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where Gin) = 5= {77 ¢ Mgle)dz i the Fourler cocfficient of ¢ at n. The last

peuality i (2.7) follews from the fact that (%){?3} is real. It is crucial to notice
that for each n,

Ho(—oc, n] = Hel~00, 1], Hyn, +oo) = Hyn, o), (2.8}
and . - .
No= 3 Bln~ k)&, Xo= S h(n — ki, (2.9}
k=-00 k=n
and
Hyl {—n,n)°) = Hel—oc, —n] vV Hyln, oo 2.10)

The ingredients for our i?;thp()l;ﬁiﬂf; procedure are {2.10) and the von New.
inann’s alternative projection formula (von Neumnann’s formula in short). The
application of the von Neumann’s forrmla in interpelation is realized by dif-
ferer:it authors, [3]. For the ease of the readers we present the von Neumann's
formuiia, consalt [1] [2].

1

- _
Ph= Do+ 3 (PP PO 4 BB P) T — (P1)* - (BRI, (2.10)
b= .

2 Recipe Formuia

I ihis seerion we present the best linear interpolator i‘c)i'mu'ia for £,,, m =
mii L 1 based on {&, e, T < —n, s 2 oy We present ihe maln result
of this section by the following theorem.
Theorem 3.1. Let { Xy, f € Z} be a second order stationary provess, EX, = (.
Lot {6, € Z} and {n,t € Z} be the (PRP) delined by (2.1), (2.6). Theu the
Less linear interpolator of &, = —n+1,..,5 — 1, based on {&,1 < n} and

{7 = ) is piven by

-1 oo
— 2 N
z g LY ; y
S — 77 ooy~ 1 .“{,' + a e gallt "IU (4 Zf
)’:—r:o Picat it
~ ]

- = .
B T - B A I Y- RTINS SR ¥



ctral CISETIDUMTIGH Sl § — &' 1D LOLGH CAD O ULLLEL MLGLUF Wa 1V LU awassr e

n {2.1) that
' — . 1 7
EXoXm =5 f e~ {n="7 F(d). : (2.2}
27 Iy
process X is called purely nondeterministic (PND) i NeHx({n) = {0},
ere Hy(—o0c,n] is the span closure of the elements of {Xp,m < n} in-

Q,7,P). Due to the Kolmogorov isomorphism, X,, — exp{—inz}, Hx =
(~00, +00) is isometrically isomorphic to L*(F), where

2%
) ={g: [ 9@ PFd) < o0}
he process is {(PND) then it has a density f for which
f logf(z)dx > —o0. (2.3
o : -

der (2.3) the density f can be factored a5 f = | h E, where h is an outer
\ction of the class of Hardy functions H? subject to h(z) = h(~z), [2].
Based on h and & two distinguish sets of white noises can be constracted

follows: :
let o . _
8= [ Fd8, ie,  av=ndp,
A, -
d define o _
£ = f e ™ dB(z), neZ. (2.4)
40 . ) .
wn £ = {£,}isa purely random process {PRP), i.e.
o 9 ném |
Blnlm = : _ . (25)
1 n=m, - o
) et

At = | Lde. ie. db=Tdv.



STATIONARY SEQUENCES

a0 sobtand, P.YRGRINENE

Shiray University

Ahstract: A vecipe formula in the thwe Jdomain of a discrete tiwe second
axder stationary process {Xo} is derived %o interpolate the unkpown values
of £omat. - - o Emt of the noise series {€,}. In the case that the pro-
sos is an ARMA mwaodel, the cosfiicients of the model and ihe observations
{z,, | n !> m}are the anly inputs of the recipe formula. Error terms are also
pvalusiog. '

% Introduction

A weakiy ststionary second order process X, = 8, &1, &2, .., is the
output of 5 certain Bnsar system receivipg 8 10ise Sequence {£s 1 as the nput.
Knowledges on the pasi listory {Xn.n < 0} is relevant in the estimation
of £, as & is independent of {X,,n < 0} This declines any extrapolation
procedure in predicting ¢, based un the observations from the past. Instead,
it ic relevamt to speak of the interpolation of £ based ou the pasi and fulurs
shservativns { X n < 0 {Xun > 9}, Cur.goel is to provide, in the time
domain, an inderpolating Sapula for &5 by using {Xa,n # 0} In 1974 Salehi
{3] presented time domain slgorishim for interpolating the missing obaervation
Xy The Jyou Newman's alternating prejection theorem is the essential tool in
Hplehi’s procedure. The innovetion processes sasociated with {X,} and {¥ .}
wors elegantly sraployed to apply vob Neuran's theorern. For other work of
Gefehi on interpolation see 14 . .

Tn thiy work we interpolate L, 0f more generslly £latis - - bt Wa
present a rather conpact and aagy yead formeia for the interpolations and the

P ¥ = ita 2
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i, the event {41 [}, conteins 2 cluster enziosing the origin}. For p < g ih#
clusters of A are all single points a.8,, 80 the lemips holds trivially {and any-
way this cute I8 irrelevadt for proving Theorem 1) therefore assume p > e
Te follows using Standaxd SrguUmnents {for example by applyicg the previcus
iemma) that K, occurs infinisely often almost surely. Bui on (K io0.;, 28y
two unbounded connscted subsets of 4 will botk have non-emphy intersection
with some box B, for which i, ccouss, spd hemee will be contained in the
same cluster. [

T4 suffces now o prove

Lemoma § & ¢ & po then, with probability 1, A has ai least one snbounded
clusier.

Proof The proof is o standerd repormalkisation argumens, similer to that in
Section 4 of Roy et si. (8]

Civen a percolstion measure ¢ on the bonds of the ciassical square lattice
L, we say that pis 1 -dependent with parameler g i1 18 such that each bond
¢ i I is open with probability 4, and if this is independent of the status of any
other bond that has mo end-points in comuROL with e. Using an elementary
contour argument {analogous to that in the @rst chepter of Grimmett [3]} it
can be shown that there exists & 4o <} such thai percolation occurs on the
lastice y-almost surely for everv such i-dependent measure p with parameter
§ = Qe

For m > © iet A, b the svent

A = 0 77 % [0, 3 90, 3] x [0, 87 0 V(RN 8] < [0, 87

{see figure 1}. By Lemma 3, we can choose o such that P.(An} > go- As
shown im figure 2, we now form & Criss-CIOss grid in R? using infinitely many
gnil o 35 boxes, and ssy thal s bOx ia openif a suitable version of A, ooours
writhin it. Note that the status of two different boxes are independent i the .
hoxes do nob overlap. Thus We L35 shink of the grid of open and closed boxes
25 o 1-dependent percolation model with parsmeter 2,(An}, which percolates
only if A contains at least one unhounded cluster. The Jemms, follows by cur

H
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Lemna 7 FLIHC U

vroved in Dekking and 7
winaily stace there is shghily weaker thap this.

Wa zhall vee a faicdy well-known corollary for cur proof of ]

Mhig lernm o

F-J

cerania 3 I 5 2 pa. then Hmg o P (M0, 35 < 10,37 = L

*eonf This proof is Instyuctive a3 it foillows v spirit the oroof of Lemma 2
i;‘seli but iz cong memb s move sivalghtioresed in s details. Note in pariicular
used iz the FIKG inegualiny.
x5 Lot T be the event

hat the efm;' BOR-EISTNANTATY ,ng“

eyeb

Write £ -..)r,_ = :f.’

nd note thet I < ?i{{:?g}: then #{p) > 0, so PR A0, 11 {0, 2)) > i'}
ad therefore P,(H } Lemma 3. By the symmetries o
he fractal percelat ion mode! ond oy the FRG incguality, it follows that

PIHIC 2 800 = (P, (30, 1 0, 2/3007 > 0

'23 complate the prood we ume 2 a0
1 denote the random Cantor set i g

He Hrst e iberations of the copstrochion of fiﬂf‘f)ng Tims AU is an incre casing
epuence of nested sty minreover , A0 bas nrer“wei} the same distribution as
1010, resealed By 8 faoior 37 T}aer&a;‘,, sriting H™ for the event that there
3 & horfzoutal crossing of O fn AP we have

wyes ef ol (1], Lat
ligregar mug any removals

¢ %, ;gms ™

VT ISR~ PE AL G ga{n)
B FHC0) = By R wp,‘kg‘_’_ 7 ,5
. e Vs

e o ) £, [ - Y T TR
by Bolmogovow's Lero-Chae Law, Py (UL HY | squele either Gor 3 but ¢
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Ahstract: Yo

[I] conoeining T

B il

ary prool of a resuds seated by Chaves =8 af,

keywords: Cantor sei, vaci al, percolation, renurmalisation,

pd’{(iimllf“‘"{ was nireduced by Mandeibrol
sribe tiir wmodel 25 foliows. {For a formal

unit square (8,
bain aaf:h of thess sqguares with
; E - B ‘{‘{.{-‘fgtu;g this G nadure
(suitabiy -'(‘fiiﬁ"!) of subdivision and random ramoval on cach of the retained

squares yields in the lemit a random Castor set Y 0,1 Indeed, we can ke

she plane with Lid. copies of Lhis process Lo obtaln 4 ra ndom set 4 ¢ BRI OF
pa.rtlf.:tj v interest are the connsctad cOmMPONenss, & rineters, of A,

I 1988, Chaves ef af. [1] argued that & exhibise & frst-order phase tras-
giion at some pe € (0,1}, in & sonse that will be made precigs be!.ma.r. in the

same paper they aiso stated

into @

Bawt

wlual EHM 1.!5{”' ’q%:snrh
srobability », or else remove 1% Wi

Thegrem 1 i} B & pe then, wiih srobabiiity 1, A has & unigue undo yinded
slaiote
Law r s
The arguments used o support these resulis fook recnurse do complicated

ROV sechnigues, aund 1 rqwam#d an open problem o find sigorous and el
exnensary proofs. This was arhioved for the first-order phase fransition by
Dickking and Meester (97 I 1980, The purpose of vhis rote is Lo show aow
Theorem 1 can be provad in & et
© iven a rectangle ¢ =
there is 2 non*amai crosemg of &

* @ the event thet
T ex.iﬁts & connected sel
:_:';13’5‘ ian d {MBE‘ s EJ* 5133,

. 1| ,
:10' i ar?_; Y

A~ v A such that O jatersecis both edges {ayt X
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S 2T Ry Hesma( oy @0, du) < i, Ploas,
a U’r j{@'f:w?u(l—f}}'*"’ﬁ"c) /

for some constant K, § < K, < oo, thanks to the {
Thus the process £ (o, (81N 15 square i"iteg‘" ah
grable martingale. In particular, £5& (¢, (FIN) = 1.
Moreover, evidently, ¢, (DJAN" > R, > -—1,, for some conatant B

Indeed, H)" > 0, a = ¢, 7, b and

67).
ie, kence, uniformaly inie-

e

P
_' a‘ . L
R i Livpomsti o) @0 ()
o

;”_
{ Vapons—end
of

ﬁ[? * =

i
;;

Hence if we denote by A"{w,?} the last expression withont sign “~” we get

that ¢, 8))\“(w £} < 1 for some n > 1, by virtue of condition {3.151) and the

fact that inf, f Lﬁ,n}% a—enduey > O T 1 tter follows from definition of n;.

S~

Without ioss of gene;ahty we agsume that ¢ (@127 (w, ) < 1 for any » > 1.

Therefore P“ = E{e (G)NG) - Pl is pwbﬁbuﬁv meagure, aquivalesd for
each n > I to the measure Ff, .P ~ 3

We prove now that the sequence {cX{#)(} m"_"r}w, ie stochastically boun-
ded with respect to the sequence of measures {F’“f,,,l

Denote 53’3 = AFIQ',H),.?“(; w}aﬁzw == ,,'n',é &,

From (85) we gﬂt that for v > 1 B «w L {(FHN W £ ’,.} = 1. But, as
<K,

we prove above, Pg ~ PP, Hence P“ {w: {9LN’“‘

B
b=

Thus Hm, e PP {2 {0 (N > 4} « hmn.,mf}s '.Lf-’,l gy — {} a8 d -
0, since the sequence of 1 Mrnhﬁrs ifﬂ“,a,; is boundsed, Iﬂdem, inf,, :z.t-‘_ 0 by
the definition of 7, and the sequence {rll,»; from {82} is hounded for each

&= ,T,40,0
Now, according to ﬁemark 3 iy = maxg{n.}, a8 H™ we take the fung-

rvﬂ;g o FTEEE A Ay



Assertion (2) follows. Assertion {3) Is an easy coroilary of assertion (2.
i

Proof of Pr0g092ti0*1 3. Firgt note that | =y ~ ¥ > 0. sinee M s a
martingale determining density and P> ~ P Further, from the definition of
the Girsanov transform (2} we casily get

’L( fc)u*:) -— J‘u(f}

AL, M) = ) R
f ' T pols - X &2)
where D = {{w,t) : u{{f},F} = 1} with the Dlrac measure p({t},dz) =
(Bﬁt(dﬁj).
On the other hand,
Ak (1= By = BlL, G Ep — B(E), (83)
where
(5 = $(t, 27 ({1}, dx) = O
() = . (t, z)v {{t}, dz} = m‘f{g(t)ﬂ}. (84}

Now, substitusing (26} and (84} into (83), we obtain AL (m, M) = 4,8
{11— 1) and, hence, the purely discontinuons part of the P-martingale L{m, M}
is equal to @ * {u — ¥). The continuous part L°(m, M) = m® — {m*, M) =
fon—py-{n) O

Proof of Theorera 2. The method of proof of Theoremn 2 developed in (1],
pp. 89-95 is the general and may be used with small changes in the considered

case,
We perform this fact, taking as sn example the prooi of key Lemma ¢ of

[1], pp. 94-95.
Introduce the functions

Pf‘vamc(i -¢)}
f‘{uﬁ"D"?a('"EJ dria

BT . fr A R U A S Y

e
ho., =




Ly 3-&;31.&“1‘5; - !;} -~ &g %\HUJ(J. T RPN LT & ?3} =
LT

s E( ; 3 AN
< B i\s;‘ggcﬁﬁ}gﬁ.ﬁfg By >n- ,&} < Ps %\E% EENANPEN > — 1);
{78y -~

By virtue of the Lenglart inequality, for any & > § we have

- { E d ~ A} P \
A IEAGIGNHO) < -4 5 E Z, 2O ANF(E) /} >dl.
\e«:T J ?? '<’I
(79)
ow assertion {1} foliows from (74)—{79} and {12).
{2} Now we will show that
igf,l — E(VIG, Ny g as n o oo (80)

Denote X = X"~ AX"T faxriiye Since X" is aspecial semimartinmle
se unigue df,cempumtlon X" =M+ A" takes piace with a predictable A .

Rewrite X = as follows: X = X7* — eleizay * (1" — 0" = xlppsn 20" We
ave .!'l/f = X" - f*{jxl')*l} % {,LL“ = V“\

Furtber applying the triplet transformation formulas under absolutely
sntinuous change of measure, we got B* = B" + o, (§}(F7", NEY. Hence
5 _ cq'\g) \_J&,Nn\ - [ {1{9“(2{‘” _ ﬂ'( IV"‘

B} the Lindeberg condition and the configuity J{Pg } < {PF}, we have

% — 0. Further,

IR n '([ T 4 2
\‘ — f )_ i“ dEa #® L4 _>1‘ \ a;{,”;-} - (“;-L}.,dx’: .

f\h

gain, the Lindeberg corndition and ine contiguity give



i,n g T 3
and O ~23 Op = T {6},
. W = .c(rqp"” o .
Hencs (see (8]} X} — Bf My, where B} = — | Sz ©7{d, dz)
i & first characteristic of the process X® with respect to the messure Py .
Now the desirable follows from conditions {7} and (3. [

Proof of Proposition 2. Denote X" = ¢,{#)[§. For each n > 1 the
process X™ is a semimartingale with a triplet of predictable characteristics
(2l - v°, ¢E{Lg°), v®) (with respect to the measure Pr.

