwOH
�va� OQ�O �Q Q�Okt u� QDtm �� R� QDq�� x�DQ Cw�iD �v�w�Qi xJv�vJ �OwW�t QDtm �v�w�Qi �yx�DQ
��yx�DQ V��Ri� xwQo QO u�wD�t �Q �yx�DQ QO ���H��H u� QDW�� CU�O�B 
 pwOH R� xm Qw� u�ty
��� OwOL C�atH l� QO Q��eD u�R�t u�� w CU� xOQm Q��eD Qiv ��� x�DQ xm O�O �� �D 	 R�
���H��H C�Uv u�ty x� xm CW�O xHwD O��� xm xS� w x� �O���tv ��UL x� �R�J�v Q��eD xQiv
�� �D �� R� �yx�DQ V��Ri� QO �Q C�Q��eD u� R� TB �s��xOw� Oy�W �Q x�DQ Vy�m �va� Q�wxv� Qk

�CiQo d�QU u�wD�t �yx�DQ C�Q��eD �v���B xwQo QO �Q C�Q��eD u� QDtm w s�DUy Oy�W x�DQ
Kw�U u�� �oDU�ty IRT w �DvU xw�W wO ��yx�DQ w C�Qtv u�� QDW�� xU��kt ��Q�
xO K�U wO QO �yx�DQ w C�Qtv u�� �oDU�ty xm CU� xHwD �r�H �OW x�U�Lt u� hrDNt
R� V�� R�v C�Qtv �v��t Kw�U u�� �oDU�ty �Ow� ���� R� V�� C�Qtv u���B w q�� �OYQO
�Q�oxR�Ov� xm CU� u� R� �m �L VwQ wO u�� VL�i C�Q��eD uOw� OwOLt �CU� xOw� ����
xmr� �Ot�Hv��tv �yx�DQ ���H��H QO VL�i C�Q��eD x� MU�B�p��wU x� Q�v �UL Q� �yOxQtv w
QwO u�OvJ QO ���v�wD OQw�Q� QO C��U�Lt Q�QmD w Cq�wU ��yQDt�Q�B u��aD QO CkO x� xHwD ��
�OyO�t CUO x� G��Dv R� QDk�kO �Q� wYD �Q�oxR�Ov� xw�W u�� xm OQm G�DvDU� u�wD�t �D��U�Lt
pY�L G��Dv pk�OL s�Ow�v sy C�Q��eD u�ty Oy�W Qo � �DL xm OQm �aO� u�wD�t u�� Q� xwqa
��y���v�wD OQw�Q� u�mt� uDN�U sy�Qi R� CU� CQ��a CU� �DvU x� wQ x� C�Uv IRT C� Rt xm
��Q� �OL�w T��kt s�UQD ����v�wD hrDNt Kw�U �wQ p��wU Qy x� �� woNU�B p�tDL� u��aD
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x�DQ V��Ri� �� Vy�m R� Q�v hQY ���v�wD C�Qtv pm QO �yx�DQ ��+�H��H �v�w�Qi 	� RwD �� pwOH
x�DQ hqDN� �v�w�Qi

� 
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����� 	
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�
q�� x� �� �
pm 	tH ��

x�DQ Vy�m w V��Ri� �UL Q� ���v�wD C�Qtv pm QO x�DQ hqDN� �v�w�Qi 	� RwD �
 pwOH
x�DQ hqDN� �v�w�Qi
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q�� x� �� �
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��������� ��
��	������ 	�
u���B x� �� 

pm 	tH ��

�yv�� �Cq��wU ��yxYNWt Q�Owtv s�UQD w �Cq��wU w u�oOvyO u�LDt� C�YNWt uO�O u�Wv
�OQ�Po�t �t �wQ�Qi �QDk�kO G��Dv uDW�Po Q��DN� QO Q� xwqa IRT xm CU� ��xO�ar� jwi C�v�mt�
u�� �i�m R�tD CQOk w �OvQ�Ov �v�wNty VHvU hOy �� xm �Dq��wU hPL �� OwW�t �v��V�B

�OwW xOy�Wt ���yDw�iD �y�vOwtR� ���v�wD OQw�Q� QO �OvQ�Ov hrDNt ��y���v�wD

�yxO�O w pOt VR�Q� �

�QDt�Q�B xU pOt ��y���v�wD OQw�Q� w uwtR� p�rLD ��Q� ���NDv� pOt OW xDio q�k xm Qw� u�ty
u�� �� �Ow�v QDoQR� Q��at OOa R� OQ�wt QFm � QO �N 	� Qt x�U�Lt R� pY�L Q�O�kt �CU� xOw�
�Oa� OvJ �� �Oa� lD �w�wt �m� �CiQo�t Q�Qk �UQQ� OQwt �DU��� �w�wt wO u�� p�L

