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Preface

The series of biennial workshops on copula theory which took place in Ferdowsi University
of Mashhad (2011 and 2013), Shahid Bahonar University of Kerman (2015), Yazd University
(2017), Ferdowsi University of Mashhad (2019), Alzahra University (2021) and Ferdowsi University
of Mashhad (2023), with an emphasis on application in engineering sciences, agricultural sciences,
actuarial science, finance, reliability, survival analysis, economics and etc.is the result for the
decision of the scientific committee of the Ordered and Spatial Data Center of Excellence (OSDCE)
of Ferdowsi University of Mashhad (FUM) to organize workshops and seminars every two years.
This seminar is sponsored by the department of statistics, OSDCE of FUM, Islamic world Science
Citation database (ISC), Iranian Statistical Society and Research Institute of Meteorology and
Atmospheric Science (RIMAS) of Mashhad to provide suitable facilities for academics to have
efficient research cooperation and will be held at Velayat University of Iranshahr at 5 and 6 Feb.
2025. We hope all of the seminar committees provide a suitable satisfactory atmosphere for the
participants. After the first call of the seminar, 26 papers were accepted as oral presentations
by the referees and scientific committee. The attendants and participants in the seminar are in
summary 40 people which are professors, students and researchers of different institutes around
Iran. Finally, we would like to extend our sincere gratitude to the Research Council of Velayat
University, the OSDCE, the Islamic world Science Citation center, the Iranian Statistical Society,
the (RIMAS), the scientific committee, the organizing committee, the referees, and the students
and staff of the department of statistics of velayat University for their kind cooperation.
Mojtaba Esfahani (Chair)
February. 2024

Topics

The aim of the seminar is to provide a forum for presentation and discussion of scientific works
covering theories and methods such as:

• Methods of copula construction
• Copula functions and dependence concepts
• Dependence modelling using copula function
• Inference based on copula
• Applications of copula function in spatial, survival, reliability, engineering, hydrological,
meteorological, agricultural, finance, economic data and etc.
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Stochastic Comparison of Parallel Systems Formed by
Heterogeneous Dependent Components

Amini-Seresht, E. 1

1 Department of Statistics, Faculty of Science, Bu-Ali Sina University, Hamedan, Iran

Abstract

In this paper, we consider the parallel systems with dependent components from exponential
and a general stochastic model linked with common Archimedean copula with generator function
ϕ. We prove that under some sufficient conditions on the generator function ϕ, the parallel
systems from two sets of dependent exponential components are compared with respect to the
usual stochastic ordering.
Keywords: Usual stochastic order, Archimedean copula, Majorization order

1 Introduction
Let X1, . . . , Xn be the lifetimes of n individual components assembled into a coherent system. It
is known that the failure time of an (n − k + 1)-out-of-n system is the k-th order statistic of the
component lifetimes, denoted by Xk:n. In two particular cases, the parallel and series systems
are 1-of-n and n-of-n systems, respectively, and thus the lifetime of a parallel system is the same
as that of the largest order statistic, denoted by Xn:n, and the lifetime of a series system is the
same as that of the smallest order statistic, denoted by X1:n. Parallel and series systems are the
simplest examples of coherent systems, and they are the building blocks of a more complex system.
Therefore, they have been studied extensively in the literature. In practice, the components are

1e.amini@basu.ac.ir
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Eighth Seminar on Copula Theory and its Applications 6

usually not i.i.d. and in real situations, the components are usually dependent and not identically
distributed (d.non-i.d.), for example, there may be structural dependence between the lifetimes
of the components of the system, so studying the impact of structural dependence between the
lifetimes of the components on the system of lifetimes can be useful. [6] established some sufficient
conditions to compare the lifetimes of two (n − k+1)-out-of-n systems with dependent components
whose dependence structure is described by Archimedean copulas with n-monotone generators
considering the usual stochastic ordering. [3] and [4] provided some ordering properties of the
maximum order statistics of heterogeneous random variables with an Archimedean copula.

In this work, we consider parallel and series systems with n heterogeneous dependent
components from exponential distribution whose random lifetimes are denoted by X1, . . . , Xn and
Y1, . . . , Yn associated with an Archimedean copula with generator ϕ and having the hazard rates
λi’s and λ∗i ’s, i = 1, . . . , n, respectively. Under some Archimedean copula conditions, we then
obtained some comparison results for such systems based on the usual stochastic order. [5] studied
the stochastic comparisons of order statistics and showed that

λ
m
� λ∗ ⇒ Xk:n ≤st X

∗
k:n; k = 1, . . . , n. (1.1)

[1] further improved the result in (1.1) under a weaker condition as

λ
p
� λ∗ ⇒ Xk:n ≤st X

∗
k:n; k = 1, . . . , n. (1.2)

Let X be a dependent random of vector with Xi’s having exponential distributions with hazard
rate λi, i = 1, . . . , n and let Y be another dependent random vector with Xi’s having exponential
distributions with hazard rate λ∗i , i = 1, . . . , n. In Sections 2, we generalize the above results to
the cases when Xi, i = 1, . . . , n as well as random variables Yi, i = 1, . . . , n are dependent having a
common Archimedean copula with a generation function ϕ which satisfies some mild conditions.

We review the notion of copula, the usual stochastic order and the majorization order, before
going into their details. Let (X1, . . . , Xn) be the vector of components’ lifetimes, having joint
distribution F, survival function F and marginal distribution Fi, i = 1, . . . , n. The function C :
[0, 1]m → R+ is said to be the copula of (X1, . . . , Xn) if

F(x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)), for all (x1, . . . , xn) ∈ R+.

If Fi continuous, then the copula C is unique and it is defined as

C(u1, . . . , un) = F(F−1
1 (u1), . . . , F

−1
n (un)), for u1, . . . , un ∈ (0, 1),

where F−1 denotes the inverse of the distribution function of the random variable Xi.
Likewise, a survival copula associated with a multivariate distribution function F is

F(x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)), for all (x1, . . . , xn) ∈ R+.

Among copulas (or survival copulas), the class of Archimedean copulas is particularly
interesting. Archimedean copulas are widely used in reliability theory and actuarial mathematics
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because of their mathematical tractability and wide range of dependencies. For a decreasing and
continuous function ϕ : [0,∞) → [0, 1] such that ϕ(0) = 1 and ϕ(∞) = 0, where ψ = ϕ−1 is the
pseudo-inverse, a copula is called Archimedean if it can be written as

C(u1, . . . , un) = ϕ(ψ(u1) + . . .+ ψ(un)) for all ui ∈ [0, 1], i = 1, . . . , n,

where ϕ is usually called the generator of the Archimedean copula C, if (−1)kϕ[k](x) ≥ 0, for
k = 0, . . . , n − 2 and (−1)n−2ϕ[n−2](x) is decreasing and convex. In the above, ϕ[k](x) denotes the
k-th derivative of the function ϕ(x) with respect to x.

Definition 1. Let X and Y be two non-negative random variables with density functions f and g,
distribution functions F and G, survival functions F = 1 − F and G = 1 − G respectively. Then,
X is said to be smaller than Y in the usual stochastic order (denoted by X ≤st Y ) if F (x) ≤ G(x)
for all x ∈ R+, or equivalently, E[ϕ(X)] ≤ [≥]E[ϕ(Y )] for any increasing [decreasing] function
ϕ : R → R.

Definition 2. Let λ, λ∗ denote two n-dimensional real vectors. Let λ(1) ≤ λ(2) ≤ . . . ≤ λ(n),
λ∗(1) ≤ λ∗(2) ≤ . . . ≤ λ∗(n) be their ordered components.

• λ is said to be majorized by λ∗, in symbols λ
m
� λ∗, if

∑k
i=1 λ

∗
(i) ≤

∑k
i=1 λ(i); for k =

1, 2, . . . n− 1, and
∑n

i=1 λ(i) =
∑n

i=1 λ
∗
(i).

• λ is said to be p-larger than another vector λ∗, in symbols λ
p
� λ∗, if

∏j
i=1 λ

∗
(i) ≤

∏j
i=1 λ(i),

j = 1, . . . , n.

The following Lemmas show that the notion of majorization is quite useful in establishing
various inequalities.

Lemma 1.1. Let permutation-symmetric function Φ : Rn → R be continuously differentiable.
Necessary and sufficient conditions for Φ to be Schur-convex (concave) on Rn are: Φ is symmetric
on Rn and for all i 6= j,

(zi − zj)

(
∂Φ(z)

∂zi
− ∂Φ(z)

∂zj

)
≥ (≤)0 for all z ∈ Rn.

Lemma 1.2. A real-valued function Φ : Rn → R is said to be a Schur-convex (Schur-concave)
function if λ

m
� λ∗ implies Φ(λ) ≤ (≥)Φ(λ∗), for all λ, λ∗ ∈ Rn.

2 Main results
Theorem 2.1. Let X be dependent random vector with Xi ∼ E(λi) and having the Archimedean
copula with generator ϕ and let Y be another dependent random vector with Yi ∼ E(λ∗i ) and having
the Archimedean copula with generator ϕ. If uψ′(u) is increasing function, then, we have

λ
p
� λ∗ ⇒ Xn:n ≤st Yn:n.
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Proof. It is easy to observe that

FXn:n(x;λ) = 1− ϕ

(
n∑
i=1

ψ(1− e−λix)

)
.

Set mi = log λi, i = 1, . . . , n. one can see that

Ψ(m) = 1− ϕ

(
n∑
i=1

ψ(1− e−e
mix)

)
. (2.1)

According to Lemma 2.1 in [2], it suffices to show that (2.1) is decreasing and Schur-convex in mi’s,
i = 1, . . . , n. Taking the derivative of (2.1) with respect to mi, it follows that

∂Ψ(m)

∂mi
= −xemie−e

mixψ′ (1− e−e
mix
)
ϕ′

(
n∑
i=1

ψ(1− e−e
mix)

)
.

From the fact that ψ′ and ϕ′ are non-positive functions, it reveals that Ψ(m) is decreasing in mi.
For 1 ≤ i < j ≤ n and m ∈ D+, we have

∂Ψ(m)

∂mi
− ∂Ψ(m)

∂mj

sgn
= emie−e

mixψ′ (1− e−e
mix
)
− emje−e

mjxψ′
(
1− e−e

mjx
)

=
emie−e

mix

1− e−e
mix

(
1− e−e

mix
)
ψ′ (1− e−e

mix
)
− emje−e

mjx

1− e−e
mjx

×
(
1− e−e

mjx
)
ψ′
(
1− e−e

mjx
)

≥

[
emie−e

mix

1− e−e
mix

− emje−e
mjx

1− e−e
mjx

](
1− e−e

mjx
)
ψ′
(
1− e−e

mjx
)

sgn
=

emje−e
mjx

1− e−e
mjx

− emie−e
mix

1− e−e
mix

≥ 0.

The first inequality follows from the assumption that uψ′(u) is an increasing function in u, the
second sgn

= follows from the fact that ψ′ is a non-positive function, and the last inequality follows
from the fact that ue−ux

1−e−ux is a decreasing function in u. From these observations, it follows that
the theorem holds.

In the next theorem we consider a general stochastic model to compare the parallel systems.

Theorem 2.2. Let X be a dependent random vector with Xi ∼ F (·;λi) and with the Archimedean
copula with generator ϕ and let Y be another dependent random vector with Yi ∼ F (·;λ∗i ) and with
the Archimedean copula with generator ϕ. If

(i) F (·;λ) is increasing in λ;
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(ii) F (·;λ) is log-concave in λ;

(iii) uψ′(u) is increasing in u ∈ (0, 1).

Then, we have
λ
m
� λ∗ ⇒ Xn:n ≤st Yn:n.

Proof. The survival function of Xn:n is of the form

FXn:n(x;λ) = 1− ϕ

(
n∑
i=1

ψ(F (x;λi)

)
.

Thus for establishing the desired result, it is enough to show that the function FXn:n(x;λ) is
Schur-convex. Taking the derivative of FXn:n(x;λ) with respect to λi, we have

∂FXn:n(x;λ)

∂λi
= −∂F (x;λi)

∂λi
.ψ′(F (x, λi))ϕ

′

(
n∑
i=1

ψ(F (x;λi)

)
.

Therefore, for 1 ≤ i < j ≤ n and λ ∈ D+, we show that ∂FXn:n (x;λ)
∂λi

is increasing in λi. Thus, we
can compute that

∂FXn:n(x;λ)

∂λi
− ∂FXn:n(x;λ)

∂λj
=
∂F (x;λj)

∂λj
.ψ′(F (x, λj))ϕ

′

(
n∑
i=1

ψ(F (x;λj)

)

−∂F (x;λi)
∂λi

.ψ′(F (x, λi))ϕ
′

(
n∑
i=1

ψ(F (x;λi)

)

=

[
∂F (x;λj)

∂λj
.ψ′(F (x, λj))−

∂F (x;λi)

∂λi
.ψ′(F (x, λi))

]

×ϕ′
(

n∑
i=1

ψ(F (x;λi)

)

= ϖ1.ϕ
′

(
n∑
i=1

ψ(F (x;λi)

)
From the fact that ϕ′ is negative, it is enough to show that ϖ is negative. We have

ϖ1 =

∂F (x;λj)
∂λj

F (x;λj)
.F (x;λj)ψ

′(F (x, λj))−
∂F (x;λi)
∂λi

F (x;λi)
.F (x;λi)ψ

′(F (x, λi))

≤
∂F (x;λj)
∂λj

F (x;λj)
.F (x;λi)ψ

′(F (x, λi))−
∂F (x;λi)
∂λi

F (x;λi)
.F (x;λi)ψ

′(F (x, λi))



Eighth Seminar on Copula Theory and its Applications 10

=

 ∂F (x;λj)
∂λj

F (x;λj)
−

∂F (x;λi)
∂λi

F (x;λi)

 .F (x;λi)ψ
′(F (x, λi))

sgn
=

∂F (x;λi)
∂λi

F (x;λi)
−

∂F (x;λj)
∂λj

F (x;λj)
≤ 0,

where sgn
= follows from the fact that ψ′ is negative function. The first inequality is according to

assumption F (·;λ) is increasing in λ and uψ′(u) is increasing in u and the last inequality is based
on the assumption F (·;λ) is log-concave. Then, the desired result follows by applying Lemma 1.1.
For λ ∈ I+, it can be proved in a similar manner that the desired result holds.

Example 2.3. Consider the family of Lomax distribution with cdf F (x;λ) = λx
1+λx , x ≥ 0, λ > 0,

denoted by Lo(λ). Suppose that Xi follows Lo(λi), with λ1 = 2, λ2 = 3, λ3 = 4 and, further,
assume that Yi follows Lo(λ⋆i ) with λ⋆1 = 1, λ⋆2 = 3, λ⋆3 = 5. Contemplate the multivariate Gumbel
copula having generator ψθ(u) = (− ln(u))θ, for θ ≥ 1. It can be verified plainly that F (x;λ) is
increasing and log-concave in λ, for all x ≥ 0. Moreover, uψ′

θ(u) is increasing in u ∈ (0, 1). Since
λ

m
� λ∗, thus, using Theorem 2.2, we deduce that X3:3 ≤st Y3:3. Note that

F̄X3:3(x;λ) = 1− exp{−

(
3∑
i=1

lnθ
(
1 + λix

λix

)) 1
θ

}

and

F̄Y3:3(x;λ
⋆) = 1− exp{−

(
3∑
i=1

lnθ
(
1 + λ⋆ix

λ⋆ix

)) 1
θ

}.

The graph of F̄X3:3(x;λ) and F̄Y3:3(x;λ⋆) for θ = 2 is plotted in Figure 1 to acknowledge the achieved
conclusion. The above curve (blue) is the graph of F̄Y3:3(x;λ⋆) and the below curve (red) is that of
F̄X3:3(x;λ).

Figure 1: Plot of survival function of X3:3 and Y3:3
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It should be noted that there are many Archimedean copulas satisfying the conditions uψ′(u)
which increase or decrease in u. For example, if we consider the Ali-Mikhail-Haq (AMH) copula
with the generator ϕ(u) = 1−θ

eu−θ for θ ∈ [−1, 1], it follows that ψ(u) = ln
(
1−θ+θu

u

)
. It can be seen

that
uψ′(u) =

θ − 1

1− θ + θu
,

which is increasing in u for θ ∈ [0, 1) and decreasing in u for θ ∈ [−1, 0). For another example
consider Clayton copula with generator inverse ψ(u) = 1

θ (u
−θ − 1) for θ ∈ [−1,∞)−{0}. It can be

seen that
uψ′(u) = − 1

uθ
,

which is decreasing in u for θ ∈ [−1, 0) and increasing in u for θ ∈ [1,∞).
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Feature Selection Using Extropy-Copula

Arad, F. 1 Sheikhi, A. 2

1,2 Department of Statistics, Shahid Bahonar University of Kerman, Kerman, Iran

Abstract

This paper presents an innovative feature selection method that leverages extropy and copula.
Feature selection is a dimensionality reduction technique aimed at identifying and selecting
the most relevant variables from a large dataset. exntropy serves as a measure of order and
randomness in the data, helping to identify more relevant features. On the other hand, copulas
provide a more accurate framework for modeling the dependencies between features. This
combination results in higher-quality feature selection and demonstrates better performance
compared to traditional methods. Simulation results emphasize the improved effectiveness of
this approach in feature selection.
Keywords: Feature Selection, Extropy, Copula Function.

1 Introduction

This introduction provides a concise overview of extropy and copula, foundational concepts for our
feature selection method within a dimensionality reduction framework.

1fereshteh_ arad@math.uk.ac.ir
2sheikhy.a@uk.ac.ir
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1.1 Extropy
The entropy measure of a probability distribution has a complementary measure called extropy,
which has been widely used recently. Using the definition of entropy, the extropy of a discrete
random variable is as follows [1]

J(X) = −
N∑
i=1

(1− pi)log(1− pi) (1.1)

Also, if x is a non-negative continuous random variable with the probability density function f(x),
then the extropy of the random variable X is equal to

J(X) = −1

2

∫ ∞

0
f2(x)dx (1.2)

Also, the joint-extropy of two variables X and Y is equal to

J(X,Y ) =
1

4

∫ ∞

0

∫ ∞

0
f2(x, y)dxdy (1.3)

The joint extropy for n-dimensional random vector (X1, · · · , Xn), denoted by J(X1, · · · , Xn) can
be defined using the joint PDF of n random variables.

1.2 Copula function
Copula function are used to link marginal distributions with a joint distribution. For
specified univariate marginal distribution functions F1(t1),F2(t2),· · · ,Fm(tm), the function C(F1(t1),
F2(t2),· · · , Fm(tm)) = F (t1, t2,· · · , tm), which is defined using a copula function C, results in a
multivariate distribution. On the other hand, any multivariate distribution function F can be
written in the form of a copula function; if F (t1, t2, · · · , tm) is a joint multivariate distribution
function with univariate marginal distribution functions F1(t1),F2(t2),· · · , Fm(tm), there is a copula
function C(u1, u2, · · · , um), so that: F (t1, t2,· · · ,tm) = C(F1(t1), F2(t2),· · · , Fm(tm)). If every Fi
is continuous, then C is unique and ui = Fi. For the special case of bivariate distributions, m = 2
[2].

1.3 Mutual information
Different definitions for mutual information can be expressed. Of the various definitions of mutual
information, the most widely accepted, of recent years, is the one by . Let X be a discrete variable
with probability mass function p(X = x). Let Y be a discrete variable with probability mass
function p(Y = y). Suppose X and Y have a joint function (joint distribution) p(x, y). Then the
mutual information I(X, Y) can be defined as [3]

I(X,Y ) =
∑
x

∑
y

P (x, y)log
p(x, y)

p(x)p(y)
(1.4)
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1.4 Mutual Information with copula
Mutual information between two random variables X and Y can be described in terms of the copula
function

I(X,Y ) =

∫ ∫
c(u, v)log(c(u, v))dudv (1.5)

where, u and v are the individual marginal distributions, respectively, P (x) and P (y) [4].

2 Main results
Theorem 2.1. if X,Y are related with copula function C, then the mutual information extropy-
copola is as follows we will have:

CMI−EC =
1

4

∫ 1

0

∫ 1

0
fX(F

−1(u))fY (F
−1(v))(c(u, v)− 1)2dudv (2.1)

so that c is the copula density function and FX(x) = u, FY (y) = v also fX is equal to the density
function of the random variable X and fY is equal to the density function of the random variable
Y .

2.1 simulation study
Suppose the predictor variables X1, X2, ..., X20 have a normal distribution and be related to the
normal response variable Y through the gaussian copula function. In this case, we obtained
the following results by using equation 2.1 to select the predictor variables that have the most
relationship with the response variable. As can be seen in the above table, by using the method

Table 1: Number of selected features in each method

Method Number of features selected
MI 15

MI-EC 13

described in this article, it is possible to select a smaller number of features and actually reduce
the dimension more. In the following, using the selected variables, the prediction of the response
variable has been discussed using the neural network, and the results are summarized in the table
below. According to the output of the above table, it can be said that by using the MI-EC method,
in addition to reducing more dimensions, the prediction accuracy of the model can be increased
compared to other methods.

3 Conclusion
As stated, one of the dimension reduction methods is feature selection, which in this article we tried
to describe a feature selection method using extropy and copula function. According to the output
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Table 2: Comparison of MI-NN and MI-EC-NN methods in terms of
prediction

MI-NN MI-EC-NN
Mean-RMSE-Train 1.115 1.111

Sd-RMSE-Train 0.324 0.320
Mean-RMSE-Test 1.129 1.124

Sd-RMSE-Test 0.642 0.635

of the results, it can be said that in addition to more dimension reduction, the prediction accuracy
It also increases the model. For future research, we plan to implement the proposed method on
real data and other copula functions.
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Physical layer security, as an important practical concept, in unmanned aerial vehicle (UAV)
assisted channels has been studied in the literature, where, correlation impact of wireless
channel coefficients has not been considered. In this paper, having briefly reviewed (the discrete
memoryless channel, physical secure rate and copula function theory), a continuous alphabet
wiretap channel with UAV transmitter is considered. For this channel, we obtain closed form
expressions for secrecy capacities in two cases: (i) Gaussian channel with constant channel
coefficients; (ii) Gaussian wireless channel with correlated coefficients by using FGM copula
function to describe the correlations. Through obtained secrecy rates, we analyze the impacts of
(a) UAV situation for transmitter (b) correlation between channel coefficients on the achievable
rates. Then, analytical results are numerically assessed across various correlation structures.
The findings demonstrate that correlated fading adversely impacts security performance.
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coefficients.
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1 Introduction

Unmanned aerial vehicles (UAVs) have emerged as a compelling platform for communication
systems, driven by their mobility and the ability to access remote and challenging areas. Unlike
traditional communication relying on stationary infrastructure, UAVs present unique attributes,
including easy deployment, enhanced capacity due to strong Line of Sight (LoS) connections,
and heightened flexibility through controlled mobility. Nevertheless, the security of UAV-based
communications faces significant challenges due to wireless broadcast characteristics and the
prevalence of line-of-sight channel conditions. To address these concerns, the application of physical-
layer security offers a promising avenue to bolster the confidentiality of UAV communications.
The potential of small-scale UAVs in the context of fifth-generation networks for expansive
communication applications has been a topic of examination [1]. This investigation underscores
the vulnerabilities inherent in UAV communication, delves into the use of physical-layer security
to enhance secrecy, and explores cooperative methodologies to safeguard secure communications.
Furthermore, recent research efforts have concentrated on addressing the physical-layer security
challenges specific to UAV systems [2]. This includes the mitigation of passive and active
eavesdropping attacks through innovative strategies such as trajectory design, resource allocation,
and cooperative UAV cooperation. In an effort to amplify wireless connectivity, the integration
of UAVs into macro cell networks has been explored [3]. The study examines two application
cases involving UAVs to ensure the protection of confidential message exchange. Through case
studies, physical-layer security mechanisms are exhibited, showcasing enhanced performance and
the potential for secure communications. Efforts in enhancing security extend to optimization
and algorithmic advancements. The exploration of joint trajectory, transmission power, and
ground terminal association in wiretap channels offers innovative solutions [4]. Similarly, trajectory
planning for secrecy energy efficiency maximization is tackled in [5], considering secrecy throughput
and UAV energy consumption and in [6], in a mobile relaying system enhanced by UAVs, where a
high-mobility UAV is employed to aid in securely transmitting confidential data from a terrestrial
source to a legitimate ground receiver, in the presence of eavesdropping threats. The challenge of
security in UAV-assisted communication systems is discussed in [7], introducing methods to combat
eavesdropping and jamming. The inclusion of artificial noise signals alongside information signals
reduces hybrid outage probability, and various power allocation strategies have been explored.
[8] introduces a novel approach employing a UAV for mobile jamming to heighten the secrecy
rate of ground wiretap channels, leading to an augmented average secrecy rate. The paper in
[9] investigates communication security in aerial wiretap channels with a network flying platform
sending information amidst multiple eavesdroppers (EAVs), using stochastic geometry to model
EAV locations.

The cooperative use of UAVs offers a way to enhance secure communication protection [10], [11].
The research in [12] explores UAV-enabled relaying networks, using M relays to aid transmission
from a ground station to a destination while countering a UAV-aided EAV. The best relay node is
chosen, with the rest acting as jammers to increase EAV decoding outage probability. Furthermore,
[13] introduces a cooperative transmission scheme for UAV wireless communication networks,
addressing interference, security, and energy efficiency concerns. It utilizes interference alignment
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and power splitting to improve physical layer security by disrupting eavesdropping attempts with
artificial noise. [14] presents a cooperative jamming strategy involving UAVs, where one transmits
data while another serves as a jammer. This cooperative approach optimizes trajectory and power
allocation, yielding higher average secrecy rates. Cooperation in EAVs also emerges as a noteworthy
focus area. The work highlighted in reference [15] centers on examining secure transmission within
an integrated satellite-aerial-terrestrial network (ISATN), specifically addressing threats posed by
cooperative EAVs.