(1) The foliowing necessary and sufficient condition for (PP}« {F}} is
well-known (see, e.g., [8]):

- 1 = '
lim lits Py (?}:T (—; Py, P;\‘ > ~;) =, {74;
o0 R0 Xy 2 }
lim lim PP kbup an(t) 2 ) =0, (75)
G200 A—HE0 T )’

where (h,; (%, ﬁﬁ",Pg‘)), 0 <t <7, is the Hellinger process of order %g and
an(t) = F§(8)/ F3(t—), where

on
diy

o= Y (e N
£y dp'c? ((r«( } E?)
1t can be easily seen that
- 1 )
n (577 ) < ey (76)

Indeed,

LY

h(; Pﬂ}_gn (6)! \”“-'é(\&kl—\/lfcnf?ﬁ\f“")j

Bt since {1 — +/i + x)? < -‘—1---—I;.~1—‘ - < 2%, for = > —1, we have

£ 2\ EF,P;




dhe necessily Of condifion {Dd) 15 o0AIOUA. Londiton (Bn) wnleh 18 oased
formula (63) sirengthens, on the one hand, the ergoedics

{, oo the other hand, cnsures asymutonic

‘he class .

This implies the necessity of the requirement of convergeuce of joint distri-

fons both in (63 and in {67}

Condition (86} {“complitensss” cof the class W), mekes class of suore func.
18 vicher.

Praceed $o the class Mg, namely to formoula (72}, Begin with the end of
formunliz. Belonging of the sequence H to the set (¥} N B guarantees, cm
one hand, ergodic coordination of the classes W and My {see {70,2)) and,
the other hand, imposes boundedness type conditions on this sequence (sesz
ditions {76,1 and {12};. In parficular, the belonging to the set B impbes
contiguity of the sequence of aliernative measures {F} Pl with respect to the
sence of basic measures {F5}. Purther, the Jeiongh.-g of each term H” of
sequence & o the set X implise a yniform integrability of the exponential
réingale £ (o, (FINF) an nd also the fact that inf, & fea (81059 > 0, From these

ta follows the property -3””‘ w R

The nop-triviality of ﬁe optimnization problem (18) follows from the re

p H™ & M

Note, finally, that the above definitions of the classes ¥ and Fy give sta
ical senge to the rick fusctional D{, H, 8, to ibe optimzation problem,
i 8 a regult, to the whole problem of robust estimation considered in thﬁ
ey, O

Vet o = {4°" Y, be the sequence of soore funchicns eonsdfocted in Thee
m 1 by the formuls [48).

Thooram 2. The ssquewee ¢ &8 (¥, ¥

A0 EaLel ‘I\,

{w ~optimal.

&, Proofs.

Proof of Proposition 1. Let W = (W), 0 < ¢ £ 7, be astandard Wiener
P v . { s I
wess defined on 2 stochastic basts {13, F, ¥, F). Denote M = rfo—l -

wm £ ze BFTREY = T8, Denote. forther, X" = o (6153, &Eiﬁ



1L

where the maciingale &5 (= vi(2

¥ -~ S areas b o 1
£, are real nurabers. Hecall that

he ?itl:)ur'nl (391, A, and

El"

efine

L

He= {H={H o  H e HLNK", 52§

5
HeHOP)N By,
where W% is defined by (41).
Finally, snppose that
£9 (v v is degenerate} U (v vimedy) > 6}) = 0. [?3)
TRemark 6. Note that in the discrete time case the proporty 7 € K0 &8

reduced to the property sup, A% w, il <oo. O

Bemesrk 7. Consider, al the gualitative level, the assumptions used in
the definition of classes ¥ zund #Hy. We begin with the class ¥, Assumpiion
{61} reflects the fact that in this work we do not come cut of the framework of
the Lo-theory. Assumption {(62) strengthens the admiseibility properyy, which
statistically means that the “unbounded” score funciions cannot be sptimal,
and they apriori are excluded from pur consideration. Nexr, we see that for
o = o,7, 5 and for o = § the conditions differ from each other and therefore
thev are given separately.

}‘m additionz] assumption in the case when o = 4 is t,{.” = i, ‘ﬁ’hsm CoTTe-
sponds to the conditionaily centering property of the score function ¥f{z, 7, 8133
in diserete time models. This reeults in a necessity to copsider the parameter
A= 31 “",, which is & nonlinear functionsl defined on the space of proba-
m’n ty distributions. Mote that the techrical condition {69‘: and the analogous
sondition (73} ensuve the continuity of the fumctionsl 57 with respect fo the
sopaiogy of a weak convergence of di“*?ﬁ‘utm%

The presence of the parameter 7 ip furrm“ia 48] for the opsimal seory
anction ¥ complicates the checking of the ergodic properties and resulis
in & necessity to consider 2 generalized weak comvergénce of distributicus.
This convergence reduces 1o a weak ronvergence of distributicns on the mete
spacs of probability measures o7, coughly speaking, o & W’xaia ceRvergence ik

- e s

'i‘*

i

Eanin
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Let ¥ < B8 be the set of sequences ¥ = {1] bn»i With properties 1), 2),
,, 4) with o == § and, in addition,

£
"

1_?;"5‘ =1} for each % > 1, (68)

; Qn.d} —_— Q‘v") == 9 {{r: v has not a unique median}u

(69)
Uiy : v degeaerate in 0} U {v: jryy{dy) # 0} =0

Remark 5. Note that from 2) follows that 1, € ®¥ {sake ¥} = ¢2 = ¢a)
nd thus @ﬂ%’ B 'Qﬂ% a = m b G = QY
Now ¥ = {¥,, a =, 6b).

(i1} Definition of class Hy.

Let Ay © 00, o = ¢,7,8,b Define for each o = ¢, 7,40

E 1} sup /(”n) Al < oo

H{Aa) = g {HS beps , (70)
E ?) ;P U'/:’ h":: dﬂ:ﬁ Ey ‘v(':.i;"!\ = ‘qn
L J '

The symbol "a, —” means that the scquence {a,},31 has a hzite it

Let H{A} = (M(Aa), o =¢,7,8,b), where A = (A,, e =1¢,7,4, b).
We say thai the sequence ﬁf = {};’:I basr = {HY, o = cm bbby € B
' for each sequence of martingales {1 ¥ tn»1 defined by the formula {‘3;3} with
ite Lygh),n 21, a= C,?T,§,0 the condition {12) of Proposition 2 is

atisfied.
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i
L él jf Fupma®{w,du) £ rz} =1, e

and the sequence {r“},ﬁl is bounded {for each fxed 7).

Here Q”,@‘(ﬁg, o) = j'_,{wes}d}nm, where §7_(d1) = ﬂ(ﬁ)dﬁ;’i,gsw‘ai d2) =
c‘;{ﬂ}fh,,n o1 ¥g 5 (dt, dz), !‘m(‘h dx) = C?al@ I{sag)’ﬂ}”s (dt, dz}, i-va,.ytdfs 02(9)%5\‘* dt}.

First we define the classes ¥, for o= o, v, b

For esch n > 1, we denote

T AT A = 0
ey = f Iypenydtiy. @~ (o) = jf Logim gz eoytite

where the messures u7 are defined by {37).
Fix the sequence %0 € ¥ and inmtroduce the set

3 J— 13
e ={yecul T Lo} (63)
Let T, ¢ WY be a set of sequences with properties:
Ly
o € T, (64)
2
(Wi 8 € 2a) = (¥h € 9%, (65)
3 \
(D € Npuce. %) = [0 € Ta), (65)

4} the sequence {{¥2)7}nx: is uniformly integrable with respect to the se-
guence of maasures (] Juxt.

Let o = 4.

For cach n

> 1, we denote



it 7{s} i3 a distribution degenerated at 0, then #{(¥) = {;

% %\o'.ndr-(i]? o = 1,

We sav that the sequence of random measures {0 },5 generalized weakly
nverges Lo the random measure @ and write 7 = (} as n -~ oo, if
R LA T s

The tatier convergence means that conditions {57), (58) and (59) are sat-
ied, aud

[_.5* (YO {dry - jff"‘(z/},{:@{ffuj as 1o oo, YR eOy, d+=1,2.

. " _
Frow definitions easily follows that (" = () = (3 Q) indeed,
is sufficient to izke

-

F)= [ flapide), f€Co 2€Hy (60)

We consider the case described in 5. As it follows from (39), for each n > 1
L7 W) = Dy (ym, B 0).
We define now the classes of sequences of functiens ¥ and Hy such that
= {y" }n>. €% and H = {#"ls € Hy, then Dy, H;8) { =
(L N6 = limaoiee Dnld" H™ 8), (see (15}, (18}, {20), (21}).
Then we construct the (W, HyJ-optimal in minimax sense sequence y* =
A

-1 of score functions, l.e., the sequence o € W such that

sup D{pY H:8) = el sup Dy, H:8),
FeHy WER HeHy

reach & &,

" Below the parameter # is fixed and omitted.

i Thaflenitinn ~F Micos W7
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£R(B) = | Ky geempldw ), LOB) = ;[ Igu e v{dw, dt),

he o-Bnite distributions on (A, B(Ma)} mdartm by some o-finite Imeasures

#™{dw, 4t and v{dw, _di) defined on {§2x 10,7}, 7 x B{o, TN
Here (Mg, B(My)), € = 1,2, are medﬂurmhe spaces of the probability

measures on (R, B{Fg)), 4= 12, B{M,) is a Borel c-algebra gencrated by
open (with respect to the Prokhorov metris g) scts.

Introduce on { fg, | (R,g“a = 1,2, the measures
T = { L2, | -
Q L*} '_'j !/\s} ‘\U"‘”)}'. ri 2 1: {‘I}'\j)
and
— f } { LY
QL) = § 2Ol ) {56)
where v{s) € My, and suppose that these measures satisfy conditions (52) and
(53}
I';‘;,oduce the functional £{») = | [s{?w{dz} defined on the space (M. ),
d=1,2.
Then by conditions (52) and {53} we have
C By = | "2 A g i
{ FAL™¥{dvy = i lzPu(da) CoR dv) = | ja]7} {dx} < oo, (57}
j‘ FnLR{dvy = f'g:ri"@(ci;a} < 00, {58}
J
and
[?(v}f"%dv} —+ ;{ FOAL%dvy as n— oo (55}
4 ‘J'.'

L

Denote
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sator vy possessing the saime pmpemes

'Then {51} has the form ;ﬁ?mg‘;a—}}{{)(a?{l} = cﬁ(ﬁ}ﬂf-”j’{kﬁg <13- Henee N3 (1)

o Hy "y (dz, — v{ds)), 0<t<T.

The simplest case of this is the binomial model with a random probability
of success i.e., when the observation is a sequence of indicators I%,..., I3,
ai{i) = F, I"‘—l?”‘}1<z<n, Fr=a(l?, § <4).

The iattez fact explains the meaning of the index 737,

8. Construction of the Sequence of Optimal Score Functions

We peed some auxiliary notions concerning the weak convergence of o-finite
distributions,

1. Let Q"{s), m>1 and §(:) be o-fnite distributions on (R4, B{Ry),
d = 1, 2, satisfying the conditions

==t - rr bray *
if l° Q" (dx) < oo, =21, j iz|“Q(dz) < oo, (52)

where @ € Ry, fa| is the usuval norm in By, d=1,2.
Suppose

/|;;:i3@n{u’.:r} — / l|?Q(dz) as 7 - . (53}
Lofine the sets

Cyom 4 f 0 f e a continuous function on Ry,

s

L )
FI) = 6 and 222
S E

is bounded}, d=1,2.

Weosny that the seauonee of distributions {(J “fa) o) 1us: weakly converges to

+
the distribntion a1 and write

i

0 . O oas o — o, (54)

i relations (52) and {33) sre satished, nud
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T . 2
- f f (iﬁﬁ(mﬁ}]m) dtPy{dz). U
Cor # 0

In the following special cases we briefly describe only main objects

Poissonn Type Point Process

For each n > 1, let P} be a distribution of the point process &, = (£a(t)),

G <t < T, with s compensator vg{t} = f; aj{s)da}, and let P" be a distribu-
tion of the point process with a compensator o
Then

. g
L0315 = | 5(s)

p ag(s

et

t
(i, — eg(s)de), L5 = [ wEr(de, - aj(a)dad)

T . 2
T t s
I38) = E} f (—ﬁ) ai(Hdn}, (0} = FH).
0 ag(t)

The “contaminated” measure 7 in this case 1s the distribution of the
point process with the compensator vy

E JU (rfﬂ )4 a6 1”}”( )u’r}
Thus N} (i) = ft HEM(s{dz, ~ ag{s)do )

Processes with Jumps at the Predictable Moments
Consider the case where 7

=0, =10
(36) we find that

Then from equalitios (34} and

an i T
Boto 4t g Ug " e g
e p ;/- {uy »0} 1 _ ,.9, {0y <t} —
@4 .

(51)

i, d
= ;( )\ f " preith T Hb,ﬂf{a«(agﬁ}} -

To illustrate a roie of terms with indices “6” and “¥, let us consider two
special cases. Let for each 7o = 1t _
it when $=x2.F. 1 <4i<



P

AMAPPY is given by the formula

Wt e, 3)ide, — B,(s, 2, 8)ds), 0<1<T

The "contamination model” means that } D"‘ iz a distribution of the p:
£ == d!‘-n,tti} <t < T, with the Llal'fi%l‘b‘ﬂutml
T oen S e T g : ey o o
d6a{t) = { Balt: n, O] + calVH (8 40 )§ dt + dW, (1), £,(0) =0.

