
n

f(x; θ)

n

f(x, θ) =
n−1
∏

i=1

h(xi; θ)f(xn; θ)

−∞ < x1 < x2 < ... < xn <∞

h(xi; θ) = f(xi;θ)
1−F (xi;θ)

θ ∈ Θ x = (x1, x2, ..., xn)

Θ

CMP

MLP MUP

{Xi, i ≥ 1}

F (x; θ)

θ f(x; θ)

Xj

Xj

j > i Xj > Xi

{U(n), n ≥ 1}

U(1) = 1

n ≥ 2

U(n) = min{j : j > U(n− 1), Xj > X
U(n−1)

}.

X
U(n)

, n = 1, 2, ...

X
U(1)

= x1 n

F (x; θ) X
U(n)

= xn X
U(2)

= x2
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X ∼ Exp(θ)

F (x; θ) = 1− exp
{

−
x

θ

}

, x > 0, θ > 0.

θ

θ

n

n

XU(n) = xn XU(2) = x2 XU(1) = x1

XU(2) = x2 XU(1) = x1 (4) (3) (1)

[4] XU(n)

f(x; θ) = θ−n exp
{

−
x

θ

}

, x > 0, θ > 0

x = (x1, x2, ..., xn)

θ (MLE)

θ̂ =
XU(n)

n
.

[4] XU(n)

fn(x; θ) = f(x; θ)
[− ln(1− F (x; θ))]n−1

(n− 1)!

=
1

θnΓ(n)
xn−1 exp{−

x

θ
}, x > 0

XU(n) ∼ gamma(n, θ)

E(θ̂) = θ,

L(θ, δ)

δ θ

L(θ, δ) = (δ − θ)2

L(θ, δ) = b exp {c(δ − θ)} − c(δ − θ)− 1

L(θ, δ) = b exp {c∆} − c∆− 1

∆ = δ − θ

b > 0 δ

c c 6= 0

L(∆) c < 0

∆ > 0 ∆ < 0

L(∆) c > 0

∆ > 0 ∆ < 0

c

b = 1

L(θ, δ) = exp {c(δ − θ)} − c(δ − θ)− 1.

X

X ∼ Exp(θ) θ

f(x; θ) =
1

θ
exp

{

−
x

θ

}

, x > 0, θ > 0
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∂l

∂θ
=

y − sθ

θ2
= 0

Y θ (PMLE)

θ̂PMLE =
1

n+ 1
XU(n),

θ̂MLP =
s

n+ 1
XU(n).

XU(n) XU(2) XU(1) Y

f(y | x; θ) =
y − xn

θs−nΓ(s− n)
exp

{

y − xn

θ

}

, xn < y

(CMP ) XU(n) Y

[11]

θ

ŶCMP = K(XU(n), θ)

P
(

K(XU(n), θ) | x
)

= 1
2

∫ K(xn,θ)

xn

(y − xn)
s−n−1

θs−nΓ(s− n)
exp

{

−(y − xn)

θ

}

dy =
1

2

y − xn = t
∫ K(xn,θ)−xn

0

ts−n−1

θs−nΓ(s− n)
exp

{

−t

θ

}

dt =
1

2
.

ŶCMP = XU(n) + θMed[Z(s− n)]

Med[V ] Z(s − n) ∼ gamma(s − n, 1)

Med[Z(s − n)] = 1
2χ

2
2(s−n),0.5 V

Y

ŶCMP = XU(n) +
θ

2
χ2
2(s−n),0.5

100p χ2
r,p

r

θ̂ θ θ θ

Y

ŶCMP = XU(n)

(

1 +
1

2n
χ2
2(s−n),0.5

)

.

θ θ̂

θ̂ XU(n)

(UMV UE)

θ

[5] [7] [2]

[10]

n

x = (x1, x2, ..., xn) f(x; θ)

s > n Y = XU(s)

θ θ Y

L(y, θ;x) = f(y; θ)
[H(y; θ)−H(xn; θ)]

s−n−1

Γ(s− n)

×
n
∏

j=1

h(xj ; θ), xn < y

H(t; θ) = − ln(1 − F (t; θ))

θ Y

l =

n
∑

j=1

lnh(xj ; θ)− ln Γ(s− n) + ln f(y; θ)

+ (s− n− 1) ln[H(y; θ)−H(xn; θ)] , xn < y

l = −s ln θ − ln Γ(s− n)

+ (s− n− 1) ln(y − xn)−
y

θ
.

∂l

∂θ
=

θ(s− n− 1)− (y − xn)

θ(y − xn)
= 0 [
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β(., .)

Y

Eh⋆(Y | x) =

∫ ∞

xn

yh⋆(y | x) dy

=
β(n+ α− 1, s− n+ 1)

(xn + β)n+α−1

+
β(n+ α, s− n)

(xn + β)n+α
xn.

ŶBS =
s+ α− 1

n+ α− 1
XU(n) +

β(s− n)

n+ α− 1
.

ŶBL =
−1

c
ln

(

Eh⋆(exp{−cY })
)

.

θ β α

XU(1), XU(2), ..., XU(n)

n m

Xj,U(1), Xj,U(2), ..., Xj,U(n) , j = 1, 2, ...,m

j

Exp(θj)

Zj =
Xj,U(n)

n
θj

θj Zj

f(zj | θj) =
nn

Γ(n)θnj
zn−1
j exp

{

−nzj
θj

}

, zj > 0

θj

π(θj) =
βα exp

{

−β
θj

}

Γ(α)θα+1
j

, α > 2, θj > 0

θ

θ

(θ ∼ IG(α, β)) β > 0 α > 2

π(θ) =
βα exp

{

−β
θ

}

Γ(α) θα+1
, θ > 0

θ

π(θ | x) ∝ f(x | θ)π(θ).

XU(1), XU(2), ..., XU(n) f(x | θ)

π(θ) x

θ

π(θ | x) =
(β + xn)

n+α exp
{

−(β+xn)
θ

}

Γ(n+ α) θn+α+1
, θ > 0

n

Exp(θ) X
U(1)

= x1, XU(2)
= x2, ..., XU(n)

= xn

Y = X
U(s)

, s > n

[8] x Y

h⋆(y | x) =

∫

Θ

fY |x(y | x)π(θ | x)dθ.

(15)

Y θ (11)

n

h⋆(y | x) =
(y − xn)

s−n−1(β + xn)
n+α

β(n+ α, s− n)(y + β)s+α
, y > xn
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c

y⋆ (y⋆ − y)2

E(Rm(Y
⋆))

n m (Y ⋆)

(n ≥ 5) n

(n = 2, 3, 4) n

c

c c

c

n m

β > 0 α > 2

j = 1, 2, ...,m Zj

f(zj) =

∫ ∞

0

f(zj | θj)π(θj) dθj

=
nnβαzn−1

j

β(α, n)(nzj + β)n+α
, zj > 0.

β α

α̃ =
2nS2 − (n+ 1)S2

1

nS2 − (n+ 1)S2
1

, β̃ = (α̃− 1)S1

S2 =
∑m

i=1
Z2

i

m
S1 =

∑m

i=1
Zi

m

β̃ α̃

s n

β α n

j = 1, 2, ...,m θj (α = 3.5, β = 1.1)

j

Zj gamma (n, θj/n)

(22) β̃ α̃

θ β α

Exp(θ) v1, v2, ..., vn, ..., vs

xn =
n

∑

j=1

vj , y =
s

∑

j=1

vj .

θ

[6]
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