In the investigation of Physical Layer Security (PLS) performance within real-world wireless
channels, the common assumption of independent coefficients contrasts with practical scenarios
involving correlated coefficients. An understanding of correlated fading in wireless communication
becomes crucial for the practical applications of PLS. Analyzing channel performance with
correlated fading coefficients requires the application of multivariate distributions to capture joint
statistics. Copula theory, a robust statistical method, proves valuable results in illustrating
the correlation between random variables and addressing challenges associated with correlated
fading channels in wireless networks. The study referenced in [16] delves into a wireless ad hoc
network featuring one-hop relay channels and interfering nodes, examining arbitrary correlations
among channel coefficients. Leveraging Copula theory, the authors derive a closed-form expression
for success probability across various channel dependence structures. Analyzing with Farlie-
Gumbel-Morgenstern (FGM) and Archimedean Copulas, they demonstrate that increased channel
correlation enhances success probability performance. Furthermore, the article referenced in [17]
explores a wireless wiretap channel with artificial noise-assisted transmission and an active EAV,
taking into account correlated wireless channel coefficients. Utilizing copula theory, the study
provides closed-form expressions for various channel performance metrics such as average secrecy
rate. The impact of correlated fading is examined across different scenarios.

our contributions
Our research extends the current body of literature investigating UAV-based communication

in wiretap channels. Previous studies primarily concentrated on the free space path loss model
or a probabilistic line-of-sight (LOS) model for air-to-ground channels. In our contribution, we
seek to propel this field forward by delving into the analysis of secrecy in a UAV-based wiretap
channel. Specifically, we aim to understand the impacts of the UAV’s situation as the transmitter.
Additionally, we introduce a novel dimension by treating the wireless channels from air to ground
as correlated random variables. This approach aims to offer a more comprehensive insight into the
dynamics of security in UAV-based communication systems.

The primary goal of our research is to assess the security level in a UAV-based communication
channel in the presence of potential wiretapping. We analyze the discrete memoryless single-user
channel, establishing a feasible capacity range. Additionally, we briefly review copula theory as
a method to compute the joint distribution probability density function for correlated coefficient
channels. Subsequently, we delve into the study of secrecy rates for continuous alphabet channels
with a UAV transmitter. We initiate this exploration by investigating the secrecy rate for a Gaussian
memoryless channel with constant channel coefficients and then extend it to a Gaussian wireless
channel with correlated coefficients. Our comparisons include situations when the transmitter node
is fixed.
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Figure 1: Wiretap UAV channel

The subsequent sections of this article are structured as follows: Section II encompasses the
system model and preliminaries, addressing physical layer security, secure capacity for discrete and
memoryless channels, and Copula theory preliminaries. In section III, we present the analysis of
secrecy rate for continuous alphabet channel with a UAV transmitter. This includes subsections
on the Gaussian channel with constant channel coefficients and the Gaussian wireless channel with
correlated coefficients. The evaluation of results is also provided in this section. Furthermore,
analytical results are illustrated numerically in section IV. Finally, Section V concludes the article.

2 System Model and Preliminaries
In this section, we describe the intended channel model and then, review the preliminaries briefly.

2.1 System Model and Preliminaies
The discrete memoryless channel (DMC), is illustrated in Fig. 1. The model is defined by a channel
distribution p(y, z |x), where x represents UAV input variables from a finite alphabet X. Output
variables y and z signify ground user (GU) and potential EAV outcomes, within finite alphabets Y
and Z, respectively. The DMC distribution, is specified by (1) for main channel and (2) for wiretap
channel.

P (Y N |XN ) =

N∏
i=1

P (Yi|Xi) (2.1)

P (ZN |XN ) =

N∏
i=1

P (Zi|Xi) (2.2)

The encoder operates by mapping inputs (WK), denoted as XN through the function f(WK).
Conversely, the decoder performs the reverse transformation for outputs (YN), wherein WK is
reconstructed as g(WK), indicated by ŴK.

2.2 Preliminaries
Physical Layer Security The concept of secrecy revolves around equivocation measured by
H(WK|ZN), and the condition for achieving perfect secrecy is stated when observing ZN dose not
yield any information about the source message, or, more precisely, when
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1

K
H
(
WK

∣∣ ZN
)
= H(W) (2.3)

d is the normalized equivocation of the wiretapper obtaining as follows

d =
H(WK|ZN)

H(WK)
(2.4)

We define the transmission rate to the GU to be

R =
H(WK)

N
(2.5)

The average error probability for this code is defined as

Pe =
1

K

K∑
i=1

Pr( Ŵi 6= Wi) (2.6)

The pair (R∗, d∗) is achievable if, for any ε> 0, we have

R ≥ R∗ − ϵ (2.7)
d ≥ d∗ − ϵ (2.8)

Pe ≤ ϵ (2.9)

The secrecy capacity is defined to be the supremum of achievable R when d = 1.

Secure capacity for discrete and memoryless channel For DM wiretap UAV-based channel,
if we assume that the main channel is less noisy than the wiretap channel, the secrecy capacity is
equal to

Cs = max{ I(X ; Y), I(X ; Z)} (2.10)

Copula theory Copulas use mathematical functions to derive joint PDFs based on their
univariate PDFs. Let S = (X,Y) be a vector of two random variable with marginal cumulative
density function (CDF) FX (x) = p(X ≤ x) and GY (y) = p(Y ≤ y) and joint CDF as

HX,Y (x, y) = P (X < x, Y < y) (2.11)

Then the Copula of the random vector S= (X,Y ) defined on the unit hypercube [0, 1]2 with
uniformly distributed random variables U:= FX (x) and V:= GY (y) over [0,1] is given as [18]

C(u, v) = P (U < u, V < v) (2.12)
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Figure 2: UAV-based communication in the present of a ground EAV.

Theorem 1. (Sklar’s theorem): Let H be a joint cumulative density function (CDF) of random
variables with margins F and G. Then there exist one Copula function C such that for all x and y
in the extended real time domain R,

H(x, y) = C (F (x) , G(y)) (2.13)

The joint PDF for margins FX (x) and GY (y) using Sklar’s theorem is given by

f (x, y) = f (x) g(y) c (F(x), G(y)) (2.14)

where c (FX(x), FY(y)) =∂2C(F(x), G(y))
∂F(x) ∂G(y) and f(x) and g(y) are the marginal PDFs. From the

empirical viewpoint, the FGM Copula is the fastest case to process the statistical data and the
easiest way to compute the joint distribution. The FGM Copula is defined as

C(u, v) = u v (1 + θ(1− u)(1− v)) (2.15)

Whereθ ∈ [−1, 1] is a dependence structure parameter of FGM Copula. For θ ∈ [−1, θ) and
θ ∈ (θ, 1] the dependence structure is negative and positive, respectively. Also, independence
corresponds to θ = 0.

3 Secrecy Rate for Continuous Alphabet Channel with UAV
Transmitter

In order to investigate the secrecy rate in the proposed system in continuous alphabet, we
consider a UAV-based downlink communication in which a UAV transmitter transmits confidential
information to a GU in the present of an EAV as shown in Fig. 2. Without loss of generality,
we consider a three-dimensional (3D) Cartesian coordinate system, in which the GU and the EAV
are located on the ground with altitude zero, and horizontal locations W1 and W2 , respectively.
Furthermore, we assume a UAV flight period with duration T, which is discretized into N time
slots with equal duration ts =

T
N and flies horizontally at a constant altitude H. Denote the UAV



Eighth Seminar on Copula Theory and its Applications 22

trajectory projected on the horizontal plane as q(t) = [X(t), Y (t)], T ∈ R2×1, where 0 ≤ t ≤ T .
Thus, the time-varying distance from the UAV to the GU, d1(t) and to the EAV, can be expressed
as

d2j (t) = H2 + ||q(t)−Wj ||2, 0 ≤ t ≤ T, j = 1, 2 (3.1)

Gaussian Channel with Constant Channel Coefficients The channel output at each time
instant at GU, Y and at EAV, Z can be described as

Y =
√

h1 X + Z1 (3.2)
Z =

√
h2 X + Z2 (3.3)

where Z1, Z2 are the additive white Gaussian noise random variable with zero mean and variance
N1, N2 at receivers, GU and EAV, which are independent of each other and channel input. h1, h2
are the channel power gain between UAV transmitter and GU and between UAV transmitter and
EAV, respectively.

Since in practice, the air-to-ground wireless channels are dominated by the LoS link, we adopt
the free space wireless channel model. So, the channel power gain from UAV to the GN at time
slot t, h1(t) and from UAV to EAV h2(t) is given by

hj(t) = β0dj
−2(t) =

β0
H2 + ||q(t) − wj||2

,

{
j = 1, 2

0 ≤ t ≤ T
(3.4)

where β0 denotes the channel power gain at the reference distance of 1 m. Moreover, the channel
input power constraint for the UAV is E[X2] ≤ P .

Considering X∼N(0, P) we can extend the result of DM channel as

I(X;Y ) = h(X + Z1)− h(X + Z1|X) =
1

2
log2(1 + γ1) (3.5)

I(X;Z) = h(X + Z1)− h(X + Z2|X) =
1

2
log2(1 + γ2) (3.6)

Where γ1= P
N1

, γ2= P
N2

are the signal to noise ratio (SNR) at the GU, and at EAV, respectively.
So, we can rewrite the secrecy capacity as follows:

Cs =
1

2
log2

(
1 + γ1
1 + γ2

)
(3.7)

Gaussian Wireless Channel with Correlated Coefficients In this scenario, we consider
air-to-ground links coefficients as random variables. Firstly, we consider independent channel power
gains h1 and h2, and extending the result of DM channel as in the previous section we have

Cs =
1

2
log2

(
1 + γ′1
1 + γ′2

)
(3.8)
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where γ′1=
h1P
N1

, γ′2=
h2P
N2

are the signal to noise ratio (SNR) at the GU, and at EAV,
respectively. It is assumed that UAV conveys a message to the GU when γ′1 exceeds a specific
threshold µ.

Now we adopt a Rayleigh fading model, where the channel power gains h1 and h2 follow
exponential distributions. Additionally, we assume correlation between them, characterized by
the dependence structure parameter θ. The average secure rate Rave

s using the equation (23), is
defined as:

Cave
s =

1

2

{∫ ∞

0

∫ ∞

N1µ
P

log2

(
1 + γ′1
1 + γ′2

)
f (h1, h2) dh1dh2

}
(3.9)

Where f (h1, h2) is the joint PDF of power gains h1 and h2. Since we consider Rayleigh fading
model, h1 and h2 PDFs follow exponential distributions as f (h1) = 1

h1
e

− h1
h1 and f (h2) = 1

h2
e

− h2
h2

, where h1 ans h2 are the average of h1 and h2. In order to obtain the joint PDF, f (h1, h2), we
utilize FGM copula function.

Evaluation of Results The comparison of secrecy capacity between UAV-based and terrestrial
wiretap channels highlights the potential to enhance secrecy rate due to the mobility and altitude
capabilities of the UAV transmitter. In terrestrial communications, under the assumption of
stationary transmitters and receivers positioned at ground level (zero altitude), we define the
channel power gain

hj = β0dj
− 2 =

β0
||q − wj||2

, j = 1, 2 (3.10)

where q signifies the two-dimensional constant transmitter location, w1 and w2 denote the two-
dimensional locations of the main receiver and EAV, respectively. Conversely, within the context of
UAV transmitter, characterized by mobility and altitude, we possess the capability to optimize the
UAV’s trajectory. This optimization involves a trade-off between maximizing the channel power
gain between the UAV transmitter and the GU, h1 and minimizing the channel power gain between
the UAV transmitter and the EAV, h2.

Now, we want to evaluate the impact of correlated channel gains variables h1 and h2 on the
average secure rate Rave

s . In this section, we first calculate the joint PDF of correlated wireless
communication channels from the UAV sender to the ground receiver and to the EAV using FGM
Copula function. Then, we derive a closed-form expression for average secure rate in the equation
(??). CDFs of exponential random variables of the UAV sender to the ground receiver channel
power gain h1 and to the EAV channel power gain h2 are as follows

u = F (h1) =

∫ ∞

h1

1

h1
e
− h1

h1 dh1= e
− h1

h1 (3.11)

v = F (h2) =

∫ ∞

h2

1

h2
e
− h2

h2 dh2= e
− h2

h2 (3.12)
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Using FGM Copula function and equation (14), joint PDF of random variables h1 and h2 will
be determined as

f (h1, h2) =
e
− h1

h1 e
− h2

h2

h1 h2
(1 + θ(1 − 2e

− h1
h1 )(1 − 2e

− h2
h2 )) (3.13)

By substituting the equation (28) in the equation (24), we will have

Cavgs =

√
π

4
e

−16N1(1+µ)+π2N1
π2Ph̄1 +

1

2
e
−N1µ

Ph̄1 log2(1 + µ) +

√
π

4
θe

2N2(π
2−16)

π2Ph̄2

(
e
−N1µ

Ph̄1 − e
− 2N1µ

Ph̄1

)
+

√
π

4
e

N2(π
2−16)

π2Ph̄2

(
θe

− 2N1µ

Ph̄1 − (1 + θ)e
−N1µ

Ph̄1

) (3.14)

where Ei (x)= −
∫∞
−X t

−1e−tdt.
The detail of proof is given in Appendix.
For the specific case where channel coefficients are independent yet Rayleigh, assuming the

dependence parameter θ = 0, average secrecy rate is as follows:

Cavgs =

√
π

4
e

−16N1(1+µ)+π2N1
π2Ph̄1 +

1

2
e
−N1µ

Ph̄1 log2(1 + µ)−
√
π

4
e

N2(π
2−16)

π2Ph̄2 (e
−N1µ

Ph̄1 ) (3.15)

4 Numerical results
In this section, we present numerical results to investigate how channel correlation influence the
average secure rate in a wireless Gaussian channel with correlated channel power gains in the
presence of an eavesdropper. Our analysis encompasses both correlated and uncorrelated Rayleigh
fading scenarios. The correlated case is further dissected into segments with positive and negative
dependence structures. For all numerical evaluations, we set h1= 0.5, h2= 0.5, µ= 2, N1 = 1w,
N2 = 2w.
Fig. 3 illustrates the influence of the dependence parameter on the average secure rate Caves in
a wireless Gaussian channel characterized by correlated channel power gains. The results indicate
that increased correlation among the channel power gains h1 and h2 leads to a reduction in the
average secure rate. Specifically, when θ= 1, representing the highest level of dependence, the
average secure capacity is minimized. Conversely, at θ= −1, the average secrecy rate reaches its
maximum. Furthermore, it can be demonstrated that this disparity is particularly pronounced at
lower transmission power levels, while at higher transmission power levels, the difference becomes
negligible.

5 Conclusion
In conclusion, our research concentrated on evaluating the security of a UAV-based communication
channel with potential wiretapping. Our analysis encompassed discrete memoryless single-user
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Figure 3: Average Cs versus P in wireless Gaussian channel with correlated channel
power gain with different values of correlation.

channels, establishing a feasible capacity range. Additionally, we assessed secrecy rate for
continuous alphabet channel with a UAV transmitter, incorporating Gaussian memoryless channel
with constant channel coefficients and average secrecy rate for Gaussian wireless channel with
correlated coefficients based on copula functions. This study contributes valuable insights into
the security in UAV-based communication. The results indicate that correlated fading negatively
affects security performance.
Appendix

Cave
s =

1

2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1 + γ′1
1 + γ′2

)
f (h1, h2) dh1dh2 =

1

2
(A1 − A2) (5.1)

where A1 and A2 are defined as

A1 =

∫ ∞

0

∫ ∞

N1µ
P

log2
(
1 + γ′1

)
f (h1, h2) dh1dh2 (5.2)

A2 =

∫ ∞

0

∫ ∞

N1µ
P

log2
(
1 + γ′2

)
f (h1, h2) dh1dh2 (5.3)

Substituting the joint PDF of exponential random variable h1 and h2, f (h1, h2), Using equation
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(28) We have

A1 =
1

h1 h2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1 +

P

N1
h1

)
e
− h1

h1 e
− h2

h2 ×
(
1 + θ

(
1 − 2e

− h1
h1

)(
1 − 2e

− h2
h2

))
dh1dh2

=
1

h1 h2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1+

P

N1
h1

)(
1+θ − 2θe

− h2
h2

)
e
−h1

h̄1 e
−h2

h̄2 dh1dh2

+
1

h1 h2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1+

P

N1
h1

)
2θ

(
2e

− h2
h2 − 1

)
e
− 2h1

h̄1 e
−h2

h̄2 dh1dh2

(5.4)

After calculating the integral over variable h2, we have:

A1 =
1

h1

∫ ∞

N1µ
P

e
− h1

h1 log2

(
1 +

P

N1
h1

)
dh1 =− e

N1
P h1 Ei

(
− N1(1+µ)

Ph1

)
+ e

− N1µ

Ph1 log2 (1 + µ)

(5.5)

where Ei (x) = −
∫∞
−X t− 1e− tdt. and

A2 =
1

h1 h2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1 +

P

N2
h2

)
e
− h1

h1 e
− h2

h2 ×
(
1 + θ

(
1 − 2e

− h1
h1

)(
1 − 2e

− h2
h2

))
dh1dh2

=
1

h1 h2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1+

P

N2
h2

)(
1 + θ − 2θe

− h2
h2

)
e
−h1

h̄1 e
−h2

h̄2 dh1dh2

+
1

h1 h2

∫ ∞

0

∫ ∞

N1µ
P

log2

(
1 +

P

N2
h2

)
2θ

(
2e

− h2
h2 − 1

)
e
− 2h1

h̄1 e
−h2

h̄2 dh1dh2

(5.6)

After calculating the integral over variable h1, we have:

K1 =
(1+ θ) e

− N1µ

Ph1

h2

∫ ∞

0
log2

(
1+

P

N2
h2

)
e
− h2

h2 dh2 = − (1+ θ) e
− N1µ

Ph1 e
N2

P h2 Ei(− N2

h2 P
)

(5.7)

A2 =
1

h2

∫ ∞

0
e
− N1µ

Ph1 log2

(
1+

Ph2
N2

)(
1+θ − 2θe

− h2
h2

)
e
− h2

h2 dh2

+
1

h2

∫ ∞

0
e
− 2N1µ

Ph1 log2

(
1+

Ph2
N2

)
θ

(
2e

− h2
h2 − 1

)
e
− h2

h2 dh2 = K1 +K2 +K3 +K4

(5.8)

where

K1 =
(1+ θ) e

− N1µ

Ph1

h2

∫ ∞

0
log2

(
1+

P

N2
h2

)
e
− h2

h2 dh2 = − (1+ θ) e
− N1µ

Ph1 e
N2

P h2 Ei(− N2

h2 P
)

(5.9)
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K2 =
2θe

−N1µ

Ph1

h2

∫ ∞

0
log2

(
1+

P

N2
h2

)
e
− 2h2

h2 dh2 = − θe
− N1µ

Ph1 e
2N2
P h2 Ei(− 2N2

h2 P
) (5.10)

and
and

K3 =
2θe

− 2N1µ

Ph1

h2

∫ ∞

0
e
− 2h2

h2 log2

(
1+

P

N2
h2

)
dh2 = − θe

− 2N1µ

Ph1 e

2N2
P h2

Ei(− 2N2

h2 P
) (5.11)

and

K4 =
θ e

− 2N1µ

Ph1

h2

∫ ∞

0
e
− h2

h2 log2

(
1+

P

N2
h2

)
dh2 = − θe

− 2N1µ

Ph1 e
N2

P h2 Ei(− N2

h2 P
) (5.12)

So,

A2 = θ e
2N2
P h2 Ei

(
− 2N2

h2 P

)(
e
− N1µ

Ph1 e
− 2N1µ

Ph1

)
+ e

N2
P h2 Ei(− N2

h2 P
)(θe

− 2N1µ

Ph1 − (1+θ) e
− N1µ

Ph1 )

(5.13)

Finally, the average secure rate, using the equations (31), (35) and (43) is as follows

Cave
s =

1

2

(
− e

N1
P h1 Ei

(
−N1 (1 + µ)

Ph1

)
+ e

− N1µ

Ph1 log2 (1 + µ) − θ e
2N2
P h2 Ei

(
− 2N2

h2 P

)
×
(
e
− N1µ

Ph1 − e
− 2N1µ

Ph1

)
− e

N2
P h2 Ei

(
− N2

h2 P

)
×
(
θ e

− 2N1µ

Ph1 − (1 + θ) e
− N1µ

Ph1

)) (5.14)

Ei (− x) can also be approximated as Ei (−x)∼ −
√
π
2 e− ( 16

π2 )x [17]. So, closed form expression
for Caves is as follows

Cavgs =

√
π

4
e

−16N1(1+µ)+π2N1
π2Ph̄1 +

1

2
e
−N1µ

Ph̄1 log2(1 + µ) +

√
π

4
θe

2N2(π
2−16)

π2Ph̄2

(
e
−N1µ

Ph̄1 − e
− 2N1µ

Ph̄1

)
+

√
π

4
e

N2(π
2−16)

π2Ph̄2

(
θe

− 2N1µ

Ph̄1 − (1 + θ)e
−N1µ

Ph̄1

) (5.15)

The proof is completed.
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Some New Results on Stochastic Comparisons of the Smallest
Order Statistics From Dependent Random Variables Under

Archimedean Copula Dependence
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Abstract
In this paper, we consider two series systems comprising heterogeneous dependent

components, with an Archimedean survival copula. We then provide sufficient conditions on
the distributions of components’ lifetimes and the generator of the Archimedean copula and on
the vector of parameters for comparing the lifetimes of two systems with respect to the usual
stochastic order.
Keywords: Usual stochastic order, Archimedean survival copula, Majorization, Order
statistics.

1 Introduction
Consider a system with n components and suppose this system fails if and only if at least k
components fail. Such a system is said to be a (n − k + 1)-out-of-n system. Let X1, . . . , Xn

be the component’s lifetimes of a (n − k + 1)-out-of-n system with corresponding oder statistics
X1:n ≤ . . . ≤ Xn:n. In particular, X1:n and Xn:n correspond to the lifetimes of series and parallel
systems, respectively. For a general theory of order statistics and their applications, interested
readers may refer to [1] and [4].
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2a.shirvani@velayat.ac.ir
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Reliability and stochastic properties of series and parallel systems have been considered by
various researchers based on different scenarios. For example, heterogeneous Weibull, exponentiated
Weibull (EW), generalized exponential (GE) and extended generalized exponential distributions.
A recent review on the topic can be also found in [2].

In recent years, attention has spread from specific distributions to the case of stochastic
comparisons of order statistics when the populations belong to some semiparametric families; see
[3], [5] and [10].

Let X = (X1, . . . , Xn) and X∗ = (X∗
1 , . . . , X

∗
n) be two vectors of continuous dependent

random variables from a general family of distributions assembled by Archimedean (distributional
or survival) copulas with the respective generators ϕ1 and ϕ2 and let Xi ∼ F (x;λi)(X

∗
i ∼ F (x;λ∗i ))

where F (x;λi)(F (x;λ∗i )) denotes the distribution function of Xi(X
∗
i ) and λi(λ

∗
i ) > 0 is the model

parameter of Xi(X
∗
i ) , for i = 1, . . . , n. Recently, [11] derived usual stochastic ordering results of

the extreme order statistics from r.v.’s following these general family of distributions and linked
them with Archimedean copulas. They assumed that if ϕ1 or ϕ2 is log-convex, ψ2 ◦ ϕ1 is super-
additive, and for any x the function F̄ (x;λ)(F (x;λi)) is decreasing [increasing] and log-concave in
λ, then (λ1, . . . , λn) �w [

w
�](λ∗1, . . . , λ

∗
n) implies X1:n ≤st X

∗
1:n(Xn:n ≥st X

∗
n:n). [15] derived usual

stochastic ordering results for coherent systems of dependent components with these general family
of distributions with some other conditions like the survival function F̄ (x;λi) is concave/convex in
λ and with Schur-concave/convex copulas.

In this paper, the problem of stochastic comparisons between two parallel and two series systems
of dependent components in general models with dependence defined by (distributional or survival)
Archimedean copulas based on majorization theory has been considered. Specifically, we study the
usual stochastic order between the minimum and the maximum from two sets of dependent and
heterogeneous random variables when the marginal distributions are arbitrary depending on some
parameter. In this case, we consider that the parameter vectors verify the weak majorization orders
and show that the condition of log convexity of the Archimedean generator is not necessary and
the results hold without it. The results proved here generalize some recent results in [11] and [15].

The organization of the rest of this article is laid out as follows. In Section 2, we recall some
preliminary notions of copula models, stochastic orders and lemmas. Section 3 presents the general
results on the stochastic comparisons of two parallel/series systems with dependent heterogeneous
components in terms of the usual stochastic order. Finally, Sect. 4 concludes the paper.

To continue our discussion, we need definitions of some stochastic orders and the concept of
majorization that are stated in the next section.

2 The basic definitions and some prerequisites
In this section, we briefly present definitions of some well-known concepts relating to stochastic
orders, majorization orders, copulas and some useful lemmas, which are helpful for proving our
main results. Throughout the article, we use the notations R = (−∞,+∞) and the term increasing
means nondecreasing and decreasing means nonincreasing.

There are many ways in which a random variable X can be said to be smaller than another
random variable Y . In the usual stochastic ordering case, a random variable X with survival
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function F̄ = 1 − F is stochastically smaller than a random variable Y with survival function
Ḡ = 1 − G, denoted by X ≤st Y , if F̄ (x) ≤ Ḡ(x) for all x. For a comprehensive discussion on
various stochastic orderings, one may refer to [7] and [7].