Hence the main objecis are given by the following equalities:
¢

e 3 Iy - - -

v’ﬂ(g} = [ }—3""‘{3: $}(ﬁ$rs ﬂi'ra(" < érb"}: L

ul™dt, dx) = EG1dPMdE), ze T
a3, H 8y =

roogT )]
Ef if ;9?’:(& 7;:{.:* are N‘;aﬁtf:; {“‘T}; 4+ § ;

o S ) 2 4 E{; . .‘\2 "
{ jpodf {’?” ;(‘ L .’;:39']/} di | =51 as 7 -2 oo,

TOCEEs

’l\u C._'g‘r_r] W
JR— -

T ;
1 e ‘{ : D Etar g PR < < xb.
mo a 4 j

Finally, the apmﬂai aoore martingale ig



Thig case is covereth by A BONCTAL SULUIT UF Daiiusiis i
in the following aianber.
Cioryy the spaee of {(};hi’}‘).{)\h funciions (z), 6 <t £ 7
< T)F P moe i3 <), 05 IS T,
‘Uz tien of the process &, (with a given
<t < T,

Fot 7 =

g 0, Fr= e =
meagire, i

"ok oa Wiener
] in other words, the coo 1{;11'15‘ € Process
iga (™) somimartingale with a triplet 0,

e -
[ I PEPIY Y
52 elist

~..'J

r = {I‘g(w)., w Cg-fl, U<
), 02T,
T

with a{w) = wi.
LA . 3 . i .
and o (P, F)-semimartingaie with a triplet ([, &als, 2,
Agsame that for each > 1,
;T / {-'3‘ 5
pr I\ /‘ ,-1‘.2 LE, ﬂ\i(p ” L}O) = P;‘ J _1@i{f=$,9)df <ood =1

o /

of equation {50}, By ~ P°

¢ there exists the unigue weak solution

Asgune tha
1 the likelihood Tabtic process has the form
\ i T
i = & My},

/

Al

32 (s, 7, 8)ds

ot
ALY = eX ( i Suls,m, 0)ds, — 5 32
b ) \.;U \ 2 jﬂ
)a’,{,g, p<t<T, isaloeal (P, Fi-martingale.
» & Clgry and £ € if} T}, the mapping & ~»

£ ,
where M7 (E) = fﬂ M EN N
Further, et for each n 2 1
3.(¢,x, 0} be conlinuo 18ly diﬁerentiab;e 5/ {.ﬁ == F ‘, and
oy ~t ‘['f, a i
{7 ! -
o 2 . 4 te o Vi — 5 f ;
— 5 s 5. des = | Puis 3,0)6%s ,3‘;, : Pide = {e,2,0)a
I ML i 5 it M £, oy ') ;'“ A Mryte vy
o4 J. S5 38 . @ Jo
. ¢ — a“T 3 2
0 < MG = b_gjé \,oﬁ {t,x 6} <
Then reguiarity condiiions ar atisfied, and
e
= oW A o ANLERY HAZFDF"Q



e \ y o g emsssriieas e 3 SOMITE LU LAAAILEAILD. Al
%% (»,8) has the unique median; b) Q% {6, 6)1,9) = 0, where 45 MO =
llmm_,o 827 {(m; 8.
Theorem 1. i) There exists the optimal ™" equai 1o

ntmn{8) . .
B0 s
Yo = y (48}
[19,!’2 " ﬁﬁ,n(mz (9) 9)] my {9) gf o =4
& S n 1 —-m;" (9) 1 5

and, thus, optimal score martingale has the form

L3" = (T8, - (X6 - g7 O™+

AL C) LN 8,7 ()] 18, nymz {6} -
+([Io ——m“{)ﬂ)llﬂ““"[]}‘*-[z i (773 ’giim ((a) f{% >u}‘"r‘a —-m("(a}!{l]<a;‘<1})*(#"‘i/s_L

where i, (0) is the unique solution of the equation

Rzmz — Z {[zg,n]mm!g,n ® ﬂz,n _ (iﬂn —m) " ‘u’ }+
a#s

(49}
+ {{lg’“ ~ B (m, 9)J™ 10" « pom — I/[Iﬂ "t 3% (m, 9)]“‘,“) * ,ug’n} .

1) This *" is unique (up to the constani factor).
/|

Proof is quite similar t6 that of Theorem 1 from [1], pp. 82-89, and we
ymit it here,

7. Bpecial Models
Diffusion Type Processes
Wo consider this case in detail.

Let for cach 0o 1 = (&) 0 < < T, he a diffusion type process
vith diifferontial



b i
A= {3, >0, ¥ > esssup [V — 5} , Al= iy <0, =Y > egesup ¥l — 6} .
©® I

Prom definition of esssup it fotlows that g (Al U AZ) > 0.

N i IR sl s 1 AT [E=N1S oAt —_— '

Suppose, o.g., #{A;) > & Tlhen we have u(Ad.) = EQ}L,E{AQ N,y > 0
Henee pn{Al N ,) > 0 for some o = 1.2.3,4. Let for definiteness, (AN

-

1 . . - - . . Rloan
Consider the function Z° = {Z£,0,0,0) with 2} = If({ﬁ-ﬁ‘-};;'}ell}}“

Now we got [Z¢| « =27« u= Ziliny* = ZE % py = I and
W2 = Y Z g F ol = Y 27 % | =

V2D Ty kY2 Lganey =

. . ) A
=Y Z gy ¥ i 2 (oss sup [¥] ) H

for each ¢ > 0, where A€ Is a complement of a ser A.
Now from {44) we get that the optimal 17 has the form (see also [15]}

Ve = const.]JX — 87, m >0 3 = 3w, )iyl t, 1)

Our probleny is to find an equations for pair (3, m). O
Remark 4. Above menticned optimization problem is an anzalitic problens
and have not a statistical meaning. More exact specification of seis o sCore
functions and alternatives are needed. O
As in diserels time case, dennte
; { P
Y I . |i‘ X 7L iy -
{'J'-b'-f{s' ”} - )9 ‘{J::I:'"(—_c}qw,ﬁ (d‘i-), (4[“’)
where the probability g, is given by {31), and considey the equation with

respoct Lo 3 {m > Gis a namber}

f[” — :"'J']"*,,,Qféfff.’f._?;, & =

——
I
—
T
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Remark 3, Consider the & >1wwn:1g simple conslruction. Let the Hilbert
BlHACas

vy /i ___ L .
-'_ia\l{ ;(;,}-L(»)} ff—l‘]‘--jdf, Qar‘lﬂjrﬁj, \':‘A"—-:”..

he givei.

We denote £ = UQ,_U F o= UFy = {Ueda t Ay € Fa o= 1,04},
j{A) = 3 p.(ANG,), YA € F and consider a new Hilbert space L7 (Q,},,u,;
with a “CBJ::.I‘ pI‘Odd(,t i e\ X y¥e LA(? F. 'LJ, hen, abvi ously (_X\; VYo
Zr_,(}fmymm where A, = AT fin 1 Yo = Yf{gzaj‘, ‘:@: »)c, is the scalar produnt
in Lz

MNow for each n > L and € les

= {" x [0 Z’"];ﬁ{(wﬁi}:ﬂf{a;’<1} X{x}, x¢€ R,
with the correspondmg g-algebras and let g = (pe, v =1,...,4) = (0", o =
e, 7,8, f-,;,b X 8141): Ogsy 18 the Dirac measure.

Let, further, X = (X, a=1,...,4) = (i "‘”“, a=c,m,d8 Y ={Y,, a=
1,...,4) = f¢6‘"‘, £x —C’Iré,.,;?Z— (Za,, o = ,4) = ;:?—If’”} o ==
£, b}

Then right-hand side of {42} may be written as follows

(¥Zsxu) +¥Y%=p

A= in{ sup - 43
{Ef’)].ﬂf lsu< R l\}/X * ;'_!‘.)2 ! ( }
where Y= {V i VY v u=0: forpll V =V{w, iy t,a) with [V¥]»
f < oo} But
, R Ssup I+ Y2apy

A e G F f4ah
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Assume that for each o = ¢, 7w, é,band n > 1, 7", @07 EFIv e Ly(pfny,

Denote

) k] h ke I
I® = (Ei’ , =0, 0,6, Yt = f?;i‘f!‘ s a=cm 8, b

W

(38)
H= (H a=emdb), p={l" n=cwn b
Then the simple calculation results in
/ Y : .
L o ppdn ;,42’“; + 2 (iﬁ)i' :f e fu ™
Dﬂ(Lﬂa jv'n; 9) = D‘n(w“a Hﬂ; ‘9) = - ( E = y
St st
k\ o /
(39

where the sign ”*” denotes the utegral, ¢ = ¢, 7,4, b.

6. Fixed-step Optimization Problem for Statistical Models Asso-
clated with Semimartingales
Fix the index n > 1, the real number & > § and coasider the following sets

of functions:

W= " = (P57, @ =c, w88 P57 € Lalpf™),vi" = 0} {46}

HE = {H“ = (H%", o =c,u, 6,8 HP™ ¢ L%, o= ¢ 14,8,

% =0, HIw,t,0) 2 25w, 1), 227w, 1) >0, (1)

ey ., 5A fa . ,0m ;
S HE xR N e T < f%}

)
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ther, let By ~ P and £ = £(M,) with

£ =
A A
M@=5@~X-'+.§Y§~—i-i- L w (g — ).
] 1—~ﬂ;}

Then it is easy o see that 52 = £ (L{E&f; - Mg,a-fg}) — £(N;) with
€ M Fa), and thus

L F
Ng = (Ba — Ba){X® — Bg - C) + H"g—l Loyt
L\ Fo o
~ ‘ (24)
ds f3 Y g — g
] i a _"""'"_f«" ag < w (g —
((gfg /}; { >0t T 12 10 %1}—I ¥ Vs)-

Starting from equalitics \33; and (34) it is natural {o represent the core
rtingale Ly and martingate MMy (for definitions see previous Subsections 2
4 3} as follows:

5= '{!}f(xc ﬁg C) -+ \?e),r;{a.g“(]} + ﬁ)éi{a@ -0} + 4:)9‘{{0( ag<l}: ) * (;u'_ V9)1 {35)

eve 8 = P {w,t), fa= e by ) = 2w, b, ), f o= 7 é and $§ = {%

T # Yy { &
:rg':HcliXC—_ﬁg'(/} %\H ivire-—@},“raf;f{ﬂa>gr -+ H f{l,((.p([}}*{,{a x:‘g}, \5 :!

were HY = Hi{w 1), =cb B HY = Hiw, t, @), o« = #, 8, and HL = (),
Let us endow agein with t‘rf- index n all the objects and mtmahu.e the
Hean MeaSUres

a{!.i:n {d‘i, d{/)} C?{ \l’iim" xr:.;: (-.'ﬁi'.-;-’)._.

emy e : 2p et
po(di, do dw) = c (B i oy vy Lot sHH W],
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= s 5t B ([ w0l (i) Ak =

55t

= @+ T anls) / Blw, 5, 7)., (d7),

ast
(29)
where
ap(t) = AAIB] (Ry) *(30)
and
BY (dx)
@b (dz) (0150 = mf{mwpe}- (31)

Thus ¢ ,(dz) is a probability measure

I{ag(!)}ﬂ}/ qﬂrt(dm) = Jag(y>0}-

i

Benote

dVg . qf}‘t dI) . A %
dvc - qw_g(dI) - f&(wvt! 3:) (Slmp]‘y fﬂf‘

Then we have

[#4 . : a o
Y = Fol{e—p; + ffef{wo}, Yo = Fpligmoy + (ffa + 'f'fs) Liasay-

Therefore (recall that ¥ > 0}

.G fg t’.]'.g \
(1,__}‘,(&: W LA R T ) 3
? Fy Ftag=0} (fe a6(2 —ag) {ﬂaﬂ}} {ag >0} (32)



wigth
-~ i ) f
(6 = f alrlv({thdey, S0 = vt e ({8 de).
JF J
From (23} we have
(v Vo)
My =08 - X+ | Yot ——— j+{u—v) (27}
l—-ag;

L{M;, Mg) = Bel X0~ 8- C) 4+ Do+ (10— vg), (28}

where @¢ = Y5/ Y + G0/} — e} - L1, a(;} With Fro,-1180 = 0.

We give more detailed description of the function 9,

For this purpose recall {[8]} that- one can choose a version of characteristics
29 and vy such that

(8) = (" 4%, welw, dt, du) = dAT (W} B] {dx)

o

v

(= 5w, dt, de) -+ v (w, di, de)} = vilw, i, dr) + déf’ai};:}ﬂfj,t[dz}i
hore 16 = f1, . is a continuons g th oY 8 {45
FOEre Mg = lig, a0l ! IINBOUS Fart ¥y, the process AP A8 hncpar &

A5, = {d}, 0 <t <7, is a non-negative predictable process and B slda!
5 a transition kernei from (0 x Ry, P} into {Ry, B{R,)) with B { 3}} = {
wd AATBE (R ~'_~f

integ

Mow for sach i
X )

&

rable {with respect to wp) function o = (q) w,t, w0 W



=odgit) — ‘; ERTEC I L N I Rt —.
¢ the measure P is such that any (P F V-loeal martingzle admits the mbe
gral representalicn PropLrey with respect so X, then the likelihood-ratio process
can be given by the explicit forrmula

di%
i = oE 8 L EBED
po = g = ),
WhHere
Wy = .,‘{C.(/y,‘ Yoo y 3 (Y 93
Mo = g - A7+ E\ 3 — i+ T g ¥{p—v) € S {7} {.d-.a\f
L —qa ’
£
&

{with the usual convention 7 = ).

Assume that our stasistical modst s reguiar. Thus we assume that for
almost all {w,#,2) {(with respect 10 she corvesponding Dolean’s measure} the
functions o : @ ~ Palw,¥) and ¥g 8 ~» Ylw,,x) are continuously differ-
crtiable {notations By = -E%,(:’Fg and Yz = Yg.\ and differentiability under the
integral sign 18 possible.

Let us calcnlate

",

J

L e AMAM
gélnpg:f'»fs*'(iwﬁsM&.} Z_d e

= L(AT{’{ .1”1/" “]..
i+ AMg W8 SR8
Below we use the foliowing

Proposition 3. Let Domartingaies m and M odmii sniegral represenis-

ii0ms

me=fond i, M=yoaixels-v {24)

whers i o conlinuous I-mar fingele, w13 4N integer-valued randorm measure
on (0,7 x 8, B = Ry {0} and v is its P-compensaior.

Let B be g meosure, £~ Fowith

dP

¥

- B Y ¢ T Con FAYY e Rocmean
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n=oa o n-pow

? > 0 is some constant).
Denote

(EML3, Nr)® + Ep(La }T.

D, (LM N™,8) = {20) -
(e, 103, M)
Obviously, under the condition (19),
D(L,N,8) = lim D,(L", N",0). (21

The classical i.i.d. case is considered e.g. in [12], [13], [14].

5. Calculation of the Explicit Form of Risk
Functional D,{L", N". §)

At the begining of this section the index n is fixed and omitted.

Consider the statistical modet (1) associated with one-dimensional F-adapted
sdlag process X = {X;), 0 < ¢ < T, in the following way: for each g €8,
» is a unique measure on (2, F) such that the process X is a (P, F)-
.mimartingale with predictable characteristics (B(8), C(#), vs) (with respect
) the truncation function k() = 2f{jzj<s}). Assume for convenience that all
weasures Py coincide on Fy. Assume also that under the measure P, X is a
smimartingale with triplet B = B(0), C' = C(0), v = .

We know ([8], Ch. IH) that in this situation there exist a P-measurable
ositive function Y = {Ye(w,t,2), (w,t,z) € 8 x Ry X R} and a predictable
rocess (Fa(t)), 0 <t < T, with

[h(Yy — 1)] x v € AL (P}, B C e AL(P),

such that the following is true:

) B(O) = BBy C+h(Ya-Lsv, 2) CO)=C, 3) vo=Yerw, Yi>0.
(22}

-r a 3 - N .



: 5 s N D ..
Pencte the measure P} = Py . For (13} to be valid iv is cufficient the
existence of the deterministic limzt with respect to {FF 1.
Now {14) iraples simply that

. . a0y 3 ¥ b : . ;
i Jim By if' HNTE - 8)) /\r::.} = D(L N, &, (15)
a—0o =30 n o Y
A - . . i N
where B is an expectation with respect te the measure P and
N T A fqa
D{L, N, ¥} = {16}

4. Optimization Criteria

Denote A” = A {{ P} }n-,,l) the class of sequences of precesses Ng = {ﬁé‘}ﬁzl
satiqfviqg the conditions (8), (12}, (13) aud, besides, such that the process
E(NT) from {8) is an umimn“l\, integrable martingale with inf, £; (N > 0.