��yQDt�Q�B uOw� Q�eDt�v xr
Ut �Qo�O w pOt uOw�
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s� Q�O xm �twyit xm OvyO�t Q�Qk OwN Q�m x��tDUO �Q ZQi u�� �Q�oxR�Ov� ��ypOt �re�
Q�DiQ u� K��wD ��v�t xm CU� xDUHQ� pt�a l� �yvD �va� �CU� �Oa� l� s� Q�o�t xR�Ov�
xOW O�yvW�B pOt uOw� �Oa� lD ���� RQ� w �UQ�w ��Q� �irDNt ��yOQm� wQ �CU� X�N
CU� CQ��a G��Q ��yVwQ ��OQm xaH�Qt ����� �D�y ��Dm x� u�wD�t �yv� R� �q�� ��Q���CU�
C�Uv xU��kt w ��	�QmU� Q�Owtv �UQQ� �	 R� CU� QDoQR� xm ����xS� w Q�O�kt O�OaD u��aD R�
u�rw� C�Uv xU��kt w �QmU� Q�Owtv R� �t p�rLD u�� QO �xS� w Q�Okt u�twO x� xS� w Q�Okt u�rw�
O�a�� �UQQ� x� �rt�a p�rLD l�vmD ��v�t Q� xm s��xOQm xO�iDU� xS� w Q�Okt u�twO �� xS� w Q�Okt
p�rLD VwQ ��H x� �T��kt QO p�NO pt�wa O�OaD u��aD ��Q� �Hv�� QO xD�r� �OR�OQB�t uwtR�
QO �Q� R �s��xOQm xO�iDU� �PAF� ���rY� QwLt ���� pt�a VwQ R� ��PCA� ���rY� QY�va
OwW�t xDiQo Q�v QO C��U�Lt QO lQDWt Tv�� Q�w �ki �rY� QwLt ���� pt�a p�rLD VwQ
QO �Y�YDN� Tv�� Q�w sy w �m �QDW� Tv�� Q�w sy �rY� QY�va p�rLD VwQ QO xm �r�L QO

�CU� p�NO C��U�Lt
wO R� �yv� MU�B �va� OvDUy ���NDv� wO wt�rwD uwtR� Cq�wU OW xDio q�k xm Qw� u�ty
��re �� K�LY� ���NDv� wO ��yxO�O xvwo u�� xQ�� QO �CU�v uwQ�� �re �� K�LY Cr�L
u�� R� �OwW�t s�Hv� �yMU�B l� Qwm �QDD �oDU�ty �wQ Q� �rt�a p�rLD xm s�v�O� CU� sRq
QO xm OW xO�iDU�SYSTAT ���� Q�Ri� sQv R� x�U�Lt u�� s�Hv� ��Q� hwQat ��yQ�Ri�sQv
�OQ�O �Q�otWJ ���Q�m �rY� QwLt ���� pt�a w l� Qwm �QDD ��y�oDU�ty u�tRty x�U�Lt
xOy�Wt �� �CU� xOW x��Q� Q�Okt u�tDU�� �D ��
�	��� xS� w Q�Okt u�rw� Q�O�kt �OD�� Q� R QO
QO �CU� VL�i Q��U� �Oa� Q�O�kt �� u� hqDN� xm Ci�� QO u�wD�t xS� w Q�Okt u�DUNv
pt�a syU xm OwW�t xO�O �y�oDU�ty Tv�� Q�w QO pt�wa R� l� Qy syU R�v �Oa� CtUk
xm OyO�t u�Wv R�v �QmU� Q�Owtv u�vJty �CU� QDW�� Q��U� pt�wa Q��U x� C�Uv CUNv
CU� xOW l�ORv CND Cr�L x� Q�Owtv xm Ov�xDiQo Q�Qk Q�Owtv R� ���H QO Oa� x� swO ��ypt�a
R� u�wD�t u�� Q��v� �CU� xDiQo Q�Qk Q�Owtv �q�� QO �Q��U� xrY�i �� pw� pt�a xm �r�L QO

�Ow� u
t�t T��kt w uwtR� uOw� �Oa� lD

�	� Eigenvalues �
� scree plot ��� Principal ComponentsAnalysis ��� Principle
Axis Factoring
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OwW �UQQ� O��� Q�J�v CU� �Oa� l� �t T��kt O�O u�Wv pOt O�a�� �UQQ� xm ���Hv� R�
�xv �� OvDUy Q�eDt�v sy x� C�Uv �y�vOwtR� ���v�wD w Cq�wU ��yQDt�Q�B ��� xm

Cq�wU uwtR� hOy x� xHwD �� xm �Q OvOw� p�wU 
 xm Cq�wU R� sQ�yJ xwQo Q�m u�� ��Q�
ODUv�wD�tv w OvDU�v Q�OQwNQ� �i�m R�tD CQOk R� Cq�wU u�� �va� �O�OQo hPL OvOw�v ��U�vt
Cq�wU u�� hPL R� TB �Ov��tv l�miD CL�QY x� �Q �y�vOwtR� ���v�wD hrDNt Kw�U QO
x�U�Lt ����tvCUQO QFm �OL VwQ T�U� Q� ���v�wD OQw� Q� �y�vOwtR� R� l� Qy ��Q� �OOHt
xOv�t�k�� p�wU 	�� x� xHwD �� �y�vOwtR� �Ov�x�DQ w IRT x� Q�v T�U� Q� xQtv w s�N xQtv
XNWt �D OvDiQo Q�Qk xU��kt OQwt p�k xrLQt w xrLQt u�� G��Dv u� R� TB �CiQo CQwY
Cw�iD u�ov��t T�U� u�� Q� �OQ�O �y�vOwtR� ���v�wD OQw�Q� QO �Q�F�D xJ Cq�wU hPL OwW
�Ov�xDiQo Q�Qk ������ �D ���	��� xrY�i QO OYQO �� p�tDL� �� xOW OQw�Q� ��y���v�wD
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