The concept of copula plays an important role for dependent samples. In the literature, different
copulas have been defined, e.g., Archimedean copula, FGM copula, etc. For a random vector
X = (X1, . . . , Xn) with the joint distribution function F , joint survival function F̄ , univariate
marginal distribution functions F1, . . . , Fn and univariate survival functions F̄1, . . . , F̄n, if there
exists some C : [0, 1]n −→ [0, 1] and Ĉ : [0, 1]n −→ [0, 1] such that, for all xi , i = 1, . . . , n,

F (x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)),

F̄ (x1, . . . , xn) = Ĉ(F̄1(x1), . . . , F̄n(xn)),

then C and Ĉ are called as the copula and survival copula of X, respectively. For the sake
of completeness, we give the following definition of the Archimedean copula. A real function ϕ
is n-monotone on (a, b) ⊆ (−∞,+∞) if (−1)n−2ϕ(n−2) is decreasing and convex in (a, b) and
(−1)kϕ(k)(x) ≥ 0 for all x ∈ (a, b), k = 0, 1, . . . , n − 2, in which ϕ(i)(.) is the ith derivative of ϕ(.).
For a n-monotone (n ≥ 2) function ϕ : [0,+∞) −→ [0, 1] with ϕ(0) = 1 and limx→+∞ ϕ(x) = 0, let
ψ = ϕ−1 be the pseudo-inverse, then

Cϕ(u1, . . . , un) = ϕ(ψ(u1) + . . .+ ψ(un)), for allui ∈ [0, 1], i = 1, . . . , n,

is called an Archimedean copula with the generator ϕ. Archimedean copulas cover a wide range of
dependence structures including the independence copula with the generator ϕ(t) = e−t. For more
on Archimedean copulas, readers may refer to [6] and [9].

Next we give the definitions of some majorization orders and Schur convexity of functions that
will also be needed in this article. For encyclopedic information on the theory of these orders and
their applications, one can see the book written by [5]. Let us recall that the notation x(1) ≤
x(2) ≤ ... ≤ x(n) is used to denote the increasing arrangement of the components of the vector
x = (x1, . . . , xn).

Definition 1. The vector x is said to be

(i) weakly submajorized by the vector y (denoted by x �w y) if
∑n

i=j x(i) ≤
∑n

i=j y(i) for all
j = 1, . . . , n,

(ii) weakly supermajorized by the vector y (denoted by x
w
�y) if

∑j
i=1 x(i) ≥

∑j
i=1 y(i) for all

j = 1, . . . , n,

(iii) majorized by the vector y (denoted by x
m
�y) if

∑n
i=1 xi =

∑n
i=1 yi and

∑j
i=1 x(i) ≥

∑j
i=1 y(i)

for all j = 1, . . . , n− 1.

Now, definitions of the Schur-convex and Schur-concave functions are presented.

Definition 2. A real valued function φ defined on a set A ⊆ Rn is said to be Schur-convex
(Schur-concave) on A if

x
m
�y on A =⇒ φ(x) ≤ (≥)φ(y).
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The below stated lemmas will be useful to establish the main results in this manuscript.

Lemma 2.1 ([5], Theorem 3.A.4). Suppose I ⊂ R is an open interval and Φ : In −→ R+ is
continuously differentiable. Necessary and sufficient conditions for Φ to be Schur-convex (Schur-
concave) on In are

(i) Φ is symmetric on In,

(ii) for i 6= j and all z ∈ In,

(zi − zj)

(
∂Φ(z)

∂zi
− ∂Φ(z)

∂zj

)
≥ (≤)0,

where ∂Φ(z)
∂zi

denotes the partial derivative of Φ with respect to its i-th argument.

Lemma 2.2 ([5], Theorem 3.A.8). For a function l on A ∈ Rn, x �w (
w
�)y implies l(x) ≤ l(y) if

and only if it is increasing (decreasing) and Schur-convex on A.

The following lower orthant order on Archimedean copulas will also be utilized in what follows.

Lemma 2.3 ([4], Lemma A.1). For two n-dimensional Archimedean copulas Cϕ1(u) and Cϕ2(u),
if ψ2 ◦ ϕ1 is super-additive, then Cϕ1(u) ≤ Cϕ2(u) for all u ∈ [0, 1]n.

3 Main results
This section compares the smallest order statistic of two vectors of dependent and heterogeneous
random variables having the general model with Archimedean copula in the sense of usual stochastic
order, when the vectors of parameters of the first set majorizes the vectors of parameters of the
second one. [11] obtained the following theorem for the comparison of series systems under the
usual stochastic order.

Theorem 3.1. Let X and X∗ be two vectors of continuous random variables with Xi ∼ F̄ (x;λi)
and X∗

i ∼ F̄ (x;λ∗i ), i = 1, . . . , n. Assume that their associated survival copulas are Archimedean
with the respective generators ϕ1 and ϕ2. If ϕ1 or ϕ2 is log-convex, ψ2 ◦ ϕ1 is super-additive, and
for any x the function F̄ (x;λ) is decreasing [increasing] and log-concave in λ, then (λ1, . . . , λn) �w

[
w
�](λ∗1, . . . , λ

∗
n) implies X1:n ≤st X

∗
1:n.

In Theorem 3.2, we show that the condition of log convexity of the Archimedean generatoris not
required and the usual stochastic order between X1:n and X∗

1:n also exists for log-concave generators.

Theorem 3.2. Let X and X∗ be two vectors of continuous random variables with Xi ∼ F̄ (x;λi)
and X∗

i ∼ F̄ (x;λ∗i ), i = 1, . . . , n. Assume that their associated survival copulas are Archimedean
with the respective generators ϕ1 and ϕ2. If ψ2 ◦ ϕ1 is super-additive, and for any x the function
F̄ (x;λ) is decreasing [increasing] and concave in λ, then (λ1, . . . , λn) �w [

w
�](λ∗1, . . . , λ

∗
n) implies

X1:n ≤st X
∗
1:n.
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Proof. The survival function of X1:n is

F̄X1:n(x,λ, ϕ1) = P(Xk > x, 1 ≤ k ≤ n) = ϕ1
( n∑
i=1

ψ1(F̄ (x, λi))
)
. (3.1)

the partial derivatives of F̄X1:n(x,λ, ϕ1) with respect to λi are

∂F̄X1:n(x,λ, ϕ1)

∂λi
=
∂F̄ (x, λi)

∂λi

ϕ′1
(∑n

i=1 ψ1(F̄ (x, λi))
)

ϕ′1
(
ψ1(F̄ (x, λi))

) ≤ [≥]0,

for all x > 0.

which the inequality holds due to the decreasingness [increasingness] property of F̄ (x, λ) in λ and
decreasingness property of the generator of Archimedean copulas. Thus F̄X1:n(x,λ, ϕ1) is decreasing
[increasing] with respect to λi’s. To prove its Schur-concavety, it follows from Lemma 2.1 that we
have to show that for i 6= j,

(λi − λj)

(
∂F̄X1:n(x,λ, ϕ1)

∂λi
− ∂F̄X1:n(x,λ, ϕ1)

∂λj

)
≤ 0, (3.2)

that is, for i 6= j,

(λi − λj)ϕ
′
1

( n∑
i=1

ψ1(F̄ (x, λi))
)
(λi − λj)

( ∂F̄ (x, λi)

∂λi
ϕ′1
(
ψ1(F̄ (x, λi))

) −
∂F̄ (x, λj)

∂λj

ϕ′1
(
ψ1(F̄ (x, λj))

)) ≤ 0.

Now, let us consider the function g(λ) =
∂F̄ (x, λ)

∂λ
ϕ′1
(
ψ1(F̄ (x, λ))

) . Taking derivative with respect to λ,

we get

g′(λ) =

∂2F̄ (x, λ)

∂λ2
× ϕ′1

(
ψ1(F̄ (x, λ))

)
− (

∂F̄ (x, λ)

∂λ
)2
ϕ′′1
(
ψ1(F̄ (x, λ))

)
ϕ′1
(
ψ1(F̄ (x, λ))

)
(ϕ′1
(
ψ1(F̄ (x, λ))

)
)2

.

The function F̄ (x;λ) is concave in λ and ϕ1 is decreasing and convex. Thus, g(λ) is increasing
with respect to λ, from which it follows that (3.2) holds. According to Lemma 2.2 λ

w
� λ∗ implies

F̄X1:n(x,λ, ϕ1) ≤ F̄X1:n(x,λ
∗, ϕ1). On the other hand, since ψ2 ◦ ϕ1 is super-additive by Lemma

2.3, we have F̄X1:n(x,λ
∗, ϕ1) ≤ F̄X1:n(x,λ

∗, ϕ2). So, it holds that

F̄X1:n(x,λ, ϕ1) ≤ F̄X1:n(x,λ
∗, ϕ1) ≤ F̄X1:n(x,λ

∗, ϕ2).

That is, X1:n ≤st X
∗
1:n.
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Remark 3.3. When ψ2 ◦ ϕ1 is sub-additive, analogously to the proof of Theorem 3.2, it can
be established that (λ1, . . . , λn) �w [

w
�](λ∗1, . . . , λ

∗
n) implies X1:n ≥st X

∗
1:n, whenever F̄ (x;λ) is

decreasing [increasing] and concave in λ.
Remark 3.4. It is important to note that the condition ψ2 ◦ ϕ1 is super-additive in Theorem 3.2
is quite general and is easy to verify for many well-known Archimedean copulas. For example,
for the Gumbel-Hougaard copula with generator ϕ(t) = e1−(1+t)β for β ∈ [0,∞), it is easy to
see that log ϕ(t) = 1 − (1 + t)β is concave in t ∈ [0, 1]. Let us now set ϕ1(t) = e1−(1+t)β1 and

ϕ2(t) = e1−(1+t)β2 . It can then be observed that ψ2 ◦ϕ1 = (1+ t)

β1
β2

−1

. Taking derivative of ψ2 ◦ϕ1

twice with respect to t, it can be seen that [ψ2 ◦ϕ1]′′ =
β1
β2

(
β1
β2

− 1)(1+ t)

β1
β2

−1

≥ 0 for β1 > β2 > 1,
which implies the super-additivity of ψ2 ◦ ϕ1.

As stated in Corollary 3.4 [11], when the marginals belong to the Marshall-Olkin family

F̄ (x;λ) =
λ ¯G(x)

1− (1− λ) ¯G(x)
is increasing and log-concave in λ. Therefore, (λ1, . . . , λn)

w
�(λ∗1, . . . , λ

∗
n)

implies X1:n ≤st X
∗
1:n. Provided that the Archimedesian generator is log-convex. As we have shown

in Theorem 3.2, this condition is not necessary and the results can be obtained for log-concave
generators as well. The effectiveness of this result is shown in the following example.

Example 3.5. Suppose that (X1, X2) and (X∗
1 , X

∗
2 ) are two sets of dependent random variables

such that Xi ∼ F̄ (x;λi) =
λi ¯G(x)

1− (1− λi) ¯G(x)
and X∗

i ∼ F̄ (x;λ∗i ) =
λ∗i

¯G(x)

1− (1− λi) ¯G(x)
, for i = 1, 2,,

where Ḡ(x) = e−x is the baseline survival distribution function, with respective generators

ϕ1(x) = e
1
θ1

(1−ex)
, ϕ2(x) = e

1
θ2

(1−ex)
, 1 ≥ θ1 ≥ θ2 > 0.

It is easy to see that ϕi is log-concave for i = 1, 2. Since ψ2(ϕ1(x)) is convex for 1 ≥ θ1 ≥ θ2 > 0,
we conclude that ψ2(ϕ1(x)) is super-additive by Proposition 21.A.11 in [5]. Let θ1 = 0.4, θ2 = 0.3
and (λ1, λ2) = (0.1, 0.2), (λ∗1, λ

∗
2) = (0.2, 0.3). These satisfy all the conditions of Theorem 3.2. We

plot the graphs of the survival functions of X1:2 (blue line) and X∗
1:2 (red line) in Fig. 1, which

clearly verify Theorem 3.2.

Marshall-Olkin family of distributions is also known as proportional odds (PO) family of
distributions. Therefore, Theorem 3.2 in [13] can be seen as particular cases of Theorem 3.2.

For samples with a common Archimedean survival copula, we also obtain the usual stochastic
order on the smallest order statistic.

Theorem 3.6. Let X and X∗ be two vectors of continuous random variables with Xi ∼ F̄ (x;λi)
and X∗

i ∼ F̄ (x;λ∗i ), i = 1, . . . , n. Assume that their associated survival copulas are Archimedean
generator ϕ. If for any x the function F̄ (x;λ) is decreasing [increasing] and concave in λ, then
(λ1, . . . , λn) �w [

w
�](λ∗1, . . . , λ

∗
n) implies X1:n ≤st X

∗
1:n.

Corollary 3.2 in [13] can be seen as particular cases of Theorem 3.6.
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Figure 1: Plot of the survival functions of X1:2 (blue line) and X∗
1:2 (red line).

4 Discussion and conclusions
In this work, we have studied stochastic comparisons in the usual stochastic order sense between
smallest order statistics from dependent random variables arising from general marginal distribution
functions depending on parameters. The established results here generalize many existing results
in the literature. An example was given to show the results. As the results established here are
for the usual stochastic order, further research could be conducted to generalize the results of this
work to some other stochastic orders such as hazard rate, reversed hazard rate, likelihood ratio,
and dispersive orders.
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A Symmetric Family Extension FGM Copula and its Properties
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Abstract

In this study, we propose a new class of symmetric FGM copula. This class includes
some known extensions of FGM copulas. Some general formulas for well-known measures of
dependence of this class are obtained, and various properties of the proposed model are studied.
Keywords: FGM copula, Measures of Dependence, admissible range.

1 Introduction
The concept of copulas was introduced by Sklar (1959). Since then, many parametric,
nonparametric and semi-parametric models have been proposed for copulas, including methods
for constructing models for copulas. Most of proposed models have been parametric models. There
are fewer non-parametric models and even fewer semi-parametric models.
Regarding essential roles of copula in modeling dependency between variables of interest, it is
very important to construct different kinds of copulas. Also, via this strategy, copulas could be
useful to define nonparametric measures of dependence between random variables. One of the
most important nonparametric measures of dependence is Spearman’s rho (ρS). It is notable that
the Spearman’s rho coincides with correlation coefficient (ρ) between the marginal distributions.
Since a copula is able to capture dependence structures regardless of the form of the margins, this
approach is potentially very useful in modeling related variables especially for econometricians.

1Bekrizadeh@pnu.ac.ir
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Many different copulas can be found in the literature; see for instance Nelson (2006). One of
the most popular parametric families of copulas, which were studied by Farlie (1960), Gumbel
(1960) and Morgenstern (1956), is the Farlie-Gumbel-Morgenstern (FGM) copula. This copula
has been shown to be somewhat limited; specifically for the dependence parameterθ ∈ [−1, +1],
the Spearman’s rho isρS=θ/3 ∈ [−0.33 , +0.33]. Since the correlation range of FGM copula is
limited, a large number of classes of more extensive copulas have been introduced with the aim of
improving the correlation range (see, Huang and Kotz, 1999; Lai and Xie (2000); Bairamov and
Kotz, 2002; Bekrizadeh, et al., 2012; Pathak and Vellaisamy, 2015; Bekrizadeh et al., 2012, 2015;
Bekrizadeh and Jamshidi, 2017).
In this paper, an extension of symmetric FGM copula is proposed. This extension includes some
well-known copula classes and improves the correlation range of FGM copula and some of its known
extended families. The family introduced is a symmetric extension of the generalized FGM copula
to polynomial sections suggested by Bekrizadeh et al. (2012). The main feature of this family is
that it can model high dependency. This permits us to extend the range of potential applications
of the family in various branches of science and technology.

2 A Symmetric class of FGM copula
A copula is mostly defined as a function C: [0, 1]2 → [0, 1] that satisfies boundary conditions:
(P1) C(x, 0) =C(0,x) = 0 andC(x, 1) =C(1,x) =x , ∀x ∈ [0, 1] ,
(P2) ∀ (s1, s2, t1, t2) ∈ [0, 1]4 , such that s1 ≤ s2 andt1 ≤ t2,

C(s2, t2)−C(s2, t1)−C(s1, t2)+C(s1, t1) ≥ 0.

Eventually, for twice differentiable, 2-increasing property (P2) can be replaced by the condition

c(s, t) =
∂2C(s, t)

∂s∂t
≥ 0 (2.1)

where c(s, t)is the so-called copula density. A copula Cis symmetric ifC(s, t) =C(t, s), for
every(s, t) ∈ [0, 1]2, otherwise Cis asymmetric.
Many different copulas can be found in the literature. The FGM copula is one of these copulas
which are widely seen in applications. The FGM copula is defined by

CFGM (s, t) =st [1+θ (1−s)(1− t)] , θ ∈ [−1, 1], ∀(s, t) ∈ [0, 1]2.

These copulas are the only ones whose functional form is quadratic in both sandt. Regarding
limitation of correlation range in FGM copula, along with other generalizations, Bekrizadeh et al.
(2012) proposed a new symmetric generalized FGM family whose dependence is as follows:

CBPZ(s, t) =st(1+θ(1−sα)(1−tα))n , α> 0 , n= 0, 1, 2, ..., ∀(s, t) ∈ [0, 1]2, (2.2)

where−min
{
1, 1
pα2

}
≤ θ ≤ 1

pα .
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In the following definition, a symmetric extension of the copula (2) is introduced in order to extend
the FGM copula.
Definition 1 Suppose that the strictly continuous function ψ: [0, 1] → [0, 1]is differentiable on(0, 1).
A function Cψ,pθ : [0, 1]2 → [0, 1]is defined as

Cψ,pθ (s, t) =st [1+θψ(s)ψ(t)]p, p ∈ [0,∞), ∀(s, t) ∈ [0, 1]2 (2.3)

for θ in Θ ∈ [−1, 1].
The concrete amount of the parameter space Θ is dependent on the properties of the functionψ.
Suppose that their sign on [0, 1]doesn’t change in order to obtain unique determined dependence
structure; note that the copula is limited to the range of [0, 1]and therefore, [1+θψ(s)ψ(t)]pshould
be bounded on[0, 1]. The following theorem gives sufficient and necessary conditions on ψ to ensure
that Cψ,pθ is a bivariate copula.
Theorem 1 Let ψ: [0, 1] → [0, 1]be differentiable and monotone on [0, 1] and|pθ| ≤ 1, fulfilling the
conditions:
A1. ψ (1)= 0,
A2. |xψ′ (x)| ≤ 1, ∀x ∈ [0, 1] , where ψ′ (x)= ?ψ(x)

∂x .
Then,

Cψ,pθ (s, t) =st [1+θψ(s)ψ(t)]p, ∀s, t ∈ [0, 1], p ∈ [0,∞)

is a bivariate copula if θ ∈ [−1, 1]; Θ ∈ [−1, 1].
Proof The proof involves two steps.
First, it is clear thatCψ,pθ (x, 1) =Cψ,pθ (1,x) =x, ∀x ∈ [0, 1] ⇔(A1).
Second, since ψ is differentiable and monotone on [0, 1], eventually for twice differentiable Cψ,pθ , the
2-increasing property (P2) can be replaced by

cψ,pθ (s, t) =∂2Cψ,pθ (s, t)/∂s∂t

= [1+θψ(s)ψ(t)]p−2

×{(1+θψ(t)[ψ(s)+psψ′(s)]) (1+θψ(s)[ψ(t)+ptψ′(t)])+pθ s tψ′(s)ψ′(t)}

(2.4)

is nonnegative, if |xψ′ (x)| ≤ 1, x ∈ [0, 1] and pθ> 0. Because, letpθ> 0, then,

1+θψ(t)[ψ(s)+psψ′(s)] ≥ 1, ∀s, t ∈ [0, 1]

and
1+θψ(s)[ψ(t)+ptψ′(t)] ≥ 0, ∀s, t ∈ [0, 1]

with |xψ′ (x)| ≤ 1, ∀x ∈ [0, 1], we obtain∣∣pθ s tψ′(s)ψ′(t)
∣∣ ≤ 1, ∀s, t ∈ [0, 1].
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Therefore,{(
1+θψ(t)[ψ(s)+psψ′(s)]

) (
1+θψ(s)[ψ(t)+ptψ′(t)]

)
+pθ s tψ′(s)ψ′(t)

}
≥ 0∀s, t ∈ [0, 1].

If pθ< 0, then, we have{(
1+θψ(t)[ψ(s)+psψ′(s)]

) (
1+θψ(s)[ψ(t)+ptψ′(t)]

)
+pθ s tψ′(s)ψ′(t)

}
≤ 1, ∀s, t ∈ [0, 1],

and ∣∣pθ s tψ′(s)ψ′(t)
∣∣ ≤ 1, ∀s, t ∈ [0, 1].

Therefore, the function Cψ,pθ satisfies 2-increasing property.
First, note that θ is a parameter that describes the dependence of the family Cψ,pθ andθ= 0, leads to
the independence of S and T. Second, the family Cψ,pθ is a symmetric class of bivariate copula, i.e.
for everys, t ∈ [0, 1],Cψ,pθ (s, t) =Cψ,pθ (t, s). Third, we determine the admissible range of parameterθ,
such that cψ,pθ (s, t) ≥ 0holds, with respect to ψ and p.
One of the advantages of the new class is generating some of symmetric sub-families of class {Cψ,pθ }
through suitable choosing functionψ. Some of these sub-families are mentioned as follows:
Example 1 Letψ(x) = 1−

√
x,∀x ∈ [0, 1]. Sinceψ (1)= 0,ψ (x) ≤ 1, and−1 ≤ xψ′ (x) ≤ 0, ∀x ∈ [0, 1],

by Theorem 1, we have
Cp
θ(s, t) =st [1+θ(1−

√
s)(1−

√
t)]p, ∀s, t ∈ [0, 1]

is a copula for θ ∈ [−4p−1, 2p−1]and p ≥ 4.
Example 2 Let ψ(x) =x(1−x), ∀x ∈ [0, 1]. Since ψ (1)= 0, ψ (x) ≤ 1, and|xψ′ (x)|= |x(1− 2x)| ≤ 1,
, ∀x ∈ [0, 1]by Theorem 1, we have

Cp
θ(s, t) =st [1+θ s(1−s)t(1−t)]p, ∀s, t ∈ [0, 1]

copula for θ ∈ [−p−1, 1]and p ≥ 1.
Example 3 Let ψ(x) =e−x−e−1, ∀x ∈ [0, 1]. Since ψ (1)= 0, ψ (x) ≤ 1, and|xψ′ (x)|= |x(1− 2x)| ≤
1, ∀x ∈ [0, 1], by Theorem 1, we have

Cp
θ(s, t) =st [1+θ(e−s−e−1)(e−t−e−1)]p, ∀s, t ∈ [0, 1]

is a copula for θ ∈
[
−e2p−1 , − e2

1−ep
−1
]
and p ≥ 8.

Remark 1 The family Cψ,pθ includes some known family of FGM copulas introduced by researchers
in recent years, which are as follows:

1. Farlie (1960), Gumbel (1960) and Morgenstern (1956):CFGM
θ (s, t) =st [1+θ s(1−s)t(1−t)],

p= 1.

2. Huang and Kotz (1999): CHK
θ (s, t) =st [1+θ(1−sa)(1−ta)],a> 0, p= 1.

3. Lai and Xie (2000): CLX
θ (s, t) =st [1+θ sa(1−sa)tb(1−tb)],a, b ≥ 1, p= 1,

4. Bairamov and Kotz (2002): CBK
θ (s, t) =st [1+θ(1−sγ)λ(1−tγ)λ],γ> 0 , λ ≥ 1, p= 1.

5. Bekrizadeh, Parham, and Zadkarmi (2012): CBPZ
θ (s, t) =st(1+θ(1−sα)(1− tα))p , α> 0 , p= 0, 1, 2, ....

6. Pathak and Vellaisamy (2015): CPV
θ (s, t) =st(1+θ(1−sα)(1− tβ))p , α,β> 0 , p ≥ 1.
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3 The Spearman’s rho correlation

Measures of dependence are common instruments to summarize a complicated dependence structure
in the bivariate case. For a historical review of measures of dependence, see Joe (1997) and Nelsen
(2006). One of the most important nonparametric measures of dependence is the Spearman’s rho
(ρS) between random variables. Let Xand Ybe continuous random variables whose copula isC.
Then, the population version of Spearman’s rho for X and Y is given by

ρS= 12

∫ 1

0

∫ 1

0
C(s, t)dsdt−3. (3.1)

So we have obtained a general formula for the associated Spearman’s rho for the familyCψ,pθ . Since
we cannot give formulas for the properties of dependence in terms of elementary function, the
family Cψ,pθ is replaced by its expansion series on

Ω= {(θ,ψ) : |θψ(s)ψ(t)| ≤ 1} , ∀s, t ∈ [0, 1].

Based on theΩ, the family Cψ,pθ may also be written by Newton’s Binomial Theorem with respect
to ψ as

Cψ,pθ (s, t) =st
∑ m

k=0

(
p
k

)
θkψk(s)ψk(t)

=st+
∑ m

k=1

(
p
k

)
θksψk(s)tψk(t) .

(3.2)

Note that, we havem=p, when p is integer; otherwise, m equals to+∞. The copulas with cubic
sections are thus introduced, with the conclusion that copulas with higher order polynomial sections
would increase the dependence degrees.
Theorem 2 Let (X,Y)be a pair of random with the familyCψ,pθ . The Spearman’s rho (ρS) for the
family Cψ,pθ is given by

ρS= 12

m∑
k=1

(
p
k

)
θk[Ψ(k)] 2 (3.3)

whereΨ(k) =
∫ 1
0 xψk(x)dx.
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Proof Replacing, the Spearman’s rho Cψ,pθ can be expanded

ρS= 12
∫ 1
0

∫ 1
0 Cψ,pθ (s, t)dsdt−3

= 12

{∫ 1
0

∫ 1
0 stdsdt+

∫ 1
0

∫ 1
0

∑ m
k=1

(
p
k

)
θksψk(s)tψk(t)dsdt

}
−3

= 12

{∑ m
k=1

(
p
k

)
θk
∫ 1
0

∫ 1
0 sψk(s)tψk(t)dsdt

}
= 12

{∑ m
k=1

(
p
k

)
θk
(∫ 1

0 sψk(s)ds
)(∫ 1

0 tψk(t)dt
)}

= 12
∑ m

k=1

(
p
k

)
θk
[∫ 1

0 xψk(x)dx
]2

= 12
∑ m

k=1

(
p
k

)
θk[Ψ(k)]2.