Suppose, furshier, that for eac hn>t 'V” € N',t, where N2, 8 > 0, is some
doemain in Mz(Pé'\ ‘Consideration of such th A is needed if we want 1o get
& nentrivial optimization preblem,

Remark 2. Under above mentioned conditions we get that 1‘ D" defined
by (8) is a probability measure, equivalent to [, 2} {7} < {F7} d:‘;{l thus,
D{I N.#), given by {16}, has a statistical 1119411;1155 of a risk fanctional, see
(15). 0O

The CLAN estimator T7 = {';”?’fm;_,] s oeatled (M, A)-optimal in the mini-
max sense over the class of CLAN va‘ii*natf;;‘ss {TE. L€ M{{{F}}use)} i for
pach #€8.¥: >0, YL e M, AN eN, VNelN

5 (7 0)(T7 = ) Aa)
lim lim - - — = l+e. (17,
4 00 R—+oG Ig‘g' { o (l(‘)f - 6}}4 Aal

The score sequence Ly = (03" € MIFP}as) is called (M, A)
optima) in the minimax sease if for each § € &

sap D(L° N 8 = wnf sup D{L, N. 8. (18



re exists NF € Muo(Pf} such that

(8)
if the martingale N} has she form

NI = e (#)NF
1

{FF} < {87}, (10)
1 we say that the sequence {.fgf}"'}?,ﬂ s

longs to the set of shrinking neigh-
srhoods of the core sequence {Ff fao1

For definitencss denoie such set b;y o d.ﬂd cach element of Py by {{ }n>i
}}V f}Jh v :‘151

»f ,f‘a i,
Proposition 1. Let (P has) € Pp and T% = {1 jnx1 be CLAN esti
tor with esymptotic expansion (7). Then

- y 87 s 1910
r 1 By L — I_ N\l ,_w_} ( i_)
\& O =0 s ¢ ) T\ @
| (11)
<1 ?u ‘the first characterisiic of the process
th vespect to the measyre | ol

e (VLG
Froposition 2. lLet the sequence 1%
€ P,

ere B7 = {Br,0<1 <

’*“ be such that for each n > 1
4
8;——11&} arE 5&?35}166! f‘f“ o MZ(

X}, and

lim lm P.: {f_;l

Jim Lim, WG > d} =10, 12}
tTh = {; £ azs be o OLAN estimator with asympiotis ezpansion {7). Then:
1) {Pe‘%ﬂ{ Pyl

4 thus {.{3} & 'P ;

(2} relgiion {11} remaing true with



TH

(1) fereach n 2 3, oy

i (Y
(PEh

(2} the saguence {Ly Trmt satisfies the Lindeberg condifion

: as m 0o dor Vee i1l (8
-;{! Jlaime ‘

where v, s ihe compensator (with respeci 10 the measure 5} of the
jurnp T2asure of the process f.ﬂ'ﬁ;w;

23
{_UJ
A

T i iy C g I . " . 1 £ oa

C‘iz‘fii\bg)r —¥ 2 (9} an n— 0o, U< EL'\Q} 00, {4}
f 4N
(&

S .
ca {6y Ly, L{sdg . Mg e — veif) a8 n-ro0, B i (8) < oo, {B)

T8 and 7 (6 are deter ministic funciions.
We s e vhat LL(AEE, MY base £ M{{PHjax). Note that if Ly €

&
Fll i ]ﬂ i
l 11 {;}n Lhen

Lcy iV f“]w" et M L84 iﬁ}

45 it siraply follows from the centrs § Yipmis sheorem (CLTY for the martingales
- el
(502 5.8, 18]), -
The seguence TE e {TEY of Fy-measurs shie randoy variables with
salnes in © i ealled Ok 519 egtimator if for cach § £ © there exists Ly €
r‘v‘ife‘ E_}»} -‘ 1; guch that

2 {7

where ¢ {01 Ra18)
it s evident Lhat



iy _ (
95 = — = E{My) 1= exp ifw},- -

Jp ‘.-?‘.ffc;‘} E‘ 1 -4 ﬂﬂ/p—g‘ —&hty

k\)l'—“‘

where M € My, (P} is a local P-martingale.

- L E
b} Let { be some other probability measure on ({1, F, F) such that GLP

and 'iQ =E{M), M is a lacal FP-martingale.

' m is a local P-martingale, then the « rocess (Girsanov transform)
T 5 !

1 - AmAM
—_ ——r A= m — (RS mcY — &
Lim, M} =m N im, M = {8, me) E TTAM {2)

is a local {-martingale.
¢) An experiment £ is called regular (sec also [11]} if:

L for cach¢ > 0 (P-a.s.}, the function § — Me(t, w} is continuously

differentiable and the derivative 37, = o £ My is a local P-mar tingale
for v8,

2. for all ¢ > 0 (P-a.s.}, there exists (:% In pg: Z%’ Inpg = L{MB,MQ) <
My}, the class of square integrable Py-martingales,

3. the Fisher information 1{8) = EslL{3, , Mg)) is finite and positive.

d) Counsider the sequence of the regular statistical models

£ =

Py

Eabnzr = {0, P F™ = (Flocwer, (P8 € € C 1), P))

n>i’
where T > ¢ is a npumber.

Fl sany— 14
Denote ¢,(8) = (Ip(sn~Y ::( M R

e
St
=]

s —1
j Then, if

o
=3
d‘[‘"
i
"5'1

o
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mining the CLAN estimators and of martingales determining alternatives, is,
in a general case, an implicit fanction of these sequences. Therefore, in general
case, it is impossible to obtain any constructive sclution of the optimization
problern and to construct an optimal sequence of score martingales.

Furthemore, we assumed that the wartingales under consideration possess
the integral representation property and on the basis of this property we worked
out the so-cailed approximation technique consisting in the following: we first
fix index n > 1 and then consider the optimization problem associated with
the risk functional Dy{L", N, 6). Stachastic analysis {in the presence of the
integral representation property of martingales) allows us to deduce an explicit
formula to calculate D (L™, N™, 8) and to describe explicitly the classes ¥ and
HE of functions for which the optimization minimax problem is formulated
and sclved. As a result, we obtain a score martingale whose integrands in the
integral representation are the Huber functions.

Then we construct classes ¥ and Ha of sequences of funetiong, which de-
termine the score martingales and martingales determine the alternatives, re-
spectively, in such a way that the score martingale, which is optimal for each
fixed step n with respect o D (L, N, 8}, would form a sequence of optimal
martingales with respect to the risk functional D(L, N, 8.

2. Specification of the Model Regularity. Ergodicity

a) Let

£ = {Q? ‘;Ef F o= (?t}t'z‘a: {PS‘; #e 6}1 P) (1)
be a general statistical model with filtration (see also i2]-{61. This means
that (2, F, F, P)isa stochastic basis, i.e., a complete probability space
with filtration F' = {Fi)e>e satisfying the nsna! conditions, P is a prob-
ability measure depending on the parameter 8 6 be estimated and © is
an open subset of ;. I is assumed that Py ¢ P for VO € B.

Tremark 1. Al notations concerning the martingale theory and used
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¢ wrote thine ohasrvations, more
ecisely, for a stationary ergodic AR{p) model, has been first lavestipated by

msch. Under ceriain assn n?:st,mm ait the mode

L Jit hios construeted so-called
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wimal J-robust (Y27 s she abreviation of “2:33&5 ) sstimaie aud shown that
is estimnate s given by the Huber function. Contamiration of bralectories
& been dirst considered by Martin and Yohal for siationary ergodic time
des. They show $i n congidering the precess of moving averrage, the
1bmr fanciion o robust estimnates.

contamination of measures snd, Lhas, c::sn's‘.in'z;?_zs
insch, "‘,-"'-r)I'('OW' , W "f"m:sid-&r sh::‘ir:! mg e

1y
LAY

i) :1sai.gh!_‘;3.5;i‘I’:m’.'ﬁQdS w nh Ul

wration azgncialed with semimar

We ‘::‘m‘;wbr AD v
QLR < N La: for every n > 1 the
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Farther, we investigaie the auestion

¢ kind of conditions the
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vption of the theory: she parameatyic famme

ily of distributions of chsevvations s nob exactly specified, obse TVALIODS £
assumerd to be distributed with density from some neighboarhood of Gagic
feore} densily fix. o).

More frequently the so-calied Huber's gross evror [conzamination) modsl s
cansidered. In thiz case the “neighbouchaod™ 18 givern by the formada

\,;i - ,i\,{{}} . 1~ F}f{'{; t,) + £ ;e 5;}} £ B:

whers i{r, 07 is a density from some class H. A class B s specified depending
on the stasistical problem under vonsideration. Meagures generated by densi-
gles fix, ¢ are called alternative mossures or, simply, alternatives, and H is

called a class determining alternatives,

This madel has o cleoar siatisiical m -ziz;g,'. Lot X, 1> 1, be .14, ohserva-
tions with deneity fle, 9}, By @ 2 1, be 114, observations with density Az, 8}

Cousider the Lid. sequence of -1 ray f!m*} variables Z,, ¢ > 1, with

Plz =t =z iz

If the sequences {Xgj, (W,), {7Z,) zre mutuaily independent, chen the random

AN
varizbles

1

form i.i.d. observations with density
“eontarminaied” by the oheervations
Iniroduces & criterion of comparison o
V‘vaq"if-‘-!hlv as this funciional thers coours an asvmplodio o 3
and the cetimator is calied opiirmal if in s a rindmax with rezpzch to the risk
functionai, where maximurn I8 taken over the class A, wh. rens miinimism e
taken over the class ¥ = {3{x, 8)} of functions, which determine t‘ﬂr: stirnadons
:im particular, over the class datermines the CLAN estimators).
In such a staternent, MLIL's are now ant cq)?,imai up-'rmi esthnators are
preseribed by the Huber fupctions, included in the class of functions ¢{x, #}
determining AM-estimaiorns.

Thus the observations [} are
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ments denoiing 131 e and 91 ) "che suitable vevtor of means and covaziance
mairix:
ulo =

¢ 1 - J L f e v i
Bla) = cov(Xj§ = o) =B {X - pla) WX, — pln)) 6 = o).

Fuidently,

Take in Theorem 3

FES = 8 = (alEady o i)}’

.
=
s

‘and intradice the k ¥ 5 matyiv
M= {!u'a',]i?:‘!s...,k, aemd,. 8- {8)

Theorem 4. If @ conditions of Theorem & [ is defined by (7), i.e.,

@ vector of means of conditional distribuiions off Xy given the siaies ﬂf £,
 then the lUimity disiribution of U, 1 &y, iz obinined éy substituiton of g by {7,

instead of the vecior f into {5) or by subststution of N defined by (8] wsieas
of the mairiz [ ints (6).

Finally we objain the following theorem which spec ifies Theorem 2 for the
case of & finite Markov chain as a controlling sequence

Theorem 3. f; E ﬁ.‘fm ary sequence X = a“?‘ajl of m-dependent randow
vectors contrelled by o finite homogenous ergodic Markov chain £ = {{;)n an
tr{ Ry, < oo then
{a) Psn Eki.. =] Ftn-, Q. ¥.3
{b _;Pb;—r "-.'P CD
{ci Psy B -gﬁm,%_‘;‘,
where B 45 defermined by {1} end T, iz specified in Theorem 4.

Mote that some useful references conmesrping liwit theorems in a simila
setting ong can find in [18] and {18].

Referencss
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Iet us express Vo and Vi by mesns of II
the following matrix eq;uahty (Mg, meezns
vishing the nondisgonal elements of [}

(i e
=1
snd Z. Simple calculations lead

the diagonal matrix cbtained by

6\'.

&Y 'l
Ef = = 7 et = F-n,
(&) = g_grafa L ? Fafile), o,y 7 whiej}] =704
o=l [ o =]
ot fENST PN 2 f TR
& {f'\-fl,f.f (&}} = (Ef:l&) f,?’:.gi)Jst:]___,_‘.&;
r 3 b
= {\zmdﬂufz{c‘f"(a)} . - f'ﬂdg f:
P R f=iy
roes T N IS LN .
£ 17 &t {51-1};} = {-EfiE.EIJ’f-"(é..i%—‘};'ii;-:i‘_‘_;:
£ s %
K P Y ) T
=1 5 mahila)Pas i) = U B0 fT
o d=1 v
Using these equalities we obtain for ¥y and ¥y, 5 > 0, that
't 4 s v oem foaT
EB{A&FEN BB (£}
I T i . - I T T e . T
ES f;i,;_g f - '?’!’(LT!’}' = fﬂrj,-.j — -T"’ ;7 =] {‘ﬂ,;:‘.; - H@ﬂ}j "
T ifleNFTS 3 ey X T AN It
=B Gl B JENEL{S (Gt = MTaP7§ 7 = g 7
Using now she representation of the fundamental matrix we obtain
ho) P et} .
. . _ Y & o AR Sy S e T s fF T
2 ) = Fllagl 3 (PP =T} 7 = fTep(Z = DFT = [ (T2 ~ )
=i _’rll
3 > 3, . kY .i N
TN b o [N T =
i\.‘ };.v.. - ;’» a E\ ZJ ;J!_a" - { r{’f‘f y\} - Eid?} 4
21 i L=l .
we the limiting covaristion matrix has the Jorm
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)

Un = —= > _|F&) — £5{&§)]

has the limit distribution Pr, where Tr = (bsg4)s = 1,....k, 18 the mairiz
with the elements

trij = Z (Wc:zaﬁ + AFZpa — Fa®g — ﬂaéaﬁ)fi(a)fj(ﬁ}a {5}
a,fi=1

where éqp 18 Kroneker’s delta.

For the case of a scalar function f(&) the fact of asymptotic normality as
well as the representation (5) are well known (see, e.g., (15] and {6,7]). The
limiting variance can be written as

&

t = lim D(Un) = > [Fazap + Tg2pa — TaTp — Tabap)f (@) F(B)

o, G=1

as it was calculated, e.g., in [7] and then, using Cramer-Wold technique, one
can derive (1.4} for the vector case.

Now we obtain the expression of Ty by means of the characteristics of the
chaim. Introduce the k& x s matrix

f={fij)isto ks 321,000 fig = filJ)-
Denote
o = Cﬂv[f(‘fi)}, Vi = E {[ Fl&) ~ Ef(gl)][f{‘gl-i—?) - Ef[{Hj}]T} Vo5
= E{{f(&,) -~ BEf Gplf (&) - Bf &'}, i>0
Since {£;} is a stationary sequence, we'll have the following limit as n — o0:

i =
BE(UU]) = ~InVo + > (n— (Vi + Vo)
=1

n—1 -1

i i . 1 .
— VS -V =y (=i —



Markow chain as 2 controlling sequence.

"*ﬁ,‘%:ionar}: finite, homogenecus, ergodic
licity (which ran contain ¢
staie space of £, ; -
wing and 7 = {my, ..., 1) the vector o

Clons =ider' 0w

1aIriy o1 €

£y ?umaomf ez, For she sake of simplicity we have s sead that she jnitial

istribution coinoides with the atationayy vne: P& = o = m,, m =1, ., 8,

e, Tor any 51

s in v B . . s _ . 5 N
mﬁ éh,ﬁ_l == F* be the n-gtep transition matriy and II be

Aty the o rows nf wn;ch‘ EqUAL 7.
As it is known [17] if there are uo nyclic subclasses, all the w, are positive

.

