
f(x) = 0

f(x) = 0

x0

f ′(x) 6= 0

(x0, f(x0)) y = f(x)
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H(θ) = − ∂2

∂θ2 lnL(θ)

|S(θ̂(k))|

|θ̂(k+1) − θ̂(k)|

θ̂(0) θ

θ = (θ1, θ2, · · · , θp)
T

θ̂

S(θ̂) = 0 θ

S(θ) =

(
∂

∂θ1
lnL(θ), · · · ,

∂

∂θp
lnL(θ)

)T

(k+1) θ̂(k+1)

θ̂
(k+1)

= θ̂
(k)

+ [H(θ̂
(k)
)]−1S(θ̂

(k)
),

k = 0, 1, 2, · · · ,

H(θ) = [hij ]p×p

H (i, j)

hij(θ) = −
∂2

∂θi∂θj
lnL(θ)

‖S(θ̂)(k)‖

f(x) = 0

x = ϕ(x) [a, b] α

f(x) = 0

x1 x

y − f(x0) = f ′(x0)(x− x0).

x

x1

0− f(x0) = f ′(x0)(x1 − x0),

x1 = x0 −
f(x0)

f ′(x0)
.

x1

x2 x

x0, x1, x2, · · ·

xn+1 = xn −
f(xn)

f ′(xn)
; n = 0, 1, 2, · · ·

ǫ > 0 |xn+1 − xn| < ǫ

[a, b]

f(b) > 0 f(a) < 0

x0

[a, b]

n Xn, ..., X2, X1

L(θ) = f(x; θ) f(x; θ)

θ̂ θ

S(θ) =
∂

∂θ
lnL(θ) = 0

k θ θ̂(k)

θ̂(k+1) = θ̂(k) +
S(θ̂)

H(θ̂)
, k = 0, 1, 2, · · · ,
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optimize

[a, b]

f

x f x

f(x)

1.414 (1, 2)

[a, b] [a, b] ϕ(x)

x0 |ϕ(x)| < 1

{xn} α

xn+1 = ϕ(xn), n = 0, 1, 2, · · · .

|xn+1−xn| < ǫ

ǫ > 0

ϕ′(x)

S − PLUS

uniroot

[a, b] f(x)

f(b) > 0 f(a) < 0

f

x f x

[a, b]

[a, b]

f(x) = x3 − 6x + 4

0.732 (0, 1) [
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y0 = (3, 0.5) x1 = x2 = 0.2

x2 = 0.524 x1 = 1.099

optim

f(x, y) = 100(y − x2)2 + (1− x)2

(x, y) = (−1.2, 1)

(x, y) = (1.000260, 1.000506)

nlmin

f(x)

1.333

f(x) = y0

y0 x

{





ex1 = 3

sin(x2) = 0.5 [
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β̃ = 0.81906

θ̃ = 108.8027 θ

θ n

β

lnLn = lnβ + β

n∑

i=1

ln(
xi

θ
)−

n∑

i=1

xi −
n∑

i=1

(
xi

θ
)β

∂

∂θ
lnL = −

nβ

θ
+
β

θ

n∑

i=1

(
xi

θ
)β = 0

∂

∂β
lnL =

n

β
+

n∑

i=1

ln(
xi

θ
)−

n∑

i=1

ln(
xi

θ
)β ln(

xi

θ
) = 0.

θ =

(∑n
i=1 x

β
i

n

) 1

β

θ

∑n
i=1 x

β
i lnxi∑n

i=1 x
β
i

−
1

β
−

∑n
i=1 lnxi
n

= 0.

β

n Xn, ..., X2, X1

β θ

F (x; θ, β) = 1− e−(x/θ)
β

;x ≥ 0, θ , β > 0,

β θ

E(X) = θΓ(1 +
1

β
) = X

θ =
X

Γ(1 + 1
β )

E(X2) = θ2Γ(1 +
2

β
) = X2

θ

X
2
Γ(1 +

2

β
)−X2[Γ(1 +

1

β
)]2 = 0

β

uniroot

74, 57, 48, 29, 502, 12, 70, 21,

229, 386, 59, 27, 153, 26, 326

uniroot [
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β̂ = 0.8884888

θ̂ = 111.2997

n Xn, ..., X2, X1

Γ(α, 1)

f(x;α) =
1

Γ(α)
xα−1e−x; x > 0, α > 0.

lnL = −n ln Γ(α) + (α− 1)
n∑

i=1

lnxi −
n∑

i=1

xi.