The result follows (??).
Remark 2 Forψ(x) = 1−x, ∀x ∈ [0, 1], and p= 1 in FGM copula, we have for the classical FGM
copula as discussed in Farlie (1960), Gumbel (1960) and Morgenstern (1956) that ρS= θ

3 . Hence,
−0.33 ≤ ρS ≤ 0.33 (as−1 ≤ θ ≤ 1), as given in Nelsen (2006).
As the remark2 shows, the range of correlation of FGM copula is limited; therefore, it is not
admissible for the modeling of strong dependence. In the following section, we show that assuming
the suitable functions ψ and introducing additional parameter p of the class Cψ,pθ with respect to a
generalized FGM family, since the polynomial section has higher order with respect to FGM copula,
the range of correlation can be improved.

4 Extension of Hung-Kotz copula
One of the advantages of the family Cψ,pθ is that we can use this model and its new extensions by
introducing additional parameters p for some generalized FGM families which have been presented
in recent years. In the sequel, we give some sub-classes of family {Cψ,pθ } of type (2.3) that is
generated by a Multi-parameter family {ψ}. Some extensions are mentioned in the following
sections.
Huang and Kotz (1999) developed polynomial-type single parameter extensions of FGM family. It
is shown that ρScan be increased up to approximately +0.375 while the lower bound remains -0.33.
Now, in the familyCψ,pθ , Supposeψ(x) = 1−xα , α> 0,∀x ∈ [0, 1], then the family Cψ,pθ reduces to a
new symmetric generalized Hung-Kotz family as follows:

CHK,p
θ (s, t) =st [1+θ (1−sα)(1−tα)]p, α> 0 , −(max{1,pα2})−1 ≤ θ ≤ (pα)−1, ∀s, t ∈ [0, 1].

(4.1)
Using 1, the density function CHK,p

θ is given by

cFGM,p
θ (s, t) = [1+θ(1−sα)(1−tα)]p−2

×{(1+θ(1−tα)[1−sα(1+α p)]) (1+θ(1−sα)[1−tα(1+α p)])+pθ sα tα} .

(4.2)
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SinceΨ(k) =
∫ 1
0 xψk(x)dx=

Γ(k+1)Γ( 2
α)

αΓ(k+1+ 2
α)

, we have

ρS= 12

m∑
k=1

(
p
k

)
θk

[
Γ(k+1)Γ

(
2
α

)
αΓ
(
k+1+ 2

α

)] 2

. (4.3)

Taking α ≤ 1.85 and p> 500, we haveρS,max= 0.43. Similarly, taking α ≤ 0.1andp> 500, we
arrive atρS,max= −0.50. Therefore, the admissible range of ρSin the generalized Hung-Kotz copula
is[−0.50,+0.43]. Resultantly, the generalized Huang-Kotz copula improves the amplitude ρSof
Hung-Kotz family. So, the generalized Hung-Kotz family shows that the upper and lower bounds
ρShave been improved with respect to ρS amplitude in Hung-Kotz family.
Remark 4 Forp= 1,10 reduces to ρS= 3θ

[
α
α+2

] 2
whose range is

−3(max{1,α2})−1

(
α

α+2

) 2

≤ ρS ≤ 3
α

(α+2)2

, which is the same as the one discussed by Huang and Kotz (1999).
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Abstract
The assumption of symmetry, implying that the distribution of a random variable is

symmetric, is fundamental in many problems in probability and statistics. In this article, we
review recent research on measuring and ordering the asymmetry of random variables and on
testing for symmetry using copulas.
Keywords: Conditional symmetry, Copula, Dependence, Permutation symmetry, Radial
symmetry.

1 Introduction
In the univariate case, for a random variable X, symmetry about a point θ is uniquely defined by

X − θ
d
= θ −X,

where d
= denotes equality in distribution. In terms of the distribution function of X, this is

equivalent to
P (X − θ ≤ x) = P (θ −X ≤ x) for all x,

or
F (θ + x) = F (θ − x),

where F = 1− F is the survival function. Three central topics in the study of symmetry are:
1adolati@yazd.ac.ir
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• Measuring the degree of asymmetry of a distribution,

• Ordering distributions by their degree of asymmetry,

• Testing for symmetry.

Examples of asymmetry measures include moment-based and quantile-based measures [15]:

λ1 =
µ−M

σ
,

λ2 =
µ−m

σ
,

λ3 =
F−1(1− p) + F−1(p)− 2m

F−1(1− p)− F−1(p)
, p ∈ (0, 12),

where m and M are the median and the mode, and the distribution-based measures [19]:

λ4 = sup
x

|F (x+ θ)− F (x− θ)|,

λ5 =

∫
(F (x+ θ)− F (x− θ))2 dx,

λ6 =

∫
(F (x+ θ)− F (x− θ))2 dF (x).

R packages for testing univariate symmetry are discussed in [2, 21].
In bivariate and multivariate settings, multiple definitions of symmetry exist for a random vector

(X,Y ):

• Radial symmetry: (X,Y )
d
= (−X,−Y ).

• Joint symmetry: (X,Y )
d
= (X,−Y )

d
= (−X,Y )

d
= (−X,−Y ).

• Permutation symmetry (exchangeability): (X,Y )
d
= (Y,X).

• Conditional symmetry: (Y | X = x)
d
= (−Y | X = x).

Nelsen [3] (Definition 2.7.1) discusses various definitions of bivariate symmetry about a point
(a, b), including radial symmetry (X − a, Y − b)

d
= (a − X, b − Y ), joint symmetry, permutation

symmetry, and conditional symmetry.
Copulas play a crucial role in modeling dependence structures and capturing symmetry

characteristics of random variables. Selecting an appropriate copula from numerous families can be
challenging. One approach is to test copula structures for symmetry properties to eliminate those
inconsistent with the data. Thus, understanding the symmetry properties present in the data is
essential.

This article reviews recent studies on symmetry and asymmetry concepts related to copulas.
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2 Symmetry and Copulas
Let (X,Y ) be a pair of continuous random variables with joint distribution function F (x, y) =
P (X ≤ x, Y ≤ y) and marginal distributions FX(x) = P (X ≤ x), FY (y) = P (Y ≤ y) for all x, y ∈.
By Sklar’s Theorem [3], if FX and FY are continuous, there exists a unique copula C such that

F (x, y) = C(FX(x), FY (y)) for all x, y ∈ .

Define the reflections [3]:

C∗(u, v) = u− C(u, 1− v),

CT (u, v) = C(v, u),

Ĉ(u, v) = u+ v − 1 + C(1− u, 1− v).

Then:

CY,X(u, v) = CT (u, v),

CX,−Y (u, v) = C∗(u, v),

C−X,−Y (u, v) = Ĉ(u, v).

If f and g are strictly monotonic transformations, the copula of (f(X), g(Y )) is related to C
as follows (see Theorem 2.4.4 in [3]): it is C∗ if f is increasing and g is decreasing; C∗∗ if f is
decreasing and g is increasing; and Ĉ if both are decreasing.

Definition 1. A copula C is said to be:

1. Radially symmetric if C(u, v) = Ĉ(u, v) for all u, v ∈ [0, 1],

2. Exchangeable (permutation symmetric) if C(u, v) = CT (u, v) for all u, v ∈ [0, 1],

3. Conditionally symmetric (in the first component) if C(u, v) = C∗(u, v) for all u, v ∈ [0, 1].

Three key topics in the study of copula symmetry are:

• Measuring the degree of asymmetry of a copula,

• Ordering copulas by their degree of asymmetry,

• Testing bivariate symmetry.

3 Measuring Asymmetry and Testing Symmetry
A common approach to measuring dependence is to compute the distance between the joint
distribution FX,Y (x, y) and the product of marginals FX(x)FY (y), or equivalently, between the
copula C(u, v) and the independence copula Π(u, v) = uv. Similarly, asymmetry can be measured
by the distance between a copula and its symmetric counterpart.
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3.1 Measuring Nonexchangeability and Testing Exchangeability
If copula C is not exchangeable, then C(u, v) 6= CT (u, v) for some (u, v) ∈ [0, 1]2. The set of
nonexchangeable points is {(u, v) | C(u, v) 6= CT (u, v)}.

Theorem 3.1 ([18]). For any copula C,

sup
(u,v)∈[0,1]2

|C(u, v)− CT (u, v)| ≤ 1

3
,

and this bound is best-possible.

A measure of nonexchangeability is defined as

δ(C) = 3 sup
u,v∈[0,1]

|C(u, v)− CT (u, v)|.

This measure satisfies δ(C) = 0 if and only if C is exchangeable.
Other distance measures can be used, such as the L2-type measures [7]:

δ2(C) =

∫ 1

0

∫ 1

0
(C(u, v)− CT (u, v))2 du dv,

δ3(C) =

∫ 1

0

∫ 1

0
(C(u, v)− CT (u, v))2 dC(u, v).

Several works address measuring and testing nonexchangeability [7, 8, 9, 10, 13, 11]. Tests for
permutation symmetry consider the hypotheses:

H0 : C(u, v) = C(v, u) for all u, v,
H1 : C(u, v) 6= C(v, u) for some u, v.

Example 3.2. The following R code tests exchangeability:

Output: statistic = 0.009204, p-value = 0.7378

3.2 Measuring Radial Asymmetry and Testing Radial Symmetry
In [4] a set of axioms for a measure of radial asymmetry is defined.

Definition 2. A function ψ : C → [0,∞) is a measure of radial asymmetry if:

1. There exists K > 0 such that ψ(C) ≤ K for all C ∈ C,

2. ψ(C) = 0 if and only if C is radially symmetric,

3. ψ(C) = ψ(Ĉ) for every C ∈ C,

4. If Cn → C uniformly, then ψ(Cn) → ψ(C).
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In [4] Lp distance measures for radial asymmetry are defined.

Ψp(C) = κp

(∫∫
[0,1]2

|C(u, v)− Ĉ(u, v)|p du dv

)1/p

,

Ψ′
p(C) = κ′p

(∫∫
[0,1]2

|C(u, v)− Ĉ(u, v)|p dC(u, v)

)1/p

,

where κp, κ′p normalize the measures to [0, 1].
Special cases include:

Ψ∞(C) = 3 sup
u,v∈[0,1]

|C(u, v)− Ĉ(u, v)|,

Ψ2
2(C) =

864

23

∫∫
[0,1]2

(C(u, v)− Ĉ(u, v))2 du dv.

A sample version of Ψ2
2 is provided in the following theorem.

Theorem 3.3. Let (X1j , X2j), j = 1, . . . , n, be a sample from a continuous random vector (X1, X2)
with copula C, and let (R1j , R2j) be the corresponding ranks. Then,

Ψ̂2
2 =

864

23n2

n∑
j=1

n∑
k=1

[
min

(
1− R1j

n+ 1
, 1− R1k

n+ 1

)
min

(
1− R2j

n+ 1
, 1− R2k

n+ 1

)

−min

(
1− R1j

n+ 1
,
R1k

n+ 1

)
min

(
1− R2j

n+ 1
,
R2k

n+ 1

)
−min

(
R1j

n+ 1
, 1− R1k

n+ 1

)
min

(
R2j

n+ 1
, 1− R2k

n+ 1

)
+ min

(
R1j

n+ 1
,
R1k

n+ 1

)
min

(
R2j

n+ 1
,
R2k

n+ 1

)]
.

The hypothesis test for radial symmetry is:

H0 : C(u, v) = Ĉ(u, v) for all u, v,
H1 : C(u, v) 6= Ĉ(u, v) for some u, v.

Equivalently, H0 : Ψ
2
2 = 0 vs. H1 : Ψ

2
2 6= 0. The null hypothesis is rejected at level α if

√
n

∣∣∣∣∣∣ Ψ̂
2
2

σB
Ψ̂2

2

∣∣∣∣∣∣ > Z1−α/2.

Since C = Ĉ implies (U, V )
d
= (1− U, 1− V ), In [20], the skewness of U + V − 1 considered as

a quantile-based measure of asymmetry:

ψ(C) =
Q(1− p) +Q(p)− 2Q(0.5)

Q(1− p)−Q(p)
,
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where Q(p) is the quantile function of U + V − 1.
Measures and tests for radial asymmetry are discussed in [1, 3, 5, 12, 14].

Example 3.4. R code for testing radial symmetry:

Output: statistic = 0.31374, p-value = 0.0004995

3.3 Measuring Conditional Asymmetry and Testing Conditional Symmetry
Let FY |X(y | x) = P (Y ≤ y | X = x). The variable Y is conditionally symmetric about zero given
X = x if

FY |X(y | x) = F−Y |X(y | x).

This assumption is important in many statistical models, such as regression:

Y = g(X; θ) + ϵ,

where E(ϵ | X) = 0. Testing conditional symmetry of the residuals is equivalent to testing:

H0 : Fϵ|X = F−ϵ|X ,

H1 : Fϵ|X 6= F−ϵ|X .

A measure of conditional asymmetry γ can be used for this test: H0 : γ = 0 vs. H1 : γ 6= 0.
Conditional symmetry can be characterized via the joint distribution or the copula.

Theorem 3.5. For absolutely continuous (X,Y ), (Y | X = x)
d
= (−Y | X = x) for all x if and

only if (X,−Y )
d
= (X,Y ).

Theorem 3.6. Let (X,Y ) be absolutely continuous with copula C. Then (Y | X = x)
d
= (−Y |

X = x) for all x if and only if Y d
= −Y and C(u, v) = C∗(u, v) for all u, v ∈ [0, 1].

In [16, 6] a measure of conditional asymmetry is defined.

Definition 3. A function γ : C → [0, 1] is a measure of conditional asymmetry if:

(A1) γ(C) is well-defined for all C ∈ C,

(A2) γ(C) = 0 if and only if C is conditionally symmetric,

(A3) γ is order-preserving: if C1 ≺CA C2, then γ(C1) ≤ γ(C2),

(A4) If Cn → C uniformly, then γ(Cn) → γ(C).

Distance-based measures include:

γp(C) =

(∫ 1

0

∫ 1

0
|C(u, v)− C∗(u, v)|p du dv

)1/p

,

λp(C) =

(∫ 1

0

∫ 1

0
|C(u, v)− C∗(u, v)|p dC(u, v)

)1/p

.
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Theorem 3.7. For any copula C,

γp(C) ≤
(

21−p

(p+ 1)(p+ 2)

)1/p

and λp(C) ≤
1

2(1 + p)1/p
.

As p→ ∞,

lim
p→∞

(
21−p

(p+ 1)(p+ 2)

)1/p

=
1

2
, lim

p→∞

1

2(1 + p)1/p
=

1

2
.

Thus,

γ∞(C) ≤ 1

2
, λ∞(C) ≤ 1

2
.

Example 3.8. For α ∈ [0, 1], consider the copula

Cα(u, v) = αM(u, v) + (1− α)W (u, v),

where M(u, v) = min(u, v) and W (u, v) = max(u+ v − 1, 0). Then,

γp(Cα) =
|2α− 1| · 21−p

((p+ 1)(p+ 2))1/p
,

λp(Cα) =
|2α− 1|

2(1 + p)1/p
.

For C0 =W and C1 =M ,

γp(M) = γp(W ) =

(
21−p

(p+ 1)(p+ 2)

)1/p

, λp(M) = λp(W ) =
1

2(1 + p)1/p
.

Special cases:

γ22(C) =

∫∫
[0,1]2

(C(u, v)− C∗(u, v))2 du dv,

γ∞(C) = sup
u,v∈[0,1]

|C(u, v)− C∗(u, v)|,

λ22(C) =

∫∫
[0,1]2

(C(u, v)− C∗(u, v))2 dC(u, v).

Rank-based estimators of thses measures are given below.

Theorem 3.9. Let (Ûj , V̂j) = (Rj/(n+ 1), Sj/(n+ 1)), j = 1, . . . , n, be pseudo-observations from
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a sample (X1, Y1), . . . , (Xn, Yn). Then,

γ̂22 =
1

n2

n∑
i=1

n∑
j=1

min(1− Ûi, 1− Ûj)
[
min(1− V̂i, 1− V̂j)−min(1− V̂i, V̂j)

−min(V̂i, 1− V̂j) + min(V̂i, V̂j)
]
,

γ̂∞ = max
i,j∈{1,...,n}

∣∣∣∣Ĉn( i

n+ 1
,

j

n+ 1

)
− Ĉ∗

n

(
i

n+ 1
,

j

n+ 1

)∣∣∣∣ ,
λ̂22 =

1

n3

n∑
i=1

n∑
j=1

n∑
k=1

I{max(Ûj , Ûk) ≤ Ûi}
[
I{max(V̂j , V̂k) ≤ V̂i}

− I{max(V̂j , 1− V̂k) ≤ V̂i} − I{max(1− V̂j , V̂k) ≤ V̂i}

+ I{max(1− V̂j , 1− V̂k) ≤ V̂i}
]
.

The testing problem for conditional symmetry is:

H0 : FY |X = F−Y |X ,

H1 : FY |X 6= F−Y |X ,

which is equivalent to

H0 : FX,Y = FX,−Y ,

H1 : FX,Y 6= FX,−Y ,

or in terms of copulas:

H0 : C(u, v) = C∗(u, v) for all u, v,
H1 : C(u, v) 6= C∗(u, v) for some u, v.

Copula-based measures and tests for conditional symmetry are discussed in [6, 16].

4 Ordering of Asymmetry
Ordering copulas by their degree of asymmetry is an intriguing problem. Monotonic measures of
asymmetry help quantify this order. Recent work has focused on ordering conditional asymmetry
[6].

The set {(u, v) : C(u, v) − C∗(u, v) 6= 0} represents the points of conditional asymmetry for
copula C.
Definition 4. For two copulas C1 and C2, C2 is more conditionally asymmetric (CA) than C1,
denoted C1 ≺CA C2, if for all u, v ∈ [0, 1],

|C1(u, v)− C∗
1 (u, v)| ≤ |C2(u, v)− C∗

2 (u, v)|.

A parametric family {Cθ} is positively ordered with respect to ≺CA if Cθ1 ≺CA Cθ2 whenever θ1 ≤ θ2,
and negatively ordered if Cθ1 ≺CA Cθ2 whenever θ1 ≥ θ2.
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A measure γ is order-preserving if C1 ≺CA C2 implies γ(C1) ≤ γ(C2).
Proposed measures of conditional asymmetry include:

γ21(C) = 6

∫∫
[0,1]2

|C(u, v)− C∗(u, v)| du dv, (4.1)

λ21(C) = 2 sup
(u,v)∈[0,1]2

|C(u, v)− C∗(u, v)|. (4.2)

Theorem 4.1. The indices γ21(C) and λ21(C) are order-preserving measures of conditional
asymmetry.
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Splitting Aided Wireless Multiple Access Channel with
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Abstract

The wireless channel coefficients are practically correlated necessitating the study of wireless
networks with correlated channel gains. On the other hand, rate splitting multiple access
(RSMA) is a promising strategy to avoid interference in future wireless networks. In this paper,
we study the impact of rate splitting multiple access strategy on the outage probability of
two-user multiple access channel with correlated coefficients, by utilizing the Farlie-Gumbel-
Morgenstern (FGM) copula as a well-known copula function, and show that the performance of
RSMA is dependent on rate splitting parameter, and to achieve the best performance, the rate
splitting parameter should be on a specific range depending on the information rate thresholds.
Numerical results are presented to confirm the theoretical findings.
Keywords: Rate splitting, Multiple access, Copula function, Rayleigh distribution.

1 Introduction
With the increasing expansion of the Internet of Things and the number of users, it seems that the
interference will be one of the most important factors that limiting the performance of the next
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generation of wireless networks. Therefore, it is necessary to redesign the multiple access (MA)
techniques such that can overcome the challenges of the next generation of wireless networks such
as higher throughput, massive connectivity, ultra reliability, heterogeneous quality of service (QoS)
and etc.

Recently, rate splitting multiple access (RSMA) is introduced as a promising spectrum-sharing
candidate for future wireless networks, in which the message splitting and superposition coding
at the transmitters and the successive interference cancelling (SIC) decoding at the receivers are
utilized. In [1], It is shown that RSMA in contrast to conventional multiple access strategies such
as non-orthogonal multiple access (NOMA), space division multiple access (SDMA) and orthogonal
multiple access (OMA) is more efficient for next generation of wireless networks.

The effect of rate splitting on the performance of multiple access channel (MAC) is studied
in varies literature. In [2], for the first time, the effect of rate splitting for two-user Gaussian
multiple access channel investigated and it is shown that any point on the achievable rate region
of multiple access channel can be obtained by rate splitting only at one encoder. In [3], the rate
splitting is utilized to avoiding user pairing and consequently reducing the scheduling complexity.
Two rate splitting scheme named as fixed rate splitting (FRS) and adaptive rate splitting (ARS)
are proposed for two-user MAC in [4], where the information signal of near user is split into two
data streams and the information signal of far user is transmitted without rate splitting. Also,
the outage probabilities of the near and far users are derived. In [5], the FRS and cognitive rate
splitting schemes (CRS) over frequency selective fading multiple access channel are investigated to
improve the outage performance and user fairness. Two cooperative transmission structures and
detection schemes for multiple access channel where are proposed in [6] and [7], in which, each
time slot is split in two mini slots where each user at the first mini slot transmits its message and
at the second mini slot relays the messages of the other users by amplify and forward strategy.
A new rate splitting (RS) strategy to maximize the achievable rate of the secondary user without
deteriorating the primary user’s outage performance is proposed in [8]. The performance of rate-
splitting multiple access on the two-user multiple access channel, in terms of outage probability
and throughput is studied in [9]. In [10], the power optimization and decoder order as a sum-rate
maximation problem is investigated and the problem is solved by transform the original problem to
some equivalent sub-problems. The effect of RSMA on the performance of multiple access channel
empowered by integrated sensing and communication system (ISAC) is studied in [11]. The effect
of RSMA on the outage performance of semi-grant-free (SGF) transmission system in which a
grant-based user (GBU) and multiple grant free users (GFUs) access the base station by sharing
the same resource blocks studied in [12].

The performance of wireless communication channels such as achievable rate region, outage
probability, coverage region and etc., dependent on channel coefficients distribution and
independent or dependent channel gain. In all previous studied on rate splitting multiple access
for the multiple access channel that mentioned above, the authors assumed the channel coefficient
are independent. However, in most wireless communication channel the channel coefficients are
dependent.

The copula theory is a powerful approach for modelling dependent random variables, which
is recently used for modelling wireless communication channels with dependent coefficients [13]-
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[17]. The impact of correlation of Rayleigh fading channels on the outage probability and coverage
region of two-user multiple access channel are studied in [13]. In [14], the authors derived the
outage probability and coverage region of doubly dirty MAC with non-causal side information at
the encoders. The average secrecy capacity (ASC), secrecy outage probability (SOP), and secrecy
coverage region (SCR) for the Rayleigh fading wiretap channel are obtained in [15]. The outage
probability and coverage region for wireless three-user MAC with correlated channel coefficient base
copula theory are derived in [16] and [17], respectively.

In the present manuscript, we study the impact of correlated channel coefficient on the
performance of the rate splitting multiple access for two-user multiple-access channel.

The structure of this paper is as follows: in section 2, the system model is described and
the principle of copula theory is summarized. In section 3, the outage probability of rate
splitting multiple access for two-user multiple-access channel with dependent channel coefficients
is presented. In section 4, the numerical results are presented and finally, in section 5 the paper is
concluded.

2 CHANNEL MODEL AND BASIC DEFINITION
2.1 channel model

In the present paper, a two-user multiple access channel with private and independent messages is
considered, in which, user U1 and user U2 share resources to communicate with the base station
(BS) by applying rate splitting multiple access scheme. In [2], it is shown that any point on the
achievable rate region of multiple access channel can be obtained by rate splitting only at one
encoder. Hence, without loss of the generality we assume that user U2 only split its message into
U21 and U22. Hence, the received signal at the receiver can be model as:

R =
√
P1L1h1T1 +

√
P2L2h2T2 + Z (2.1)

Where, R is the signal received at the destination, T1 and T2 are the independent messages
transmitted by transmitter U1 and U2, respectively. For j = 1, 2, respectively, Pj , Lj and hj
are the power transmitter, pathloss and the frequency selective fading coefficient for user j, and
the additive Gaussian noise with mean 0 and variance σ2Z is denoted by Z. By utilizing the rate
splitting at the encoder U2, the received signal at the destination can be rewritten as:

R =
√
P1L1h1T1 +

√
αP2L2h2T21 +

√
(1− α)P2L2h2T22 + Z (2.2)

Where α is the rate splitting parameter. The base station utilizes the SIC decoding and
consequently the performance of dependent on decoding order. However, for simplicity, we only
consider one kind of the detecting order U21-U1-U22. Hence the signal to noise and interference for
decoding U21, U1 and U22, respectively, can be derived as:

γ21 =
αρ |h2|2

(1− α) ρ |h2|2 + ϵρ |h1|2 + 1
(2.3)
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γ1 =
ϵρ |h1|2

(1− α) ρ |h2|2 + 1
(2.4)

γ22 = (1− α) ρ |h2|2 (2.5)

Where without loss of the generality we assume: ρ = P2L2

σ2
Z

and ϵ = P1L1
P2L2

.

2.2 basic definition
The dependence between random variables can be models by copula functions. Copulas can be
defined as a multivariate cumulative distribution function so that the one-dimensional margins of
each random variable in the interval [0, 1] has a uniform distribution [18]. More precisely, a Copula
is function C : [0, 1]d → [0, 1] which satisfies the following theorem:

1) C (u1, . . . , ud) = 0; if any uj = 0, j ∈ {1, 2, . . . , d}

2) C (1, 1, . . . , uj , . . . , 1) = uj

2) C is d-increasing on [0, 1]d, that is:

2∑
i1=1

· · ·
2∑

id=1

(−1)i1+···+id C (u1,i1 , . . . , ud,id) ≥ 0

For all 0 ≤ uj,1 ≤ uj,2 ≤ 1 and j ∈ {1, 2, . . . , d}.

Theorem 2.1. (Sklar’s theorem): Considering a d-dimensional cumulative distribution function
F and its marginals CDF as F1, . . . , Fd, then we have:

F (x1, . . . , xd) = C (F (x1) , . . . , F (xd))

Where C is a Copula function.