7} T
FSaTs 5”& F T M < er
a8

rith positive ¢ and 0 < v < 1. When there are d cvclic mubclasses oue can

5\- l¢ Y 7l . 3 I H
gnzsider the sum o (pi,,}.- -~ 1}, nl, and write the same estimate ©

he Cesaro (‘un”er:m'r ce of F7 oo T I_: both cases one oan write an estimate

: Y Py
E [Vm\d}_g’??) - Ra) = £ -\1_;’?’5.}

Y} stands for & freguency of ¢
miaher of o's among components of ::_;].;, L D
Tetusdenote Z = {Zgplep = 1...., 8 the tm;«%aun»m al matriz of the chain

w0 moinents, L., the

Zwli- (P =1

vhere Fatands for 2 s unit matrix and { hEens Uneare convergence. ag the
nentioned above convergencs f F® to [ when ihe“'e ars cyehic subclassss. In
he regular case (when there are no cyclic subciasses ?w*' 77 aad series in she
,xpr{msmg of Z conwergs i % common sense of mairiv con tioned

&

it




tands 40 zern matiix, we obtain that a6
12t
E{E 9?1!

Hence dres not infuaence on the Hmiting conditional distribution of Ty,
and sinice — 1 we obtain a8,
] Tei
kral T ¥ - v
‘g_’Jr;'!— Vin [E1n + q:Rm{S)'
Mow ter us study a role of of U, in the sum 5, Fix s, It is clear ihat
mr—1 [EEN
e F0 g s T TS
Thyvgyial " £ Z 1 : -(Qy Frif + H"\'»,;—Hs éjj]- 5
=1 dmis—m+i
ol 1 3
Fin = I‘L\Tr‘"?}
ergndicity of £ and conditional independence of the summands of U, given
£y lead Lo a8, CONVErgences
?‘}:E({){cnu’qn '_1‘1) — }.{(?71}.
a4
Note the ha coadition tr{ ) < co guarantess the existence of the con-

asional vorgion of the following lemma (Corrolary 7.7.1 from {1411

¥
The proof of the assertion {a) of Theorem 2 will be finished with mualtidi
Vo orove the sssertion | b} note that for cach Borel aet B in Bk

: o~ vl o »: A W
P{S. € B} = EP{5p: € Bl =7 $g,.

wa have Bexnl{i] 5.1t = ofut v € BF whers ofu) denctes the



=i =1
-e conditionally independent, given £i,.
Introduce for s < n the folowing sums

1 s
ZY“ Usn = ﬁ;yie

1"'1

1 — — —
Vin = ——\/_—?:L-(X,,Nq.} +X3N+2+"‘+X5N+r)-

For s > n denote Ty = Sn1, Usn = Vi = 0. We have 5p) = Top +Ugn + Vin.
For 8 < n the random vector Tsy is a sum of & conditionally independent
sndom vectors each of which has a conditional covariation

15— fg—mn—!
(V.Y (€)= Z B &)+ + Z Z [R{&, &) + RE4,65)] -
F={i—1)s+1 i=1 j={i—1)3+1

Ve have
E{ET Y] |61n)} == (s - m)R" + Z(s —m = D[R + {7 = sRu(s).

» is evident, that R.,(s) — Ry as s — oo (convergence of matrices is under-
bood as convergence of their elements to the suitable elements of the limiting
1atrix).

Since £ is an ergodic sequence and tr{R,) < oo, for the sequence (Yi)is:
he conditions of Theorem 1 are fulfilled and we obtain that a.s.

W
P\f ﬂ.fNTanlr{ln — (I)SRm(s)’

P Nl Pr(s)-

Consider now V,,. It is clear that

E{|iVerl P¥n} = rE{VinV L 161n}-



{b} PSV:I = ¢Rm

o) if Ps,, — @, then Ps, 5 @p % Q).

’3, he Tollowing ge‘iprahzatmu Of Tnaﬁrym 1 i3 valid.

Theorem 2. If X = {X;);>1 5 o siationary condifionally m-dependent
seguence of rondem veciors controlled by an ergodic sequence £ = {§;);5, and
tr{ Hm) < 00, then

‘a) Psltn — Pa,, P-a.5;

’D} pcim it (I’Rm,

(¢} if Ps_, 5 Q, then Ps, 2 dg Q.

Prosf. It proceeds sccording to the scheme by which Theorem 7.7.6 8
proved in Anderson’s book {14] using the ergodicity of the controlling sequence
£ and conditionally m-dependence of X.

Tt iz evident, that ES,: = E{Sa1lfs} = ESpp = § and using the proverty
of conditionally m-dependence we have

3 s} 1 [
B{Sab nli‘flr} p Z FX;— \gj,}}fX e ((Ej) *fln] =
Fd=1
}. n i " fid
- a -SRI G+ =y D (B G+ Rl &) (2)
j=t " -1 =1
Since {£;} 51 is assumed to be ergodic and ir(fn) < 00, we have
i—y , ) r(g}‘ -
¢ i,:fé ;}____ZR‘\&‘? = B4 =1,
- re—f
I 1 : . o I - - f
P% iiﬂl - R!tc..;; &J} RB )1 = ‘i? { LU.,.L“.}?.Y?,] i’?’)
1 fero0 T — ! —-_-a;‘ E
7=

which together with {1} and {2) give that
L !

P{nl F{Sn ST 6} = R,T,} =1

- - - P - R T - e Y
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dom vectors, having fm =) fr‘{ﬂd the same dsiribation for any 7, and {§}
. Markov chata wish the states {1,...,#} independent from the mentioned
trix of randem vectors {cf. (2}

Denate (here snd below T stands for trans sition),

L) = BLXG ),

- = ’r-- P , . T
A(E;, &) = B 1N~ pl& ) [Xe — sl i"?’ Rt &5}
Rigy = Rl 6, po=EX; = Euis), {1}

S .
i’ i ‘ . e re—
3 = fJ]R(t 1\4"1’" z !?(?‘: thl..{.,}_j ‘j.“'Htfj.;_.hf]_;EJ = -? L B( Rnf}jRp = R,;}n
= .i

Oonsidor the sum

deh can be spiittod into fwo parts

S's = -'Snl + Sn

o
o

0
Y
I
=
|
.y
*J
™
——
.
=y
)
i
=
m—
A
Yo
R
S
[¥al
o
il
-3
e
1
.
ey
fo)
g
fing
—
e
1
o
——

Our anproach is hased on the technique and resulls developed for indepen-
ot and m-dependent randem summands (see, e.g., [13,14]) when treating
e, sud the vonjeciure of exisfence of o limit distribution § for Fg,.
\eve sxists such & O when a finite Markov chain is choosed a2 & conteolling
ence in which case we can use the resnits on the limiting behavior of sums
candem vectore connected 1o a Markov chain {15,16,6,7). As our predeces-
e we are treating the case of single ergodic clase of 2 controlling Markov
ain copsidered, but as ju (5,71 dae to the ergodicity and using Cesaro limits
s write out the 'oamrreh,zs of the limiting normal distribution even when
ere exist w:e:ak perindic subclesses. Again due fo ergodicily the himit con-

s wv . sa . e RS IR SN T S S R e TP 1



s&rtj; wE EE hﬂagw when a4 '_v'ymrr agyrupieiic norn n‘x of suras of stal

m-dependent sequencss of candon: veriors. """h, minary version of Chec-
vera 2 proved bolow was aunounced in Che sarvey paper {91, holving 2 wide
spectrom of resnlts concerning hmniting behavior of vurus anad convergence 1ate
csequence i€ a Gnite regular Markow

setimates, in the cese where the controlin
'“haiﬂ{ [6] waz continued by the papers i1

The obtsined contral Hmit theorem can he nzed for studying the ssymp-
totic normality of empirical moments of & condition wily independent ssquance
controlled by a finite Markov chain. The suitabls caleulafions, as we-&-l ag the
resulée conrerning the Hmiting distribuiion of smpiric al process compoeched
with the latter sequence when both the zontrolien & and controliing sequences
are ohaervable published hriefly in Russian in {8] will be soon the subject of
another publication of the auihore,

1.Basic Definitions, Ou » probability o ,F, P consider & sta-
sionary $wo-component sequence s whez‘ﬁ X = H"C and £, teies his

i

values in 2 given finite set 8. Let £ = (s be an orgu fic sequence in the
sence that for some m £ N and some functions f @ 5™ = » B {each specific
case will show how wide the sei of pussible m and f should he) we have the
P-2.3. convergence

g Bl

e I e y . :
- z"_ f‘l,_{j.ﬂﬁi-i: R ] *fk%w:‘sf ~* b-‘f{é_h ceny *ﬁm}
ket

as 1 — oo, provided that the latter expectation exists.

Fur random vectors ¥ oand xn denote by Py and Py, the sbsolute 2
conditional for the given n distributions of ¥, regpectively. Let $5 be the
aprmal digiribasion s 0¥ with parameters “} P‘a Dyepote £, = 161,  En)e

The sequence of second componants X = hipy of the mentioned sfation-
ATY TRO-COMPONEIE SeqUenss i ralizd the condibvonal m-dependent vendom vec-
fors fﬂnfmﬁs@z by the seguence £ 3 or zpy 7 oand given £y, the randem vectors
"{h -y Ko become m-dependent, , for amy 7 and aey Ji, ..., ) such thal
3L G < fg S W G Bonthe ?‘&Ef’ﬁm vectors X, .., Ky sre independius
o X Koy 308 Ksamets s, f.s,ﬁi

k]
E . wr vl om e LT P



m-DEPENDENT RANDOM VECTORS CONTROLLED
BY A FINITE MARKOY CHAIN

1. Shervashigze’, 2. Kvatadss”, 1. HBolkuchays®

I-A. Razamdze Mathernasical Inssituie of the Georgian Sciences |

2- Georginn Technical University, 3-Thilisi Stare Universizy

Abstract:  Central limit theorem is proved for a stationary condition-
ally m-dependent sequen{ze of random vectors comirolled by an ergodic se-
guence and in particular by a finite Markov chain. One can deduce from it
the asymptotic normality of the joint distribution of empirical moments which
are estimates of the theoretical ones of a stationary conditionally independent
sequence of random variables controtled by a finite Markov chain.

Key words: Conditionally m-dependent random vectors, controlled se-
quence, ergodic controlling seguence, controlling Markov chain, central limit
theorem.

1 Introduction

It is well-known that the lengths of time intervals between the changes
of states of 5 semi-Markov process are conditionally independent, given the
sequence of states, and the distributions of those lengths are determined by the
states of the imbedded Markov chain, as though the conditionally independent
sequence of lenghts is contreiled by that imbedded Markov chain.

This example shows that it is dmportant to consider controlled Sequences
of condiuionally ludependent random variables and for the sake of generality
wvepn those of such a random Vectors {A tzxe partial sums of which were

[ R .
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Cenridering graphs in Pigs 4.2 & 4.5, it is observed that as K increases,
the confidence intervals of 2 and W wideny, This means thai the vanance of
{ransit dme 18 an incressing funchion of ihe sysiers capacisy.

5. Counrlugicns

Yrowm this study and for the gueusing models Yhat were counsidered the fol.
lowing conclusicns are dravwi:

1. Trrespecsive of traffic intensity and guevsing models, & ang
W oare concave in K.
%2. The K obtained from social optimization i always sousl or less
than the ¥ obiained from individual optimization.
3, Thesovial optiroization pressrves the tndividual gaiss and pre

vents cugtorer from lesving the syetem,
it is inferegiing fo analyxe the sensitivity of the ssrvice and interarrival

time distribations' momenis ov the distriteition of transit thnes. The authors
are working oz this subject ot present,

Haforences

(1] Fishman, 3.8, (3878} Pringiples of IHscrete Bverd Simulation, Joho
Wilew. New ¥ork. |
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Endv. Sogl. Indv, Soch. indy. soci
MIE 1K 26 o , iz | N
MiEj1/ X 3 5 S TR R TR TE I T K
MiEL/1/X % , & .82 G860 2315 1 28LT
GE/H;/1/X 36 9 1.22 192 @ 242% 287.3
E.JGETK 35 p) 132 | 1.2 7458 2573
TCEJGE]IJE | 96 g 7% %7, SR RIS

% M : Ewvponentisl interarrival fime
E. : Eriang service ime distribution with parameter &
GE : flenerel Erlong disiribution

As the customers estimate of their gaine iz based only on 1/i and not on
the srrival and service processes, in seme cases they even nughl ieoure some
losses in entering the systern. In light traffic the differencs between w0 imoak
transit times in individnal and social optimizaiion may not be significant in
some cages, but in heavy and non-staticnary quenss the diffevence is significant
(sce columnn 4 of the tables }.

Tahle 4.2 Heavy Traffic {p = §.95).

A

Model  System Capacity  Mean Hoansit Tine  bean System Profit
Indv. Soed, Indy. Soci. " fndv Sori.

| MjE UK 36 o | 1.2 1.52 2428 | 2573
CM/EJI/K 36 5 .95 .58 248.3 281.2
ML IK 36 0ES U GEE T 281E 2827
CGEJE /K 1 36 & 1.2 122 | 2428 257.3
EelGEILK 7RI N T I W0 3425 | 2573
O A I S I A N
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- analytical results. In the M/M/1/K modr“ the ful )w‘ug, awnn,hmus
» made {E = 1, R = 300;C = 154 = 1), Two values of ¢ ;
1.5534:0 887 thai is the mean munber of arrivals per m

Figs (3.1 & 3.2 L.{ tine valnes (,{ Z

¢ congids reu As it can be seen rom
d W are always contained within their respective 95% confidence intervals,
Any queueing model that has been considered in this study is fuudamen-
ly based on the validated M/M/1/K model. The orly differsnce is that for
“h model the interarrival and ssrvice times are sampied from the correspond-
digtributicns. [n addition, for each fuenelng moedsel the fact that for & = |

r
V= i‘ hias been checked,

F

4, DHscussion of resulis

ival and service pro

The simulatinn model was run with duferont .
d also with various values of o, R, U and 130 The resuits of some of t}wo
18 are presented in Fig 4.1 In analysing the results, it was observed thei
espective of the aforementioned parameters, W and Z are always concave.
vidual optimsization, it was not felt

ierefore, in comparing the social ar’d indi
sessary te change the values of B, C and .

The results of simulating diffevent gueueing models with differest traffic
ensities for =300, C=15, and D=1 are given in tables 4.1, 4.2 and 1.3,
Taparing mean trapsit times in these fables, one can observe that irrespec-

e of p and rue&umng modeal the social optimization of the gysiom always
sgerves the customer’s benofits more than the individual optimization, The
by exception s M/M/L/IC i light traflic whc;‘c irangit times are the same.
thﬁugh in light tm‘-’*'ﬁf’ cne doos not sheerve a significant difference be twoﬂn
ne of the individual or social transit times ( e uiu:zm 4 of table 4.1}
izvmual optimization, the system’s profit ls significantly reduced (s;a{a 23}
m & oof table 4.1). In heavy traffic and nonstas sionary queges the differsnces
tween transit times and systeme's profits when optimized ndividually or

-tadby are more significant.



