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C2(u, v) C1(u, v)

C3θ C2θ C1θ

θ ∈ [0, 1] Cr,θ

Cr,θ = C1θ r = 1 •

limr→0 Cr,θ = C2θ r → 0 •

Cr,θ = C3θ r = −1 •

PS

−1 ≤ α, β ≤ 1 k ≥ 0

PS2(α, β, θ1, θ2) =

uv[1 + α(1− u)(1− v)]θ1 [1 + β(1− u)(1− v)]θ2 .

|θ1| + |θ2| = 1

α = β = 0 PS2

C

C(u, v) = (uv)A(ln(v)/ln(uv))
, (u, v) ∈ (0, 1]2 \ {(1, 1)}

A : [0, 1] → [ 12 , 1]

max{t, 1− t} ≤ A(t) ≤ 1 t ǫ [0, 1]

C(u, v) : I2 → I

C(u, 0) = C(0, v) = 0 , C(u, 1) = u , C(1, v) = v.

u1 ≤ u2, v1 ≤ v2 I u1, u2, v1, v2

C(u2, v2)− C(u2, v1)− C(u1, v2) + C(u1, v1) ≥ 0.

Y X

G F H

H(x, y) = C(F (x), G(y)) C

G F

θ ∈ [0, 1] C2(u, v) C1(u, v)

r ∈ R

C2 C1

1) C1θ = θC1 + (1− θ)C2

2) C2θ = C
θ
1C

1−θ
2

3) C3θ = {θC−1
1 + (1− θ)C−1

2 }
−1

4) Cr,θ = (θCr
1 + (1− θ)Cr

2 )
1
r

Cθ(u, v) = uv[1 + θ(1− u)(1− v)] , θ ∈ [−1, 1]
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Y X

C G F H

λl λu

λu = lim
t→1

P [Y > G
−1(t) | X > F

−1(t)]

= 2− lim
t→1−

1− C(t, t)

1− t
,

λl = lim
t→0

P [Y ≤ G
−1(t) | X ≤ F

−1(t)]

= lim
t→0+

C(t, t)

t
.

t

X G t Y

F t

[0, 1]

ρ

χ̄l χ̄u

λl > 0 , λu > 0

H(x, y) Y X

C G F

χl χu

A(.) A(0) = A(1) = 1

r ≥ 1

C2 C1

r < 1

C2 C1

r > 0

PS2 •

C(u, v) = C(v, u)

PS2 C2 C1

r ≥ 1

C2 C1 (u, v) ∈ (0, 1]2 \ {(1, 1)} •

C1(u, v) = (uv)D1(ln(v)/ln(uv))

C2(u, v) = (uv)D2(ln(v)/ln(uv))

C2 C1

C(u, v) = (uv)D3(ln(v)/ln(uv)),

D3 = θD1 + (1− θ)D2

I2 [
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λl(C2θ) = λ
θ
l1λ

1−θ
l2

,

λu(C2θ) = θλu1
+ (1− θ)λu2

,

λl(C3θ) =
λl1λl2

(1− θ)λl1 + θλl2

,

λu(C3θ) = θλu1
+ (1− θ)λu2

.

u ∈ [0, 1]

λl(C1θ) = lim
u→0

C(u, u)

u

= lim
u→0

θC1(u, u) + (1− θ)C2(u, u)

u

= θ lim
u→0

C1(u, u)

u
+ (1− θ) lim

t→0

C2(u, u)

u

= θλl1 + (1− θ)λl2 ,

λu(C1θ) = lim
u→1

1− 2u+ C(u, u)

1− u

= lim
u→1

1− 2u+ θC1(u, u) + (1− θ)C2(u, u)

1− u

= θ lim
u→1

1− 2u+ C1(u, u)

1− u

+ (1− θ) lim
u→1

1− 2u+ C2(u, u)

1− u

= θλu1
+ (1− θ)λu2

λl(C2θ) = lim
u→0

C(u, u)

u
= lim

u→0

Cθ
1 (u, u)C

1−θ
2 (u, u)

u

= lim
u→0

(
C1(u, u)

u
)θ lim

u→0
(
C2(u, u)

u
)1−θ = λ

θ
l1λ

1−θ
l2

.