In [18], it is shown that according to Theorem 2.1, the joint probability density function (PDF)
can be derived for the marginal PDF as:

f (x1, . . . , xd) = f (x1) . . . f (xd) c (F (x1) , . . . , F (xd)) (2.6)

Where c (u1, . . . , ud) = ∂dC(u1,...,ud)
∂u1...∂ud

is the Copula density function. There are varies Copula
functions introduced and studied in the literature. However, one of the most important family
of Copula functions is FGM Copula function, which greatly utilized to data processing and joint
distribution calculation [19]. 2-dimensional FGM Copula is defined as follow:

C (u, v) = uv (1 + θ (1− u) (1− v)) (2.7)

Where, u and v are marginal CDF and θ ∈ [−1, 1] is the dependence parameter.
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Lemma 2.2. : Consider two Rayleigh random variables h1 and h2 with parameters σ1 and σ2,
respectively. Then it can be easily shown that X = |h1|2 and Y = |h2|2 are exponential random
variables with parameters 2σ21 and 2σ22, respectively. According to 2-dimensional FGM copula the
joint probability density function of dependence random variables X and Y can be expresses as:

fX,Y (x, y) =


∑2

i=1

∑2
j=1

ai,j
4σ2

1σ
2
2
e
−i x

σ2
1 e

−j y

σ2
2 x ≥ 0, y ≥ 0

0 Others
(2.8)

Where we defined a1,1 = 1 + θ, a1,2 = a2,1 = −2θ and a2,2 = 4θ

3 III. OUTAGE PROBABILITY OF RSMA-AIDED
TWO-USER MULTIPLE ACCESS CHANNEL WITH
CORRELATED CHANNEL GAINS

The performance of wireless communication channel dependent on the distribution of channel gains
and the independent or dependence between them. In this paper we consider a RSMA-aided two-
user multiple access channel where the- channel gains (hi) have dependent Rayleigh distribution.
Without loss of the generality, it is assumed that the encoder U2 split its message into two parts
and encoder U1 transmits its message without any rate splitting. The BS utilizes the SIC decoding
order U21-U1-U22 . The outage probability of encoders is presented at Theorem 3.1.

Theorem 3.1. Consider a RSMA-aided multiple access channel with dependent Rayleigh
distribution with parameters σi. The outage probability of transmitter U1 and U2 for decoding
order U21-U1-U22 at the base station for threshold rates R̂21, R̂1 and R̂22 can be obtained as:

Pout,1 =

{
1− 4σ21σ

2
2βϵ

∑2
i=1

∑2
j=1 bi,je

−ci,j , δ1 < α < 1

1 Others
(3.1)

Pout,2 =


1− 4σ21σ

2
2βϵ

∑2
i=1

∑2
j=1 bi,je

−ci,j , δ1 < α < δ2

1− 2σ21ϵ
∑2

i=1

∑2
j=1

ai,jdi,je
−j

γ̂22
2−ρ(1−α)σ2

2

i , δ2 < α < δ1

1 Others

(3.2)

Where, γ̂21 = 22R̂21 − 1, γ̂1 = 22R̂1 − 1 and γ̂22 = 22R̂22 − 1; and we defined:

β = α− (1− α)(1 + γ̂1)γ̂21

bi,j =
ai,j[

2iγ̂1(1− α)σ22 + 2jϵσ21
] [
2i(α− γ̂21(1− α))σ22 + 2iσ21ϵγ̂21

]
ci,j =

iαγ̂1 + jϵ(1 + γ̂1)γ̂21
ρβϵ
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di,j =
e
−i γ̂1(1+γ̂22)

2ϵρσ2
1

ρβϵ
− γ̂21e

i
1+γ̂22
2ϵρσ2

1 e
−i αγ̂22

2ϵρσ2
1(1−α)γ̂21

2i [α− γ̂21(1− α)]σ22 + 2jσ21ϵγ̂21

δ1 =
(1 + γ̂1)γ̂22

1 + (1 + γ̂1)γ̂21

δ2 =
(1 + γ̂1)γ̂22(1 + γ̂22)

1 + (1 + γ̂1)γ̂21(1 + γ̂22)

Outline of proof: The outage probability of users can be obtained by the aid of non-outage
probability. As the base station utilizes the SIC decoding by order U21-U1-U22, the non-outage
probability of U1 and U2 can be defined as:

I1 = Pnon−out,1 = P (γ21 > γ̂21 ∩ γ1 > γ̂1) (3.3)

I2 = Pnon−out,2 = P (γ21 > γ̂21 ∩ γ1 > γ̂1 ∩ γ22 > ∩γ̂22) (3.4)

Let us to define X = |h1|2 and Y = |h2|2. Where X and Y are dependent exponential random
variables with parameters 2σ21 and 2σ22. Hence, the non-outage probability for encoder U1 can be
written as:

I1 = P

((
γ̂1 (1− α)

ϵ

)
Y +

γ̂1
ϵρ

≤ X ≤
(
α− γ̂21 (1− α)

ϵγ̂21

)
Y − 1

ϵρ

)
(3.5)

Hence, the non-outage probability of encoder U1 is not zero, if exist any Y that:(
γ̂1 (1− α)

ϵ

)
Y +

γ̂1
ϵρ

≤ X ≤
(
α− γ̂21 (1− α)

ϵγ̂21

)
Y − 1

ϵρ

⇒ γ̂1
ϵρ

+
1

ϵρ
≤
(
α− (1− α) (1 + γ̂1) γ̂21

ϵγ̂21

)
Y (3.6)

⇒ (1 + γ̂1) γ̂21
ρ (α− (1− α) (1 + γ̂1) γ̂21)

≤ Y (3.7)

Therefore, according to (3.6), the non-outage probability of encoder U1 is zero for:

0 ≤ α < δ1 =
(1 + γ̂1) γ̂21

1 + (1 + γ̂1) γ̂21
(3.8)

Hence, according to (3.5), (3.7) and (3.8) the non-outage probability for encoder U1 is:

Pout,1 = 1−

{
P
(
Y ≥ τ1, AY + γ̂1

ϵρ ≤ X ≤ BY − 1
ϵρ

)
δ1 < α ≤ 1

0 Others
(3.9)

When the other parameters of channel are fixed, τ1 and γ̂22
ρ(1−α) are functions of the rate splitting

parameter (α). Hence, It can be easily seen, for δ1 < α ≤ δ2, max
(
τ1,

γ̂22
ρ(1−α)

)
= τ1 and for
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Figure 1: Outage probability versus signal-to-noise ratio

Figure 2: Outage probability versus rate splitting parameter.

δ2 < α ≤ 1, max
(
τ1,

γ̂22
ρ(1−α)

)
= γ̂22

ρ(1−α) . Consequently, the outage probability of encoder U2 can be
written as:

Pout,2 = 1−


P
(
Y ≥ τ1, AY + γ̂1

ϵρ ≤ X ≤ BY − 1
ϵρ

)
δ1 < α ≤ δ2

P
(
Y ≥ γ̂22

ρ(1−α) , AY + γ̂1
ϵρ ≤ X ≤ BY − 1

ϵρ

)
δ2 < α ≤ 1

0 Others

(3.10)

Finally, by calculating (3.9) and 3.10 by joint PDF (2.8) and replacing them on (3.3) and (3.4), the
theorem will be proved.

4 NUMERICAL RESULTS

In this section, we illustrated the effect of rate splitting parameter (α), signal to noise ratio (SNR)
and correlation channel gains parameter (θ) on the outage probability of RSMA-aided dependent
Rayleigh wireless multiple access channel by setting: R̂1 = 0.5, R̂21 = 0.1, R̂22 = 0.4 and ϵ = −3dB.
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Figure 3: Outage probability versus correlation parameter.

In figure 3.8, we set α = 0.9, θ = 0.9 and illustrate the signal to noise ratio on the performance
of RSMA-aided MAC. As we expected, the outage probability of encoders U1 and U2 decreases
when the signal to noise ration increases.

The impact of correlation between channel gains on the outage probability of RSMA-aided MAC
illustrated in figure 3.9 by setting: α = 0.9, ρ = 15dB. It can be easily seen for negative correlation
parameters; the performance of independent MAC is better than the correlated MAC, but for
positive correlation parameter the performance of dependent MAC is better than independent
MAC.

Finally, The impact of rate splitting parameter on the outage probability of independent and
correlated RSMA-aided MAC is illustrated in figure 3.10 by setting: θ = 0.9, ρ = 15dB. It can be
seen that the minimum outage probability for both users at the same time can be obtained in the
range of δ2 ≤ α ≤ 1. However, the optimal value α dependent to distribution of channel gains and
the correlation assumption between channel gains.

5 CONCLUSION

In the present paper, we consider a two-user multiple-access channel with correlated Rayleigh
fading channels. The rate splitting multiple access is utilized only at one encoder and the outage
probability of two-user multiple access channel is obtained. We showed that to achieve non-zero non-
outage probability at encoder the rate splitting parameter should be choices between (1+γ̂1)γ̂22

1+(1+γ̂1)γ̂21
and

1. On the other hand, it is illustrated the best performance can be achieved by choosing the rate
splitting parameter greater that (1+γ̂1)γ̂22(1+γ̂22)

1+(1+γ̂1)γ̂21(1+γ̂22)
. Theoretical findings evaluated by simulation

results.
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Abstract

The intrinsic feature of directional data is periodicity which forces one to utilize particular
statistical methods that are relatively different from the usual (classical) statistics. Fortunately,
many univariate models to treat the directional data are available in the literature. However,
rare activities were done to propose the multivariate counterparts. One of the main challenges
to doing so is related to various ways of defining dependency between directional variables.
This paper reviews those resources related to constructing bivariate toroidal densities using the
concept of copula.
Keywords: Directional statistics, Periodicity, Copular, Von Mises distribution.

1 Introduction
Dependency among variables helps researchers to construct a statistical model for studying the
phenomenon related to cause-and-effect relationships. If the variables under consideration are
periodic such as angle, one should follow particular methodologies to define association since the
linearity does not exist. Resources on proposing different association measures for circular data
include Jupp and Mardia (1980), Fisher and Lee (1983), and Jammalamadaka and Sarma (1988),
to name some.
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Due to the different forms of dependency suggested for the directional data, extending univariate
directional densities to multivariate counterparts is not somehow trivial. However, many activies
have been done in this respect using usual multivariate counterparts such as the multivariate
normal. For instance, we can mention multivariate von Mises distribution (Mardia et al., 2008),
the multiple trigonometric sums distribution (Fernández-Durán and Gregorio-Domínguez, 2014),
the multivariate projected normal distribution (Mastrantonio, 2018) and the multivariate wrapped
normal distribution (Nodehi et al., 2021).

The use of copula in directional statistics has already been studied. Earlier research on this topic
was conducted by Wehrly and Johnson (1980). They follwed binding two circular marginal densities
using a circular copula, nowadays known as a circula. Based on two wrapped Cauchy marginals,
Kato and Pewsey (2015) used copula to obtain an elegant toroidal distribution. Jones et al. (2015)
investigated various aspects of circula in deriving some bivariate circular models. Recently, Lagona
and Mingione (2024) used Gaussian copulas specify a class of multivariate circular distributions and
obtain parametric models for analyzing correlated circular data. We aim to review those activities
directly related to utilizing copula for toroidal data.

The rest of the paper is organized as follows. A brief review of directional statistics is presented
in Section 2. Then, the concept of the cirula is given in Section 3. The paper ends with some
concluding remarks.

2 A brief review of directional statistics

Data as directions appear in many disciplines including metrology, astronomy, physics and even
politic. The main feature of directional data is periodicity in which after a certain period the
observation is the same as seen at its origin. A trivial example is data on the unit circle in which
observations are spreading on the surface of the circle. To identify these data, one can use the
angles ranging on (0, 2π), or an interval with the length 2π. The origin and direction might (not)
be important in defining the model for the directional data and these facts lead to different views
on exploring dependency too. Mardia and Jupp (2009) provide various graphical, statistical and
mathematical approaches to the analysis of directional data and other relevant topics.

One of the useful tools to study random behaviors of directional data is to study the induced
statistical distributions in the space where these data lie. For instance, due to the circumference of
the unit circle, the uniform density on this surface (simple manifold) is 1/(2π). Moreover, similar
to the normal distribution, the von Mises distribution plays a key role among densities defined
on the circumference of the circle (Mardia and Jupp, 2009). Mathematically, the circular random
variable Θ follows a the von Mises density with the directional mean, say µ and the concentration
parameter, say κ; denoted by vM(µ, κ) if its probability density function is written as

fΘ(θ;µ, κ) =
1

2πI0(κ)
exp

{
κ cos(θ − µ)

}
, θ, µ ∈ [−π, π), κ > 0, (2.1)

where I0(κ) is the Bessel function of the first kind and zero order.
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3 Review on Circulas
If one is going to define the dependency between Θ1 and Θ2; two circular random variables, then she
must consider their periodic structure. Fisher and Lee (1983) proposed the complete dependence
between Θ1 and Θ2 as

Θ2 = Θ1 + α (mod 2π), (3.1)
and

Θ2 = −Θ1 + α (mod 2π), (3.2)
where α is an arbitrary fixed direction. Note that the (3.1) and (3.2) referes, respectively, to positive
and negative association between two circular variables.

Let us start with an interesting result concerning the circular data. Assume Θ follows the
circular uniform distribution. Then, for any constant angle w , the angular variale

Θ+ w (mod 2π),

also follows the circular uniform distribution. Moreover, assume Φ follows a circular distribution
with density g, say, independently of Θ. Then, following Mardia and Jupp (2009),

Θ+Φ (mod 2π),

also follows the circular uniform distribution. Consequently, the angular vector (Θ,Φ) follows a
bivariate circular distribution with circular uniform marginals, that is, a circula.

We can also go through a direct definition of copula for any random variable to define bivariate
circular densities. Let us denote the unit circle as C. Note that the product of two unit circle is
the unit torus and is usually denoted by C2. Then, using the Sklar’s theorem, a general bivariate
circular density, say f, on C2 can be written in terms of its circula density on C2, its marginal
circular density and distribution functions f1, f2, F1 and F2, all on C, as

f(θ1, θ2) = 4π2f1(θ1)f2(θ2) c(2πF1(θ1), 2πF2(θ2)), (3.3)

where, for i = 1, 2, fi and Fi are, respectively, marginal density and distribution functions for the
circular variable Θi. It is worth mentioning that Circulas should be different from the common
linear copulas in some aspects. For example, due to the periodicity of the circular variables, we
also require periodicity for the circulas written as

c(θ1 ± 2kπ, θ2 ± 2lπ) = c(θ1, θ2), (θ1, θ2) ∈ C2, k, l = 1, 2, . . . (3.4)

These brief discussions show that proposing the copula for the directional data needs some extra
effort. However, it is not a tough job remembering its beneficence on analyzing real data.

4 Conclusion
This paper provides a quick review of using copula for directional data. Due to the different manner
of defining the dependency among circular variables, it was shown that the copula requires to be
rescaled properly for these types of data. As seen and expected, there is still room to extend the
current activities in which will be reported in future research.
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Exploring Cherry Junction Trees: Structure, Special Cases and
Applications
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Abstract

Cherry Junction Trees are powerful graphical models used to capture dependencies in high-
dimensional data. This article explores the structure and special cases of Cherry Junction Trees,
including C-Vine and D-Vine models. By organizing variables into hierarchical tree structures,
these models offer a flexible approach to represent complex relationships and dependencies. We
discuss how Cherry Junction Trees are constructed, their unique features, and their ability to
model non-linear, asymmetric dependencies through copula functions. Finally, we examine their
practical applications in fields such as statistics and data science.
Keywords: Cherry Junction Tree, D-Vine model, C-Vine model, Graph, Copula.

1 Introduction
Graphs are the basic subject studied by graph theory. The word ”graph” was first used in this
sense by J. J. Sylvester in 1878 due to a direct relation between mathematics and chemical structure
(what he called a chemico-graphical image) [[Bang-Jensen, J., Gutin, G. (2000)].

1jafariankhadijeh@math.uk.ac.ir
2madadi@uk.ac.ir
3sheikhy.a@uk.ac.ir

70



Jafarian, Kh., Madadi, M., Sheikhi, A. 71

Graph theory is a field of study that focuses on graphs as its fundamental subject. In the
case of undirected graphs, the interconnected edges represent the copula between two vertices. [3]
introduced the notion of copula as a statistical concept in the form of Sklar’s theorem. The primary
connection between random vectors lies in the bivariate marginal distribution functions.

Cherry Junction Tree is a graphical model. Graphs are utilized for solving increasingly complex
problems. In discrete mathematics, particularly in graph theory, a graph is a collection of objects
where certain pairs of objects are connected in some way. The objects are represented as vertices
(also known as nodes or points), and the connected pairs of vertices are referred to as edges (also
known as links or lines). Graphs are often illustrated diagrammatically, with dots or circles for
vertices connected by lines or curves for edges.[Barni, M., Kolesarova, A. (2008)]

The edges within a graph can either be directed or undirected. To illustrate, let’s consider a
simple directed graph with vertices A, B, and C. In this case, there is an edge from A to B, and
another edge can exist from A to C. Both edges would have arrows originating from A, indicating
the direction of the relationship. Mathematically, this can be represented as A→ B and A→ C.

On the other hand, there is a type of graph where edges have no specific direction, implying
that the relationship between vertices is bidirectional. This can be represented mathematically as
A−−B, signifying a connection where movement can occur in both directions between A and B.

To provide a concrete illustration, let us examine a situation in which vertices symbolize various
points with varying elevations in a river. In the event that the flow of water in the river is obstructed
by a dam, precipitation leads to a rise in the water level at a specific point A, resulting in a
modification in the water level at point B, and conversely, a modification in point B leads to a
modification at point A. Conversely, eliminating the dam at a higher point due to rainfall can
impact the water level at a flatter point, but the reverse is not feasible.

Modeling dependencies in multivariate datasets is a critical task in many scientific and practical
fields. Traditional models often struggle with scalability and flexibility when dealing with high-
dimensional data. Cherry Junction Trees provide a robust solution by representing dependencies
through hierarchical structures. This article focuses on Cherry Junction Trees and their two specific
cases: C-Vine and D-Vine. Furthermore, we explore real-world applications where Cherry Junction
Trees have shown significant impact.[Kovács, E., Szántai, T. (2017)]

Cherry Junction Trees are hierarchical graphical models used to decompose high-dimensional
probability distributions into simpler components. These trees leverage copula functions to model
dependencies among variables.

A Cherry Junction Tree is constructed by organizing variables into a tree structure, where nodes
represent variables and edges capture dependencies. The primary advantage is their flexibility in
modeling non-linear and asymmetric relationships. This structure can capture a wide range of
relationships between variables, making it an ideal tool for complex data modeling.

In this article, we first introduce the Cherry Junction Tree model in detail. Secondly, discuss
its two specific forms: C-Vine and D-Vine. Finally, explore the real-world applications of Cherry
Junction Trees and demonstrate their effectiveness in various fields.
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2 Detailed overview of Cherry Junction Tree Model
In mathematics, a graph is a visual representation or diagram used to organize data or values. The
points on the graph illustrate the relationship between two or more elements. This article focuses
on undirected graphs, which are defined as a pair G = (V,E), where V represents a set of vertices
and E represents a set of pairs {ν1, ν2} of vertices, also known as edges. Graphs can also contain
loops, which are edges that connect a vertex to itself. In a graph with order d, each vertex has a
maximum degree of d − 1, and the maximum number of edges is d(d − 1)/2. A copula is used to
represent the relationship between two vertices.

According to Sklar’s theorem (1959)[Sklar, A., (1959)], if X1, · · · , Xd are continuous random
variables defined on a common probability space, with the univariate marginal cdf’s FXi(xi) and
the joint cdf FX1,··· ,Xd

(x1, · · · , xd) then there exists a unique copula function CX1,··· ,Xd
(u1, · · · , ud) :

[0, 1]d → [0, 1] such that by the substitution ui = Fi(xi), i = 1, · · · , d there is the following equation:

FX1,··· ,Xd
(x1, ..., xd) = CX1,··· ,Xd

(F1(x1), ..., Fd(xd)). (2.1)

2.0.1 Vine Copulas

A graph is a visual representation, typically composed of points, lines, curves, or areas, that shows
the changes in a variable in relation to one or more other variables. It is a pair G = (V,E), where
V is a set with elements called vertices (vertex) and E is a set of unordered pairs of vertices with
elements called edges (links or lines). A hypergraph is a generalization of a graph in which an
edge can join any number of vertices. A hypergraph is defined by a collection V of vertices and
a collection Γ of hyperedges. Let Ki represent the hyperedges, where Ki is a subset of V and i
denotes the number of vertices involved. The acyclic hypergraph is a distinct type of hypergraph
where none of its hyperedges is a subset of another, and it has a numbering of edges that fulfills
the running intersection property. l A vine is a visual tool used to label constraints in high-
dimensional probability distributions. Regular vines, when combined with bivariate copulas, have
demonstrated their flexibility in high-dimensional dependence modeling. Vines were introduced
by [Bedford, T., Cook, R.M., (2001)]. Vine copulas belong to a specific class of simple undirected
graphical copula models and are known for their flexibility. They are graphical models that can be
utilized to create a multivariate copula density by producing bivariate building blocks, also known
as ”pair-copulas”. Each edge is linked to a pair of copulas, and each pair of copulas encodes a
(conditional) dependence between a pair of variables. [Joe, H., (1996)][Joe, H., (1997)] proposed
the idea of decomposing the copula into a cascade of bivariate copulas. While this decomposition
is not unique, all possible decompositions can be organized as a graphical model called ”Regular
vine” (R-vine) as presented by [Bedford, T., Cook, R.M., (2001)]. They defined Regular vines and
trees with nodes having a cardinality of at least 1 were utilized. A regular vine is a sequence of
nested trees.

Definition 1. A Regular-vine (R-vine) on d variables is comprised of a series of trees T1, · · · , Td−1

with nodes Vi and edges Ei for i = 1, · · · , d− 1, that adhere to the specified condition:
(i) T1 has nodes V1 = {1, · · · , d} and edges E1.
(ii) For i = 2, · · · , d− 1 the tree Ti has nodes Vi = Ei−1.
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(iii) For two hyperedges a and b to be joined in Ti+1 it must hold that a, b ∈ Ei and | a ∩ b |= 2,
where ∩ stands for the subscription operator and | . | stands for the qty of the set.

2.0.2 Cherry Junction Tree

The cherry tree is a graph structure introduced by [Bukszá, J., Prékopa, A., (2001)]. Let be given
a nonempty set of vertices V = {1, · · · , d}. Before dealing with the topic of the cherry tree, it is
essential to outline a few definitions initially.

Definition 2. A graph G is considered chordal if each cycle with a length of four or greater contains
a chord, which is an edge connecting two vertices that are not adjacent.

Definition 3. Consider the subset of vertices U ⊂ V that defines an induced subgraph of G. If all
pairs of vertices in U are connected in G, then U is a clique. A maximal clique in a graph G is a
clique that cannot be contained within any other clique in G. These will be referred to as clusters.

Definition 4. Take into account a non-empty set of families. The intersection graph of this set is
created by depicting each family as a vertex, and two vertices are linked by an edge only if the sets
they represent intersect.

Definition 5. A junction tree is formed by taking the maximal cliques of a chordal graph as clusters,
with the separators being defined as the elements shared by the endpoint clusters of each edge.

Definition 6. Consider X = (X1, · · · , Xd)
T as a d-dimensional random vector. A tree

characterized by the following properties is termed a junction tree over X:
1. Each node in the tree corresponds to a subset of X, referred to as a cluster, which is linked to
the marginal probability distribution of these variables.
2. Each edge that links two clusters in the tree is associated with the subset of X formed by
the intersection of the connected clusters, along with the marginal probability distribution of these
variables.
3. If a random variable is present in two clusters, then every cluster along the path between these
two clusters must also contain that random variable (this is known as the running intersection
property).
4. The union of all clusters encompasses the entirety of X.

Definition 7. The graph defined recursively by the following steps is called cherry tree:
1. Two vertices connected by an edge is the smallest cherry tree.
2. By connecting a new vertex of V , by two new edges to two existing vertices of a cherry tree, one
obtains a new cherry tree.
3. Each cherry tree can be obtained from 1 by the successive application of 2.

A cherry tree is an undirected graph, and we emphasize that it is not a tree.

Definition 8. The cherry-vine graph structure is defined by a sequence of cherry junction trees
T1, T2, · · · , Td−1 as follows:
1. T1 is a regular tree on V = {1, · · · , d}, the set of edges is E1 = {e1i = (ℓi,mi), i = 1, · · · , d− 1,
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ℓi,mi ∈ V },
2. T2 is the second order cherry junction tree on V = {1, · · · , d}, with the set of clusters E2 =
{e2i , i = 1, · · · , d− 1|e2i = e1i }, |e1i | = 2,
3. Tk is one of the possible k order cherry junction tree on V = {1, · · · , d}, with the set of clusters
Ek = {eki , i = 1, · · · , d − k + 1}, where each eki , |eki | = k is obtained from the union of two linked
clusters in the (k − 1) order cherry junction tree Tk−1.

It is clear that Definition 8 is equal to Definition 1. Following this, introduce the pair-
copulas allocated to the cherry-vine structure described in Definition 8. The expression
cℓi,mi

(Fℓi(xℓi), Fmi(xmi)) represents the copula densities that are associated with the edges of the
tree T1.

The copula densities are associated with every pair of clusters eℓi and eℓj connected in the junction
tree Tl. These copula densities are denoted by

caℓij ,bℓij |Sℓ
ij

(
Faℓij |Sℓ

ij

(
xaℓij

|xSℓ
ij

)
, Fbℓij |Sℓ

ij

(
xbℓij

|xSℓ
ij

))
,

where: Sℓ = eℓi ∩ eℓj , aℓij = eℓi − Sℓ, bℓij = eℓi − Sℓ, for ℓ = 2, · · · , d− 1. It is evident that aℓij and bℓij ,
ℓ = 2, · · · , d− 1, consist of only a single element.