GRlE)=1— ——¢t T . A.,
(x) = ’uzt = 1 N sy Ve
GE(z) =1~ e ™™ (1 + ) (gt = pip = ) (11)
we have
. £ —jia T 2 —ji j
1 RN = M gmmr M2 (iy # pt2) (12)

f = 12 o= e
where AN ~ U(0,1). From (11} and by taking y = 7" , we get

]. 3 - JI-I\‘T ( 3 - [ *2
y:mp{_m (#_zy,u+_(_@ RN)(jn ,uf_)_ﬂ 13)

f2 Hl 351 j

Samples from GE are drawn by solving (12) using numerical methods.
And for the Erlang family of random variables, 5 with probability distribution
function:

fz) = “E%i‘i%__nk—lc--k#z {14)

we consider it as the sum of k identically independent exponentially dis-
tributed random variables, X . The distribution function of each X iy

Flz)=1~¢ ;x>0 (15)

Hence a random sample from the Erlang distribution is generated as:

; k
-1 .
Sy = Y n ( (i~ _Rf’\"})) . (16)
H

3. Meodel Validation

Various authors suggest {(For exampic see [7] and [8]) that for model vali-
Sasiem Phe threp steos of 1) Face validation, 2) Testing of model assunipiions
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2 shown that any cuomulative digtnbuiion fusciion ¢

most any degroe of ascuracy by the convolution of ex
ee e.g. 2]},
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%, Simmiation

Thaere are three rensons why the systom vades study s anabyzed by »
tiox rather tnan anelytical methods. Firat, deriving #svmaulac for the s
arformance measures {€.g. pa(-fed profit s’a*e Gr wean waiting |
wnes teo complicated when ihe zrrival and service thine distrihuit
& have considered. Becond, the analysiz of some uf the distr '*'buti.-,-n
r;: conyoluticn of f—:v:po.wﬂhm? distribuiions ) requirves nomerical approsches.
nird, we desired fo develop an interactive model fo enable us o easily fest
e effect of various input paramaoters on the system performance.

The systern performance measures sre oollected waen he by
eady siaiz. In order to deternmnine the ftime period at which the .svstem

aches steady state, Welch’s method 4 is used. Using Weleh’s mathed,
dependent replications of the sirmuiation model are made and a plot of m
miting time is drawn agaipnst time. The results of two such simulation yuns
¢ ghown in Fig 2.1, It is observed that ivrespactive of the values of v and W
zady stade is reached at aporoxirsately 873 pnits of time,

Kach simulation ran consists of arrival end departure of 2500 zarved cus-
mera. The sampie size ccqwmd to gatablish a given ota.u.s!,if-ai significance
o giver level of precision io abizined using Oeptra! Dt Theoren: and
quentiad sampling [

The si.m'r-br'?on madel i3 coustric h’i&“ﬁl’i o1 the ovent processing Al-
wnh 5. To simdste the inferarrival and servics m'r\ese, aaraplos nre d.f..a
v the correap {moimd distributions. The method of tranafonmaiion
i is nused for this purpoas when a.pp ‘J.La-il'lfj» For the }-'f: distribation ased o

35 Jaipgl: .6 p';
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w&exh, znd P s tha prohability
Tz can bhe shown that (sec
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whare yenerally #) 33 the steady 8 = probabdlity of n customers in the system
at a depariure point.

I erder to optimize Z, we need L, the average system size which is obtained
fromi

-1
| B =3 £
A = - A e !\5}
Al

where w cait be cbiained by solviag K eguations of:

i1
g H KN e R Fp— Yy 3 &
Tp¥y F .(?..,r '.rTJ Rivdil =003 20 K- 2,
; f=
X2
VR .
1~ .;‘.;_,4' " P -1
s n=i
a5
k. == Pr{n arvivals during » service tme B =1 b
Although X and L, weeded o optlimize (1) 3 for a MG /1K ran be obialned
t‘neaz’e.;¢u3§=.- froin {5 and (b respectively, even for c‘Lu almnlfsz SETVICE DIGCSSS,

schieving numerical vesulis for M/G/1/K, is complicated jsee pp 263 of 2.
E"L the MG /1/K system the ‘in!’mmzwal sizne is exponentis]l which has the
Markovian property, In some cases the memoryless property of the exponen-
tisl distrbation may ot he spuropriate. For instunce, i the inferarrival time
(1!""”}:‘% ation is axponentisl, then due 1o the memeryless property of this distrl-
timne expived sinoe th, .aut arrival has vo effect on the 7 el ning
wal time. This 18 not appropriate for many sitnations such as tandom

Eel i ate £
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Max Z = Max(RX — Cl — DK) (1)

which:

= Expected system profit per unit of fime.

= A fixed fee charged per customer.

= The effective arrival rate,i.e., the mean rate of customers actually entering
e system. '

== The cost incurred per customer per unit time.

= The expected systemn size.

= The cost of providing one unit of space, and

= The systemn capacity.

We seek the value of K that maximizes Z. This process is referred to as
ycial Optimization, that is, it maximizes benefits to the entire system, rather
wan the personal gain of an individual customer.

Now consider the case where customers may renege. If an arriving customer
1ds N customers ahead of himself in the system, and if he estimates the
ean scrvice time as 1/u, then his estimates of his waiting time is (N +
/u. Therefore from an individual customer’s standpoint we get the following
yjective function:

MaxZ = R = <o . (2)

The customer will serve his own interest (positive gain) by joining the queue
long as C(N + 1)/ < R, or equivalently, N < Rup/C — 1. Hence, if every
stomer uses this strategy, an GI/G/1/K queue results, where K = [Ru/C].
his process is referred to as Individual Optimization.

Rue and Nosenshine have shown that for the M/M/1/K queueing system,

is concave in K. They have zlso shown that the K obtained from social
stinnizarion of the system is always less than the K obtained when the criterion
the tdividual gains.

In the rest of this paper, we will tty to examine the possibility of generaliz-
¢ Rie & Roshenshine's remarks to the general system of GI/G/1/K. Results
nained from this study can be valuable in the design and control of queueing
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SIMULATION

G.8. Shankar, H.E. Tareghian

Ferdosi Urniversity of Mashhad

Abstract: In fhis paper we determine and compare the optimal capacity {K)
of a GI/G/1/K queneing system under social and individual optimization. It
is shown by shmulation that irrespective of the traffic intensity, p, and arrivai
and service tiumne distribubions |, the K obtained from social optimization of the
gvstern is always equal or less thas the K obtained from its individual opti-
mication.

keywords:Simulation, Queusing Theory, Optimazaiion.
1. Introduction

sually human beings arriving at a queueing syster estimate thelr waiting
time in tiie systern. Based cn this estimate, they decide whether to stay or leave
the systein. However, due to the short period of 4ime during which: customers
are cbserving the behavicur of the quene, ihey can not correcily puess the
walting fime distribution. Hence their estimate of their waiting time nae be
incorrect. I we consider that zll the customers follow the same stvatepy, then
the sysiem reaches a gelf determined capacity (K.
[f we determine the opilmuns capacity {say A7) with rospect to svstons
profit without considering the customers estunate of thelr waiting Gme, do we
stidl satisfy the individual customer’s bhenelin? Does not

2 CUSTOMOTS 5L e
of thelr walting time in the opionized systerm discourage them from staving in
and getting served? In othier words, 15 A7 < K7 And fnally, i the svsion
ig designed with capacity egual to K, dees the server’s canabilities opiimally
ytilized?

Tue and Rosenshine (6] have shown that if & M/ 17K svstem is desivnad
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and

p {8 \
—9%(—9‘5 + log o(8) > 0. (29)
[SaP

Moreover if either of these fasl then
EW;) =0 Vi=1,...,p, (30)

hence all W;(8) are degenerale at zero.

Proof. In Proposition 5 we proved that, when the equation ¢ = Ho has
no L% solution then for all i =1, E[W;(8)] = 0. Also, x < 0 is equivalent to
the supercriticality of the process. The infinite differentiability of the Laplace
_transforms of the mcasures p;;(.,9) implies the finiteness of the expectations
of the r. variables {X;;{ and (X;;)z (similar to the proof in Lemma 4 in 21).

Then the proof of the theorem is completed by skrowing thai the existence
of a soLgtion for the functional equation ¢ = H¢ is equivalent to the existence
of a nof-degenerate limit for the martingale {W(9}.

Let 8 € C and 8 > 0 be fixed. The equations

E[Nj(oo)|log Ny(oo)l] < 00 Wi =1,...,p
are equivalent to
E[Wf(ﬂ)llogW}(ﬂ)}] <oo Vi=1,...,p

Therefore, the conditions of the theorem are equivalent to the conditions of
Theorem 1; and hence are equivalent to the existence of an £} solution for the
functional equation ¢ = H¢.

Let the conditions of Theorem hold, then the conditions of the Theorem
1 hold. Define ¢0(u) = Ele*"?@] = ¢™* and ¢}(u) = Ele~»"®)] for all
n=1, 2, .... Then {¢*"I'®} is a submartingale so ¢t (u) > ¢¥(w). Thus,
by applying the results of the lemma 2, as n — 00, #*{u) converges to the
Laplace transform ¢:(u) = Ele~="+#)}, which is an L] solution of the equation
¢ = Hé¢. So, for all ¢, EWi{#)} = 1; and by considering E{WH8)| = 1, we get
the convergence of {W{*(6)} in mean. '

P L Lo PO R I



Recali that, for any fixed & € {1, the random collection of positive real num-
bers {y;;{s); s} defined in terms of the random discrete measure {Z;;{dz,8)}
{see (6)). We apply Theorem 1 to the random discrete measures Z;,{., 4}, i,j =
1, ..., p, to obtain the main reselt, Theorem 2. Let @ € {2 be fixed and let
iy = log (v;{8)/(p(8)v:{(9))) . The martingale {W2{#)} converges to the limit
Wi(0), as n — co, with E[WP(#)] = 1; and by Fatou’s lemma, E[W;(8)] € [0,1].
Let ¢;(u) = E[e_““’='~'8)] be the Laplace transform of W;(f), then they satisfy
the equation

éi(u) = EHH(ﬁj(uy,-j(s)}., Vi=1,..., p (26)

Recall the r. variables Xj;, the Markov chain {k,} with transition matrix
F = {p”} and stationary distribution 7 = {m, ..., m,); and the additive
component {5"} with mean drift x; all defined in terms of ;;(s). This mean
drift satisfies

Proposition 4 For each 6 € {2 we have x = (8p (8)}/p(8) —log p(6). Moreover,
when x < 0 the process is supercritical. _

Proof. We use the abbreviations m,J., Ui, u,, and p, the mean drift of
the random walk {S"}, is x = >, 2 {uavipi; ) E[X 51, where, pyE[X;] =

E[Y 1;(s) logyi;(s)]. ertmg in terms of Zy(s) and using ¢ = ulM'v gives
the result. The supercriticality follows from x < 0 by considering the function
h{) = log p{v0) — ~ylog p(8).00
Proposxtmn 5 If the equetion ¢ = Ho hasno LY solution then E[W;{0)] =
for allq.

Proof. Suppose the functional equation ¢ = H¢ has no solution in £%
so, it has no LP solution. But the Laplace transforms ¢;, 1 = 1,..., p, sat-
isfy this equation, hence ¢ ¢ LP but ¢ € ,{_7”. Conseguently, for at least one
i, E[W{#)] = 0. Assume for some k, £[W,(6)] > 0, then ¢.{u) < 1 for u > 0.
From positive regularity, for aume 7 and some K] Pi(Zy > 0) > 0. So, for this

i, 1=gglu)=FE ['—[jscbj {ugs;(s )h < F; H 1f he product must involve ¢;
so, an argument similar to that used in Propomfzmx 3 gives a contradiction.O
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I3 3 1
- hgisn>]< + PS> nlx+ o). (22
| { S 1= Tegtefua +nlx+ 97 > n{x+). (22

 Recall that x + ¢ < 0, sum over @, then the first sum on the right hand side
converges. We apply Proposition 2 to the second sum on the right hand side

to get
S B I (-""—es“)] < 0. (23)
n=0 o

§
A similar argument gives

i%E,- [h (T—Tj-neer)] < oo. (24)

d

Now we show that the first series on the right hand side of {21) diverges
to infinity. The matnx P is positive regular, so for each j, pi; — i ~ 0, as
n — 0o. Let Np be such that for n > No, pij > & > 0, for some & and all 1, 3.
Then we get

o0 o0
):Zp;{kf:,- [y (Bue" ) kn = K] 2 0 S5 E (Bue™ )| kn = K] .
n=0 k n=Ng &k
By taking only the terms with & =17
28y Ei [ (Pue™)] (25)
n=Ng '

The random walk {U]'} has identical increments with mean <drift x/mi. So, by
the week iaw of Large Numbers, Uz /n— (x/m)in probability. Then for some
¢ > 0, and integer Ng.,

= . g § — ;
3OS B [ (Bue™ ) ke = K] 2 o3 s (e

n=0 k ) n=Ng



E1N;;(00) flog Myj(o0) ]} = oo, (18)

then the eguation ¢ = H¢ has no solution in £5.
Proof. The proof is similar to Lemma 3 in [2]. Let ¢ = H¢. Then
conditional starting state i,

@+ o5 [ Aty < B [6(ue)
t=0 j R

and as n — oo,

+ZZ} (uet )l (dy) < 1. (19)

‘We show that the left hand side is infinity, and this contradiction completes
the proof. For this purpose, we find a lower bound for the functions A. {.). For
each ¢ and u > 0 define L;i{u) = u{fv;(Bu) — A;(u)]. By following the proof of
Lemma 3 in [2], one can show that,

L,:(u) < Muh(f—) + MuE[h{uges)), (20)

where, M, 3, wup, are positive constants and % is the function defined by
h{u) = (logu)~% for 0 < u < 1/e, and Au) = 1 otherwise. Using the definition

of Li{u) = u{fh{fu) — A:(v)), gives

Alw) 2 Bs(Pu) - Mh (ui’;j} - MZ J;‘; h(Bue®) vy (dz).

Write the above equation with replacing ¢ by & and u by ue¥, then mtegratmg
with respect to v (dy),

>3 A [ (o™ ke = ]

n=0 &

oo €



LY

1 [ o ( i o
Adw) = —E 1y (1= diluw(sh) — (i -1 \ﬂysj(ﬂ“})} | {18)

j?s

and let A(u) = min; A;{u}. Then A; () and A{u} are positive, bounded and
eontinuois.
Let i be fixed then, we get

61w+ Adw) = 3 /; e iy (d).

Tterating by v;;{.) gives:

n—1

g+ 3 B [AGe®™)] < B[ (we™)] (16)
=0

Lemma 3 If x > 0 then the equation ¢ = H¢ has no L solution.

Proof. If x > 0 and ¢ = H¢ in £}, then we obtain a contradiction. For
any compact set I C (0,00) there is a constant C > 0 such that u € T —
A(u) = C > 0. Then we have

E [Aue®))] 2 ey f v {dx) = CP (5" € I},
3 i

where, P, means that the probability is conditional on ko = 4. Applying the
technique of Lemma 3 in [2], one can complete the proof.l]

In the next lemma we will prove the necessity of the second condition in the
thecrem. The proof requires some lower bounds for the functions A;{z}. Let
¢ = H¢. Then ¢i{u) > e, (> 0) for all . In this case ming{{1)} > et
Let.8 > 0 be such that e < e~P < min; ¢;(1). Then 0 < § < 1 and for each
i, we can define the fenction

bolu) = eM4,(15),  (u>0), (7

P
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97) = L{dH) - 67 (w),

nd let g"(u) = max; {g'(u)}. Then gP{u} and g"(u} are non-negative and
ontinuous functions on (0,00). Let § and u > 0 be fixed,

grti(u) < Zf g5 (e dz. (14)
j=1<1

“he applying proposition 3 to the functions ¢F implies g+ {u) < Eig'(ues™).
rom g'(u) < (u) we get g7 (u) < E;fy(ue®")], hence

n=2 n=1

Do) S 3 E{p(ue™) < YRS > —ne)+ Y wlue).

low we show each of the last two series converge. Since —c¢ > X the conditions
f the Lemnma 1 hold and 37, P(S" > ~nc) < co. f we set ¥; = 2= Nij(o0)
hen E{N;;{00}|log Ni;{o0}|] < co which implies E[Y;|log ¥;]] < oo, for each <.
low by applying the Lemma 3.4 in [5] to each ¢; we get Yoo wi(ue™) < oo.
hen $(e="°) < 37, ¥:i(ue™) implies

Zw(ue*m) < Z Z Pi{ue™) < oo,

i=1 n=1

ow an argument similar to proof of Lemma 2 in (2] shows that ¢(u), the limit
F{¢™(x}}, is a solution of ¢ = H(¢) in L£2. .