λu(C̄r) λu(C2θ)

∂C2θ(u, u)

∂u
= [θ(

C2θ(u, u)

C1(u, u)
)
∂C1(u, u)

∂u

+ (1− θ)(
C2θ(u, u)

C2(u, u)
)
∂C2(u, u)

∂u
]

lim
u→1

C(u, u) = 1

χu = lim
t→1

2 logP (X > F−1(t))

logP (X > F−1(t), Y > G−1(t))
− 1

= lim
t→1

2 log (1− t)

log C̄(t, t))
− 1,

χl = lim
t→0

2 logP (X ≤ F−1(t))

logP (X ≤ F−1(t), Y ≤ G−1(t))
− 1

= lim
t→0

2 log t

logC(t, t)
− 1.

+1 [−1, 1]

−1

C2 C1

λu2
λl2 λu1

λl1

λl(Cr,θ) = (θλr
l1 + (1− θ)λr

l2)
1
r ,

λu(Cr,θ) = θλu1
+ (1− θ)λu2

C2 C1

λu2
λl2 λu1

λl1

C3θ C2θ C1θ

Cr,θ

λl(C1θ) = θλl1 + (1− θ)λl2 ,

λu(C1θ) = θλu1
+ (1− θ)λu2
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lim
u→1

1− C3θ(u, u)

1− u
= θ[λu2

− λu1
] + [2− λu2

]

λu(C3θ) = θλu1
+ (1− θ)λu2

.

λl(Cr,θ) = λl(C1θ) r = 1 •

λl(Cr,θ) −→ λl(C2θ) r → 0 •

λl(Cr,θ) = λl(C3θ) r = −1 •

r ∈ R C2(u, v) = uv C1 = min(u, v)

C1(u, v) = min(u, v) , C2(u, v) = uv

λl2 = 0, λu2
= 0 λl1 = 1, λu1

= 1

λu(Cr,θ) = λu(C1θ) = λu(C2θ) = λu(C3θ) = θ,

λl(Cr,θ) = θ
1
r , λl(C1θ) = θ , λl(C2θ) = 0 , λl(C3θ) = 0.

(r → 0) (r = 1)

λl(C3θ) λl(C2θ) λl(C1θ) λl(Cr,θ) r = −1

PS2

λu

λu(C2θ) = 2− lim
u→1

1− C2θ(u, u)

1− u

= 2− lim
u→1

∂C2θ(u, u)

∂u

= 2− θ lim
u→1

[
C2θ(u, u)

C1(u, u)

∂C1(u, u)

∂u
]

− (1− θ) lim
u→1

[
C2θ(u, u)

C2(u, u)

∂C2(u, u)

∂u
]

= 2− θ lim
u→1

∂C1(u, u)

∂u

− (1− θ) lim
u→1

∂C2(u, u)

∂u

= θ[2− lim
u→1

∂C1(u, u)

∂u
]

+ (1− θ)[2− lim
u→1

∂C2(u, u)

∂u
]

= θλu1
+ (1− θ)λu2

.

C
−1
3θ (u, u) = θC

−1
1 (u, u) + (1− θ)C−1

2 (u, u).

C3θ(u, u) =
C1(u, u)C2(u, u)

(1− θ)C1(u, u) + θC2(u, u)
.

λl(C3θ) = lim
u→0

C3θ(u, u)

u

= lim
u→0

[
C1(u,u)

u
C2(u,u)

u
× u

(1−θ)C1(u,u)+θC2(u,u)
u

× u
] =

λl1λl2

(1− θ)λl1 + θλl2

λu(C3θ)

λu(C3θ) = 2− lim
u→1

1− C3θ(u, u)

1− u

1− C3θ(u, u)

1− u
=

1− C1(u,u)C2(u,u)
(1−θ)C1(u,u)+θC2(u,u)

1− u

=
θ(C2(u, u)− C1(u, u)) + C1(u, u)(1− C2(u, u))

(1− u)[θ(C2(u, u)− C1(u, u)) + C1(u, u)]

=
θ[ 1−C1(u,u)

1−u
− 1−C2(u,u)

1−u
] + C1(u, u)[

1−C2(u,u)
1−u

]

(1− u)[θ( 1−C1(u,u)
1−u

− 1−C2(u,u)
1−u

)] + C1(u, u)

=
θ[(2− 1−C2(u,u)

1−u
)− (2− 1−C1(u,u)

1−u
)]

(1− u)[θ(2− 1−C2(u,u)
1−u

− (2− 1−C1(u,u)
1−u

))] + C1(u, u)

+
C1(u, u)[2− (2− 1−C2(u,u)

1−u
)]

(1− u)[θ(2− 1−C2(u,u)
1−u

− (2− 1−C1(u,u)
1−u

))] + C1(u, u)
,
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r = −1 r → 0 r = 1

¨

¨
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