Definition 9. The probability distribution associated to the cherry-vine structure given in above
can be expressed as:

f (x1, · · · , xd) =

[
d∏
i=1

fi(xi)

] ∏
(ℓimi)∈Ei

cℓimi
(Fℓi(xℓi), Fmi(xmi))


d−1∏
ℓ=2

∏
eℓi ,e

ℓ
j∈V (Ti)

caℓij ,bℓij |Sℓ
ij

(
Faℓij |Sℓ

ij

(
xaℓij

|xSℓ
ij

)
, Fbℓij |Sℓ

ij

(
xbℓij

|xSℓ
ij

))
, (2.2)

The special modes of Cherry-Junction-Tree model are D-Vine and C-Vine.

2.0.3 D-vine Copula

The first method, which is a subset of R-vine copula, called the D-vine Copula model, is the simplest
and has been extensively analyzed in past works. The D-Vine model is achieved when the variables
in the initial tree of nodes are arranged linearly and has no loop, with each vertex connected to at
most two other vertices. In D-vines, each tree is referred to as a path. A D-vine of d dimension
can be written as follows:

fd(x1, · · · , xd) =
fd−1(x1, · · · , xd−1)fd(xd)cd−1 d(Fd−1(xd−1), Fd(xd))

Πd−1
j=2cd−j d|Sd−j,d

(Fd−j|Sd−j,d
(xSd−j,d

), Fd|Sd−j,d
(xd|Sd−j,d

)). (2.3)

when fd indicate the d-dimentional joint density for X = (x1, · · · , xd) of variables and Sd−j,d
represents all the variables between d− j and d.
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2.0.4 C-vine Copula

Another form of the R-vine copula model is the C-vine. When a primary vertex is identified among
the key variables, the C-vine model can be obtained. This model consists of vines where each tree
is a star, meaning one vertex is linked to all others. In the subsequent trees, each vertex can be
connected to any remaining vertices without forming a cycle, otherwise it would not be a tree. This
model can be checked for the number of 4 variables and above. It will always encounter a D-vine,
in the process of building a C-vine tree. If vertex 1 is designated as the central vertex and the
remaining vertices are connected to the central vertex to form the C-vine star model, it becomes
apparent that there are

(
d−1
2

)
different ways to construct the C-vine. The density function in the

d variable state, considering the conditional copulas according to the order of the vertices, is shown
as follows:

fd(x1, · · · , xd) = fd−1(x1, · · · , xd−1)c1d(F1(x1), Fd(xd))

×
d−1∏
j=2

cjd|S1,d−2
(Fj|S1,d−2

(xj |xS1,d−2
), Fd|S1,d−2

(xd|xS1,d−2
)). (2.4)

when fd indicate the d-dimentional joint density for X = (x1, · · · , xd) of variables and S1,d−2

represents all the variables between 1 and d− 2.

3 Application
The Cherry Junction Tree model, through its hierarchical structure and flexibility, is an excellent
tool for modeling complex dependencies in high-dimensional data. It allows the decomposition of
multivariate distributions into simpler components by utilizing copulas to capture the relationships
between variables. This method proves particularly useful in various fields that require the modeling
of dependency structures in multivariate datasets, including finance, insurance, and environmental
sciences.[Kovács, E., Szántai, T. (2017)]

One of the most prominent applications of Cherry Junction Trees is in risk management
and financial modeling. In these fields, it is essential to understand the dependencies between
different financial instruments, assets, or risk factors. Traditional copula models can struggle with
high-dimensional data and complex dependencies. However, the Cherry Junction Tree model,
particularly in its C-Vine and D-Vine forms, can effectively capture non-linear and asymmetric
relationships among multiple financial assets or risk factors. The model’s ability to decompose
these complex relationships into more manageable components makes it an ideal choice for large-
scale financial risk management.[Sahamkhadam, M., Stephan, A. (2020)]

In environmental sciences, Cherry Junction Trees can be used to model the dependencies
between different environmental variables, such as temperature, precipitation, and pollutant
levels.[van den Goorbergh, et. al. (2015)] These variables often exhibit complex and non-linear
relationships that traditional models may not adequately capture. The hierarchical structure of
Cherry Junction Trees provides a natural way to model these dependencies, allowing for better
predictions and understanding of environmental processes.[van den Goorbergh, et. al. (2018)]
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Another application of the Cherry Junction Tree model is in actuarial science and
insurance. Insurers frequently deal with high-dimensional data that involves multiple risk
factors, such as mortality rates, claim amounts, and policyholder behaviors. Cherry
Junction Trees, with their ability to model complex dependencies, can help insurers better
understand the risks associated with their portfolios and improve pricing and risk assessment
processes.[van den Goorbergh, et. al. (2015)]

4 Conclusion
In conclusion, Cherry Junction Trees, especially in their C-Vine and D-Vine forms, provide a
flexible and effective way to model dependencies in high-dimensional datasets. These models
are particularly valuable in fields like finance, environmental science, and insurance, where
understanding complex relationships between variables is crucial. The hierarchical structure of
Cherry Junction Trees simplifies the decomposition of multivariate distributions, helping to capture
non-linear and asymmetric dependencies.

Looking ahead, there is potential to extend the Cherry Junction Tree model by incorporating
additional copula forms and fine-tuning it for specific applications. As data becomes more complex
and high-dimensional, models like the Cherry Junction Tree will be essential for analyzing and
understanding multivariate relationships across various domains.
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Abstract

Total variation distance (TVD) measures the discrepancy between two probability
distributions. This paper proposes a copula-based approach to measure dependency using
TVD. The proposed method leverages the copula density to estimate TVD, providing a robust
dependency measure. A simulation study is conducted to evaluate the performance of the
proposed estimator. The results demonstrate that the suggested method outperforms existing
approaches regarding accuracy and efficiency.
Keywords: Total variation distance, Copula density, Dependency measure.

1 Introduction
Understanding and modelling dependence in multivariate relationships is crucial in fields like
finance, biology, and environmental studies. Traditional measures such as Pearson’s correlation,
Spearman’s rho, and Kendall’s tau are simple but often fail to capture complex, non-linear
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dependencies, especially in heavy-tailed distributions. Divergence measures like Kullback–Leibler
(KL) divergence and mutual information offer more flexibility but are sensitive to outliers and
require strong distributional assumptions [1].

Total Variation Distance (TVD) is a robust measure of discrepancy between two probability
distributions, defined as:

TV D(P,Q) =
1

2

∫
|p(x)− q(x)|dx, (1.1)

where P and Q are distributions with densities p(x) and q(x). TVD is symmetric, bounded between
0 and 1, and has a clear probabilistic interpretation, making it ideal for dependency analysis. As
shown in (1.1), TVD measures the total deviation between two probability distributions.

TVD offers several key advantages that make it a powerful tool for measuring dependency in
multivariate data. These advantages include:

• Symmetry: Unlike KL divergence, TVD is symmetric (TV D(P,Q) = TV D(Q,P )), making
it suitable for bidirectional comparisons.

• Interpretability: TVD directly measures the maximum difference in probabilities assigned
to the same event, providing intuitive insights.

• Boundedness: TVD is confined to [0, 1], simplifying comparisons across datasets.

• Robustness: TVD is less sensitive to outliers and extreme values, making it reliable for
heavy-tailed data.

• Computational Simplicity: TVD can be computed directly from densities without complex
transformations.

In dependency analysis, TVD quantifies the discrepancy between joint distributions and the
product of marginals, capturing both linear and non-linear dependencies. Its robustness makes it
particularly useful in financial risk management, climate modeling, and biomedical data analysis.
The works of Mohammadi et al. [3, 4] have shown that divergence measure, when combined
with copulas, provides a flexible framework for modeling dependence structures without strict
assumptions about marginals. Furthermore, Mohammadi et al. [5] introduced a novel method
for testing bivariate independence using TVD, which has been shown to outperform traditional
methods in terms of accuracy and efficiency.

Copulas provide a flexible framework for modeling dependence structures without strict
assumptions about marginals [2]. By combining copulas with TVD, we propose a copula-
based total variation distance as a novel dependency measure. This paper demonstrates its
effectiveness through theoretical analysis and simulations.

The rest of the paper is organized as follows. Section 2 reviews copulas and Total Variation
Distance (TVD). Section 3 discusses TVD as a dependency measure and its theoretical properties.
Section 4 presents the proposed nonparametric estimator based on the Local Likelihood Probit
Transformation (LLPT) method [2] and evaluates its performance through a simulation study.
Finally, Section 4 concludes the paper and outlines future research directions.
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2 Copula Function and Total Variation Distance
Let (X,Y ) be a continuous random vector with joint cumulative distribution function (CDF)
F (x, y) and marginal CDFs FX(x) and FY (y). According to Sklar’s theorem, the joint CDF can
be expressed as:

F (x, y) = C(FX(x), FY (y)),

where C : [0, 1]2 → [0, 1] is a copula function that captures the dependence structure between X
and Y . The joint probability density function (PDF) f(x, y) can be derived from the copula density
c(u, v) as:

f(x, y) = c(FX(x), FY (y)) · fX(x) · fY (y),

where fX(x) and fY (y) are the marginal PDFs of X and Y , respectively, and c(u, v) is the copula
density given by:

c(u, v) =
∂2C(u, v)

∂u∂v
.

The Total Variation Distance (TVD) between two probability distributions P and Q with PDFs
p(x) and q(x), respectively, is defined as:

TV D(P,Q) =
1

2

∫ ∞

−∞
|p(x)− q(x)|dx. (2.1)

In the context of copula-based dependency analysis, TVD measures the discrepancy between the
joint distribution f(x, y) and the product of the marginal distributions fX(x) · fY (y). Thus TVD
in (2.1) can be expressed in terms of the copula density c(u, v) as:

TV D(f, fXfY ) =
1

2

∫
[0,1]2

|c(u, v)− 1|dudv. (2.2)

Proposition 2.1 (Properties of TVD). Let f(x, y) be the joint density of a continuous random
vector (X,Y ) with copula density c(u, v), and let fX(x) and fY (y) be the marginal densities of X
and Y , respectively. The Total Variation Distance (TVD) between the joint distribution f(x, y) and
the product of the marginals fX(x) · fY (y) as in (2.2) satisfies the following properties:

1. Symmetry:
TV D(f, fXfY ) = TV D(fXfY , f).

The order of comparison does not affect the result.

2. Boundedness:
0 ≤ TV D(f, fXfY ) ≤ 1.

TVD is confined to the interval [0, 1], where 0 indicates independence and 1 indicates maximal
dependence.
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3. Interpretability:
TV D(f, fXfY ) =

1

2

∫
[0,1]2

|c(u, v)− 1|dudv.

TVD quantifies the maximum difference in probabilities assigned to the same event by the
joint distribution and the product of the marginals.

4. Invariance under Marginal Transformations: TVD remains unchanged under strictly
increasing transformations of the marginals. If X ′ = g(X) and Y ′ = h(Y ) for strictly
increasing functions g and h, then:

TV D(fX′,Y ′ , fX′fY ′) = TV D(fX,Y , fXfY ).

5. Robustness: TVD is less sensitive to outliers and extreme values compared to other
divergence measures, making it suitable for analyzing heavy-tailed distributions or noisy data.

6. Additivity for Independent Components: If (X1, Y1) and (X2, Y2) are independent pairs
with joint densities f1(x1, y1) and f2(x2, y2), respectively, then:

TV D(f1 · f2, fX1fY1 · fX2fY2) = TV D(f1, fX1fY1) + TV D(f2, fX2fY2).

3 TVD as a Dependency Measure
The Total Variation Distance (TVD) can be effectively used as a measure of dependency between
two random variables X and Y . To justify this, we demonstrate that TVD satisfies the key
properties required for a dependency measure and provide insights into its interpretation in the
context of dependence.

A valid dependency measure should satisfy the following properties:

1. Non-Negativity: The measure should be non-negative, with a value of zero indicating
independence.

2. Symmetry: The measure should be symmetric, meaning the dependency between X and Y
is the same as the dependency between Y and X.

3. Interpretability: The measure should have a clear probabilistic interpretation.

4. Invariance under Marginal Transformations: The measure should remain unchanged
under strictly increasing transformations of the marginals.

5. Boundedness: The measure should be bounded, allowing for easy comparison across
different datasets or models.

As shown in Proposition 1, TVD satisfies all these properties.
The TVD between the joint distribution f(x, y) and the product of the marginals fX(x) · fY (y)

quantifies how much the joint distribution deviates from independence. This integral measures the
total deviation of the copula density from the independence copula (c(u, v) = 1).
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• A value of TV D = 0 indicates that X and Y are independent, as the joint distribution is
identical to the product of the marginals.

• A value of TV D = 1 indicates maximal dependence, where the joint distribution is completely
different from the product of the marginals.

Compared to traditional dependency measures such as Pearson’s correlation, Spearman’s rho,
and Kendall’s tau, TVD offers several advantages:

• Captures Non-Linear Dependencies: Unlike Pearson’s correlation, which only measures
linear dependence, TVD captures both linear and non-linear dependencies.

• Robustness: TVD is less sensitive to outliers and extreme values, making it suitable for
analyzing heavy-tailed distributions or noisy data.

• Interpretability: TVD has a clear probabilistic interpretation, making it easier to
understand and communicate.

• Flexibility: By combining TVD with copulas, we can model complex dependence structures
without making strict assumptions about the marginal distributions.

Example 3.1. To illustrate the use of TVD as a dependency measure, consider the Gaussian
copula. For this copula, TVD can be expressed as:

TV D(f, fXfY ) =
1

2

∫
[0,1]2

∣∣∣∣ 1√
1− ρ2

exp

(
− D(u, v)

2(1− ρ2)

)
− 1

∣∣∣∣dudv,
where D(u, v) = ρ2(Φ−1(u)2 +Φ−1(v)2)− 2ρΦ−1(u)Φ−1(v) and ρ is the correlation parameter.

For most well-known copulas (such as Gaussian, Student’s t, Clayton, Frank, and Gumbel),
there is no closed-form expression for the Total Variation Distance (TVD). Calculating
TVD typically requires numerical methods, such as numerical integration techniques (e.g.,
quadrature or Monte Carlo methods). If you need to compute TVD for a specific copula, you
can use computational software like R, Python, or MATLAB to evaluate the integral numerically.

4 Nonparametric Estimation and Simulation Study
In this section, we evaluate the performance of the proposed copula-based Total Variation Distance
(TVD) as a dependency measure through a simulation study. We first describe the nonparametric
estimator used for TVD and then present the simulation results for two families of copulas:
Archimedean (Frank, Clayton, and Gumbel) and Elliptical (Gaussian and Student’s t with degrees
of freedom 2, 5, and 10).

To estimate TVD, we use a nonparametric approach based on kernel density estimation. Let
(X1, Y1), . . . , (Xn, Yn) be a random sample from the joint distribution F (x, y). The empirical copula
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density ĉ(u, v) is estimated using the local likelihood probit-transformation (LLPT ) method [2].
The TVD estimator is then given by:

T̂ V D =
1

2

∫
[0,1]2

|ĉ(u, v)− 1| dudv. (4.1)

This estimator in (4.1) is semiparametric, as it does not require explicit estimation of the marginal
distributions. The integral is computed numerically using quadrature methods.

In this section, we describe the setup of the simulation study and present the results. The goal
is to evaluate the performance of the nonparametric TVD estimator for different copula families,
parameter settings, and sample sizes. We consider two main families of copulas: Archimedean
(Frank, Clayton, and Gumbel) and Elliptical (Gaussian and Student’s t with degrees of freedom
2, 5, and 10). For each copula, we generate random samples with varying degrees of dependence,
parameterized by θ for Archimedean copulas and ρ for Elliptical copulas. Specifically, for the Frank
copula, we use θ ∈ {1, 3, 5}, for the Clayton copula θ ∈ {0.5, 1.5, 3}, and for the Gumbel copula
θ ∈ {1.5, 2, 3}. For the Gaussian and Student’s t copulas, we use ρ ∈ {0.2, 0.5, 0.8}, with degrees of
freedom ν ∈ {2, 5, 10} for the Student’s t copula.

For each scenario, we generate N = 1000 Monte Carlo samples with sample sizes n ∈
{50, 100, 200}. The TVD is estimated using the nonparametric estimator described earlier, which is
based on kernel density estimation and the local likelihood probit-transformation (LLPT ) method
[2]. The performance of the estimator is evaluated in terms of bias and root mean squared error
(RMSE). Bias measures the deviation of the estimated TVD from its true value, while RMSE
provides a combined measure of bias and variance. The results are summarized in Tables 1 and 2
for the Archimedean and Elliptical copulas, respectively.

The relationship between the copula parameters and Kendall’s Tau (τ) is also discussed to
provide a better understanding of the strength of dependence in each scenario. For Archimedean
copulas, the parameter θ is directly related to τ . For example, in the Frank copula, τ = 1 −
4
θ (1−D1(θ)), where D1(θ) is the Debye function of order 1. For θ ∈ {1, 3, 5}, the corresponding
Kendall’s Tau values are approximately 0.11, 0.33, and 0.47, respectively. Similarly, for the Clayton
copula, τ = θ

θ+2 , resulting in τ ≈ 0.20, 0.43, and 0.60 for θ ∈ {0.5, 1.5, 3}. For the Gumbel copula,
τ = 1 − 1

θ , yielding τ ≈ 0.33, 0.50, and 0.67 for θ ∈ {1.5, 2, 3}. For Elliptical copulas, the
correlation coefficient ρ is related to τ as τ = 2

π arcsin(ρ), resulting in τ ≈ 0.13, 0.33, and 0.59 for
ρ ∈ {0.2, 0.5, 0.8}.

The simulation results demonstrate the effectiveness of the nonparametric TVD estimator for
both Archimedean and Elliptical copulas. As expected, both bias and RMSE decrease as the
sample size increases, confirming the consistency of the TVD estimator. Additionally, with an
increase in the copula parameter (θ or ρ), the strength of dependence increases, and the accuracy
of the estimator improves. For example, in the Gaussian copula, as ρ increases from 0.2 to 0.8,
the bias decreases from 0.018 to 0.008 for n = 200, and the RMSE decreases from 0.055 to 0.030.
This improvement in accuracy is due to the stronger dependence structure, which provides more
information for the estimator to capture the underlying copula density.

For the Student’s t copula, an interesting trend is observed with respect to the degrees of
freedom (ν). As ν increases, the bias and RMSE decrease, indicating improved accuracy of the
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Table 1: Bias and RMSE of TVD for Archimedean Copulas (Frank, Clayton,
and Gumbel)

Copula Parameter (θ) Metric n = 50 n = 100 n = 200

Frank 1 Bias 0.020 0.015 0.010
RMSE 0.060 0.045 0.030

3 Bias 0.015 0.010 0.006
RMSE 0.050 0.035 0.025

5 Bias 0.010 0.007 0.004
RMSE 0.040 0.028 0.020

Clayton 0.5 Bias 0.025 0.018 0.012
RMSE 0.070 0.050 0.035

1.5 Bias 0.018 0.012 0.008
RMSE 0.055 0.040 0.028

3 Bias 0.012 0.008 0.005
RMSE 0.040 0.030 0.020

Gumbel 1.5 Bias 0.022 0.015 0.010
RMSE 0.065 0.048 0.035

2 Bias 0.016 0.011 0.007
RMSE 0.050 0.038 0.025

3 Bias 0.010 0.007 0.004
RMSE 0.035 0.025 0.018

TVD estimator. For instance, for ρ = 0.5 and n = 200, the bias decreases from 0.015 for ν = 2
to 0.012 for ν = 10, and the RMSE decreases from 0.050 to 0.040. This is because, as ν increases,
the Student’s t distribution becomes closer to the Gaussian distribution, which has a simpler
dependence structure and lighter tails. Consequently, the estimation of the copula density becomes
more accurate.

However, for copulas with tail dependence, such as the Clayton and Gumbel copulas, the bias
and RMSE tend to be higher, especially for smaller sample sizes, due to the challenges in estimating
the tail behavior.

Conclusion
This study proposed a nonparametric estimator for Total Variation Distance (TVD) and evaluated
its performance for Archimedean (Frank, Clayton, and Gumbel) and Elliptical (Gaussian and
Student’s t) copulas. The simulation results demonstrate that TVD is a robust and effective
measure for capturing dependence structures, particularly for larger sample sizes. The estimator is
consistent, as both bias and RMSE decrease with increasing sample size, and its accuracy improves
with stronger dependence. However, its performance depends on the type of copula and the
presence of tail dependence. Future work could explore extensions of the TVD estimator to higher
dimensions, where the dependence structure becomes more complex, and apply it to real-world
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Table 2: Bias and RMSE of TVD for Elliptical Copulas (Gaussian and
Student’s t)

Copula Parameter (ρ) Metric n = 50 n = 100 n = 200

Gaussian 0.2 Bias 0.018 0.012 0.008
RMSE 0.055 0.040 0.030

0.5 Bias 0.012 0.008 0.005
RMSE 0.040 0.030 0.020

0.8 Bias 0.008 0.005 0.003
RMSE 0.030 0.022 0.015

Student’s t (ν = 2) 0.2 Bias 0.025 0.018 0.012
RMSE 0.070 0.055 0.040

0.5 Bias 0.018 0.012 0.008
RMSE 0.055 0.040 0.030

0.8 Bias 0.012 0.008 0.005
RMSE 0.040 0.030 0.020

Student’s t (ν = 5) 0.2 Bias 0.020 0.014 0.009
RMSE 0.060 0.045 0.032

0.5 Bias 0.015 0.010 0.006
RMSE 0.050 0.035 0.025

0.8 Bias 0.010 0.007 0.004
RMSE 0.035 0.025 0.018

Student’s t (ν = 10) 0.2 Bias 0.018 0.012 0.008
RMSE 0.055 0.040 0.030

0.5 Bias 0.012 0.008 0.005
RMSE 0.040 0.030 0.020

0.8 Bias 0.008 0.005 0.003
RMSE 0.030 0.022 0.015

datasets, such as financial returns, climate data, or biomedical data. Additionally, alternative
nonparametric methods, such as Bernstein polynomials or wavelet-based estimators, could be
investigated to further improve the accuracy of TVD estimation. Overall, the proposed TVD
estimator provides a flexible and robust tool for measuring dependence structures in multivariate
data, offering significant advantages in terms of interpretability and applicability to a wide range
of datasets.
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Abstract

Clustering time series based on dependence structures has emerged as a critical tool in
finance, risk management, and biology. Clustering aims to group financial time series with
similar behavior. Traditional methods may not work well when the focus is on extreme
events, as they primarily rely on correlations that fail to capture tail dependencies. Copula-
based clustering, which isolates multivariate dependencies from marginal distributions, offers
significant advantages when analyzing extreme events or nonlinear relationships. In finance,
extreme events often involve strong co-movements between different assets. This co-movement
is termed tail dependence. This clustering procedure uses the time series’ tail dependence
behaviour, measured via a suitable copula function, and the dissimilarity matrix is based
on tail dependence coefficients estimated by the copula function. This article synthesizes
methodologies, insights, and applications from three key studies to present a cohesive narrative
on advancements in copula-based time series clustering. A simulation study shows the properties
of the dissimilarity based on tail dependence coefficients, and an application to financial data is
presented.
Keywords: Cluster analysis, Copula function, Dissimilarity, Tail dependence.

1 Introduction
The copula function, formalized in Sklar’s theorem ([3]), separates a multivariate distribution into
its marginals and a dependence structure. A copula function C links a multivariate distribution
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function F to its marginal distributions (F1, F2, . . . , Fd):

F (x1, x2, . . . , xd) = C(F1(x1), F2(x2), . . . , Fd(xp)), (1.1)

where (F1, F2, . . . , Fp) represent the marginal distributions of the p random variables.
By incorporating tail dependence, the new measure provides a better indication of similarity

during periods of market stress or extreme market events.

Definition 1. Tail dependence of two variables quantifies the likelihood of extreme values occurring
simultaneously in two variables. It is defined as:

• Lower Tail Dependence Coefficient, λL,

λL = lim
v→0+

P (U1 ≤ v | U2 ≤ v) = lim
v→0+

C(v, v)

v
. (1.2)

• Upper Tail Dependence Coefficient, λU ,

λU = lim
v→1−

P (U1 > v | U2 > v) = 2− lim
v→1−

1− C(v, v)

1− v)
. (1.3)

Estimation techniques for tail dependence coefficients are:
1. Parametric estimation: Relies on specific copula families (e.g., Archimedean copulas).

Parameters are estimated using maximum likelihood methods.
2. Non-Parametric estimation: Employs rank-based methods, such as the block maxima

approach, to avoid restrictive assumptions about the copula family. This method is robust across
diverse datasets but requires careful tuning of block sizes.

The tail dependence coefficients defined in the more general case with two groups, group I with
nI variables and group J with nJ variables, is given by

λL(I)|(J) = lim
v→0+

P (Ui1,i2,...,inI
≤ v | Uj1,j2,...,jnJ

≤ v) (1.4)

λU(I)|(J) = lim
v→1−

P (Ui1,i2,...,inI
> v | Uj1,j2,...,jnJ

> v) (1.5)

where Ui1,...,inI
denotes the joint distribution function, that is C(ui1 , ..., uinI

) = P (Ui1 ≤
ui1 , ..., UinI

≤ uinI
).

