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(i− j − 1)k−1

(i)k
=
(i− j − 1) · · · (i− j − k + 1)

i · · · (i− k + 1)

=
(i− j − 1)k−1

(

1 +O( 1
i−j−1 )

)

ik
(

1 +O( 1
i
)
)

=
1

i

(

1+O
(j

i

)

)(

1+O
( 1

i− j − 1

)

)

=
1

i
+O

( j

i2

)

,

j + k ≤ i ≤ n i

n
∑

i=j+k

(1

i
+O

( j

i2

)

)

= Hn −Hj+k−1 +O(1),

Hn =
∑n

m=1
1
m
∼ lnn

u

φj,n

( u
√

ln n
j

)

= exp

(

Dj,j+k−1
u

√

ln n
j

+k
(

Hn −Hj+k +O(1)
)(

e

u√
ln n

j − 1
)

+
n

∑

i=j+k

O
((i− j − 1)k−1

(i)k

(

e

u√
ln n

j − 1
)2
)

)

= exp

(

Dj,j+k−1
u

√

ln n
j

+
(

k ln
n

j
+O(1)

)

([

1 +
u

√

ln n
j

+
u2

2 ln n
j

+O
( 1

ln
3
2 n

j

)]

− 1
)

+O
(([

1 +
u

ln n
j

+
u2

2 ln n
j

+O
( 1

ln
3
2 n

j

)]

− 1
)2)

)

.

φj,n

( u
√

ln n
j

)

exp
(

− ku

√

ln
n

j

)

= exp
(ku2

2
+O

( 1
√

ln n
j

))

→ e
k
2
u2

.

j = o(n)

Dj,n − k ln n
j

√

ln n
j

L−→N(0, k),

L−→

c ∈ (0, 1] cn → c j = cnn

Dj,j+k−1 = 1

Γ(.)

φj,n(t) ∼ et
n
∏

i=j+k

(

1 +
k

i
(et − 1)

)

(n−j−1

k−1 )
(nk)

j

Dj,n = Dj,n−1 +B

(
(

n−j−1
k−1

)

(

n

k

)

)

= Dj,n−1 +B

(

k
(n− j − 1)k−1

(n)k

)

,

p B(p)

(x)r = x(x− 1) · · · (x− r + 1),

Dj,n−1

n ≥ j + k

Dj,n = Dj,j+k−1 +
n

∑

i=j+k

B

(

k
(i− j − 1)k−1

(i)k

)

,

Dj,j j < k

Tk Dj,j+k−1 . . . Dj,j+1

k

j ≥ k

Dj,j = Dj,j+1 = · · · = Dj,j+k−1 = 1.

Dj,n φj,n(t)

φj,n(t) = eDj,j+k−1t ×
n
∏

i=j+k

(

1− k
(i− j − 1)k−1

(i)k

+ k
(i− j − 1)k−1

(i)k
et
)

.

t φj,n(t) j = o(n)

ln(φj,n(t)) = Dj,j+k−1t

+
n

∑

i=j+k

ln
(

1− k
(i− j − 1)k−1

(i)k
+ k

(i− j − 1)k−1

(i)k
et
)

= Dj,j+k−1t+
n

∑

i=j+k

k
(i− j − 1)k−1

(i)k
(et − 1)

+
n

∑

i=j+k

O
(( (i− j − 1)k−1

(i)k
(et − 1)

)2)

.
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k

c ∈ (0, 1] cn → c j = cnn

Dj,n
L−→1 + Poi

(

k ln
1

c

)

,

λ Poi(λ)

= et
Γ(n+ 1 + k(et − 1))Γ(j + k)

Γ(j + k + k(et − 1))Γ(n+ 1)

∼ et
(n

j

)k(et−1)

= etek(e
t
−1) ln n

j

→ etek ln 1
c
(et−1).
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