To prove the uniqueness, let ¢ = (1,...,¢p) and ¢ = (&1,...,55,,) be
vo solutions of the equation ¢ = H(4¢) in LY. Define, for u > 0, g;(u) =
[ps{1) - d:(1)| and g(u) = Maz:g;{u), (i =1,... ,p). Then g;(u} is continuous
>nnegative and bounded on [0, 00). With a similar argument to that for g%,

gilu} < Zégj{ueﬂvﬁj(dz).



Bk pr e e ——
point i Lr.
(ii). Let ¢ = ($y,..-1p) De @ solution of ¢ = He in £5. Then for all
i, pilu) = e or for all 1, o;(n) > e7; for v > 0.
To complete the proof note that if ¢ = H¢ in £2 with ¢fu) = Blg™W
then by Jensen’s inequality we have

L

1= ¢(u) = Eje% > —UEIW] — o=v
So, by the definition of H and Jensen’s inequality

e = ¢i(u) = E H 11 6i(upis(s)) 2 E H [e s = e

Since {1:;(s); s} is nou-degenerate, then for any v > 0 with a positive proba-
bitity [1; 11, ¢ {uyis{e)) > TL 1, ¢~i3(7) which implies part {it}.

Define the sequence {¢"} as follow: For u € [0, 00} let ¢°(u) = (¢#3{u),
L)) = (e~®,...,e""); and define the sequence {¢"(u)} by induction:
¢ (u) = (H¢™) (u). Hence each ¢7(u) is convex, decreasing in u € [0, c0)
and differentiable of each order for » € (0, co); moreover,

GOty =1, (@O =-1 0= ¢i(u) 1.

Also, by induction and using Jensen’s inequality, {¢M(u)} is increasing in n
hence, converges to 2 function, say ¢i(u). '
Now we are able to apply the proofs in [2] to the multitype case in proving:

Theorem 1 Let for all i, 3, E|Xy| < oo and E [(x£)?] < oco. Then the
conditions ) )
—o0 < X < 0, E[Ny{oo) llog Nys(co)l] < oo,

for all 4, j; are necessary and sufficient for the functional equation ¢ = He t
have a solution in L.

Proof. The proof of this theorem is divided into three lemmas.[d

First we introduce some functions. Similar functions are studied in [
Tor each ¢ and u > O define ilul = 9;-5'—')7}1—'—“- and let () = max; Pslu
Then by letting 3)i{0) = O the function 1y and ware continuous on [0, 00} an

L T |



i over > 7 j ‘ [f }; _,U{ (ue ;J/M[fi{.}J o idz}.
h Rz ¢ R.di

Dy changing the variabie of integral from ¢ to # — z, changing the order of
integrals, and applying the definiticn of convolutions of ZAg

T
(n+1 E ,f (};1 k- I'U{’-'t)!/;{ t2) {df)
R,

Therefore, by induction in k, the egnation (11), holds for all 1 < k < m. So for
k=n—1, with g{u} = max; g/ (u),

g ) < Z [{;}(ncﬂ:{}“{dm) < Z [g(-u,ez)v;;"(dqr). (12)
i VH ; R :

Thus ¢*(u) < E; [g(ur,“)] g
Now we define the p-dimensional space of Laplace transforms of p-vector
of distribution functions of non-negative r. variables.

Definition 1 Let £, £ and £, be the set of Laplace transforms of all real
valued r. variables on {0, oc) with finitc mean p(€ (0, ), finite stm'r:tiy posi-
tive mean, and finite mean, respectively. Define L0 =L,y x Lyx...x L, and
similarly define £F and £7.

Definition 2 The operator (H¢)(u) = q@(u) is defined for L7 Jord = {¢1,...,¢p)

by .
¢i(u) = EH H ¢;(vyis(3))

t is easy to verify that ¥ is closed in £P and L}, Moreover, 1ot ¢ = He with
b= (P1, .., Pp} € Lyy X ... x Ly, Then ¢ = (¢;,...,9,) € £, x ce X Ly
vhere,
(- Bip) = Pl )
bv pr):ﬂtwe regularity ot P, gs = .P,u mplies f = pg = L=, = o, for

nT



= [ Fap (e, 1%

S

E !Z;r;z-j{:‘a') Ffliogy(s)

L =

f_.._._...___.l

Let v(.} = {vy ()} = {pyFu(0} then it is similar to the watris of tilted
intensity measures {ju;(., )}, Its n-fold convolution v () = = ()} s defined
by induction

v (dz) = Z / & )i — ). (8)

Let ;;{u) be the Ldpld(f’ transform of F;(1), aud for P(n) = {;J,,Y-”('r:.)}
we write P"{u) {pw‘*’u w)}, where, {p;}" = {p}. Then p rf’u "(u) is the
Laplace transform corresponding to () From Lemna 9.1.2 iy [8] in’ (u)
is the Laolace transform of S™ co: 1'11t1("‘{11 on ky = i and &, = 3, whoere S*
is a random walk with Markov dependent increments related to the random
variables Xy;. Moreover, conditional on &y = 1,

Ei g (5™)] Z/ glx) v (dx). (9)

4 resnlt on iterating of v(.) is:

Proposition 2 Lef ¢"{(u} = (47(u), ..., gp(u)), n=1, 2, ..., be a sequence
of vector valued functions defined on (0,00}, with cach g (u) being bounded
non-negative and continuous in w > 0. Assume further that, for each n >
L, w0, and ¢, the sequence {gP{u)} satisfies the functional relation

Wm<?f%wm dz). (10)

Let g(v) = max; g/ (u) then for all n and v > 0,

741

g Hup < E [ﬁ“’ﬁsn}]:

where, B, means that the ezpectofion is conditional on ke = 1.

T .. " A I - - ®



U< r<i,

g{(@;r)z} < ;Z::;Ar“[nM1+2n(n } EAc 140 < oo,

sin by Proposition (79} in {7}) we can bound B.O
3 Functional Equation

In this section we define an operator then we find a necessary and sufisient
dition for existing a unique fixed point of this operator.
For any @ € 2, define the tilted measure si;;(.,6) by

(8 —fz :
i (dz, 0) = ZJ:EG; %@P‘-i}'(dm)- (4)

e measure u(.,6) is the kernel of an operator related to u{.) {see [8]). From
nma 3.1 in {11}, P = = {p;;} = {#;(R,0)} is a positive regular stochastic.
trix with invariant measures

7:'(9) = (ﬁl(g)i'“!ﬂp(g))! ﬂk(e):uk(g)vk(g)s {kzls---afp)-
analogy, define the tilted measure Z;;(., 8), related to Z;;(.), with
j 9) e"‘g”
%(6) p(8)

¢ any fixed # € €2, and any 7,74, 10 the tilted measure Z,;(.,¢) there corre-
wnds a random collestion of positive reals {y;;(s); s} where, s is an enumer-
on variable, given by the egquation:

Zﬁj {(ii,‘l?, 9) = Z,jj {da:} (5)

1,(G) ¢ 0% 1) |
R IR ®)

U:J(' } =

s fix & € $2. rhen we talk about the #-type cbjects, so, in ail that foilows
cen we mre dealing with {y,(s) 1 5} the objects of our studv depend on this



55 N,

If we let n — 0o in both sides of the equation

n Ny
§_* - o 5 i\i (2)
n I\ N n /'

Proposition 1 (3) If for each j, F|X;| < oo, then, as n — oo,

n P
X ;Wh {6.s.).

(1) If x = O then S™ is persistent and if x # 0 then S is transient.
Moreover if x > () then S® — oo (aq, and if x < 0 then S = —oo {a.s.).

To prove (ii) define Uf = §* ¥ then {Ur} is rcmdom walk with identical
increments. For any set F CR, Yo P(S" EF) =37 3L PUreF),
then by x = E m;x; and all 7; > 0, 1t Is easy to complete the proof.
Lemma 1 Let ¢ > x. If for each j, E|X;| < oo, and E[ (X)) < o, then
Yot \P(8" > ne) < o0.

Proof, Let ¢ > x. The sequences {NF} ... {N*} make a partition of all
positive integers, hence

2 P /
SOP(S zne) = S 50p (U‘ > k{-\%;)).
n=1 =l k=1

For each j let (x/7;) < ¢; < {¢/7;). Then we can continue

7

bl o0 @0
<Y D Pk + Y S P (Nre<ke) =A+B. (3)

=t k=1 - =1 k=1



H, © M{#) 15 positive regular for all 6 € R.
erefore, by the Perron-Frobenius Theorem {Theorem 1 [16]), for each § € {1,
re exists a sitnple positive maxirom eigvmmu(‘ pi0) and corresponding
ctly positive right and left eigenvectors ¢(8) = (m(8), ... up(#)} and w(ﬁ)
(), ..., 1,{8)), which are normalized s5¢ (.zmt Zj-—l w;{f) = Tand u(f)e(d) =
The right eigenvector ¢ is always assumed 10 be a coluran veetor. Deh:!.('. the
1 functions

(8] oI

o q’_y‘zu (07 plAy ()

en {WH#)} is a non-negative martingale with respect te {F,}. where F,
he g-algebra that contains all information up to generation n, (see [1])-
The individuals in the n-th generation are determined by the pommt pro-

s {Z0(r)r} end has the u;neql)ondmg intensity measuzes @f{.), defined
{n41)+

tuctively: if (277 = {3 bpep then gy = >0 )tk @y where “@7 s

linary convolution of measures.
2.1 A Tail Result for Markov Dependent BR. V.5

In this subsection we give a sail result for the sums of r. viriables de-
nding on a Markov chain (Lemma 1}, the the extension of Lemma ! in
After giving the definition of Markov dependent r. vatriables, we apply
: ahove lernma to the certain subsequences with identical increments. Let
= {p;;} be a positive regualar stochastic matrix with equitibrivm proba-
ities m = (my,....7p). Let {k,} be a Markov chain with finite state space
.2,...,p}, and tramsition matrix P = {p;} (positive veguiar), and start-
s state kg = i. Let Gy, Gy, ..., Gy be distribution fuunctions of r. variables
..., X, with finite means, ¥\, ..., Xp. Tespectively. I} I8 a sequence
. varlables independent conditionai on the Markov chain such that, at
X" has distribution function G, if ka = j. Thus { X"} are called Markov
pendent 1. variables. Define §% = 370, X’“ with 5% = 0, then 5" is a ran-
m walk in random environment with asymptetic mean drift y = Y;J 1 X

t for eack fixed §, N} < N7 < ... be the times that the Markov chain is
o soel r ok L mTk k=1 . 9 Vowrdeh T A Ther STELIS




Calton-Watson nrocosses, Biggings {[2] ) extend the same result for a single
sype branching randory walk on the =ml line by employing Laplace & amiorm%
related Lo non-negasive 1. variables, We follow that paper Biggins ([2]).
proof is ratper long and is divided into three sections. in the first step, sec-
tion 2. we give the notations and some preliminary background resuits. In
the serond step, section 3, we give a necessary and sufficient condition for a
cortain operator 1o have a fixed point {Theorem 1), More precisely, we define
an operator on the p-dimensional space of Laplace transformns of probabiliry
distribution functions defined on [0, 06}, Then we show that the unique fixed
noint of this operator is the solution of the functional equation. This is the
technigue that is used by many authors (e.g. [2], [5], [6]). All their proofs
inveive iterating a measuure on the real line to constract a random walk with
identical incremeants. In the multitype case we have a matrix of measures, so
we need o apply the Markov Additive resuits to obtain an additive compo-
nent, which is a ranomn walk with Markov dependent increments (see {11], {4].
[13], (3. {8]). And we have a taile result on Markov dependent random valk
Lemnina 1 in section 2. We apply results from [4], and [8]. Finally in section 4,
we prove the main resuit, Theorem 2, which is a multitype version of Theorem
Aim[2).

2 Notations and Some Preliminary Results

In this sectin we introduce some mnotations. We constder a2 multitype
Branching random walk on R with a single -type ancestor iocated at the origin
and with embedded muititype Galton-Watson process 1 21} = {(Z3, ..., ZL}}
The process { ZI'} is positive regalar in the sence that the matrix M = {mgt =
{E[Z;]} is positive regular {({12]) and has a simple positive Perron-Frobenus
eigenvalue p. The process is assumed to be supercritical, ¢ > 1. The intensity
measures g = §fi;(.) }pxp: formed by the counting measures {Z;;(.)} of the first
generation individuals, defined for all Borei measurabie sets A C R, Ll A) =
E|Z;(A)]. |

We keen the small letters 4, 3, and & to denote the types anc assumed to
be in {1, ..., p} in all ihat follows,

Define the real valued Laplace transforms my: {8} by



mmaa-ooE R 4 A 0w o

- BRANCHING RANDOM WALK

A. Rahimzadeh sani

- University of Teacher Educarion

Abstract: A resnlt like Kesten-Stigum Theorem is obtained, 1.e. a suitable
( log X’ conditions are necessary and sufficient for the martingales that arise

the processes to converge in mean.

Key Word: Muliitype Branching Random Walk, Martingales, Functional
quation, Mulititype Branching Process, Random Walk in Varying Environ-
ent.

1 Introduction

A discrete time multitype Branching Random Walk (BRW) on the real
1e is a mathematical description of the growth of a population, in which the
articles cosistes of p different types and occupy a position in R. Let the process
art with a single ‘¢’~type ancestor located at the origin. This particle splits
to a random number of new particles of different types, with probability
w depending on i. Then each of these particles bebaves in the same way,
dependently of the other particles and the history of the process with their
production laws dependiug on their type. Let {Z;;(r); 7} be the point process
rmed by the positions of tie j-type individuals in the first generation. So we
we a matrix of point processes {Z;(r)ir}: 4,7 =1, ..., p, to determine the
sition of first generation individuals of each type for each type of parent.

Let {Z:;f?‘} r} be the point process (on R) giving the positions of j-type
dividuals of the n-th.generation resulting from this construction. Let Z7) =
E(RY then {27} = {(Z71, . ... Z3)} 18 the unbedded multitype Galton-Watson

ocess (see [12]). By normalizing the Lapiace transforms of Z7)(.) we deline a

/
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Cerollary 2.1 Let X be an n-thiensional a-stable random vector, 4 <
< 2 with independent components. ane ot Ag,, — (s, ) ol <2 0 be amatrix
reat mnbers for which AX is nonsingular. 15 A has o column wich at least
o nonzero olements, then AX has dependent conmponenis,

By nsing Theorenn 2.1 we provide a transparent proof for the follwing
mlt of Modarres and Nolan {19847, which is the oaty mgredient of vheir
uidation procedure,

Corollary 2.2 Let 0 < o =2, v, = 00 j=1.-om t) € 50, § =

coand Vo = E - be hdependent one dimensional novmalized ev-

Do random variables that are totally skewed to the right. Y is a n-stabie

b e ey TUT. Foqn ST . T

telomn vector with ll_lh(.t.f‘f( H])(.i.f_ldl measure Dy (dt) — Z_;--.-l iy e (t) (4
note indicator fanetion) and shift vector fothen

¥

I - ]I.l"rr i 4
Y o= T, ['l). oo, -

]

Inf~ 1 t, + 1o

e

emark 2.3 Theorom 2.1 makes the softwares that generate one dimensional
ble distributions, surh as S-PLUS, accessible for the simulation of an stable

nelom vertor.
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-qﬁ(t):expi—j{ P<t,s> [T0(ds)y. D<a<i.
F ]

The measure ' is unique, and is called the spectral measure of the stable ran-
dom vector X, Kuelbs {1973) and Paulauskas (1876).