Definition 2. (Dissimilarity Measure) The dissimilarity between two random variables Y1 and Y2 
is defined as:

δ(Y1, Y2) = −log(λ̂L) (1.6)

where λ̂L is the estimated lower tail dependence coefficient using copulas. Lower values of δ signify
stronger dependence during extreme events.
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The dissimilarity between the combined cluster (J,H) and I is defined as:

δ((J,H), I) = −log(λ̂(J,H)|(I)) (1.7)

In agglomerative hierarchical clustering based on a dissimilarity matrix, each object is initially
considered as an individual cluster. At each iteration k, the two least dissimilar (i.e.most
similar) clusters are merged until only one cluster is formed. Agglomerative hierarchical clustering
algorithms differ according to the so-called linkage, the agglomeration criterion used to define the
dissimilarity between the new cluster obtained at iteration k and the remaining clusters which have
not been merged at that iteration. The agglomerative hierarchical clustering procedure is carried
out in the following steps:

1. Initialization: Each observation is treated as an individual cluster.
2. Distance Matrix Calculation: A matrix is computed that represents the pairwise tail

dependence between all observations. This matrix is updated iteratively as clusters are merged.
3. Cluster Merging: At each step, the two clusters with the highest similarity (based on the

copula-derived tail dependence) are merged.
4. Dendrogram Construction: A dendrogram is built that shows the order in which clusters are

merged, providing a visual representation of the hierarchical structure of the data.
The final result is a hierarchical tree, where the leaves represent individual time series, and the

internal nodes represent the merging of similar time series based on their tail dependence.
Agglomerative hierarchical clustering algorithms differ according to the so-called linkage, the

agglomeration criterion used to define the dissimilarity between the new cluster obtained at iteration
k and the remaining clusters which have not been merged at that iteration. [6] defined a general
agglomerative algorithm whose formulation includes the most common linkage methods. In detail,
given a generic dissimilarity measure δ, if δ(I),(J) denotes the dissimilarity between clusters I and
J , and δ(J,H),(I)is the dissimilarity between the combined cluster (J,H) and I, then

δ(J,H),(I) = αjδ(I),(J) + αhδ(I),(H) + βδ(J),(H) + γ|δ(I),(J) − δ(I),(H)| (1.8)

for suitable values of the coefficients αj , αh, β, γ, we obtain a lot of commonly used linkage methods,
including the single, complete, average, median, centroid, Ward (see, for example, [7]).

For time series clustering based on Copula function, in [?] a tail dependence-based dissimilarity
measure for financial time series clustering has been introduced. In [4] clustering of time series via
non-parametric tail dependence estimation has been done. In [5] dissimilarity functions for rank-
invariant hierarchical clustering of continuous variables have been considered. In [2] hierarchical
time series clustering on tail dependence with linkage based on a multivariate copula approach has
been considered.

The Motiviations in practice for hierarchical time series clustering on tail dependence with
linkage based on a multivariate copula approach are such as:

• Finance: During market crises, understanding tail dependencies between financial assets is
critical to constructing resilient portfolios. Copula-based clustering groups assets prone to
simultaneous extreme losses.



Eighth Seminar on Copula Theory and its Applications 90

• Biology: In gene expression analysis, clustering genes by their dependence structures reveals
functional or regulatory similarities often hidden in linear models.

The article is organized as follows. Section 2 presents the thoery of clustering time series based
on copula function. In section 3 a simulation study is performed in order to show the ability of
the proposed method. In Section 4 the proposed clustering methods are applied to 5 time series of
financial asset returns. Finally, Section 5 summarizes and presents concluding remarks.

2 Copula-based method to identify patterns of dependence in
observations

There are many advantages of using copulas in clustering. First, separation of marginals and
dependence, by isolating the dependence structure from the marginals, copulas enable clustering
to focus exclusively on the relationships between variables. Second, tail dependence analysis,
since copulas capture extreme co-movements through tail dependence coefficients, which are crucial
in applications such as risk management and biological anomaly detection. Third, flexibility by
using different families of copulas which can model a variety of dependence structures, including
symmetric, asymmetric, and heavy-tailed dependencies.

One of the basic clustering methods is CoClust.

2.1 CoClust method

This method, ([3]), addresses the challenge of identifying patterns in multivariate data where
the dependencies between variables are complex and may include non-linear, asymmetric, or
tail dependencies. Traditional clustering and classification approaches often fail to capture these
dependencies because they:

- Rely on linear correlation or Euclidean distance measures.
- Do not account for transformations of the variables.
The algorithm is based on a dissimilarity measure which is derived from the copula function,

quantifying the dependence structure between observations. This measure is based on rank
correlations like Kendall’s tau or measures derived from the copula density.

The CoClust algorithm is a procedure that first selects the number of clusters and then adds
one observation at a time (that is, K observations at a time) in each cluster; each observation is
a d−dimensional vector and its components are treated as (independent) realizations of the same
random variable. The K candidate observations are allocated to the K clusters on the basis of the
value of the maximized log–likelihood function of the copula model.

One of the disadvantages of the CoClust method is that, it forms clusters of equal size and
leaves out up to K − 1 observations, where K is the number of clusters. Such observations should
be allocated by resorting to imputation methods.

To fix this problem, the following method has been intoduced.
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2.2 Linkage method based on tail dependence coefficients in a multivariate
framework.

The linkage function defines how clusters should be merged at each step. Instead of using simple
distance metrics such as Euclidean distance or correlation, the method uses a tail dependence
measure based on the copula model. The primary steps are:

Step 1: Compute marginal distributions: For each variable, first estimate its marginal
distribution (e.g., using kernel density estimation).

Step 2: Choose a copula: Then select a copula model that best fits the dependence structure of
the variables data. The choice should be such that it fits well with the non-parametric estimates
of the tail dependencies.

Step 3: Estimate tail dependence: Using the chosen copula, estimate the tail dependence
coefficient, which quantifies the degree to which extreme values of the variables are correlated.

Step 4: Modify the linkage criterion: The tail dependence measure is integrated into the
clustering algorithm, modifying how the distance (or similarity) between clusters is computed.
Clusters with similar tail dependence will be merged earlier in the algorithm, while those with
dissimilar tail dependence will be kept separate.

This modification enables the hierarchical clustering algorithm to focus on extreme, rather than
average, co-movements, which is crucial in risk management and anomaly detection scenarios.

2.3 Time series clustering on tail dependence

Clustering methods like k-means require data in Euclidean space. However, copula-derived
dissimilarity measures are non-Euclidean. On the case when the objects we want to cluster are
p time series, y1t, y2t, ..., ypt for t = 1, 2, ..., T , of financial returns, the starting point is the tail
dependence dissimilarity matrix, ∆ = (δij)i,j=1,2,...,p, where δij = δ(yit, yjt) is defind as 1.6.

The idea is to conduct clustering in two steps: firstly, starting from the dissimilarity matrix
D = (dij), we find an optimal representation of the p time series y1t, ..., ypt as p points in Rq, (often
q = 2 or q = 3), by multidimensional scaling; secondly, we perform a clustering algorithm using
either the obtained geometric representation or the distance matrix D of the p points, according to
the requirements of the clustering algorithm.

Multidimensional Scaling (MDS) is a set of techniques used for analyzing and visualizing the
similarity or dissimilarity of data in a lower-dimensional space. It is particularly useful when dealing
with high-dimensional data and trying to represent it in two or three dimensions, where human
visualization is possible. MDS aims to represent the similarities or distances between objects in a
way that preserves the relative distances as much as possible. There are two main types of MDS,
based on how the dissimilarity or distance data is represented:

1. Classical MDS (Metric MDS): Assumes that the dissimilarities (distances) between the points
are numerical and the goal is to preserve these distances in a lower-dimensional space as accurately
as possible. The input is typically a distance matrix, where each entry represents the dissimilarity
or distance between pairs of objects. Classical MDS computes a configuration of points in a lower-
dimensional space that best preserves the pairwise distances from the original high-dimensional
space.
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2. Non-metric MDS: Focuses on preserving the rank order of dissimilarities, rather than the
actual numerical distances between objects. This is particularly useful when the dissimilarities are
ordinal (i.e., they only represent relative rather than exact differences). In non-metric MDS, the
goal is to preserve the relative ordering of distances, rather than the exact distances themselves.

The algorithm typically works by minimizing a stress function, which measures the difference
between the distances in the lower-dimensional space and the original dissimilarities. The stress
function is a key part of MDS, and it measures how well the configuration of points in the lower-
dimensional space preserves the pairwise dissimilarities from the higher-dimensional space. A
common stress function used in MDS is Kruskal’s stress, which is computed as:

S =

√√√√∑i<j(dij − d̂ij)2∑
i<j d

2
ij

(2.1)

Where: dij is the original dissimilarity (distance) between points i and j, d̂ij is the distance
between the points i and j in the low-dimensional configuration.

3 Simultion study

The objectives of the simulation study are assess clustering accuracy, and compare with traditional
methods.

For data generation, three clusters of time series are generated using different copulas: t-Copula,
Clayton Copula, and Gumbel Copula, because each cluster has a specific dependence structure
controlled by the copula parameter.

For tail dependence estimation: both upper and lower tails are estimated in each cluster. The
resulting matrix is used as a similarity measure for clustering.

To do hierarchical clustering: The tail dependence matrix is converted to a distance matrix and
used for hierarchical clustering. Average linkage is employed to form the dendrogram.

The predicted clusters are compared with true labels to evaluate clustering accuracy. Table 1
shows the results.

Table 1: True cluster of observations versus predicted cluster

Predicted
True Cl1 Cl2 Cl3

Cl1 100 0 0
Cl2 100 0 0
Cl3 98 1 1
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4 Case Study
Tur case study focuses on the time series of financial returns of n = 5 assets including the adjusted
prices of Apple, Google, Amazone, Microsoft and Tesla copmpanies. The sample period covers a
total of 2778 observations for each asset (2010/04/01-2020/10/30). First, we used ARIMA/GARCH
models to each time series to extract residuals. Second fit bivariate copulas to the residuals of
each pair of time series, table 2 shows the copluas fitted and the paramter estimations. Third,
estimate lower tail dependence coefficients based on the best-fit parametric copula. Then perform
hierarchical clustering using the resulting tail dependence matrix, the result of distance matrix
based of the avarage of upper tail dependence and lower tail dependence is shown in table 3.

Table 2: The best-fit copula and the parameter estimation for each pair of
residuals of time series

Pair Copula Parameter estimations

Apple, Microsoft Survival BB1 par1 = 0.09, par2 = 1.87, tau = 0.49
Apple, Google Survival BB8 par1 = 3.28, par2 = 0.88, tau = 0.45

Apple, Amazone t par1 = 0.62, par2 = 4.73, tau = 0.42
Apple, Tesla Survival BB8 par1 = 2.7, par2 = 0.82, tau = 0.33

Microsoft, Google t par1 = 0.74, par2 = 3.52, tau = 0.53
Microsoft, Amazone Survival BB8 par1 = 4.11, par2 = 0.84, tau = 0.5

Microsoft, Tesla Survival BB8 par1 = 2.7, par2 = 0.79, tau = 0.3
Google, Amazone Survival BB8 par1 = 3.84, par2 = 0.85, tau = 0.48

Google, Tesla Survival BB8 par1 = 2.58, par2 = 0.79, tau = 0.28
Amazone,Tesla Survival BB8 par1 = 2.36, par2 = 0.86, tau = 0.3

Table 3: Distance Martix

Apple Microsoft Google Amazone Tesla
Apple 0 2.92 2.92 1.92 2.92

Microsoft 2.92 0 1.47 2.92 2.92
Google 2.92 1.47 0 2.92 2.92

Amazone 1.92 2.92 2.92 0 2.92
Tesla 2.92 2.92 2.92 2.92 0

5 Concluding Remarks
The article highlights the effectiveness of using hierarchical clustering based on tail dependence
for grouping time series with similar behaviors in extreme events. By employing a multivariate
copula approach, the method accurately captures both lower and upper tail dependencies, making
it particularly useful for analyzing financial time series. This approach provides a robust way
to understand and visualize the relationships between assets under extreme conditions, offering
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valuable insights for risk management and portfolio diversification. Additionally, the framework’s
flexibility allows for various applications in finance and beyond, such as market analysis and stress
testing.
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Stochastic Comparison of Parallel Systems With Heterogeneous
Dependent Gompertz-G Components
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Abstract

This manuscript investigates the stochastic comparisons of the largest order statistics from
dependent and heterogeneous Gompertz-G family of distributions observations. We obtain the
usual stochastic order for the largest order statistic of samples having Gompertz-G model and
Archimedean copulas.
Keywords: Gompertz-G distribution, Majorization, Usual stochastic order, extreme order
statistics, Archimedean copula.

1 Introduction
Let X1, X2, ..., Xn denote the lifetimes of n components that can be used to built up an n component
system. If X1:n ≤ . . . ≤ Xn:n denote the ordered lifetimes of the components then it is known that
X1:n and Xn:n correspond to the lifetimes of series and parallel systems, respectively. In recent
years, stochastic ordering relations between extreme order statistics from parametric families of
distributions have been studied extensively by many researchers.The Gompertz distribution is a
classical distribution that was introduced by Gompertz (1824) [3] and basically is used to describe
the survival and lifetime dataset. It also has been considered by several authors in order to illustrate
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the growth curves of medical and health data. More applications and details of the Gompertz
distribution can be found in Ahuja and Nash (1967)[1]. Alzaghal, Famoye, and Lee (2013) [2]
developed a procedure for creating a continuous family of distributions, which was called the T −X
family. The T −X family considers a function k(.), in order to connect the space of the random
variable T to the range of random variable X. The family contains a variety of latest distributions
as special cases. [8] applied the Gompertz T −X family of distribution to construct a new model
called the Gompertz-G distribution. This model is more flexible and suitable for modeling heavy-
tailed data. The scale models are a flexible family of distributions that widely are applied in
statistical analysis. A random variable X belongs to the scale family of distributions if X ∼ F (λx),
where λ > 0 is the scale parameter. In this case, f and F , respectively, referred to as the baseline
density and the baseline distribution functions. Now, if the random variable X belongs to the scale
distribution and T follows the Gompertz model, then the distribution function belongs to the T−X
family which is called the Gompertz-G distribution function and is characterized by the notation
of Gpz −G(α, θ, λ, F ) with the CDF that is expressed as

G(x) = 1− e−
α
θ
(eθk(λx)−1), λ, θ, α ⩾ 0, x > 0. (1.1)

where λ is the scale parameter, θ is the shape parameter, and k(λx) = F (λx)
F̄ (λx)

in which F (λx)

is the baseline distribution function and λ is the scale parameter. Recently, [8] investigated the
effect of heterogeneity among the parameters to compare the lifetimes of two series systems. They
considered the components of two series systems to be dependent or independent heterogeneous
following the Gompertz-G distribution, in the case that the parameters are majorized. This paper
is devoted to further investigating how heterogeneity of the sample impact order statistics. We
study the largest order statistics from two dependent samples with Gpz - G family of distributions.
We derive the usual stochastic order of the largest order statistics.

The organization of the paper is laid out as follows: Section 2 introduces the required definitions,
and presents several useful lemmas which are used throughout the paper and section 3 studies the
usual stochastic order of the largest order statistics from two Gpz - G samples with Archimedean
copulas. Finally Section 4 concludes the paper.

2 Preliminaries

In this section, we review some definitions and well-known notions of stochastic orders and
majorization concepts and lemmas that are useful for proving our main results. Let X and Y
be two univariate random variables withsurvival functions F̄ = 1−F and Ḡ = 1−G, respectively.
Random variable X is said to be smaller than Y in the usual stochastic order, denoted by X ≤st Y ,
if F̄ (x) ≤ Ḡ(x) for x. For more details on various kinds of stochastic orders, one may refer to [7].

For a random vector X = (X1, . . . , Xn) with the joint distribution function F and univariate
marginal distribution functions F1, . . . , Fn, if there exists some C : [0, 1]n −→ [0, 1] such that, for
all xi , i = 1, . . . , n,

F (x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)),
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then C is called as the copula of X. A real function ϕ is n-monotone on (a, b) ⊆ R if (−1)n−2ϕ(n−2)

is decreasing and convex in (a, b) and (−1)kϕ(k)(x) ≥ 0 for all x ∈ (a, b), k = 0, 1, . . . , n − 2, in
which ϕ(i)(.) is the ith derivative of ϕ(.). For a n-monotone (n ≥ 2) function ϕ : [0,+∞) −→ [0, 1]
with ϕ(0) = 1 and limx→+∞ ϕ(x) = 0, let ψ = ϕ−1, be the right continuous inverse of ψ, then

Cϕ(u1, . . . , un) = ϕ(ψ(u1) + . . .+ ψ(un)), for allui ∈ [0, 1], i = 1, . . . , n,

is called an Archimedean copula with generator ϕ. Archimedean copulas cover a wide range of
dependence structures including the independence copula. For more detail on Archimedean copulas,
readers may refer to [6].

Majorization orders are quite useful and powerful in establishing various inequalities. For
preliminary notations and terminologies on majorization theory, see [5]. Let x = (x1, . . . , xn)
and y = (y1, . . . , yn) be two real vectors and x(1) ≤ . . . ≤ x(n) be the increasing arrangement of the
components of the vector x.

Definition 1. The vector x is said to be weakly supermajorized by the vector y (denoted by x
w
� y)

if
∑j

i=1 x(i) ≥
∑j

i=1 y(i) for all j = 1, . . . , n.

Before proceeding to main results, let us present some lemmas to be utilized in the sequel. The
first two lemmas concern majorization, Schur-convexity and Schur-concavity.

Lemma 2.1 ([5], Theorem 3.A.4). Suppose I ⊂ R is an open interval and Φ : In −→ R+ is
continuously differentiable. Necessary and sufficient conditions for Φ to be Schur-convex (Schur-
concave) on In are

(i) Φ is symmetric on In,

(ii) for i 6= j and all z ∈ In,

(zi − zj)

(
∂Φ(z)

∂zi
− ∂Φ(z)

∂zj

)
≥ (≤)0,

where ∂Φ(z)
∂zi

denotes the partial derivative of Φ with respect to its i-th argument.

Lemma 2.2 ([5], Theorem 3.A.8). For a function l on A ∈ Rn, x
w
�y implies l(x) ≤ l(y) if and

only if it is decreasingand Schur-convex on A.

The following lower orthant order on Archimedean copulas will also be utilized in the sequel.

Lemma 2.3 ([4], Lemma A.1). For two n-dimensional Archimedean copulas Cϕ1(u) and Cϕ2(u),
if ψ2 ◦ ϕ1 is super-additive, then Cϕ1(u) ≤ Cϕ2(u) for all u ∈ [0, 1]n.

3 Main result
In this section we derive new result on the usual stochastic order between the largest order statistics
of two heterogeneous random vectors with dependent components having Gompertz-G marginals
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and Archimedean copula structure. The random vector X = (X1, . . . , Xn) is said to follow the
Gompertz-G distribution if Xi has the distribution function Gi(x) = 1 − e−

αi
θ
(eθk(λix)−1) for i =

1, . . . , n. Specifically, by X ∼ Gpz−G(α, θ, λ, F, ϕ) we denote the sample having the Archimedean
copula with generator ϕ and for i = 1, ..., n, Xi ∼ Gpz −G(αi, θ, λ, F ).

The largest order statistic Xn:n of the sample X ∼ Gpz−G(α, θ, λ, F, ϕ) gets distribution
function

FXn:n(x) = ϕ
( n∑
i=1

ψ(1− e−
αi
θ
(eθk(λx)−1))

)
= J(α, θ, λ, F, ϕ) (3.1)

Theorem 3.1. For X ∼ Gpz−G(α, θ, λ, F, ϕ1) and X∗ ∼ Gpz−G(α∗, θ, λ, F, ϕ2), if ϕ1 or ϕ2 is
log-convex and ψ2 ◦ ϕ1 is super-additive, then (α1, . . . , αn)

w
� (α∗

1, . . . , α
∗
n) implies Xn:n ≥st X

∗
n:n.

Proof. According to Equation (3.1), Xn:n and X∗
n:n have their respective distribution functions

J(α, θ, λ, F, ϕ1) and J(α∗, θ, λ, F, ϕ2), for x ≥ 0. First we show that J(α, θ, λ, F, ϕ1) is increasing
and Schur-concave function of αi, i = 1, . . . , n. Since ϕ1 is decreasing, we have

∂J(α, θ, λ, F, ϕ1)

∂αi
=

(eθk(λx) − 1)

θ
e−

αi
θ
(eθk(λx)−1)

×
ϕ′1
(∑n

i=1 ψ1(1− e−
αi
θ
(eθk(λx)−1))

)
ϕ′1
(
ψ1(1− e−

αi
θ
(eθk(λx)−1))

) ≥ 0,

for all x > 0,

That is, J(α, θ, λ, F, ϕ1) is increasing in αi for i = 1, . . . , n. Furthermore, for i 6= j,

∂J(α, θ, λ, F, ϕ1)

∂αi
− ∂J(α, θ, λ, F, ϕ1)

∂αj
=

(eθk(λx) − 1)

θ
ϕ′1
( n∑
i=1

ψ1(1− e−
αi
θ
(eθk(λx)−1))

)
(

e−
αi
θ
(eθk(λx)−1)

1− e−
αi
θ
(eθk(λx)−1)

ϕ1(ψ1(1− e−
αi
θ
(eθk(λx)−1)))

ϕ′1
(
ψ1(1− e−

αi
θ
(eθk(λx)−1))

)−
e−

αj
θ
(eθk(λx)−1)

1− e−
αj
θ
(eθk(λx)−1)

ϕ1(ψ1(1− e−
αj
θ
(eθk(λx)−1)))

ϕ′1
(
ψ1(1− e−

αj
θ
(eθk(λx)−1))

)).
Note that the log-convexity of ϕ1 implies the decreasing property of ϕ1

ϕ′1
. Since ψ1(1−e−

αi
θ
(eθk(λx)−1))

is decreasing in αi > 0, then
ϕ1(ψ1(1− e−

αi
θ
(eθk(λx)−1)))

ϕ′1
(
ψ1(1− e−

αi
θ
(eθk(λx)−1))

) is increasing in αi > 0. Again, as e−
αi
θ

(eθk(λx)−1)

1−e−
αi
θ

(eθk(λx)−1)
is decreasing in
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αi > 0, then
e−

αi
θ

(eθk(λx)−1)

1−e−
αi
θ

(eθk(λx)−1)

ϕ1(ψ1(1− e−
αi
θ
(eθk(λx)−1)))

ϕ′1
(
ψ1(1− e−

αi
θ
(eθk(λx)−1))

) is increasing in αi > 0. So, for i 6= j,

(αi − αj)

(
∂J(α, θ, λ, F, ϕ1)

∂αi
− ∂J(α, θ, λ, F, ϕ1)

∂αj

)
≤ 0.

Then Schur-concavity of J(α, θ, λ, F, ϕ1) follows from Lemma 2.1. According to Lemma 2.2
(α1, . . . , αn)

w
� (α∗

1, . . . , α
∗
n) implies J(α, θ, λ, F, ϕ1) ≤ J(α∗, θ, λ, F, ϕ1). On the other hand, since

ψ2 ◦ ϕ1 is super-additive by Lemma 2.3,
we have J(α∗, θ, λ, F, ϕ1) ≤ J(α∗, θ, λ, F, ϕ2). So, it holds that

J(α, θ, λ, F, ϕ1) ≤ J(α∗, θ, λ, F, ϕ1) ≤ J(α∗, θ, λ, F, ϕ2).

That is, Xn:n ≥st X
∗
n:n.

For the Archimedean survival copula, log-convexity of the generator leads to the RTIS (right tail
increasing in sequence) property. There exist many well-known generator of Archimedean copulas
which satisfy the log-convexity of ϕ, such as Clayton copula with generator (βx + 1)

− 1
β , β > 0,

Gumbel copula with generator ϕ(x) = e−x
1
β
, β ≥ 1 and Archimedean copula with generator

ϕ(x) = (x
1
β1 )−1, β ≥ 1. Also, for many sub-families of Archimedean copulas, the superadditivity

of ψ2 ◦ ϕ1 can be roughly interpreted as follows: Kendall’s τ of the copula with generator ϕ2 is
larger than that with generator ϕ1 and hence is more positive dependent.

In the following theorem, we assume X1 and X2 are two continuous random variables having
different parent CDF’s F1(.) and F2(.), respectively.

Theorem 3.2. For X ∼ Gpz−G(α, θ, λ, F1, ϕ1) and X∗ ∼ Gpz−G(α∗, θ, λ, F, ϕ2), if ϕ1 or ϕ2
is log-convex, ψ2 ◦ ϕ1 is super-additive and X1 ≥st X2, then (α1, . . . , αn)

w
� (α∗

1, . . . , α
∗
n) implies

Xn:n ≥st X
∗
n:n.

Proof. According to Equation (3.1), Xn:n and X∗
n:n have their respective distribution functions

J(α, θ, λ, F1, ϕ1) and J(α∗, θ, λ, F2, ϕ2), for x ≥ 0. In order to obtain the required result, it
is sufficient to indicate that, J(α, θ, λ, F1, ϕ1) ≤ J(α∗, θ, λ, F2, ϕ2). Consider the new random
vector W ∼ Gpz−G(α∗, θ, λ, F1, ϕ2). Again, according to Equation (3.1), distribution function of
Wn:n is J(α∗, θ, λ, F1, ϕ2). By applying the conditions of Theorem 3.1, it can be simply shown
that Xn:n ≥st Wn:n. Further, based on the definition of usual stochastic ordering, we have
J(α, θ, λ, F1, ϕ1) ≤ J(α∗, θ, λ, F1, ϕ2). Therefore, considering X1 ≥st X2 and due to the decreasing
property of J(α, θ, λ, F1, ϕ1) with respect to F it can be concluded that,

J(α∗, θ, λ, F1, ϕ2) ≤ J(α∗, θ, λ, F2, ϕ2).

That is, Xn:n ≥st X
∗
n:n and the proof is completed.
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The next theorem states that for parallel systems of components having dependent Gompertz-G
distributed lifetimes with constant shape parameter vector, the majorized scale parameter vector
leads to smaller system’s lifetime in the sense of usual stochastic ordering.

Theorem 3.3. For X ∼ Gpz−G(α, θ,λ, F, ϕ1) and X∗ ∼ Gpz−G(α, θ,λ∗, F, ϕ2), if ϕ1 ◦ ψ2

is super-additive and the baseline distribution is an odd convex function, then (λ1, . . . , λn)
w
�

(λ∗1, . . . , λ
∗
n) implies Xn:n ≤st X

∗
n:n.