∂

∂α
lnL = −n

Γ′(α)

Γ(α)
+

n∑

i=1

lnxi

= −nψ(α) +

n∑

i=1

lnxi = 0

Γ′(α) ψ(α) = Γ′(α)
Γ(α)

x > 0

Γ′(α) =
d

dα
Γ(α) =

d

dα

∫
∞

0

x
α−1

e
−x

dx =

∫
∞

0

lnx x
α−1

e
−x

dx

α

h(β) = β

h(β) =

[∑n
i=1 x

β
i lnxi∑n

i=1 x
β
i

−

∑n
i=1 lnxi
n

]
−1

.

ML

β̂ = 0.8884917

θ̂ = 113.2999 ML
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S(θ) =
∂

∂θ
lnL = 2

n∑

i=1

xi − θ

1 + (xi − θ)2
= 0

θ

θ = 2

1.71531, − 1.74758, 2.18850, 2.66324, 3.16689,

−0.45627, 2.91033, 2.13182, 1.19956, − 0.53720

Γ(α = 1
2 , 1)

α̂ = 0.588

0.588

n Xn, ..., X2, X1

θ

f(x; θ) =
1

π[1 + (x− θ)2]
; x, θ ∈ R

lnL = −n lnπ −
n∑

i=1

ln[1 + (xi − θ)
2],
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θ̂ = 2.027

θ = 2

θ θ̂(0)

θ 1.924

θ̂ = 2.030

n Xn, ..., X2, X1

σ µ

f(x;µ, σ) =
1

πσ[1 + (x−µ
σ )2]

;

x, µ ∈ R, σ > 0.

∂

∂µ
lnL = 2

n∑

i=1

xi − µ

σ2 + (xi − µ)2
= 0

∂

∂σ
lnL =

n

σ
− 2

n∑

i=1

σ

σ2 + (xi − µ)2
= 0

σ µ

(µ = 0, σ = 1)
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0.654, 0.613, 0.315, 0.449, 0.297,

0.402, 0.379, 0.423, 0.379, 0.324,

0.269, 0.740, 0.418, 0.412, 0.494,

0.416, 0.338, 0.392, 0.484, 0.265.

λ̂ = 0.015642 β̂ = 4.056668

n Xn, ..., X2, X1

F (x) =
1− e−

x
σ

1 + e−
x
σ

; x > 0, σ > 0

100(1 − α)%

σ

F (X) ∼ U(0, 1),

−2
n∑

i=1

ln[1− F (Xi)] ∼ χ2(2n),

σ̂ = 0.9652 µ̂ = 0.2294

σ = 1 µ = 0

n Xn, ..., X2, X1

F (x) = e−λx−β

; x, λ, β > 0

x =

(
−
1

λ
lnF (x)

)
−

1

β

,

Xi:n(i = 1, 2, · · · )

pi n

λ β F (xi:n)

n∑

i=1

[
xi:n −

(
−
1

λ
ln pi

)
−

1

β

]2

λ β

pi =
i

n+1 pi

E[F (Xi:n)] F (Xi:n)
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(0.684, 1.635)

Q(σ) = −2

n∑

i=1

ln

(
2e−

Xi
σ

1 + e−
Xi
σ

)
,

2n

P
(
χ2((2n),α/2) < Q(σ) < χ2((2n),1−α/2)

)
= 1− α

σ 100(1 − α)%

σ

d

dσ
Q(σ) = −2

n∑

i=1

Xi

σ2

1 + e−
Xi
σ

< 0,

Q(σ)

lim
σ→0

Q(σ) =∞, lim
σ→∞

Q(σ) = 0

Q(σ) = t t > 0

σ > 0

P
(
ϕ(x1, ..., xn, χ

2
((2n),1−α/2)) < σ

< ϕ(x1, ..., xn, χ
2
((2n),α/2))

)

= 1− α

σ Q(σ) = t ϕ(x1, ..., xn, t)

