
e

e

e

R e

n p

p

X1, X2 · · · iid∼ Bin(1, p)

Y = min {n ≥ 1 : Xn = 1}

Y Y = 6

p

P (Y = n) = P (X1 = 0, · · · , Xn−1 = 0, Xn = 1)

= P (X1 = 0) · · ·P (Xn−1 = 0)P (Xn = 1)

= p(1− p)n−1, n = 1, 2, · · · .

Z = min

{

n ≥ 5 :
n

∑

i=1

Xi = 5

}

e

limn→∞
(

1 + 1

n

)n

n

pn = 1− 1

1!
+

1

2!
+ · · ·+ (−1)n 1

n!

e−1 n

n 1

n

n

e−1

e

n!

n! ∼
√
2πn (

n

e
)n

e
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e

M = min{n ≥ 2 :

n
∑

i=1

Ui > 1}

E(N) = E(M) = e

N

N

U(0, 1)

u1 = 0/64, u2 = 0/38, u3 = 0/41

u3

N = 3

∑n

i=1
Ui > 1 n M

u1 + u2 = 1/02 > 1

M = 2

n! N

Un, · · · , U1

P (N > n) = P (U1 > · · · > Un) =
1

n!
.

P (M > n) = 1

n!

P (M(x) > n) =
xn

n!
, n ≥ 1

M(x) = min

{

n ≥ 1 :
n

∑

i=1

Ui > x

}

.

n = 1

P (M(x) > 1) = P (U1 ≤ x) = x.

0 < x ≤ 1

P (M(x) > n) = x
n

n!

P (M(x) > n+ 1) =

∫ 1

0

P (M(x) > n+ 1|U1 = y)dy

=

∫ x

0

P (M(x) > n+ 1|U1 = y)dy

=

∫ x

0

P (M(x− y) > n)dy

=

∫

x

0

(x− y)n

n!
dy

=

∫ x

0

un

n!
du =

xn+1

(n+ 1)!
,

Z

n

· · · X2 X1

f

N = min{n ≥ 2 : Xn = X2:n},

· · · X2 X1 X2:n

N Xn

x1 x2 x2 = 3 x1 = 5

x2

x3 x2 x1 x3 x3 = 4

N = 3

XN N

f X1

U1, U2, · · · iid∼ U(0, 1)

N = min{n ≥ 1 :

n
∏

i=1

Ui < e−λ} − 1

λ

e

U1, U2 · · ·

M N U(0, 1)

N = min {n ≥ 2 : Un > Un−1} , [
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x = 1

P (M > n) =
1

n!
.

M N

M N

E(M) = E(N) =
∞
∑

n=0

P (N > n) =
∞
∑

n=0

1

n!
= e,

E(M) = E(N) = e.

P (N = n) = P (N > n− 1)− P (N > n)

=
1

(n− 1)!
− 1

n!
=

n− 1

n!
, n > 1

N

φN (s) = E(sN ) =
∞
∑

n=2

snP (N = n)

=
∞
∑

n=2

sn
n− 1

n!

=
∞
∑

n=2

sn
1

(n− 1)!
−

∞
∑

n=2

sn
1

n!

= s
∞
∑

n=1

sn

n!
−

∞
∑

n=2

sn

n!

= s[es − 1]− [es − s− 1]

= 1 + es(s− 1)

.

φ′′N (1) = E(N2)− E(N).

φ′′
N
(s) = es + ses

E(N2) = φ′′N (1) + E(N) = 3e.

σN =
√

E(N2)− E2(N)

=
√

3e− e2

M1,M2, · · · ,Mn N1, N2, · · · , Nn

M N

n

E(N) ≈ N̄ , E(M) ≈ M̄

N̄ =
1

n

n
∑

i=1

Ni, M̄ =
1

n

n
∑

i=1

Mi

e

êN = N̄ , êM = M̄,

σ

σ̂N =

√

√

√

√

1

n− 1

n
∑

i=1

(Ni − N̄)2, σ̂M =

√

√

√

√

1

n− 1

n
∑

i=1

(Mi − M̄)2

M N

R e e

2/718282

ê± σ̂√
n

ê σ = 0/875094

M N

e
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e

R

e

êM ± σ̂M√
n

êN ± σ̂N√
n

n

2/716± 0/88× 10−3 2/7231± 0/83× 10−3

2/7006± 0/86× 10−4 2/7275± 0/89× 10−4

2/7194± 0/174× 10−4 2/7197± 0/175× 10−4

2/7184± 0/8735× 10−5 2/7275± 0/8734× 10−5
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