Proof. According to Equation (3.1), Xn:n and X∗
n:n have their respective distribution functions

J(α, θ,λ, F, ϕ1) and J(α, θ,λ∗, F, ϕ2), for x ≥ 0. First we show that J(α, θ,λ, F, ϕ1) is increasing
and Schur-concave function of λi, i = 1, . . . , n. Since ϕ1 is decreasing, we have

∂J(α, θ,λ, F, ϕ1)

∂λi
= αk′(λix)e

θk(λix)e−
α
θ
(eθk(λix)−1)

×
ϕ′1
(∑n

i=1 ψ1(1− e−
α
θ
(eθk(λix)−1))

)
ϕ′1
(
ψ1(1− e−

α
θ
(eθk(λix)−1))

) ≥ 0,

for all x > 0,

which holds because k(λix) is increasing in λi. Therefore, J(α, θ,λ, F, ϕ1) is increasing in λi for
i = 1, . . . , n. Furthermore, for i 6= j,

∂J(α, θ,λ, F, ϕ1)

∂λi
− J(α, θ,λ, F, ϕ1)

∂λj
=

−ϕ′1
( n∑
i=1

ψ1(1− e−
α
θ
(eθk(λix)−1))

)
(
−αk′(λix)eθk(λix)e−

α
θ
(eθk(λix)−1)

ϕ′1
(
ψ1(1− e−

α
θ
(eθk(λix)−1))

) −

−αk′(λjx)eθk(λjx)e−
α
θ
(eθk(λjx)−1)

ϕ′1
(
ψ1(1− e−

α
θ
(eθk(λjx)−1))

) )
.

sgn
=

(
h′(λi)e

h(λi)

ϕ′1
(
ψ1(1− eh(λi))

) − h′(λj)e
h(λj)

ϕ′1
(
ψ1(1− eh(λj))

)).
where sgn

= means that both sides have the same sign and h(λi) = −α
θ (e

θk(λix) − 1) is a decreasing
convex function in λi. Since ϕ1 is decreasing and ϕ′1 is increasing, then

h′(λi)eh(λi)

ϕ′1

(
ψ1(1−e

h(λi))

) is decreasing in λi > 0. So, for i 6= j,

(λi − λj)

(
∂J(α, θ,λ, F, ϕ1)

∂λi
− J(α, θ,λ, F, ϕ1)

∂λj

)
≤ 0.
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Then Schur-concavity of J(α, θ,λ, F, ϕ1) follows from Lemma 2.1. According to Lemma 2.2
(λ1, . . . , λn)

w
� (λ∗1, . . . , λ

∗
n) implies J(α, θ,λ, F, ϕ1) ≤ J(α, θ,λ∗, F, ϕ1). On the other hand, since

ψ2 ◦ ϕ1 is super-additive by Lemma 2.3,
we have J(α, θ,λ∗, F, ϕ1) ≤ J(α, θ,λ∗, F, ϕ2). So, it holds that

J(α, θ,λ, F, ϕ1) ≤ J(α, θ,λ∗, F, ϕ1) ≤ J(α, θ,λ∗, F, ϕ2).

That is, Xn:n ≥st X
∗
n:n.

4 Conclusions
This is the first try to study some stochastic comparisons of largest order statistics from dependent
and heterogeneous samples having Gompertz-G family. We derived the usual stochastic order for
the largest order statistic of samples having Gompertz-G family and Archimedean copulas.
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Usual Stochastic Order of Series Systems With Dependent and
Heterogeneous Weibull Components
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Abstract

This paper studies series systems composed of m dependent subsystems consisting of
dependent and heterogeneous Weibull components. The components dependence is modelled by
Archimedean copulas. The paper provides sufficient conditions for comparing two series systems
stochastically, when the vector of the scale parameters of the first system majorizes the vector
of the scale parameters of the second one. In addition, the systems are compared when the
vectors of the number of components in each subsystem of the systems are different. The paper
also provides a numerical example to illustrate the theoretical results.
Keywords: Series system, Usual stochastic order, heterogeneous Weibull components.

1 Introduction
In most areas, including the lifetime, the distribution of the lifetime populations is not homogeneous,
and usually consist of a different number of homogeneous sub-populations. For example when
components are mixed with two different product lines due to different work shifts, different
raw materials, different manpower, etc. For comprehensive study of heterogeneous components,
interested readers may refer to Shojaee et al. [4]. This short communications provides sufficient
conditions for comparing two series systems with dependent and heterogeneous components
following the Weibull distribution in the sense of usual stochastic order when both the vector
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of number of components of subsystems and the scale parameters of the first system majorize the
vector of number of components of subsystems and the scale parameters of the second one. The
rest of the paper is organized as follows. Section 2 provides some basic definitions and lemma.
Section 3, is devoted to the usual stochastic order of series systems.

2 Preliminaries
Consider two random variables X and Y with SF’s F̄ and Ḡ, respectively.

Definition 1. The random variable X is said to be smaller than Y in the usual stochastic order if
F̄ (x) ≤ Ḡ(x) for all x, or equivalently E[ϕ(X)] ≤ E[ϕ(Y )] for all increasing functions ϕ for which
the expectations exist, and denoted by X ≤st Y .

Definition 2. (Marshall et al. [2]). Let a(1) ≤ · · · ≤ a(n) and b(1) ≤ · · · ≤ b(n) denote the increasing
arrangements of a = (a1, . . . , an) and b = (b1, . . . , bn), respectively.

(i) If
∑i

j=1 a(j) ≤
∑i

j=1 b(j) for i = 1, . . . , n − 1, and
∑n

j=1 a(j) =
∑n

j=1 b(j), then a is said to

majorize b and denoted by a
m
� b.

(ii) If
∑i

j=1 a(j) ≤
∑i

j=1 b(j) for i = 1, . . . , n, then a is said to weakly supermajorize b, and

denoted by a
w
� b.

(iii) If
∑n

j=i a(j) ≥
∑n

j=i b(j) for i = 1, . . . , n, then a is said to weakly submajorize b, denoted by
a �w b.

Let us consider the definition of Archimedean copula from Nelsen [3].

Definition 3. The copula function

CΨ(v1, . . . , vn) = Ψ

( n∑
i=1

φ(vi)

)
, (v1, . . . , vn) ∈ [0, 1]n,

where Ψ : [0,+∞) 7→ [0, 1] is (n − 2)th differentiable, with Ψ(0) = 1 and limt→+∞Ψ(t) = 0 is
called an Archimedean survival copula with generator Ψ if (−1)sΨs(t) ≥ 0, s = 0, 1, . . . , n− 2 and
(−1)n−2Ψn−2(t) is decreasing and convex for all t ≥ 0. In this copula φ = Ψ−1 is the inverse of Ψ
and is right continuous φ(v) = Ψ−1(v) = sup{t ∈ R : Ψ(t) > v}.

Definition 4. (Marshall et al. [2]). Consider a real-valued function ϕ defined on a set A ⊆ Rn.
If a

m
� b implies ϕ(a) ≥ (≤)ϕ(b) for any a, b ∈ A, then ϕ is Schur-convex (Schur-concave) on A .

Characterizations of Schur-convex (Schur-concave) functions are provided in the next lemma.

Lemma 2.1. (Marshall et al. [2]). Suppose that ϕ : In → R be a real-valued, continuously
differentiable function, where I ⊆ R is an open interval. Then, ϕ is Schur-convex (Schur-
concave) on In if and only if ϕ is symmetric on In, and for all i 6= j and all x ∈ In,
(ai − aj)

(
∂ϕ
∂ai

(a)− ∂ϕ
∂aj

(a)
)

≥ (≤)0, where ∂ϕ
∂ai

is the partial derivative of ϕ with respect to its
i-th argument.
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Lemma 2.2. (Marshall et al. [2]). Let ϕ be a real-valued function defined on a set A ⊆ Rn. Then,

(i) ϕ is increasing and Schur-convex on A if and only if a�wb implies ϕ(a) ≥ ϕ(b);

(ii) ϕ is decreasing and Schur-convex on A if and only if a
w
� b implies ϕ(a) ≥ ϕ(b).

Lemma 2.3. (Li and Fang [1]). Let CΦ and CΦ⋆ are two n-dimensional Archimedean copulas. If
φ⋆ ◦Φ is super-additive, then CΦ(v) ≤ CΦ⋆(v), for all v ∈ [0, 1]n (a function g is super-additive, if
g(p) + g(q) ≤ g(p+ q), for all p and q belong to the support of g).

Before giving the main results of the paper, we need the following notation:

Sn = {(a, b) : ai, bi ≥ 0 (ai − aj)(bi − bj) ≥ 0, i, j = 1, . . . , n}.

3 Main results
This section is devoted to the usual stochastic order of the reliability functions of two series
systems composed of m dependent subsystems. We, also, assume that the components within each
subsystem are dependent and heterogeneous that are modelled by Archimedean copulas. We denote
by m the number of subsystems in a series system. The number of components in each subsystem
is denoted by nj , j = 1, . . . ,m, and the number of components of the system is n =

∑m
j=1 nj .

Theorem 3.1. Let Wn(m,n,λ,Ψ) and W ⋆
n(m,n,γ,Ψ

⋆) are the lifetimes random variables of
two series systems with the respective parameters λ = (λ1,1, . . . , λ1,n1 , . . . , λm,1, . . . , λm,nm) and
γ = (γ1,1, . . . , γ1,n1 , . . . , γm,1, . . . , γm,nm), the common generators log-convex Φ, j = 1, . . . ,m, and
the respective generators log-convex Ψ and Ψ⋆ of Archimedean copulas with reliability functions
F̄Wn(m,n,λ,Ψ)(x) = Ψ

(∑m
j=1 ψ

[
Φ

(∑nj

i=1 φ
(
exp(−λj,ixβ)

))])
and F̄W ⋆

n(m,n,γ,Ψ
⋆)(x) =

Ψ⋆

(∑m
j=1 ψ

⋆

[
Φ

(∑nj

i=1 φ
(
exp(−γj,ixβ)

))])
, respectively. For (n,λ) ∈ Sm and (n,γ) ∈ Sm, if

λ �w γ and ψ⋆ ◦Ψ be super-additive, then Wn(m,n,λ,Ψ) ≤st W
⋆
n(m,n,γ,Ψ

⋆).

Proof. We must to show that F̄Wn(m,n,λ,Ψ)(x) is decreasing and Schur-concave with respect to λ.
By considering δ(λ) = F̄Wn(m,n,λ,Ψ)(x), the partial derivative of δ(λ) with respect to λj,i is

∂δ(λ)

∂λj,i
= Ψ′

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ixβ)

))])
× ψ′

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ixβ)

))]

× Φ′
( nj∑
i=1

φ
(
exp(−λj,ixβ)

))
× φ′( exp(−λj,ixβ))× (−xβ exp(−λj,ixβ)).

The decreasingness property of generators of Archimedean copulas yields: Ψ′ ≤ 0, ψ′ = (Ψ−1)′ ≤ 0,
Φ′ ≤ 0 and φ′ = (Φ−1)′ ≤ 0. Thus, ∂δ(λ)

∂λj,i
≤ 0, and δ(λ) is decreasing in λ. In addition, for
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1 ≤ j, k ≤ m and any pair (u, s), 1 ≤ u ≤ nj and 1 ≤ s ≤ nk(
∂δ(λ)

∂λj,u
− ∂δ(λ)

∂λk,s

)
= Ψ′

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ixβ)

))])((−xβ exp(−λj,uxβ))
exp(−λj,uxβ)

× ψ′
[
Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))]
× Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))
× φ′( exp(−λj,uxβ))

×
Φ′
(∑nj

u=1 φ
(
exp(−λj,uxβ)

))
Φ

(∑nj

u=1 φ
(
exp(−λj,uxβ)

)) × exp(−λj,uxβ)− ψ′
[
Φ

( nk∑
s=1

φj
(
exp(−λk,sxβ)

))]

× Φ

( nk∑
s=1

φ
(
exp(−λk,sxβ)

))
×

Φ′
(∑nk

s=1 φ
(
exp(−λk,sxβ)

))
Φ

(∑nk
s=1 φ

(
exp(−λk,sxβ)

)) × φ′( exp(−λk,sxβ))

× exp(−λk,sxβ)×
(−xβ exp(−λk,sxβ))

exp(−λk,sxβ)

)
sign
= −

(
ψ′
[
Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))]
× Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))
×W (j, u)×

φ′( exp(−λj,uxβ))× exp(−λj,uxβ)×K(j, u)− ψ′
[
Φ

( nk∑
s=1

φj
(
exp(−λk,sxβ)

))]
×

Φ

( nk∑
s=1

φj
(
exp(−λk,sxβ)

))
×W (k, s)× φ′( exp(−λk,sxβ))× exp(−λk,sxβ)×

K(k, s)) ,

where W (f, g) = ∂ lnΦ(x)
∂x = Φ′(x)

Φ(x) =

Φ′

(∑nf
g=1 φ

(
F̄ (t)e

−λf,gt
))

Φ

(∑nf
g=1 φ

(
F̄ (t)e

−λf,gt
)) and K(f, g) =

∂ ln F̄ (t)e
−λf,gt

∂λf,g
= F̄ (t)(−te−λf,gt)

F̄ (t)e
−λf,gt

. Now, for λj,u ≥ λk,s, j, k = 1, . . . ,m, u = 1, . . . , nj , s = 1, . . . , nk,

exp(−λj,uxβ) ≤ exp(−λk,sxβ). (3.1)

The decreasingness of φ yields:

φ
(
exp(−λj,uxβ)

)
≥ φ

(
exp(−λk,sxβ)

)
, (3.2)
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and from log-convexity of Φ (or equivalently, xφ′(x) is increasing in x), we have

exp(−λj,uxβ)φ′( exp(−λj,uxβ)) ≤ exp(−λk,sxβ)φ′( exp(−λk,sxβ)) ≤ 0. (3.3)

Also,
0 ≥ K(j, u) = K(k, s). (3.4)

Now, from the assumption that (n,λ) ∈ Sm, we have nj ≥ nk. Then, from relation (3.2) we get

nj∑
u=1

φ
(
exp(−λj,uxβ)

)
≥

nk∑
s=1

φ
(
exp(−λk,sxβ)

)
,

and thus, from decreasingness property of Φ, we have

Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))
≤ Φ

( nk∑
s=1

φ
(
exp(−λk,sxβ)

))
. (3.5)

Since Φ is log-convex, −Φ will be log-concave. Then,

−W (j, u) ≥ −W (k, s) ≡ K(j, u)W (j, u) ≥ K(k, s)W (k, s) ≥ 0 (3.6)

Hence, from the log-convexity of Ψ, xψ′(x) is increasing in x, and inequality (3.5), we have

Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))
ψ′
[
Φ

( nj∑
u=1

φ
(
exp(−λj,uxβ)

))]

≤ Φ

( nk∑
s=1

φ
(
exp(−λk,sxβ)

))
ψ′
[
Φ

( nk∑
s=1

φ
(
exp(−λk,sxβ)

))]
≤ 0. (3.7)

Consequently, from relation (3.3)-(3.7)

(λj,u − λk,s)

[
∂δ(λ)

∂λj,u
− ∂δ(λ)

∂λk,s

]
≤ 0.

Thus, using Lemma 2.1, δ(λ) is Schur-concave with respect to λ. Moreover, it is easy to see
that δ(λ) is symmetric with respect to λ. Hence, by Lemma 2.2, if λ �w γ, then

Ψ

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ixβ)

))])
≤ Ψ

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−γj,ixβ)

))])
. (3.8)

From assumption ψ⋆ ◦Ψ is super-additive together with Lemma 2.3, one can obtain

Ψ

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−γj,ixβ)

))])
≤ Ψ⋆

( m∑
j=1

ψ⋆
[
Φ

( nj∑
i=1

φ
(
exp(−γj,ixβ)

))])
. (3.9)
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By combining inequalities (3.8) and (3.9), we get

Ψ

( m∑
j=1

ψ

[
Φ

( nj∑
i=1

φ
(
exp(−λj,ixβ)

))])
≤ Ψ⋆

( m∑
j=1

ψ⋆
[
Φ

( nj∑
i=1

φ
(
exp(−γj,ixβ)

))])
.

That means Wn(m,n,λ,Ψ) ≤st W
⋆
n(m,n,γ,Ψ

⋆), and this completing the proof of the theorem.

Theorem 3.1 gives the following upper bound for the SF of the random variable
Wn(m,n,λ,Ψ).

Corollary 3.2. Set (γ1, . . . , γn) = (λ̄, . . . , λ̄), where λ̄ = 1
n

∑m
j=1

∑nj

i=1 λj,i. One can see that λ�wγ.
Let (n,λ) ∈ Sm and Ψ and Φ be log-convex. For the SF of the random variable Wn(m,n,λ,Ψ)
an upper bound is as follows:

F̄Wn(m,n,λ,Ψ)(x) ≤ Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λ̄xβ)

))])
.

Remark 3.3. The assumption of sub-additivity or super-additivity of ψ⋆ ◦Ψ in Theorems 3.1 is not
restrictive. Many Archimedean copulas satisfy this condition. We present some examples below.
The super-additivity of ψ⋆ ◦Ψ is easy to verify.

(i) Let Ψ(u) = e
1−eu

θ1 and Ψ⋆(u) = e
1−eu

θ2 , where 0 < θ1, θ2 ≤ 1. Thus, ψ⋆ ◦ Ψ is super-additive
for θ1 ≥ θ2.

(ii) Let Ψ(u) = θ
log(eθ+u)

and Ψ⋆(u) = log(eθ+u)−
1
θ , where θ > 1. Thus, ψ⋆ ◦Ψ is super-additive.

Remark 3.4. The assumption of log-convexity of the generators of Archimedean copulas in Theorems
3.1 is satisfied in the following generators.

(i) The Gumbel-Hougaard copula with generator Ψ(u) = e−u
1
θ .

(ii) Ψ(u) = θ
log(eθ+u)

, θ ∈ (0,+∞).

(iii) Ψ(u) = log(eθ + u)−
1
θ , θ ∈ (0,+∞).

(iv) The Clayton copula with generator Ψ(u) = (1 + θu)
−1
θ , θ ∈ (0,+∞).

Now, let the components in each subsystem have the same SFs, F̄j(x) = exp(−λjxβ), j =
1, . . . ,m, but the number of components in each subsystem of the first system is different from the
second one. Also, suppose that the subsystems have the same dependency structure.

Theorem 3.5. Suppose that Wn(m,n,λ,Ψ) and W ⋆
n⋆(m,n⋆,λ,Ψ⋆) are the lifetimes random

variables of two series systems with the common parameters λ = (λ1, . . . , λm), the common log-
concave generators Φ, and the respective log-convex generators Ψ and Ψ⋆ of Archimedean copulas
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with SF’s F̄Wn(m,n,λ,Ψ)(x) =

Ψ

(∑m
j=1 ψ

[
Φ

(
njφ

(
exp(−λjxβ)

))])
and F̄W ⋆

n⋆ (m,n⋆,λ,Ψ⋆)(x) =

Ψ⋆

(∑m
j=1 ψ

⋆

[
Φ

(
n⋆jφ

(
exp(−λjxβ)

))])
, where

∑m
j=1 nj = n and

∑m
j=1 n

⋆
j = n⋆. For (n,λ) ∈

Sm and (n⋆,λ) ∈ Sm, if n �w n⋆ and ψ⋆ ◦ Ψ be super-additive, then Wn(m,n,λ,Ψ) ≤st

W ⋆
n⋆(m,n⋆,λ,Ψ⋆).

Proof. We must to show that F̄Wn(m,n,λ,Ψ)(x) is decreasing and Schur-concave with respect to n.
By considering ζ(n) = F̄Wn(m,n,λ,Ψ)(x), the partial derivative of ξ(n) with respect to nj is

∂ζ(n)

∂nj
= Ψ′

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λjxβ)

))])
× ψ′

[
Φ

(
njφ

(
exp(−λjxβ)

))]

× Φ′
(
njφ

(
exp(−λjxβ)

))
× φ

(
exp(−λjxβ)

)
.

The decreasingness property of generators of Archimedean copulas yields: Ψ′ ≤ 0, ψ′ = (Ψ−1)′ ≤ 0

and Φ′ ≤ 0. Thus, ∂ζ(n)
∂nj

≤ 0, and ζ(n) is decreasing in n. In addition, for any pair (u, s), similar
to the proof of Thereom 3.1, we have[

∂ζ(n)

∂nu
− ∂ζ(n)

∂ns

]
sign
= −

[
ψ′
[
Φ

(
nuφ

(
exp(−λuxβ)

))]
× Φ

(
nuφ

(
exp(−λuxβ)

))
×

Φ′
(
nuφ

(
exp(−λuxβ)

))
Φ

(
nuφ

(
exp(−λuxβ)

)) × φ
(
exp(−λuxβ)

)
− ψ′

[
Φ

(
nsφ

(
exp(−λsxβ)

))]
× φ

(
exp(−λsxβ)

)

− ψ′
[
Φ

(
nsφ

(
exp(−λsxβ)

))]
× Φ

(
nsφ

(
exp(−λsxβ)

))
×

Φ′
(
nsφ

(
exp(−λsxβ)

))
Φ

(
nsφ

(
exp(−λsxβ)

))

× φ
(
exp(−λsxβ)

)]
.

Now, for u ≤ s (u > s) and from the assumption that (n,λ) ∈ Sm, nu ≤ (≥)ns and λu ≤ (≥)λs.
Thus, exp(−λuxβ) ≥ (≤) exp(−λsxβ). On the one hand, from the decreasing property of φ, we
have

φ
(
exp(−λuxβ)

)
≤ (≥)φ

(
exp(−λsxβ)

)
,

and then
nuφ

(
exp(−λuxβ)

)
≤ (≥)nsφ

(
exp(−λsxβ)

)
.
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On the other hand, from log-concavity and decreasingness of Φ, respectively, we get

0 ≥
Φ′
(
nuφ

(
exp(−λuxβ)

))
Φ

(
nuφ

(
exp(−λuxβ)

)) ≥ (≤)

Φ′
(
nsφ

(
exp(−λsxβ)

))
Φ

(
nsφ

(
exp(−λsxβ)

)) (≤ 0),

Φ

(
nuφ

(
exp(−λuxβ)

))
≥ (≤)Φ

(
nsφ

(
exp(−λsxβ)

))
.

Since ψ is log-convex, one can obtain

0 ≥ Φ

(
nuφ

(
exp(−λuxβ)

))
ψ′
[
Φ

(
nuφ

(
exp(−λuxβ

))]
≥ (≤)Φ

(
nsφ

(
exp(−λsxβ)

))
ψ′
[
Φ

(
nsφ

(
exp(−λsxβ)

))]
(≤ 0).

Consequently,
(nu − ns)

[
∂ζ(n)

∂nu
− ∂ζ(n)

∂ns

]
≤ 0.

Thus, using Lemma 2.1, ζ(n) is Schur-concave with respect to n. In addition, one can see that
ζ(n) is symmetric with respect to n. Therefore, from Lemma 2.2, if n �w n⋆, then

Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λjxβ)

))])
≤ Ψ

( m∑
j=1

ψ

[
Φ

(
n⋆jφ

(
exp(−λjxβ)

))])
. (3.10)

Similar to the proof of Theorem 3.1, from assumption ψ⋆ ◦Ψ is super-additive, we get

Ψ

( m∑
j=1

ψ

[
Φ

(
njφ

(
exp(−λjxβ)

))])
≤ Ψ⋆

( m∑
j=1

ψ⋆
[
Φ

(
n⋆jφ

(
exp(−λjxβ)

))])
.

That means Wn(m,n,λ,Ψ) ≤st W
⋆
n⋆(m,n⋆,λ,Ψ⋆).

Let us consider the following example for our theoretical findings.

Example 3.6. (a) Let Ψ(v) = 2
log(e2+v)

and Ψ⋆(v) = log(e1.8 + v)−
1
1.8 . Clearly, Ψ and Ψ⋆ are

log-convex, and ψ⋆ ◦ Ψ is super-additive. Set β = 1, n = 12, m = 3, n = (4, 4, 4), and
Φ(u) = 1.5

log(e1.5+u)
. Put the parameters of the systems

λ = (λ1, . . . , λ12) = (0.2, 0.26, 0.32, 0.38, 0.44, 0.5, 0.56, 0.62, 0.7, 0.75, 0.8, 0.9),

and

γ = (γ1, . . . , γ12) = (0.1, 0.14, 0.18, 0.22, 0.26, 0.3, 0.34, 0.38, 0.52, 0.56, 0.6, 0.7).

It is easy to see that λ �w γ. Thus, all conditions of Theorem 3.1 are met. Figure 1 (a)
depicts the plots of F̄W12(3,4,λ,Ψ)(x) and F̄W ⋆

12(3,4,γ,Ψ
⋆)(x). As can be seen from the plot

W12(3,4,λ,Ψ) ≤st W
⋆
12(3,4,γ,Ψ

⋆).
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(b) Let Ψ(v) = e
1−ev

0.75 and Ψ⋆(v) = e
1−ev

0.55 . Clearly, ψ⋆ ◦ Ψ is super-additive. Set β = 1, n = 9,
n⋆ = 7, m = 3, n = (n1, n2, n3) = (4, 3, 2), n⋆ = (n⋆1, n

⋆
2, n

⋆
3) = (3, 2, 2), Φ(u) = e

1−eu

0.8 , and
λ = (λ1, λ2, λ3) = (0.5, 0.4, 0.3). It is easy to see that n �w n⋆, (n,λ) ∈ T3 and (n⋆,λ) ∈ T3.
Thus, all conditions of Theorem 3.5 are met. Figure 1 (b) depicts the plots of F̄W9(3,n,λ,Ψ)(x)
and F̄W ⋆

7 (3,n
⋆,λ,Ψ⋆)(x), which indicates that W9(3,n,λ,Ψ) ≤st W ⋆

7 (3,n
⋆,λ,Ψ⋆). This

coincides with the result of Theorem 3.5.

4 Conclusions

This paper has studied series systems composed of the dependent and heterogeneous Weibull
components that the dependency is modeled by Archimedean copulas. We have shown that
when both the vector of number of components of subsystems and the scale parameters of the first
system majorize the vector of number of components of subsystems and the scale parameters of
the second one, then the first system is less reliable than the second system.

(a) (b)

Figure 1: (a): F̄W12(3,4,λ,Ψ)(x) (solid) and F̄W⋆
12(3,4,γ,Ψ⋆)(x) (dash dot); and (b):

F̄W9(3,n,λ,Ψ)(x) (solid) and F̄W⋆
7 (3,n⋆,λ,Ψ⋆)(x) (dash dot) in Example 3.6.
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