 [
 D

ow
nl

oa
de

d 
fr

om
 ir

st
at

.ir
 o

n 
20

25
-0

7-
16

 ]
 

                            10 / 14

http://irstat.ir/andisheyeamari/article-1-289-en.html


4.5 0.015 b a

∑5
i=1 xi = 3.788

95%

(
a

2
∑n

i=1 xi
,

b

2
∑n

i=1 xi

)
= (0.002, 0.595)

b a

Pβ(
a

2
∑n

i=1 xi
< β <

b

2
∑n

i=1 xi
) = 1− α

n Xn, ..., X2, X1

Γ(θ, β)

f(x; θ, β) =
βθ

Γ(θ)
xθ−1e−βx;x, θ, β > 0

θ

β 100(1 − α)%

Q = 2β

n∑

i=1

xi ∼ χ22nθ

P (a < Q < b) = 1− α

P

(
a

2
∑n

i=1 xi
< β <

b

2
∑n

i=1 xi

)
= 1− α.

Q

1− α

l(a, b) =
1

2
∑n

i=1 xi
(b− a)

∫ b

a

hν(t)dt = 1− α

P (a < Q < b) = 1− α

hν(.)

b a ν = 2nθ

∫ b

a
hν(t)dt = 1− α,

hν(a) = hν(b).

ν

Γ(θ = 1, β = 0.5)
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b = 2.343 a = 0.049

95%
∑5

i=1 xi = 1.104

(0.022, 1.061)

θ π(θ|x)

1 − α (I1, I2)

θ

∫ I2

I1

π(θ|x)dθ = 1− α.

Θ (c, d)

θ 1− α

P (c < θ < d|X = x) = 1− α

θ2 6∈ (c, d) θ1 ∈ (c, d)

π(θ1|x) ≥ π(θ2|x)

d c 1−α





∫ d

c
π(θ|x)dθ = 1− α,

π(c|x) = π(d|x)

n Xn, ..., X2, X1

F (x) = 1− e−θx, x, θ > 0,

( a
2
∑

n
i=1

xi
, b
2
∑

n
i=1

xi
)

β′

H(λ) = Pβ(
a

2
∑n

i=1 xi
< β′ <

b

2
∑n

i=1 xi
)

= P (aλ < Q < bλ)

λ = β
β′

b a β 100(1 − α)%

H(λ)





= 1− α; β′ = β

< 1− α; β′ 6= β

.

b a





∫ b

a
hν(t)dt = 1− α,

bhν(b) = ahν(a)
,

ν = 2nθ hν(.)

ν

5

Γ(θ = 1, β = 0.5)

0.4469, 0.11557, 0.49976, 0.00288, 0.03896
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L(θ) = θne−θ
∑n

i=1
xi

Γ(λ, λ) θ

π(θ) =
λλ

Γ(λ)
θλ−1e−θλ; θ > 0

θ

π(θ|x) =
[λ+

∑n
i=1 xi]

n+λ

Γ(n+ λ)
× θn+λ−1e−θ(λ+

∑n
i=1

xi).

θ|x ∼ Γ(n+λ, λ+
∑n

i=1 xi)

θ|x

2θ[λ+
n∑

i=1

xi] ∼ χ2(2(n+λ)).

θ 1 − α

(
χ2(1−α

2
,2(n+λ))

2[λ+
∑n

i=1 xi]
,

χ2(α
2
,2(n+λ))

2[λ+
∑n

i=1 xi]

)

2(n+λ) α χ2(α,2(n+λ))

1− α





Γd(n+ λ, λ+
∑n

i=1 xi)−

Γc(n+ λ, λ+
∑n

i=1 xi) = 1− α,

( cd )
n+λ−1 = e(c−d)(λ+

∑n
i=1

xi)

Γx(r, t) =

∫ x

0

tr

Γ(r)
yr−1e−tydy,

t r

λ = 4

θ = 1.1632

θ = 1.1632 n = 20





Γd(24, 20.737

Γc(24, 20.737) = 0.95

( cd )
23 = e20.737(c−d) [
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(0.741, 1.664)

95% (c, d)

(0.7412955, 1.6638267)

PLUS”.
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