Stathle randomn variables and random vectors have been considered v dif-
ferent authors some of the works arc inchided in the Modarres amnd Nolan
{1994}, Nolan {1997}, Nolan and Rajput (1995), Samorodnisky and Tagqu
{1994), Soitani {1992), (1994},

2 A Limear Transformation

The following theorem concerns the law of a lineay transformation of sta-
ble random vectors, This theorem for X I-dimensional and svinmetric was
provid in Soltan (1992}, and was applied in Soltani and Moeamuaddim (194:4)
for extrapolation of multivanate stable ARMA processes.

Theorem 2.1 Let X be an n-dimmensional a-stable random vector. 0 < v <<
2, with spectral measure I'x, A ad x n matrix of real numbers with d < n
and b a d x 1 vecior of real numbers. Then ihe random vector Y = AX ¢ b
is a-stable and its speciral measure together with its Jocation parameter are

given by

v (£} ..—'—j |As|™ Txlds), f € BiS. 1), (2.1
Sr=100)
and o f
Ly = Afix + b— 1QE /"{ As lu(||As|)) Tx{ds), (2.2}
T A5,
where

1 = ] de=1
¢ 0 Ha#l,

T8, _1 —= Sy iS 2 mapping defined by T(s) = I_I-i—:H and B{S;.;) stends



VECTORS AND THEIR APPLICATIONS

A, Moharrenadpour, AR, Soltani

Shiraz University

Abgtract The transtormations of the ferin AX+b  are considered and
their rule in simulation procedures are realized. The Modarres and Nolan's
simuating method on stable random veciors is obsained by using above trans-
formation,

Key words: Litear transformation, stable random vectors, random num-

ber generatiog.
1 Introdaction

Pet = (N - - V0 bea oandom vector, We sav than X 15 r-stable if
its chavacteristic Innciion oft) satisfios that, for each ¢ > 0, ¢ > 0, there

: . : . of H
pxist e 0 amd a € BY such that

oletlofet) = olethoxp{i < at =} t ¢ RY

where o nnigucly determined by of 4+ o) = ¢® airh 2 € (0,20 characte _
rxponent of X and = act odenotes the inger produer of g and £in Y Whey

LY

o= 20 the mmitivariate stabde random vectors are the muitivariate pormal

sandonn vecotors

Stable randons vectors were characierized e Kuelhs 1073 rhat X is

v-stnnde i only i is chnractenisiie funedon is given by

Lo ES S VRS )
oit] = 4 .
i v = Z.

vhere
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ne 1NIT VY () (0 the martingale sequence Wy ().

Note that this theorem gives sufficient conditions also for the supermartin-
ales to be a martingale. We know that they are not necessary conditions
ecaunse of the additive maartingsie that 2ppears in Nerman {1981) and the ex-
stence of the additive martingale in the embedded general branching process |
lentified within the branching random walk in Biggins and Kyprianou {1 947,

From the decomposition (2) we have that for any dissecting stopping lzne

:
?{%EFL (Waj = g%g Ebf& Z YuEp, Z Yu o T
| #EA, () j] Smeee foj=nn}

hmd 5 g §7

= 1 2 =+ L

nheo l - Yo , Yu
juEd, {n) jal<nuel

= W;.

Also because of Bigging’ Martingale Convergence Thecrem we have

lim E|Bp, (Wa) ~ Er, (W)| < lm E|W, - W =0

id hence Wy, = Ep, (W) . The martingale property thus follows for sequences -
_;g}bo and similarly 1o Theoremm 6.2 of Biggins and Kypnangu {1997) we have
T} lHITlng W = W.
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s = | -, i/ ey,
Epn élﬁ.f§£n+1;) - i Yo+ EFn k L Yu + Z A Z iy © Tuj}
/

uE fluj<n—} uf Klul=n ucd (ny  Jul=l

uE Blul<n—1 \ uf Dplut=n =1

= Z Yo + Er, ( Z I{n € Ryyu + Hu € Ry Z Yy © Tu})
= E Yu + Z {I{:UE Ry, + flu € Ry FEr, ZyvCTu)} .

u€ Fluj<n-1 ug Dgluj=n jarl=1.
: -~ !
= 3w+ Y ya 3 oo Tu =Wy,
weRulgn-l  uEAgn=1)  lul=1

Note in particular that for the third equality we have taken advantage of
Theorem and in the fourth equality we have used B}, _; s = EW) = 1; the
rest of this computation is manipulating the definitions of A, {n) and Dgr and
observing the measurability of the summands. We see now that liffpjee E/Vé“) =
W almost surely and in expectation because R is dissecting. Fatou’s Lemma
tells us thus that EWx < EWQ) =gW, =1 :

As an immediate corollary we have the existence of our class of additive
supermartingales.

Corollary Let {L:};., be au increasing sequence of dissecting stopping
lines tending to infinity, then Wy, is a almost surely convergent supermartin-
gale with respect to F,.

This result follows simply from the fact thet for 5 < &, L, = A, (L, 13
(L, N L) and A, (L) = @ almost surely.

What is missing here to get the result up o ‘martingale’ standard iz an
understanding of whether limntee B e Ay e = 8 Even though we have the
dissecting condition implying that every ancestral ‘ray’ from U3 hits R, it may
be possible that these rays carry & BOR-22r0 MIASS i the previcusly mentioned
lirait and hence corrupt the expectation we are after; namely EWg = 1. it

e calen B TRIambions? Bfawdinenin sneamae



into mutually exclusive subsets
L{”)z{uEL:queQ}

such that conditional on Fg, LM is a {dissecting) stopping line on the tree
Fol,

Note that this Theorem is not necessarily true for stopping lines with
Jagers’ definition. The earlier example, N} shows this tc be the case. It
suffices to consider the two stopping lines N and N (the generation in
which there is a family of size 27 appearing for the second time}. See also the
discussion in Kyprianou {1998b).

3 Additive Martingales

For convenience, set g, (8) = =% /mi*l{#), Where it is not necessary we
will not include the dependence on & of these terms and functions of these
term. For any stopping line L, define Wy = 37, y,. Clearly as the nth
zeneration is a stopping line, W, 1s an additive structure of this form.

Lemma Suppose now that L and  are two dissecting stopping lines, then

EWolFL)< D bt D tut 2. % (1)

uEA, (Q) weQnL u€AG (L)

1t is not difficult to show {a rough sketch may help) that 4 can be decom-
posed according to that part which is ‘below’ I, the part that intersects with
L and the descendents of the part of L that sits ‘below’ §. (Note some of these
:hree may be empty sets). Taking advantage of the fact that we can write g, -
18 4, % (i, © Ty ) (this decomposition is discussed in more detail in Biggins and
Kyprianou {1997)) we have

.E/T/};‘pm z_yu‘i' Zyu“i' Z yRZyﬂOT;S. {23

w€A L (Q) SEGNL uednll)  vEQ(w)

The result thus follows from Theoreme and because, as we will now show,
nr anv dissecting stopning line B, EWr < 1. Consider then the following



mation about all individuals whe are neither merabers of £ nor descendent of
members of £. Let us call G, = o (0, : v < x) the sigma algebra describing the
Yife histories of ¢ and all its ancestry. Suppose vhat + : Q. weld] = {0, },}I
is an ensembie of maps so that 7, takes the valoe 0 or 1.

Definition The set of individuals L {7} : = {u € T : 7, = 1} i5 2 stepping
lime if it is line and 7, i8 a opticnal stepping time for G,. Consistently with
lines, it has associated sigma algebra Fo = o {Q,:ud D).

This definition is consistent with that of Chauvin {1691} for branching
Brownian motion. Jagers {1983) however gives a definition of stopping lines
which is less stringent. He defines a stopping line L C 7 to be a random line
which is optional in the sense that {L < &} € Fy for all lines £. The fcllowing
example communicated to me by John Biggizns shows unicely a set of nodes that
is a stopping line by Jagers’ definition, hut not by Definition . Let W{Mbe the
first generation in which there is a family of 27 chiidren. For any individual
4 it cannot be established whether it is a member of the NWth generation
simply by leoking back at the history of its ancestry. This is becanse it may
be another group of siblings distinct from u’s but in the same generaticn as
 which is first of size 27 and therefore responsible for making 7, = 1. Hence
we can see that Jagers’ definition can accomunodate for greater correlation
between the individual mappings of 7.

Let us now introduce some more notation. For any two stopping lines L
and (@, we say that L dominates @ if for each v € L there exists a v € ¢
such that » < u. A sequence of stopping lines {1:},.. 18 said to be lacreasing
to infinity if L dominates L, for all t > 5 and limye inf {lujcwe L} = o0
almost surely. Let

A ={weQ vsyvel

M

L

he thase individuals in & who have ne ancestor, including themselves, on the '
stopping line L. We can think of 4;{Q) as being the part of () that is ‘below’
[ We will reserve the special notation A 5 (n) for the case that (F is the nth
generation. A stOpping line 7, is called dissecting $enp {n: A: {r) =8} <0
almost surely. This refers to the fact that under the given condition, every line

of descent fromn U will raeet L1010 does not first terminate due to an individual

L R 5 AR -



enhanced form given by Lvons, reads as folisws,

Theoreml Suppose that m(#) < oo and w/(9) : = 23 Ge
exists and is finite, then 30, (#) converges in expectation 1o 117 {9) if and anly
if i [H'i (#log® 11 {9]] < o and loga (6) — 8! (6} /o (0) < 0.

sinee its first appearance, this result has been identificd as being of rel-
evance both withim the Reld of hranching processos (see for exaniple Bigpins
(1977h, 1978, 1979, 1992), Bigeins and Kyprianon (15973, Chanvin and Roualt

{1988), Kyprianou (1998a), Lin (1977a, 1997b}). MeDiarmid (15953, Neveu
{1988) and Lichivama (1978, 1982)) and other related topies (see for example
Chanvin and Rouadt (1997), Durrett and Liggett (1983), Kahane and Devriere
(1976} and Konkiou {1997)} such as statistical physics, turbulence models and
smoothing transforms.

With a brief calentation one notes of the martingale 1%, that it is essentially
A Laplace-Sticltjes travslormation of the point process {w: fu| = n} weighted
by its mean. In this presentation we will introdunce the idea of a stopping line
as other ‘subpopniations’ ike {w: |u] = n} from which supermartingales may
be Dl via the Laplace-Stielijes transform. A rigorous definition of what ex-
acthy a stopping line is follows in the next section. Needless to say however, a
stopping line must somehow embrace the idea of the strong Markov property
it oreler for it to form the main ingredient of a martingale. Qur exposition of
stopping lines in the context of constructing supermartingales wili go so far as
ro generalize one direction of the two way implication in Biggins' Martingale
Convergence Theorem. This result is not dissimilar 1o Corollary 6.6 of Jagers
(1989). It differs however in the sense that Jagers worked explicitly with age
dependent branching processes (effectively the branching random walk where
Z is concentrated on the positive half line) and that the regults here fall ous
with considerably less computation.

2 Stopping Lines

The branching random walk may also be considered as a tree T realized
from the space of pessible nodes
F—7sid 1am



SPATIAL BRANCHING PROCESSES

AE. Kyprianou
Edinburgh University

Abstract We discnss briefly the constrmetion of stopping lines o the
branching randont walk and their relevance to the existenve of certaim ad-
ditive {supe‘r}murtingnlvs.

Keywords: Brauching Random Walk, Additive Martingales, Mariimgale Con-
VOIgenee,

1 Introduction

The branching random walk hegins with an initial ancestor that we shall
label . After one nnit of time (his individnal gives birth to a randon mumber
of offspring. the first generation. seattered at random points on the real e
according to the point process 2. Attached to each child s an ndependent
copy of Z and hence the process evolves following this branching mle. Lot
ns assnmie in what follows that the average number of children born to each
individnal is preater than one (£Z(8) = I} thus guaranteeing the survival
of the process with positoive probability. Any individual that appears i the
process mayv be identified by its ancestry using the Ulain-Harris notation. So
for examsple an individual o = (4010 i) is theg,th child of the -;ﬂ_]rh
child of .. of the /th child of 8. In this way, we understand Ju| to mean the
gereration in which w resides. u < v to indicate that w is a sirict ancestor of o
and ww to refer to the individual who from «'s perspective, has fine of descent
expressible as .

Kingman (1975) showed the existence of almost suzely convergent additive
martingales for a special class of branching random walks. Bigging {1977a)

tater provided conditions equivalent o the convergence of these martingales
- - u . T T I L T e [ A 410 1A
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(I —als)) (—Ppat+ 8Ypytols)), \*1LY)

and by (2.1) and (4.13}.
. 92 Ep(w,s)
Sy, g -
Using the Keiison's approximation of (I — a(s))7t, and substituing {4.14)-
(4.16) in {(4.3) imply that as 5 — 0,

o, s Lw_=g =({~ ‘3‘(5))‘1(9%;12 - 3@}:}:12 +o{s)). (4.16)

Py U‘ u, 8 1 N
FPol0ws)y Ly (BOH,BL + BYH,BY)

T

dundws 53
1 _
4 Ho( B Hy BY + BYH,BY) + (B oDy + B3 HoBY = BUH, B}~ By H, By
_ . 1
— B! HyBS ~ By, B} + BOH, 0%, + By 6%, + BY,) e +o(3).
k)

giving the result.
5 A Numerical Example

In this section we show that the analyses performed in preceding sec-

tions can be implemented and are useful to exploit the partial observations

of stochastic systems using a simple exainple.
Consider a trivariate reward process Pk, x} , defined on a Markov-renewal
process with the state space N = {0,1,2} and the semi-Markov matrix

0 08207 022677

1 .

a(z) = -:;jni(::r) = | 0.9 O 0.1

| r 08077 0.2.07° 6|
Let

x 3 \ KRS

p0,z) = x? CP(Lw) = 20 P2y = 3
- eF — i o 2ed — 1) \ ed — 1)
and the initial probabilities be p/(0) = (0.3 (.2 . 0.3, It faliews frowm Theo-

rorms 1.2 and L2, that as § — o,



wd therefore Cyg(0, ) = / e d A (), or {6y = afs). Also
Ao

nel ) .
Pl s T e
e b= [ prthepgti ]
forovere o
i, s) = f T 2 mapitkia) s E_.;-[::?:)d:l:._
A
1-— ) I oapis
gving that  Ej{0.5) = —— i) or ¥p(0,8) = d f—’f:_)_@_ﬂ_
5 5
Is0 IE } ’
[ j 't£$ S ; I * X T —5T _' R
R /s Pk zhe™ Ay(r)dn,
yel .
5 (w.5) ) o
dun sy 0 pl ©) Py k) e 4 (x)d

itilar to one dimensional case, 1t follows from (4.6)-(4.9}) that

Oles) |y = =B+ sl +a(s)

) f‘}fu] \ ==

(iji_;(fija_z) ‘15»:2& = DY, ~ sBj, +o(s)
y‘gi%i) o = —O%, + $9h, +o(s)
ﬁELUJz;%J d |’—”:Q = Ohar $Op.ay + ofs).

herefore (4.4) together with (4.10% and {4.11) implies that

,9 f"]‘{LI }

Tpiw, 8} [gen = (§ — a1
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